The perimeter of an ellipse
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ABSTRACT: In this note, we recall exact formulas for calculating the perimeter of an

ellipse and give an example of an ellipse whose perimeter is pi.

l. Introduction

The ellipse with semi-major axis a and semi-minor axis b (b < a) does not have a simple algebraic
expression for its perimeter. The exact formula involves the complete elliptic integral of the
second kind, E(e), where e is the eccentricity, i.e.,
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It is known that E(k) can be expressed in terms of the Gauss hypergeometric function:
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s 1 1 5
E(k)=_2Fl[__7_5 1sk] (3)
2 2 2

See [10, p.861, Eq.8.114.1], [19, p.490, Eq.19.5.2] .

Il. Some exact formulas for the perimeter of an ellipse

Let a and b be the semi-major and semi-minor axes of an ellipse with perimeter P and whose
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proof: we use simple methods of analysis, series theory, and hypergeometric transformations.

Remark 1: ,F; is the Gauss hypergeometric function. See [10, p.1005], [19, p.384].
Remark 2: Fy is the Appell hypergeometric function. See [10, p.1018], [19, p.412].

Remark 3: ,F, is the generalized hypergeometric function. See [10, p.1010], [19, p.404]
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Remark 4: Equation (4) is known as the Maclaurin formula (1742).
Remark 5: Equation (5) is known as the Ivory-Gauss-Kummer formula.
Remark 6: Equation (6) is known as the Euler formula (1773).

Remark 7: Equation (7) is known as the Cayley formula (1876).

Remark 8: (a), is the Pochhammer symbol.

lll. Some integrals and series

Entry 14. Let us consider the following ellipse:
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Remark 9: I'(x) is the Gamma function.
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V. Some approximations and bounds for the perimeter of an
ellipse
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VI. Final formulas
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where P,(z) are the Legendre polynomials.
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