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Abstract.

We show that a modified Epstein-Glaser (EG) normalization truncation operator T,

presented a couple of years ago is, due to an automatically emerging cascaded sub vectorspace
structure, not a an automorphism on the vectorspace S(R™) of Schwartzfunctions, in contrast to the
original EG-operator W. Apart from the (rather simple) proof itself, we hint on the origin of the

difficulties with using T, instead of W.

1 Introduction

In 1975 Epstein and Glaser (EG) developed a math-
ematically rigorous causal approach to QED [I], fo-
cussing on certain so far neglected mathematical
peculiarities. Especially the operator valued dis-
tributional character, instead of the usual operator
character, of the field operators in position- and
momentum-space (e.g. ¢+ (z) and ¢*(p) respec-
tively), was treated in a strict manner. As a con-
sequence, so called disitribution splitting emerged
as a necessary tool and within that framework a
special operator W in the so called Schwartzspace
of testfunctions S(R™) has been introduced.

Some years ago, a modified version [2] of the previ-
ously mentioned EG approach was introduced and
found usage It differs from the original EG-version
in the operator defined as wavefunction truncation
operator. This altered operator seems to appear
for the first time in [3] but was not considered there
with the EG background in mind. Then within the
framework of [2], various features are shown, which
are common with regular renormalizationschemes
outside of the EG approach. Unfortunately, the
mathematical basis on which these comparisons in
[2] are deduced, seem to need some further work.
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In our paper we will only focus on the operator
modification prescription, where the resultinf en-
tity os wrongly treated as an operator in Schwartzs-
pace of testfunctions. No further interpretational
questions, especially concerning further conclusions
drawn in [2], are discussed. This paper is structured
as follows: First, some notational and mathemat-
ical preliminaries (section are given. Then, as
a simplified first step in our reasoning, we will ex-
amine (section [3) a basic truncation operator 7,
that simply subtracts the first n terms of a Tay-
lorseries of a given testfunction. This T}, is shown
to not be an operator in the Schwartzspace of test-
functions. The section afterwards (section [4]) then
finally shows this as well for the “operator” T, in-
troduced in [2] (please note that in our paper Ty,
will be denoted by T7?). Readers familiar with the
overall topic might directly jump to section[d . A
final and concluding look at the original operator
W, as introduced in the EG frame work, is provided
in section [ .

2 Preliminaries

To start with, we recall some fundamental defini-
tions to clarify notational issues and to hint on
subtleties which could otherwise lead to confusion
and misunderstandings. With S(R™) we denote



the Schwartz-space of testfunctions, fulfulling

S(R™)
= {¢peC*R™,C)|Va,pBeNg,3C €R,
C>0: sup |[z*DPp(x)| < C} (1)
z€ER™

with N{j* denoting that o and 8 being a multi-index
including zero as natural number, C*°(R™, C) the
infinitely often continuously differentiable function
from R™ to the complex plane C. Regarding multi
indices the author notes that in all subsequent sec-
tions, the multi index notation is ommitted for the
sake of brevity. None of the following proofs re-
lies on multi index notation, hence it can be added
at will, without altering any of this paper’s re-
sults. Given that S(R™) is a normed vector space,
it’s dual space of linear and continious function-
als is denoted by S'(R™). For further considera-
tions we make an important remark on the linearity
of the dual space’s elements. Given f € S'(R™),
p € S(R™), ¢ is often decomposed in terms of a
Taylorseries

o0 k
X
- Z o 0" (z)
k=0

around z = 0 with ¢*) as the k-th derivative with
respect to . Rewriting it as

0
k=0 k=n+1

=0

=0

one might be tempted to mistakte linearity of f as

(f. —< Z%@(’“) ‘>
k=0
+<f<x>, > ;w<k><x>]0>.

k=n+1
This is wrong for the simple reason that linearity
of f is true for linear combinations of testfunctions
only but not necessarily for sums of arbitrary func-
tions. But expanding ¢ in a Taylorseries is an ex-
pansion in sums of (arbitrary) functions which are
neither basefunctions of the Schwartzspace of test-
functions nor testfunctions at all. Hence linearity
of f does not apply to the single terms in a Tay-
lorseries but to the whole series as one inseparable,

symbolically written term only.

As Taylorexpansion plays a crucial role in distri-
butionsplitting of distributions with singular order
w > 0 (see e.g. []), we recall a later-on used rep-
resentation of Taylorseries in terms of Taylorpoly-
nomials. Let ¢ be the function to be expanded,
then:

o) =3 )|
k=0 ’

o [ e

where the first sum is called the “jet” and written
as ji (p(z)). The integral is called the “remainder-
term” and denoted by R, (¢(z)). Integrating R,,(x)
by parts yields, after infinitely many steps, the
common Taylorseries.

(2)

a

3 The T,.-operator

To get the main idea of our later overall reason-
ing, we first concentrate on a simple example which
has some vital properties in common with our later
“operator” of [2]. Let us take a look at the easy op-
eration of truncating a Taylorseries’ first n+ 1 (i.e.
the constant and the polynomials up to the degree
n) terms and denote it by T,,. Then we have for
v € SR™):

T, : S(R™) — ST,

> x

T 3y " @)
o k

_ T (k) ‘

k=n-+1

e~ Tu(p) =

with n € N. ST is defined as the image of S(R™)
under the action of T}, i.e. T,(S(R™)) =: SI'. No
assumption so far is made whether SI' C S(R™)
(and we will later see that, indeed, 7, does not
map to Schwartz test functions). For T, being a
projection operator, besides other requirements, we
need S,T C §,, with &, being the vectorspace of
functions vanishing at the origin of order n, N >
n > 0 (i.e. the function and its derivatives up to
the n-th order are equal to zero at x=0). However,
we will show that

Proposition.



i.) ST is not a subvectorspace of S(R™) Vn > 0.

ii.) Furthermore T, cannot be a linear operator in
Schwartzspace, especially not a projection op-
erator onto a certain subvectorspace of S(R™).

Proof 3.1 (of[i].

Letp € SR™), T, : S(R™) — SL', T, : SR™) —
S nn € N, n >n >0 S&,(R"),S (R
the space of functions vanishing at the origin at the
order of n,n’, respectively. Clearly S, D S,.

Now assume ST is a subset of S,, (that would be to
assume T, is an operator in Schwartzspace), then
addition of elements of ST would be allowed and
the respective sum also € S,.

As n was chosen arbitrarily, the same reasoning
then is valid for n' # n, i.e. Spr, SL.

With S,y C S, addition of elements of these two
subvectorspaces is allowed, too (elements of Sy are
also elements of S, ). Therefore

To(p) — T () € Sp(R™) C S(R™).
But

Tn(@) — Tn(Th (9))

- i ik (k) — S ﬁ (k)

- K (:E)‘o 2 el
k=n-+1 k=n'+1
’ﬂ/ xk

= Y TP ¢Ss.®". ®)
k=n-+1

Eq.@ 18 a polynomial in x of inite degree and thus
not S, (R™). Especially it is not a testfunction ful-
filling the condition of eq.. As a result we get
that the mapping T,, maps outside of S(R™). But
by definition into ST. That means the assumption
of ST being a subset of S,, leads to a contradiction.
O

It is helpful trying to weaken the assumptions
and looking whether our proof breaks down :

a.) One might try to only allow additions of ele-
ments of a certain subspace S,, and not of S,
and other subspaces S, (with n’ > n). As
the proof shows, this is impossible because for
n’ > n one always has S, C S,,. Here “C”
is meant in the sense of “is a subvectorspace”
which requires the possibility of addition of
two such elements of S,, and S, as per the
vector space axioms.

b.) Trying to define S—,, as subspace of testfunc-
tions vanishing only at the order n at zero
and not for higher or lesser orders, leads at
once to contradictions if we assume S—,, to be
equipped with a (sub)vectorspace-structure :
Let ¢ € S—,,. Then —p € S—,,, but p+(—¢p) =
0&S—p.

Additionaly one might argue, expanding ¢ €
S(R™) in a series is only valid if expansion is
done in basefunctions of S(R™), so monomials
in z as in the Taylor-case are illegitimate and
the single sums in eq. cannot be subtracted.
But as mentioned in the introductory part, this
is an allowed procedure.

Especially above’s remarks a and b are important,
as they underline the importance of the automat-
ically emerging cascaded sub vector space
structures.

So far we proved by algebraic reasoning that T, is
not in general an operator in the Schwartz-space of
testfunctions. It is instructive to prove the same
directly for any single element ¢, of ST (n > 0) -
that these ¢ S(R™) :

Proof 3.2 (of.
With eq.(4) and p € SR)™, T, : S = S,, we get

(:E_i't) QD(n+l)(t) dt.
n:

a

(o) = Rule) = |

Integrating by parts we trivially have :

Tu(p(x)) =

(4)

If now T,,(¢(x)) were a proper testfunction, then
limg 400 Tn((x)) = 0. But here we have the sum
of a bounded function (p(x)) and an unbounded
polynomial in z, j5(p(x)); all in all an unbounded

function and therefore T,,(¢) € SE ¢ S(R™). O

= —Jo(p(2)) + p(2).

It is important to note that no reordering of the
Taylorsum has been done, as this in our situation



is not allowed.

Interestingly, we see that truncation of the jet
Ji(e(x)) from @(z) by T, the resulting function
Tn(p(z)) is for  — £oo divergent with (in the
worst case, see next sentence) the subtracted jet
as the divergence. The above sum in eq.
might, under certain circumstances, be written in
another way. For example if T}, (¢()) = j4(p(z)) +
P(x) for some n > [ > 0 and ¢(x) € S(R™) as
well. Nevertheless, the proof and divergence still
hold even for that situation.

We conclude that in a subtractionscheme where it is
possible to rewrite a function, which is an element
of an operator’s range or spectrum, in a decom-
posed way as in eq. as a testfunction and some
jet (i.e. some unbounded polynomial), one has to
carefully check whether such a linear operator re-
ally is an endomorphism in S or not.

4  The T7-operator

As mentioned in the beginning, our operator T,
is the same as Ty, used in [2], where here for the
sake of clarity the index n is also mentioned in the
operator’s name. Explicitely, 7)) is defined as :

— Stw

T; : S(R™) 2, where

Ty (p)
= T S e @))
k=0

= p(z) — o~ (p(x)) ™

xn
- wﬁ o(x) 0

with ST» being the image of S under the action of
T". w is a so called auxilliar function complying
to w(0) =1 (both in the original EG frame work
as well as in [2]). Different than in the original
Epstein-Glaser approach, according to [2] w does
not need to be in § but “what is needed is that
w decay at infinity in the weak sense that it sport
momenta of sufficiently high order” (see [2]). The
following steps will be similar to those in the pre-
ceeding section. First we will derive that T, (S) is
not a subvectorspace of S and afterwards that some
elements of T)7(S) are € S.

With 8Tv := T7*(S) we claim:

Proposition.
iii.) STw is not a subvectorspace of S(R™)Vn > 0,

iv.) Sfe NS # STw, ie. there exist elements of
STw which are not testfunctions.

Proof 4.1 (of [iii]).

Let ¢ € S(R™), T : S(R™) — STw, T
S(R™) — Sg,“’, n,n € N,n >n >0, wan
auzilliar function as above. S, (R™) is the space of
functions vanishing at the origin at the order of n.
Obviously S, D Sy -

If ST is a subset of S, then it trivially follows that
addition of elements of SI» is allowed in S,. As
n was arbitrarily chosen, the same is then valid for
Sy, S};}“ and elements thereof as well - for some
other n' # n.

With S, being a subset of Sy, addition of elements
of these two subvectorspaces is allowed, too. Auto-
matically as a consequence SZ,“’ cS,CS,CS
(“C7 is here only meant as subset, not as subvec-
torspace). Therefore

Ti(9) = Ti () € Sa(R™) C SR™),
and choosing n’ = n+1 leads to:

To(e) — Tt (p)

_ 2w ‘

.13” xn+1
—w (nv P @ - *"("“’(l‘)\o)
(6)

Eq.(@ requires as a necessary (but not sufficient)
condition on T that, as x — 00, w compensates
not only in a multiplicative way the expression in
brackets but also the added polynomial in x of (in
this special case) degree n. For every pair (n,n’) an
adjusted w is needed, cancelling the last polynomial
in (@ exactly. This is in contradiction with our
initial, uniform definition of T,;. O

At the end of proof we tried to avoid contra-
dictions by modifying our definitions and assump-
tions but were again led to the same result as be-
fore. The same applies here also. We remark :

d.) A possible objection to our proof attacks the
assumption of the auxilliar function w in 7}



being the same for all n. Indeed another def-
inition is possible. But it results in the only
difference that for n’ > n and corresponding
w,w’ one has:

Ty(#) = T ()

/

n n

;T

n’ T
= W)

T )
woT P (z)

0 0

n'—1

k
T
N ()]
+Y T W@
k=n
where we encounter similar trouble as above.

Some could argue that in physically mean-
ingful calculations only distributions with a
uniform singular order are examined and
added/subtracted but not distributions with
different ones (as we made heavily use of
in proof [l.1). Abolishing those additions/
subtractions we could doubt the relevance of
proposition[iil] as this situation would not hap-
pen.

However, we are not allowed to neglect ad-
dition/subtraction of distributions of differ-
ent singular order. For instance, the vertex-
function comprises a sum of distributions of
different singular order where testfunctionsub-
tractions via the W-operator are to be per-
formed individually within that sum, each ac-
cording to the distribution’s singular order (see
[], chapter 3.9). We see, again it does not
help only allowing for addition of elements of
T7(S) but not for those of T7(S) and T (S)
for n # n’ (the essence of above’s remark a and

b).

We still have to prove , which can already be
seen by the definition of 7)Y and is straight forward:

Proof 4.2 (of fiv).
Let ¢ € S(R™), T
From eq.(@ we have:

Ty(p()) =

: SR™) — STv as above.

o()

xn
oM

—do " (pl@) —w
N——— 0

I 7

which is again a sum of a test function (p(x)) and
an unknown term (—I—1II). To fulfill the test func-
tion requirement of T, (p(z)) —0 for x — +oo, the

unknown term has to — 0, too, for large x. Thus
an approximately cancellation of I by II, at least
for large x, is needed. This is possible for a spe-
cific p but not Yy at the same time. For erxample
one recognizes this by trying to let —I —II = ¢ with
some R 3 ¢ > 0 for specific o, n and then taking
the limit e —0. w then needs to depend on ¢’s first
n Taylor-terms and on n itself. This might work
for many ¢ but certainly not for all. Ti(p(x)) is
not a test function in Schwartz space. O

Asin eq., problems arose from the polynomial
jo=(p(z)) that forced us to search for compensat-
ing terms which do not exist in general.
Additionally we discuss the fact that, contrary to
the stated requirements in [2] for w, where is is
mentioned that “T;, is also a projector”,

Proposition.

v.) T2 is a projectionoperator (on whatever space)
only if w*)(0) =0 for 1 <k <n.

Proof 4.3 (of [v).
If T} were a projector, then idem potency is re-
quired, i.e. Ty o T =T . With

n — _ ﬁ (n)
Tip(a) = Ruoap(@) —w'r o (@)

we have
Ty o {T ()}
xn

= Ruo1oTipla) —wis (Thp)™ (@),

To get Ty o T} =T, the two terms I and II have
to cancel each other. This is identically (i.e. for



all x) achieved only if in the Bernoulli-sum (II) all
those parts with wh®) = 0, 1 < k < n vanish. In
such a case we would have:

n n
= Tlo(z)— wx—'go(”)(O) [1 - (w . (3"x'>
n!
= T

But such constraints on w are not only not given
in [2], they are explicitly relazed and it is stated
“Just w(0) = 1 is now required in principle from
the weight function” (see [2]). Hence, T} is not
idem potent and thus not a projection operator in
the general case. [

5 The W-operator

The operator W, as it is defined in [I], p.236, reads
as

b

n—1 L
523 (We)(@) = p(@) —w(@) Y 5 ¢V (@)
k=0
withw € §, w(0)=1 and w(k)(O)zo forl <a<w.
Short calculations show that no difficulties arise
with W like those we encountered with 7, and T7).
Propositions for W, similar to [i] and [ii] for T}, or
and [iv] for 77 do not hold. This is mainly due
to the w accompanying all terms of the subtracted
jet j(’f_lgz. Even the projectionoperator-condition
is met, owing to the specific definition of W. The
range of W is a valid subvectorspace of S.
In the previous section we examined whether it was
important to define the operator’s w in dependence
of the vanishing-order n or not. We note that, if the
w in W is independent of n, then the requirement

w®(0)=0 VEk>0

is to be met. This can be seen by considering
replacing 7, by W and recalling the nested
subvectorspace-structure-arguments from proofs of

f] and il
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