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(At first, I will introduce simply the analytical and classical repro-
ducing kernels on the complex plane, based on [24], in particular,
Section 3, Examples of Reproducing Kernels).

Here, firstly, we recall the representations of reproducing kernels
in terms of the theta functions that were obtained by D. A. Hejhal,
J. D. Fay and A. Yamada. Indeed, the materials stated here are
in Yamada [30, 31]. Then, we will consider their meanings from
the viewpoints of reproducing kernel theory, in particular, from
the viewpoint of inequalities. We will find many important open
problems.

(The Second Lecture at Peking University on 3 October, 2026)

1. INTRODUCTION

Let R be a planar regular region with n boundary components. Its Schottky
double R is a compact Riemann surface of genus g = n — 1 admitting an anti-
conformal involution ¢ fixing the boundary OR of R. For simplicity we use the
notation that z = ¢(z) for z € R and R = ¢(R). Note that R is not the closure of
R. Let C denote a general (not necessarily symmetric) compact Riemann surface
of genus g.

For theta functions 6(z) and prime-forms E(x,y), we cite the excellent lecture
note by Fay [4].

Simply:

The first order theta function with characteristic [g] (0, € RY) is defined by

0 - (z) = Z exp{i(m +0)T(m+98)" + (2 + 2mwie)(m + )"}, z € CY.
mez9I

Forj=1,...,9,0 {g] (2) satisfies the identities

(1.1) 0 |:g:| (z1, .- zj +2mi, ..., Zg) — 2795 g |:g:| (z)
and

5 — Lo —z;—2mie; o
(12) 0 c (21+Tj1,...,29+’7’j9):€ 293 i 0 c (Z)

Riemann’s theta function is denoted by 6(z) = 6 {8] (2).
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The prime-form is given by

Olaj(y — =) ;
Er,y) = ————— z,y € R
) = e @hay)
where « is a non-singular odd half-period and h, is a “half-order” differential on
R satisfying h2(z) = i 832[‘:] (0)uj(x). Here, {u;(x)}Y_, are the normalized

differentials of the first kind with some canonical homology basis. For fixed = €
R, E(x,y) is a multiplicative —% order differential in y with multipliers 1 and
exp(—2 — [Yu;) along the A; and B; cycles respectively.

Let Cp(a) and Cg(a) be the analytic capacity and the logarithmic capacity
of R at a € R respectively. More explicitly these constants are defined by Cp(a) =
sup{|f’'(a)| | f € H®(R) and ||f||lcc < 1} (The extremal function is the Ahlfors
function) and Cg(a) = Zliir}lexp(—g(z,a))ﬂz — al, where H*(R) is the space of
bounded holomorphic functions on R.

In 1972 by using theta functions D. Hejhal [12] solved an open problem mentioned
in the book of Sario and Oikawa [27]: If g > 0 then, for all z € R,

(1.3) Cp(2)? < nK(z, %)

where Cp(z) is the analytic capacity and K (z,w) is the Bergman kernel. — Mean-
while, N. Suita gave a simple and direct proof.
To prove this he found the following identity: for all z,y € C and e € CY9 with

0(e) # 0

Oly—z—e)b(y—z+e) d 2109

=

where w(z,y) = 74— dy log E(x,y)dxzdy is the bilinear normalized differential of the
second kind on a compact Riemann surface C of genus g. Specializing x =z, y =%
and e = 0 in (1.4) we have

0(z—2 \° 0? logG
W (Geacs) = Z T (O (2 )

This identity gives the basic relation of the Bergman kernel and Szeg6 kernel on
the Schottky double R:

Indeed, let K (z,7) and K (x,7) be the Bergman kernel and the Szegé kernel on
R. Then we have

1

K(.9) = —o(e,9), K o0

o
) = 52 60) Bl )

By direct calculation using the definition of theta functions, the matrix ((?;;%gz 0 (0))
i0Zj

is easily seen to be positive definite. Noting that % = Cp(z), —w(z,2) =
7K (z,Z), Hejhal obtained (1.3) from (1.5) immediately.
In 1973 J. D. Fay obtained a formula more powerful than (1.4) in his lecture

note [4] (trisecant formula):



for z,y,a,b € C and e € CY with 6(e) # 0
Ox—a—e)by—b—e) Oxz—-b—e)f(y—a—e)
02(e)E(x,a)E(y,b)  02(e)E(z,b)E(y, a)
Olx+y—a—b—e)E(x,y)E D, a)
O(e)E(z,a)E(x,b)E(y,a)E(y,b)
Hejhal’s formula (1.4) is obtained from (1.6) as follows. Dividing both sides of (1.6)
by 8(z — a — e)/E(x,a) and then letting y — b using L’Hospital’s rule, we have,
after suitably permuting the variables,
Ox —a+e)f(x—b—e)E(a,b)
0(e)d(e+b—a)E(xz,a)E(x,b)

—wpa(@) + Y [W% th—a)- 8(.1;59(@ uj(2),

(1.6)

(1.7)

where wp_q () is the normalized differential of the third kind with simple poles
of residue —1,1 at a,b respectively. Again differentiating on b at b = a, we have
Hejhal’s formula (1.4). Thus, (1.6) = (1.7) = (1.4). In fact, Hejhal deduced
(1.4) by first proving (1.7). See Yamada [31] for the details.

In conclusion we can say that Fay has found a formula stronger than Hejhal’s
but Hejhal has found the meaning of the formula. We emphasize that the key point

of the proof was the positive definiteness of the matrix (‘Z,?ggz 0 (0)).
i0Zj

The basic identity (1.5) was not considered to consider the Oikawa-Sario open
problem, but to consider the Szegé kernel on the Schottky double R. Indeed, the
Szego kernel is not a differential as in the Bergman kernel, but half order differential
and its structure is very complicated, indeed, it is not determined uniquely and we
will need a long historical results as in

G. F. B. Riemann (1826-1866); F. Klein (1849-1925); S. Bergman;
G. Szegd; Z. Nehari; M. M. Schiffer; P. R. Garabedian; D. A. Hejhal
(1972, thesis).

Hejhal’s thesis [12] is a profound result which establishes the fundamental re-
lationship between the Bergman and the Szegd reproducing kernels on Riemann
surfaces [12].

In particular, note the very interesting results that the Bergman and the Szegd
reproducing kernels are extended analytically (with poles) onto the Schottky double
R.

The basic domain functions (differentials) may be represented in terms of the
Krein prime forms and the theta functions; they seem to be the atom decomposition.

2. RELATION BETWEEN CONFORMAL INVARIANTS AND THETA
FUNCTIONS

We recall some symmetry relations because of its importance [4, Chap. VI].

Proposition 2.1 (Fay). On R the following symmetry holds: for all z,y € R and
ec CY

(21) 0(:[ - y+6) = o(j - g+ é)’ E(:Evy) = E(‘f?g)v w(x7y) = w(‘f7g)7

where € is defined by (e1,...,€;) ife = (e1,...,eq).




There is a simple relation between the prime-forms and Green’s function g(x,y)
on R.

Lemma 2.1. | zz§| =exp(—g(z,y)), for all z,y € R.

Proof. See Lemma 2.2 of [30]. O

Proposition 2.2. Let K(z,9) and K(x,7) be the Bergman kernel and the Szego
kernel on R. Then we have

Klo) = —ote 0 Ko )= gy

Proof. See [12] or [4]. However, by using Schiffer’s identity K(x,g) = —%%g;’)

[23, p.21], the first identity is an easy consequence of Lemma 2.1, since we have
w(z,y) = dxdy log E(z,y) [4, p.20]. O

As seen in Introduction, many conformal invariants are expressed by theta func-
tions and prime-forms.

Proposition 2.3. Cp(z) = ;2@-2) Cs(x) =

1
0(0)iE (z,7) ’ iE(z,2)

Proof. Since C(z) = 2nK (x,Z) [1, p.118], the first identity is clear from Proposi-

tion 2.2. By noting that, near x = y, the expansion E(z,y) = y — z+ higher order
terms holds [4, p.19], the second identity follows from Lemma 2.1. (]

Remark 2.1. Our choice of a canonical homology basis permits us to assume that
the vector x — & € CY is purely imaginary for all x € R. Then from the definition
of theta function it is easy to see that 8(x — ) < 6(0) for all x € R when g > 0.
Thus Proposition 2.3 gives immediately the trivial inequality Cp(z) < Cs(z).

Remark 2.2. Now Hejhal’s identity (1.5) is rewritten as

Cole)” = Z o ()i o)

Hence the inequality Cp(x)? < 7K (z, %) holds at once as stated in the Introduction.
In 1972 N. Suita [28] conjectured, when g > 0, the inequality
(2.2) Cs(2)? < 7K (z,7), Vx € R,

which is called the Suita conjecture. This is solved by Z. Blocki [2]. Furthermore,
Professor Q. Guan proved this conjecture completely with other many inequalities
by an entirely different method.

I considered an analogous problem for the Hardy H? kernel and posed an open
problem [23, p.37], in our context, to prove that the matrix
02 log 0
82’1‘82]‘

(2.3) (eo)) is negative definite.

This is called the Saitoh conjecture by Professor Guan’s group. The constant e is
determined from the critical points of Green’s function of R whose definition will
be given in the next section.



3. WEIGHTED HARDY H? KERNELS AND THETA FUNCTIONS

We collect here the main results of the paper of Yamada [30]. For proofs of these
results see [30].

Lemma 3.1. The Hilbert spaces H2(R) and H2'(R) possess the reproducing ker-
nels Re(z,7y) and R.(z,y) respectively given by:

v Ola—a+e)b(r—y+e) E(x,a)Ey,a)
B Ry = g o=y +e) B@a)By) VYT
O(x—a+e)fa—y+e)flx—y—e)E(a,a)

(3.2) Re(x,5) =

In particular,
(3.3) Re(2,9) = —Re(g, ¥)we (2)we (7).

We shall call R.(z,7) the Hardy H? kernel and R.(x,§) the conjugate Hardy
H? kernel associated with e € T (c.f. [23, Chapter II1]). Note that R.,(z,7) =
Ko(z,7) and Re,(x,7) = Ka(z,7) where K,(z,7) and K,(z,7) are the classical
Hardy H? kernel and conjugate Hardy H? kernel respectively [23, p. 30].

Surprisingly enough the representation (3.1) is given by Fay. His basic idea is
that the adjoint L kernel L;(z,u) with my notation of the Hardy H? kernel is the
Cauchy kernel; that is, L;(z,u)dz is an analytic differential with a simple pole,
meanwhile, it is a meromorpphic function in u, with a simple pole. Therefore, it
is very fundamental and so he considered its representation in terms of the theta
function and the Krein prime form. From its reprensentation, we can obtain the
representation of other related kernels, by using the elementary properties of the
both functions.

4. A REMARK ON MY CONJECTURE
From (3.1) and (3.2) we have, for all z,y € R,
Olx—g+elb(z—7g—e)

-y Rele DR 0) = =GR
and so
A 2 O [
42 RlepRn) =K@ - Y S e,
ig=1 "%

In particular, the Saitoh conjecture (2.3) implies
(4.3) 7K (a,a) < Re,(a,a),

since R, (a,a) = 1. We cannot prove the inequality (4.3) (the weak Saitoh conjec-
ture) except for the case g =1 [29, 23].

Proposition 4.1. If g > 0 then for alla € R
Cs()? < Frog(a,0).
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Proof. From (4.1) and Proposition 2.3 it suffices to show that
O(a—a+ep)f(a—a—eg)
02(60)

or equivalently, F(eo)/F(eg — a +a) > 1 with F(e) = 0(a — a+ €)/6(e), e € Tp.
O

>1,

Of course, if both the Suita and the Saitoh conjectures are proved then the above
inequality becomes trivial.
5. MY CONJECTURE AND A VERY SURPRISINGLY DEEP RESULT BY Q GUAN

My conjecture on the conjugate Hardy Hs kernel was

Re(,9)Re(w,§) >> nK (2,7)
that means the contrary direction
K (2,5) >> K(z,5)*

for the Szego kernel K(z,7) and this was proved by D. A. Hajhal by using the
Riemann theta function as in stated in the above. The simple case is

Rt(xvg)Rt(xvg) >> WK(.T, 17)

Since,

Ry(z,t) =1,
my conjecture, in particular, means that

Ri(t,t) > nK(t,1).

I can not find any papers that discussed the relations of reprodiucing kernels and
the Riemann theta functions, except A. Yamada’s papers. Indeed, it seems that
the relations are too complicated and too deep.

Some new proof of the positive definiteness of Hejhal that is not used the Rie-
mann theta function is still an open priblem. The proof of Hejhal is not elementary.
However, the result is fundamental and very important, as we will see it.

Surprinsingly enough, Professor Q. Guan proved completely this inequality with
an entirely different and new idea. We were very and very surprised at his results
and very extension results with his colleagues, see the cited references.

6. Q. GUAN’S GREAT EXTENSIONS

The great application of the Hejhal’s positive definiteness is the following:

For two functions ¢ and ¢ of Hs(D) for any regular domain D, the analytic
Hardy 2 space (Szeg6 space), we obtain the generalized isoperimetric inequality

60 1 [ e@wePy < o [Pl [ e

and so, we obtain the bounded linear operator from the Szegé space to the Bergman
space



(0D
(62) [ rasay <52 [ j)Piaa,
D T JoD
for the length [(0D) of the boundary 9D([23]).

The meanings and applications of this norm inequality was discussed in [3] from
the viewpoint of operator theory :

Indeed, for any fixed ¢ (z) member of the Szegd space, the operator

p(2)ly = e(2)1(2)
is a bounded linear operator on the Szeg6 space into the Bergman space. Therefore,
we can consider the general fractional, for any Bergman space member F,

F

e

Note that the inequality (6.1) is a curious one in the sense that the Bergman
norm is for analytic differentials, but the Szegdé norm for half order differentials.
In connection with this inequality, we recall the interesting best possible norm
inequality:

L[ IfEdp

(6:3) / (=) Pdedy < Q/E,D idW (z,t)
0G(z,t)\

5 [ rer(S52R) s

that means the relation between the Bergman norms and the weighted Szeg6 norm
for (exact) differentials. Here, for the conjugate harmonic function G*(z,t) of the
Green function G(z,t) of D, W(z,t) = G(z,t) +iG*(z,t), and idW (z,1) is a single-
valued meromorphic differential and positive along the boundary D and 9/0v, is
the inner normal derivative with respect to D. dG(z,t)/0v, is a positive continuous
function on 0D.

This surprising result was derived from very difficult problems on some compari-
son of the magnitudes of the Bergman and Rudin (Hardy H?) reproducing kernels,
however, here, we would like to consider some interesting and direct application of
the identity. For the great and deep background for the problems, see the original
paper ([7]). Tts source was given by [22] and then the topics were cited in the book
[23] in details.

The conjugate Hardy space

> 2
(6.4) L[ e

p idW(z,t)
1 aG(z, 1)\ "
— o [ 1R (%52Y) s,

is defined for analytic differentials f(z)dz and this space was very surprisingly
generalized as the Ohsawa-Saitoh-Hardy space on n-dimensional complex manifolds
by Q. Guan and Z. Yuan ([10]) through ([7, 8, 9]) with many concrete and deep
results. Furthermore, surprisingly enough, further extensions were given recently

n [11].



In particular, note that the curious conjugate Hardy space norm (6.4) is confor-
mally invariant and the norm may be considered on the compact bordered Riemann
surface, meanwhile, the Szeg6 norm is not and is not considered on the compact
bordered Riemann surface.

7. FROM THE IDENTITY OF G. GUAN

Q. Guan ([7]) derived the surprising identity of the conjugate analytic Hardy
norm and the Bergman norm. Let H?(D) denote the analytic Hardy class on D
defined as the set of all analytic functions f(z) on D such that the subharmonic
functions |f(z)|? have harmonic majorants U(z), i.e. |f(2)[*> < U(z) on D.

Here, for simplicity, we assume that the domain D is a regular domain surrounded
by a finite number of analytic Jordan curves. All the results in this paper are valid
on any compact bordered Riemann surface.

Then, Q. Guan ([7]) derived the surprising identity:

Lemma 2.3([7], page 3, Lemma 2.3): For any given t € D and for any analytic
function f on D which is continuous on D U D, the identity, for z = x + iy

1
li 2dxd
Jim o f /ezmz,%'f(”' wdy

1
_27'(' oD

£ (2)[2(8G (2, 1)/ 0v) ! |dz|
holds.

For the very surprising generalization of the conjugate Hardy H? space was given
as follows by Professors Q. Guan and Z. Yuan and they obtained the correspoinding
results in a very general situation:

Let M be an n—dimensional complex manifold, and let K,; be the canonical
line bundle on M. Let b < 0 be a plurisubharmonic function on M. Let p > 0 be
a weight, which is a Lebesgue measurable function on M.

Definition. The generalization of the conjugate Hardy H? space is defined as
the set of all f € H*(M,O(Kyy)) such that

1
liminff/ IfI?p < 400,
{—t<y<0}

t—0+0 ¢

which is called Ohsawa-Saitoh-Hardy space and denoted by OSHg (M, ). We define
a norm on the space OSHPQ(M,’L/J) as follows:

1
IFllosez ) = liminf*/ 1fPPp
H2(M ) t=0+0 1 J o tcp<o}

for any f € OSH?(M, V), where | f|* := len2fA f.

1
2

Meanwhile, for some generalization of the weight in the Hardy H? space, we
can consider some delicate property in [32]. We wrote an essay on the great Guan
group mathematics in [17].



MAIN RESULT
The following inequalities seem to be interesting on its own sense:

Theorem: For any given € > 0 and for any analytic function f(z) on D UOD,
there exists ro such that for all v, ro < r <1 the inequality

[ [ 1@y -c< = [ [ )P dudy
D - {e2G (=) >p})

This inequality may be looked as an isoperimetric inequality, because the Dirich-
let integral on a domain is estimated (restricted) by the Dirichlet integral on some
small boundary neighborhood of the domain. Here, the neighborhood size and
estimation are stated by the level curve of the Green function, precisely.

Even the case of the identity function f(z) = z, we can enjoy the senses of the
estimation and the result.

s valid.

PROOF OF THE MAIN RESULT

The integral of the conjugate analytic Hardy H?(D) norm seems to be not pop-
ular, however, the norm will have a beautiful structure and the norm is conformally
invariant. Furthermore, we obtain the inequality:

For any analytic function f(z) on D UdD, we have the inequality

/ 2 i 122 > I/ilz
@y [ [Py <5 [ 17 GP@GE D /o) )

This result was derived from some complicated theory of reproducing kernels in
([22]). The equality problem in the ineqality was also established; that is, equality
holds if and only if the domain is simply-connected and the function f(z) is ex-
pressible in the form CK(z,t) for the exact Bergman reproducing kernel K (z,u)
on the domain D and for a constant C.

We can obtain the main result by combining of the Guan identity and this
inequality.

REMARKS
We note the following interesting problems:

Problem 1 : How will be some generalization of the Guan identity for a general
weight for (0G(z,t)/0v)~1? However their deep answers were give by the Guan
group. See the cited references.

Problem 2 : We can consider similar inequalities for various function spaces.
For example, how will be the case for the harmonic Dirichlet integrals?

Problem 3 : The structure and proof of the inequality (7.1) are very complicated
(involved) and the Guan identity is very unique. So, we are interested in some direct
proof of the theorem.

How will be some direct proofs of the inequalities (6.1), (6.2) and (7.1)?

For the inequality (7.1), note the inequality



10

(L] [ i) = (o 8Df(z)f’(2)d2>2
<o [ [ rer®E ey [ | irerect ool

Note that the relation of the Bergman norm and the weighted H? norm is very
delicate. See [23, 22, 23].

A three-dimensional conjecture on thin boundary layers and volume

Let D C R? be a bounded domain with C*-smooth boundary 0D, and let t € D
be fixed. Let G(z,t) be the Green function on D with pole at ¢, that is,

AG(z,t) = =6 (x) in D, G(z,t) =0 on dD.

For s > 0 small, we define the thin Green collar

Qs :={reD:0<G(x,t) < s}.

Conjecture 1 (Three-dimensional Guan type boundary collar limit). For
each fixed t € D, we have

1
ap 0vG(x,1)
where 0, G(z,t) denotes the inner normal derivative of G(+,t) on 0D, and dS is the
surface measure on 9D.

o1
181?8 3 Vol(Qs) = ds(z),

Conjecture 2 (Thin boundary collar controls the whole volume). For any
e > 0, there exist so > 0 and a constant C(D,t) > 0 such that for all s with
0 < s < s,

Vol(D) — & < C(D, ) éVol(Qs).

In particular, if Conjecture 1 holds, then we expect an isoperimetric-type in-
equality of the form

Vol(D) < C(D, 1) /SD m

showing that the volume of D is controlled by a suitable boundary quantity.
Example (Spherical shell). Let

dS(x),

Agp:={r €R:a< |z < b}, 0<a<hb.
Then

Ausl = 708~ ), [0Aus] = d(a® +12).
For ¢ > 0 small, consider the thin boundary layer

As={b—-d < |z| <b}U{a < |z] < a+d}.

A direct computation shows
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| Ag| = 4m(a® + b?)8 + 4m(b — a)® + %”53,

and hence

: |A5| 2 2
lim — =4 b%) = |0Aqp]-
lim = m(a” +b%) = |0Aq|

This is a Euclidean boundary-layer model, rather than a direct computation of
the Green collar. Thus, in this model case, the thin boundary layer volume, nor-
malized by its thickness, recovers the boundary area, illustrating the phenomenon

thin boundary layer volume

hrickioss — boundary area.
This motivates Conjectures 1 and 2 for general smooth domains.

For a further direction: from volume to function spaces, see [16].

A typical problem for the Bergman space
First, recall the fundamental:

Proposition: Let Ey be a subset of E. Then the Hilbert space that K|Ey X Ey :
Ey x Ey — C defines is given by:

(7.2) Hic|poxpy(Bo) = {f € F(Eo) : f = f|Eo for some f € Hx(E)}.

Furthermore, the norm is expressed in terms of the one of Hi (E):

(7.3) 1F 114 (20) = 00 Fll b ) = f € Hie(E), f = flEo}.

The identity (7.3) creates the new problem and concept. We shall state the
prototype problem:

On the unit disc |z| < 1, look for the identity

(7.4) // 2)|?daxday = // 2)|?dxdy
{l= \<1} {l= \<a}

+7

with some information of f on |z| = a,0 < a < 1; that is, the integral

J[ o is)Pasay
{a<]|z|<1}

is represented in terms of [ on |z| = a,0 <a < 1.
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8. ON THE BERGMAN SPACE
On the above line, we can obtain the following simple and general result:

Lemma 8.1: For a general domain D existing the Green function G(z,t) on the
complez plane, an analytic function f(z) of the Bergman space on D is represented
by the Green function and the Bergman kernel K(z,@) on a simply connected
subdomain Dy of D with a piecewise smooth closed Jordan boundary curve in D in
the following way, for z € D

B )= UOKC oy + = [ 102D

T 8D,

Proof: First, recall the trivial identity

f(z) = (£(O), K(¢,2)),

= (f(€), K(¢,2) Lo(p.) + (F(Q), (C7 ))Lz (D\D,)-
We calculate the last integral. By using the identity

2 0%G(z,
52 K(em) = 2250
and the Green formula, we have
1 0G((,
(f(): K(C,2)) La(p\D2) = i oD f(C)%Z)dC

Note that the derivative of the Green function is zero on the boundary of the domain
D. We thus obtain the desired result.

The inner product on Lo(D \ D) will have the curious representation. We wish
to represent it in some inner product form in the symmetric form on the boundary
0D; in order to look for the representation of the norm on the boundary.

For (7.4), we have

1~ 1
//{Z|<a} f(Z);mdl‘dy — a'2f(a2u).

It will be a curious operator. For the Szegd kernel case, we have the correspondent

result as in
| g el = af e,
z ——|dz| = af(au
{|z|=a} 2 (]. — UZ)
however, some correspondent result to Lemma 8.1 is unclear and curious situation.

Of course, we can apply the general theory for bounded linear operator equation
on reproducing kernel spaces and the structure of the related key reproducing kernel
Hilbert space Hy, is involved in this situation, because the small kernel k(z,u) is
given in the present situation by

k(z, @)

// (/ K (21,7) zm)dmul))mz,z)dm(@)



13

with the Lo surface measure. We can not use the isometric mapping L* L from the
Bergman space on D into the Bergman space on D for the realization of the space
Hy .

However, with a numerical sense, we can obtain the reasonable result for the
concrete case.

A remark for extension and restriction

In connection with restriction and extension of functions in reproducing kernel
Hilbert spaces, recall the discretization principle; that is, the norms in reproduc-
ing kernels are represented in terms of a discrete countable uniqueness set ([25],
page 127-139). Then, restriction and extension problems are reduced to those of
reproducing kernels themselves.

9. FROM OHSAWA-TAKEGOSHI’S TYPE NORM INEQUALITIES

As well-known, the converse norm inequality

(9.1) 1£ 23 < C /D £ p(2)dm(z)

is known with some positive function p and some constant C' on some complex
domain D in a general dimension. Here, Dy is a lower-dimensional complex sub-
manifold. See for example, [19] and [20]. Surprisingly enough, the best constant
C' is even discovered, see [2, 5, 6]. The author wonders whether can we apply our
idea in this paper to their great and deep results.

In this section, we assume this norm inequality

(9.2) 11 Loy < C/D |f(2)1p(2)]dz]

0
with a rectifiable curve Dy as a typical case and we shall consider the bounded
linear operator L from the space with finite norm

/ FERo()ldz] < o
Do

into the Bergman space ALo(D); that is for Lf = f, (9.2) is valid that means
analytic extension operator in the framework of analytic functions. Here we write
the same f as an analytic function and its restriction, because by the identity
theorem we can assume that the correspondence is one-to-one. See [26] for the
details.

We can enjoy the restriction and extension problems on many Sobolev spaces,
see [26].

We wrote an essay on Ohsawa-Takegoshi Theorem from the viewpoint of
structure and proposed an open problem in [15, 18].

Anyhow, it seems that the general theory for bounded linear operator equations
on reproducing kernel Hilbert spaces in the first part in this note is a general and
powerful theory. It creates many deep and concrete problems.



14

ACKNOWLEDGEMENTS

The author thanks the co-authors (containing the AT Mika members) of the cited

papers in the references for their pleasant collaborations.

In particular, Professor A. Yamada kindly sent his many source files for this

lecture sheets and gave many valuable suggestions for my lectures.

Furthermore, the author wishes to express his deep thanks to Professor Qi’an

Guan and Dr. Zhijian Chen for their kind invitation and kind hospitarity at Peking
University.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

REFERENCES

S. Bergman, The kernel function and conformal mapping, Amer. Math. Soc. Providence, R.I.
1750, 1970.

. Z. Blocki, Suita conjecture and the Ohsawa-Takegoshi extension theorem, Invent. Math.

193(2013), 149-158.

. L. P. Castro and S. Saitoh, Fractional functions and their representations, Complex Anal.

Oper. Theory 7(2013), no. 4: 1049-1063.

. J. D. Fay, Theta functions on Riemann surfaces, Lecture Notes in Mathematics 352, Springer-

Verlag, 1973.

. Q.A. Guan and X.Y. Zhou, Optimal constant problem in the L2 extension theo-

rem, C. R. Math. Acad. Sci. Paris 350 (2012), 753-756. MR 2981347. Zbl 1256.32009.
http://dx.doi.org/10.1016/j.crma.2012.08.007.

. Q. A. Guan and X.Y. Zhou, A solution of an L2 extension problem with an optimal estimate

and applications, Ann. of Math. (2) 181 (2015), no. 3, 1139-1208.

. Q. Guan, A proof of Saitoh’s conjecture for conjugate Hardy Ho kernels, J. Math. Soc. Japan,

71, No. 4 (2019), 1173-1179.

. Q. Guan and Z. Yuan, The  weighted version  of Saitoh’s  conjecture,

arXiv:2207.10976 [math.CV] (or arXiv:2207.10976vl [math.CV] for this version),
https://doi.org/10.48550 /arXiv.2207.10976, [v1] Fri, 22 Jul 2022 09:47:24 UTC (12 KB)

. Q. Guan and Z. Yuan, Hardy space, kernel function and Saitoh’s conjecture on products o,
Y ]

planar domains, arXiv:2210.14579. (2022). 84 pages.

Q. Guan and Z. Yuan, A generalization of the conjugate Hardy H? spaces, arXiv:2307.15446
[pdf, ps, other] math.CV (2023), 22 pages. Nagoya Mathematical Journal (2026), 261:e40
1-22.

Q. Guan, G. Li and Z. Yuan, Weighted versions of Saitoh’s conjecture in fibration cases,
arXiv:2409.10002 math. CV(2024), 48 pages.

D. A. Hejhal, Theta functions, kernel functions and Abelian integrals, Amer. Math. Soc.
Memoir 129, 1972.

S. Saitoh, Bounded Linear Operator Equations on Reproducing Kernel Hilbert Spaces (com-
pact version), RIMS Kokytroku No.2352(2026), 36-52. (In Research on Real, Complex and
Functional Analysis)

T. Matsuura and S. Saitoh, What is a Reproducing Kernel? - Some Essences for the New
Journal, International Journal of Reproducing Kernels, 1 (2022), (63 pages).

C. Mika and S. Saitoh, Beautiful Results and Complicated Proofs: A Structural Reflection on
the Ohsawa-Takegoshi L 2 Extension Theorem, July 2026, DOI: 10.13140/RG.2.2.24054.56640
C. G. Mika, C. Mika, G. Mika and S. Saitoh, A three-dimensional conjecture on thin boundary
layers and volume, September 2026, DOI: 10.13140/RG.2.2.27330.54723

C. G. Mika, C. Mika, G. Mika and S. Saitoh, L? Minimal Principle and Reproducing Ker-
nels: Guan’s Concavity and the Unification of Analytic Structures. September 2026, DOI:
10.13140/RG.2.2.21006.32327

C. G. Mika, C. Mika, G. Mika and S. Saitoh, The Ohsawa-Saitoh-Hardy Space:
A Unified Boundary-Interior Structure on Complex Manifolds, September 2026, DOI:
10.13140/RG.2.2.15982.98888

T. Ohsawa and T. Takegoshi, On the extension of L? holomorphic functions, Math. Zeit.
195 (1987), 197-204.



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

T. Ohsawa, Function Theory Gaiden - 100 years of Bergman Kernel - Book — , Gendai Suu-
gakusya (2022), in Japanese.

S. Saitoh, The Bergman norm and the Szegé norm, Trans. Amer. Math. Soc. 249 (1979),
261-279.

S. Saitoh, The Dirichlet norm and the norm of Szegé type, Trans. Amer. Math. Soc. 254(1979),
355— 364.

S. Saitoh, Theory of reproducing kernels and its applications, Pitman Research Notes in
Mathematics Series 189, Longman Scientific & Technical, 1988.

S. Saitoh, Theory of reproducing kernels; applications to approximate solutions of bounded
linear operator equations on Hilbert spaces, Amer. Math. Soc. Transl., 230 (2010), 107-134.
S. Saitoh and Y. Sawano, Theory of Reproducing Kernels and Applications, Developments in
Mathematics 44, 2016 (Springer).

S. Saitoh, Restrictions and Extensions of RKHSs by means of Bounded Linear Operators
Using the Tikhonov Regularization, RIMS Koékytroku No. 2283(2024), 127-148. (In Research
on Real, Complex and Functional Analysis)

L. Sario and K. Oikawa, Capacity functions, Die Grundlehren der mathematischen Wis-
senschaften, Band 149 Springer-Verlag New York Inc., New York, 1969.

N. Suita, Capacities and kernels on Riemann surfaces, Arch. Rational Mech. Anal. 46 (1972),
212-217.

A. Yamada, Theta functions and domain functions, RIMS Kokyuroku 323 (1978), 84-101 (in
Japanese).

A. Yamada, Positive differentials, theta functions and Hardy H? kernels, Proc. Amer. Math.
Soc., Volume 127, Number 5, May 1999, pages 1399-1408.

A. Yamada, Fay’s trisecant formula and Hardy Ho reproducing kernels, Reproducing Kernels
and their Applications (1999), Kluwer Academic Publishers, 165-188.

T. L. Zynda, Z. P. Winiarski, J. J. Sadowski, and S. G. Krantz, Continuous Dependence
of Szego Kernel on a Weight of Integration, Complex Analysis and Operator Theory (2023)
17:102 https://doi.org/10.1007/s11785-023-01397-x

15



