REPRODUCING KERNEL THEORY: ESSENCES AND GLOBAL

PERSPECTIVES

SABUROU SAITOH

ABSTRACT. The theory of reproducing kernels is very fundamental, beauti-
ful and has many applications in analysis and numerical analysis as in the
Pythagorean theorem. In this first lecture, I would like to intoroduce some
general viewpoint for reproducing kernels and some essences of reproducing
kernels. However, the theory is already much more developing widely and
deeply on this century.

(The First Lecture at Peking University on 1 October, 2026)
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1. INTRODUCTION AND SOME GLOBAL VIEWPOINT ON
REPRODUCING KERNELS

Since S. Zaremba (1907) and S. Bergman (1922), around one century before,
the reproducing kernel theory was expanded very widely and deeply through N.
Aronszajn (1950) as in

1. One Complex Variable CV
. Several Complex Variable SCV
. Several Real Variables and Harmonic Functions SRVH
. Abstract Theory and Operator Theory ATOT
. Integral Transforms and Integral Equations ITIE
. Kernel Methods KM
. Probability and Statistics Theory PST
. Numerical Analysis NA

and others

9. Others OT.

From the viewpoint of some general interest, we published the book [66] which
does not contain great results in one and several complex analysis and in the last
part, we referred to as in the followings:

For the theory of reproducing kernels in one-variable complex analysis, see the
fundamental book [7] by S. Bergman. Indeed, for some long years, we considered
the Bergman kernel as the theory of reproducing kernels and related published
papers were vast. They called kernel functions for reproducing kernels. For the
advanced and profound theory, see the books D. A. Hejhal [37] and J. D. Fay [23] in
connection with the Riemann theta functions and the Klein prime form. For their
applications, see A. Yamada [75, 76]. Their theory now seems to be, however, too
deep to deal with for any mathematician. For the theory of reproducing kernels
in several-variable complex analysis, see the classical books [29, 30]. However, the
theory in several complex analysis is developing greatly and its situation may be
looked in the paper by E. Barletta, S. Dragomir and F. Esposito. For the old
history of reproducing kernels, see N. Aronszajn [4]. In the Proceedings [61] of an
international conference, we can find various results on the theory of reproducing
kernels. See D. Alpay [2] for wider subjects on reproducing kernels.

We find many results in the learning theory where the applications of the
theory of reproducing kernels are important; that is, the estimation of covering
numbers by the disks of reproducing kernel Hilbert spaces as subspaces of a family of
continuous functions, some detailed smoothness relationships between reproducing
kernels and reproducing kernel Hilbert spaces, and approximations of functions by
Sobolev spaces. See, for example, F. Cucker and S. Smale [19] and D. X. Zhou [78].
Indeed, we have many references for the learning theory, see [73].

For Support Vector Machines that are favorable for engineers, see [18] and
its research center is MIT.

We would like to note the active research results of K. Fukimizu [20, 31, 32] on
the statistic theory and reproducing kernels.

The article D. Alpay [1] summarizes various applications of the theory in con-
nection with operator theory on Hilbert spaces.

For the connection with the stochastic theory and reproducing kernels,
see Berlinet [9, 10] who was very active in the 5th ISAAC Catania Congress with
his colleagues and we see many results in this field.
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For some more recent general discretization principle with many concrete ap-
plications, see [14, 15]. A new global theory combining the fundamental relations
among eigenfunctions, initial value problems in general linear partial differential
operators, and reproducing kernels, see [16].

2. WHAT IS A REPRODUCING KERNEL?

First of all, we would like to state that what is a reproducing kernel?

In general, a complex-valued function k : £ x E — C is called a positive definite
quadratic form function on an abstract set E, or shortly, positive definite function,
when it satisfies the property that, for an arbitrary function X : £ — C and for
any finite subset F' of E,

> X(p)X(9)k(p,q) > 0.

p,qEF

Then we obtain the fundamental result:

Proposition 2.1. For any positive definite quadratic form function k : Ex E — C,
there exists a uniquely determined reproducing kernel Hilbert space Hy = Hy(FE)
admitting the reproducing kernel k on E whose characterization is given by the two
properties: (i) k(-,q) € Hy for any ¢ € E and, (it) for any f € Hy and for any
peL, (f()ak(p))Hk = f(p)

The properties (i) and (ii) are called the reproducing property of the function
k(p,q) in the Hilbert space Hy = Hy(E).

Apparently, any reproducing kernel is a positive definite quadratic form function
and the one to one correspondence is very fundamental and important.

What is a reproducing kernel? ; More essentially

The topics is about a function space; that is, about a set (family) of functions
on some domain.

Reproducing kernels were appeared in terms of kernel functions by Bergman in
[6, 7].

He considered on Hilbert spaces as follows: On a Hilbert function space H(D)
on some domain D and for its complete orthonormal system {¢; }3?';07 when

K(p,q) = 6;()d;(a) (2.1)
=0

converges, then K(p,q) is called a kernel function and it admits the reproducing
property:

fl@)=(f(p), K(p. @)y all feH(D), (2.2)
as we can see easily.

His basic idea is that a complete orthonormal system {¢; }]‘?';0 may be constructed
by the Gram-Schmidt process and so the kernel function is computable. So, his first
interest was the representaion of the Riemann mapping function and later of many
canonical conformal mappings.

Later, his idea was expanded greately as a general theory of reproducing kernels
by Aronszajn [3] as in the above Proposition 2.1.
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For the realization of the space Hy = Hi(FE) in terms of k we have many meth-
ods, however, the Aveiro discretization method will give the simplest and general
method as in stated in [66]. The idea is from the general and simple discretization
and from improving the power of computers.

Apparently, any reproducing kernel is a positive definite quadratic form function
and the one to one correspondence is very fundamental and important.

Our idea for a reproducing kernel:

The simplest positive definite quadratic form functions on a set E are

() f(a)
for any function f(p) on any set E.

In a natural sense, this is

K(p,q) = f(p)f(a)
is the simpleast reroducing kernel on a function space F on an abstruct set E.
Note that then the Hilbert space structure and reproducing propery are trivial
as one dimensional space.

Now we can state about reproducing kernels.

For any separable function space F on an abstruct set E, reproducing kernels
K(p,q) may be considered as

K(p,q)==>_ fi(p)fi(a). (2.3)
=0

Here, note that we do even not need the assumption of the convergence of the
series. We can consider a generalized reproducing kenel containning the Delac delta
function. Look [66], Section 8.8 Generalized Reproducing Kernels and Generalized
Delta Functions for the details.

A generalization of (2.3) may be considered by the integral form:

K.0) = [ o T@nlt)d
T
Then, recall the basic idea for TWO; duality of the universe [49].

This idea is based on the wake up idea of the morning 12 August, 2026. The
Mika group gaves kind suggestions on the representation of the topics.

3. WHAT IS THE THEORY OF REPRODUCING KERNELS 7

The important correspondence between a positive definite quadratic form func-
tion ( : reproducing kernel, or kernel, RK) and the associated reproducing kernel
Hilbert space (: RKHS) is proposing various problems between the two concepts.
For positive definite quadratic form functions, for example, sum and product are
again positive definite quadratic form functions and so, we can consider the related
reproducing kernel Hilbert spaces. In this direction we can consider many and many
problems like

restriction of kernels,

pullback of a reproducing kernel,
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pasting of reproducing kernels,

and so on.

Meanwhile, conversely, from the structure of reproducing kernel Hilbert spaces,
we can consider the associated reproducing kernels like

tensor products of reproducing kernel Hilbert spaces,

balloon of a reproducing kernel Hilbert space,

increasing sequence of reproducing kernel Hilbert spaces,

wedge product of reproducing kernel Hilbert spaces

and so on.

Of course, the corresponding properties like smoothness between reproducing
kernels and the associated reproducing kernel functions are fundamental problems.

In those senses, we can say that the theory of reproducing kernels are to examine
the relations of positive definite functions and the associated reproducing kernel
Hilbert spaces:

RKs < RKHSs.

The typical and fundamental results are the restriction, sum and product prop-
erties as in the followings.

Now suppose that we are given a positive definite quadratic form function K :
FE x E — C. We shall consider restriction of K to Ey x Ey, where Ej is a subset
of E. Of course, the restriction is again a positive definite quadratic form function
on the subset Ey x Ey. We can consider the relation between the two reproducing
kernel Hilbert spaces.

Proposition 3.1. Suppose that K : E x E — C is a positive definite quadratic
form function on a set E. Let Ey be a subset of E. Then the Hilbert space that
K|Ey x Ey : Ey x Ey — C defines is given by:

Hy\pyx 5y (Eo) = {f € F(Eo) : f = f|Eo for some f € Hg(E)}. (3.1)
Furthermore, the norm is given in terms of the one of Hi (E):
1 i 5y = il ey ¢ F € H(E), [ = fIEo}.  (3.2)

Suppose that we are given two positive definite quadratic functions Ki, Ko :
E x E — C. The usual sum K(p,q) = Ki(p,q) + Ka(p,q) on E x E is also a
positive definite quadratic function on E. We consider the relation between the
corresponding reproducing kernel Hilbert spaces Hy, (F), Hg,(F) and Hg (E).

Proposition 3.2. Let Ky, Ky : E x E — C be positive definite. Set K = K1 + K>.
(1) We have
Hi(B)=|J{h+ f2€ F(B) : f € Hk,(E), f» € Hx, (E)},
as a linear space, we have Hy, i, (E) = Hg,(E) + Hk, (E).
(2) The norm of Hx (E) is given in terms of those of Hy, (E) and H, (FE):

= min 2+ 2, 3.3
Pl =, e im0 + 1l (33)

f=fitf2

When we are given two complex-valued functions f and ¢ defined on E; and Es,
the operation is available: (p1,p2) € E1xEs — f®g(p1,p2) = f(p1)g(p2) € C. Now
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we consider the product of positive definite quadratic functions K; : 4 x E; — C
and Ky : Fy X F5 — C. Then, we have

Proposition 3.3. Let Ky : By x E1 — C and K5 : By X E5 — C be positive definite
quadratic functions. Then K1 ® Ko : By X By X E1 X E5 — C is a positive definite
quadratic function and

Hy, (E1) ® Hr,(E2) = Hi, 9K, (E1 X Ea). (3.4)

In particular, the case 3 = Es = F is important. Now we consider its restriction
to the diagonal set. Let us set

D ={(p,q,p,q) : p,q € E}. (3.5)

Then we see that K7 ® K»|D is a positive definite quadratic function. An immediate
consequence is the following:

Proposition 3.4. Suppose that K1, Ks : E x E — C are positive definite quadratic
functions. Then so is the pointwise product K = K1 - Ky : Ex E — C.

Proposition 3.5. Let K1, K> : Ex E — C be positive definite quadratic functions.
Then, we obtain

1f1+ fallb, yrey(2) < Wil () + 1 f2ll iy () (3.6)
and
1f1- falltge, sy By < Wil )1 foll e, () (3.7)
for fi € Hk,(F) and fo € Hk,(E).

Proposition 3.6. Let K : E x E — C be a positive definite quadratic function and
let s be a mapping from E to non-vanishing C. Define Kq(p,q) = s(p)s(q)K(p, q)
for p,q € E. Then we have

Hix (E)={F € F(E): F=f-s for some f € Hx(FE)}. (3.8)
Furthermore, one has (f - s,g - 5>HKS(E) =, 9 Hp ) forall f,g € Hx(E).

A trivial inquality (3.7) is a very strong technique which produces many in-
equalities. Furthermore, we can realize many reproducing kernel Hilbert spaces
from known reproducing kernel Hilbert spaces by using Proposition 3.6 and there-
fore, the technique is a very important with the related norm inequalities. See, for
example, [60].

Meanwhile, the multiply product of a reproducing kernel will give the basic
relation of the related linear mapping and nonlinear mappings, as we shall see
later. See also, for example, [60].

The differential properties of functions and kernels are also important and beau-
tiful.

Define

CH(Ox0) = {f € C(OxO0) : 0pf,0yf, 020, f, 0,0, f exists and continuous in O}.

In terms of C1(O x O), we have the following result
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Proposition 3.7. Let O be an open set in R. If a positive definite function
K € CYY(O x 0), then 0x0yK is a positive definite kernel and we have

||fl||H6.7;8yK(O) < Hf”HK(O) (39)
If Hk(O) contains 0 as the unique constant function, then we have
1 1 o050y = I f Il (0)- (3.10)

From this viewpoint: RKs <= RKHSs, we think that the problems are ex-
panding endlessly and deeply.

4. WHY REPRODUCING KERNELS ARE FUNDAMENTAL AND
IMPORTANT 7?7

Now, let H be a Hilbert (possibly finite-dimensional) space, and consider E to
be an abstract set and h a Hilbert #-valued function on E. Then, a very general
linear transform from # into the linear space F(FE) comprising all the complex
valued functions on E' may be considered by

f(p) = (£, h(p))n, fecH, (4.1)

in the framework of Hilbert spaces. Many general linear mappings may be consid-
ered in this framework by many modifications and arrangements. For this recall the
Schwartz kernel theorem in connection with the distribution theory. In particular,
recall that distribution may be considered as functions by considering integrals.
Further, restrictions of functions and weighted norms are usual techniques. How-
ever, the theory of reproducing kernels may be considered essentially and favorably
in the framework of Hilbert spaces. However, even for the theory of Banach spaces,
we can discuss the relation between the spaces of Banach and Hilbert, and we can
find many related references.

In order to investigate the linear mapping (4.1), we form a positive definite
quadratic form function K(p,q) on E x E defined by

K(p,q) = (h(g),h(p)) on ExE. (4.2)

Then, the following fundamental results are valid:

Proposition 4.1. (I) The range of the linear mapping (4.1) by H is charac-
terized as the reproducing kernel Hilbert space Hi (E) admitting the repro-
ducing kernel.

(II) In general, the inequality

1 f ey < NIl

holds. Here, for any member f of Hx (E) there exists a uniquely determined
f* € H satisfying

f(p)=(f*,h(p)y onFE

and
| fll e 2y = €513 (4.3)
(III) In general, the inversion formula in (4.1) in the form
f=f (4.4)

in (IT) holds, by using the reproducing kernel Hilbert space Hi (E).
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When we consider the linear mapping (4.1), Proposition 4.1 gives the image
identification that is a very fundamental and important. Furthermore, we can ob-
tain many and many reproducing kernels from the general linear mappings. When
we consider the inversion of the linear mapping (4.1), the typical ill-posed problem
(4.1) looking for its inversion becomes a well-posed problem, because the image
space of (4.1) is characterized as the reproducing kernel Hilbert space Hg (E) with
the isometric identity (4.3), which may be considered as a generalization of the
Pythagorean theorem.

However, this viewpoint is a mathematical one and is not a numerical one and
not easy to deal with analytical and numerical problems.

In Proposition 4.1, when we know the isometrical mapping between the domain
‘H and the reproducing kernel Hilbert space Hg (F), we can determine the system
or linear mapping (4.1) by representing the system function h in terms of the linear
mapping and the reproducing kernel. This important concept and applications
seem to be still weak for the image identification and inversion problems.

Here, we shall introduce the typical image identifications and isometric identities
that are obtained by considering the integral representations in the heat conduction.

We consider the simple heat equation

u(x,t) = uge(z,t) on RxT, (Ty={t>0} (4.5)
subject to the initial condition
up(-,0)=F € L*(R) on R. (4.6)

Using the Fourier transform, we obtain a representation of the solution ug(z,t)

urlot) = = [ F©)ex (—(ﬁ;f)) e (47)

at least in the formal sense.
For any fixed t > 0, we first examine the integral transform F' — up and we
shall characterize the image function upg(zx,t).
We write
1

4rt

k(z;t) =

exp <—Zj) (xeR,t>0) (4.8)

and
2 2

K(x J:"t)Z/k:(x—f't)k(x’—f't)df—#ex —xf—x——i—xfx/ (4.9)
R ’ S TP\ Tee st 4 )
Then, we obtained the initial results.

Proposition 4.2. Let t > 0. A function f takes the form wup(-,t) for some
F € L3(R) if and only if f admits analytic extension f to C and satisfies

- —2
\/\/% / g |f(z + iy)|? exp (;;) dxdy < 0. (4.10)

In this case, f € Hi(R) and the norm is given by:

1 - 2
”f”HK(]R) = \/\/ﬁ / . |f(x + iy)|? exp <gt> dxdy.
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Proposition 4.3. Let t > 0. In the integral transform F — up(-,t) of L*(R)
functions F, the images up(-,t) extend analytically onto C to a function, which we
still write up(-,t). Furthermore, we have the isometrical identity

(,t)

_ 1 v
[ir©ris =[] rGop e (<4 ) dody a1
for any fixed t > 0.

Proposition 4.4. If a C*°-function f : R — C has a finite integral on the most
right-hand side in (4.11), then f is extended analytically onto C and

;:(2;) /\Eﬂf( )| da F// |f(z +iy)|* exp <—> dedy.  (4.12)

=0

Proof. For fixed t > 0, the solution operator F' +— up can be regarded as
up(z,t) = (F k(z — 1) r2(r)-
So with
E=R, H=L*R), h(z)=k(z—-t)and L = [F € H — up(-,t) € F(E)],
the reproducing Hilbert kernel space R(L) is given by:
R(L) = {up(-,t) : F € L*(R)}.
Note that for any fixed ¢t > 0, the system
{k(- — £,£);€ € R} (4.13)

spans a dense subspace in L?(R). Therefore, L is isometric.
Now let us view this mapping from the point of complex analysis. Note that the
kernel K (z,z';t) extends analytically to C x C;

22 w2
K(Z u; t) 2@ ( _8t+4t> (414)
Observe that (4.14) stands for
K(z,u;t) z/k(z—f;t)k(u—§;t)d§. (4.15)
R

Consequently, the extended kernel K is again positive definite function. Denote by
Hg (C) the RKHS associated with K. The following is a description of Hg (C); we
can see directly

2
He(© =4 f € O©) : |l W 'f“”f exp(;;)dmy@o

(4.16)

However, (4.16) was derived naturally and simply from the reproducing structure
of (4.14) by using Proposition 3.6.

Meanwhile, the norm (4.10) is also expressible in terms of the trace f(x) of f(2)
to the real line.
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By using the identity

o =€) = 5= [ expl=pt+ in(o =€)}, (417)
we have
K(z,2';t) = % / exp{—2p*t +ip(x — ') }dp. (4.18)
R

This implies that any member f(x) of Hx(R) is expressible in the form

1 . 1
flz)=— / g(p) exp(ipr — 2p*t)dp = ——F g - exp(—2p°t)](x) (4.19)
R
for a function g satisfying

21 V2T

/\g 2 exp(—2p*t)dp < oo (4.20)

and we have the isometrical identity

£l o (R) = \/;AIg(p)l2exp(—2p2t)dp~ (4.21)

Meanwhile, by the Fourier transform and (4.19), we have

9(p) = V21 F f(p) exp(2p°t) (4.22)

in L?(R). Hence, we obtain
[e%S) t j '
||f|\HK(R>2=/R|ff(p)I2exp —2p°t)dp. =) j,) /le(])(ﬂU)Pdw, (4.23)
j=0 7"

by virtue of the monotone convergence theorem and the Parseval-Plancherel iden-
tity.
O

As in those typical cases, we obtained many isometric identities and analytic
extension formulas. Define the right-half plane by: RT = {z € C : Re(z) > 0}.

1
Proposition 4.5. Let ¢ > 7 Then, for f € Hg,(RT), admitting the Bergman

Selberg reproducing kernel T'(2q)/(z + )2

= 2(2x)%29~2dzd
11, () \/ T //R+ x)?1-2dxdy

/ (zf!(x)) ™) |222n+20-1dz.  (4.24)

, we have the identity

72 n'F(n—i—Qq—i— 1)

Conversely, any C*°(0, c0)-function f with convergent summation in (4.24) extends
analytically onto the right half plane RT. The analytic extension f(z) satisfying
lim f(z) =0 belongs to Hi,(R") and the identity (4.24) is valid.

Tr—00

We shall write S(r) = {z € C : 0 < arg(z) < r} for the open sector and its
boundary 05(r) = {2z € C : z =0 or arg(z) = £r}.
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Proposition 4.6. Let r € (0,7/2). For an analytic function f on the open sector
S(r), we have the identity

(2511”“)2] 2411 £() (1)]2
//5(7 (z + iy) P dedy = sm(?r)z 2+ 1) / T 9 (2))2de. (4.25)

Conversely, if any f € C*(S(r)) has a convergent sum in the right-hand side in
(4.25), then the function f(x) can be extended analytically onto the sector S(r) in
the form f(z) and the identity (4.25) is valid.

In the Szego space, we have the following formula:

Proposition 4.7. Let r € (0,7/2). For any member f in the Szegé space on the
open sector S(r), we have the identity

2 . .
és( 1£(2)2 |dz|—2cosrz sinr) /:r2]\f(3)(x)|2dx, (4.26)

j=0 R
where f(x) means the nontangential Fatou limit on 0S(r) for x € R . Conversely,
if any f € C*°(0,00) has a convergent sum in the right-hand side in (4.26), then
the function f(z) extends analytically onto the open sector A(r) and the identity
(4.26) s valid.

These results were applied to investigate analyticity properties of the solutions
of nonlinear partial differential equations. In particular, an analogue is applied
to the proof of the unique existence of the Schodinger equation by N. Hayashi.
H. Aikawa considered the class W (¢;;R) by changing (2 S(g;.;!)% with other general
positive sequences, where he proved that some function can not be extended beyond
a sector.

These Propositions may be looked the relations of the correspondent RKHSs
for the restrictions of RKs, because the both sides are reproducing kernel Hilbert
spaces. That is the relation of analytic extension and the restriction (extension) of
reproducing kernel.

5. GENERALIZED REPRODUCING KERNELS AND GENERALIZED
DELTA FUNCTIONS

We shall consider a family of any complex valued functions {Uy,(p)}52, defined
on an abstract set E that are linearly independent. Then, we consider the form:

N
=Y Un(0)Un(9)- (5.1)
n=0

Then, Kn(p, q) is a reproducing kernel in the following sense:
We shall consider the family of all the functions, for arbitrary complex numbers

{Cn}no
N
» =3 Calia(p) (5.2)
n=0

and we introduce the norm
N

P> =" |Cul®. (5.3)

n=0
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The function space forms a Hilbert space Hg , (E) determined by the kernel K (p, q)
with the inner product induced from the norm (5.3), as usual. Then, we note that,
for any y € £

Kn(,q) € Hiky(E) (5.4)

and for any F' € Hg, (F) and for any ¢ € E

N
F(q) = (F(), En( )i, (5) = Y CnlUn(q). (5.5)
n=0

The properties (5.4) and (5.5) are called a reproducing property of the kernel
Kn(p,q) for the Hilbert space Hg, (F). This is an essence of reproducing kernel
and reproducing kernel Hilbert space. This situation may be considered as the
prototype example in Proposition 4.1. Recall the Pythagorean theorem as the
simplest case. In particular, consider the cases N = 0,1, 2.

We wish to introduce a preHilbert space by

Hy, = | Hi,(E).
N>0
For any F' € Hg__, there exists a space Hg,, (F) containing the function F' for
some M > 0. Then, for any N such that M < N,
Hgy, (E) C Hiy (E)
and, for the function F € Hg,,,
1 ke, 2y = 1 [y ()

Therefore, there exists the limit:

1l = Jim | Fl o)
Denote by H, the completion of Hg_ with respect to this norm. Then, we obtain:

Proposition 5.1. Under the above conditions, for any function F' € Hy, and for
Fy defined by

Fn(p) = (F,Kn(P))Ho. s
Fy € Hiy(E) for all N >0, and as N — 0o, Fy — F in the topology of Hx.

Proposition 5.1 may be looked as a reproducing kernel Hilbert space H., in the
natural topology and by the sense of Proposition 5.1 the reproducing property may
be written as follows:

F(p) = (F, Koo (-,0)) H.. ,
with

N—o0

Koo(-,p) = lim Kn(p) =Y Un(-)Un(p)- (5.6)
n=0

Here the limit does, in general, not need to exist, however, the series are non-
decreasing, in the sense: for any N > M, Kn(q,p) — Kn(q, p) is a poisitive definite
quadratic form function.

The function (5.6) may be looked a generalized Delta function.

Any reproducing kernel (separable case) may be considered as the form (5.6) by
arbitrary linear independent functions {U,, (p)} on an abstract set E, here, the sum
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does not need to converge. Furthermore, the property of linear independent is not
essential.

This is why we proposed its form as a symbol of reproducing kernels in our new
journal.

The completion H,, may be found, in concrete cases, from the realization of the
spaces Hg (E).

The typical case is that the family {U,(p)}52, is a complete orthonormal system
in a Hilbert space with the norm

IF|2 = /E F(p)2dm(p) (5.7)

with a dm measurable set E in the usual form Ly(E,dm). Then, the functions and
the norm in the reproducing kernel Hilbert space are realized by this norm and the
completion of the space Hx__(FE) is given by this Hilbert space with the norm (5.7).

For any separable Hilbert space comprising functions, there exists a complete
orthonormal system, and so, by our generalized sense, for the Hilbert space there
exists an approximating reproducing kernel Hilbert spaces and therefore, the Hilbert
space is the generalized reproducing kernel Hilbert space in the sense.

This will mean that we were able to extend the classical reproducing kernels
([3, 7, 60]), beautifully and completely.

For a positive definite function, non-symmetric expansions containing integral
expressions were examined from the viewpoint of non-harmonic Fourier series. This
leads to the concept of non-harmonic integral transforms. See Chapter 7 of [59] for
the details.

6. PROBABILITY THEORY AND SUPPORT VECTOR MACHINES

For the linear mapping (4.1), to consider the kernel form (4.2) is essentially
important, meanwhile any reproducing kernel is given in the form (4.2) and the
form will be appeared naturally in different theories.

Kolmogorov factorization theorem (Kolmogorov 1961) gives, conversely for any
positive definite quadratic form function K(p,q), a factorization representation
(4.2) by constructing a Hilbert space H and a Hilbert #H-valued function h(p) on
E. This important result was interestingly derived from the theory of stochastic
theory independing of the theory of reproducing kernels. This property is essentially
important when we consider a general convolution operator and various operators
among abstract Hilbert spaces. In particular, among abstract Hilbert spaces, we
can introduce various operators like products, sums and differentials. The typical
concept is the idea of convolution. See (Saitoh 1999, [66]) for the details.

Let (Q, B, P) be a probability space and Lo (€2, B, P) the Hilbert space of com-
posing of the second order random variables on 2 with the inner product E(XY).
Let X(t), t on a set T, be a second order stochastic process defined on the proba-
bility space (€2, B, P). For the mean value function as m(t) = E(X(t)), the second
moment function

R(t,s) = E(X(t)Y(s)) (6.1)
and the covariance function
K(t,s) = E((X(t) — m(t))(Y(s) —m(s)) (6.2)

are positive definite quadratic form functions on 2 and so, the both theories of
stochastic processes and reproducing kernels have a fundamental relationship. A
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typical result is the Loéve’s theorem: The Hilbert space H(X) generated by the
process X (t), t on a set T with the covariance function R(t, s) is congruent to the
reproducing kernel Hilbert space admitting the kernel R(t, s).

The support vector machine is a powerful computational method for solving
learning and function estimating problems such that pattern recognition, density
and regression estimation and operator inversion. See (Vapnik [73]) for the details.

From some data input space F we consider a general non-linear mapping to a
feature space F' that is a pre-Hilbert space with the inner product (-,-)p:

d:F — F; xz — O(x). (6.3)
Then, we form the positive definite quadratic form function
K(z,y) = (2(x),2(y))r. (6.4)

The important point of this method is that we can apply this kernel to the
problem of construction of the optimal hyperplanes in the space F' not by using
the explicit values of the transformed data ®(x). See (Berlinet and Thomas-Agnan
[9, 10]) for the basic books and their references.

A new method is developing as kernel method:

For the transform of the data in the probability space (Q, B, P) for a reproducing
kernel Hilbert space Hx admitting a kernel on €

U:Q— ()F; x— K(-,z), (6.5)
the theory of reproducing kernels may be applied to the probability problems on
the space (2, B, P).

On the whole space R™ the following kernels are typical:
(1) The usual inner product is given by k(z1,z2) = 27 z,.
(2) For ¢ > 0 and for a positive integer d
kgf’cly(ml,xg) = (zTay + )% x1,290 € R™,
(3) The Gauss kernel, for o > 0
lmy — @
202

See the basic references (Fukumizu et al [31, 32]) and their references.

kS (21, 72) = exp( ) z1,T2 € R™.

The Dirac delta function and the Green functions are a family of reproducing
kernels, and orthonormal systems and reproducing kernels are the basic tool of
quantum mechanics; Coherent States. See the general survey article (Vourdas [74]

).
7. RANDOM FIELDS ESTIMATIONS

We now consider the following situation
(1) X is a set,
(2) (Q,F, P) is a probability space.
We assume that the random field is of the form
u(z) = s(x) +n(z) (x € X), (7.1)

where, for each z € X, s(z) = s(x;-) : @ — R is the useful signal and n(z) =
n(z;-) :  — R is a noise. Note that s(z) and n(x) are not necessarily independent
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for each x € X. Without loss of generality, we can assume that the mean values of
u(z) and n(z) are zero. We assume that the covariance functions

R(z,y) = Elu(zx)u(y)] (z,y € X) (7.2)
and the information

f(z,y) = Elu(z)s(y)] (z,y € X) (7.3)
are known.
Here and below, we equiv X with the structure of the measure space: let (X, dm)
be a measure space.
In addition, we shall consider the general form of a linear estimation 4 of u in
the form

M@:memmwmw:wm@wymm> (7.4)

for an L?(X,dm) space and for a function h(x,-) belonging to L?(X,dm) for any
fixed x € E. For the desired information As : X x 2 — R, which satisfies

A(ks) = kAs, A(s1 + sa2) = Asy + Ass

for all s,s1,82 : X x Q@ — R and k € C, we wish to determine the function h(x,t)
attaining

inf{E[(a(x) — As(z))?] : @ is given by (7.4) and h(z,-) € L*(X,dm)}  (7.5)

which gives the minimum of the variance by the least squares method.

Many topics in filtering and estimation theory in signal and image processing,
underwater acoustics, geophysics, optical filtering, etc., which were initiated by
N. Wiener (1894-1964), will be presented in this framework. Then, we see that the
linear transform h(z,t) is given by the integral equation

ARWWW%WM@=ﬂ%@~ (7.6)

Therefore, our random fields estimation problems will be reduced to finding the
inversion formula

fr—h (7.7)
in our framework. So, our general method for integral transforms will be applied to

these problems. For this situation and for other topics on the inversion formulas,
see the textbook [55], which handles the topic very concisely.

8. DIFFERENTIAL EQUATIONS AND INTEGRAL EQUATIONS

We will refer to the very important connection with very general linear integro-
differential equations. For the classical integral transform method, the coefficients
of differential equations are restricted strongly and essentially, however, for the
method introduced here, called the backward transform method, surprisingly
enough, we do not need any restriction for the coefficients, essentially.

We consider the following extremely general, however, linear integro-differential
equations: For open intervals T and F, consider a linear integro-differential equa-
tion:

ao(t)F(t)+a1(t)F’(t)+"'+an(t)F(”)(t)+/F(E)h(évt)dm(ﬁ):f(t) (8.1)

T
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on F, where
h(-,t) € L*(T,dm) for t¢€E, (8.2)
and {a;}j_, are arbitrary complex-valued functions on E.

From the form (8.1), we shall assume that F' belongs to some reproducing kernel
Hilbert space Hx on E satisfying

K(t,t') = /E h(€,¢)h(E, t)dimn(€), on ExE (8.3)

and the system {h(-,t);t € E} is complete in L(E,drn). Then, any member F €
Hg(E) is expressible in the form

FO) = [ FEMENanE) (e B) (8.4)
E
and we have the isometric identity
T [E B (€)[2dimn(é). (8.5)

From (8.1), we assume furthermore that

oiti'K

W(t,t/) (j,j/ = 0,1,27...,774) on ExFE (86)

are continuous. Then, we see that any member F' of Hx belongs to the C™(T')-class
and we have the expression

PO = [ FOTTE 0@, o B (5.7

Proposition 8.1. Assume

/ K(t,t)dm(t) < oo.
E

Then we have

ft) = /E F
+ [ O] [ 7 1 tiamn | ané)

(&) {ao®h(E,t) + -+ an(OFR(E 1) b din(€)

forallt € E.

Our procedure implies that the integro-differential equation (8.1) can be trans-
formed to the Fredholm integral equation of the first kind.

The difficulty of solving the integro-differential equation (8.1) with variable co-
efficients will be transformed to that of the complicated form in the integral kernel
in (8.1). However, we should note that for integro-differential equations (8.1) with
arbitrary functions as the coefficients we can deal with them.
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9. GREEN’S FUNCTIONS, DELTA FUNCTION, DIFFERENTIAL
EQUATIONS AND REPRODUCING KERNELS.

In order to see some essence, we shall consider a bounded regular domain D
whose boundary is made up of a finite number of analytic Jordan curves.

Consider a unit point mass distribution d(p, q) (called Dirac’s delta function)
at ¢ € D, this will mean that for example, for any continuous function f on D, we
have

flg) = /D F()3(p.a)dp. (9.1)

We will be able to consider such representation for various function spaces.

Meanwhile, suppose that a solution G(p, ¢) for some linear (differential) operator
L on some function space on D is given by the equation, symbolically, for any fixed
qge D

LG(p,q) =6(p.q) (9.2)

whose identity is valid on D except for the point ¢ € D. When G depends only
on the distance |p — g, then such function G(p,q) will be called a fundamental
solution for the operator L and further some boundary conditions are satisfied,
then such a function G(p, ¢) will be called a Green’s function for the operator L
satisfying the imposed boundary conditions.

In general, the function G(p,q) may be understood as the impulse response for
the system L, physically.

For the adjoint operator L* of L, we shall consider the self-adjoint operator L*L
and its Green’s function G(p, q) satisfying

L*LG(p,q) = d(p,q) (9:3)

in the formal level, whose identity is valid on D except for the point ¢ € D. Then,
from (9.1) we obtain the representation

flg) = /D f(p)L*LG(p, q)dp. (9.4)

Then, we can obtain the representation symbolically, by using the Green-Stokes
formula,

flg) = / Lf(p)LG(p,q)dp + some boundary integrals. (9.5)

If the boundary intggrals are zero, then we have
fla) = [ LF0)EG.0)db (96)

If the function space is made up of all f satisfying
[ 1@l < . 0.7

then the space forms a Hilbert space and if the function G(p, ¢) is a usual function
on D belonging to this Hilbert space, then the function G(p,q) will represent the
reproducing property for the Hilbert space.

Indeed, we can find many and many cases satisfying these properties. Following
these frameworks, we can see the basic relationship among Dirac’s delta function,
Green’s functions and reproducing kernels.

We will be able to consider Dirac’s delta function, Green’s functions and repro-
ducing kernels as a family in the above senses.
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We shall look the prototype example that shows clearly the above general idea.
For fixed a,b > 0,

G(s,t) = %exp (—2|5 - t|) (s,t € R) (9.8)

is the reproducing kernel for the Hilbert space Hg(R) = W12(R) equipped with
the norm

I fllwrzm = \//R(a2|f/(z)|2 +02|f(x)|?) dx. (9.9)

The reproducing property may be looked as follows:

/ 2 /(s )dG% )+ B2 ()G (5. 1) ds

dGy

() + V()G s, 1) ds

/ F(s)—L(s) + b f(s )G(s,t)der/tooazf(s)

-1 / i <Zf(8) 10 e (2s—1)) ds
sy [ (res ) e (L) @

-1 [ﬂs)exp (”< -t>)]t - [f(s) exp (Z(t - s>)r = /().

—o00 t

However, this will mean that

dG d*G
[re e e s = [ 56 (- G50 + 1269 ds = sy
that is, G(s,t) is the Green’s function satisfying the differential equation

a®y"(s) + b*y(s) = 6(s, 1)

on R satisfying the null property at co.
For some general and deep relationship between the Green’s functions and the
reproducing kernels, see [4].

10. GENERAL NONLINEAR TRANSFORMS AND REPRODUCING KERNELS;
THE RELATION OF THE BERGMAN, THE SZEO AND THE WEIGHTED HARDY
NORMS AND THE Q. GUAN GROUP’S RESULTS

In 1976, the generalized isoperimetric inequality was obtained by the application
of the general theory of reproducing kernels in [57]: For a bounded regular region G
in the complex z = x + iy plane whose boundary is surrounded by a finite number
of analytic Jordan curves and for any analytic functions ¢ and ¢ on G = G U 9G,

» [ eeweipay < (5 § eeRa) (5§ werie). oy

In order to prove (10.1), we have to use the long historical results of the following
great mathematicians:
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G. F. B. Riemann (1826-1866); F. Klein (1849-1925); S. Bergman;
G. Szego; Z. Nehari; M. M. Schiffer; P. R. Garabedian; D. A. Hejhal
(1972, thesis).

In particular, a profound result of D. A. Hejhal, which establishes the fundamental
relationship between the Bergman and the Szegd reproducing kernels of G [37],
must be applied.

Hejhal’s deep results in connection with the Riemann theta functioin and the
Klein prime form, we will refer to more details in the second lecture with the Fay
and Yamada’s results (23, 76].

Furthermore, we must use the general theory of reproducing kernels by N. Aron-
szajn [3] described in 1950. These circumstances remain at this moment since the
paper [57] was published in 1979.

Meanwhile, the main ingredient in the paper was to determine the equality case
in the above inequality; there, some deep hard analysis was used in the function
theory of one complex variable, stated in the above line. A very deep and general
proof appeared 26 years later in A. Yamada. He gave a very general framework for
such equality problems in the tensor products of reproducing kernel Hilbert spaces.
We can see his deep theory in [66], Section A.1.

Now, we see an important meaning or application of the inequality (10.1); that
is, when we fix any member ¢ of Hy(G), the multiplication operator

@ — 0(2)P(2), (10.2)

on Hy(G) to the Bergman space is bounded. Therefore, by the general theory for
general fractional functions, we can consider the generalized fractional functions:
for any Bergman function f(z) on the domain G

f(z)

P(2)’
at least in the sense of Tikhonov; that is, we can consider the best approximation
problem for the functions (z)~!f(z) by the functions Ha(G). See [17] for more
detailed results.

This paper was a milestone in the development of the theory of reproducing
kernels. Starting of the paper, various applications of the general theory of re-
producing kernels were developed. See also [57] for the details. It seems that the
general theory of reproducing kernels was, in a strict sense, not active in the theory
of concrete reproducing kernels until the publication of the paper. Indeed, after the
publication of the paper, various fundamental norm inequalities containing qua-
dratic norm inequalities in matrices were derived. Furthermore, a general idea for
linear transforms essentially by using the general theory of reproducing kernels,
stated here was obtained.

Surprisingly enough, since 40 years later after publication of [57], for some open
question proposed there, an entirely unexpected partial solution was published in
Professor Q. Guan [33] that is an entirely new result.

(10.3)

For their great extensions, see also Q. Guan [34, 35] and others.

We assume that the domain D is a regular domain surrounded by a finite number
of analytic Jordan curves. Let G(z,t) be the Green’s function on D such that
G(z,t) +log|z — t] is analytic on D x D with pole at a fixed point ¢ of D. Let 9/0v
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denote the inner normal derivative on the boundary 0D and 0G(z,t)/0v is positive
and real analytic on the boundary 0D. Then, surprisingly

Proposition 10.1. (Q. Guan [33]) For any fized t € D and for any fixed analytic
function f on D which is continuous on D UOD, the identity

1
li 2dxd
7‘4}{110 1—7r //ezc(z,z)>r} |f(Z)| Ty

= o [ 1EPOGE /00
oD

holds.
The following inequality seems to be interesting in its own sense:

Theorem 10.2. For any given € > 0 and for any fized analytic function f(z) on
DUOD, there exists ro for all v satisfying (ro < r < 1) and satisfying the inequality

JURICREET
D
1
< / / /(=) 2ddy.
1—r {e—2G (=) >r}

This inequality may be looked as an isoperimetric inequality, because the Dirich-
let integral on a domain is estimated (restricted) by the Dirichlet integral on some
small boundary neighborhood of the domain. Here, the neighborhood size and
estimation are stated by the level curve of the Green function, precisely.

Even the case of the identity function f(z) = z, we can enjoy the senses of the
estimation and the result.

For any analytic function f(z) on D U dD, we have the inequality

IR
1

S . |/ (2)P(0G (2, 1) /Ov) ™| dz|.

27 F)

This result was obtained from some complicated relations among reproducing
kernels in ([58]). The equality problem in the inequality was also established; that
is, equality holds if and only if the domain is simply-connected and the function
f'(z) is expressible in the form CK(z,t) for the exact Bergman reproducing kernel
K (z,u) on the domain D and for a constant C. Theorem 10.2 is derived from this
inequality and Proposition 10.1.

This part may be referred to more details with up-to-date information in the
sacond lecture. See [50]. See further references [51, 52] for the research of the Guan
group.

Of course, the image identification of nonlinear transforms of a reproducing
kernel Hilbert space is difficult, however, it will be very important that we can
find the natural image space as a reproducing kernel Hilbert space that contains
the images and we can obtain the natural norm inequalities as in the following
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Proposition 10.3. Let K be a positive definite quadratic form function on E.
Suppose that we are given a sequence of functions {d,}2, on E satisfying

Z ldn ()P K (p, )" < 0 (10.4)
for all p € E. Define

Zd du()K(p.@)"  (p.q € B). (10.5)

If f € H(E) satisfies

o0

n=0

or equivalently || f|| g, (p) < 1, then the sum ®f(p) = >~ dn(p)f(p)" converges
absolutely on E in Hg,(F). Furthermore,

oo
2
19 f ez, ) < > (1)) - (10.7)
n=0

The method has proved to be very important for applications such as identifi-
cations of nonlinear systems. In particular, note that for a very general nonlinear
mapping like the images of nonlinear differential operators, we can find the method
how to find the properties of the images.

In the theory of nonlinear partial differential equations, we encounter nonlinear
transforms, for example, for u = u(z,t), the KDV equation

U U + ULy + Upzs (10.8)
and
U U — Ugy +msinu, (10.9)

where m > 0 is a constant. For such nonlinear transforms we show how to find the
properties of the operators.
In order simply to state the result, we assume that I is an open interval on R.

Then, for the smoothness of Hg (I), note that if
9Uu+i K
W(%y) (10.10)

are continuously differentiable on I x I, then for any member f of Hg (I), f9)(j < n)
are also continuously differentiable on I and we have

f™ € Hynn ) (10.11)
and
£ N wenm(ry < ey (10.12)
for the reproducing kernel Hilbert space Hgn.» (I) admitting the reproducing kernel
0K
K™ (z,y) = W(%y) on [ (10.13)

as the elementary property. Hence, for example, in the nonlinear transform

b f € Hi(I) > ha(2)f" () + ha(x) £ ()% + hs(z)| £ ()2 (10.14)
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for any complex-valued functions {h;}?_, on I, the images )(f) belong to the
reproducing kernel Hilbert space Hy+x(I) admitting the reproducing kernel

V(K (2,y)) = h(2)h(y) K2 (2, y) +ha(2)ha(y) K (2, ) +hs () hs (y) | K (2, )|
for z,y € I, and, we obtain the inequality

I ey < Il + 21 e (10,15

It is worth noting that the right-hand side does not depend on {h;}3_;.

In some general linear transform of Hilbert spaces we could get essentially isome-
tries between the input and the output function spaces. However, in nonlinear
transforms, we get norm inequalities, essentially.

Among many concrete norm inequalities, the most beautiful and simple one is
the following one.

Note that

K(z,y) = min(z,y) (0<z,y < o0) (10.16)

is the reproducing kernel for the Hilbert space Hy consisting of all real-valued and
absolutely continuous functions f(x) on [0, 00) such that f(0) = 0 and that

o0
£l =) [ 19/ ds < oo (10.17)

0

as we see directly.
Let us set
t(1—tN
. g t 7& 1’
pn(t) = 1—t

N t=1.

Then,

N
Kn(z,y) = ZK(x7y)n =min {pn(2), pn(y)} (2,9 € [0,00)) (10.18)
n=1
is the reproducing kernel for the Hilbert space Hy y consisting of all real-valued
and absolutely continuous functions f on [0, 00) such that f(0) = 0 and that f has
finite norms

1

1flln = \//OOO f'(x)2<x(11_”g“jv>>l dz < oo. (10.19)

Hence, for the nonlinear transform of f € Hy

N X — X N
o) = Y oy = HEEZSE), (10.20)
we have the inequality
e lr@a = s @Yz =Y e —a)
e = [ (PG \(1_) s
(10.21)

where
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In particular, for f € Hy with ay € (0,1) we have the inequality, by letting

N — 1 /
/0 (%) (1 w)de < T (10.23)

We thus obtain:

Proposition 10.4. For a real-valued function f € AC[0,1] with f(0) = 0 and
fol f(z)%dx < 1, we have

/0 (1—f(3;)) (1-z)de < TRy (10.24)

Equality holds in (10.24), if f is of form f(z) = min{z,y}, = € [0,1] for some
y € [0,1). But the equality condition was very difficult to determine. To solve the
equality problems for the norm inequalities in nonlinear transforms seem to be the
most deep theory in the general and abstract theory of reproducing kernels. It was
discussed deeply by A. Yamada for a general situation containing many concrete
norm inequalities, see [66], Appendix A.1.

11. EIGENFUNCTIONS, INITIAL VALUE PROBLEMS AND
REPRODUCUNG KERNENLS

For some general linear operator L, (and differential operator 9;), for some
function space on a certain domain (to be specified later on), we shall consider the
problem

(O + Ly)us(t,xz) =0, t>0, (11.1)
for an unknown uy satisfying the initial value condition
us(0,2) = f(a). (11.2)

For such a very global problem, a general method which includes the analysis of
the existence and construction of the solution of that type of initial value problem
by using the theory of reproducing kernels may be considered. Furthermore, the
method will have the power completely characterize the solutions under each specific
conditions.

One of the basic procedures in the method is to use some eigenvalues A on a set
I, and eigenfunctions W), satisfying

L, Wy = AW,.

The case of discrete eigenvalues may be dealt with similarly and so we shall assume
that the eigenvalues are continuous on an interval I for A > 0. In this way, we note
that the functions

exp(—At)Wy(x) (11.3)

are the solutions of the operator equation

(9, + Ly)ult, z) = 0. (11.4)
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We shall consider some general solution of (11.4) by a suitable sum of the elements
in (11.3). In order to consider a convenient sum, we shall use the following kernel
form, with a continuous non-negative weight function p over the interval I,

/I exp(— X)W (2) W (1) p(A)dA (115)

(where we are naturally considering the integral with absolutely convergence for
the kernel form). Moreover, here we assume A to be real-valued and also the
eigenfunctions W) (z) are real-valued. Then, fully general solutions of the equation
(11.4) may be represented in the integral form

u(t,z) = / exp(— AW (2) F(\)p(A)dA (11.6)
I
for the functions F' satisfying

/Iexp(—At)\F(A)Fp(A)dA < oo. (11.7)

Therefore, the solution wu(t,z) of (11.4) satisfying the initial condition
u(0,z) = F(x) (11.8)

will be obtained by taking ¢ — 0 in (11.6). However, this point will be very delicate
and we will need to consider some deep and intricate structure. Here, (11.5) is a
reproducing kernel and in order to analyze in detail the strategy above, we will
need the theory of reproducing kernels. In particular, in order to construct certain
natural solutions of (11.5) we will need a new framework and function space.

In order to analyze the integral transform (11.6) and in order to set the basic
background for our purpose, we will need the essence of the theory of reproducing
kernels.

For this purpose, we will assume that I is a positive interval, A > 0, and that
this parameter X represents the eigenvalues satisfying

L.hy=Mhy, z€E, XeI. (11.9)

Here, hy is the eigenfunction and in order to set our notation in a consistent way,
we put the complex conjugate there.
We form the reproducing kernel

Ko(w,y) = /1 exp(—A)ha(y) (@) dm(A), >0, (11.10)

and consider the reproducing kernel Hilbert space Hg, (E) admitting the kernel K.
In particular, note that, for Ko(z,y) = K(x,y)
(Ki)y € Hk(E), ye€FE.

Then, we have the following main result

Proposition 11.1. For any element f € Hi (E), the solution us(t, z) of the initial
value problem (11.1)—(11.2) exists and it is given by:

Uf(t7.');‘) = <f, (Kt)z>HK(E)- (11.11)
In fact, the solution (11.11) satisfies (11.2) in the sense
tgril()uf(tx) = tli)IE0<f7 Kt(7x)>HK(E) = <fa K1>HK(E) = f(x)v (1112)
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whose existence is ensured and the limit is given in the sense of uniformly conver-
gence on any subset of E such that K(x,x) is bounded.

The uniqueness property of the initial value problem is depending on the com-
pleteness of the family of functions

{(Ki)si2 € B} (11.13)

For some concrete example and practical applications, see the book [66], Chapter
8.7.

In the Proposition, the complete property of the solutions us(¢,x) of (11.1)-
(11.2) satisfying the initial value f may be derived by the reproducing kernel Hilbert
space admitting the kernel

k(z, t;y, 1) i= (K7 )y, (Kt)2) oy (B)- (11.14)
In the method, we see that the existence problem of the initial value problem is
based on the eigenfunctions and we are constructing the desired solution satisfying
the initial condition. In view of this, for a larger knowledge for the eigenfunctions
we can consider a more general initial value problem. Furthermore, by considering
the linear mapping of (11.11) with various situations, we will be able to obtain
various inverse problems which may be described by looking for the initial values
f from the various output data of u(t, ).
We also would like to remark that in the stationary case of

Lyu(z) =0, (11.15)

the method is more simple and direct. We may consider the family of solutions hy
such that
L.hy = 0. (11.16)

Then, the general solutions are constructed by the integral form
uw(x) = LF(x) = (F, he) 2 (1,dm) = /F(A)Kdm()\), x ek, (11.17)
I

for F € H = L*(I,dm).

The uniqueness property of the initial value problem follows directly from (11.11).

We will refer to how to look for various eigenfunctions.

First, from general solutions of homogeneous equations, we can look for eigen-
functions, of course.

For example, we consider modified Bessel differential equations

2
xQ% + x% — (2 + )y =0 (11.18)

which have as solutions the modified Bessel functions of second kind, i.e., y = K.
Consequently, K, are eigenfunctions of the second order differential, i.e.

L.K,(z) = V*K,(z) (11.19)
with an eigenvalue v?, and where
d? d
— 2 2
L,=x e +xdx — . (11.20)

Then, note that in the case that v are positive reals, the functions
exp(fl/zt)KV(x)
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are the solutions of the operator equation

(Or + L) u(t,x) = 0.
In addition, for pure imaginary values of v the functions

exp(V*t) K, () (11.21)

are the solutions of the operator equation

(0 — L) u(t,x) = 0. (11.22)
Furthermore, for a pure imaginary v = i7, we have as eigenvalues associated to the
second order differential (11.20) v = —72. For these eigenfunctions, we can discuss
the detail results following the general theory.

For some concrete examples and practical applications, see the book [66], Chap-
ter 8.7.

12. INVERSION FORMULAS

Consider the inversion in (4.1) formally, however, this idea will be very important
for the general inversions as the central split and for very general discretization
method in the theory of reproducing kernels.

Following the above general situation, let {v;} be a complete orthonormal basis
for H. Then, for

vj(p) = (vj, h(p))n,
h(p) = > (h(p), vj)nvj = Zm"j-

J
Hence, by setting

B(p) = > vi(o)vi,
B() = Y 0()vi.

Thus, define
(f?E(p))HK = Z(ﬁ Vi) Hyc Vi

For simplicity, write as follows:
Hi = Hi(E).

Then, formally, we obtain:

Proposition 12.1. Assume that for f € Hg

(va)HK EH
and for allp € F,

(f, (h(p), h("))3) i = ((f, D)y, B(p)) -
Then,
1 ez < 10 0) B2
If {h(p);p € E} is complete in H, then equality always holds.
Furthermore, if:

(fO, (f?H)HK)H = ((f()vh)?-[af)HK fOT‘ fO € N(L)
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Then, for £* in (II) and (III)

= (f,h)n,.

In particular, note that the basic assumption (f,h)g, € H in Proposition 12.1,
is, in general, not valid and very delicate for many analytical problems and so we
need some delicate treatment for the inversion.

In order to derive a general inversion formula for (4.1) that is widely applicable
in analysis, assume that the both Hilbert spaces H and Hy are given as H =
Lo(T,dm), Hi C Lo(E,du), on the sets T and E, respectively ( assume that for
dm, dp measurable sets T, F/, they are the Hilbert spaces comprising dm, du — Lo
integrable complex-valued functions, respectively.) Therefore, consider the integral
transform

f(p) = /T F(t)R{Ep)dm(t). (12.1)

Here, h(t,p) is a function on T x E, h(-,p) € Lo(T,dm), and F € Ly(T,dm). The
corresponding reproducing kernel for (4.2) is given by

K(p,q) = /T Wt R p)dm(t) on E x E.

The norm of the reproducing kernel Hilbert space H is represented as Lo(F, dpu).
Under these situations:

Proposition 12.2. Assume that an approximating sequece { EN}¥_, of E satisfies
(@) Ei CEC--C-,(b) UyoiBn =E, (c) [z, Kpp)dulp) <
oo, (N=1,2,..).

Then, for f € Hyg satisfying fEN f)h(t,p)du(p) € Lo(T,dm) for any N, the

sequence
oo

{ [ f(p)h(t,pmu(p)} (12.2)

N=1
converges to F* in (4.4) in Proposition 4.1 in the sense of Lo(T,dm) norm.

Practically for many cases, the assumptions in Proposition 12.2, will be satisfied
automatically, and so Proposition 12.2 may be applied in many cases. Proposition
12.2 will give a new viewpoint and method for the Fredholm integral equation (12.1)
of the first kind that is a fundamental integral equation. The method and solution
has the following properties:

1) The use of the naturally determined reproducing kernel Hilbert space Hy
which is determined by the integral kernel.

2) The solution is given in the sense of H norm convergence.

3) The solution (inverse) is given by f* in Proposition 4.1.

4) For the ill-posed problem in (12.1), the solution is given as a well-posed
solution.

This viewpoint is, however, a mathematical and theoritical one. Practically and
analytically, first, the realization of the reproducing kernel is an essential problem.
In practical and physical linear systems, the observation data will be a finite number
of data containing error or noises, and so we will meet to various delicate problems
numerically.
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13. GENERALIZED INTEGRAL TRANSFORMS

The basic assumption here for the integral kernels is to belong to some Hilbert
spaces. However, as a very typical integral transform, in the case of Fourier integral
transform, the integral kernel does not belong to Ly(R) and, however, we can es-
tablish the isometric identity and inversion formula in the space Lo(R). Therefore,
we need the natural extension of our idea.

When we consider the integral transform

LF(p) = /TF()\)h()\,p) dm()\), pekFkE (13.1)

for F € H = L*(T,dm), indeed, the integral kernel h(),p) does not need to be-
long to the space L?(T,dm) and with the very general assumptions that for any
exhausion {T}} of T such that T; C Ty for t <t', |J,o Tt =T,

h(\,p) belongs to L*(T},dm) for any p of FE

and
{h(\,p);p € E} is complete in L*(T}, dm),
we can establish the isometric identity and inversion formula of the integral trans-

form (13.1) by giving the natural interpretation of the integral transform (13.1), as
in the Fourier transform by considering the generalized reproducing kernel K (p, q)

Ki(p,q) = h(t,q)h(t,p)dm(t) on E x E,
T

and
K(p,q) = lim Ki(p,q),
which diverges as in the delta function in even the case.

For some complete theory and applications, see Sections 8.8 and 8.9 of the book
[66].

Fourier integral transform case:

As a typical example, we shall examine the Fourier integral transform. For
one dimensiona case, we consider the integral transform, for the functions F' of
Lo(—nt, +7t), t > 0 as

fi(2) = % [ WtF(t)e‘izgdf. (13.2)

In order to identify the image space, following the theory of reproducing kernels,
we form the reproducing kernel

1 t o
Ki(z,1) = o) e Ee—iug e (13.3)
stz — 1)
= 111 — .
7T(Z — ﬂ) SN Tl 2 u

The image space of (13.2) is called the Paley-Wiener space W (7t) consisting of
all the analytic functions of exponential type satisfying, for some constant C' and
as z — 00

|fi(2)] < Cexp (7|z]t)
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and

/ 1:(6)2de < oo,
R

30 s
Kt(t, t) =10(4,7")

(the Kronecker’s §), since (34, j') is the reproducing kernel for the Hilbert space £2,
from the general theory of integral transforms and the Parseval’s identity we have
the isometric identities in (13.2)

Tt
o | IF@Pde=1 S RGP /|ft €)2de.

2 —7t

From the identity

j_fC)O

That is, the reproducing kernel Hilbert space Hg, with K:(z,@) is characterized
as a space consisting of the Paley-Wiener space W (7t) and with the norm squares
above. Here we used the well-known result that {j/t}32 o is a unique set for the
Paley-Wiener space W (wt); that is, fi(j/t) = 0 for all j implies f; = 0. Then, the
reproducing property of K;(z, ﬂ) states that

Fil@) = (o Kol = 1 S GG ) = /ft €K, (€, ) de.

']7700

In particular, on the real line z, this representation is the sampling theorem which
represents the whole data ft(l’) in terms of the discrete data {f;(j/t)}72_.. For
a general theory for the sampling theory and error estimates for some finite points
{j/t};, see [60]. As this typical case, we note that all the reproducing kernel Hilbert
spaces Hx, may be realized in the space L?(R,d¢) which is now the completion
H, of the spaces H,.

The representation and approximation by the reproducing kernel Ky(z,u) are
deeply examined and in particular its method is called Sinc method by F. Stenger

[70].

14. INVERSION FROM MANY TYPES DATA

We shall give an application to inversion from many kinds of information data.
We suppose that we are given H, for each A € A, where A is an abstract set.
We are in addition given bounded linear operators

Ly € B(H,Hy). (14.1)
In particular, with A fixed, we are interested in the inversion formula
Lyx—xz, z€H. (14.2)

Here, we consider {Lyz; A € A} as informations obtained from z and we wish to
determine x from the informations.

However, the informations Lz belong to various Hilbert spaces Hy, and so, in
order to unify the informations in a sense, we shall take fixed elements by ., € Hx
and consider the linear mapping from H

Xb()\,w) = <L)\.’t,b)\,w>7.[A = <.’E,L§\b)\1w>7.[, reH (143)

into a linear space comprising functions on A x €. For the informations Lyz, we
shall consider X, (A, w) as observations (measurements, in fact) for « depending on
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A and w. For this linear mapping (14.3), we form the positive definite quadratic
function Kp (A w; N, w’) on A x Q defined by:

Kn(ANw; N, w') = (L3barw, Labaw) s = (LAL3bxrwr, baw)

on A x Q. Then, we can apply our theory. The concept was derived by generalizing
the Pythagorean theorem in the following way.

Let € R™ and {e;}7_; be orthogonal unit vectors. We consider the linear
mappings

L:z—{z— (v, e)e;}]_, (14.4)

from R”™ into R™. Then we wish to establish an isometric identity and inversion
formula for the operator. Recall the Pythagorean theorem for n = 2. By our
operator versions, we can establish the desired results.

Note that in (14.4), for n > 3 if we instead consider

{llz = (z, e5)el} 7= (14.5)
as scalar valued mappings, then the mappings are no longer linear. So, we must
consider the operator valued mappings (14.4) in order to obtain isometric mappings
in the framework of Hilbert spaces.

Some related equations were considered as follows [53], 128-157:
Let H,H;(E);j =1,2,...,p be Hilbert spaces and let

be linear continuous maps from H onto H;(E). Let g; € H;(E) be given. Then,
consider the problem to compute f € H such that

Rif=g;, j=12,...,p. (14.7)
These equations are very important in the theory of computerized tomography by
the discretization. The typical method is Kaczmarz’s method based on an iterative
method by using the orthogonal projections P; in H onto the affine subspaces
ij =9j-

As for our direct solutions for (14.7) it seems that the result is stable for the
sake of (14.7) as data.

Reproducing kernels for nonlinear adaptive filtering tasks have widely been ap-
plied and the applications of reproducing kernels for signal analysis are developing;
see the references [40, 21, 42, 68, 69, 71]. In particular, for a comprehensive intro-
duction to kernel adaptive filtering, see the book [41].

15. THE AVEIRO DISCRETIZATION METHOD

In general, the reproducing kernel Hilbert space Hx has a complicated structure,
and so we have to consider the approximate realization of the abstract Hilbert space
Hg by taking a finite number of points of E. A finite number of data will be lead to
a discretization principle and practical method, because computers can deal with
a finite number of data.

For using a finite number of data, it will be very important in any numerical
method, however, in this viewpoint, the theory of reproducing kernels is very good
and will give a fairly good nature essentially. Meanwhile, computer power is in-
creasing greatly day after day. And so, some simple algorithm will be required in
some general form and for this point, the method stated here will give a general
and uniform method.
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Finite element methods and difference methods established may be considered
very complicated in their natures.
By taking a finite number of points {p; 71, we set

K(pj,pj/) = ajj/. (151)

Then, if the matrix A :=|| a;;+ || is positive definite, then, the corresponding norm
in H, comprising the vectors x = (1, Z2, ..., x,)7 is determined by

[l = x"Ax,

where A = A=T = [laj;||.
When we approximate the reproducing kernel Hilbert space Hx by the vector
space H 4, then from Proposition 12.1, the following is directly derived:

Proposition 15.1. In the linear mapping

fp)= (. h(p))n, feH (15.2)
for
{p1,p2; -, Pn},
the minimum norm inverse £}  satisfying
flp;) = (£ h(p))n, feH (15.3)
is given by

n n
£, =2 D fp)ajrhipy), (15.4)
j=1j'=1
where aj;: are assumed the elements of the complex conjugate inverse of the positive
definite Hermitian matriz A, constituted by the elements

ajjr = (h(pj), h(p;))n = K(pj: pir)-
Here, the positive definiteness of A, is a basic assumption.

The following proposition shows the convergence of the approximate inverses in
Proposition 15.1.

Proposition 15.2. Let {p, 521 be a sequence of distinct points on E, that is
the positive definiteness for any n and a uniqueness set for the reproducing kernel
Hilbert space Hy ; that is, for any f € Hg, if all f(p;) =0, then f =0. Then, in
the space H

nh_{rgo £y =f" (15.5)
From the result, we can obtain directly the ultimate realization of the reproduc-
ing kernel Hilbert spaces and the ultimate sampling theory:

Proposition 15.3. (Ultimate realization of reproducing kernel Hilbert spaces). In
the general situation and for a uniqueness set {p;} of the set E satisfying the linearly
independence in Proposition 15.1,

e = IE¥11% = Tim > > fps)agy f(p)- (15.6)

j=1j'=1
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Proposition 15.4. (Ultimate sampling theory). In the general situation and for a
uniqueness set {p;} of the set E satisfying the linearly independence in Proposition
7.1,

flp) = nlLH;o(on7h(p))H = nlin;o Z Z f(p;)a;7h(p;y), h(p) (15.7)
i=1j=1 N
= lim, YN Fwy)agy K (p,py)-
j=1j'=1

In Proposition 15.1, for any given finite number f(p;), j = 1,2, ...,n, the result
in Proposition 15.1 is valid. Meanwhile, Proposition 15.2 and Proposition 15.4
are valid when we consider the sequence f(p;), j = 1,2,..., for any member f of
Hpyg. The sequence f(p;), j = 1,2,..., for any member f of Hg is characterized
by the convergence of (15.6) in Proposition 15.3. Then, any member f of Hy is
represented by (15.7) in terms of the sequence f(p;), j = 1,2, ..., in Proposition
15.4.

In the general setting in Proposition 15.1, assume that we observed the values
flpj) = a;,j = 1,2,...,n, for a finite number of points {p;}, then for the whole
value f(p) of the set E, how can we consider it?

One idea is to consider the function fi(p): among the functions satisfying the
conditions f(p;) = a;,j =1,2,...,n, we consider the minimum norm member f;(p)
in Hg (F). This function f;(p) is determined by the formula,

filp) =) CiK(p,p;)
j=1
where, the constants {C;} are determined by the formula:

n
Z C;K(pj,p;) =aj,j =1,2,..,n.
j=1
(of course, we assume that ||K(p;/,p;)| is positive definite).

For this problem, see, Mo, Y. and Qian, T. : Support vector machine adapted
Tikhonov regularization method to solve Dirichlet problem ([54]), as a new numer-
ical approarch by a usual computer system level. In particular, they can deal with
errorness data. We use a special powerful computer system by H. Fujiwara based
on the infinite precision method and parallel computer systems. Indeed, Fujiwara
can consider over 600 digits and use over 1000 computers at the same time.

Meanwhile, by Proposition 15.4, we can consider the function fo(p) defined by

f2(p) = (4, h(p))n
in terms of f} in Proposition 15.1. This interpolation formula is depending on the
linear system.

For analytical problems, we need discretization and using a finite number of data
in order to obtain approximate solutions by using computers, the typical methods
are finite element method and difference method, however, their practical algo-
rithms will be complicated depending on case by case, depending on the domains
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and depending on the dimensions, however, the above methods are essentially sim-
ple and uniform method in principle, called the Aweiro discretization method. How-
ever, the hard work part is to solve the linear simultaneous equations, computer
powers requested are increasing and so, in future, the above simple method may be
expected to become a standard method.

Many numerical experiments for the sampling theory by Proposition 15.4 were
given by [28].

We showed a general sampling theorem and the concrete numerical experiments
for the simplest and typical examples. We gave the sampling theorem in the Sobolev
Hilbert spaces with numerical experimences. For the Sobolev Hilbert spaces, sam-
pling theorems seem to be a new concept.

For the typical Paley-Wiener spaces, the sampling points are automatically de-
termined as the common sense, however, in our general sampling theorem, we can
select the sampling points freely and so, case by case, following some a priori in-
formation of a considering function, we can take the effective sampling points. We
showed these properties by the concrete examples, by many Figures.

A Typical Example of the Aveiro Discretization Method With ODE:
Consider a prototype differential operator
Ly = ay” + By +y. (15.8)
Here, consider a very general situation that the coefficients are arbitrary functions
on their nature and on a general interval I.
For some practical construction of some natural solution of
Ly=yg (15.9)

for a very general function g on a general interval I,

Proposition 15.5. Let us fix a positive number h and take a finite number of
points {t;}7_; of I such that

(alty), B(t;),7(t;)) # O
for each j. Then, an optimal solution y;* of the equation (15.9) is given by

7/h )
o 1/ FA€)eitede

N % —n/h
in terms of the function F{* € Lo(—n/h,+n/h) in the sense that F{* has the
minimum norm in Lo(—7/h,+m/h) among the functions F € Lo(—7/h,+m/h)
satisfying, for the characteristic function xp(t) of the interval (—m/h,+7/h):
1 . .
o [ F©OIa()(~€) + BO(—€) + 1)) xa(€) exp(—ite)de = o(t)  (15.10)
R
for allt =t; and for the function space Lo(—m/h,+m/h).
The best extremal function F, ,;4 s given by

n

F &) = > gty)az (alty)(=€2) + Bty ) (=) + 7(t;) explityr€).  (15.11)

J,3'=1

Here, the matrix A = {ajj/}?,j/:l formed by the elements

ajj = Knn(tj,tj)



34 SABUROU SAITOH

with
Kun(t,t") = % R[a(t)(—EQ)+ﬁ(t)(—i£)+7(t)}[a(t’)(—£2)+ﬁ(t’)(—i£)+V(t’)]
Xn (&) exp(—i(t —t')§)d¢ (15.12)

is positive definite and the aj; are the elements of the inverse of A (the complex
conjugate of A).
Therefore, the optimal solution yfl‘ of the equation (15.9) is given by

n 1 o x o
v ()= D glt)ay gol-alty) [ gttt
Ji'=1 -3

i , - (E
+iﬂ(t]”)/w ge—z(t—t]‘/)ﬁdg_|_,},(tjl)/7r e_z(t_tj')gdf].
R

h

At first, we are considering approximate solutions of the differential equation
(15.9) and at this point, we are considering the Paley-Wiener function spaces with
parameter h as approximating function spaces. Next, by using the Fourier inversion,
the differential equation (15.9) may be transformed to (15.10). However, to solve
the integral equation (15.10) is very difficult for the generality of the coefficient
functions. So, we assume (15.10) is valid on some finite number of points ¢;. This
assumption will be very reasonable for the discretization of the integral equation.
By this assumption we can obtain an optimal approximate solutions in a very simple
way.

Here, we assume that equation (15.9) is valid on I and so, as some practical
case we would like to consider the equation in (15.9) on I satisfying some boundary
conditions. In the present case, the boundary conditions are given as zero at infinity
for I = R.

However, our result gives the approximate general solutions satisfying boundary
values. For example, for a finite interval (a,b), we consider ¢; = a and ¢, = b and
aty) = B(t1) = a(t,) = B(t,) = 0. Then, we can obtain the approximate solution
having the arbitrary given boundary values y;(¢1) and y;}(t,). In addition, by a
simple modification we may give the general approximate solutions satisfying the
corresponding boundary values.

For a finite interval case I, following the boundary conditions, we can consider
the corresponding reproducing kernels by the Sobolev Hilbert spaces. However, the
concrete representations of the reproducing kernels are involved depending on the
boundary conditions. However, we can still consider them and we can use them.

Of course, for a smaller & we can obtain a better approximate solution.

For the representation (15.12) of the reproducing kernel Kyp(¢,t'), we can cal-
culate it easily.

The very surprising facts are: for variable coefficients linear differential equa-
tions, we can represent their approximate solutions satisfying their boundary con-
ditions without integrals. Approximate function spaces may be considered with
the Paley-Wiener spaces and the Sobolev spaces. For many concrete examples and
numerical examples, see [14, 15]. We showed Figures of the numerical experiments.
See also [56] for some applications to nonlinear partial differential equations.
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16. REPRESENTATION OF INVERSE FUNCTIONS

By using the theory of reproducing kernels, for an arbitrary mapping we
will be able to consider some representation of its inversion. For example, we can
consider the following concrete problems:

Let ¢ : E' — E be a bijection. Then,

foplp) = flp(p) = {f, Kpw)) Hx (B) (16.1)

and we obtain
e ) = (o Kp)rye () = (id, K(o(-), P)) H v e (57 (16.2)

if (pil € HK(E)

Precisely, see [66], Section 8.3.2. However, its idea is indeed very simple. As in
(16.2), we represent the inverse function by some reproducing kernel and next, we
transform the representation by the mapping.

The following simple result was derived by representing the inverse of the Rie-
mann mapping function on the unit disk in terms of the Bergman kernel and by the
transform by the Riemann mapping function, however, the result may be derived
directly:

Example 16.1. Suppose that ¢ : Q3 — A(1) is a biholomorphic function. Then
we have

iy L 2|’ (2) 7 .
=g /91 (1—z¢(2))? dedy (163

for all z € A(1).

Example 16.2. Let K(x,y) = min(z,y) for 0 < z,y < oo. Then we have
Hg[0,00) = {f € W"?[0,00) : f(0) =0}. (16.4)

Let ¢ : [0,00) — [0,00) be an increasing function such that ¢[(0,00) € C*(0, c0)
that ¢(0) = 0, and that ¢’(z) > 0 for almost every = > 0. First observe that

P K(x,y) = K(p(x), 0(y)) = ¢(K(z,y)). (16.5)
Thus, we have
Hy-x ={f € AC[0,00) : || fllm -, < o0}

and

1o = / Fer-% <o (16.6)

> sin at

Observe also that /
0
Note that

e (2) = (id, " K (-, 07 (@) e = (1, K (), 0(07 (@) #,e i

= (id, K (o (), ) By

dt = gsgn(a), which is known as the Dirichlet integral.
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As a result, we obtain

“Ha) = Ooimin de

)= [ g minelo).0) s

*° cos(p(&)t)sinzt d¢
t dt) ¢'(€)

NG
< cos(ip )smmt )df.

2
7 Jo
2
7 Jo

In particular, by letting p(z) = ="

o 2 [  cos(€™t)sinxt
Va = 7T/O (/O : dt) de (16.7)

for all n € N and x > 0.

Example 16.3. Suppose that f : [a,b] — R is an increasing function such that
f € Cla,b]. Then as is well known, f~! belongs to the Sobolev class W1?[a, b],
whose inner product is given by:

b
(s ) wroian = A@£(@) + HOLG + [ (i@f) + fi@)f@) do
‘ (16.8)
Note that the kernel of this RHKS is given by: K(z,y) = %exp(—|x —y|). Then,

by the formal way, we obtain

b
i) = 5=+ 5 [ selen — f()) da. (16.9)

This formula (16.9) can be, however, derived directly and simply, and we note
that we do not need any smoothness assumptions on the function f. Indeed, we
need only the strictly increasing assumption.

Denote by «(n) the volume of the unit ball in R™. We can naturally generalize
the above observations to R™ and this may be considered as a counterpart to non-
linear simultaneous equations of Kramer’s formula for regular matrices:

Proposition 16.4. Let n > 3. Let Q be a bounded Cl—domﬁin in R™ and let
f € CY(Q), that is, f is defined on an open set U containing Q. Assume further
that f : U — f(U) is an orientation preserving mapping. Then, for yo € f(D), we
have

5 o) = — /Q da; A J*[xdGh(- — o)) + /a G, —w)l (1610)

Here, f71 denotes the i component of f~1, * denotes the Hodge star operator, G,
82
the fundamental solution of the Laplacian A = Z

1

() = S T Dam
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In particular, for n = 1, we obtain (16.9), directly.
For n = 2, we obtain the following:

Proposition 16.5. Let Q be a bounded C*-domain in R* and let f € C*(9Q), that

is, [ is defined on an open set U containing §2. Assume further that f : U — f(U)

is an orientation preserving mapping. For any § = (§1,92) € f(D), we have
reE)
Y2

21 f 1 (9) :/aD r1d [Arctan (M)] —/Ddxl Ad [Arctan( 8
o L)) :/Ddxg/\d {Arctan (mﬂ f/E)DxQd {Arctan(fig; j)}

Note that the differential forms

a [Am tan (M)] and d {Arctan (Wﬂ

make sense despite the ambiguity of the choice of the branch of Arctan.

Proposition 16.5 is represented more explicitly as follows: Let Q C R? be a
bounded domain with a finite number of piecewise C! class boundary components.
Let f be a one-to-one C' class mapping from Q into R? and we assume that its
Jacobian J(x) is positive on 2. We shall represent f as follows:

xT

= fi(x) = fi(w1,72)
{ _ o) = falon o (16.11)
and the inverse mapping f~! of f as follows:
{:m = (/) = (. 3) (16.12)
z2 = (f71)2(y) = (f Ha2(y1,v2)-

Proposition 16.6. For the mappings (16.11) and (16.12), we have
(27T(f_1)1(y*)>
(f a2y
=9 (o fola adiJ(z) (fi() 1‘) nds
7{013<$2>d[m”an(flm )} A f(a y|2< fol) — 3 ) F1

for any y* = (y7,y3) € f().

The fundamental application of Proposition 16.6 is the identification of the so-
lution space; because for the outer side of the solutions, the representations in the
right-hand side in Proposition 16.6 are zero and applications to the implicit function
theory, because we can represent the explicit functions explicitly whose existence is
guaranteed by the implicit function theory. For the proof of Proposition 16.6 and
its application to the implicit function theory, see the next with [66], Section A.3.
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17. REPRESENTATIONS OF IMPLICIT FUNCTIONS

We shall introduce the fundamental result that is obtained as a natural extension.

Proposition 17.1. Let U C R** be a smooth bounded domain surrounded by a
finite number of C'—class and simple closed surfaces. For k functions

fi(xlw--axnaxn-‘rla"'vxnﬁ-k)) i:172a"'7ka (171)

we assume that for some point on U it holds

fi(l.lw~~7xn7xn+17"'7xn+k):07 i:1727"'7k7 (172)
and that, on U, we have
o(f1, fa, -+,
det o f2- 0 Ji) (z) > 0. (17.3)
6($n+1, LTn42 .- ,$n+k)
In this way, for each j = 1,2,....k, we also assume globally that C'-functions
g;j(x1,22,...,2,) on UNR" satisfies
fi(thQ?'"axn7917927"'agk):07 i:172a"'7k7 (174)
and
z7l+j:gj(zlax27-"7zn)7 j:1,2,,]€ (175)
Then, for j =1,2,...,k, it holds
gj(xlv <o ,mn)
n+k it
_ (_1) A (77_770)z 8(7717-~-a77i—1777i+1,---777n+k)
S )i et () de
= nrkAnte Ju In—mol &5 &nti—15Entjtts - - > Entk)

+/ §n+jF* * dGn+k(n - 770)7
ou

where A, = 212 /T(2) is the surface measure of the n dimensional unit disk and
F is a mapping from U into R"* such that:

x1
T2
F(z1,. Ty Ty« - o s Tnpk) = FL @1 Do Tt s k) (17.6)
f2(x17 ... 7xn7x’n+17 .o 7xn+k)
fk(SCh ceosTns Tty .- 7xn+k)

Proof. In order to apply Proposition 16.4, first we shall fix the direct mapping in
Proposition 16.4 for our situation.

We will consider the C''—class mapping F from U into R"** introduced in (17.6).
It is clear that the Jacobian of this mapping is not vanishing on U as in

O(fr, fay ooy fr)

a(zn-‘rla Tp42y -+ - 7$n+k)

det F' (21, ..., Tpyx) = det (x) > 0. (17.7)
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By assumption, since the mapping F' is injective on U, we can consider its inversion
on its image domain. In particular, for any (x1,...,2,,0,...,0) of the image do-
main that is the restriction to the domain U, we have from the situation in Section
16, on U NR",

F‘El(xh.’);‘g,...,a’:n,o,...,O)

= F|l_]1<x1,...,zn,fl(:z:1,...,xn,gl,...,gk),...,fk(xl,...,:cn,gl,...,gk))

= . (17.8)

9k
Therefore, by the representation in Proposition 16.4, we obtain the identities for
the explicit functions g;,

(@1 0) = — / Qi N F* % dG () — 10) + / EuiiF* % dGo k(1 — 10),
U oU

(17.9)
for (z1,...,z,) € UNR"™ Here,

é-:(517"'7§n7£n+1a'"7£n+i,'~'a£n+k), (i:]-??a"'vk)’ (1710)
and

n—"0 = (51 _xlw"agn _xn7f1(£17'"7£n+k)7"'7fk?(£17"'>§n+k))‘ (1711)

Recalling that A,, is the surface measure of the n dimensional unit disk, we have,
precisely

log ||, n =2 (logarithmic kernel)
—|z|7"*2 n >3 (Newton kernel).

Hence, on R™ \ U.(0) we have

1 n
AGp(2) = ———— S wdas.
G () AT ;x T

Therefore, by definition,

n

1 i—1
*dGp(z) = m ;(71) xidxy Ao ANdzi—y ANdzipr Ao ANda,, (17.12)
for x = (z1,...,2n).

As a consequence, it holds

*dGn+k (77 - 770)
n+k

(=1 (n —m0)i
= dm A ... ANdi—1 Adniea Ao Adnpak-
Zz; CntkAntk|n —no|" Tk " "
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Then, the pull back F* % dG,+x(n — 1) needed in the representation of the explicit
functions is computed by the following general formula and the Jacobian

Yy (dyir Ao Adyj—i ANy A A dyy)

- Zdet ( 8(y1,...,yj_1,yj+1,---,yn)) (J:)) driA.. . ANdxg_ 1 Adzgir A .. Adxy,.
k=1

a(xla sy Lh—1,Th41y -+ T
Indeed,
F* x dGn+k(77 - 770)
B 1
CntkAntk|n — no|" Tk
= N I )
. _17;_1/)7_,’707; det( Ly lli—1s1i41y-- 5T In+ 5)
;( ) ( ) pgl a(flv'"7€p—17§p+17"'7€n+1€)( )
déi Ao NdEp 1y NdEpra N AN d gk
B 1
CntkAntk|n — no|" Tk
LRE (m Ni—1,Mi+1 Nn+k)
S (1) o) de P b e Tk ¢ )
=1 Vit O(&1s - &p—1,8pt1, -5 Env)
NN NdEpra N Ntk
Therefore, the desired representation of g; (for j =1,2,...,k) is obtained. O

17.1. The two—dimensional case: n = 1,k = 1. We shall state the concrete
representation formula for the two—dimensional case. From the expression

. B . 1
F* x dG2(77 770) - CzAz((& _ xl)g + f1(£17£2)2)
: {(51 - I1)%d§1 + (& — ml)%dfz - f1(§1,§2)df1} )

we obtain
Proposition 17.2. For a C'-class function f(xy,x2) on a domain U in R?, we

0
assume that for a point 2° = <w(1)> :
T2

0
2 (a4 # 58 09) =0

Then:

(1) There exist a neighbourhood Uy x Uy (C U) around the point x° and an
explicit function g : Uy — U, determined by the implicit function f =0 as
f(x1,9(x1)) = 0 and, furthermore, it is represented as follows:

g(xy) = L xodf — dxo A d | Arctan ey, x2) ,
1 2 *
T | Ja(uixUs) Uy xUs L1 — I

for any x7 € Us.
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(2) For any x; € U, it holds

2rx] =
/ x1d [Arctan (M)} —/ dxi Nd {Arctan (M)} .
O(U1xU2) T1— T Uy xUs T — Xq

Corollary 17.3 (Representations of exact differential equations). Let f(z,y) be
the C'~class solution of the differential equation f,dx + f,dy =0 on some domain
I, x I, on R? satisfying %ﬂé’y) # 0 and y(zo) = Yo, (0, Y0) € Iy x I,. Then, we
obtain the representation of the explicit function y = y(x) which is determined by
the implicit function f(z,y) — f(zo,y0) =0 for any z* € I,

1 f($7y)_f(x0ay0)>:|

y(z*) = — yd | Arctan
2m O(I1 xI2) T —x*

_ ! dy nd [Arctan <f("”’y) - f(f”‘)’yo))] .

o9 *
2T I xIs r—x

Corollary 17.4 (Representations of the inverse functions). On an open interval
[a,b], for a C'—class function f satisfying f'(x) > 0, its inverse function f~'(y*)
on [f(a), f(b)] can be represented as follows:

iy = L dz Nd [Arctan <y_f(x)>}
27 Jia,0)x [f(a),f(5)] y—y

—i xd {Arctan (y—f(f))]
27 Jo(lab)x [f (@), f(B)]) y-y

for any y* € [f(a), £(b)].

18. BEST APPROXIMATIONS

Let L be any bounded linear operator from a reproducing kernel Hilbert space
Hy into a Hilbert space H. Then, the following problem is a classical and funda-
mental problem known as the best approximate mean square norm problem: For
any member d of H, we would like to find

inf ||Lf —d| -
Jnf ILf —dln
It is clear that we are considering operator equations, generalized solutions and
corresponding generalized inverses within the framework of f € Hg and d € H,
having in mind

Lf=d. (18.1)

However, this problem has a complicated structure, specially in the infinite di-
mension Hilbert spaces case, leading in fact to the consideration of generalized
inverses (in the Moore-Penrose sense). Following the reproducing kernel theory, we
can realize its complicated structure. Anyway, the problem turns to be well-posed
within the reproducing kernels theory framework in the following proposition:
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Proposition 18.1. For any member d of H, there exists a function f in Hi
satisfying
inf ||[Lf—d|x=|Lf-d 18.2
inf JILf —dll =] [E% (18.2)

if and only if, for the reproducing kernel Hilbert space Hy admitting the kernel
defined by k(p, q) = (L"LK (- q), L"LK (-, p)) ryc

L*d € Hy. (18.3)

Furthermore, when there exists a function f satisfying (18.2), there exists a uniquely
determined function that minimizes the norms in Hyx among the functions satisfying
the equality, and its function fq is represented as follows:

falp) =(L*d,L*"LK(-,p))u, on E. (18.4)

Here, the adjoint operator L* of L, as we see, from
(L*d)(p) = (L"d, K(,p))m, = (d, LK(-,p))n

is represented by known d, L, K(p, ¢q), and H. From this Proposition 18.1, we see
that the problem is well-established by the theory of reproducing kernels, that is
the existence, uniqueness and representation of the solutions in the problem are
well-formulated. In particular, note that the adjoint operator is represented in a
good way; this fact will be very important. The extremal function fq is the Moore-
Penrose generalized inverse L'd of the equation Lf = d. The criteria (18.3) is
involved and so the Moore-Penrose generalized inverse fq is not good, when the
data contain error or noises in some practical cases.

We will refer to the simple and typical applications to best approximation prob-
lems with a concrete example.

Let E be an arbitrary set, and let Hi (E) be a RKHS admitting the reproducing
kernel K(p,q). Meanwhile, for any subset X of F we consider a Hilbert space H(X)
comprising functions F on X. In the relationship of two Hilbert spaces Hg (F) and
H(X), we assume the following;

(1) for the restriction f|x of the members f of Hx (E) to the set X, f|x belongs
to the Hilbert space H(X), and
(2) the restriction operator Lf = f|X is continuous from Hg (E) into H(X).

Then, we consider the fundamental problem
inf Lf-F 18.5
it L = Pl (185)
for a member F' of H(X).
For the sake of the good properties of L and its adjoint L* in our situation, we
can obtain ‘algorithms’ to decide the best one f* of F' in the sense of

ol gy IS = F = [ILf* = Fllaco, 18.6
feHK(E)H f=Fllux) =ILf | 2(x) (18.6)

when there exists. Furthermore, when there exist best approximations of f*, we
can obtain the best one f* in a reasonable and constructive way. Indeed, we can
obtain intrinsic representations of the best approximation in terms of F and the
reproducing kernel K (p, q).

As a typical example, we examine best approximations of functions on the real
line by entire functions. Since we need a concrete form of the reproducing kernel
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as a typical reproducing kernel Hilbert space, for entire functions, we consider the
Fischer space F,(R) on C normed by

11l 7. ®) a\/i/clf(Z)Zexp(a2|2|2)d$dy (18.7)

for fixed a > 0, whose reproducing kernel is
K,(z,1) = exp(a*uz) (z,u € C). (18.8)

Meanwhile, as a function space approximated by the Fischer space F,(R) we
shall first determine an L?(R, W (z)dx) space with a natural weight W (x)(> 0)

[E N 2wy = \//RIF(HC)IQW(HC) dzx (18.9)

in connection with the Fischer space F,(R).
Under these situations we examine the best approximation problem

jnf [[Tf = Fllzan) (18.10)

for F e L2(W).
In this case, the set {T'f; f € F,(R)} will be complete in L?(W) and so we have

inf || Tf—-F =0. 18.11
Lt ITF = Fllisor) (18.11)

Therefore, the condition for the existence of the best approximation f* in the sense
|Tf* — Fllzewy =0 (18.12)

will become the condition that F' can be extended analytically to the member
f* € Fa(R) except for a null Lebesgue measure set on the real line R.
Furthermore, we can construct a sequence {f,}°2, C F,(R) such that

Jim ([T fp = Fllz2w) =0 (18.13)

for any function F in L2(W).

We first look for a natural weight W such that the restriction operator T is
bounded from F,(R) into L?(W). Note that for any member f € F,(R), the
integrals exist by Fubini’s theorem

/00 |f (z + iy) | exp(—a®(x? + y?)) dz (18.14)

— 00

for almost all y € R. In this setting, we have the following inequality (when y = 0):

Proposition 18.2. Let F,(R) be a RKHS normed by (18.7). Then we have

[ 1@ ey do < Y2 )7, (1515

for all f € Fu(R). Namely, if we set W(x) = W,(x) = exp(—a®x?), the restriction
operator T from F,(R) into L*(W,) is bounded with the norm the root square of

V2r

o .
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Proof. Recall the identity

2,2 2.2 2
Ku(z,a) = \/217m exp (_a; - a2u )/Rexp <z§+u § ) d¢.  (18.16)

This representation of K,(z,u) implies that any f € F,(R) is expressible in the
form

flz) =

\/21% exp <a2222) /}R F(€) exp(2€) exp (5;) de (18.17)

for some (of course, uniquely determined) function F satisfying

/|F exp( & ) dé < o0, (18.18)
and we have the isometric identity
1 9 £2
Hf”}‘a(R) = ﬁ . |F'(§)[? exp T942 dg. (18.19)

Meanwhile, by the Parseval-Plancherel identity, we have, from (18.17)

1 2

[ 15 oty = % [ F@F e (-5) ae
1 £

< E/R|F(§)|2GXP <_2a2) d¢

us 9
= THfHaom

For f € Fu(R), we set fi(z) = f(—iz). Then, fi € Fo(R) and ||f1l|lr, &) =
Il fll7,(r)- Hence, we have the desired result
/|f 2 exp(—a’x da:—/|f1m:|exp( a’x?)dx
Nor

< THleJ-'a(R)Q

V2r 2
= THf”]—'a(]R) .

Therefore, we have the result. [l

We shall determine the condition for the existence of the best approximations
I* € Fu(R) of a function F € L?(W,) in the sense

Tf—-F T —F . 18.20
it TS = Fllizgu = 1T = Fllizor, (1820

There exist the best approximations f* in (18.20) if and only if

(T*F)(z) = /RF(g) exp(a®£z) exp(—a’€?) d¢é € R(T*T) (18.21)
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and R(T*T) is characterized as the RKHS Hy(F) admitting the reproducing kernel
k'(Z, ﬂ) = (T*TKH, T*TK?)]:G (R)
— (TKq, TT*TK>) 12(w,)

= g /Rexp (a2ﬂ§) exp (W) exp (—a2§2) dg

2 1 1 1
\/37;2 exp (3@222> exp <3a2u2> exp <3a2u2> .

Note that the RKHS Hy(E) is composed of all entire functions f(z) with finite
norms

a2 a2y?
I fll ) = {L/ﬁ /C |f(2)]2 exp (—a2m2 + 3> dz dy. (18.22)

Of course, {Tf;f € F} and, in particular {exp(a®u€);u € C} are complete in
L*(W,) and so Tf* = F in L*(W,) in (18.20). Hence, we have

Proposition 18.3. For all F € L*(W,,), F is realized as an image of f* € Fa(R)
by T : Fo(R) — L2(W), if and only if

I

We can obtain an explicit representation of f* in terms of F. Of course, f* is
uniquely determined.
Note that

[T"T(Ka)ul(2) = (T(Ka)w T(Ka)z)L2(w,)
2

2 a2y?
exp (—a2x2 + 3) dx dy < oco. (18.23)

/R F(€) exp(a®€z) exp(—a’€?) d

Therefore, in particular, we have

Proposition 18.4. Let f € F,(R) and z € C. Then we can express f(z) in terms
of the trace f(x),x € R to the real line in the form

f(z) = \/fiﬁ / /C ( IRGEICES dg)

a*2?  a*Z  a*2Z 2 a?
: ST @2 X? 4+ 2Y?) dX dY.
eXp( R I > :

where Z = X +1Y.
For a fixed F' € L?(W,), we can construct a sequence {f,}3, satisfying f, €
F,(R) and
lim [T, — F|lr2qw,) = 0. (18.24)
n—oo

See [66], 3.1.4 for the details
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19. THE TIKHONOV REGULARIZATION

We shall consider some practical and more concrete representation in the ex-
tremal functions involved in the Tikhonov regularization by using the theory of
reproducing kernels. Recall that for compact operators the singular values and sin-
gular functions representations are popular and in a sense, the representation may
be considered complicated.

Furthermore, when d contains error or noises, error estimates are important. For
this fundamental problem, we have the following results:

At first, we need

Proposition 19.1. Let L : Hxg — H be a bounded linear operator, and define the
inner product

(fi, f2) by, = a(f1, fa) g + (Lf1, Lf2)n
for fi,fo € Hx. Then (Hg, (-, )y, ) is a reproducing kernel Hilbert space whose
reproducing kernel is given by

Kao(p,q) = [(a+ L*L)_qu](p).
Here, K,(p,q) is the solution Ko (p,q) of the functional equation

- 1 - 1

that is corresponding to the Fredholm integral equation of the second kind for many
concrete cases. Here,

K,=Ku(,q) € Hx for q€F, K,=K(,p) for pe€E.

Proposition 19.2. In the Tikhonov functional

feHk = {alf: Hk|*+||ILf—d : H|*} eR

attains the minimum and the minimum is attained only at fq . € Hx such that

(fdpz)(p) = <d’LKo¢('7p)>’H-
Furthermore, (fa,o)(p) satisfies

Gan)@) <y L2 a, (19.2)

This proposition means that in order to obtain good approximate solutions, we
must take a sufficiently small «, however, here we have restrictions for them, as
we see, when d moves to d’, by considering faq,.(p) — fa’,«(p) in connection with
the relation of the difference ||d — d’||;. This fact is a very natural one, because
we cannot obtain good solutions from the data containing errors. Here we wish to
know how to take a small a a priori and what is the bound for it. These problems
are very important practically and delicate ones, and we have many methods.

The basic idea may be given as follows. We examine for various « tending
to zero, the corresponding extremal functions. By examining the sequence of the
approximate extremal functions, when it converges to some function numerically
and after then when the sequence diverges numerically, it will give the bound for «
numerically. See [24, 25, 26].

For this important problem and the method of L-curve, see [39, 36], for example.
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The Tikhonov regularization is very popular and widely applicable in numerical
analysis for its practical power. The application of the theory of reproducing kernels
will give more concrete representations of the extremal functions in the Tikhonov
regularization.

20. APPROXIMATIONS BY SOBOLEV SPACES BY TIKHONOV
REGULARIZATION

We shall give the prototype examples with the first order Sobolev Hilbert space
W2L(R).

For the first order Sobolev Hilbert space W2!(R) we shall consider the two
bounded linear operators Ly : W*Y(R) +— L1 f = f € L?(R) and Ly : W?(R)
Lof = f/ € L?(R). Then, the associated reproducing kernels Kj 1(z,y; \) and
K1 2(z,y; A) for the RKHSs with the norms

1ty ® = A By + 11 e (20.1)

and

1y ® = A By + 1122y (20.2)

are given by

o L[ exp(if(r—y) 1 AL
K1$1(:c,y,>\)— %/OO >‘§2+(/\+1) dé-— 2mexp< A |{E y)
(20.3)
and
o [T explié(x —y)) dE L «
KLQ(”““’y’A)_/_OO D+ DE+A2r 20+ 1) p( A+1‘ ')
(20.4)

respectively; we can also see directly. Hence, for any g € L?(R), the best approxi-
mate functions f{;(z; A, g) and f{4(z; A, g) in the senses

. 2 2
sl AN s +1F — olae) )

*)‘”fll( )\Q)HWN )Jerll( )*QH%%R)

and

. / 2
soith o AN ey + 17— ol | (20.5)
= M2 A ) By + 1720 0) = 9l22s)

are given by

fia(z A g) = Xp < a + . —— 1€~ I) dg (20.6)

1
2N+ D) ~/]Rg(£)

and

 mAg) = 9 -
fialeihg) = o | g(&)agep< ol x> a - (207)
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respectively. Note that fi,(z; A, g) can be considered as an approximate and gen-
eralized solution of the differential equation

y =g(x) on R (20.8)

in the first order Sobolev Hilbert space W2!(R). We can enjoy many computer
graphics with many concrete examples.
Here we consider the typical and elementary differential operator

Ly =y" 4+ oy’ + By (20.9)

on the whole real line R. For the formal generalizations, results and formulas are
similar for higher order ordinary differential equations.

In order to consider a generalized solution of Ly = g, for g € L?(R), we shall
consider naturally the Sobolev space H%(R) on the whole real line R with finite
norms

00 1/2
12y = {/ (f"(z)* +2f (z)* + f(x)2)dx} < o0 (20.10)
admitting the reproducing kernel
1 e ] — 1
K(z,y) = g/_oo Wdfz Ze“”ﬁ—@/|(1+ [z — yl). (20.11)

Because from (20.9), we can see the existence of the second order derived func-
tions. Now, we consider the best approximation problem; for any given g € L?(R)
and for any A > 0,

inf { |l )% + IS — gllae)® : f € HAR)}. (20.12)
Then for the RKHS H, (R) consisting of all the members of H%(R) with the norm
11y ) = AN a2y + LSl 2y, (20.13)

the reproducing kernel K (x,y) can be calculated directly by using Fourier’s inte-
grals as follows:

L= exp(i(z — y)) d§
Ky(z,y) = — , . 20.14
o) =0z | Sy et i T 2014
We thus obtain the member of H%(R) with the minimum norm which attains the
infimum (20.12) as follows:
N 1
frg(z) = ﬂ/]R

{ote) [ SEat DepCil ) ylse (209

For g € L?(R), if there exists a solution fg of the equation
Ly(z) =g(z) on R, (20.16)

then we have the representation, by using Fourier’s integral

folx) = ;A{Q(E)Amdn} de. (20.17)

Then,
lim f}f’g(x) = f4(2), (20.18)
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uniformly.
We thus obtain a general approximation formula:

1
Proposition 20.1. Let g € L*(R), A > 0 and s > 3 Define

1 [ (—p?>+ B)cos(pz)+ ap sin(pr)
(7)== d R 20.19
@xs(@) T / A(p? +1)5 +p* + (a2 — 2b)p2 + 2 (z € R) ( )
and
F{ g =9%Qxs. (20.20)
Then, FY ; , minimizes
min (A [|F|lg®)® + g = LID)F | 2()?) (20.21)

FEH=(R)

and the minimizer is unique.

21. GENERAL INHOMOGENEOUS PDEs ON THE WHOLE SPACES

We consider very simple approximate solutions for the general inhomogeneous
partial differential equation
L(D)u=g on R", (21.1)

in the class of the functions of the s-th order Sobolev Hilbert space H*(R™) on
the whole real space R®(n > 1,8 > m > 1,s > n/2), and for any complex-valued
L?(R™)-function g. Here, L(D) denotes a nontrivial general linear partial differ-
ential operator with complex constant coefficients on R™ of order m. That is, we
consider a linear partial differential operator

L(D)= > aa <§i)a, (21.2)

|| <m
with the a,’s being complex numbers and there is a multi-index g of length m
such that a, # 0. Many constant coefficient partial differential equations are under
the scope of the main results for inhomogeneous linear partial differential equations
with complex constant coefficients of all types on the whole space R™.
For simplicity, we write

L(¢) = e ™ SL(D)e™* (21.3)

by using a complex polynomial L. Then we have

Proposition 21.1. Letn>1,s >m >1 and s > n/2.
(1) For any complez-valued function g € L? and for any X > 0,

. 2 2
poinf AN oy + llg — DD)F e | (21.4)

1s attained by a unique function F s
(2) Let us write

_ 1 L(p) exp(—ip - n) n
Qrs(D) = g L. P+ )+ Lpp® eRD- o (219)

Then, the extremal function Fy 5 4 is represented by

F;:,s,g =g* Qk,s- (216)
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(3) If g is expressed as g = L(D)F, for a function FF € H*(R™), then as A L 0
we have

Fg— B (21.7)
uniformly.

Let ¢ > 0 be a fixed number. The examples are the following:
(1) The d-operator:

o 170 .0
(2) The heat operator:
Owu — A Ayu (x,t) € R"1 x (0, 00). (21.9)

When we consider the heat operator, we fix ¢t > 0.
(3) The wave operator:

0f — A, (z,t) e R xR (21.10)

Although there are not global solutions in (21.9), the main result is still applicable.

From concrete examples, we can compute the representations (21.6) and we know
the approximate solutions (21.6) converge to the analytical solutions of (21.1) as in
(21.7).

22. PDEs AND INVERSE PROBLEMS

We will be able to apply our theory to various inverse problems to look for the
whole data from local data of the domain or from some boundary data. Here, we
will refer to these problems with a prototype example in order to show this basic
idea.

If 4 =0 and X is very close to zero then the problem may be transformed into
the one that we wish to construct the solution u of the differential equation

Lu=0 on G (22.1)
satisfying
Bu=F, on D. (22.2)
Our general theory gives a practical construction method for this inverse problem
from the observation F5 on the part D, we construct v on the whole domain G
satisfying the equation Lu = 0.

We recall a Sobolev embedding theorem [5, pp. 18-19]. In order to use the results
in the framework of Hilbert spaces, we assume p = g = 2 there.

Let W4(G) (¢ =0,1,2,...) be the Sobolev-Hilbert space on G, where G C R" is a
bounded domain with a one piecewise-smooth continuously differentiable boundary
I' = 0G. We assume that n

> ¢
k_£2

(22.3)
Let m =0,1,2,... such that
m>n—2(0—k). (22.4)

Let D = D™ C GUT be any C*-manifold of dimension m. Then, for any v € W4 (G),
the derivative d,u € L?(D)(x € D), where ||a < k, and there exists M > 0 such
that

10aullz2(p) < Mllullwg(ay. (u € W3(G)). (22.5)
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Of course
lullwe ey < llullwe ey (22.6)

and we can construct the reproducing kernel for the space W4 (R™) by using the
Fourier integral with 2¢ > n. Then, for any linear differential operator L with
variable coefficients on G satisfying

[Lullz2c) S llullwee (22.7)
and for any linear (boundary) operator B with variable coefficients on D satisfying
||B“HL2(D) S Hu||W2’5(G)7 (22.8)

we can discuss the best approximation: For any Fy € L?*(G), for any Fy € L%(D)
and for any A > 0,

inf {)\UQ,,L-i-F—Lu 22 + | Fa — Bul|2 2}. 22.9
. [l @y + [1F2 Ir2(e)” + 1 F2 IL2(p) (22.9)

For some more recent general discretization principle with many concrete ex-
amples, see [14, 15], containing numerical experiments and numerical viewpoints.

For the great work in
Convergence analysis of Tikhonov regularization for non-linear statistical inverse
problems, see [62].

23. PRACTICAL APPLICATIONS TO TYPICAL INVERSE
PROBLEMS

At least, until about 20 years ago, we had very difficult inverse problems that
are important in some practical problems as follows:

1): Inverse source problem; that is in the Poisson equation
Ay = -pP

from the observation of the potential u for the out side of the support p, look for
the source p.

2): The problem in the heat conduction; that is, from some heat u(zx,t) obser-
vation at a time ¢, look for the initial heat distribution u(z,0).

3): Real inversion formulas for the Laplace transform.

These problems were indeed difficult in both mathematics and numerical real-
izations of the solutions and so, they are called ill-posed problems and very difficult
problems.

We were able to solve these problems by using the theory of reproducing kernels
applying the Tikhonov regularization. However, for the real inversion formula of
Laplace transform, we needed the great power of computers by H. Fujiwara. These
global theories were published in the book and these are applicable in some general
linear problems in the viewpoint of practical problems ([66]). Here, we state their
essential parts.

1) Inverse source problem in the Poisson equation ([1])
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We obtain very and surprisingly simple approximate solutions for the Poisson
equation, for any Lo(R™) function g,

Au=g on R" (23.1)

in the class of the functions of the s order Sobolev Hilbert space H® on the whole
real space R"(n > 1,5 > 2,5 > n/2).

We shall use the n order Sobolev Hilbert space H™ comprising functions F' on
R™ with the norm (Here, of course, r1 + ro + -+ -+ 1, = v.)

v

1113 =Zn: c Y Vi’/ 0" F(x) : 52)
e uzon ’ rilrg! ! Jre \ 0271 0x? - - - Oxy . .

71,725,750 >0

This Hilbert space admits the reproducing kernel
1 1 ,
K(z,y) = / @€ qe (23.3)
2m)™ Jrn (14 [€2)"
as we see easily by using Fourier’s transform. Note that the Sobolev Hilbert space
H* admitting the reproducing kernel (22.3) for n = s can be defined for any positive
number s in term of Fourier integrals Fof F

F(¢) = W /R ) e TR (2)da

as follows:
1F (1% = / [F(E)P (1 + [€)*de
R’n

for any s > n/2.
Under these conditions our formulations and results are stated as follows:

Proposition 23.1. Letn > 1,8 > 2 and s > n/2. For any function g € La(R™)
and for any A > 0, the best approzimate function FY . in the sense

Jnt XIFI + g = AP, mn | = AP

|%{S + Hg - AF;\K,S,QH%Q(R”) (234)

exists uniquely and FY ;  is represented by

Fag@) = [ 9(€)Qua( ~ )it (23.5)

for
—|p|2e~ =) dp
S(E—2)= , )
Aele=0= g [ SPET T
If, for F € H® we consider the solution up(x): Aup(x) = F(x) and we take
upr(§) as g, then we have the favourable result: as X — 0

Fq9— 1 (23.7)

(23.6)

uniformly.

2) The problem in the heat conduction ([2]).

From some heat u(x,t) observation at a time ¢, we shall look for the initial heat
u(z,0).
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We gave simple approximate real inversion formulas for the Gaussian convolution
(the Weierstrass transform)

wrle,t) = (LF)o) = s [ @ e {— Sl }de (23.5)

for the functions of the s order Sobolev Hilbert space H® on the whole real space
R"(n > 1,5 > n/2). This integral transform which represents the solution u(x,t)
of the heat equation

up(z,t) = ugy(x,t) on R"™x{t >0} (u(z,0)=F(z) on R"). (23.9)
In this problem we will use the same norm and reproducing kernel as (23.2) and

(23.3).
Under those situations our formulations and results are stated as follows:

Proposition 23.2. For any function g € La(R™) and for any A > 0, the best
approzimate function FY ; - in the sense

int {3+ llg e (0 e )

FeH
= NI o e+ llg = wrg (D20 (23.10)
exists uniquely and FY ;  is represented by
FY sg() :/ 9(§)Qx,s(§ — z)d€ (23.11)
for
e*ip'(ffx)dp

e~ =g [ T e (@12

If, for F € H® we consider the output up(x,t) and we take up(&,t) as g, then we
have the favourable result: as A — 0

FYog— F (23.13)

uniformly.

3) Real inversion formulas for the Laplace transform ([3])

We obtained a very natural and numerical real inversion formula of the Laplace
transform

(LF)(p) = f(p) = /O TR, p >0 (23.14)

for functions F' of some natural function space. The inversion of the Laplace trans-
form is, in general, given by a complex form, however, we are interested in and are
requested to obtain its real inversion in many practical problems. However, the real
inversion will be very involved and one might think that its real inversion will be
essentially involved, because we must catch ”analyticity” from the real or discrete
data.

We shall introduce the simple reproducing kernel Hilbert space (RKHS) Hg
comprised of absolutely continuous functions F on the positive real line R* with
finite norms

{/Ooo F’(t)zietdt}lp (F(0)=0). (23.15)
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This Hilbert space admits the reproducing kernel

min(,t")
K(t,t) = / EetdE. (23.16)
0

Then we see that

> 1
| e @i < 5171, (28,17

that is, the linear operator on H,(LF)(p)p into La(R™,dp) = Ly(R™) is bounded
([4]). For the reproducing kernel Hilbert spaces H satisfying (23.15), we can find
some general spaces. Therefore, from the general theory, we obtain

Proposition 23.3. For any g € Lo(R™) and for any a > 0, the best approzimation
F* in the sense

«,g
. > / 21 t 2
inf qa [ [FOF erdt +[[(LF)(p)p - 9], @m+)

FeHg 0
> * 1 *
—a [ IR OP IR ) o= gl me  (2819)
exists uniquely and we obtain the representation
Fio)= [ ol (CKa(0) (©)sde, (23.19)
0

Here, K, (-,t) is determined by the functional equation

Kalt, ) = K (6¢) ~ ~ (LKa) o)1, (LK) D) racrer (23.20)

for Koy = Ko(-,t') and K, = K(-,t).

We shall look for the approximate inversion Fy; /() by using (23.19). For this
purpose, we take the Laplace transfrom of (23.20) in ¢ and change the variables ¢
and ¢’ as in

(LA 0)(E) = (LKC D) = (LK) B)p, (ELK) (0))) ),
(23.21)
Note that

, —te P —e P41 for t<t

Kt t) = { —te " —e " 41 for t>t.

I -1 1
(LEa(1))(&) =€ " Pe [p(p+ R 1)2} T T (23.22)

> —qt’ Yy !l 1

/0 LR NP = (23.23)

Therefore, by setting (LK (-, t))(€)¢€ = Hq(€,t), which is needed in (22.19), we
obtain the Fredholm integral equation of the second type

0 1 e teet 1 1
aHa(ﬁ,tH/O Help g e ® = e (t+£+1)+(£+1>2'

(23.24)
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By solving this integral equation, H. Fujiwara derived a very reasonable numerical
inversion formula for the integral transform and he expanded very good algorithms
for numerical and real inversion formulas of the Laplace transform. For more de-
tailed references and comments for this equation, see [24, 25, 26].

In particular, H. Fujiwara solved the integral equation (23.24) with 6000 points
discretization with 600 digits precision based on the concept of infinite precision
which is in turn based on multiple-precision arithmetic. Then, the regularization
parameters were o = 107190, 107490 surprisingly. For the integral equation, he used
the DE formula by H. Takahashi and M. Mori, using double exponential transforms.
H. Fujiwara was successful in deriving numerically the inversion for the Laplace
transform of the distribution delta which was proposed by V. V. Kryzhniy as a
difficult case. This fact will mean that the above results valid for very general
functions approximated by the functions of the reproducing kernel Hilbert space
Hyg(RT).

Fujiwara made the software for the real inversion of the Laplace tansform and
we can use it with his helpful guide. It was our purpose of our numerical challenges.

We showed many Figures for the numerical experiments in the complete version
[27] by Professor H. Fujiwara. For the heat conduction problem, we gave the results
in [46].

ADDITIONAL COMMENTS:

The central question here is : What does a function space really mean, and how
does a reproducing kernel reflect it?

A major pillar of this work was my joint research with Professor H. Fujiwara. His
concept of “infinite precision” and multiple-precision arithmetic made it possible to
put reproducing kernel theory literally onto computers.

Behind these achievements, however, there was a very concrete reality: we con-
nected about many computers in parallel. Such a system consumes a huge amount
of electric power and requires special facilities for power supply and cooling.

Thus, even when the mathematical structure is beautiful, its numerical realiza-
tion faces physical and social constraints. This experience taught me that the depth
of mathematics and the weight of computation live on quite different levels.

Al AND THE PROBLEM OF ENERGY

Today, artificial intelligence systems also rely on massive computation. Large-
scale models are trained on thousands of machines, and their energy consumption
can reach the scale of a small city.

The “electricity problem” that we encountered in our numerical experiments has
now become a broader social issue in the age of AI. The future of mathematics,
the future of Al, and the future of energy and environment are no longer separable
topics.

PATENTS, UNIVERSITY SUPPORT, AND THE POSITION OF MATHEMATICS

To confirm the value of these results also from the institutional side, we applied
for both domestic and international patents, with the support of Kyoto University
and Gunma University.

The contents of the patents concern the discretization of reproducing kernels,
for the real inversion formula of the Laplace transform.
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THE SOFTWARE WAS COMPLETED, BuT IT Dib NOT SELL

Together with Professor Fujiwara, we completed software for the real inversion
of the Laplace transform with very high precision. In terms of mathematical and
numerical content, it was, I believe, of exceptional value.

However, it did not sell.

This fact is thought-provoking. The market is not a measure of mathematical
depth. Sometimes, things of great value are not recognized as such.

Yet I do not regard this experience negatively. The value of mathematics is not
determined by commercial success. Understanding often takes time, and the right
moment for recognition will eventually come.

TOWARDS THE FUTURE OF REPRODUCING KERNEL THEORY

We take countably many functions from a function space F', form their sym-
metric sums, and construct a reproducing kernel. This kernel reflects faithfully
the structure of F', and by the Aveiro discretization method it can be realized on
computers.

This framework provides a unified approach to inverse problems, analytic con-
tinuation, and the solution of general equations.

A WISH FOR A BOOK BY PROFESSOR FUJIWARA

I sincerely hope that Professor Fujiwara will publish a book collecting these
achievements:

e the contents of the patent applications,

the published papers,

the numerical experiments and figures,

the philosophy of infinite precision,

and the system of reproducing kernel discretization.

REMARKS

As basic general concepts of the applications of reproducing kernels, we consider
more as in

General Fractional Functions - Division by Zero,

Convolutions, Integral Transforms and Integral Equations,

Operator Equations With a Parameter,

Sampling Theory, Kramer -Type Lemma and Loss Error,

Membership Problems for RKHSs,

Graphs and Reproducing Kernels,

Natural Outputs and Global Inputs of Linear Systems,

Identifications of Nonlinear Systems,

Band Preserving and Phase Retrieval,

Singular Integral Equations and Reproducing Kernels,
and others except analytic function theory.

For some global theory by the author in complex analysis, see [59, 60]. For a
global theory, see the book [66]. Any essence of the theory of reproducing kernels by
the author is a definite one and so the contents of this paper are, in part, overlapping
the contents of the author’s plenary lecture at the ISAAC 2015, Macau Congress
[65] and [48]. The materials are mainly contained in the definite book [66].
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NOTES

I met Professor D. A. Hejhal at the ICM held at the University of California,
Berkeley from August 3 to August 11, 1986. Bers once said publicly that “Hejhal
works eighteen hours a day”” When I spoke with him, I felt exactly that intensity
— a mind entirely devoted to mathematics.

At Professor M. Schiffer’s home, I had the honor of meeting Mrs. Bergman. She
kindly drove me back to my hotel. She told me, “My husband was always working.”
Hearing this from his wife gave me a vivid sense of how the Bergman kernel was
born — not only from mathematics, but from a life entirely devoted to it.

My days at Stanford remain unforgettable. The atmosphere was filled with
young researchers discussing mathematics with extraordinary intensity. It was a
place where reproducing kernels were not just theory, but part of the daily life of
mathematicians.

Mathematics is beautiful, but sometimes the memories of mathematicians — the
places, the people, the moments — are even more enjoyable to share.
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