ON QUASI CLOSED CHAINS AND QUASI COMPLETE NUMBERS
THEOPHILUS AGAMA

ABSTRACT. An addition chain of length /4 that leads to an integer n > 2 is a strictly

increasing sequence of positive integers so = 1,51 = 2,...,s, = nsuch that s; = s; + s5¢
withi > j > k > 0foreachi € {1,..., h}. We denote the minimal length of an addition
chain that leads to an integer target - by £(-). In this paper, we introduce the concept of
quasi closed addition chains and show that numbers n > 2 that admit a minimal-length
quasi closed chains that are also a minimal-length addition (quasi complete numbers)
satisfy the Scholz conjecture, precisely the inequality

2" -1)<n—-1+{£n).

1. INTRODUCTION

The addition chains are combinatorial arithmetic structures (sequences) that play an
important role in fast exponentiation [5, 6, 7, 8]. Formally speaking, an addition chain of
length A that leads to a positive integer n > 2, introduced by the German mathematician
(see, e.g., [1]) Arnold Scholz in 1937, is a strictly increasing sequence of positive integers

so=1,s81=2,....,8,=n

such that s; = s; + s; withi > j > k > O foreachi € {1,..., h}. The smallest positive
integer s for which there exists an addition chain leading to n > 2 such that £(n) = s is
the minimal length of the chain. The central problem in studies of addition chains is the
speculative inequality

2" =1) <n—1+£n)

conjectured by Arnold Scholz in his foundational studies [1]. This is now widely known as
the Scholz conjecture on addition chains.

Various approaches to addressing the Scholz conjecture have been discovered, ranging
from structural to digital-arithmetic approaches [9, 10, 11, 4]. The trendiest and most
tractable approach is to find a sufficient condition(s) fulfilled by an addition chain that
naturally satisfies the inequality €(2" — 1) < n — 1 + £(n). In this way, positive integers
that admit the family of addition chain(s) fulfilling this sufficient condition satisfy the
Scholz conjecture. The German mathematician Alfred Brauer (see, e.g., [2]) was one of
the pioneers of this line of thought in addressing the Scholz conjecture.

The Brauer addition chain of length /4 that leads to a positive integer n > 2 is an addition
chain

so=1s81=2,....,8,=n
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such that s; = s;_1 + s; foreachi € {1,..., h}. We denote the minimal length of a Brauer
addition chain that leads to - by €*(-). In [2], it is shown that the inequality

Q-1 <n—-1+(n)

is satisfied by the family of all Brauer addition chains leading to n > 2. This implies that
the Scholz conjecture is true for all positive integers that admit a minimal length chain,
which is also a Brauer addition chain (i.e. £*(n) = {(n)). These numbers are now known in
the literature as Brauer numbers

Walter Hansen further pursued this attack strategy in his later work on addition chains.
Rather like Brauer, Hansen introduced a family of addition chains which one may regard as
a relaxed version of the Brauer addition chains. Formally speaking, a Hansen chain of
length £ leading to an integer n > 2 is an addition chain

S0 = 1,52 :2,...,Sh =n
such that there exists a subset H (a.k.a. anchor) with H C {sg, 51, ..., s;} so that with
si=sj+sfori>j>k>0foreachi € {1,...,h}, we have at least

si=max{l € H : | <s;}

or
sy =max{l € H : | < s;}.

We denote the minimal length of a Hansen chain that leads to an integer - by €°(-). In the
family of Hansen chains, it is shown (see, e.g., [3]) that

02" 1) <n—1+£n).

This implies that the Scholz conjecture holds for integers n > 2 that admit a minimal length
addition chain which are also a minimal length chain in the family of all addition chains
leading to n > 2 (i.e. £(n) = £°(n)). These numbers are now known in the literature as
Hansen numbers.

In the current investigation, we introduce a completely different family of addition chains
that mirror the philosophy of these approaches. The family of addition chains introduced
subsumes Brauer and a certain class of Hansen addition chains. The sufficient conditions
that have been assigned to our family of addition chains are based on a close inspection of
the terms that are used to calculate subsequent terms in the chain rather than the entire
sequence of the chain, treating them as structures in a dynamical system.

1.1. Organization of the paper. The paper is organized as follows. In section 2, we
review the internal structure of an addition chain and specify the step classifications of
terms in an addition chain. In section 3, we introduce the new family of addition chains
and show that these family of chains satisfy a Scholz-Brauer-type inequality that relies on
the internal structure of the chain. In section 4, we show that the family of Brauer chains
and a certain class of Hansen chains are subfamilies of the newly introduced chain in the
paper. In section 5, we show that the numbers that admit a minimal length chain in the
family of chains introduced in the paper that are also a minimal length chain satisfy the
Scholz conjecture. The final section (section 6) contains a brief commentary on the current
investigation and possible numerical work in search for those numbers.



2. THE INTERNAL GEOMETRY AND DYNAMICS OF ADDITION CHAINS AND FUNCTIONALS

In this section, we specify the internal geometry of an addition chain as terms used to
calculate subsequent terms in the chain.

We let

so=l<s1=2<---<s,=n
be a fixed addition chain of length 4 leading to n together with the fixed decomposition
Si = Sg(i) + Sty @ > o(i) 2 7(i) > 0) foreach 1 < i < h with 5,(g) := so = 1 and sy = 0.
We say that a step i is a Brauer step if and only if o-(i) = i — 1. Otherwise, we say that step
i is a non-Brauer step. We denote the set of all Brauer and non-Brauer steps in an addition
chain by B and NB, respectively. We write

B:={i : o(i)=i-1, 8; = S5() + Sz, 0(i) = 7(i)}
and
NB:={i : (i) <i—1, 8 =S54 + S o) = 7(i)}.
We denote the cardinality of each of these sets by |B| and |[NB|, respectively. For an
addition chain of length 4, we have
h = |B| + |NBJ.

We illustrate this step classification with the following example:
Example 2.1. Consider the addition chain Cig : so = 1,51 = 2,50 =4,53 =8,54 =9, 55 =
16 with sums

s1=2= 1+1=S0-(1)+ST(1)

52 :4:2+2:S0-(2)+ST(2)

s3=8=4+4-= So(3) T 87(3)

s4=9=8+1 =S0-(4)+ST(4)

ss=16=8+8 = Sa(5) T S7(5)-
Here, B = {1,2,3,4} and NB = {5}.

Definition 2.2. Letn > 2 and so = 1,51 = 2,..., s, = n be a fixed addition chain leading
to n. We say that s; < s; for 1 < i, j, < h are consecutive terms in the addition chain if

there are no terms s in the addition chain such that s; < s; < s;. In particular, if 5; < s;
are consecutive terms in the addition chain, theni = j — 1.

Definition 2.3 (Addition chain o -7 tracks). Let so = 1,51 = 2,..., s, = n be an addition
chain leading to n with 5; = s,(;) + S¢() such thati > (i) > 7(i) foreach 1 <i < h. We
call the sequence {sa(,-)}ih:1 a o track and the sequence {sT(l-)}l.h:1 a 7 track of the addition
chain. Fori = 0, we set s, := so = 1 and s-(9) = 0. We say that a o track is strictly
increasing if

Sor(i) < So(i+1)
foreach 1 <i < h— 1. Similarly, we say that a 7 track is strictly increasing if

St(i) < Sz(i+1)

foreach 1 <i < h— 1. We say that a o and 7 tracks are nondecreasing if

So(i) < So(i+1)



and
St(i) = St(i+1)
foreach1 <i < h.

Definition 2.4 (The total variation functional). Let C,, : so = 1,51 =2,...,5, = nbea
fixed addition chain leading to n with s5; = s, + s¢;) (i > o(i) > 7(i) > 0) for each
1 <i < h. With the convention s, := so = 1 and s;() := 0 !, we define the foral
variation of the chain C, as

h—1

TV(Cy) := min min + s i—s 1]
(€ HonLcm |27 ;| (i+1) ~ Soi)|
Here, the minimum is taken over the collection of all vectors
7(1)
7(2)
H(Cn) = :
7(h)
and
o(1)
o(2)
L(Cn) = :
o(h)

of the 7 and o values so that s; = s, + 57 foreach 1 < i < h for the fixed addition chain
Cu-

3. QUASI CLOSED ADDITION CHAINS AND THE SCHOLZ-TYPE INEQUALITY

In this section, we introduce and study a more flexible family of addition chains. This
family subsumes classical families such as the Brauer and a certain class of Hansen
addition chains. The structure of this new family allows us to develop inequalities of the
Scholz-Brauer type.

Definition 3.1 (Quasi closed addition chains). Let
so=1Ls1=2,....,8,=n

be an addition chain leading to n with s; = 5,(;) + s¢(;) such thati > o (i) > 7(i) for each
1 <i < hand sy :=so =1 and s-() = 02 We say that the chain is quasi closed if there
exists some choice of the o track {sg(,-)}l.h:1 and 7 track {sT(,-)}lh:1 with s; = 55() + 57(;) for
eachi € {1,..., h} such that each of the following conditions is satisfied
(1) For any pair (s¢(x), So(7)) With s-(x) > 1 for some 1 < k, 1 < h such that s,y < s¢(x)
are consecutive terms in the chain with s, # s, foralll € {0, 1,..., h}, there
exists some j € {0, 1, ..., h} such that

St(k) = So(l) = Sj-

Isee the definition 2.3
2gee definition 2.3



(2) For each s,y — so(i+1) # 0, there exists some j € {0, 1,..., h} such that

ISty = Sori+1)] = 8-

(3) For each s; = s.;y with 57 # so) forall k € {0, 1,..., h} there exists some s,(x)
such that s,y < s¢(;) are consecutive terms in the chain 3 with s;;) < s5(x+1) for
ke{0,....,h—1}.

We denote the minimal length of a quasi closed addition chain leading to - by £*(-).
Furthermore, we say that the addition chain is strongly quasi closed if the above conditions
are satisfied for each choice of o~ and 7t track with s; = s,;) + s¢(;) foreachi € {1,..., h}.

Example 3.2. We consider the addition chain
so=1s51=2=1+1,50=4=2+2,53=5=4+1,54 =8=4+4,
s55=16=8+8,5¢ =21 =16+5

that leads to 21. Here, the ¢ track terms are
So) = LSg) = 2,503) =4 S5a) = 4 S0(5) = 8, 55(6) = 16
and tau track
sy = 1,8572) = 2,5:3) = L sza) = 4, 5¢(5) = 8, 5¢(6) = 3.
Here, the only 7-track term that satisfies s;(x) # s, foreach [ € {1,2,3,5,6} is s, = 5.
For this 7-track term, we observe that s,4) < s¢(6) = 5 are consecutive terms in the addition
chain. In this case, we get s;) — Ss(4) is a term in the addition chain. Furthermore, we
observe that s;6) = 5 < s5,(5). Also, we observe that the absolute differences
|So(i) = Sor(i-1)
for each i € {1,...,6} is a term in the addition chain provided that s,y — S, i-1) # O.
Therefore, the addition chain is quasi closed.

Example 3.3. We consider the addition chain
so=Ls1=2=14+1,5=4=2+2,53=5=4+1,54=8=4+4,55=13=8+5
leading to n = 13. Here, the o-track terms are
So() = L So2) = 2,503) = 4 So4) = 4 S0(5) = 8
and 7 track terms
sty = 1, 8572) = 2,5:3) = L sra) = 4, 545 = 5.

Here, the only 7-track term that satisfies s,y # S, foreach l € {1,2,3,4,5} is s¢5) = 5.
For this 7-track term, we observe that 4 = 5,4) < s7(5) are consecutive terms in the chain
and 5 = s;(5) < 55(5) = 8. In this case, we get s;(5) — S54) is a term in the addition chain.
Also, we observe that the absolute differences

1S(i) = Sor(i=1)]

for eachi € {1,2,3,4,5} is a term in the addition chain provided that s,y — s,(-1) # 0.
Therefore, the addition chain is quasi closed.

Remark 3.4. The quasi closed addition chains provided in the two preceding examples are
not Brauer.

3see the definition 2.2



Theorem 3.5. Let n > 2 admit a minimal-length strongly quasi closed addition chain C,.
We have
(2" - 1) < TV(C,) + £¥(n)

Proof. We consider a fixed strongly quasi closed addition chain
so=1s1=2,....,8,=n

with a fixed decomposition s; = 5, +5+¢) (i > 0(i) > 7(i)) foreach 1 <i < h(h := t*(n))
and s, () := so = 1 and s(9) = 0. This implies that the addition chain is quasi closed.*
Here, the optimality of the chain is with respect to the family of quasi closed addition
chains. It may or may not be a minimal-length addition chain leading to » in the family of
all addition chains leading to n. We define m; = 2% — 1 fori =0, ..., h and construct the
sequence

20 _1:=2l 1,28 -1 =221,...,2% —1,..., 2%~ 1 =2"—1.

We call each term of this sequence a Mersenne seed. Now, if s, < Sys(i+1), then we
perform a (s,(i+1) — So(i)) repeated doubling of the term 2°-® — 1 and include the result
of each doubling in the sequence. On the other hand, if s, > 5(i+1), then we perform
a (Sq(i) — So(i+1)) repeated doubling of the term 2°7G+) — 1 and include the result of each
doubling in the sequence. For terms of the form 2% — 1 such that j = o (k) for some
k € {1,..., h} as indices not used in the previous doubling process, we perform a (si —5q(x))
repeated doubling of the term 2°® — 1 and include the result of each doubling in the
sequence. We now verify that this construction produces an addition chain that leads to
2" — 1. In the case s(;) < S (i+1), WE can write

2sa(i+1) _ 1 - 250'(i+1)_30'(i)(2so'(i) _ 1) + 250'(i+1)_50'(i) — 1
since the chain
so=1,81=2,....,8,=n
is quasi closed. Similarly, in the case s, () > 5q(i+1), We can write
2506 — | = 280 So+1) (28 +1) — 1) 4 Q5o 5o+ — ]
since the chain
so=1s1=2,....,8,=n
is quasi closed. The optimality of the quasi closed chain implies
h h h—1
{0 it Y {sciy =y = sk tiZo-
It is clear that
h h h-1
{So-(k)}kzl U {Sr(k)}k:1 - {Sk}k:()-
We suppose that
h h h-1
{00 i1 Y sz tizr € {sehiZo-
This implies that there exists a term s; € {s; }Z;é such that
h h
st € {So( =1 Y {8200 Fiz

which means that the term s; was never used to calculate a term in the addition chain.
Therefore,

{siH\ (LD ((Somodoy U Lsrmden)) © fsedig

4Strong quasi closure implies quasi closure



is still a quasi closed addition chain that leads to n when the terms are arranged in strictly
increasing order of magnitude, by virtue of the quasi closed condition. The length of this
quasi closed addition chain is strictly less than the length of the fixed optimal quasi closed
addition chain, violating minimality requirements of family of quasi closed addition chains.
Similarly, for those 2% — 1 with j = o (k) for some k € {1,..., h} as indices not used in
the previous doubling process, we can write

2% — | = 2o (25 — 1) 4 2% Se — ]

Now, for those 2% — 1 with s; = s7(;) such that s;;) # s,«) forall k € {0,1,...,h}, we do
not need any new doubling under the absolutely closed condition, since there exists some
So(k) such that s, ) < s7() are consecutive terms in the optimal absolutely closed chain
leading to n, with s-(;y < ss(x+1). Thus, we can write

257 — | = 2570 7So®) (Q8e ) — 1) 4 25T Soth) — ]
since the chain
so=1Ls1=2,....,s,=n
is quasi closed. This verifies that the sequence constructed by doubling in this way is an

addition chain leading to 2" — 1. The total length of the constructed addition chain leading
to2" —1is

h—1
Sr(n) + Z |Sois1) = So)] + £ (n).
i=0
Hence
h—1
(2" — 1) < min min | s + Soiv1) — Son| | + €F(n
( ) foin min | se(s) ; IS(i+1) = Sor) (n)
= TV(C,) + t¥(n).
Here, the minimum is taken over the admissible collections of vectors of o~ and 7 values
with s; = s5() + s¢;) for each i € {1,..., h}, where admissibility is in the sense of strong
quasi closure. In this case, the admissible collection is the collection of all vectors of T
and o values with s; = s, + s¢(;) foreachi € {1,..., h}, since the chain is strongly quasi
closed. O

4. SOME CLASSICAL FAMILY OF QUASI CLOSED ADDITION CHAINS

In this section, we show that the Brauer and certain class of Hansen addition chains
form a subfamily of quasi closed addition chains.

Proposition 4.1. Let n > 2 be a positive integer and let C, be a fixed Brauer addition
chain that leads to n. The Brauer addition chain C, is quasi closed.

Proof. Let C, : so = 1,51 = 2,...,s, = n be a fixed Brauer addition chain with
Si = Sq(i) + S7() Withi > o°(i) > 7(i) > 0 foreach i € {1,..., h}. The addition chain C, is
Brauer implies s (;) = s;—1 foreachi € {1, ..., h}. Because the addition chain C, has been
fixed, each of the 7 track terms s,;) = s; — 5;—1 is determined for each i € {1,..., h}. Now,
WE Can Write Sq(i4+1) = So(j) = 8i — Si—1 = S¢()» Which is a term in the addition chain for each
i €{1,...,h}. Now, for any pair of o and 7 track terms (s¢(x), S)) for some 1 < [,k < h
such that s, () < sr() are consecutive terms in the addition chain with s;(x) # s for all
1 €{0,...,h}, we deduce

St(k) = So(l) = St(k) = So(r(k)) = St(z(k))



is a term in the addition chain C, since the addition chain C, is Brauer. Furthermore,
for a t track term s.(;) for some 1 < i < h satisfying s;;) # sy forall I € {0,..., h},
we deduce s.(;) > 1. This implies that there exists a term sy in the chain C, such that
sk < $7(;) are consecutive terms in the addition chain. The addition chain C, is Brauer
implies sy = S,(+(;)). We deduce

So(r(@) < St(i) = So(r(i+1)
since the o track of a Brauer addition chain is strictly increasing. This verifies that the
fixed Brauer addition chain C, is quasi closed. O

Theorem 4.2. Let

Ci:so=1s1=2,....,5,=n
be a fixed Hansen addition chain of length h leading to n. Let H be a fixed anchor in the
sense of Hansen such that

Se) =max{l € H : | < s;}

With s; = Sq(i) + St(i)» So(i) = () Jor each 1 < i < h so that the o track is nondecreasing.
Furthermore, assume that for each t track term s i with i € {1,...,h} satisfying
sy # Soy forall 1 € {0,. .., h}, the index 7(i) € B. The Hansen addition chain C, is
quasi closed.

Proof. Suppose that

Ciiso=1,51=2,....,5,=n
is a fixed Hansen addition chain of length & leading to n. Let H be a fixed anchor in the
sense of Hansen such that

Se) =max{l € H : | <s;}

with s; = S5() + 5(), So(i) = S7(;) for each 1 < i < h so that the o track is nondecreasing.
Furthermore, assume that for each 7 track term s.;) with i € {l,...,h} satisfying
sri) # Soqy forall 1 € {0, ..., h}, the index 7(i) € B. We deduce

So(i) < So(i+1) < Si
for each i € {1,...,h}. In the case s,(;) = Sy (i+1)» we have nothing to check for the
differences along the o track terms. In the latter case

So(i) < Sor(i+1) < Si
the maximality condition s, := max{/ € H : [ < s;} implies that s,;41) = s;. We
deduce
So(i+1) — So(i) = Si = So(i) = St()
which is a fixed term in the fixed Hansen chain since the anchor H has been fixed. Now, for
any pair of o~ and 7 track terms (S-(x), So()) for 1 < k,I < h such that s,y < s55x) With
Sz(k) # Sq) for all I € {0,. .., h}, the requirement that 7(k) € B implies s,y = So(z(k))-
We deduce
St(k) = So(l) = St(k) ~ Sor(z(k)) = St(r(k))
is a term in the fixed Hansen addition chain. Furthermore, for a 7 track term s.(; for
i € {l,...,h} satisfying 5. # s, forall [ € {0,...,h}, we deduce s.;) > 1. There
exists a term in sy in the fixed Hansen addition chain C, such that s; < s,(;) are consecutive
terms in the chain. The requirement 7(i) € B implies that s; = s,(z(x)). We may assume,
without loss of generality, that

So(r(k)) < St(k) S So(r(k)+1)-



Because if s,(+(i)) = So(r(i)+1)> then we can replace sy (z(;)) With $5(z(;)+,) for the greatest v
so that

So(r@) = 7 = So(r(@)+v)-
This verifies that the Hansen chain C,, is quasi closed. O

5. MAIN RESULT: QUASI COMPLETE NUMBERS AND THE SCHOLZ CONJECTURE

Definition 5.1 (Quasi complete numbers). Let n > 2 be a positive integer. We say that n is
a quasi complete number if there exists a quasi closed addition chain

so=1,51 = 2,...,s€¢(n) =n
with a nondecreasing o track such that £(n) = £*(n).

Theorem 5.2. Let n > 2 be a quasi complete number. We have
(2" -1)<n—-1+{(n).

Proof. We suppose that n > 2 is a quasi complete number. There exists a quasi closed
addition chain
S0 = 1,81 = 2,.. -,S[i(n) =n
with a nondecreasing o track. In the family of all quasi closed addition chains leading n,
we fix one with a minimal length and fix a o track {sg(i)}fi(ln) and 7 track {sT(,-)}fi(ln) that
makes the addition chain quasi closed with s; = s,(;) + s7;) foreachi € {1,..., £*(n)} and
such that the o track satisfies
So(1) £ Sg2) < -+ - < So(h)-
By the construction in theorem 3.5, we deduce
E(n)-1
(2" =1) < s+ ) 1Soe1) = S + € ()
i=0
E(n)-1
= Se(tim) T Z (Soi+1) = o) + €5 (n)
i=0
= Se(¢t) * So(etn) ~ Sr(0) + ()
=n—1+ ).

Because 7 is quasi complete, we get £*(n) = £(n) and deduce the inequality. ]

6. SOME DISCUSSION

The preceding deduction shows that any quasi complete number must satisfy the
inequality £(2" — 1) < n— 1 + {(n) proposed by Arnold Scholz. In practice, quasi complete
numbers may not be rare and hard to find when we scout the set of all positive integers. In
the preceding example, we have seen that the addition chains

so=Ls1=2=1+1,5=4=2+2,53=5=4+1,54=8=4+4,55=13=8+5
and
S0 = 1,S1 =2,S3 =4,S4 = 8,S5 = 16,S(, =21=16+5
are quasi closed addition chains that lead to 13 and 21, respectively. Each of these addition

chains is also of minimal length in the family of all addition chains that lead to 13 and
21, respectively. In particular, we have the relations £*(13) = £(13) and £*(21) = £(21).



Therefore, the numbers n = 13,21 are quasi complete numbers.

—_—
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