CLASSICAL VS PATH COUPLING ON A GEOMETRIC STATE SPACE: GLAUBER DYNAMICS
FOR ¢-COLORINGS OF ¢,

1Z TECUM

ABSTRACT. We analyze one coupling of single-site Glauber dynamics for proper g-colorings of the cycle C, in two ways.
Drift on the Hamming disagreement count and path coupling on Hamming-adjacent pairs give the one-step contractions

E[dy(X1,11)] < ti(g,n)du (X0, %),  E[de(X1,11)] < 04e(g,n) d(Xo, Yo),

with oti(g,n) = 1— (¢ —4)/(n(g—2)) and apc(g,n) = 1 — (q—6)/(n(g —2)), both attained. The thresholds are g > 5
and ¢ > 7, and the constants separate by 2/ (n(q - 2)) uniformly in n. The gap is geometric. Transposing two colors
across an edge produces a pair at Hamming distance 2 that no single recoloring connects, so the path metric dg of the
color graph charges a created disagreement +2 rather than +1; such pairs pack |n/2] to a cycle, giving diamdy = n and
diamdg = |3n/2] for ¢ > 5, hence closed O(nlogn) bounds for both methods. The loss is attributable to the sparse edge
set rather than to path coupling, since the complete edge set recovers 0. Exact enumeration on Cy4 confirms every bound
and gives worst-start fyix (0.05) = 57,29,22,19,18 forg = 3,...,7.
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1. INTRODUCTION

Markov chain Monte Carlo underpins Bayesian statistics, statistical physics, and randomized approximation,
and its guarantees are mixing-time bounds #ix (€) certifying that the chain is e-close to stationarity. Coupling is
the standard route to such bounds [3L[3]]. Path coupling [6] replaces the construction of a coalescing joint
process by a one-step contraction verified only on adjacent pairs, and is the workhorse behind the coloring results
of [10, 12} [13] 16]. The two methods are usually applied to different problems, so their relative strength is rarely
measured. This paper fixes one chain, one coupling, and two analyses of it.

1.1. The chain. Fix n >3, ¢ > 3, and let Q,(C,) be the proper g-colorings of the cycle. Identifying V(C,) = Z/n
and [g] = Z/q, a coloring is a section of the discrete torus Z/n x Z/q whose consecutive values differ, that is, a
closed loop winding once in the vertex direction and never running parallel to it. Figure [ shows one for n = 8,
q = 5. Counting these loops is a trace,

QG =tr(T") = (g 1"+ (~1)"(g—1), T =1{c#},

the trace being exactly the gluing that closes a path into a loop (Theorem 2.8.1). Glauber dynamics moves one point
of the loop at a time.

FIGURE 1. A proper coloring of Cg with ¢ = 5 as a closed loop on Z/8 x Z/5.
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1.2. Results. Throughout, (X;,Y;) is the synchronous maximal coupling of Definition |4.1.1} dy the Hamming
metric, and dy the path metric of the color graph.
Theorem A. Foralln >3 and g > 3,

q—4
n(g—2)’

Eldu(Xi,11)] < aalg,n)du(Xo,Yo),  alg,n) =1-
and o¢i(g,n) < 1 if and only if ¢ > 5.

Proof SA O

Theorem B. For all n > 3, g > 4, and every color-graph edge (Xo,Y)),
q—6

E[dg(X1,11)] < 0pe(g,n)dg(X0,Y0),  Ope(g,n) = 1—m,

and ot (g,n) < 1if and only if ¢ > 7.

Proof il O
Theorem C. Foralln >3 and g > 4,

2
O‘PC(%”) — Oi(q,n) = n(g—2) >0,
and on Cy4 both constants are attained.
Proof. [Corollary 5.2.4] § 3} [Proposition 6.3.1] §[6] O
Theorem D. Foralln >3 and g > 5,
diamdy =n,  diamdy = {%”J

and consequently

9= (og(n) +tog(e ) |

q>7 = tmix(€) < V(qq_? (log(f?nD +10g(8_1)ﬂ-

Proof. [Theorem 6.2.3|and [Theorem 6.5.1} § [6] O

g>5 = tmix(€) < [

2. PRELIMINARIES

Coupling for coloring chains goes back to Jerrum [[10]; path coupling was introduced by Bubley and Dyer [6]],
and both are treated systematically in [5]. Everything used later is collected here, stated on C, or a general graph G
wherever the argument permits.

2.1. Markov chains.

Definition 2.1.1. Let P be a transition matrix on a finite set Q. P is irreducible when every state reaches every other,
aperiodic when ged({r > 1 | P'(x,x) > 0}) = 1 for every x, stationary for T when 7P = 7, and reversible for &
when

n(x)P(x,y) = m(y)P(y,x) for all x,y € Q.

Theorem 2.1.2 (Convergence theorem). If P is irreducible and aperiodic with stationary distribution T, then

lim max || P (x,-) — 7|ty = 0.
t—o0 xeQ

Proof. [, Theorem 4.9]. O

Lemma 2.1.3 (Reversibility implies stationarity). If 7 is reversible for P, then TP = T.
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Proof.
(7P)(y) = Y. n(x)P(x,y) = Y w(y)P(y,x) = 7(y) Y P(y.x) = (y) -1 = 7(y).

x€Q x€Q x€Q
O

Corollary 2.1.4 (Symmetric chains). If P(x,y) = P(y,x) for all x,y, then the uniform measure is reversible, hence
stationary.

Proof.
Px,y) _ P(yx)

=9 = n(x)P(x,y):W: o =n(y)P(v,x) 22 2P =1

2.2. Total variation and mixing time.

Definition 2.2.1. For probability measures ut, Vv on €,

=Vl =3 Z;,ZIH(Z) - Vv(@)l-

Lemma 2.2.2 (Dual form).
[ —=vlrv = ggé(ﬂ(f‘) —v(4)).

Proof.

ACO = p(A)—v(a) =Y (@) -vE@) < Y (@) -vE@) < Y (@) -v(E)"

€A Z€A €Q

A" ={z | (@) >Vv(a)} = uA") -v(Aa) = Z;,Z(H(Z)—V(Z))+

Y (@) -v@)=1-1=0 = Y (1) -v(@) =Y (v(z) ~u@)"

Z Z

ACQ

la=bl = (a=b)"+(b-a)" = LY |nz) - v(a)| = (2L (1(2) - v(2) ") = max(u(4) - v(a).

Lemma 2.2.3 (Overlap form).
It =Vvlry =1-=Y min{u(z),v(z)}.
7€Q

Proof.
(1(z) = v(2)) " =max{u(z),v(z)} — v(z) = p(z) — min{p(z), v(z)}
B2 vy = ¥ (1)~ minfu(2),v()}) = 1 — ¥ minfu(2). v(2)}

7€Q 7€Q

Lemma 2.2.4 (Uniform measures). For nonempty finite A, B with uniform measures Uy, Up,
|Us — Ug|ltv =1—|ANB|min{|A|",|B|"'}.
Proof.
z€ ANB = min{Ua(z),Up(z)} = min{|A|"",|B|"'}, z¢ ANB = min{Ux(z),Up(z)} = min{-,0} =0
— Y min{Us(2),Up(2)} = |[ANB/min{|A|"",|B|""} B2 ||Us — Upllry = 1 — |ANBmin{[A|"",|B|"'}.
Z

O
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Example 2.2.5. Forg=5,A ={1,3,4}, B={1,2},

z 1 2 3 45
Ua () L
Us(2) I 000
min{Ux(2),Us(z)} | 3 0 0 0 0O

. 1 1 1
Y min{Us(2),Up(2)} = = +0+0+0+0= = Z2 Uy~ Us|rv=1-5 =%
= 3 3 33

11 1 1 2
ANB={1},  |ANB|min{|A|""|B]"'} =1 -min{g, 5} =3 = Uy - Uplry =1- 1=5
By Theorem the overlap % is P(X =Y) under the maximal coupling, so a mismatch occurs with probability %
Definition 2.2.6.

d(t) = max |P'(x,) — |1, tmix(€) =min{r | d(t) < €}.

The numerical sections use the conventional value € = 0.05.

2.3. Couplings. The coupling method originates with Doeblin [1]] and was developed for mixing times by Aldous
[2]; see [3L15].

Definition 2.3.1. A coupling of 1,V is a pair (X,Y) with X ~ u and Y ~ v. A coupling of the chain is a process

(X;,Y;) on Q? whose coordinate marginals each evolve by P. It is faithful when X; = Y; implies X; = Y; for all # > s,
with coalescence time

T=min{t | X, =Y;}.

Theorem 2.3.2 (Maximal coupling). Every W,V admit a coupling with

PX#Y) = [[u—=virv,

and no coupling achieves less.
Proof. (5|, Proposition 4.7]. O

Lemma 2.3.3 (Coupling inequality). For a faithful coupling with Xo = x and Yy ~ T,
1P (x,) = x|ty <P(T >1).

Proof.
X; ~ P'(x,-), Yorr By, nP =1

P (x,A)—m(A)=P(X, €cA)—P(Y, cA) =P(X, €A, Y, ¢ A) —P(X, ¢ A, Y, € A)
<P(X €AY, ¢A) <P(X, #Y) 22 |P(x,) — x|rv <P(X, #Y,)

X #%) B (X, £} C{r>1} = [|P(x,) — 2l < P(T>1).

Remark 2.3.4. E[t] alone gives only P(7 > t) < E[t]/t; the bounds below control E[D;] at every t.
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2.4. Drift.

Lemma 2.4.1 (Multiplicative drift). Let (D;) be adapted, nonnegative, integer valued, with E[D,+, | %] < aD for
some o, € (0,1). Then
E[D] <a'Dy,  P(D;>1) < a'Dy.

Proof.
E[D+1]) =E[E[D+1 | #]] <ElaD,| = aE[D;] = E[D,] < aE[D;_1] < &*E[D,; ] <--- < &'Dy

P(D; > 1) =Y P(D;=k) < Y kP(D, =k) =E[D;] < &'Dy.
k>1 k>1
0

Corollary 2.4.2 (Drift to mixing). If a faithful coupling satisfies the hypothesis of Lemma with {D; =0} =
{X; =Y, } and Dy < Duax for every starting pair, then

10g Dpax +log(e7!
d(t) < Dyax @', tmix(g)glr £ miog(a‘(’;( W.

Proof.
(1> ={D;>1} L P(r>1) < /Dy < Dpax @ 22 d(t) < Doy @’
Dinax @' < & <= 10g(Dpax) +tlog(a) < log(e) <= tlog(or™") > log(Dpmax) +log(e ™).
]

2.5. Path coupling. Variants of Theorem [2.5.3| with longer paths and stopping times appear in [8,[9]. Proposi-
tion[2.5.2]and its corollaries are instantiated with p = dy, de = dy in Lemma[2.7.2]

Definition 2.5.1. Let & C Q x Q be symmetric with connected graph and weights w > 1. The induced path metric
is

dg(x,y) = min{ o w(xio1,x;) ’ X = X055 Xm =Y, (Xio1,%i) € g’}
Proposition 2.5.2 (Maximality). If a metric p satisfies p < w on &, then p < dg pointwise.

Proof.

X=X0,. ., Xy =y inE = p(x0,Xm) < P(x0,%1) +pP(xX1,%m) < p(x0,X1)+p(x1,X%2) +p(x2,00) <--- < Y} p(xio1,%)

=

Il
-

1

< Y w1 2 p(x,y) <de(x,y).

or

i=1

O

Theorem 2.5.3 (Bubley-Dyer). Let d = dg, and suppose every (x,y) € & admits a one-step coupling with
Eld(X1,Y1)] < ad(x,y) for some o < 1. Then the contraction holds for all pairs, and with dmax = maxyd(x,y),

log dinax +log(e™1)
() < | 2 TR

Proof. [6]; see also [15, Theorem 14.6]. O

Corollary 2.5.4 (Edge-only verification is never sharper). Fix a one-step coupling and w = 1. For any metric p
with p =1 on &, put Op = maxeg (E[p(Xl,Yl)}) and 0ty = maxg (E[dg(XhYl)]). Then o < Qe

Proof.

p=1=woné& B2 p(2,7) <de(z,7) V2,2 = E[p(X1,11)] <E[de(X1,%1)] on & = ap < 0.
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Corollary 2.5.5 (Complete edge set recovers drift). For a metric p > 1 off the diagonal, & = {(x,y) | x#y}, and
w=0p,
dé" =p,

and Theorem[2.5.3| reduces to Corollary[2.4.2)
Proof.
() €& B de(xy) Swlxy) =p(xy),  p=won& B2 p(xy) <ds(x.y)

= de(x,y) <p(x,y) <dgs(x,y) = de =p.
O

Remark 2.5.6. The complete edge set reproduces the drift constant, so a sparse & costs exactly the passage p ~~ dg;
§ computes this gap on Q,(Cs).

2.6. Colorings and Glauber dynamics. Glauber dynamics for colorings enters the mixing literature with [[10} [11];
the definitions follow [, § 3.3].

Definition 2.6.1. Write [¢] = {1,2,...,q}. For a graph G with maximum degree A, a proper g-coloring is a map
x: V(G) — [q] with x(u) # x(v) whenever u ~ v, and Q,(G) denotes the set of these. The legal set at v is

L(v)={c€q] | ¢#x(u)forall u~v}.
Glauber dynamics selects v € V(G) uniformly and recolors v uniformly from Ly(v).
Lemma 2.6.2 (Legal sets on cycles). For x € Q,(C,) withn > 3 and any vertex v,
L) =g\ {x(v=1),x(v+ 1)},  |[L(v)|€{g—2,g—1},  x(v) € Lc(v).
Proof.
NE)={v—1v+1} B L (0) =g\ {x(v=1),x(v+ 1)}
Hx(v=1),x(v+ D} €{1,2} = |[L:(v)[=g—{x(v—=1),x(v+ 1)} €{g—-2,9—-1}
xproper = x(v) £x(v—1), x(v) #x(v+1) = x(v) & {x(v—1),x(v+1)} = x(v) € Ly(v).

O

Lemma 2.6.3 (Symmetry of Glauber dynamics). On Q,(G) with |V (G)| = n, the Glauber transition matrix satisfies
P(x,y) = P(y,x) for all x,y. The uniform measure is reversible and stationary, and the chain is aperiodic.

Proof.

x=yoff v = xlyy) =)v) 22 Li(v) = Ly(v)

= P(x,y) =P(select v) - Uy (,y (v(v)) = % : \Lxl(v)\ = % : Lyl(v)| = P(y,x)

dy(x,y) >2 = P(x,y) =0=P(y,x) ELZ 7 uniform reversible

1
n|Le(v)]

x(v) € Ly(v) = P(x,x) > >0 = ged({r>1] P'(x,x) >0}) =1.



8 1Z TECUM
2.7. The color graph. The color graph is the reconfiguration graph of colorings [21} 23] 24} 22]]; see [25. 26]] for
surveys. § [5|contracts its metric dy and § [6.2 computes its diameter on cycles.

Definition 2.7.1. The color graph 6,(G) has vertex set Q,(G), with x ~ y when dy(x,y) = 1. Its graph metric is

dy.

Lemma 2.7.2 (Glauber moves are color-graph edges). For x #y, P(x,y) > 0 if and only if (x,y) € E(€,(G)). In
particular the chain is irreducible if and only if ¢,(G) is connected, and

dy <dg pointwise.
Proof.
P(x,y) >0, x#y =1 du(x,y) =1, y(v) € Ly(v) = (x,y) € E(€4(G))
dyu=10nE(%,(G) B2 dy < dy.
g

Theorem 2.7.3 (Connectivity of the color graph). If ¢ > A+2, then 6,(G) is connected. In particular Glauber
dynamics on Q4(Cy) is irreducible for q > 4.

Proof. [21] Theorem 1]; distances in 6,(G) are studied in [22]. O

Remark 2.7.4. For 3 | n, the coloring (1,2,3,1,2,3,...) € Q3(C,) has L,(v) = {x(v)} at every v, hence is frozen
and disconnects 63(C,) [23124]; 63(C4) is connected by enumeration of its 18 states, so ¢ > A+ 2 is sharp on
cycles.

2.8. Enumeration by transfer matrix. The formula is classical [27], by transfer matrix [28, Chapter 9]; the trace
decomposition below is reused in Proposition and Remark

Theorem 2.8.1 (Chromatic polynomial of a cycle). Forn > 3, define T € 7291 by T, = 1{c # ('} for ¢,c’ € [q].
Then

Proof.

3
3| = u(T?) =2424+2=6=(3- 1)+ (-1’3 1)
2

0g
o}
=
I}
=
o
=2
=
=
—~
ﬂ
S
v
=
(=}
2
=
M W N W
~

cocchlcz"'Tcn,wn:#{(Clv'“acnfl) | Ci#CiJr] foralli}

— tr(T”) = Z (T")ee :#{(co,...,cn_l) € [q]" ’ Ci 7 Cit1 mod n for all i} = |Q,(C,)]

c€lq]
1=(L1,... ) = (Tl)e= Y To=#{c | /#c}=q-1 = Tl=(q-1)1
c'€lg]
vl1ll = (Tv).= Zvcfz ( Z vcr>—vc:0—vcz—vc = Tv=—v
e elq]

dim({v [ vL1})=g—1 = u(T") =(qg—1)"-1+(=1)"-(q—1).

Example 2.8.2.
tr(T3):6, Q3(C3):{(1,2,3),(1,3,2),(2,1,3) (2,3,1),(3,1,2),(3,2,1)}, |Q3(C3)| =3! =6,

the proper 3-colorings of a triangle being the bijections [3] — [3].
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g o3"
o L] |Q3(Cn)| R
AL O [24(C)| A
10% e
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[ o’
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n

FIGURE 2. |Q,(C,)|=(g—1)"+(—1)"(g—1) for g =3 (filled) and g = 4 (open) on a logarithmic
scale; dashed, the asymptotes (¢ — 1)".

3. GLAUBER DYNAMICS ON THE FOUR-CYCLE

This section specializes § 2]to G = C.

3.1. The four-cycle and its state space. Let V(C4) ={0,1,2,3} and E(C4) = {(i,i+ 1 mod 4) | i € V(C4)}, all
vertex arithmetic modulo 4. By Definition

Qu(Cy) = {x € [q]" @ | x(i) £x(i+1 mod 4) Vie V(Cys)}.
Proposition 3.1.1 (State-space size). For g > 2, withT € 2979, T,o =1{c # '}, as in Theorem
1Q4(Ca)l = alg—1)*+alg—1)(g—2) = (g—1)*+(g—1) = q(g—1)(¢" =3¢ +3).

Proof.
n=4 B 1Q,Cy) = (T = (- 1)* +(~1)*(q —1):( —1)*+(g—1)
(T?)ew = Z Top Ty = #{b € [q] | b#c, b#d} = 2)+1{c=C"}
belq]
T=T = (1) =T = «(T*) =) Y (1)(T?)v Z Z(Tza)
c€lg]c'€lq] c€lq]€lg]
c=cd = ((Tz)cc)zz( 71)2 C%C, = ((Tz)cc/)zz(qu)
= u(M)=Y -1 +Y Y ( =q(g—1)*+q(qg—1)(g—2)
c€lq] c€lg]c E[q]\{c}
q(g—1)+q(qg—1)(g—=2)* =q(g—1)((g— 1) +(¢—2)*) =q(qg—1)(q—1+4" —4q+4) = q(q—1)(¢* —3q+3).

]
In particular |Q,(Cy)| = 18, 84, 260, 630, 1302 for g = 3,4,5,6,7.
Remark 3.1.2. In the trace computation (72),. counts the choices of x(1) given x(0) = ¢, x(2) = ¢, so
1Q4(Cs)l = qlg—1)* +a(q—1)(g—2)*.
—_—— ———
x(0)=x(2) x(0)7#x(2)

The count g(g — 1)(g — 2)? is the off-diagonal term alone; by Lemma the omitted colorings are exactly those
possessing a legal set of size g — 1.
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3.2. The chain and its ergodicity. The chain of the paper is the Glauber dynamics of Definition on G = Cy.
By Lemma[2.6.2] for x # y differing exactly at v,

P(x,y) = 4@ h ()}, du(x,y)>2 = P(x,y)=0.

Corollary 3.2.1 (Ergodicity on the four-cycle). For every q > 3, the Glauber chain on Q,(Cy4) is aperiodic,
irreducible, and reversible for the uniform measure © = |Q,(Cs)|~!. Consequently

limd(t) = 0.

t—roo

Proof.
024 B dy(xy) <o VxyeQ(C),  ¢=3 2 dy(x,y) <o Yx,y € Q(Ca)

B2 vxyeQ,(Cy) 3t>0 P(x,y) >0

V) 22 P(x,x) >

>0 = ged({r>1| P'(x,x) >0}) =1

4|Lc(v)|

B3 pey) =Phx) 22 2P =71 Z2 fimd(r) =0.

t—3o0

3.3. Geometry of the four-cycle.
Lemma 3.3.1 (Opposite vertices share neighborhoods). For every v € V(Cy),

Ny)={v—-1,v+1} =N(v+2), (v=1,v+1) ¢ E(Cs).

Proof.

E(C)={(ii+1mod4) | icV(Cy)} = NOv)={v—1,v+1}, N@+2)={v+1lv+3}={+rlv—1}

(v+1)—(v=1)=2#+1 (mod4) = (v—1,v+1) ¢ E(Cs).

|
Corollary 3.3.2 (Shared legal sets across a single disagreement). Ifx,y € Q,(Cy) agree on V(Cs) \ {v}, then
Li(v) =Ly(v), Li(v+2)=Ly,(v+2).
Proof.
N0 =Np+2)={v—1Ly+1} CcV(c)\ [} = Xve) =YIneys Xvea2) = VIves2)
B L) =L),  L(+2)=L(r+2).
O

4. CLASSICAL COUPLING BOUND

Coupling goes back to Doeblin [1]] and was developed for mixing times by Aldous [2]]; see [3} 5], and [[10]] for
colorings. This section builds one coupling on €,(C,) and analyzes it by drift on the Himming disagreement count;
§ [P|reanalyzes the same coupling by path coupling.
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4.1. The synchronous maximal coupling.

Definition 4.1.1 (Synchronous maximal coupling). Given (Xo,Yy) € Q,(C,)?, one step draws u € V(C,) uniformly,
recolors u in both chains by a maximal coupling of Uon(u) and U Ly, (u) 3 in Theorem@ and leaves every other

vertex unchanged. Write
={veV(G) | X(v) #%(v)}, D, =S| = du(X:, Y1), I, = ||ULXO(u)_ULy0(u)HTv-

Lemma 4.1.2 (One-step identity). Definition yields a faithful coupling of the Glauber chain, and conditional
on (Xo,Yo) and the drawn vertex u,

Dy =Dy—1{u €Sy} +By, B, ~ Bern(T,).

Proof.
X (u) ~ ULy, (u)> Yi(u) ~ ULy, (u @ each coordinate marginal evolves by P

Xo =Yy = Ly (u) = Ly, () 22 P(X1 () # Y1 () = |Upy, )~ Uy llry =0 = X1 =¥

Xilnqu = Xolvfuy, Yl = Yolv\puy == S1\{u} =So\ {u}
— D = |So\{u}| +1{X1(M) #* Y](M)} =Dy— l{u S S()} +1{X1(M) #* Yl(u)}
B2 p(Xy(u) £ Yi(u) | Xo,Yo,u) =T, = 1{Xi(u) # (1)} ~ Bern(T,,).

([l
4.2. Sitewise matching.
Lemma 4.2.1 (Matching bound). For every u € V(C,), with r, = |N(u)
Proof.
Fx ={Xo(w) | weNu)}, Fr={Yow) | weN(u)}, Xo = Yo on N(u)\ So
= |Fy \Fx| <ru = |FxUFy|=|Fx|+|F \ Fx| < min{|Fx|,|Fy|} 414
Ly,(w) =[q]\Fx, Ly, () =[g]\Fy = |Lx,(u) N Ly, (u)| = ¢ — [Fx UFy| > g —min{|Fx|, |Fy|} —r,
g —min{|Fx|,|Fy|} = max{|Ly, (u)|, |Ly,(u)|} = M = |Lx,(u) N Ly, (u)| > M —r,
. . . . ‘LX ﬂLy< )’ M —r 7,
m1n{|LX0(u)| Ly, ()] }:M Cex B % <1-—=
= q_z'
O

Example 4.2.2. Take g =4,n=4, Xo = (1 2,3,2), Y= (4,2,3,2),50 Sy = {O} and Dy = 1.
{X0(1),%(3)} = {2} = (%(1),%(3)} B2 Ly (0) = Ly (0) = [4]\ {2} = {1,3,4} = Ly (2) = Ly, (2)
@Toszzl—&%:o
L,() =[N\ {13} ={2.4},  Ly(1)=[\{4.3} ={1.2},  Ly,(1)NLy(1) = {2}

Er=i-tmin{l i} =1 Lo®) =024} Ly()={1.2} = 1=}
2 1, 3 3\ 4
EL2 E[D1\Xo,Yo}:ZZ(DO—I{MGSO}-i—TM):Z((H_E_,_H_E):Zzl

Otc1(4,4):1— =1-0=1 = E[Dl |X(),Y()]:(ZC1(4,4)D()
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4.3. Contraction and mixing on the cycle.

Theorem 4.3.1 (Classical contraction on Cy). For all n >3, g > 3, and every (Xo,Yo) € Q4(C,)% the coupling of
Definition satisfies

qg—4
E[D; | Xo,Y| < D -1 "
D1 | Xo0,Yo] < 0i(q,n) Do, 0tei(q,n) Tt
and oi(q,n) < 1 if and only if ¢ > 5.
Proof.
i 4 ! Sol 1
u ~ Unif(V(Cy)) ED; | Xo.Yol=—- Y, (Do—H{ueSo}+T,)=Dy— S0l +- Y 1
n n n
ueV(Cy) ueV(Gy)

=2 Z TugL Z |N(u)ﬂSo‘: ! #{(u,s)’seSO,uws}:LZdeg(s):&
eV (Gy) 9= % uevicy,) q—2 -2

- q qg—2

s€So

D 2D —2)-2 4
|So| =Dy = E[D; | Xo,Yo] < Do — — + 0 :Do<17u):D0(1— q )

n n(g—2) n(q—2) n(q—2)
n(g—2)>0 = (n("q_fz) S0 = g>4 — q25).

Luru=2|So| =6

FIGURE 3. Sy on Cg (filled); each disagreement charges its two neighbors, and r, counts arrowheads.

Example 4.3.2. Forn=238,¢=15, Sy ={0,1,4}, Dy = 3 as in Figure 3|

7
31 6 3 1 23
1 1414140414041 =6=2[S] X ED, | X0, Yp] <3—f - =34 - ==
u;)ru +1+1+140+1+0+ |Sol [D1 | Xo,Yo] <3 -2+ 25— ct1=3
5-4 1 23 23 23
58)=1—-— " - == 58)Dg=—-3="
%(5,8) 8- (5-2) 24 24=>06c1(») 0= 54 3

Corollary 4.3.3 (Classical mixing bound on C,). For g > 5,

tmix (€) < [n(;_j) (log(n)—&—log(sl))—‘ , E[7] < M
Proof.
0y = x, o - 100 +1og(e)
{D: =0} ={X; =Y}, Dy <n g tmix (&) < ’V _log(ad(q’n)) -‘

oi(g,n) € (0,1) = —log(aei(g,n)) > 1—a(g,n) = n(qq__42) = —1og(o:1(q ) < n(;__j)

Elr] =) P(t>1) LER] E[r] < ¥ noalg.n) n :nZ(q_Z).

>0 >0 B 1- aCl(Q?”) q— 4
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O
Corollary 4.3.4 (The four-cycle). Write ¢t.(q) = 01(q,4). For € = 0.05,
3 1 11 7 17
acl(CI) 2 + 2([]_2)7 acl( ) 12’ acl( ) g’ acl( ) 20’
tmix (0.05) < 51, 33, 27, E[r] <48, 32, & (g=5,6,7).
Proof.
_a=4 _4ea=-2)—(g—-4) _ 3¢-4 _3q-2)+2_3 1
4(g-2) 4(¢-2) 4(g-2)  4q-2) 4 2q-2)
4N _ log(80) ] _ log(80) ] _
1og(—0.05) —log(30) =4.382026... B2 [ L2l | — 150362 =51, |8 | = [32.816] = 33,
2
log(80) | _ B 4°(g—2) 16-3 16-4 16-5 80
’710g(20/17)7—‘ = [26.963] =27, 4 1 23 =48, 32, =
O

Remark 4.3.5. Example attains 0¢|(4,4) = 1, and rational enumeration over Q(Cy) X Q4(Cs) (Appendix [B)
gives
EDy | Xo=x,Yy =
max [D1 [ Xo = Yo =] =o(q,4) Vke{l,2,3,4}, g >4,
(x,y) :du(x,y)=k k

with maximum 1 at g = 3.

Remark 4.3.6. The threshold ¢ > 5 = 2A + 1 is uniform in n» and matches the ¢ > 2A regime [10, [1 1]; going below
2A needs different methods [12, (18| [19]. Corollary 4.3.3|gives fmix(€) = O(nlog(n)) for fixed g > 5, and ai(g,n)
decreases in q.

5. PATH-COUPLING BOUND

Path coupling [6] verifies contraction only on the edge set & of Hamming-adjacent pairs, at the price, by
Proposition of measuring contraction in the induced path metric diy of the color graph [21]]. This section
shows that on ©,(C,) the substitution dy ~ dy is not free. Distances in color graphs are studied in reconfiguration
[22, 251 26]; the obstruction below is its smallest instance.

5.1. Rigid pairs and the metric gap.

Lemma 5.1.1 (Adjacent-difference dichotomy). Let x,y € Q,(C,) differ exactly at adjacent vertices v ~ u, let w be
the second neighbor of v and z the second neighbor of u. For q > 4,

dy(x,y) €{2.3},  dylry) =3 < y() =x(u) A y(u) = x(v).
Proof.
dy(x,y) =2 <= y(v) € Le(v) V y(u) € Le(w) B2 y(v) ¢ {a(u).x(w)} V y(w) & {x(v).x(2)}
y) #Ey(w)=x(w),  y(u) #y(z) =x(z) = (dg(x,y) >2 <= y(v) =x(u) A y(u) =x(v))
¥(v) = x(u), y(u) =x(v), ¢ >4 = Is € [q]\ {x(v),x(u),x(w)}
s S I P s ) x(w)) x(0) € {522}, x(u) € {x(v),x(w))
= dy(x,y) <3 22 dy(x,y) € {2,3}.

Proposition 5.1.2 (Swap pairs are rigid). Let x,y € Q,(C,) differ exactly at adjacent vertices v ~ u with

y(v) =x@),  y(u)=x(v).
Then
du(x,y) =2,  dg(xy) =3,  dg(xy)=3 (¢=4).
Such pairs exist in Q4(C,) for every n > 3 and q > 4; on Cy they exist if and only if ¢ > 4.
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Proof.
weNW) B2 y0) =x(u) ¢ L(v),  veENu) = y(u) =x(v) ¢ L(u) 2 dy(x,y) >2
g>4 2 dy(xy) =3
weNW)\{u}, zeNu)\{v}, xyproper <= x(w) & {x(v),x(u)}, x(z) ¢ {x(v),x(u)}
n=4 = w~z = x(w) #£x(z) = |[g]\ {x(v).x(u)}| >2 <= ¢ >4, n#4 = wobz

(Il
Example 5.1.3. For g =5, n = 4, the pair x = (0,1,2,3), y = (1,0,2,3) is a swap pair at the edge (0, 1), drawn in
Figure[d]
y(0)=1=x(1) K1, ¢ L,(0) ={0,2,4}, y(1)=0=x(0) = 0¢ L,(1)={1,3,4}
B2 ey =3, (0,1,2,3) 227 (4,1,2,3) 222 (4,0,2,3) 2225 (1,0,2,3),

each intermediate proper since 4 ¢ {1,3}, 0 ¢ {4,2}, 1 ¢ {0,3}. Breadth-first search (Appendix [B] finds 480 swap
pairs in Q5(Cy) and diamdy = 6 > 4 = diamdy.

0 1 4 1
vo 4
B —
3 2 3 2
A
dg=2" vi =0
1
1
1 0 4 0
-
vo = 1

3 2 3 2
FIGURE 4. The swap pair of Example [5.1.3] top left and bottom left. The dashed edge is the
direct route, which no single recoloring realizes; the three solid moves close the square, so dy = 3.

5.2. Edge contraction in the path metric.

Theorem 5.2.1 (Path-coupling contraction on C,). For all n >3, g > 4, and every color-graph edge (x,y), the
coupling of Definition satisfies

—6
E[dg(XhYl) |X0 =x,% :y] < apc(%n)d%(xvy)7 O‘pc(%n) =1- 1

n(qg—2)’

and e (q,n) < 1 if and only if g > 1.
Proof.
So={v}, u=v=r=IN)NHH=0Z 7,02 p =0 — dy(x,,71)=0
ud¢ {(VJUNO) = r,=IN@)N{»}| =0 = T, =0 = dy(X;,71) =1  (#{u} =n-3)
wueNO) BB Pdy(xi,v)=1)=1-T,, X #Vat{vu}, veu ZL dy(x,, 1)) <3

2
@E[dg(xl,yl)|ueN(v)]g(l—Tu)-1+Tu-3=1+2Tug1+ﬁ
1 2 1 4 q—6
Eldy (X1,%1)] < — (04 (n=3) 142 (1+——=)) =1— -4 —— =1—
= Elds (X, 1)]*11( +n=3)-1+ ( +q—2>> n+n(q—2) n(g—2)

>0 <<= ¢g>6 q27>.

n(g—2)>0 = (n(q—2)
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Example 5.2.2 (The bound is attained). For ¢ =5, n =4, take the color-graph edge x = (0,1,2,3), y = (4,1,2,3),
differing at v =0.

wef02} B2 =0 =0 = dy(X1,¥)) =0 (u=0), dy(X1,Y1)=1(u=2)
u=1= L(1)=[5]\{0,2} = {1,3,4},  L,(1)=[5]\{42}={0,1,3} 22 7, = 1-2-1=1
Up iy =min{Up).Up, )} =58, U,y —min{Up,1),Up, 1) } = 3 &
= (X1(1),Y1(1)) = (4,0) on the mismatch, ((0,4,2,3),(4,0,2,3)) a swap of {0,4} E2 4y =3
u=3 = Tz = %, ((0,1,2,4),(4,1,2,0)) a swap across (3,0) = dy =3
— ]E[dg(xl,yl)]=%(0+1+(§-1+;3)+(%-1+§-3)) :%(0+1+§+§) =%=apc(5,4).

Corollary 5.2.3 (The four-cycle). Write ttyc(q) = 0pc(q,4). For € =0.05,

3 1 19 11
OCpc(Q):Z‘f'ﬁa %0(7):E7 apc(g):§7

tmix (0.05) < { log(120) ] — [93.335] = 94, [ Log(120) ] —[55.024] =56  (¢=1.8).

1og(20/19) log(12/11)
Proof.
- q—6  4q—-2)—(q—6) 3g—2 3(q—2)+4 §+ 1
4(q—2) 4(q—2) 4(q—2) 4(q-2) 4 g-2
diamdy = 6 (Appendix[B) Z2 1,;,(0.05) < [M] log(120) = 4.787492. .
*log(apL‘(lI))

Corollary 5.2.4 (Separation). Foralln >3 and g > 4,

(g—4)—(g—6) 2
) — 0, ) = = > Oa
so the drift analysis contracts for g > 5 while path coupling on Hamming-adjacent edges contracts only for g > 7,
uniformly in n, as Corollary|2.5.4| predicts with p = dy and dg = dg.

Remark 5.2.5 (Sharpness). Example attains Of(5,4), and rational enumeration over all color-graph edges
(Appendix B) gives

max  E[dy(X1,11)] = 04c(q,4) Vq>4,
(xvy) tdy (xvy):l

with maximum 1 at g = 3. The two constants differ only in the charge for a created disagreement, 41 for dy against
+2 for dgy, and the +2 is exact because the mismatch in Example lands deterministically on a swap pair.
Whether a weighted edge metric restores g > 5 under edge-only verification is open; metric choice for coloring
dynamics is active [8} 9} 20].

6. COMPARISON, EXACT COMPUTATION, AND CLOSED FORMS
6.1. Separation of the two bounds.
Corollary 6.1.1 (Thresholds). Foralln >3 and g > 4,

o(g,n) <1 < ¢g>5, Opc(q,n) <1 <= q>1,

and for g > 7,
n(g—2)
q—4

"4=2) (10 (diamdy) +log(e™")).

(log(n) +1log(e ")) <
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Proof.

_ q—4 _ _ q—6
l—acl(q,n)—n(q_2)>0<=>q>4, 1 apc(q,n)—n(q_z)>0<:>q>6
0<qg—6<q—4 ”S’_f) <"(q"_62) B3, — diamdy < diamdy.

O
1.750 o (g4
o apc(Q>4)
1.50
1.25re ©
o
1.00 |----- @-------- “O--mmmmmmmmmmmmm e m oo oo
® ° O ° o o
®* ¢ o o ¢ S
0.75 ¢, i i ] ]
3 5 7 9 11

FIGURE 5. oi(g,4) (filled) and ofc(g,4) (open); dotted verticals at the thresholds g = 5,7,
dashed line at 1.

Example 6.1.2. Forq=7,n=4, € =0.05,
3 1 17 31 19 2 2
W =3+15=30° BN=3T5=3 = % -)=25=7"3

10~ 20’ 20 T2 45
log(80) _ _ log(120) _ o
ety | = 1269631 =27, [eeEn ] — 93,3357 =94, 18.<27 <94,
Example 6.1.3.
. . 1 2
lim oi(g,m) = lim Gpe(g,n) =1—- Ope(g,n) — Gi(g,m) = TP 0,
=4 —12:>oc—i o - a—i——z
n=a,q= 01—57 P = 500 Ope 01—20—4.10-

6.2. The diameter of the color graph.

Definition 6.2.1. A schedule from x to y is a sequence x = z0,z1,. ..,z =y in Q4(C,) with (z;_1,z;) € E(€,4(C,))
for every j, and

my=#{j | z;(v) #zj-1(v)}, L= Z my.

veV (Cy)
Lemma 6.2.2 (Charge). Letey,...,e; € E(Cy) satisfy e;Ne; =0 for i # j, and for each e; = (v,u)
Y) = x(w) £3(), ¥() =x(v) £ x(u)
Then every schedule from x to y satisfies L > dy(x,y) + s.

Proof.
x(v) #y(v) = my>1 = Y m,>du(x,y)
ei=u), t=max{j | z;(v)#£z-1(V)} <tu,  z,()=y) 2, (u) # y(v) = x(u)

= 3j<t, zj(u) #zj-1(u) = my, >2
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eiNej=0 — va > dy(x,y) +s.
4

Theorem 6.2.3 (Diameter on C,,). Foralln >3 and g > 5, withm = |n/2],
diamdy = {32—” = diamdy + m.
Proof.
x|{0w2m_1} =(0,1,...,0,1), y|{07m72m_1} =(1,0,...,1,0), 2¢n = (x(n—l),y(n—l)) =(2,3)
= du(x,y) =n, y(2i) = x(2i+1), y(2i+1) =x(2i), (2i,2i+1)N(25,2j+1)=0 (i # j)
@ diamdy >n+m = {TnJ
I C V(C,) independent, 1] =m, 2tn = {(a,a+1)} =E(C,[V\1])
A1) =y(0) A x(0) = y(r+1) W = x(142) = y(v+1) = x(v) W B x(0) =x(1) BT L
= ZJrotation of I x(a+1) # y(a)
@) z(v):==sy € [g)\ {x(v—1),x(v+1),y(v—1),y(v+1)} (veI), q>5 = s, exists
(i) z(a) :==y(a), z(a+1):=y(a+1), z(u):=y() (u¢IU{a,a+1}), (i) z(v):=y(v) (veI)
(i) 50 ¢ (-1 x4}, G w1 €1 = y(u) ¢ sursun},
V@) & {sa-1,x(a+1)}, yla+]) € (@), sara}, (D) y(v) & {y(v—1),y(v+1)}

3
— () UV 41 =t (o —m) +m= | 2],

98]

swap swap swap 2fn
dy=n, dy=n+|n/2)

FIGURE 6. The extremal pair of Theorem|[6.2.3]on C,,.

Example 6.2.4. Forn =5, g =5, the extremal pair x = (0,1,0,1,2), y = (1,0,1,0,3) has I = {1,3}, leftover edge
(4,0) with x(0) =0 # 3 =y(4), and

SIE[S]\{O7O’1’1}’a 336[5]\{0,2,1,3} — 51 =53 =4.

Figure[7]records the schedule row by row, and

15
L=2+34+2=7 2 7<dy(x,y) <L = dy(x,y) =7 = {TJ

t | v Vi vy V3 V4 move

ol o 1 o0 1 2

1o 0 1 2| wes
200 4 o0 2 | vierss
3 40 4 2 | vy
4l 1 4 42 | ey
511 4 1 4 va s y(va)
6 1 @ 1 4 3 vi = y(v)
700 0 1 Jo] 3 [ weym)

FIGURE 7. Space—time record of the three-phase schedule of Example [6.2.4} boxes mark moves.
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Example 6.2.5. Forn=6,¢>5,x=(0,1,0,1,0,1),y=(1,0,1,0,1,0), I = {0,2,4}, s =52 =54 =2,

(0,1,0,1,0,1) %5 (2,1,2,1,2,1) “25 (2,0,2,0,2,0) -2 (1,0,1,0,1,0),

18
L=3+3+3=9 22 9<dy(x,)) <L = dy(x,y)=9= bJ

Example 6.2.6. Breadth-first search (Appendix confirms diamdy = LSn / ZJ at every computed pair, including
g = 4, where Theorem[6.2.3] asserts only the lower bound,

(ng) | (34) (35 (43) (44 (45 (54) (55 (64) (7.4
diamdy | 4 4 6 6 6 7 7 9 10
13n/2] | 4 4 6 6 6 7 7 9 10

Remark 6.2.7. Phase (i) is the only use of the fifth color, so for ¢ = 4 the theorem gives the lower bound and
Example the value for n < 7. Color-graph distances are superpolynomial below A+ 2 colors [22f], with
diameters surveyed in [25, [26]); the closed form here rests on the one-dimensional geometry of the cycle.

6.3. Exact computation on the four-cycle. Since |Q,(C4)| < 1302 for ¢ <7, every quantity is computed exactly.
The transition matrix of Definition is assembled over Q,(Cy4), contraction constants are evaluated in rational
arithmetic over all pairs, and dy by breadth-first search in 6, (Cs); Appendix

q | 19¢(Cs)| | otci(q) | opc(q) | classical | path | fyix(0.05) A

3] 18 s/4 | 7/4 I 57 0.9557
4 84 1 5/4 — — 29 0.9115
5 260 11/12 | 13/12 51 — 22 0.8734
6 630 7/8 1 33 — 19 0.8494
7 1302 17/20 | 19/20 27 94 18 0.8330

TABLE 1. Exact data for C4 at € = 0.05; dashes mark absent contraction.

1.0

oh ® ¢=3 (tmx=57)
B g=4 (i =29)
0.8 -'f A g=5 (tpx=22)
|
06F B
= [
= A=o..
04 B A:......
AAl. .°o...
| | [}
0.2t R
A, A::l g 00..000000.......
) Fi— [ R TYYVY VY 4 oL | LT T ——— ee0esse0ey -
0 10 20 30 40 50 60

FIGURE 8. Exactd(t) =max.cq,(c,) [P (x,") — 7[|Tv; dotted verticals at fmix (0.05) =22, 29, 57,
dashed line at € = 0.05.
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Proposition 6.3.1 (Both constants are attained). For every g > 4,

ElD; | Xo=x,Yy=
max [ ! | 0 + 70 y] :acl<qa4) Vk€{17273a4}7 max E[d‘fo(layl)] :apC(q74)7
(x7)€Qy(C4)? k (1) €Q4(C4)?
dy(x.y)=k dy (x,y)=1

and both maxima equal 1 at g = 3.

Proof.
rational enumeration over Q,(C4) x £,(Cs) (Appendix B])mg]attainment atg =4,5.

]

Proposition 6.3.2 (Geometry of the color graph on C4). For every g > 3,

diamdy = 4, diamdy =6, max (dy (x,y) — du(x,y)) =2,
xy
#{(x,y) ’ du=2,dy = 3} =0, 96, 480, 1440, 3360 (g=3,...,7).
Proof.
3-4
q>5@dlamdg—{2J—6 ge 3,4} =2 diamd, =6
breadth-first search (Appendix [B) EL2 the counted pairs are the swap pairs, absent at g = 3.

]

Remark 6.3.3 (Resolution of sampled estimates). For [iy the empirical measure of N trajectories and 7 uniform on
|Q,(C4)| atoms,

_n(z l—Tcz n(z
Var (fiy (2 rA(-mE) E[fiy(2) — 7 ()| < %
_ \Q c4 ;
— E|iy—7; < _0134 0.290, 0.510, 0.794, 1.141  (N=10%,g=3,...
1Q,( C4 )N~

ZGQq(C4)

exceeding the range of d(t) once ¢ > 6. A sampled curve therefore plateaus at a level increasing in ¢, an artifact of
|Q4(C4)|, whereas Table 1| gives fmix (0.05) strictly decreasing in g.

6.4. Spectral analysis.
Proposition 6.4.1 (Spectral bound for the symmetric chain). Let N = |Q,(C4)| and P=P" as in Lemma m

Then there exist Q € RN and real 1 =11 > ..., ),*:maxkzz( ) with
1 0 -~ 0 A 0 - 0
N . 01 -~ 0 . 0 A - 0 1
= =Iv = s P= A 5 A: . . . 9 =
0lo=00"=Iv=|, . . . 0AQ o 0=
0 0 1 0 O AN
and
d(t) < YWNA!  forallt > 0.
Proof.

P=P' — P=0QAQ0",0'0=1y (spectral theorem for real symmetric matrices)

1
P(x,y) =1 Vx, P=P' P1=1, 1=(1,1,....,1)" A =1, =
; (x,y) = 1Vx = ( )T = A Qe =
P*=(QAQ")(QAQ") = 0A(QT Q)AQ =QAINAQ" =QA?Q"T = P'=0QANQ" Wt
N
y) = Z/,thkaka: N"’Zlthkuyk = P’(XJ’)—”()’): Zlthkuyk
k=

2||P(x,- 7f||TV—Z’Z/1kakak’ <\f< (Z/Ikakak) ) v

77)7
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N 2 N N N N
Z(Z M'kaka) = Z Z M 00 Y OOy = Y Y M A Qi Qi (Nt = Z A O
k=2 k=21=2 Y k=2i=2

>
<Al Z 0% =A% (00" ) e =AY (Iv)xx =AY = d(1) < JVNA/.
O
Example 6.4.2 (Drift and spectral bounds against the exact decay). For ¢ =35, N =260, o (5) = 12, A, = 0.873446,
d(10) =0.2335 < 4(%)10 = 1.6756, d(22) =0.0444 < 4(}—;)22 =0.5899, d(30) = 0.0150 < 0.2941,
1V/260 =8.0623,  (0.873446)* = exp(2210g(0.873446)) = exp(—2.977) = 0.05090

BT 4(22) < 8.0623 x 0.05090 = 0.4104,
and A, < oi(q) for every ¢ in Table 1}
6.5. Closed forms.

Theorem 6.5.1 (Both methods on C,,, closed form). For every n > 3 and the coupling of Definition

4>5 = tn(e) < [”(qq_f)(log(n)ﬂog(s‘l))],

q>7 = tmix(€) < V(qq_—éZ) (log(f?np +10g(£71))—‘7

with the first strictly smaller for every q > 1, and both O(nlog(n)) for fixed q.

Proof.
3
diamdy =n @ the first bound, q=>7 @ diamdy = LEHJ @ the second

0<g—6<qg—4, n< {%J ELT the ordering, log( L%J) <log(n)+log(2).

(Il
Example 6.5.2. Forn=6,9="17, € =0.05,
-5
5 — (log(6) +10g(20)) = 10 x 4.787492 = 47.875 = 1x(0.05) < 48,
3.6 6-5 156
{TJ =9, 22 (log(9) +10g(20)) = 30 x 5.192957 = 155789 —> s (0.05) < 156, =’ =3.25.
Theorem 6.5.3 (The four-cycle, closed form). On Q,(Cs),
3 1 3 1
Q(Cy)|=(g—1D*+(qg—1 =z =4+ —
Q4(C)l=(g—-1)"+(¢g=1),  oalg)=_+ -2 Oelq) = 5 + .2
both attained, with thresholds ¢ > 5 and q > 7, and
diamdy =4,  diamdy =6,  tmix(0.05) =57,29,22,19,18  (¢=3,...,7).
Proof.
Proposition [3.1.1} Theorems 3.1 5.2.1]at n = 4, Proposition [6.3.1}
Proposition[6.3.2] Table[1}
O
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APPENDIX A. FOUNDATIONAL TOOLS
A.l1. Linear algebra over R.
Definition A.1.1. A € Matyy(R) is symmetricif A=AT, and Q € Matyy(R) is orthogonal if 0" Q = QQ" =

Theorem A.1.2 (Spectral theorem, real symmetric case). Let A = AT € Matyyn(R). Then every eigenvalue of A is
real, and there exist an orthogonal Q and A = diag(A1,...,Ay), A; € R, with

A=QAQ".
Proof.
AE=AE, 0£ECC) — A(E"E)=E"(AE) = (AE)E = (AE)"E =R (E"E) — (A—A)(E"E) =0 —> A€R
N=1= A=(A), N>2, A& =ML&, [&|=1, W=(&)" cRY
weW = & (Aw) = (A&) ' w=M4(§w)=0 = AW CW,  (Alw)" =Aly
3 orthonormal eigenbasis &;,...,E = Q= (& --- &y), AQ=0A = A=QAQ".

mductlon

|
Corollary A.1.3. If additionally Ay, > 0 and Y., Ay = 1 for every x, then every eigenvalue satisfies A € [—1,1].
Proof.
AL =18, & :m]".’-X(|‘§j|) >0 = |A]|&|= ‘ZAijij’ <Y AIE < &Y Aij =& = Al <1
J J J
O

APPENDIX B. REPRODUCIBILITY

The chain is assembled entrywise from Definition[2.6.1]

1 1 . .
P(x,y) = i TAE] if x,y differ exactly at v and y(v) € Ly(v), P(x,x) =1 —};CP(X’)’),
1 1
d(t)= max = PH(x,y) = ———|, A, = max(|4]) 22 A €R.
=g, 7, L O gl py(A) == A

One-step expectations are exact rationals via Lemmas @.1.2]and [2.2.4] the update at u being coupled by
B =Ur ), V=Up () ru = p—min{u, v}, ry=v—min{y, v},

P(X; () = a, ¥i (u) = b) = min{u(a), v(a)} 1{a = b} + Z”(())l{ £b},

and dy by breadth-first search in €, (C,) (Definition2.7.1). Listings [TH4] concatenated form figures. py; Listing[5
is verify.py.

B.1. Shared core.

LISTING 1. Common definitions for Listings [2}H4]

I import itertools
import numpy as np
3 import matplotlib
4 matplotlib.use("Agg")
import matplotlib.pyplot as plt

plt.rcParams.update ({

8 "font.family": "serif", "font.size": 9,

9 "mathtext.fontset": "cm",

10 "pdf.fonttype": 42, "ps.fonttype": 42,

11 "axes.linewidth": 0.6,

12 "xtick.direction": "in", "ytick.direction": "in
13 "savefig.bbox": "tight", "savefig.pad_inches": 0.03})

"
B

15 def save(fig, name):
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fig.savefig(name + ".pdf")
fig.savefig(name + ".png", dpi=400)
plt.close(fig)

def chain(q, n=4):
S = [c for c in itertools.product(range(l, q + 1), repeat=n)
if all(c[i]l '= c[(i + 1) % n] for i in range(n))]
idx = {c: i for i, c in enumerate(S)}
N = len(S)
P = np.zeros((N, N))
for ¢ in S:
i = idx[c]
for v in range(n):
legal = [x for x in range(l, q + 1)
if x not in {c[(v - 1) % nl, c[(v + 1) % nl}]
for x in legal:
d = list(c)
dlv] = x
P[i, idx[tuple(d)]] += 1.0 / (n * len(legal))
return S, P

def worst_tv(P, T):

N = len(P)

pi = np.full(N, 1.0 / N)

M = np.eye(N)

out = []

for _ in range(T + 1):
out.append(0.5 * np.abs(M - pi).sum(axis=1).max())
M=M@P

return np.array(out)

B.2. Figure[5|

LISTING 2. Generation of Figure[5]

fig, ax = plt.subplots(figsize=(3.3, 2.2))

gs = np.arange(3, 13)

acl = 0.75 + 1 / (2 * (gs - 2))

apc = 0.75 + 1 / (qs - 2)

ax.axhline(1, 1ls="--", 1lw=0.7, color="black", zorder=1)

ax.plot([5, 5], [0.70, acl[2]], ":", 1w=0.7, color="0.45", zorder=1)

ax.plot([7, 7], [0.70, apc[4]], ":", 1lw=0.7, color="0.45", zorder=1)

ax.plot(gs, acl, "o", ms=3.2, color="black", linestyle="none",
zorder=3, clip_on=False, label=r"$\alpha_{\mathrm{cl}}(q,4)$")

ax.plot(gs, apc, "o", ms=4.2, mfc="white", mec="black", mew=0.8,
linestyle="none", zorder=4, clip_on=False,
label=r"$\alpha_{\mathrm{pc}}(q,4)$")

ax.set_xlabel(r"$q$")

ax.set_xticks([3, 5, 7, 9, 11])

ax.set_ylim(0.70, 1.80)

ax.set_yticks([0.75, 1.00, 1.25, 1.50, 1.75])

ax.legend(frameon=False, fontsize=7, loc="upper right")

save(fig, "fig_alphas")

»

B.3. Figure[§

LISTING 3. Generation of Figure[§]

fig, ax = plt.subplots(figsize=(4.6, 2.5))

markers = {3: "o", 4: "s", 5: """}
tmix = {}
ax.axhline(0.05, 1ls="--", 1lw=0.7, color="black", zorder=1)

for qq in (3, 4, 5):
d = worst_tv(chain(qq) [1], 60)
tmix[qq] = int(np.argmax(d <= 0.05))
ax.plot([tmix[qql] * 2, [0, 0.05], ":", 1lw=0.7, color="0.45", zorder=1)
ax.plot(np.arange(61), d, markers[qql, ms=2.6, mfc="black", mec="black",
linestyle="none", zorder=3, clip_on=False,
label=rf"$q={qq}$ ($t_{{\mathrm{{mix}}}}={tmix[qql}$>")
ax.text(61.0, 0.05, r"$\varepsilon$", va="center", fontsize=8)
ax.set_xlabel(r"$t$")
ax.set_ylabel(r"$d(t)$")
ax.set_xlim(-1, 63)
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ax.set_ylim(0, 1.02)
ax.legend(frameon=False, fontsize=7)
save(fig, "fig_decay")
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B.4. Figure[2]

16
17

LISTING 4. Generation of Figure[2]

fig, ax = plt.subplots(figsize=(3.3, 2.3))
ns = np.arange(3, 11)
for qq, mk, mf in ((3, "o", "black"), (4, "s", "white")):
ax.semilogy(ns, (qq - 1.0) ** ns, "--", 1lw=0.7, color="0.45", zorder=1)
ax.semilogy(ns, (qq - 1.0) ** ns + (-1.0) ** ns * (qq - 1), mk, ms=3.4,
mfc=mf, mec="black", mew=0.8, linestyle="none",
zorder=3, clip_on=False,
label=rf"$|\Omega_{{{qq}}}(C_n) I$")
ax.text(10.2, 2.0 ** 10, r"$2°n$", fontsize=7, va="center")
ax.text(10.2, 3.0 *x 10, r"$3"n$", fontsize=7, va="center")
ax.set_xlabel(r"$n$")
ax.set_xticks([3, 5, 7, 9])
ax.set_x1im(2.6, 11.3)
ax.legend(frameon=False, fontsize=7, loc="upper left")
save(fig, "fig_growth")

print ("wrote fig_{alphas,decay,growth}; t_mix:", tmix)

B.5. Verification.

16

19

20

LISTING 5. verify.py, certifying Table[l] Propositions[6.3.1]and [6.3.2} and Examples[5.1.3]

[6:2.4.[6.2.3] and[6.2.6]

import itertools

from collections import deque
from fractions import Fraction
import numpy as np

def states(q, n):
return [c for c in itertools.product(range(q), repeat=n)
if all(c[i] !'= c[(i + 1) % n] for i in range(n))]

def legal(x, v, q, n):
return [c for c in range(q) if c not in {x[(v - 1) % nl, x[(v + 1) % nl}]

def graph(q, n):
S = states(q, n)
idx = {c: i for i, c¢ in enumerate(S)}
adj = [[1 for _ in S]
for ¢ in S:
for v in range(n):
for col in legal(c, v, q, n):
if col != clv]:
d = list(c); dlv] = col
adj[idx[c]].append(idx[tuple(d)])
return S, idx, adj

def all_dists(S, adj):
N = len(S); D = []
for s in range(N):
d = [-1] * N; d[s] = 0; Q = deque([s])
while Q:
u = Q.popleft()
for w in adj[ul:
if d[w] < 0O:
d[w] = d[ul + 1; Q.append(w)
D.append(d)
return D

def tv_uniform(A, B):
return 1 - len(set(A) & set(B)) * Fraction(l, max(len(A), len(B)))

for q in (3, 4, 5, 6, 7):
S = states(q, 4); N = len(S)
idx = {c: i for i, c in enumerate(S)}
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43 P = np.zeros((N, N))

44 for ¢ in S:

45 i = idx[c]

46 for v in range(4):

47 L = legal(c, v, q, 4)

48 for col in L:

49 d = list(c); d[v] = col

50 P[i, idx[tuple(d)]] += 1.0 / (4 * len(L))
51 pi = np.full(N, 1.0 / N); M = np.eye(N); tmix = None

52 for t in range(200):

53 if tmix is None and 0.5 * np.abs(M - pi).sum(axis=1).max() <= 0.05:
54 tmix = t

55 M=M@P

56 lam = float(np.sort(np.abs(np.linalg.eigvalsh(P)))[-2])

7 print(f"q={q} |Omegal={N} t_mix={tmix} lambda*={lam:.4f}")

59 for q in (3, 4, 5, 6, 7):
60 S = states(q, 4)
61 best = {k: Fraction(0) for k in (1, 2, 3, 4)}

62 for x in S:

63 for y in S:

64 S0 = [v for v in range(4) if x[v] != y[v]]
65 k = 1len(S0)

66 if k == 0O:

67 continue

68 E = Fraction(0)

69 for u in range(4):

70 T = tv_uniform(legal(x, u, q, 4), legal(y, u, q, 4))
71 E += Fraction(1, 4) * (k - (u in SO) + T)

2 best [k] = max(best[k], E / k)

73 acl = Fraction(3, 4) + Fraction(l, 2 * (q - 2))

74 print(f"q={q} classical maxima {dict(best)} alpha_cl={acl}")

76 for q in (3, 4, 5, 6, 7):
S, idx, adj = graph(q, 4)

78 D = all_dists(S, adj)

79 best = Fraction(0)

80 for i, x in enumerate(S):

81 for j in adj[il:

82 y = S[jl

83 E = Fraction(0)

84 for u in range(4):

85 A, B = legal(x, u, q, 4), legal(y, u, q, 4)

86 mA, mB = Fraction(l, len(A)), Fraction(1, len(B))

mu = {c: (mA if c in A else Fraction(0)) for c in set(A) | set(B)}
88 nu = {c: (mB if ¢ in B else Fraction(0)) for c in set(A) | set(B)}
89 rA {c: mu[c] - min(mul[c], nulc]) for c in mu}

90 rB = {c: nulc] - min(mulc], nulc]) for c in nu}

91 T = sum(rA.values())

92 for ¢ in mu:

93 w = min(mulc], nulcl)

94 if w:

95 X = list(x); X[ul = c; Y = list(y); Y[ul = ¢

96 E += Fraction(l, 4) * w * D[idx[tuple(X)]][idx[tuple(Y)]]
97 if T:

98 for ca, wa in rA.items():

99 if not wa: continue

100 for cb, wb in rB.items():
101 if not wb: continue

102 X = list(x); X[ul = ca; Y = list(y); Y[ul = cb

103 E += Fraction(l, 4) * wa * wb / T * D[idx[tuple(X)]][idx[tuple(Y)]]
104 best = max(best, E)

105 apc = Fraction(3, 4) + Fraction(1l, q - 2)

106 print(f"q={q} path maximum {best} alpha_pc={apcl}")
107

105 for q in (3, 4, 5, 6, 7):

109 S, idx, adj = graph(q, 4)

110 D = all_dists(S, adj)

111 dG = max(max(r) for r in D)

112 swaps = sum(1 for i, x in enumerate(S) for j, y in enumerate(S)

113 if sum(a != b for a, b in zip(x, y)) == 2 and D[i][j] == 3)
114 gap = max(D[i][j] - sum(a != b for a, b in zip(S[il, S[j1))

115 for i in range(len(S)) for j in range(len(S)))

116 print(f"q={q} diam_G={dG} max(dG-dH)={gap} swap pairs={swaps}")

118 for (n, q) in ((3,4),(3,5),(4,3),(4,4),(4,5),(5,4),(5,5),(6,4),(7,4)):
119 S, idx, adj = graph(q, n)

120 dG = max(max(r) for r in all_dists(S, adj))

121 print (f"n={n} gq={q} diam_G={dG} floor(3n/2)={3*n//2}")
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23 def replay(z, moves, y, q, n):

124 z = list(z)

25 for v, ¢ in moves:

126 assert ¢ != z[v] and c in legal(z, v, q, n)
2 z[v] = ¢

28 assert tuple(z) ==y

129 return len(moves)

print ("C5 schedule:", replay((0,1,0,1,2),

print ("C6 schedule:", replay((0,1,0,1,0,1),
[(0,2),(2,2),(4,2),(1,0),(3,0),(5,0),(0,1),(2,1),(4,1)], (1,0,1,0,1,0), 5, 6), "moves")

1
32 [(1,4),(3,4),(0,1),(2,1),(4,3),(1,0),(3,00]1, (1,0,1,0,3), 5, 5), "moves")
i\
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