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ABSTRACT. This is a joint introduction to mathematics and physics, guided by the
dimensionality of the ambient space, and with the mathematics and physics chapters
alternating. We start with a discussion on what happens in 1 dimension, namely the
basics of calculus, and some physics too, including 1D collisions, relativity, gravity, waves
and heat. Then we go on a similar discussion in 2D, featuring this time plane vectors,
complex numbers, and more advanced physics, such as elliptic orbits under gravity. We
then discuss what happens in 3 dimensions, namely standard vector calculus, and 3D
classical mechanics, and the basics of electromagnetism. Finally, we discuss 4D and
curved spacetime, and we end with a brief introduction to quantum mechanics.



Preface

How many dimensions do we live in? Three I guess, hope we agree on this, and please
be reassured, we won’t be here with this book for contradicting this basic fact. However,
and here comes my point, for learning mathematics and physics, as a student, or for
fine-tuning your knowledge in mathematics and physics, as an amateur or a professional,
a look at the whole spectrum of possible dimensions, N = 0,1,2,3,4,...,00, not to talk
about some more exotic dimensions that can be invented too, such as fractionary, or
mystical, can be something instructive. Here is the situation, and judge yourself:

N = 0. This is something a bit philosophical, with some mathematics going on here,
which can be quite interesting, but remains something quite specialized, and with no
physics, at least in some reasonable sense, going on. So, we should better skip this.

N =1. This is something interesting, because most of the basic mathematics that
must be learned, namely real numbers, sequences, series, and then functions and basic
calculus, takes place here. As for the 1D physics, this can be serious business too.

N = 2. This is definitely interesting, because many of the 3-dimensional questions
that we would like to solve, be them in mathematics or physics, live in fact in a suitable
plane, and so, in 2D. Many things, both mathematics and physics, to be learned here.

N = 3. This needs no presentation I guess, and with respect to the previous learning
from lower dimensions, one key new thing in mathematics is the vector product x x y. As
for physics, of genuine 3D nature are thermodynamics and electromagnetism.

N = 4. This is something more modern, coming from Einstein, who discovered not
that long ago that space R? and time R are not independent, as previously thought. So,
the true space that we live in is in fact a curved version of R? x R = R*.

N > 5. This is something even more modern, with N = oo coming from quantum
mechanics, as developed by Heisenberg and others, and with 4 < N < oo being more
recent physics business, typically with the bigger the N < oo, the fancier the theory.
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4 PREFACE

So, this was for the quick story of dimensionality in mathematics and physics. Might
sound a bit like psychedelia, and yes I confirm, artists are not the only ones not knowing
in how many dimensions they live in, we mathematicians and physicists do the same.

This book will be an introduction to this, basic mathematics and physics, or theory of
forces and vectors, if you prefer, guided by the dimensionality of the ambient space. We
won’t particularly favor mathematics over physics, or vice versa, the book being written
50 — 50, with the mathematics and physics chapters alternating, the odd-numbered ones
1 —3 —...— 15 being mathematics, and the even-numbered ones 2 — 4 — ... — 16 being
physics. The organization is in 4 parts, following a N = 1,2, 3,4 scheme, as follows:

(1) We start with a discussion on what happens in 1 dimension, namely the basics of
calculus, and 1D physics, regarding collisions, relativity, gravity, waves and heat.

(2) Then we go on a similar discussion in 2D, featuring this time plane vectors, complex
numbers, and more advanced physics, such as elliptic orbits under gravity.

(3) We then discuss what happens in 3 dimensions, namely standard vector calculus,
followed by 3D classical mechanics, and the basics of electromagnetism.

(4) Finally, motivated by the findings of Einstein, we discuss 4D and curved spacetime,
and we end with a brief introduction to quantum mechanics.

In the hope that you will find this book useful, whether here for learning mathematics
and physics, or for fine-tuning some previous knowledge. Personally, I learned many
interesting things when writing it, with the organization of the book, which is something
quite original, forcing me to rethink all sorts of things that I previously knew.

This book will be, of course, just an introduction to the subject. As a continuation,
for more mathematics you have my book [11], for more physics and quantum mechanics
you have my book [12], and for more relativity theory you have my book [13].

As mentioned, the preparation of this book, according to the above guidelines, was
a quite challenging task. And many thanks here to my cats, for some help with this,
projecting from meow to various N < oo values being a quite easy matter, for them.

Cergy, July 2026
Teo Banica
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Part 1

One dimension



So ya thought ya
Mught like to go to the show
To feel the warm thrill of confusion
That space cadet glow



CHAPTER 1

Real numbers

la. Numbers

Welcome to mathematics and physics, and whether you know none or some, this will
be an enjoyable trip, and we will learn interesting things together. The plan will be to
investigate mathematics and physics in 1D in the present Part I, then switch to 2D, which
is more complicated, in Part II, then to 3D in Part III, and then to 4D in Part IV.

Which looks like something quite mathematical, so as our first theorem I guess, save for
the conversion between Arabic and Roman numerals, which is the nightmare of humanity
for centuries and counting, we have the following equation, for this book:

Part X = XD science

This being said, you might probably wonder, with us starting now Part I, are there
enough things to be learned there? I mean, we certainly live in 3D, or perhaps 4D
according to Einstein, so why bothering with 1D, we should learn, as a quick warm-up,
some 2D stuff, and then go with the 3D, or perhaps 4D, that we are interested in.

In answer, not so quick, there are many interesting things to be learned in 1D, trust
me here. In fact, there are so many interesting things going on there, both math and
physics, that I won’t be surprised, if one day we face an advanced alien 1D civilization,
that these guys will be more advanced than us, and we will have to ask for mercy.

By the way, talking aliens living in 1D, no need to go to space for meeting them,
because here on Earth we have ants. At my house at least, plenty of them from time to
time, coming doing their business, in 1D formation, walking along the walls. And having
some sort of status of apex predators, the other animals dwelling at the house, namely
cats, rats, spiders and myself, being quite peaceful, and not interested in them.

So, let’s see what one of these ants has to say, about living in 1D:

ANT 1.1. There is life in 1D, and we are quite advanced at math and physics. And
one day, after WWS3 and the nuclear fallout, we will grow 100 times bigger.

Okay, thanks ant, so my intuition was right, certainly worth spending the first 100
pages in this book in understanding 1D phenomena, both math and physics.
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12 1. REAL NUMBERS

Getting started now, what exactly is 1D? Well, 1D is the real line R, and in order
to get familiar with it, we first have to talk about usual numbers, n € N, then about
integers, m € Z, then about fractions, r € QQ, and finally about reals, x € R.

In what regards the usual numbers n € N, you are certainly familiar with them, and
notably with their summing operation +, and product operation x. So, I won’t bother
you much with this, but as something that you might have noticed or not, never too late
for learning new things, here is an interesting observation about these numbers:

Fact 1.2. There is no need for digits 0,1,...,9 in order to talk about the numbers
n € N, because these can be designated by repeating any symbol of your choice:
5 = Q0000
Howewver, the digits a,b,c,... and the usual notation n = abc. .. for the numbers n € N
are useful when dealing with large numbers, as shown for instance by
(VIVIVIVIVIVIVIVIVIVIVV
A7 — (VIVIVIVIVIVIVIVIVIVIVV
ERVAVAVAVIVIVIVIVIVIVIVV)
(VIVIVIVIVIVIVIVIVIVV

and for doing arithmetic with these numbers, via the well-known algorithms for + and x.
Also, the choice of the numeration basis 10 is something human, and modern.

To be more precise, and I insist here, there are things that you certainly know from
school, save however for the last assertion, regarding the numeration basis 10, which is
something traditionally not taught, and what a pity, because many interesting things can
be said here. So, exercise for you to learn more about such things, numeration bases.

Getting now to the arbitrary integers, m € Z, again these are beasts that you know
well from school, and T won’t bother you with this. Let us just record, about them:

Fact 1.3. The arbitrary integers m € Z are there as for the following equation, with
a,b €N, to always have solutions, over the integers:

a+x=5>

In practice, the integers fall into two classes, namely positive, m € N, and negative,
m = —n with n € N. Also, Z comes from “zahlen”, which is German for “numbers”.

As before, these are things that you know well from school, save perhaps for the last
assertion, regarding the notation Z. And beware of Germans I guess, these guys call
abstract beasts like —15 numbers. By the way, our previous N comes from “natural”.

Time now to upgrade to fractions, or quotients, or, in fancier mathematical parlance,
to rational numbers? You surely know about these too, and with these beasts being
something more subtle, worth a mathematical Definition I guess, as follows:
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13
DEFINITION 1.4. The rational numbers are the quotients of type
a
r=-
b
with a,b € Z, and b # 0, identified according to the usual rule for quotients, namely:
a ¢

—=- <= ad=Vbc
b d
We denote the set of rational numbers by Q, standing for “quotients”.

Observe that we have an inclusion Z C Q, given by m = m/1. The rational numbers
add and substract according to the usual rules for quotients, which are as follows:

a ¢ ad+bc

n a ¢ ad—bc
b d  bd ’ b d  bd
Also, they multiply and divide according to the usual rules for quotients, namely:
a ¢ ac

a ¢ ad
b d be
Finally, in analogy with Fact 1.3, observe that the rational numbers are there as for
the following equation, with a,b € N, to have solutions, over the rationals:

bd b

ar =1b
Which is something quite interesting, so as our first theorem, let us formulate:
THEOREM 1.5. The passage N — Q appears as for the equations

a+x=0b , ar=5b
with a,b € N to have solutions, over the rationals.

Proor. This is indeed obvious, and of course with a # 0 for the products. However,
this theorem can be useful for instance for bragging about mathematics, because with the
convention that a mathematical field is a set where a + x = b and ax = b have solutions,
what we just proved is that “Q is the simplest field containing N”. Nice.

O
As our second theorem now, which is something of true usefulness, we have:

THEOREM 1.6. The number of possibilities of choosing k objects among n objects is

(4)

called binomial number, where n! =1-2-3...(n —2)(n — 1)n, called “factorial n”.

PRroOF. This is something more subtle, the idea being as follows:

(1) Imagine a set consisting of n objects. We have n possibilities for choosing our 1st
object, then n — 1 possibilities for choosing our 2nd object, out of the n — 1 objects left,
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and so on up to n — k + 1 possibilities for choosing our k-th object, out of the n — k + 1
objects left. Since the possibilities multiply, the total number of choices is:
n!
(n—k)!

(2) However, thinking a bit, this number N that we computed is in fact the number
of possibilities of choosing k ordered objects among n objects. Thus, we must divide
everything by the number M of orderings of the k objects that we chose:

(1) =

(3) In order to compute now the missing number M, imagine a set consisting of k
objects. There are k choices for the object to be designated #1, then k — 1 choices for
the object to be designated #2, and so on up to 1 choice for the object to be designated
#k. We conclude that we have M = k(k —1)...2-1= k!, and so, as claimed:

@)_nwz;my_mdim!

(4) Finally, as a complement to what is said in the statement, let us mention that we
have to make the convention 0! = 1, as for the following computation to work:

n n! n!
= —— p— ]_
n nl0l nlx1

And with this, we have now everything that we need to know, on this subject. O

N=nn-1)...n—k+1)=

As our third theorem now, further building on Theorem 1.6, we have:
THEOREM 1.7. We have the binomial formula

(a+0b)" = Zn: (Z) akprr

k=0

valid for any two numbers a,b € Q.
Proor. We have to compute the following quantity, with n terms in the product:
(a+b)"=(a+b)(a+b)...(a+Db)

When expanding, we obtain a certain sum of products of a, b variables, with each such
product being a quantity of type a*b"*. Thus, we have a formula as follows:

(a+0b)" = Z Cra®b™*
k=0
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In order now to finish, it remains to compute the above coefficients C}. But, according
to our initial product formula, C} is the number of choices for the k£ needed a variables
among the n available a variables. Thus, according to Theorem 1.6, we have:

()

We are therefore led to the formula in the statement. O

Theorem 1.7 is something quite interesting, so let us doublecheck it with some numer-
ics. At small values of n we obtain the following formulae, which are all correct:

(a+0)° =1
(a+b)=a+b
(a+b)* =a*+2ab+b?
(a+0b)* = a® + 3a*b + 3ab® + b’
(a+b)* = a* + 4a’b + 6a*b* + 4ab® + b*
(a+b)° = a® + 5a*b + 10a°6* + 10a%b* + 5ab* + b°
(a+b)® = a® + 6a°b + 15a*V? + 20a®V® 4 15a%b* + 6ab° + 1°

Now observe that in these formulae, say for memorization purposes, the powers of the
a, b variables are something very simple, that can be recovered right away. What matters
are the coefficients, which are the binomial coefficients (2), which form a triangle. So, it

is enough to memorize this triangle, and this can be done by using:

THEOREM 1.8. The Pascal triangle, formed by the binomial coefficients (Z),

has the property that each entry is the sum of the two entries above it.
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PROOF. In practice, the theorem states that the following formula holds:

n\ (n-—1 n n—1
k) \k-1 k
There are many ways of proving this formula, all instructive, as follows:

(1) Brute-force computation. We have indeed, as desired:

Clj>+(n;§ - @fqiylmf*mgtgfnl

) _
B (n— 1)! 1 1
= @—1mn—k—1ﬂ<n—k+z)
(n—1
)

n—1)! n
(k—Dln—k—1)! k(n—k)

n
- (1)
(2) Algebraic proof. We have the following formula, to start with:
(a+b)" = (a+b)""(a+b)
By using the binomial formula, this formula becomes:

£ )

k=0 r=0

(a+0b)

Now let us perform the multiplication on the right. We obtain a certain sum of terms
of type a*b"*, and to be more precise, each such a*b"~* term can either come from the
(Zj) terms a*~'6"~* multiplied by a, or from the ("gl) terms a®b"~'=* multiplied by b.
Thus, the coefficient of a*b"~* on the right is (Zj) + (";1), as desired.

(3) Combinatorics. Let us count k objects among n objects, with one of the n objects
having a hat on top. Obviously, the hat has nothing to do with the count, and we obtain

(Z) On the other hand, we can say that there are two possibilities. Either the object

with hat is counted, and we have (Zj) possibilities here, or the object with hat is not

counted, and we have (";1) possibilities here. Thus (Z) = (Zj) + (”;1), as desired. [

1b. Real numbers

Getting now to where we wanted to get, the real numbers z € R, you are certainly
familiar with them, but after all, what exactly are these beasts?

Which is not an easy question, imagine for instance our Stone Age ancestors, these
gentlemen certainly knew about integers and fractions, but I bet that they didn’t bother
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with reals. In short, the real numbers are a relatively recent discovery. Mathematically
speaking, we have 3 possible definitions for them, all interesting, as follows:

THEOREM 1.9. The real numbers x € R appear in 3 possible ways, as follows:

(1) As cuts in the set of rationals, Q = A, U B,, withp € A,,q € B, = p<q.
(2) As limits of rational numbers, x = lim,, o 1, with r, € Q, r, — ry, — 0.
(3) As decimal expressions, x = %aq . .. a,.bibobs ..., with a;,b; € {0,...,9}

Proor. This is something not exactly trivial, the idea being as follows:

(1) In what regards the first definition of the reals, as cuts Q = A, U B,, this is
something quite intuitive, with v/2 for instance coming from the following cut:

Aﬁfol_l{peQde} : Bﬂz{qu+q2>2}

Be said in passing, observe that what we say in the statement must be complemented
with the following condition, in order to avoid some troubles when x € Q:

inf B, ¢ B,

In any case, what we have here is a viable approach to the reals, and as an interesting
feature of this approach, the addition and multiplication of reals is something quite simple,
obtained by adding and multiplying the corresponding cuts, in the obvious way. Up to
some mess with the positives and negatives, which is quite easy to untangle.

(2) This is again something quite intuitive, up to some clarifications regarding the
precise meaning of what we say in the statement, and more on this in a moment. On the
upside, when compared to (1), the addition and multiplication become a bit simpler:

lim r, + lim p, = lim r, + p,
n—oo n—oo n—oo
lim r, x lim p, = lim r,p,
n—oo n—oo n—o0
However, on the downside, we have for instance the following question:

V2 =7
And by this I mean, is it really obvious that v/2 is a limit of rationals? Not really.

(3) This is something that you surely know, and that everyone uses, in practice.
However, theoretically speaking, this is the worst approach, because besides the above
v/2 =7 problem from (2), which persists with this approach, we have, as questions:

aj ... Gn.blbzbg R G Cm.d1d2d3 co. =7
ai ... an.b162b3 oo XCr... Cm.d1d2d3 oo =7
And, you should agree with me here, solving these 2 problems is no easy business.

(4) So, this was for our general comments regarding the constructions (1,2,3), these
are all interesting, with each one having is own advantages and disadvantages.
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(5) Regarding now the proof, things here are quite long, the standard way being that
of using (1) for building the theory of real numbers, which is certainly something that
can be done, with some patience, and then developing some analysis theory for these real
numbers, and proving the equivalence with (2) and with (3). For details here, you can
check for instance my calculus book [11], where the whole story is explained. O

Back now to more concrete things, in the same topics, we have as well:

THEOREM 1.10. The following happen, in relation with the passage Q — R:

(1) Q is countable, while R is not countable.
(2) r € R is rational precisely when its decimal writing is periodic.
(3) The probability for a randomly picked x € R to be rational is 0.

PrRoOOF. We have several things to be proved, the idea being as follows:

(1) We can count the positive rationals, with some redundancies, as follows:

1/1-1/2 1/3>1/4

“
2/1 2/2 2/3 2/4
V.
3/1 3/2 3/3 3/4
yd

4/1  4/2 43 4/4

Now after eliminating the redundancies, and then adding the negatives, which must
be countable too, say via an alternating +/— scheme, countability of Q proved.

(2) Regarding now the reals, assume by contradiction that [0, 1] is countable, listed as
follows, and with the convention that the writings of type ...999... are avoided:

T = O.a1a2a3 c
To = O.blbgbg e

T3 = 0.016203 oo

Now pick digits o1 # a1, 09 # by, 03 # 3 and so on, again with a technical convention
here, that these are different from 9, and define x € R as follows:

T = 0.0'10'20'3 Ce

We have then = € [0,1], and since z is obviously not on the above list, this is a
contradiction. Thus [0, 1] is not countable, and it follows that R is not countable either.
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(3) Assuming that » € R has periodic decimal writing, the following computation,
based on (107 — 1)(3°, 107*7) = 1, obtained by multiplying, gives r € Q:

ro= Faj...amn.bi... byci...cpci.cp. ..

_ o1 —_— 1 1
— W al...aml...n+61...cp 1—0p+102p—|—

1 cl...C
= +— by .. by —E
10 (“1 im1 +10p—1)
(4) Conversely, given a rational number r = k/l, we can find its decimal writing by
performing the usual division algorithm, & divided by [. But this algorithm will be surely
periodic, after some time, so the decimal writing of r is indeed periodic.

(5) Finally, let us prove that the probability for a real number = € [0, 1] to be rational
is 0. So, let us write the rationals r € [0, 1] in the form of a sequence, as follows:

QnJlo,1] = {7’1,7’2,7’3,...}
Now pick ¢ > 0. Since the probability of having x = r; is certainly smaller than ¢/2,

then the probability of having x = ry is smaller than ¢/4, then the probability of having
x = r3 is smaller than ¢/8; and so on, the probability for x to be rational satisfies:

P<c+c+c+ B 1+1+1+ B
=5ti17t3 e=clg Tty gt =c
Thus P < ¢, and since ¢ > 0 was arbitrary, we obtain P = 0, as desired. U

With this discussed, time now for the real thing, analysis, which among others will
clarify some of the considerations above? At the beginning of everything, we have:

DEFINITION 1.11. We say that a sequence {x, }neny C R converges to x € R when:
Ve >0,IN e NNVn > N, |z, —z| < ¢
In this case, we write lim,, . x, = x, or simply x, — x.

This might look quite scary, at a first glance, but when thinking a bit, there is nothing
scary about it. Indeed, let us try to understand, how shall we translate x, — x into
mathematical language. The condition x,, — x tells us that “when n is big, x, is close
to 2”7, and to be more precise, it tells us that “when n is big enough, z,, gets arbitrarily
close to x”. But n big enough means n > N, for some N € N, and z,, arbitrarily close to
x means |z, — x| < g, for some € > 0. Thus, we are led to the above definition.

Examples in a moment, but before that, let us complement Definition 1.11 with:
DEFINITION 1.12. We write x,, — oo when the following condition is satisfied:
VK >0,dN e N,Vn > N,z, > K

Similarly, we write x,, — —oo when the same happens, with x, < —K at the end.
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Again, this is something very intuitive, coming from the fact that x, — oo can only
mean that z,, is arbitrarily big, for n big enough. As a basic illustration now, we have:

PROPOSITION 1.13. We have the following convergence,

0 (a<0)
n*—=<¢1 (a=0)
oo (a>0)

with n — o0.
PRrooF. This is quite obvious, but let us prove it using Definitions 1.11 and 1.12:

(1) Assuming a < 0, pick m € N such that a < —1/m. Since n® < n~Y/™ it is enough
to prove that n='/™ — 0. But for this latter purpose, observe that we have:

1 1 1
m <€<:>m<€<':>—m<n
n n 15

-0

Thus we can take N = [1/™] + 1 in Definition 1.11, and we are done.

(2) Assuming a > 0, pick m € N such that a > 1/m. Since n® > n'/™_ it is enough to
prove that n'/™ — co. But for this latter purpose, observe that we have:

nt/m>K = n>K™"
Thus we can take N = [K™] 4 1 in Definition 1.12, and we are done. O
Next, we have some useful general results about limits, summarized as follows:

THEOREM 1.14. The following happen:
(1) The limit lim,, o x,,, if it exists, is unique.
(2) If x,, — z, with x € (—o00,00), then x,, is bounded.
(3) If z,, is increasing or descreasing, then it converges.
(4) Assuming x, — x, any subsequence of x,, converges to x.

Proor. All this is elementary, coming from definitions:
(1) Assuming z, — z, x,, — y we have indeed, for any £ > 0, for n big enough:
[z =yl < o —an| + |on —y| < 2e
(2) Assuming z,, — x, we have |z, —z| < 1 for n > N, and so, for any k € N:
2] < 1+ [2] + sup (jzal, - [0 1))

(3) By using & — —ux, it is enough to prove the result for increasing sequences. But
here we can construct the limit € (—oo, 00] in the following way:

U(—oo,mn) = (—o0, )

neN
(4) This is clear from definitions. 0
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Here are as well some general rules for computing limits:

THEOREM 1.15. The following happen, with the conventions co+00 = 00, 0000 = 00,
1/00 =0, and with the conventions that co — oo and oo - 0 are undefined:
) xp, — x implies \x,, — Ax.
) Ty — T, Yo — Yy implies T, + Yy, — T+ Y.
) T, — T, Yo — y implies Ty, — TY.
) T, — x with © # 0 implies 1/x, — 1/x.

(1
(2
(3
(4
ProOOF. All this is again elementary, coming from definitions:
(1) This is something which is obvious from definitions.
(2) This follows indeed from the following estimate:
[Zn 4y — 2 —yl < |20 — 2| + |yn — Y
(3) This follows indeed from the following estimate:
|xnyn - xy| = |(xn - I)yn + m(yn - y)|
< =2l fyal + 1] - Jya — 9l
(4) This is again clear, by estimating 1/x,, — 1/x, in the obvious way. d
As an application of the above rules, we have the following useful result:
PROPOSITION 1.16. The n — oo limits of quotients of polynomials are given by
apn? +ap PN+ 4ag L anP
n—oo byn? 4 b,_1n?1 4+ ... + by  nooo bynd

with the limit on the right being £o00, 0, a,/b,, depending on the values of p, q.

PROOF. The first assertion comes from the following computation:

a,n? +a, NP+ ... +ag P apyta, n T+ +amn?
= 1 _
n—oo bynd + by_1nd=t 4 ...+ by n—soond by +b_n~t4 ...+ byn?
a,n?
= lim -2
n—00 bqnq
As for the second assertion, this comes from Proposition 1.13. U

Getting back now to theory, some sequences which obviously do not converge, like for
instance z,, = (—1)", have however “2 limits instead of 1”. So let us formulate:

DEFINITION 1.17. Given a sequence {x,}nen C R, we let

liminf z,, € [-o0,00] , limsupz, € [—o0, 0]
n—00 n—00

to be the smallest and biggest limit of a subsequence of (x,).
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Observe that the above quantities are defined indeed for any sequence x,,. For instance,
for z,, = (=1)" we obtain —1 and 1. Also, for x,, = n we obtain oo and co. And so on.

Going ahead with more theory, here is a key result:
THEOREM 1.18. A sequence x,, converges, with finite limit x € R, precisely when
Ve > 0,dN € NVm,n > N, |z, —x,| < ¢
called Cauchy condition.

PROOF. In one sense, this is clear. In the other sense, we can say for instance that
the Cauchy condition forces the decimal writings of our numbers x,, to coincide more and
more, with n — oo, and so we can construct a limit x = lim,,_,, =, as desired. O

The above result is quite interesting, and as an application, we have:

THEOREM 1.19. R is the completion of Q, in the sense that it is the space of Cauchy
sequences over Q, identified when the virtual limit is the same, in the sense that:

Ty~ Yy = |Ty —yn| =0
Moreover, R is complete, in the sense that it equals its own completion.

PRroOF. This is related to what we were previously saying, in Theorem 1.9 (2), and I
will leave the details here, using Theorem 1.18, to you, as an exercise. U

Moving on, towards some more exciting mathematics, let us start with:

DEFINITION 1.20. Given numbers xg, x1, 2o, ... € R, we write

oo
g Ty =T
n=0

with x € [—00, 00] when limy,_, ZZ:O Ty =1T.

As before with the sequences, there is some general theory that can be developed for
the series, and more on this in a moment. As a first, basic illustration, we have:

PROPOSITION 1.21. We have the “geometric series” formula
- 1
S
1—=z
n=0

valid for any |x| < 1. For |z| > 1, the series diverges.

PROOF. The first assertion can be established indeed as follows:
k+1 1

~  1—x 1—=x

As for the second assertion, this is clear as well from our formula above. O
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Less trivial now is the following result, due to Riemann:

THEOREM 1.22. We have the following formula:

1+ ! + ! + = +
—4+-+-4+...=00
2 3 4
In fact, Y 1/n* converges for a > 1, and diverges for a < 1.

ProOF. We have to prove several things, the idea being as follows:

(1) The first assertion comes from the following computation:

T 1+1+(1+1)+(1+1+1+1)+...
234 2 \3 "4 56 78
> 1+1+(1+1)+(1+1+1+1)+...
= 2 \4"4 8 88 8
S P
272" 2
= o0

(2) Regarding now the second assertion, we have that at @ = 1, and so at any a < 1.
Thus, it remains to prove that at a > 1 the series converges. Let us first discuss the case
a = 2, which will prove the convergence at any a > 2. The trick here is as follows:

I IR I I
479 16— 376 10

[0 G660 |

(3) It remains to prove that the series converges at a € (1,2), and here it is enough
to deal with the case of the exponents a = 1 + 1/p with p € N. But this comes from the
following computation, with exercise for you, or check [11], for the estimate used:

o0 oo

1 1
D
1+1 1+1
n:0n+/p = (n+ 1)1/
/1 1
S 1+p;(n1/7’_(n+1)1/1’>
Thus, we are done with the case a = 1 4+ 1/p, which finishes the proof. O

Here is another tricky result, this time about alternating sums:
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THEOREM 1.23. We have the following convergence result:

1 1—|—1 1—|— <
——F+-—-+4... <
2 3 4

However, when rearranging terms, we can obtain any x € [—oo, 00| as limit.

PROOF. Both the assertions follow from Theorem 1.22, as follows:

(1) We have the following computation, using the Riemann criterion at a = 2:

| 1+1 1+ B 11 N 1 1 N
2 3 4 2 3 4 o
= 1+14—1+
2 12 30
1 1 1
< ?—f—?—f‘?—i-...
< o0

(2) We have the following formulae, coming from the Riemann criterion at a = 1:

1_|_1_|_1_|_1_|_“.—1(14—1—1—14—1—{—...)_OO
2 4 6 8 2 2 3 4
TSI VI I I I I
3 5 7 —2 4 6 8

Thus, both these series diverge. The point now is that, by using this, when rearranging
terms in the alternating series in the statement, we can arrange for the partial sums to
go arbitrarily high, or arbitrarily low, and we can obtain any z € [—o0, 00] as limit. O

Back now to the general case, we first have the following statement:

THEOREM 1.24. The following hold, with the converses of (1) and (2) being wrong,
and with (3) not holding when the assumption ,, > 0 is removed:

(1) If >, =, converges then x,, — 0.
(2) If X, |zs| converges then Y x, converges.
(3) If >, xn converges, x, >0 and x,/y, — 1 then ) vy, converges.

PrROOF. This is a mixture of trivial and non-trivial results, as follows:

(1) We know that ) x, converges when S, = Zﬁ:o x, converges. Thus by Cauchy
we have rp = Sy — Si_1 — 0, and this gives the result. As for the simplest counterexample
for the converse, this is 1+ 3 + 5 + 1 4 ... = 0o, coming from Theorem 1.22.

(2) This follows again from the Cauchy criterion, by using:
|$n + Tpp1 + .o+ In+k| < |mn| + |$n+1| +...+ |mn+k|

As for the simplest counterexample for the converse, this is 1 — % + % — %1 + ... <00,
coming from Theorem 1.23, coupled with 1+ 4 + 5 + 1 +... = oo from (1).
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(3) Again, the main assertion here is clear, coming from, for n big:
(1—=e)r, <yn < (L +e)zn
In what regards now the failure of the result, when x,, > 0 is removed, consider:
(=1)" _ L =

xn: \/ﬁ ’ yn_n \/ﬁ

We have then z,/y, — 1, but >z, converges, while )y, diverges. O

Here are some more useful positive results about the convergence of series:

THEOREM 1.25. The following happen, and in all cases, the situtation where ¢ =1 1is
indeterminate, in the sense that the series can converge or diverge:
(1) If |zps1/xn| — ¢, the series Y, x, converges if ¢ < 1, and diverges if ¢ > 1.
(2) If W — ¢, the series ) x, converges if ¢ <1, and diverges if ¢ > 1.
(3) With ¢ =limsup,,_,.. /|z.], 3, . converges if ¢ < 1, and diverges if ¢ > 1.

PROOF. Again, this is a mixture of trivial and non-trivial results, as follows:

(1) Here the main assertions, regarding the cases ¢ < 1 and ¢ > 1, are both clear by
comparing with the geometric series ) ¢". As for the case ¢ = 1, this is what happens
for the Riemann series > 1/n®, so we can have both convergent and divergent series.

(2) Again, the main assertions, where ¢ < 1 or ¢ > 1, are clear by comparing with the
geometric series ) ¢", and the ¢ = 1 examples come from the Riemann series.

(3) Here the case ¢ < 1 is dealt with as in (2), and the same goes for the examples at
¢ = 1. As for the case ¢ > 1, this is clear too, because here z,, — 0 fails. U

Finally, generalizing the first assertion in Theorem 1.25, we have:
THEOREM 1.26. If z, \, 0 then > (—1)"x, converges.
PRrOOF. We have the > (—1)"x, = >, ys, where:

Yk = T2k — T2k+1

But, by drawing for instance the numbers x; on the real line, we see that y;, are positive
numbers, and that ), v is the sum of lengths of certain disjoint intervals, included in
the interval [0, zo]. Thus we have ), yx < xo, and this gives the result. O

1c. The number e
In order to formulate our next result, we will need the following key fact:

THEOREM 1.27. We have the following inequality, for any a4, ...,a, >0,

a+...+a,
—_— > Ya;...qa,

n
telling us that the arithmetic mean is bigger than the geometric mean.
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PROOF. This can be established in two steps, as follows:

(1) To start with, the result holds indeed at n = 2, with this coming from:

a;bz\@@ (Va— Vb >0

But with this, we can prove our inequality at n = 4 too, then at n = 8, then at n = 16,
and so on. Thus, as a conclusion, we know how to prove the result at any n = 2°.

(2) In general now, given numbers ay, ..., a, > 0, consider their arithmetic mean:
a+...+a,
m=————
n
Now pick s € N such that n < 2%, and let us complete our series aq, ..., a, with 2° —n

copies of m. The arithmetic mean stays the same, and by using (1) we obtain:

98 — s s_
m> Vay...a,m* " = m? >a...a,m* "

— m">a...a,

== m > {¥ay...a,

Thus, we are led to the conclusion in the statement. Il
Good news, we can talk now about a very interesting convergence, as follows:
THEOREM 1.28. We have the following convergence
1 n
(1 + —) —e
n
where e = 2.71828 ... 1s a certain number.

Proor. This is something quite tricky, as follows:

(1) Our first claim is that the following sequence is increasing:

(+2)
Tp=|1+4+—
n

In order to prove this claim, we can use the arithmetic-geometric inequality, applied
to the number 1, and to n copies of the number 1+ 1/n. Indeed, this gives:

n 1 n
1+Zz:1(1+n) > n+1 1H<1+l>

n+1 Pl n

By rearranging a bit, and raising to the power n + 1, we obtain, as desired:

1 n+1 1n
() 2 (+5)
n—+1 n
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(2) Normally we are left with proving that z, is bounded from above, but this is
non-trivial, and we will have to use a trick. Consider the following sequence:

1 n+1
(02
n

We will prove that this sequence y,, is decreasing, and together with the fact that we
have x,,/y, — 1, this will give the result. So, this will be our plan.

(3) In order to prove now that y, is decreasing, we use, a bit as before:

LAY (=3) o 1,ﬁ<1_1>

n—+1 Pl n

In practice, as before for x,,, this gives the following inequality:

1 n+1 1 n
(=) = 0-3)
n+1 n

But now, by inverting this inequality that we found, we obtain, as desired:

1 n+1 1 n
(1+3) =(+:5)
n n—1

(4) But with this, we can now finish. Indeed, the sequence z, is increasing, the
sequence vy, is decreasing, and we have x,, < y,, as well as:

. 1
In 14 =1
Ty n

Thus, both sequences x,,y, converge to a certain number e, as desired.

(5) Finally, regarding the numerics for our limiting number e, we know from the above
that we have z,, < e <y, for any n € N, which reads:

1 n 1 n+1
<1+—> <e<<1+—)
n n

Thus e € [2,3], and with a bit of patience, or a computer, we obtain e = 2.71828. ..
We will actually come back to this question in a moment, with better methods. U

More generally now, we have the following result, featuring a variable z € R:
THEOREM 1.29. We have the following formula,
(1 + f) — e’
n

valid for any r € R.
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PRrROOF. We know that this holds at x = 1, by definition of e, and by inverting, we

have it at x = —1 too. But then, when x € R is arbitrary, we can proceed as follows:
T\ " /"
U
n n
Thus, we are led to the conclusion in the statement. Il

All this is very nice, but we have as well an alternative approach to e, as follows:

THEOREM 1.30. We have the following formula,
=1
3
k=0
which can stand as an alternative definition for e = 2.71828. ..

PRroOOF. This is something very standard, the idea being as follows:

(1) In practice, we want to prove that we have the following equality:

=1 _ 1\"
H_,}EEo(Hﬁ)

For this purpose, the first observation is that we have the following estimate:
5 —~1 1
D BTRDBE =t
k=0 k=0

In order to prove now that this limit is indeed e, observe that we have:

N\" &</ 1 1

(5) -2 () w=2n
k=0 k=0

Thus, with n — oo, we get that the limit of the series Y - & belongs to [e, 3).

(2) For the reverse inequality, we have the following computation:

l_(Hl)n _ Z":nk—n(n—n...(n—kﬂ)

n

k! n nkk!
k=0 k=2
"k — (n — k)k
- Z nkk!
k=2
(1)
- ZT
k=2

Next, we can use the following trivial inequality, valid for any number z € (0,1):

l-a"=(1-2)l+a+2*+...+2" ) <(1-2a)k
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Indeed, we can use this with z = 1 — k/n, and we obtain in this way:
1 \" %k 1 2 4
——(1+=2) < < = < —

Thus, we have our needed estimate, and this finishing the proof. U

n k
n

As a last result now about e, which is something quite far-reaching, we have:

THEOREM 1.31. We have the following formula,

>k

v T
k!
0

e =
k=

valid for any v € R.
ProoOF. This is something quite tricky, the idea being as follows:

(1) In order to prove the result, consider the following function, whose convergence is
clear by using our various criteria for series from Theorem 1.25:

e k
f@) =30
k=0

(2) By using the binomial formula, we have the following computation:

fle+y) = ii(i)x%_

- kz:; ; s!fky— s)!
= flz)f(y)

(3) Next, observe that this shows that f is continuous. Indeed, at x = 0 we have:

k-1
lim f(t) = lim (1 +t27> =1

t—0 t—0
k=1

But from this, we get f(z +1t) = f(x)f(t) — f(z) with t — 0, at any =. Thus, as a
conclusion, our function f is continuous, and satisfies the following conditions:

flx+y) = fl2)fly) , f(1)=e

(4) But with this, we can finish. Indeed, by iterating, we have f(nx) = f(z)" for any
n € N. Then, by extracting roots, we have f(rz) = f(z)" for any r € Q. Thus f(r) =¢€"
for any r € Q, and by continuity we obtain f(z) = e for any x € R, as desired. d
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1d. Logarithms

As a last topic for this chapter, which is of key importance for the physics to come
next, in chapter 2 below, we can talk about the logarithm function, as follows:

THEOREM 1.32. The exponential function, as constructed before,
exp: R — (0,00) , x—€°
is invertible, with its inverse being the logarithm function, denoted as follows:
log: (0,00) =R , log=-exp !

This logarithm function is continuous, increasing, and bijective.

Proor. This is indeed something self-explanatory, based on our theory of e. However,
for fully understanding this, do not hesitate to cheat a bit, and draw some pictures, with
these 2D pictures being of course officially forbidden, in the present Part I. Il

In practice, the logarithm is a very useful function, and more on this later. In the
meantime, how to compute it? And here, we have the following collection of results:

PROPOSITION 1.33. The logarithm can be computed via the equivalent formulae
e =1 | log(e®) ==z
and 1n practice, we have the following useful rules:

(1) log(zy) =logz +logy.
(2) log(1/y) = —logy.

(3) log(z/y) = logz — logy.
(4) log(a?) = plogz.

PRrROOF. The first two formulae come from the fact that the inverse of a function f
can be defined either via f(f~1(x)) =z, or via f~}(f(z)) = x. As for the rest:

(1) This comes indeed from the following computation:
(o) — gy — Jlogzlogy _ clogrtlogy
(2) This comes from (1), by setting z = 1/y, and using log 1 = 0.
(3) This comes also from (1), by replacing y — 1/y, and using (2).
(4) This formula, generalizing (1) with = y, and also (2), comes as follows:
POE) _ b ((lorayp _ gploge
Thus, we are led to the conclusions in the statement. O

Time now for some tough mathematics? Here is a main result about log:
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THEOREM 1.34. We have the following formula, valid for |x| < 1:

o0

log(1+2) = (1)L

k=1

Moreover, this holds as well at x = 1, with the formula here being:

o (_1)k+1
log2 = e
82=)
k=1
As for remaining cases, |x| > 1 and x = —1, here the series diverges.

PRrRoOOF. We have several things going on here, the idea being as follows:

(1) To start with, the series in the statement converges at |z| < 1, due to:

R k41
— =1 —
k+1 k k
The series converges as well at x = 1, say as an alternating series. At x = —1 however

we obtain the Riemann divergent sum. As for the case |z| > 1, here the series grossly
diverges, in the sense that its terms do not go to 0, as required by convergence.

(2) Getting now to the proof, we will prove that our series has the main required
abstract property of log(1 + x), without reference to exp, namely:

log((1+ 2)(1+y)) = log(1 + z) + log(1 + y)
So, let us get into this. We have the following computation, to start with:

o0 k
(z+y+zy k! k -
e DB B (4 [
k=

1 r=0

r+5+1 r _'_ S
z (T )y
= T + S T

1

Mg

k:l

(3) The contribution of » = 0 to this sum is the following quantity:
Co =Y (1L
s
s>1

(4) In order to compute now the contribution coming from r > 1, we will need the
following standard inversion formula for (1 — ¢)”, which comes by recurrence, as a conse-
quence of the Pascal formula for binomials, that I will leave as an exercise for you:

1 1 r+s—1
= 1
(1—¢t)r gr—i-s( r—1 )
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(5) Indeed, with this in hand, the contribution coming from r > 1 is given by:

Cy

(6) Summarizing,

o

k=1

Z(_1>k+l (CL’ +y+ xy>k _

=y

+ s
— _1 r+1 Tl T r s
S S (T
r>1 s>0
"A+y) (=1 (r+s—1
— __1r+lx ( s
;< ) r ;rjts r—1 Y
B S ICL =TI
= r (1+y)r
:L,'I"
_ Z(_l)r—i-l_
r>1 r

we have proved the desired formula, namely:

oo xr o ys
_1T+1_ _1S+1_
S S

r=1

k

(7) But with this, we can now finish, a bit as we did before for exp, in the proof of

Theorem 1.31, and I will leave the technical details here to you, as an exercise.

g

le. Exercises

This was a standard introduction to the real numbers, and as exercises, we have:

1.35.
1.36.
1.37.
1.38.
1.39.
1.40.
1.41.
1.42.

EXERCISE
EXERCISE
EXERCISE
EXERCISE
EXERCISE
EXERCISE
EXERCISE

EXERCISE

Learn values of binomial coefficients, as many as you can.

Clarify what we said, regarding the real numbers appearing as cuts.
Clarify as well everything in relation with the decimal expansion.
Clarify also the fact that R appears as the completion of Q.

Do the remaining work, in the proof of the Riemann theorem.
Clarify the various details, in the proof of €* = >, x*/k!.

Do the same for the proof of log(1+ z) = > oo (=1)* 1z /k.

Learn also about logarithms in other bases.

As bonus exercise, have a look as well at the basics of probability theory.



CHAPTER 2

Motion basics

2a. Motion, collisions

Good news, with the mathematics that we know we can do some physics, in 1D. Let
us begin with a discussion of the usual motion, in the absence of forces. This is something
very simple, with the motion being linear, the bodies traveling at constant speed, namely
their initial speed. And there is no acceleration to worry about.

However, interesting things happen when such objects collide, and we have:

FAcT 2.1. In the context of general linear motion, in the case of a collision between
two bodies, myi, mo traveling at speeds vy, vs, the total momentum of the system

D = Myv1 + Mg
is conserved. The same happens of course without collision either, and also for systems

of N bodies, with N € N arbitrary, with all sorts of collisions allowed between them.

As a first comment, is this really physics, or just some abstraction? We know that
gravity is everywhere, and that the very existence of my, msy leads to their gravity, and so
to the negation of the general linear motion setting above. However, two trains colliding is
certainly physics, and even scary physics, and this has nothing to do with gravity. Thus,
what we have here is a true physics principle, dealing with real-life situations.

In order to understand now what exactly is going on, in relation with the above,
consider two objects as in Fact 2.1, which are bound for collision:
Omy _>1;1 <_112 Omeg

We know from real life that two things can happen, in this situation. The first case is
that of an inelastic, also called plastic collision, where my, my decide when meeting that
they love each other, and pursue their journey as a couple, m = my + mso:

& v

Of course, who really knows what really happens during a plastic collision, at the
microscopic level, but assuming somehow that no energy or something is dissipated, during
that hot encounter, Fact 2.1 holds indeed, and allows us to do the math.

And the math, coming from the conservation of momentum, is as follows:

33
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PROPOSITION 2.2. In the context of a plastic collision between two bodies,
myivU1 + MaoUgy
m=mi+my , V=—"7"7—/—
my + Mo

are the mass and speed of the resulting body.

Proor. This follows straight from Fact 2.1, because the momentum of m = my 4+ my
equals the sum of the initial momenta of my, mo, and is therefore given by:

muv = mqvU1 + MoUsy

Thus, we are led to the speed formula in the statement. U

The second case now, that can happen as well, is that of an elastic collision. So,
consider as before two objects bound for collision:

Om1 _>’U1 <_U2 Om2

The elastic collision is then the case opposed to love, with our two bodies meeting,
comparing their m;, v;, then exchanging some speed depending on that, via a few quick
fists, and then either keeping traveling forward, but slower, or going backwards:

L2 _>vi Oms _>”Ué
<_v’1 Omy <_vé ®s
<_v’1 Om, Oma _>vé

In the above pictures, the winner, which was m; in the first case, and ms in the second
case, was awarded a black belt. As for the third case, that is some sort of draw.

Getting back now to the conservation of momentum, from Fact 2.1, it is pretty much
clear that what we have there won’t allow us to do the math. To be more precise, we
can get from there only 1 equation, which is not enough for computing the output data.
Fortunately, in the case of elastic collisions, Fact 2.1 can be complemented with:

Fact 2.3. In the context of general linear motion, in the case of an elastic collision
between two bodies, my, mo traveling at speeds vy, v, the total energy of the system
miv?  mavs
2 2

is conserved. The same happens of course without collision either, and also for systems
of N bodies, with N € N arbitrary, with multi-elastic collisions allowed between them.

E =

Again, as in the case of the plastic collisions, who really knows what really happens
during an elastic collision, at the microscopic level, but again, assuming that no things
are lost, during that event, Fact 2.3 holds indeed, and will allow us to do the math. And,
more on this, explicit computations based on Fact 2.1 and Fact 2.3, in a moment.
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As a second comment, while the formula of the momentum p = mv from Fact 2.3
was something quite simple and intuitive, the above formula of the energy £ = muv?/2 is
obviously something more subtle. It is possible to come up with some heuristics here, with
the knowledge that we have, but it is better to defer the discussion for later, when talking
forces, Newton and calculus. So, more on this later, and trust me in the meantime.

Going ahead now, let us first investigate, just out of curiosity, what happens to the
energy during a plastic collision. And things here are quite interesting, with the result,
which might seem quite surprising, contradicting our previous guess that the moment
conservation comes somehow from a “no energy lost” principle, being as follows:

THEOREM 2.4. In the context of a plastic collision between two bodies, we have:
FE < FE + Es
That s, some of the initial energy gets dissipated during the collision.

ProOOF. We use the equations found in Proposition 2.2, namely:

m1U1+m2U2
m=m+me , V=-—7--—7T-—"""
my + Mo

According to our definition of energy, from Fact 2.3, the initial energy is:

myvy + movs

E\+ E, = 5
As for the final energy, this is given by the following formula:
o mv?  (myvy + mavy)?
N 2 N 2(m1 + mg)

So, let us compute now the difference between these two quantities. We obtain:

(my + ma)(mivi + mov3) — (Mmyvy + mavy)?

2(my + my)
myma(v? 4 v3 — 201v3)
2(my + mg)
myma(vy — vg)?
2(my + mo)
> 0

Ey+E,—E =

Thus Fy + E; > E, and since a collision cannot happen when the inital speeds are the
same, v; = vy, the equality case cannot happen, and so £y + Ey > E| as stated. Il

As already mentioned, the above result might seem quite surprising, contradicting our
previous guess that the moment conservation principle comes from something of type “no
energy lost”. Let us record this finding in the form of an informal statement:
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CONCLUSION 2.5. Momentum ain’t the same thing as energy.

Moving ahead now, and back to the elastic collisions, the two conservation principles
that we have, namely Fact 2.1 and Fact 2.3, allow us to do the math. In order to discuss
this, consider our usual picture of an elastic collision, as follows:

om1 _>U1 <_U2 Omg

Depending on the resulting fight, we can have either a win or m; or ms, or a draw.
Abstractly however, we can simply say that we are in a draw situation, the picture being
as follows, with the convention that we do not know yet the directions of v}, vj:

<_v’1 Omy Omg _>vé
With these conventions made, the precise result is as follows:

PROPOSITION 2.6. In the context of an elastic collision between two bodies,

, (m1 —mo)vy + 2mavs

mq +m2

(m2 — ml)vg + 277111]1

vl =
my + mo
are the resulting speeds of the two bodies.

PROOF. According to our momentum and energy conservation principles from Fact
2.1 and Fact 2.3, the resulting speeds v}, v} satisfy the following two equations:

/ !/
M1V + Mol = MV] + Moty
2 2 2 2
mMiv] + Moy = MU + Moty
Now observe that these equations can be written as follows:
/ /
ma(vr — vy) = ma(vh — v2)
2 /2 2 2
ma(vy — o) = ma(vy — v3)
By dividing the second equation by the first one, our system becomes:
/ !/
ma(v1 — vy) = ma(vy — v2)
/ /
V1 + v; = Uy + V2

And by doing now the math, we are led to the formulae in the statement. O

We have in fact a better formulation of Proposition 2.6, as follows:
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THEOREM 2.7. In the context of an elastic collision between two bodies, the resulting
speeds of the two bodies are

q q
Vi =v+— , vy =1y — —
my ma

where q € R is the individual change of momentum, given by
1 1
<_ + —) q = 2(7)2 — Ul)
mq mo
from the perspective of my, and from the opposite perspective of ms.
PROOF. From the perspective of Proposition 2.6, we have done some quick algebra
there, without really knowing what we’re doing, leading to the following formulae:

, (my —mo)vy + 2mavy
Ul =

my + mo
(TTL2 — ml)’UQ + 277111]1

my + mao
Now observe that these two formulae can be alternatively written as follows:

!/
U2:

2ms(vg — v
o) = vy 4 2022~ )
my + Mo

2mq(vy — v
oy = vy 4 201 — )
my + Mo
But this leads to the formulae in the statement, and to that conclusion about ¢. [

We will be back to collisions in chapter 4, when talking about basic thermodynamics,
in 1 dimension, and then later on several occasions, in 2 or 3 dimensions.
2b. Rocket science

Now that we learned some physics, time for some engineering? I bet that you would
love doing so. So, as a main application of the general theory developed above, and in
relation with gravity as well, we can use momentum for beating gravity, as follows:

THEOREM 2.8. We can build rockets, by ejecting mass from a body
...... o\ —

with the body moving in the opposite direction to the ejection direction.

PROOF. Many things can be said here, the idea being as follows:

(1) To start with, the functioning principle of the rockets, as formulated in the state-
ment, is clear indeed from the conservation of the momentum principle, because ejecting
mass to the left will move us to the right. Thus, victory, we have our rockets.
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(2) Getting now to the mathematics of the rockets, as a warm-up computation, let us
first study the case of a single ejection. We begin with our rocket M at rest:

o\
Now let us eject to the left a mass m, with speed s. The situation becomes:
s Om O\ —m v

By conservation of momentum we have (M — m)v = ms, and so:
. ms
M -m
(3) Let us study now a double ejection. At the first stage, we have as above, by
labeling now the ejection data with a 1 index, standing for stage 1 of the ejection:

v

<_81 Om1 .M—ml _>’U1

At the second stage now, that of ejecting a mass mo, with speed s, with the observa-
tion that the ejection speed ss is only relative to M, the situation becomes:

$—s; Omy $—s9—v1 Omao O\ —mi—ms Tvg
Neglecting the first ejection, the conservation of momentum tells us that:
(M —my —ma)vg —ma(se —v1) = (M — my)v;
But this equation can be written in the following way:
(M —mq —ma)vg = (M —mq — ma)vy + mass

By using now (2) for the value of vy, the speed after the second ejection is given by:
Mo So

Vg = U1+
M—ml—mg

mis; maSo

M — ma M — mi — Moy
(4) In the general case now, that of a multiple ejection, of masses myq, ..., my with
respective speeds si, ..., Sk, the same idea applies, and gives as eventual speed:
misy USEY) MSk

:M—ml M—ml—m2+'”+]\/[—m1—...—mk

Uk

In the particular case where the ejection mass m is constant, we obtain:
msy mss msg
= + SRR L
M—-m M—-2m M — km
Also, in the particular case where the ejection speed s is constant, we obtain:

my 4 mg i I my
v = s
F M—-my M—mi—ms M—-—mi—...—my

(%3
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And finally, in the case where both the mass m and speed s are constant, we get:

m + m + + m
v = oot ——— s
k M—-m M—-2m M —km

Summarizing, we have our rockets, along with some useful math for their speed. [J

We learned many things in the above proof, and for future reference, let us record:

THEOREM 2.9 (addendum). In the above context of rocket engineering,

mo,_m L "
V. = _— S
k M—m ' M-—2m M —km

15 the speed, for a rocket of rest mass M, after ejecting k times mass m, at speed s.

PROOF. This is indeed the main formula that we obtained in the previous proof, at
the end, which captures the essentials, and that we will use in what follows. Il

Let us investigate now the asymptotics. We will assume that we are in the context of
Theorem 2.9, that of a constant ejection mass m and speed s, although modifications of
our argument will apply as well more generally. With m = M, we have:

c L 4 4+=
V. = S
k 1—¢ ' 1—2 1 — ke

We will assume that € is small, and that k¥ € N is such that the total ejection mass,
or rather the fraction ke = r € (0, 1) of this total ejection mass, compared to the initial
mass M of our rocket, is fixed. Thus, we want to compute vy in the following regime:

Mathematically, this leads us into the following question, which is non-trivial:

QUESTION 2.10. What is the asymptotics of the rocket speed

v = c + 2 +..+ 2 S
P\l —e T2 T T D ke

in the regime where € > 0 is small, and ke =r € (0,1) is constant?
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In order to deal now with this latter question, we can use the geometric series formula
from chapter 1, which leads us to the following formula, for the rocket speed:

Vg € € € € €
e 1—€+1—28+1—35+1—46+
= e+l 4SS 4et454
+e+ 22 4 4% + 8 + 1667 + . ..
+e+3e%+ 9%+ 27 + 8165 + . ..

+e + 4e? + 16 + 64 + 2568° + . ..

+e+ ke? + k2e® + ket + kit 4.
Now by summing over the columns, we obtain from this the following formula:

Vg
S

= (1+14+1+1+...+1)k

+(1+24+3+4+... + k)
+(14+4+9+16+... + k%)
(1 4+8+27+64+...+ ket
+(1+16 + 81 + 256 + ... + k*)&°
+...

Summarizing, at the level of mathematics, we are led into the following question:
P+ .. 4+ kP =2

Now browsing through what we did in chapter 1, all sorts of interesting things there,
no doubt about this, but with none truly answering our question above. Nevermind. This
is actually commonplace when doing theoretical physics, you work and work, struggling
with phenomenology, as to reach to some neat, concrete mathematical question, and then
you ask your mathematics collegues, and no one knows. Although mathematicians can
complain too about physicists, for some other reasons, and more on this later.

Well, this is the situation, and time I guess for the two of us to do some mathematics,
matter of showing that folks what two physicists can do? Here is our theorem:

THEOREM 2.11. We have the following estimate,
Ep+1

p+1

1P4+2P+ . 4 kP~

valid for any p € N, in the k — oo limit.
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Proor. This is something quite tricky, the idea being as follows:

(1) At p = 0, there is obviously nothing to do, because we have the following formula,
which is exact, and which proves our estimate:

1°4+204+ . + K =k

(2) At p = 1 now, we are confronted with a well-known question, namely the compu-
tation of 1 + 2+ ... + k. But this is simplest done by arguing that the average of the

numbers 1,2, ...,k being the number in the middle, we have:
1+2+...+k k+1
k 2
Thus, we obtain the following formula, which again solves our question:
k(k+1 k2
1+2+...+k:%23

(3) At p = 2 now, go compute 12 4+ 22 + ... + k?, this does not look obvious. So as
a preliminary, let us go back to the case p = 1, and try to find a new proof there, which
might have some chances to extend at p = 2. And here, and coming with my apologies
for using 2 dimensions, officially forbidden in this Part I, we have the following trick:

k+1

Now the point is that this trick works at p = 2 too. Indeed, if we consider the 3D
shape P formed by a succession of solid squares, having sizes 1 x 1, 2 x 2, 3 x 3, and so
on up to k x k, if we stack 6 copies of P we get a parallelepiped, which gives:

k(k+1)(2k+1) &

6 E}
Alternatively, and avoding any higher dimensional reasoning, as per our usual 1D
guidelines for the present Part I, you can get this by computing 12 + 22 + ... + k? for

small values of k, then based on this, conjecturing the above formula, and then proving
your conjecture by recurrence. We will leave this as a nice, relaxing exercise.

(4) At p = 3 now, the legend has it that by deeply thinking in 4D we are led to the

following formula, a bit as in the cases p = 1,2, explained above:
E*(k +1)? N k*

4 4

124224+, . +k=

P+ 4+, 4=
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Alternatively, assuming that the gods of combinatorics are with us, we can see right
away the following formula, which gives the result:

P42+ .+ =04+2+...+k)

In any case, in practice, the above formula holds indeed, and you can of course come
upon it via some numerics too, and then check it by recurrence. Exercise for you.

(5) All this is very nice, but coming now as bad news, at p = 4,5,6, ... the situation
is more complicated, with the formulae, provable by recurrence, being as follows:

k(k+1)(2k + 1)(3K* +3k=1) &k

14420+ k=

30 5
E*(k+1)*(2k* + 2k +1) Kk
PP+2°4+ . +k° = ~ —
+2°+ ... +k 3 G
4 3 _ 7
16+26+...+k6:k<k+1)(2k+1)(i§ + 6k 3k;+1)2k;7

(6) In order to discuss now the general case, based somehow on the above formulae,
let us introduce the Bernoulli numbers B,, € Q, via the following recurrence:

a 1
Bi=1 Z(m:)Bn—@no

n=0
In practice, using the recurrence, the data for the first such numbers is as follows:

1 1 1 1
0 , B 50 Ba=g, Bs 0, By 30 Db 0, B 1
(7) Now back to our questions, the point is that we have the following formula, valid

at any p € N, and which is provable by a straightforward recurrence:

p
1P4+2P 4+ kP = b (—=1)" <p * 1) BpkPti—n
p +1 n=0 n
To be more precise, this is compatible with our previous findings at p = 0,...,6, by
using the first Bernoulli numbers from (6). As for the proof, when trying to establish this
by recurrence, we are led into the standard recurrence formula for the Bernoulli numbers,
from (6). And we will leave clarifying this, and some further learning, as an exercise.

(8) Now the point is that the above formula does the job for our asymptotic purposes,
because we obtain right away the following estimate, exactly as needed:
) an

p+1
Summarizing, theorem proved, with the cases p = 0,1,2,3 being elementary, then
p=4,5,6,... being doable too, and p € N general requiring Bernoulli numbers. U

1P4+2P 4+ + kP~
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Still with me I hope, after all this mathematics, and with the reiterated comment that,
even when planning to do a research career in physics, or engineering, you will have to
know how to do some, when needed. We can go back now to the rockets, and we have:

THEOREM 2.12. For a rocket having initial mass M, and functioning by ejecting pieces
of mass m at a constant speed s, the speed reached after k ejections is:

L
v = i —— s
M—-—m M-—2m M — Ekm

In the m =eM, ke =r € (0,1) and k — oo regime we have

v~ —log(l—r)s

which represents the velocity after the rocket has shrinked to mass (1 — r)M. Moreover,
this latter conclusion holds under the sole assumption that s is constant.

Proor. This follows by putting together all the above, as follows:

(1) We know the first formula of v from Theorem 2.9, and the asymptotic study, using
the computations made after Question 2.10, recalled here for convenience, written in a
more compact form, and then the key estimate from Theorem 2.11, is as follows:

= m + m + + m
v M—-—m M-=2m ~~ M—km s

S L T
o \l—-¢ 1-2 7 1—ke
k

- (Xxe)
n=1 p=0
[e'S) k

- (Zexe)
p=0 n=1
o0 1

~ ngﬂ.ﬂ)S
p=0 p+l
>, pptl

- ()
p=0 p

= —log(l—r)s

(2) As an illustration, assume that our rocket has shrinked, from a continuous ejection
process at speed s, up to mass M/+/e. In this case we have r = 1 — 1/4/e, and according
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to our general formula, which now becomes exact, the velocity reached is:

_ 1 s
V= og\/ES—2

There are of course many other things that can be said here, and in particular we have
some interesting questions related to the best strategy to be followed, in order to beat a
given force F', such as gravity, or several such forces. More on this later.

(3) Regarding now the last assertion, recall from the proof of Theorem 2.8 that,
assuming only that s is constant, we have the following formula, for the rocket speed:

oo +o+ T
v = S
M—-—my M—my—my M—-—mi—...—my

The point now is that, assuming that the ejection pieces mq, ..., my, instead of be-
ing all equal to a certain m, are at least of comparable size, the various mathematical
arguments from the proof of (1) above will apply as well, and give the result.

(4) Finally, as a question that you might have, is that crazy mathematics from the
proof of Theorem 2.11 really needed, in order to establish such a simple formula, like the
one in the statement? In answer, we can kill our problem with calculus, as follows:

AR U U
R P (L s T o

1
1

~ / —dx-s
1—r L

= —log(l—r)s

And more on such things, integrals, their meaning and computation, in chapter 3. So,
come back here later, after reading chapter 3, when we will discuss calculus. U

Finally, let us mention that the above results remain a bit theoretical, because if you
are a space engineer, one of your main concerns, besides of course beating gravity, is that
of beating atmospheric drag too. More on this, hopefully, later in this book.

2c. Particle decay

As a continuation of our discussion about collisions, ejections and rockets, and still
with civil engineering ideas in mind, let us discuss now radioactivity. I mean, now that
we have rockets, we are in need of some warheads for them, right.

In order to do so, we must talk about the interactions between the various types of
particles, appearing from nuclear physics. But here, we already have some experience
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from classical physics, with the typical picture of what can happen, represented here in
2D just for the sake of having a better picture, being as follows:

Oma, o

v o,

mp

o o O
/Ul \I/UQ \“)3

To be more precise, this diagram describes a collision between two particles, but we
can of course allow further particles entering the collision, and then the several particles
emerging from this collision. The data of each particle, which in classical mechanics means
mass m and speed v, is carefully recorded, with of course the aim of recovering the output
data from the input data. Finally, all this can take place in arbitrary dimensions, and
also, importantly, the collision can be elastic, or plastic, or any mixture of these.

This was for basic interactions in classical mechanics. In the particle physics setting,
things are a bit more complicated than this, due to a variety of reasons, and experimental
physics suggests looking at two main types of interactions, as follows:

Fact 2.13. In particle physics, we have two main types of interactions, namely:

(1) Decay. This is when a particle decomposes, as a result of whatever internal
mechanism, into a sum of other particles, xg — %1 + ... + *,.

(2) Scattering. This is when two particles meet, by colliding, or almost, and combine
and decompose into a sum of other particles, x, + %, —> *1 + ... + *,.

Getting to work now, with our present knowledge of mathematics and physics, we
can look at the mathematics of decay. Indeed, ignoring the physics, which is certainly
complicated business, this is basically a matter of probability and statistics:

THEOREM 2.14. In the context of decay, the quantity to look at is the decay rate X,
which 1s the probability per unit time that the particle will disintegrate. With this:

(1) The number of particles remaining at time t > 0 is N; = e M Nj.
(2) The mean lifetime of a particle is T = 1/\.
(3) The half-life of the substance is t1/2 = (log2)/A.

PROOF. As before with Theorem 2.12, this sounds a bit like calculus, but we can make
our way through all this with bare hands, or almost, the idea being as follows:

(1) As a first remark, in mathematical terms, with N; being the number of particles
remaining at time ¢ > 0, our definition of the decay rate A reads:

I Nipn — Ny

im ———

h—0 h = AN
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We also know that at time ¢ = 0, the number of particles is a given Ny. Now let us
try to find an expression for our function /V;, as a series in the variable t:

Ny = Ny + it + cot? 4+ cst® + ...

In order to do so, observe that, according to the binomial formula, we have the fol-
lowing estimate, for any t € R, and any exponent p € N, in the A — 0 limit:

— (P —kpk
t+h)? = tP~"h
wrrr = S (1)
k=0
= P 4ptPth4 R
~ P4 ptPth
Equivalently, we have the following estimate, for any ¢ € R, and any p € N:
.+ h)pP 1P 1
1 = pt?
B0 h b

But with this, we conclude that the definition of the decay rate A, in terms of the
function N, = Ny + c1t + cot? + cst® + ... that we are looking for, reads:

c1 + 2ot + 3est® +degt® + .. = = ANy + it + eot? + st + .. )
Thus the coefficients ¢, can be computed by recurrence, and we obtain:
)2 A3 A4
1 0o 5 C2 5 V0 &} 6 0 Cq o4 V0

We are therefore led to the formula in the statement, namely:

Nt = N0+C1t+C2t2+03t3+...

= N—)\Nt+>\2Nt2—)\3Nt3+)\4Nt4—
— 0 0 2 0 6 0 24 0
A2 N33 )\
= (1-\t — — ... N
< L 6 24 ) 0

= ef/\tNo

Finally, in relation with this, you might argue that the power series assumption that
we made, N, = Ny + cit + cot? + et + ..., was something quite strong, and who knows,
maybe there are some other solutions of our decay rate equation, not of this type. Good
point, and in answer, calculus is there for clarifying such things, the idea being:

N/ =-A\N, = (eAtNt), =AeM - N+ e (=AN;) =0

In short, come back here after reading chapter 3, for this quick, complete proof.
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(2) Getting now to the mean lifetime question, the starting point will be the for-
mula N, = e * N, found above, for the number N, of particles remaining at time ¢. In
probabilistic terms, we density describing the number of particles left at time ¢ is:

N, . . T
Dt = ! y c= lim lim E (NT/k + NQT/k + ...+ N(kfl)T/k)

C T—00 k—o0

So, let us compute the limit on the right. This is quite easy business, as follows:

N
¢ = lim lim E (NT/k + NQT/k + ...+ N(k—l)T/k)

T—00 k—o00
= N lim lim r (1 4 Mk =23k e*(kfl)AT/k)
T—o00 k—oo Kk
1—e T

= Nolim lim - =
AT

= — lim(1—e™) lim Ak

T—o00 k—oo 1 — efAT/k

We conclude that the density function that we were looking for is given by:

N, AN,
D, =t = € Mo
C Ng/)\

Now let us compute the mean lifetime 7. A bit of probabilistic thinking shows that,
in terms of the density function, this is given by the following formula:

= e M

: . T (T 2T (k—1)T
R s )
So, here we go again with computing limits. Using the formula of D;, we have:
. . T (T 2T (k—1)T
R R R N a0
= lim lim T )\—Te_)‘T/k + —QATe_z)‘T/k +..+ —(k - 1))\T6_(k_1))‘T/k
T—00 k—00 k k k

1 AT\?
_ Loy . A —AT/k —2AT/k 1\~ (k—DAT/k
)\Th_rgoljgrolo(k) (e + 2e +...+ (k=1 )

And with this, we are a bit in trouble, because we need here a formula for sums of
type S = o+ 222 + 32° + ... + (k — 1)2*~1, and that formula is nowhere to be found in
chapter 1. So, shame on those who wrote chapter 1, these mathematicians should keep an
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eye on physics, when developing their mathematics, as for their work to be truly useful,
and I guess we will have to do this computation, the two of us. We have:

S = z+20°+323+ . 4 (k- 1)aF!
= m+x2—|—x3+...+a:k_1
N N

—i—xk*l

ok g2k e
- 1—$+ 1—=x Tt 1—=x
x4+ o+t (k—1)aF
N 1—=x l1—=x

r—a2F  (k—1)2F

(1 —x)? 1—x

Now by getting back to the computation of the mean lifetime, we have:

1 AT\?,
_ L —AT/k —oAT/k 1\ (E—1)AT/k
T A%ﬁloéiﬁlo(k) (e +2e +...+(k—1e )
.. AT\? (e Tk — e 2T (f —1)e T
= — lim lim [ — —
A T—ook—oo \ Kk (1 — e=AT/k)2 1 — e—AT/k
1 y i AT\ ? e ATk _ g2 T Y AT\? (k —1)eT
T aTheo kb \ K ) (I —e R T khe\ k) 11— ek

So, let us compute the above two limits. The first one is easily done, as follows:

lim
k—o0

MO\ e M — e X0 AT\ 1= ATk — e
k) Q—em2 — B\ (\T/k)?

= 1= e—XT

As for second limit appearing above, this is easy to compute too, as follows:

o (AT 2(k—1e o (AT 2 (k—1)eT
poeo \ k) 1—e Mk~ b\ k. AT /k

= \Te
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We can now finish the computation of the mean lifetime, and we obtain:

1
7 = —lim1—e M \Te M
)\T—>oo
_ La—o-o
DY
1
D\

Good work that we did. For the rest, as usual with such computations, the comment is
that some knowledge of calculus can drastically simplify all this. Indeed, in what concerns
our first computation, that of the density function Dy, that can be done as follows:

0 N,
D, = Noe_”// Noe Mdt = Noe_’\t/To = e M
0

As for the computation of the mean lifetime 7, that can be done as follows:

o o0 o 1
T = / e Mdt = / t(—eM)dt = / e Mdt = —
0 0 0 A

In short, come back here after reading chapter 3, for this quick, complete proof.

(3) Finally, regarding the half-life, this is by definition the time ¢;/, required for the
decaying quantity to fall to one-half of its initial value. Mathematically, this means:

N, = 27t/h2 N,
Now by comparing with N, = e "N, this gives t1/2 = (log2) /A, as stated. O

And with this, end of our discussion regarding particle decay. We will come back to
such questions later in this book, when knowing more about the particles in question.

2d. Einstein, relativity

We have seen so far that we can have some interesting 1D physics going on, on several
nice topics. However, at the mathematical level, all the above makes it quite clear that,
for more, we are in need of calculus. So, it is probably wiser to stop here with physics,
and defer the discussion for later, in chapter 4, after learning calculus in chapter 3.

So, no hurry and no worries, and please be sure that we will do a lot of interesting
physics in chapter 4, using the calculus that we will soon learn in chapter 3, dealing with
basic notions such as forces, speed, acceleration, gravity and free falls, then elasticity and
waves, and then pressure and heat. All these happening in 1D, of course.

This being said, as a quite amazing fact, we can still talk here, at the end of this
chapter, about Einstein’s relativity theory, in 1D. To be more precise, by a strange twist
of fate, while being certainly something very modern, and of great deepness, the basics of
Einstein’s theory do not need any calculus, or advanced mathematics in general.
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Getting started, based on various experiments, and a bit of abstract thinking too,
Einstein came upon the following principles, which contradict classical mechanics:

Fact 2.15 (Einstein principles). The following happen:

(1) Light travels in vacuum at a finite speed, ¢ < oo.
(2) This speed c is the same for all inertial observers.
(3) In non-vacuum, the light speed is lower, v < c.
(4) Nothing can travel faster than light, v # c.

All this needs of course some details and explanations, and we will come to this, in a
moment. However, before that, let us see what the contradiction with classical mechanics
is. This basically comes from (2), which is the tricky point in the above, because if we
assume that we have a train, running in vacuum at speed v > 0, and someone on board
lights a flashlight * towards the locomotive, then an observer o on the ground will see the
light traveling at speed ¢ + v > ¢, which is a contradiction:

—0— o— —0—-0—0-0-

0— — — >

c+v

Equivalently, with the same train running, in vacuum at speed v > 0, if the observer
on the ground lights a flashlight * towards the back of the train, then viewed from the
train, that light will travel at speed ¢ 4+ v > ¢, which is a contradiction again:

<~ - ———-—0 —
ctv Y

—O O— —0—0—0—0—

X

[

Obviously, in view of this, there are many things to be done. Since speed is distance
over time, v = d/t, maybe something is wrong with distance d, or with time ¢, or with
both. Or maybe something is wrong with the formula v = d/t itself, who knows. In
addition, even when assuming that we manage to fix all this, speeds, then comes a review
of the momentum p, and of energy FE, which crucially depend on speed. And so on.

Summarizing, many things to be done. As a first task, however, before going into
computations and everything, let us remain a bit philosophers, and think some more at
Fact 2.15. With the question being, can that damn thing be 1-dimensional?
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The problem indeed comes from light, because when assuming a bit of knowledge of
advanced physics, and more on this later in this book, light is in fact an electromagnetic
phenomenon, and with electromagnetism itself being something notoriously 3D.

So, can we have light in 1D, the framework for the present chapter, and book part?
Not an easy question, and in the lack of an answer here, I will have I guess to ask an
expert. And, picking one on the ground, no idea if that’s the same guy as the one from
chapter 1, these little fellows all look the same to me, here is what our expert says:

ANT 2.16. Dude, look me in the eye, we ants are not blind, sure we have light in 1D.
But I won’t tell you by which precise mechanism.

Okay, interesting all this, not that I have a full answer to my question, but the first
part will do, so we are good for some 1D relativity. By the way, I must admit that I find
these little ants more and more annoying, now that I know them better. But with the
other big animals at the house, namely cats and rats, being totally cool about them, I
will keep my cool too. So thanks little ant, and see you later, for more discussions.

Getting to work now, we need to invent some new mathematics, as for ¢ +v = ¢ to
hold. And here, let us first recall that, in the classical case, we have:

PROPOSITION 2.17. The classical speeds add according to the Galileo formula

VAc = VaB + VUBC

where vap denotes the relative speed of A with respect to B.
PRroOF. This is clear indeed from the definition of speed, and very intuitive. O

In order to find now the fix, we will use two tricks. First, we will forget about absolute
speeds, with respect to a given frame, and talk about relative speeds only. In this case
we are allowed to sum only quantities of type vap, vpc, and we denote by vap +4vpc the
corresponding sum v4c. With this convention, the Galileo formula becomes:

UtV =u+v

As a second trick, observe that this Galileo formula holds in any system of units. In
order now to deal with our problems, basically involving high speeds, it is convenient to
change the system of units, as to have ¢ = 1. With this convention our ¢+ v = ¢ problem
becomes 1 4+ v = 1, and more specifically, we have the following math puzzle:

PuzzLE 2.18. How to define a new sum for speeds in ¢ = 1 units, that is, u,v <1,
(u,v) = U+, v
such that u 4. v >~ u + v at low speeds, u,v ~ 0, and such that 1 +,v =17

Which does not look very difficult, and by doing the mathematics, and do not hesitate
here to stop the reading, and solve this puzzle by yourself, we are led to:
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THEOREM 2.19. If we define the Einstein sum +. of relative speeds by
U+ v
14+ wv
in ¢ =1 units, then we have the formula 1 +.v =1, valid for any v.

U+ V=

PRrOOF. Indeed, if we plug in u = 1 in the above formula, we obtain as result:

1
o=tV
14+
Thus, we are led to the conclusion in the statement. U

Summarizing, we solved our problem. In order now to formulate a final result, we must
do some reverse engineering, by waiving the two tricks that we used. First, by getting
back to usual units, v — v/c, our new addition formula becomes:

u v
u, vt
e - u v
C c 1—|—C "

By multiplying by ¢, we can write this formula in a better way, as follows:
U+ v
14 uv/2
In order now to finish, it remains to get back to absolute speeds, as in Proposition
2.17. And by doing so, we are led to the following result:

UtV =

THEOREM 2.20. If we sum the speeds according to the Finstein formula
_ _Vap+Upc
1 + 'UABUBC/Cz

vac

then the Galileo formula still holds, approximately, for low speeds
VACc = VAB + UBC
and if we have vag = ¢ or vgc = ¢, the resulting sum is vac = c.
PROOF. We have two assertions here, which are both clear, as follows:

(1) Regarding the first assertion, if we are at low speeds, vap, vgc << ¢, the correction
term vapvpc/c® dissapears, and we are left with the Galileo formula, as claimed:
Y +Upc _ YaB + Unc

1+UABUBC/C2 o 1+0

(2) As for the second assertion, this follows from the above discussion, but let us
doublecheck this, to make sure that we have made no mistake. With v g = ¢ we get:

VaC =vaB + VBC

cC+vpc

v = ————: - =
Ac 1—|—U30/C
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Similarly, assuming vgc = ¢, the resulting speed that we get is:

Vap + C
Vac = T—— 7 =C
1+wv AC / C
Thus, no mistakes in our mathematics, and we are done. [l

As a conclusion, we solved the problem, mathematically. All this is very nice, and
fits with the Einstein principles from Fact 2.15, and to be more precise, fixes the laws of
motion, as to make them fit with that principles. But the problem is now, does all this
math really correspond to physics? And the answer here is fortunately yes, due to:

Fact 2.21. The Einstein speed addition formula
_ _UaB + vpc
1+ vagvpe/c?

vac
1s correct, physically speaking.

This is of course a physics fact, based on many things, and more on this later. Now
with this discussed, let us do some further mathematics. We first have:

PROPOSITION 2.22. The error term in the Galileo formula, € = v +4,v —u +. v, is
U+ v)uv
()

~ =
which at small speeds, from everyday life, is truly tiny, as follows:
(1) At u,v ~ 10 m/s, running speed, we have € ~ 2 x 10716,
(2) At u,v >~ 100 m/s, driving speed, we have € ~ 2 x 10713,
(3) At u,v ~ 1000 m/s, bullet speed, we have ¢ ~ 2 x 10710,

PROOF. Regarding the general estimate in the statement, this comes from the follow-
ing computation, based on the formulae in Theorem 2.20:

€ = Uty —U+v

~

As for the numerics, at v, v ~ 10 m/s, running speed, we have indeed:

20 x 100 20 x 100
~ = ~ 2 x 10716
©~ 300,000,0002  9x 108
As for the cases u,v ~ 100 m/s, driving speed, and u,v ~ 1000 m/s, bullet speed, no

need for new computations here, € being of degree 3 with respect to u ~ v. U
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Next, we would like to say a word about physics and phenomenology. Let us recall
the following key experiment of Fizeau, which according to Einstein himself [28] was the
main inspiration and verification of his relativity theory, at the early stages:

EXPERIMENT 2.23 (Fizeau, 1851). Assume that light moves through a liquid at speed
u < c. Then, when this liquid moves through a tube at speed v > 0,

the observed speed of light is not the Galilean u +4v = u + v, but rather

1
u—l—fv—u+v(1—ﬁ)

where n = c/u is the index of refraction of the liquid.

You must agree with me that this looks very good, especially in what regards the first
part, with the observed speed by Fizeau being not the Galilean one, v +; v # u +, v,
but then with the second part too, with Fizeau’s sum u + v looking quite similar to
the Einstein sum u +, v. So, let us do now the math, and compare what Fizeau and
Einstein say. The result here, which is certainly a success, if you are a bit familiar with
the difficulties of experimental physics, say via daily cooking at home, is as follows:

THEOREM 2.24. The Fizeau speed summation, which in ¢ = 1 units is
u+pv=u+v—u*v=~(u+v)(l—uv)
15 compatible with the Einstein speed summation, which in ¢ = 1 units is
u+v

14+ uv
with the approzimations coming from u >> v, and from 1/(1 +x) ~1 — x.

UV = ~ (u+v)(1—uv)

ProoF. This is something rather self-explanatory, but let us work out the details. In
¢ = 1 units the index of refraction of the liquid is n = 1/u, and we have:

u+pv = u+v(1—ﬁ)
= u+ov(l—u?)
= u4v—utv
u+ v —u*v — uv?

(u+v)(1—uv)
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To be more precise here, we have used, for the approximation at the end:
v<<u = w?<<u,v,uv

As for the processing of the Einstein formula, this simply uses 1/(1+2) ~1—2z. O

Getting back now to the Einstein summation formula from Theorem 2.20, or rather
to its more compact formulation from Theorem 2.19, that formula, while looking very
simple, is in fact quite subtle, and must be handled with care. Indeed, we have:

THEOREM 2.25. The Finstein speed summation, written in ¢ = 1 units as

has the following properties:

(1) u,v < 1 implies u+,v < 1.

(2) u+ev =04 u.

(3) (u+ev) +ew=1u-+, (v+,w).

(4) However, Au+, Av = A(u +. v) fails.

PRroOOF. All these assertions are elementary, as follows:

(1) This follows from the following formula, valid for any speeds u, v:

u+v (1 —u)(l—0v)
14w 1+wuv

l—u+.,v=1-—

Indeed, we deduce from this that u,v < 1 implies u 4+, v < 1, as claimed.

(2) This is clear, coming from the following observation:

U+ v v+ U
U+ V= = =V U
14+ wv 1+ vu

(3) We have indeed the following computation, for the first sum:

(u+ev) +ew = Uty +ew
1+ wv

u+v
14+uv tw

utv |
1 + 1+uv w

U+ v+ w+ uvw
1+ w4+ vw + vw
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As for the second sum, this is as follows, given by the same formula:
v+ w
“1+vw

v+w
u+ 14+vw

. vtw
1 +u 1+ow

u+ v+ w+ uwvw
1+ w4+ vw +vw

U+e (V+ew) = u+

(4) This is clear, with the remark however that it works at A = —1,0,1, or when
u=0,v=0,or u+wv=0. To be more precise, we have the following computation:
Au+ v U+
A A Av = A e = ——— =\
ke AV (e ) 14+ Nuw 14+ uv

< AMu+wv)=0, or Xuv =uv
— A=0,orut+v=0,orA>=1, oruv=0
Thus, we are led to the above conclusions. Il

Summarizing, the Einstein summation in 1D must be used with care, and this due to
Theorem 2.25 (4). We will see later that things get even worse in higher dimensions, with
U+ev =04 uand (u+,v) 4. w = u +, (v +, w) both failing there.

2e. Exercises
Welcome to physics, in 1 dimension, and as exercises, we have:
EXERCISE 2.26. Meditate on the energy formula E = muv? /2.
EXERCISE 2.27. Memorize the formulae of 1P + ...+ kP, at small p.
EXERCISE 2.28. Complete our proof of 17 + ...+ kP ~ kP /(p + 1).
EXERCISE 2.29. Learn more about Bernoulli numbers, and their properties.
EXERCISE 2.30. Learn a bit about particle physics, decay and scattering.
EXERCISE 2.31. Clarify all the details, in our study of the decay.
EXERCISE 2.32. Meditate on the origins and speed of light in 1D.
EXERCISE 2.33. Read about the experiments of Fizeau and others.

As bonus exercise, explore a bit gravity and thermodynamics, in 1D.



CHAPTER 3

Functions, calculus

3a. Newton, derivatives

Back now to mathematics, according to the general policy for this book, the odd-
numbered chapters 1 — 3 — ... — 15 being mathematics, and the even-numbered ones
2—4—...—16 being physics, in view of what we did in chapter 2, with our physics in 1D,
we definitely need to talk about calculus. In fact, save for some standard phenomenol-
ogy discussion, and some easy computations, what we basically did in chapter 2 was to
compute derivatives and integrals, which are the business of calculus.

So, what are the derivatives, integrals, and calculus itself? In answer, we have:

PriNcIPLE 3.1. Calculus is the modern study of functions, the idea being:

(1) The derivative of a function is the rate of change of the function.

(2) The integral of a function is its average, up to a normalization.

(3) The differentiation and integration operations are inverse to each other.
(4) For learning, it is better to differentiate first, and integrate after.

To be more precise here, (1) and (2) are obviously definitions, and more on them in a
moment. Then (3) is a theorem, called fundamental theorem of calculus. And finally (4) is
something more technical, the point being that, while according to (3) the differentiation
and integration are interchangeable, for learning purposes, in practice things are a bit
asymmetric, with the theory of differentiation being a bit easier to develop.

As a further comment on this, looking at what we did in chapter 2, we were mostly
computing integrals there, instead of derivatives, somehow contradicting (4). Well, this
is because the choice of the topics for chapter 2 was something biased, with me author
preferring to discuss there, for various reasons, physics involving easy integrals, instead
of physics involving easy derivatives. So, no issue here, (4) still stands, trust me.

But probably too much talking. Getting started, with derivatives, we have:

Fact 3.2. Newton invented the deriwatives for formulating the laws of motion as

v=2a |, a=21"
where x,v,a are the position, speed, acceleration, and prime is the time derivative.

57
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To be more precise, the variable in Newton’s physics is time ¢ € R, playing the role of
the variable x € R generally used in mathematics. And we are looking at a particle whose
position is described by a function x = x(t). Then, it is quite clear that the speed of this
particle should be described by the first derivative v = z/(¢), and that the acceleration of
the particle should be described by the second derivative a = v'(t) = 2" (t).

Getting now to our regular mathematical business, in this odd-numbered chapter 3, do
we have any purely mathematical reasons for introducing the derivatives? In answer, sure
yes. Indeed, in mathematics we are generally interested in the functions f : R — R, and
we already know that when f is continuous at a point x, we can write an approximation
formula as follows, for the values of our function f around that point x:

f(x+h) = f(x)

The problem is now, how to improve this? And a bit of thinking suggests to look at
the rate of change of f at the point . Which leads us into the following notion:

DEFINITION 3.3. A function f: R — R is called differentiable at x when

o) — i L) = )

h—0 h

called derivative of f at that point x, exists.

As a first remark, in order for f to be differentiable at x, that is, in order for the above
limit to converge, the numerator must go to 0, as the denominator h does:

lim [f(x + h) — f(x)] = 0
h—0

Thus, f must be continuous at x. However, the converse is not true, a basic coun-
terexample being f(z) = |z| at x = 0. Let us summarize these findings as follows:

PROPOSITION 3.4. If f is differentiable at x, then f must be continuous at x. However,
the converse is not true, a basic counterexample being f(z) = |z|, at x = 0.

PROOF. The first assertion is something that we already know, from the above. As
for the second assertion, regarding f(x) = |z|, we first have:

. |0+h|—=10] . h—=0
lim ———— =lim —— =1
RN\0 h MO h
On the other hand, we have as well the following computation:
h| — —h —
lim w = lim 0 =—1
k0 h 0 h

Thus, the limit in Definition 3.3 does not converge, so we have our counterexample. [
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Generally speaking, the last assertion in Proposition 3.4 should not bother us much,
because most of the basic continuous functions are differentiable, and we will see examples
in a moment. Before that, however, let us recall why we are here, namely improving the
basic estimate f(z + h) =~ f(x). We can now do this, using the derivative, as follows:

THEOREM 3.5. Assuming that f is differentiable at x, we have:
[z +h) = f(x) + f'(x)h
In other words, f is, approrimately, locally affine at x.

PROOF. Assume indeed that f is differentiable at x, and let us set, as before:

o) — i L) = )

h—0 h

By multiplying by h, we obtain that we have, once again in the h — 0 limit:
fle+h) = fz) = fl(z)h

Thus, we are led to the conclusion in the statement. U

All this is very nice, and before developing more theory, let us work out some examples.
As a first illustration, the derivatives of the power functions are as follows:

THEOREM 3.6. We have the differentiation formula
(a?) = pa?™!
valid for any exponent p € R.
PROOF. We can do this in three steps, as follows:

(1) In the case p € N, that we already met in chapter 2, in the context of our decay
computations there, we can use the binomial formula, which gives, as desired:

(x+h)y = Zn: (’S’) o

s=0
= 2P+ pP th4+ . 4+ R
~ 2P + paPth

(2) Let us discuss now the general case p € Q. We write p = m/n, with m € Z and
n € N. In order to do the computation, we use the following formula:

a* = b= (a—b)(a" P +a" b+ + b
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We set in this formula a = (z + h)™™ and b = 2™/". We obtain, as desired:

m/n _ m/n (x—f—h)m_xm
(x 4+ h) z = (z + h)m(n—l)/n + .. 4 gmn-1)/n
L e h)m—an
- nxmn—1)/n
maz™ th

12

m(n—1)/n
. xm—l—m-ﬁ-m/n - h

. xm/n—l - h

SI3=13E

(3) In the general case now, where p € R is real, we can use a similar argument.
Indeed, given any integer n € N, we have the following computation:

(x + h)P" — 2P
(x + h)P(n=1) 4 4 gp(n—1)

(x + h)P" — P
ngjp(n_l)

(x+h)P —aP =

Now observe that we have the following estimate, with [.] being the integer part:
(@ 4+ h)P < (2 + By < (z+ B)PIH!

By using the binomial formula on both sides, for the integer exponents [pn| and [pn]+1
there, we deduce that with n >> 0 we have the following estimate:

(z + h)P" ~ 2P + pnaP™th

Thus, we can finish our computation started above as follows:

pnflh
(x 4+ h)P — 2P ~ pzzpn_p = paP~th
But this gives (2P)" = pzP~!, which finishes the proof. O

Here are some further computations, for other basic functions that we know:

THEOREM 3.7. We have the following results:

(1) () = .
(2) (logz) =1/x.

ProOF. The computations here are simpler, the idea being as follows:
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(1) For the exponential, the derivative can be computed as follows:

o= (&)

k=0

(2) As for the logarithm, the computation here is as follows, using log(1 + y) ~ y for
y ~ 0, which follows from e¥ ~ 1 + y that we found in (1), by taking the logarithm:

. log(x + h) —logx
! —
(logz)" = Jim h
o)
h—0 h
1

x
Thus, we are led to the formulae in the statement. O

Speaking exponentials, we can now formulate a nice result about them, as follows:

THEOREM 3.8. The exponential function, namely

is the unique power series satisfying f' = f and f(0) = 1.

Proor. This is something that we already met, and in a slightly more general form,
involving a parameter A, in the context of our decay computations from chapter 2, but
always good to talk about it again. Consider a power series satisfying f* = f and f(0) = 1.
Due to f(0) = 1, the first term must be 1, so our function must look as follows:

flz) =1+ chxk
k=1
According to our differentiation rules, the derivative of this series is given by:

flz) = i kepa ™!
k=1
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Thus, the equation f’ = f is equivalent to the following equalities:
cgo=1 , 200=c¢ , 3c3=c , 4dcu=c ,

But this system of equations can be solved by recurrence, as follows:

_q 1 1 B 1
AT @7y 0 BToNm 0 Tk
Thus we have ¢, = 1/k!, leading to the conclusion in the statement. 4

Observe that the above result leads to a more conceptual explanation for the number
e itself. To be more precise, e € R is the unique number satisfying:

(€x>/ — 633

We will be back to this, with an even better characterization of exp, later in this
chapter. Now let us develop some theory. We have the following key statement:

THEOREM 3.9. We have the following formulae:

(D) (f+9)=f+g"
(2) (f9) =[fg+fdg.
(3) (fog) =(fog) -9

PRrROOF. All these formulae are elementary, the idea being as follows:

(1) This follows indeed from definitions, the computation being as follows:

(f+9)(x+h)—(f+g)(r)

(/ +9)/(x) = lim

h—0 h

. (fla+h)=flz)  glz+h)—g)
= jm ( h * n )
i J@E = f@) gl h) — g(a)

h—0 h h—0
= f'(z) +4'(2)

(2) This follows from definitions too, the computation, by using the more convenient
formula f(z + h) ~ f(z) + f'(z)h as a definition for the derivative, being as follows:

(fg)(x+h) = flx+h)gx+h)
(f(x) + f'(x)h)(g(x) + g'(x)h)
=~ f(x)g(x) + (f(x)g(x) + f(x)g'(x))h

Indeed, we obtain from this that the derivative is the coefficient of h, namely:

(f9)'(z) = fi(x)g(x) + f(z)g (x)

12
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(3) Regarding compositions, the computation here is as follows, again by using the
more convenient formula f(x + h) ~ f(z) + f'(x)h as a definition for the derivative:

(fog)x+h) = f(g(x+h))
~ f(g(x) +g'(x)h)
~ f(g(x)) + f'(g(x))g' (x)h

Indeed, we obtain from this that the derivative is the coefficient of ¢, namely:
(fog)(z) = f(g(x))d (x)
Thus, we are led to the conclusions in the statement. Il
We can of course combine the above formulae, and we obtain for instance:
THEOREM 3.10. The deriwatives of fractions are given by:
([)' _f9- 14
g 92
In particular, we have the following formula, for the derivative of inverses:
IR f!
() -7
In fact, we have (fP) = pfP=t, for any exponent p € R.

ProoOF. This statement is written a bit upside down, and for the proof it is better to
proceed backwards. To be more precise, by using (z7)’ = pz?~! and Theorem 3.9 (3), we
obtain the third formula. Then, with p = —1, we obtain from this the second formula.
And finally, by using this second formula and Theorem 3.9 (2), we obtain:

@) - 0

= f’l+f<1>
g g

ffq
g g?

Thus, we are led to the formulae in the statement. O

At the theoretical level now, further building on Theorem 3.5, we have:
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THEOREM 3.11. The local minima and maxima of a differentiable function f: R — R
appear at the points x € R where:

fi(x)=0
However, the converse of this fact is not true in general.

PROOF. The first assertion follows from the formula in Theorem 3.5, namely:

f(z+h) ~ f(x) + f'(x)h

Indeed, saying that our function f has a local maximum at x € R means that there
exists a number € > 0 such that the following happens:

fle+h) = f(z) , Vhel-ecel

Thus we must have f’(z)h > 0 for sufficiently small A, and since this small h can be
both positive or negative, this gives the following condition, as desired:

fi(x)=0
The discussion for the local minima is similar. Finally, in what regards the converse,
the simplest counterexample here is the function f(z) = 23, at z = 0. U

In practice, Theorem 3.11 can be used in order to find the maximum and minimum
of any differentiable function, and this method is best recalled as follows:

ALGORITHM 3.12. In order to find the minimum and mazimum of f : [a,b] — R:

(1) Compute the derivative f'.

(2) Solve the equation f'(x) = 0.

(3) Add a,b to your set of solutions.

(4) Compute f(x), for all your solutions.

(5) Compute the min/maz of all these f(x) values.
(6) Then this is the min/max of your function.

Needless to say, all this is very interesting, and powerful. The general problem in
any type of applied mathematics is that of finding the minimum or maximum of some
function, and we have now an algorithm for dealing with such questions. Very nice.

Moving on, as another important consequence of Theorem 3.11, we have:

THEOREM 3.13. Assuming that f : [a,b] — R is differentiable, we have

for some ¢ € (a,b), called mean value property of f.
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PROOF. In the case f(a) = f(b), the result, called Rolle theorem, states that we have
f'(¢) = 0 for some ¢ € (a,b), and follows from Theorem 3.11. Now in what regards our
statement, due to Lagrange, this follows from Rolle, applied to the following function:

o) = sy - 1O T,

Indeed, we have g(a) = g(b), due to our choice of the constant on the right, so we get
g'(c) = 0 for some ¢ € (a,b), which translates into the formula in the statement. O

As a key consequence of Theorem 3.13, of great practical interest, we have:
THEOREM 3.14. For a differentiable function we have
f'=0 = f=constant
and with the converse of this being of course true too.
Proor. This is indeed something self-explanatory, coming from Theorem 3.13.  [J
Time for some applications? As something truly remarkable, we have:
THEOREM 3.15. We have the generalized binomial formula

(1+@p:§i<2>ﬁ

k=0
with the generalized binomial coefficients being given by
p\_plp=1...(p=k+1)
k k!
valid for any exponent p € R, and any |z| < 1.

PROOF. The series in the statement f converges indeed at || < 1, thanks to our
convergence results from chapter 1, which apply. Also, we have the following formula:

(1 +2)f(z) =pf(z)
Now by using this formula, we have the following computation:
(14 2)"f(2)) = —p(1+2) 7 f(2) + (1 +2) 7 f(2) =0
Thus we have f(z) = ¢(1 4 z)?, with ¢ = f(0) = 1, as desired. O
As another application of Theorem 3.14, we can improve Theorem 3.8, as follows:
THEOREM 3.16. The exponential function is the unique solution of
f'=f . flO=1

and as a consequence, e = f(1), with f being this unique solution.
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PROOF. Since we have f(0) = 1 and f’ = f we conclude that we have f > 1 for x > 0,
and a similar backwards argument shows that we have as well f > 0, for x < 0. In short,
we have f > 0 over the whole R, and in particular f # 0. But with this, we have:

I
7=
= (logf) =1
= logf=x+c
= f= X"

f'=f = 1

Now by using f(0) = 1 we conclude that we have f(z) = e*, as desired. O

3b. Second derivatives

The derivative theory that we have is already quite powerful, and can be used in order
to solve all sorts of interesting questions, but with a bit more effort, we can do better.
Indeed, at a more advanced level, we can come up with the following notion:

DEFINITION 3.17. We say that f : R — R is twice differentiable if it is differentiable,
and its derivative f': R — R is differentiable too. The derivative of f' is denoted

f"'R—=R
and is called second derivative of f.

You might probably wonder why coming with this definition, which looks a bit abstract
and complicated, instead of further developing the theory of the first derivative, which
looks like something very reasonable and useful. Good point, and answer to this coming
in a moment. But before that, let us get a bit familiar with f”. We first have:

INTERPRETATION 3.18. The second derivative f"(z) € R is the number which:

(1) Ezxpresses the growth rate of the slope f'(y) at the point x.
(2) Gives us the acceleration of the function f at the point x.
(3) Computes how much different is f(x), compared to f(y) with y ~ x.

So, this is the truth about the second derivative, making it clear that what we have
here is a very interesting notion. In practice now, (1) follows from the usual interpretation
of the derivative, as both a growth rate, and a slope. Regarding (2), this is some sort
of reformulation of (1), using the intuitive meaning of the word “acceleration”, with the
relevant physics equations, due to Newton, with respect to time ¢, being as follows:

/ "
v=x , a="v

As in what regards (3) in the above, this is something more subtle, of statistical nature,
that we will clarify with some mathematics, in a moment.
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In practice now, let us first compute the second derivatives of the functions that we
are familiar with, see what we get. The result here, which is perhaps not very enlightening
at this stage of things, but which certainly looks technically useful, is as follows:

PROPOSITION 3.19. The second derivatives of the basic functions are as follows:
(1) (z7)" = p(p — a2
(2) exp’ = exp.
(3) log'(z) = —1/2>.
Also, there are functions which are differentiable, but not twice differentiable.

PrROOF. We have several assertions here, the idea being as follows:

(1) Regarding the various formulae in the statement, these all follow from the various
formulae for the derivatives established before, as follows:

(a")" = (pa"™1) = p(p — 1)a"*
(em)l/ — (ex)/ — e$
(logz)" = (=1/z) = ~1/a
Of course, this is not the end of the story, because these formulae remain quite opaque,
and must be examined in view of Interpretation 3.18, in order to see what exactly is going
on. Also, we have various compositions, and inverse functions too. In short, plenty of
good exercises here, for you, and the more you solve, the better your calculus will be.

(2) Regarding now the counterexample, recall first that the simplest example of a
function which is continuous, but not differentiable, was f(x) = |z|, the idea behind this
being to use a “piecewise linear function whose branches do not fit well”. In connection
now with our question, piecewise linear will not do, but we can use a similar idea, namely
“piecewise quadratic function whose branches do not fit well”. So, let us set:

ar? (z <0)

This function is then differentiable, with its derivative being:

) = {an (x <0)

2bx  (z>0)
Now for getting our counterexample, we can set a = —1,b =1, so that f is:
—z? (z <0)
fle) =9 ,
x (x >0)
Indeed, the derivative is f’(x) = 2|z|, which is not differentiable, as desired. d

Getting now to theory, we first have the following key result:
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THEOREM 3.20. Any twice differentiable function f: R — R is locally quadratic,
Flat )= f@) + Plan T g
with f"(x) being as usual the derivative of the function f': R — R at the point x.

PROOF. Assume indeed that f is twice differentiable at x, and let us try to construct
an approximation of f around x by a quadratic function, as follows:

f(x +h) ~a+bh+ch?

We must have a = f(x), and we also know from Theorem 3.5 that b = f'(x) is the
correct choice for the coefficient of h. Thus, our approximation must be as follows:

f(x+h) =~ f(z)+ f'(2)h + ch?
In order to find the correct choice for ¢ € R, observe that the function t — f(x + h)
matches with t — f(x)+ f'(z)h+ch? in what regards the value at h = 0, and also in what

regards the value of the derivative at h = 0. Thus, the correct choice of ¢ € R should be
the one making match the second derivatives at h = 0, and this gives:

f'(@) = 2
We are therefore led to the formula in the statement, namely:
I
x
Flo b = fa) + flah T w2
In order to prove now that this formula holds indeed, we will use L’Hopital’s rule,
which states that the 0/0 type limits can be computed as follows:

fl@) _ [(=)
g(x) — g'(x)
Observe that this formula holds indeed, as an application of Theorem 3.5. Now by
using this, if we denote by ¢(h) ~ P(h) the formula to be proved, we have:

p(h) = P(h) _ ¢(h) = P'(h)

h? 2h
_ ¢'(h) = P"(h)
- 2
_ ) = (=)
=
=0
Thus, we are led to the conclusion in the statement. U

The above result substantially improves Theorem 3.5, and there are many applications
of it. As a first such application, justifying Interpretation 3.18 (3), we have the following
statement, which is a bit heuristic, but we will call it however Proposition:
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PROPOSITION 3.21. Intuitively speaking, the second derivative f"(x) € R computes
how much different is f(x), compared to the average of f(y), with y ~ x.

PROOF. As already mentioned, this is something a bit heuristic, but which is good to
know. Let us write the formula in Theorem 3.20, as such, and with h — —h too:

Floeth) = fa) + fah+ T pe

Flo = 1) = f@) - fan+ T g

By making the average, we obtain the following formula:

x4+ h)+ flx —h "z
2 2
But this is what our statement says, save for some uncertainties regarding the aver-
aging method, and for the precise value of I(h*/2). We will leave this for later. O

Back to rigorous mathematics, we can improve as well Theorem 3.11, as follows:

THEOREM 3.22. The local minima and local mazima of a twice differentiable function
f R — R appear at the points x € R where

f'(x) =0

with the local minima corresponding to the case f'(x) > 0, and with the local mazima
corresponding to the case f"(z) <0.

PROOF. The first assertion is something that we already know. As for the second
assertion, we can use the formula in Theorem 3.20, which in the case f'(z) = 0 reads:

"
fla+m) = f) + T g
Indeed, assuming f”(z) # 0, it is clear that the condition f”(z) > 0 will produce a
local minimum, and that the condition f”(x) < 0 will produce a local maximum. O

As before with Theorem 3.11, the above result is not the end of the story with the
mathematics of the local minima and maxima, because things are undetermined when:

f'(w) = f"(x) =0

For instance the functions 2™ with n € N all satisfy this condition at x = 0, which
is a minimum for the functions of type 22", a maximum for the functions of type —z?™,

and not a local minimum or local maximum for the functions of type £z?™*1!,

There are some comments to be made in relation with Algorithm 3.12 as well. Nor-
mally that algorithm stays strong, because Theorem 3.22 can only help in relation with
the final steps, and is it worth it to compute the second derivative f”, just for getting rid
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of roughly 1/2 of the f(x) values to be compared. However, in certain cases, this method
proves to be useful, so Theorem 3.22 is good to know, when applying that algorithm.
3c. Taylor formula

Back now to the general theory of the derivatives, and their theoretical applications,
we can further develop our basic approximation method, at order 3, at order 4, and so
on, the ultimate result on the subject, called Taylor formula, being as follows:

THEOREM 3.23. Assuming that f : R — R is differentiable n times, we have
— f®(x) 4
k=0

where f*)(x) are the higher derivatives of f at the point x.

ProoOF. Consider the function to be approximated, namely ¢(h) = f(x + h), and let
us try to best approximate this function at a given order n € N. We are therefore looking
for a certain polynomial in h, of the following type, approximating our function:

P(h)=ay+ ath+ ...+ a,h"”

The natural conditions to be imposed are those stating that P and ¢ should match
at h = 0, at the level of the actual value, of the derivative, second derivative, and so on
up the n-th derivative. Thus, we are led to the approximation in the statement:

n. f(k)
fle+h)~)" fk—fx) R¥
k=0 ’

In order to prove now that this approximation holds indeed, we can use L’Hopital’s
rule, applied several times, as in the proof of Theorem 3.20. To be more precise, if we
denote by ¢(h) ~ P(h) the approximation to be proved, we have:

p(h) — P(h) _ #'(h) = P'(h)

hn nhr-1
2'(h) — P'(h)
n(n — 1)hn=2

£(h) — PO(h)
n!
1)) — f )

n!

12

= 0

Thus, we are led to the conclusion in the statement. U
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Here is a related interesting statement, inspired from the above proof:

PROPOSITION 3.24. For a polynomial of degree n, the Taylor approximation
— f®(x) 4
k=0

s an equality. The converse of this statement holds too.

PROOF. By linearity, it is enough to check the equality in question for the monomials
f(z) = 2P, with p < n. But here, the formula to be proved is as follows:

e S D =k )

o e pfk‘ k
o PR
k=0

We recognize the binomial formula, so our result holds indeed. As for the converse,
this is clear, because the Taylor approximation is a polynomial of degree n. Il

In order to further comment now on Theorem 3.23, which remains something quite
subtle, it is perhaps time to clarify our meaning of ~. We have been using this sign, since
the beginning of this book, for approximation in a general, intuitive sense. However, since
in Theorem 3.23 we have all kinds of infinitesimals appearing, namely h, h%, ... h", we
must invent something better. And here, the best is to state things as follows:

THEOREM 3.25. Assuming that f : R — R is differentiable n times we have
— f®(x) n
f(z+h) :ZTh’“ro(h )
k=0

with o being the Landau symbol, meaning o(s)/s — 0, with s — 0.
PRrROOF. This is indeed something self-explanatory, based on Theorem 3.23. U

As a last comment about Theorem 3.23, an interesting situation, which appears quite
often, is that when f is infinitely differentiable. Here the result is as follows:

THEOREM 3.26. Assuming that f : R — R is infinitely differentiable, we have

~ fP(@) 4 n

flx+h) :ZTh + o(h")

k=0

for any n € N, according to the Taylor theorem. However, the asymptotic formula
o PA()
fla+h)=>" o h
k=0

might hold or not, depending on f, and generically, does not hold.
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Proor. This is something quite tricky, the idea being as follows:
(1) To start with, the first assertion is something that we know well.

(2) The second assertion is something more subtle, with the examples there abounding.
However, we have as well counterexamples, with a standard counterexample being:

B eV (1 £ 0)
o et

Indeed, for this function we have the following estimate, valid for any n € N:
1/h?"
=@y < (M

n!
Thus f is infinitely differentiable at 0, with all its derivatives vanishing there, and so
its Taylor series at 0 is the null series, which cannot be equal to f itself. That is, f is
designed not to take off from 0, but it manages however to take off, very slowly.

-1
) = n!h? = o(h™)

(3) In what regards now the very last claim, this is something more technical, an
intuitive explanation here being that there should be more functions f : R — R, even
taken infinitely differentiable, than series 1) = > ¢xh*. And in practice, up to you to learn
here how to count such beasts, as an exercise, and reach to the above conclusion. U

In relation now with the local extrema, and getting back to our usual, informal ~
convention, in order to quickly explain what happens, we have the following result:

THEOREM 3.27. Assuming that f : R — R is n times differentiable, and

[ (=)

n!

flzx+h)~ f(x)+ h"

with f™(x) # 0, this tells us if x is a local minimum or maximum of f.

Proor. This is a quite compact statement, coming from the Taylor formula, the idea
in practice being that we have an algorithm here, as follows:

(1) We can start with n = 1, and with the following formula, that we know well:

fle+h) >~ f(x) + f(x)h
Indeed, this formula tells us that when f’(x) # 0, the point x cannot be a local
minimum or maximum, due to the fact that h — —h will invert the growth.

(2) In the case left, f'(z) = 0, we switch to n = 2, where the Taylor formula is:
f'(@)
——=h

2

And here, when f”(z) < 0 we have a local maximum, and when f”(z) > 0 we have a
local minimum. As for the remaining case, f”(x) = 0, things here remain open.

fx+h)~ f(x)+
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(3) In the case left, f”(x) = 0, we switch to n = 3, where the Taylor formula is:

()
Flot ) = fa) + D g

But this solves the problem in the case f"”(x) # 0, because here we cannot have a local
minimum or maximum, due to h — —h, which switches growth. As for the remaining
case, f”(x) = 0, things here remain open, and we have to go at higher order.

(4) Summarizing, we have a recurrence method for solving our problem. In order to
comment now on what happens at the n-th step, let us write, as in the statement:

f" (=)

h’n
n!

fx+h) =~ fz)+

Then, when n is even, if f™(z) < 0 we have a local maximum, and if £ (z) > 0 we

have a local minimum. As for the case where n is odd, here with f™(x) # 0 we cannot
have a local minimum or maximum, due to h — —h which switches growth.

(5) And so on, until the algorithm stops, either due to f(”)(:v) # 0, as it would be
ideal, solving our problem, or due to the fact that f™ is no longer differentiable at z,
telling us that we have to use some alternative methods, or due the fact that we are facing
a tricky function, resisting our algorithm until the very end, after n = oo steps, such as
the function f(z) = e~/ ** that we met in the proof of Theorem 3.30. 4

Finally, and getting now to more concrete things, let us compute the Taylor series of
the basic functions that we know. We have here the following result:

THEOREM 3.28. We have the following formulae,

o0 k [e.9]

T _ - ka
e’ = o log(1 + x) Z
k=0 k=0

as Taylor series, and in general as well, with |x| < 1 needed for log.
PROOF. There are two assertions here, the proofs being as follows:

(1) Regarding the first assertion, here the needed formulae, which lead to the formulae
in the statement for the corresponding Taylor series, are as follows:

(eCC)/ — ea:

(logz) = x7*

(zP) = paP~t

(2) As for the fact that the formulae in the statement extend beyond the small x
setting, coming from Taylor series, this is something that we know from chapter 1. U
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And with this, end of our learning regarding derivatives. The above material was of
course quite theoretical, yes I know, but do not worry, we will do some heavy physics in
chapter 4 and afterwards, with complicated functions and computations, using this.

3d. Riemann, integrals

Following Riemann, let us discuss now the integration of functions, and its relation
with differentiability. The definition of integrals is something very simple, as follows:

DEFINITION 3.29. The integral of a function f on |a,b] is its normalized average

/ f(@)dz = (b—a) x A(f)

that is, average A(f) times the length of the interval b — a. Equzvalently,

f dm—b—axggoan( >

which can stand as a formal definition for the integral.

As a first comment on this, this is rather the 1D perspective on the Riemann integral,
suitable for this book, at the present point of writing, which is a bit probabilistic in
nature, and which would probably make Riemann himself, who was a geometer, turn in
his grave. So, before going forward, a bit of discussion must be made:

(1) To start with, our definition is very beautiful, and fits with our physics com-
putations from chapter 2. Indeed, we got there into computing all sorts of averages of
functions, and Definition 3.29 brings an abstract framework, for such computations.

(2) Next, you might wonder what that b — a normalization factor stands for. In
answer, this is something quite subtle, the idea being that the b — a factor is there as for
the fundamental theorem of calculus, that we will learn soon, to work fine.

(3) This being said, doing mathematics without that b —a factor makes sense too, and
this is what professional probabilists do, and with the integral, which is now the plain
average A(f), being more poetically denoted E(f), and called “expectation”.

(4) Finally, getting to Riemann, from a 2D perspective the integral of f is the signed
area below its graph, with this coming by drawing a picture, and approximating the area
with rectangles. And with this explaining, again, the need for the b — a factor.

So these were our comments, hope you got it, the integral is something quite subtle,
having several possible interpretations, which all must be known. In what follows we will
rather use the probabilistic approach, but with the Riemann b — a normalization, as in
Definition 3.29, with this best fitting with what we need in this chapter, and Part I.
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By the way, talking interpretations of the integral, here is one more, coming by further
building on our probabilistic approach from Definition 3.29:

ProproSITION 3.30. We have the Monte Carlo integration formula,

/abf(x)dx:(b—a XJL%anxz

with the points 1, ..., x, € [a,b] being chosen at random.
Proor. We recall from Definition 3.29 that the idea is that we have a formula as
follows, with the points z1, ..., x, € [a,b] being uniformly distributed:
b n
) 1
/a flz)dz = (b—a) x JLIEON;]”(:Q)
But this works as well when the points z1,...,2, € [a,b] are randomly distributed,
for somewhat obvious reasons, and this gives the result. O

With this discussed, time perhaps for some theory and computations? At the theo-
retical level we first have the following result, which is something very useful:

PROPOSITION 3.31. Given a continuous function f : [a,b] — R, we have

dc € [a, b] /f Ydz = (b—a)f(c)

with this being called mean value property.

PROOF. Our claim is that this follows from the following trivial estimate:

min(f) < f < max(f)

Indeed, by integrating this over [a, b], we obtain the following estimate:

b
= aymin(f) < [ fle)ds < (b~ @) max(f

Since f must takes all values on [min(f), max(f)], we get a ¢ € [a, b] such that:

b
o Jf(@)dx
LSOy
—a
Thus, we are led to the conclusion in the statement. Il

Next, we have the following result, called fundamental theorem of calculus:

THEOREM 3.32. Given a continuous function f : [a,b] — R, if we set

= [ #eas

then F' = f. That is, the derivative of the integral is the function itself.
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Proor. This follows from the mean value property. Indeed, we have:
F(z+h)— F(x 1 [eth

On the other hand, our function f being continuous, by using the mean value property
from Proposition 3.31, we can find a number ¢ € [z, x + h] such that:

1 xz+h
H / f(x)dz = f(c)

Thus, putting our formulae together, we conclude that we have:

F(z + h) — F()
L= )

Now with A — 0, no matter how the number ¢ € [z, z + h] varies, one thing that we
can be sure about is that we have ¢ — x. Thus, by continuity of f, we obtain:

F(x+h) — F(z)

. h = /@)
But this means exactly that we have F’ = f, and we are done. U

We have as well the following result, also called fundamental theorem of calculus:

THEOREM 3.33. Given a differentiable function F : R — R, we have

/ " F()de = F(b) — Fla)
for any interval [a, b].

PRrooOF. This is something which follows from Theorem 3.32, and is in fact equivalent
to it. Indeed, given F': R — R as above, consider the following function:

G(s) = / F)da

By using Theorem 3.32 we have G’ = F’, and so our functions F, G differ by a constant.
But with s = a we have G(a) = 0, and so the constant is F'(a), and we get:

F(s)=G(s)+ F(a)
Now with s = b this gives F'(b) = G(b) + F(a), which reads:

b
Fb) = / F'(2)dz + F(a)
Thus, we are led to the conclusion in the statement. Il

As an illustration for this, solving some concrete integration problems, we have:
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THEOREM 3.34. We have the following integration formulae,

b 1 1 b
bp-l— _ APt 1 b

/Qipdl’_—a , /—dx—log(—)
a p+1 0 T a

b b
/ e“dr = e’ — et | / logxdr =blogb—aloga —b+ a
all obtained, in case you ever forget them, via the fundamental theorem of calculus.

Proor. We already know most of these formulae, obtained via hard work in chapter
2, sorry for that, but the best is to redo everything, using Theorem 3.33:

(1) With F(z) = 2P we have F'(x) = pxP, and we get, as desired:
b
/ paP dx = P — Pt

(2) Observe first that the formula (1) does not work at p = —1. However, here we can
use F'(x) = logx, having as derivative F'(z) = 1/x, which gives, as desired:

b
1 b

/ —dx =logb —loga = log (—>
o T a

(3) With F(z) = e* we have F'(z) = e*, and we get, as desired:

b
/ " dr = e’ — e
a

(4) This is something more tricky. We are looking for a function satisfying:
F'(z) =logx

This does not look doable, but fortunately the answer to such things can be found on
the internet. But, what if the internet connection is down? So, let us think a bit, and try
to solve our problem. Speaking logarithm and derivatives, what we know is:

1
logz) = =
(log )’ = -

But then, in order to make appear log on the right, the idea is quite clear, namely
multiplying on the left by z. We obtain in this way the following formula:

(xlogx) =1-logx +x - é =logz +1
We are almost there, all we have to do now is to substract x from the left, as to get:
(xlogz —x) =logx
But this this formula in hand, we can go back to our problem, and we get the result. [

Getting back now to theory, inspired by the above, let us formulate:
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DEFINITION 3.35. Given f, we call primitive of f any function F satisfying:
F'=f
We denote such primitives by [ f, and also call them indefinite integrals.

Observe that the primitives are unique up to an additive constant, in the sense that if
F'is a primitive, then so is F'+ ¢, for any ¢ € R, and conversely, if F, G are two primitives,
then we must have G = F + ¢, for some ¢ € R, with this latter fact coming from the
standard fact that the derivative vanishes when the function is constant.

As for the convention at the end, F' = [ f, this comes from the fundamental theorem
of calculus, which can be written as follows, by using this convention:

[rwa=([1)o-([1)w

By the way, observe that there is no contradiction here, coming from the indeterminacy
of [ f. Indeed, when adding a constant ¢ € R to the chosen primitive [ f, when conputing
the above difference the ¢ quantities will cancel, and we will obtain the same result.

We can now reformulate Theorem 3.34 in a more digest form, as follows:

THEOREM 3.36. We have the following formulae for primitives,

p+1 1
/l’p:x , /—zlogm
p+1 x
/eI:eI , /log:t::vlogx—a:

allowing us to compute the corresponding definite integrals too.

PROOF. Here the various formulae in the statement follow from Theorem 3.34, and
the last assertion comes from the integration formula given after Definition 3.35. O

Getting back now to theory, we have the following key result:

THEOREM 3.37. We have the formula
/f’9+/fg’=fg

Proor. This follows by integrating the Leibnitz formula for derivatives, namely:

(f9) = fg+ fd

Indeed, with our convention for primitives, this gives the formula in the statement. [

called integration by parts.
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It is then possible to pass to usual integrals, and we obtain a formula here as well, as
follows, also called integration by parts, with the convention []2 = ¢(b) — ¢(a):

/abf’g+/abfg’= [fg]z

In practice, the most interesting case is that when the product function fg vanishes
on the boundary {a, b} of our interval, leading to the following formula:

/abf’gz—/abfg’

Examples of this usually come with [a,b] = [—00, 0], and more on this later. Now
still at the theoretical level, we have as well the following result:

THEOREM 3.38. We have the change of variable formula

b d
[ tarda = [ ooy
where ¢ = ¢~ (a) and d = @~ (b).
PRrROOF. This follows with f = F”, from the following differentiation rule:

(Fe)'(y) = F'(e)#'(y)
Indeed, by integrating this between ¢ and d, we obtain the result. U

As a theoretical application now of our integration theory, we have:

THEOREM 3.39. Given a n times differentiable function f: R — R, we have

n!

called Taylor formula with integral formula for the remainder.

ProoF. This is something quite standard, the idea being as follows:

(1) At n = 1 the formula in the statement is as follows, and certainly holds, due to
the fundamental theorem of calculus, which gives ffrh f'(s)ds = f(x + h) — f(x):

flam = s+ T po)ds

(2) At n = 2, the formula in the statement becomes more complicated, as follows:

z+h
fla 1) = F@) + F@hr [ 76+ b= s)ds
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As a first observation, this formula holds indeed for the linear functions, where we
have f(xz + h) = f(x) + f'(z)h, and f” = 0. So, let us try f(z) = 2. Here we have:

fx+h)— f(x)— f(x)h = (x + h)* — 2* — 2vh = h?

On the other hand, the integral remainder is given by the same formula, namely:
z+h z+h
/ f"(s)(x+h—s)ds = 2/ (x +h —s)ds

z+h
= 2h(9c+h)—2/ sds

= 2h(z+h) — ((z +h)? — 2%
= 2hx + 2h%* — 2hx — h?
h2
(3) Still at n = 2, let us try now to prove the formula in the statement, in general.

Since what we have to prove is an equality, this cannot be that hard, and the first thought
goes towards differentiating. But this method works indeed, and we obtain the result.

(4) In general, the proof is similar, by differentiating, the computations being similar
to those at n = 2, and we will leave this as an instructive exercise. Il

3e. Exercises
We have learned many interesting things here, and as exercises, we have:
EXERCISE 3.40. Learn a bit about calculus history, Netwon, Leibnitz and the others.
EXERCISE 3.41. Compute the first derivatives of some functions of your choice.
EXERCISE 3.42. Compute as well minima and mazima, of functions of your choice.
EXERCISE 3.43. Meditate on the binomial formula, at negative integer exponents.
EXERCISE 3.44. Clarify what we said, regarding the interpretations of f"(x).
EXERCISE 3.45. Try to find some similar possible interpretations of f"(x).
EXERCISE 3.46. Learn more about Monte Carlo integration, and its use.
EXERCISE 3.47. Compute more Riemann sums, with enthusiasm and pleasure.

As bonus exercise, review what we did in this chapter, from a 2D perspective.



CHAPTER 4

Basic mechanics

4a. Gravity basics

Time now to get back to physics, with a substantial improvement of what we did in
chapter 2, and with an introduction to modern physics in general, by using the mathe-
matics that we just learned in chapter 3, namely functions and calculus.

Let us start with something immensely important, in the history of science:

FAct 4.1. Newton invented calculus for formulating the laws of mechanics as
F=ma , a=v , v=2z
with F' being the force, m the mass, and x,v,a the position, speed and acceleration.

So, this will be our starting point for the considerations here. Regarding now the
explanations for the above, all this is quite intuitive, the idea being as follows:

(1) To start with, the variable in Newton’s physics is time ¢ € R, playing the role
of the variable x € R that we use in general in mathematics. And we are looking at a
particle whose position is described by a function x = z(t).

(2) But then, it is quite clear that the speed of this particle should be described by
the first derivative v = %(t), rate of change of the position, with the standard convention,
in Newtonian physics, that the dots denote the time derivatives.

(3) Similarly, the acceleration of the particle should be described by the derivative
a = v(t), rate of change of the speed. In relation with this, observe that by combining
this with (2), the acceleration is the second derivative of the position, a = Z(t).

(4) Getting now to mechanics, appearing when our particle is subject to a force F' it
is quite clear that we should have F' ~ m and F ~ a, and so F' ~ ma, and nothing else.
Thus, by suitably normalizing the force, we can say that we have F' = ma.

Summarizing, everything in Fact 4.1 is quite intuitive, but with all this being of course
a physics Fact, and not a mathematical Theorem. Getting now to the consequences of
this, as a first application, we can talk about energy, the result being as follows:

81
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THEOREM 4.2. For a particle of mass m, subject to a force F, if we define its kinetic
and potential energy by the following formulae, the prime being a space derivative,

2
=" y-_F
2
and so with V' being unique up to an additive constant, the total energy
E=T+V

1s constant over time. The same happens for a system of N non-colliding particles.
PROOF. Many things can be said here, the idea being as follows:

(1) To start with, we already talked about energy in chapter 2, in the context of the
linear motion, in the absence of forces. We were saying at that time that T = muv?/2
must be constant, and now we have a better explanation of this, coming from:

T = mvd =mva =0

By the way, altough this computation yields 0, we can better understand now why the
kinetic energy is defined as T' = mv?/2, instead of T = mw?, the reason for this coming
from the fact that we would like to have 7' = muvd, as above, instead of T' = 2muvo.

(2) Getting now to what the statement says, with 7' = muv?/2 as before, we have:
T = mvo = mva = Fv

Now by integrating, also with respect to t, this gives the following formula:

T:/det:/F:tdt:/Fdx

Next, by taking the derivative with respect to the space variable z, we obtain:
T'=F

(3) But this suggests to define the potential energy V' by the following formula, up to
an additive constant, with the derivative being with respect to the space variable x:

V= -F

Indeed, we know from the above that we have T = F', so if we define the total energy
to be EZ =T + V, then this total energy is constant, as shown by:

E=T+V'=F-F=0

Thus, we are led to the various conclusions in the statement. U
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All this was quite theoretical, and getting now to the real thing, forces appearing in
the real life, and the subsequent mechanics of particles, let us talk about gravity.

So, what is gravity? In answer I guess, as you certainly know, gravity is when you
stumble and fall. But with this quick and unpleasant phenomenon, unfortunately, not
allowing you to carefully measure the magnitude of the force F' acting on you.

However, gravity can be successfully observed by looking at the skies, with a telescope.
For instance observing a comet heading to the Sun leads to the conclusion that F' grows
when the distance d between the comet and the Sun decreases, and a more careful study
even gives an exact formula, namely F' ~ 1/d?. We are led in this way to:

Fact 4.3 (Newton). The force of attraction between two bodies of masses my,ma,
having distance d > 0 between them, is given by
mime
F=—_-@G. =
where G ~ 6.674 x 107! is a constant. This force alters the trajectory of one body with
respect to another according to the formula F' = ma, with a being the acceleration.

To be more precise here, as explained above, various observations from astronomy,
performed over the centuries, led to the conclusion that we have F' ~ 1/d*. Now since we
certainly have F' ~ m; and F' ~ my too, and also since F' is attractive, and so technically
F < 0, we must have a formula of type F' = —G - myms/d?, as above.

Summarizing, gravity mechanism understood, thanks to the work of Newton, and
many others before him, up the value of the constant G. And, regarding the precise value
of G, coming of course from the above-mentioned astronomy observations, we have:

Fact 4.4. The gravitational constant is given by
G = 6.67430(15) x 10~

in standard units, with the 15 standing for the standard uncertainty.

To be more precise, we are using here standard units (meters, kilograms, seconds),
so our constant is dimensionless, and with the known experiments leading to the above
figure. As for the standard uncertainty, this is something of statistical nature.

In practice, in order to get more familiar with the numerics, Fact 4.4 tells us that the
force of attraction between two bodies having masses m; = my = 1kg, having distance
d = 1m between them, is F' = 6.67430(15) x 107! N. Which itself means that, assuming

that my is fixed, my is subject to an acceleration a = 6.67430(15) x 10~ m/s”.

Equivalently, for being a bit more reasonable with our figures, Fact 4.4 tells us that
given two asteroids having masses m; = my = 10'° kg, with this corresponding to the mass
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of a cube of ice having side » = 10 km, which are about to meet, having distance between
them d = 10°m = 100km, the force of attraction on m; is F' = 6.67430(15) x 10° N.
Which itself means that, when assuming that m; is fixed, ms is subject to an acceleration
a = 6.67430(15) x 10-m/s*>. Which sounds good, our asteroids will certainly meet.

As a philosophical comment now, I must say that Fact 4.4 looks to me more exciting
than Fact 4.3. And by this I mean, Fact 4.3 looks like something quite standard, leading
to some mathematics, which does not look that complicated, and that we can certainly
solve, with some patience. While Fact 4.4 is something completely alien, what is the
formula of that constant G, will us be ever able to say something about it?

Hope you get my point here, these physics constants are not a joke, hiding more
mysteries than the mathematics. So, let us formulate this as a conclusion, as follows:

CONCLUSION 4.5 (mathematician’s take). The physics constants are what is most
interesting, in physics. The rest being basically mathematics.

And more such comments later in this book, every time we will meet a new physics
constant. I mean, knowing myself, I will certainly make some advertisement for these.

But probably too much talking, let us get to work. Forgetting about Fact 4.4, maybe
later about this, once we will know 1000 times more mathematics and physics, what we
have in Fact 4.1 and Fact 4.3 leads to the following concise, clear statement:

THEOREM 4.6. The equation of a gravitational free fall, in 1 dimension, is
K

e ———
$2

with K = GM , where M is the attracting mass, and G is the gravitational constant.

PROOF. Assume indeed that we have a free falling object, in 1 dimension, represented
here vertically, for making the link with what we know, from the real life:

Om

l

o

In order to reach to calculus as we know it, it is better to perform a rotation, as to
have this happening horizontally. By doing this, and assuming that M is fixed at 0, our
picture becomes as follows, the attached numbers being now the coordinates:

o) <— O,

According now to the physics, Fact 4.1 and Fact 4.3, the gravitational force exterted
by M, which is fixed at 0 in our formalism, on the object m which moves, is subject to
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the following equations, with z, v, a being the position, speed and acceleration of m:

M
F=-G- ;n , F=ma , a=v , v==
x
But, forgetting now about F), v, a, this leads to the following equation for x:
Mm Km
mi=mi=ma=F=-G — =——-
x x
Thus, by simplifying by m, we are led to the equation in the statement. U

In practice now, solving the equation in Theorem 4.6 is not exactly an easy task, and
more on this later. In the meantime, let us begin with the following approximate result,
which is something of certain practical interest, for instance here on Earth:

THEOREM 4.7. In the context of a free fall from distance xo = R >> 0, with initial
velocity vy = 0, the equation of the trajectory is

with the constant being g = GM/R?, called gravity of M, at distance R from it.

ProoF. We know that the equation of motion is as follows, with K = GM:
K
a2
Since we assumed R >> 0, we must look for a solution of type  ~ R + ct?, with the
lack of the t term coming from vy = 0. But with  ~ R + ct?, our equation reads:

€T =

2c ~ —%
Now by multiplying by ¢?/2, and adding R, we obtain as solution:
Kt?
r~R— o2

Thus, we have indeed z ~ R — gt*/2, with g being the following number:

K GM

IR TR

We are therefore led to the conclusion in the statement. |

As an illustration for the above basic result, let us do a numeric terrestrial check,
based on it. The gravitational constant, the mass of the Earth, and the average radius of
the Earth are as follows, expressed as usual in meters and kilograms:

G=66T4x107" | M=5972x10* , R=6.371x10°



86 4. BASIC MECHANICS

We obtain the following value for the number g computed above:

6.674 x 5.972
_ OO XTI 10— 981
9= 63T x 6371 <10 =9819

Which is quite decent, when compared to the observed value, g = 9.806.

At a more advanced level, let us add now an arbitrary initial speed vy = v to the
above situation. We obtain in this way the following generalization of Theorem 4.7:

THEOREM 4.8 (update). In the context of a free fall from distance xo = R >> 0, with
initial velocity vector vy, the equation of the trajectory is
gt®

x:R—i—vot—?

where g = GM/R? being, as usual, the gravity of M, at distance R from it.

ProoOF. This is something straightforward, because in order to find the equation of
motion, we can just redo the computations from the proof of Theorem 4.7, with now
looking for a general solution of type x ~ R + vyt + ct?, and we get, as stated above:

2

t
r~ R4 vt — g
2
Alternatively, we can simply argue that, by linearity, what we have to do is to take
the solution # ~ R — gt?/2 found in Theorem 4.7, and add an extra vyt term to it. Il

As a comment now on this, the formula in Theorem 4.8 is in fact the exact formula
of a free fall, under the assumption that the attractive force F'is constant, and with this
latter assumption being usually called “uniform gravity case”. Let us record this as:

THEOREM 4.9 (version). In the context of a free fall from distance xrg = R >> 0,
under uniform gravity, with initial velocity vector vy, the equation of the trajectory is

t2
$:R+Uot—%

where g = GM/R? being, as usual, the gravity of M, at distance R from it

PrROOF. We more or less know this from Theorem 4.8, but the best is to redo every-
thing. Under the uniform gravity assumption in the statement, the equations are:

F=—gm , F=ma , a=0v , v==

By forgetting now about F, v, a, the equation of motion is as follows:
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But this latter equation, with o = R and 2y = vy, is easy to solve, as follows:
T=—g <= T=1v9—gt
gt*

< $:R+U0t—7

Thus, we are led to the conclusion in the statement. U

Finally, still in the uniform gravity context, we can talk about kinetic and potential
energy, and the conservation of their sum, as in Theorem 4.2, as follows:

THEOREM 4.10. In the context of a free fall from distance xo = R >> 0, up to distance
Tin = R — h, under uniform gravity, with initial velocity vector vy, the kinetic energy is

2 —qt 2
o MY m(vy — gt)
2 2
and the standard potential energy, normalized as to be 0 on the ground, is:
gt
V =mg(x — z4) = mg h+vot—7

Also, the total energy E =T +V is indeed constant, E = mv?/2 + mgh.

PRroOF. This is indeed something very standard, the idea being as follows:

(1) We use the trajectory formula found in Theorem 4.9, namely:
2

t
r=R+ Vot — 97
In what regards the formula of the kinetic energy, we have indeed:
T mv?  mi®  m(vy — gt)?
22 2

(2) Regarding now the potential energy, this must be given by V/ = —F = mg, up to
a constant. Thus V = mgx — ¢, and with the standard choice ¢ = mg(R — h), which is
there for having V' = 0 on the ground, where = z;,, = R — h, we obtain:

2

(3) We can now compute the total energy, which is constant, as it should:

— gt)? t?

gt?
V =mg(x —R+h) =mg | h+ vot — —

2 2
2 242 242
vy gt g-t
= — + —— — gt h t— —
m<2+ 5 vogt + gh + vog 2)
mua
= —— +mgh

2
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(4) Finally, let us mention that this energy technology can be useful for many practical
purposes. For instance the terminal speed vy;,, which is a bit complicated to compute
by using Theorem 4.9, and have a look at this in order to understand what I am talking
about, is very easy to compute by using energy conservation, which gives:

2 2

mute, mu,
fin 0

—— = —— +mgh
2 2 "

Thus, we obtain the following formula, for the terminal speed:

Vpin = £4/03 + 2gh

As an illustration here, if you throw a rock up in the sky at speed vy = 10m/s, that
rock will fall back on your head at speed vy, = —10m/s. In general, I will leave the
discussion of the sign in the above formula to you, as an interesting exercise. U

4b. Free falls

Getting now to the real thing, true gravity as in Fact 4.3, and the study of the
subsequent equation of motion from Theorem 4.6, we have here the following result:

THEOREM 4.11. The equation of a gravitational free fall in 1 dimension,
K

p—
LU2

can be successfully studied, by computing t = t(x) instead of x = z(t), and we have

V(2 ()

with x¢ being the initial position, and ¢ being such that ¢'(x) = —1/v/1 — x2.

PROOF. Many things can be said here, the idea being as follows:

(1) To start with, the equation in the statement, & = —K/x?, is not really solvable.
As a first idea here, we can look for a solution as follows, with 7" > 0 and A > 0:
x= (T — M)

In order for our equation to be satisfied, the following quantities must be equal:

K
i=plp—DN(T -2, ——=-K(T—-x)>
x
At the level of the exponent, we must have p — 2 = —2p, and so p = 2/3. As for
the coefficient, the equation here is (=2/9)A\* = —K, so \> = 9K/2, and \ = 3\/K/2.
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Summarizing, we have our particular solution, which is as follows, with 7" > 0:

T 2/3
=|T-3/=t

However, this is not the correct solution for our problem, and any attempt of further
perturbing this solution, as to get the correct solution, fails. In fact, there is no explicit
formula for the solution of & = —K/z?, and we will have to live with this.

(2) In order to say however something on the subject, we can trick as in the statement,
by computing ¢ = ¢(z) instead of x = z(¢). Now in order to do the inversion, we will need
the following standard computation, coming from the chain rule, applied twice:

flg@) =2 = f'(g(x)g'(z)=1
— f’(g(w)):g

—  (g(2)g (x) = =20

— gl = L

g'(x)?
(3) So, consider our equation, written as follows, with f(t) being the position:
K
f// t -
IO

When setting t = g(z), with f(g(z)) = « as above, our equation becomes:

LE L = () - ()

1 oK
=—+4c
gx)? w
1
= g(z)=-

V2K/x + ¢

Here we have chosen the above — sign at the end, when extracting the root, because
the function g = g(z), expressing time in terms of position, must be decreasing.

(4) Next, at the initial position zy the time must vanish, g(z() = 0, and we can expect

its derivative to explode there, ¢'(z¢) = —oo. Thus the constant ¢ appearing in the above
must be ¢ = —2K/zy, and our equation takes the following form:
1 1
g'(x) =

TVAR V- Um
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(5) Next, with the change of variables x = zgy, this equation becomes:

’ __To 1 — x_g.—l
S == AR i) e VK Vi1

(6) Now in order to solve this latter equation, observe that, assuming that we have a
function ¢ satisfying ¢'(x) = —1/4/1 — 22, as in the statement, we have:

(V= +evm) = =i
2Vy—y* 2Vy vi-y
Y

y—y

1

Vo

(7) Of course, this might sound a bit odd, but in any case, problem solved, and the
solution of our initial equation from (3), with initial data g(xy) = 0, is as follows:

g(zoy) = \/% (x/y -y + 80(\/37)>

Now with x = zgy we are led to the formula in the statement, namely:

o= (2 (- 2)+(/2)

Summarizing, we made it, free fall question eventually cracked. Very nice. O

2

With the above discussed, what is next? Finding I guess the mysterious function ¢
which is needed in Theorem 4.11, subject to the following formula:

, B 1
==

However, this does not look obvious, with the calculus knowledge that we have so far,
so I will have the ask here our usual 1D expert, the ant. And ant says:

ANT 4.12. Sure we have functions for everything, in our 1D world. The basic ones
come via 1> = —1, that’s something that we teach to our babies.

Okay, thanks ant, this looks quite interesting, you guys are certainly good at math,
and all of a sudden, my baby ant apprentice status makes me feel very intelligent.

Indeed, with the help of a formal number satisfying i> = —1, here is what we can do:
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THEOREM 4.13. By using a formal number satisfying i> = —1, we can write

e =cosx +isinz

1 sin™! differentiate as:

1
cos(r) = —sinz , sin(z) =cosz, cos ' (z) = ———— , sin '(z) =

V1—a2’

Also, the functions cos, sin are subject to the formula cos® +sin® = 1.

and the functions cos, sin and their inverses cos™
1
V1—2?

Proor. This is tricky ant mathematics, the idea being as follows:

(1) To start with, once we have a formal number satisfying i> = —1, and we certainly
have available such a beast, as the “formal” adjective indicates, we can write:

n:

n=0

_ i(ix)%_i_ 0 (ix)2k+1

| |
— (2k)! — (2k + 1)!
o0 22k o0 p2k+1
B SEUEANN SRS cus
| |
— (2k)! — (2k + 1)!
(2) Thus, we have ¢ = cosz + isinx as stated, with cos, sin being given by:
0 | a2 0 | 2k
= -1 ing = B DU,
st ;( TSR ;( o

Observe that both series converge, by using our convergence criteria from chapter 1.

(3) Next, observe that for various purposes, including differentiation, no really need
for the series, because we can use the following alternative formulae for cos, sin:

ei:c + e—i:c . eiz _ e—ix
COS = ———— smr = ———
2 ’ 2i

(4) As a first consequence now of these two latter formulae, we have the following
remarkable identity relating cos and sin, called Pythagoras theorem:

i —iz\ 2 i —iz\ 2
9 . 9 e’ +e er —e
cos“x+sin“x = —_— | + | ——

e?im + 6—21':0 + 2 eQix + 6—21'95 -9
4 4

=1
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(5) Getting now to differentiation, by using the formulae in (3) we have, as stated:

P AT g i _ i —iT
cos'(z) = e 226 S — 24;@ = — sin(z)
;1T ;=T i —iT
sinl (z) = e —|—.ze _¢ +e — cos(z)
21 2

Alternatively, these formulae follow as well by differentiating the series in (2).

(6) Summarizing, done with cos, sin, at least we know one thing. In what regards now
the inverse functions cos™, sin™!, things here are more tricky, because do we really know
if cos, sin are invertible, on which exact intervals, and so on. And with the study here
not looking obvious at all, with the 1D technology that we have, and with the ant being
gone, we will prefer here to defer this discussion for later in this book, when doing 2D.

1 sin™!, this can be done by using the

we can use the following computation:

(7) Getting now to the differentiation of cos™
chain rule. Indeed, for cos™!

Yx)cos™H(z)

1

(cosocos ') () = cos'(cos™

= —sin(cos ' x) cos (z)
Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
1

N .
cos™ () = sin(cos™! x)

But with ¢ = cos™! x we have cost = x, so the denominator is given by:

sin(cos ' x) = sint = V1 — cos?t = V1 — 22
We are therefore led to the formula in the statement, namely:
1
V11— 22

, we can use here the following computation:

cos (z) = —

(8) In what regards now sin™*

(sinosin™!)(z) = sin/(sin”!x)sin"t(z)
= cos(sin~' ) sin"'(z)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
1

so—1 I

sin” (z) = ————
(@) cos(sin™! z)

But with ¢t = sin™' 2 we have sint = z, so the denominator is given by:

cos(sin™! ) = cost = V1 —sin*t = V1 — 22



4B. FREE FALLS 93

We are therefore led to the formula in the statement, namely:

1
=

(9) Finally, in answer to a question that you might have, regarding the terminology,
the story here is that, while I was working on this, and looking for notations for our 2

new functions, a spider came by, and whispered to me cos and sin. More on this in Part
I1, where we will do 2D mathematics, guided by our 2D expert, that spider. O

sin~(z) =

Very nice, and we can now upgrade Theorem 4.11, into something final, as follows:

THEOREM 4.14 (upgrade). The equation of a gravitational free fall, in 1 dimension,
K

o —
ZEQ

can be successfully studied, by computing t = t(x) instead of x = z(t), and we have

x% + T
— cos—
K

with xo being the initial position, at launchmg.

PROOF. This comes indeed from Theorem 4.11, via ¢ = cos™! coming from Theorem

4.13. Of course, many other things can be said, as a continuation of this, and we will be
back to this later in this book, in Part II, after learning more about cos and sin. Il

As a last topic to be discussed, and in answer to a question that you might have,
according to the differentiation formulae in Theorem 4.13, we have:

1 1
—1 / co—1 /
cos” (z) +sin” (z) = — + =0
() @) =~ =t
Thus, the function cos™' 4 sin™' must be constant, and so, what is this constant?
However, this is not an easy question, and more on this later in Part II, when doing 2D.
We will learn at that time that the formula is as follows, with 7 = 3.14159... being a

certain mysterious number, I mean with no formula for it, naturally appearing in 2D:

1

1 . 1 7T

cos sin” = —

+ 2
Quite interesting all this, and to be related I guess to my previous Conclusion 4.5,
which looks now a bit embarrassing, and I don’t even know what to say, about all this.

Fortunately the cat, passing by, makes the following interesting comment:

COMMENT 4.15 (cat’s take). The mathematics constants are what is most interesting,
in mathematics. The rest being basically philosophy.

And with this, we will end our discussion about gravity and related topics, in 1 di-
mension. More on gravity later in this book, in 2 and more dimensions.
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4c. Elasticity, waves

We would like to talk now about waves, which are something fundamental in physics.
In fact, as we will discover later in this book, each branch of modern physics is guided by
its own version of the wave equation, and so, physics is all about waves.

The waves that we will be talking about here are the simplest ones, 1D and mechanical.
In order to discuss them, we first need to talk about elasticity, which is behind the
propagation of the mechanical waves. And, at the very basic level here, we have:

FacT 4.16 (Hooke law). When pushing or pulling a spring, with one end fized,
| 500K ©
the force acting on the other end, with orientation opposed to that of our action, is
F=kd
with d being the displacement of the spring, and k being the spring constant.

Which looks like something quite simple, but believe me, there are tons of advanced
mathematics and physics behing this conclusion, that elasticity is indeed linear at the first
order, with elasticity itself being a highly non-trivial business. However, for our purposes
here, we won’t bother much with the meaning of this, where elasticity comes from, and
take Fact 4.16 somehow as a definition, for an elastic medium.

Be said in passing, philosophically we will be here, talking about 1D waves without
really knowing what 1D elasticity is, in the same kind of trouble as in chapter 2, when we
talked about 1D relativity without really knowing what 1D light is. But, as said above,
let us just ignore all this, and do the mathematics, see what we get.

Getting now to the mechanical waves, these are impulses traveling through an elastic
medium. In the 1D setting, as usual in this chapter, the situation is as follows:

THEOREM 4.17. The wave equation in 1 dimension s

gb :Uztpﬂ

with the dots denoting time derivatives, and v > 0 being the propagation speed.
Proor. We can reach to the above equation via a suitable model, as follows:

(1) In order to understand the propagation of the waves, let us model the space, which
is R for us, as a network of balls, with springs between them, as follows:

s XXX @ XXX @ XXX @ XXX @ XXX @ XXX « - -

(2) Now let us send an impulse, and see how balls will be moving. For this purpose,
we zoom on one ball. The situation here is as follows, [ being the spring length:
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We have two forces acting at x. First is the Newton motion force, mass times accel-
eration, which is as follows, with m being the mass of each ball:
And second is the Hooke force, displacement of the spring, times spring constant.
Since we have two springs at x, this is as follows, k£ being the spring constant:
F, = F -F,
= k(p(z +1) —p(x) = k(e(z) —p(z = 1))
= k(p(z +1) = 2¢(x) + o(z —1))
We conclude that the equation of motion, in our model, is as follows:

m - B(x) = k(p(zr +1) = 20(z) + p(z — 1))

(3) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of N >> 0 balls, having a total mass M, and
spanning a total distance L. Thus, our previous infinitesimal parameters are as follows,
with K being the spring constant of the total system, which is of course lower than k:

M L
= — k=KN l=—
"N ’ N
With these changes, our equation of motion found in (2) reads:
2

P(z) = 0 (ol + 1) ~ 2p(0) + ol — D)

Next, observe that this equation can be written, more conveniently, as follows:

o) = KL plr+0) = 200a) + plo =

(4) Which sounds like calculus, so let us have a closer look at the right term. In the
N — oo limit that we are interested in, and therefore with [ — 0, we have:

o(r +1) = 2p(z) + p(z — 1)

lim
—0 l2

_ iy [P@) + @)+ " (2)12/2] = 20(x) + [p(w) — (@)1 + " (@)1/2]
1—0 lQ

()l

=

— SDH([L')

Thus with N — oo, and therefore with [ — 0, our equation in (3) reads:

bla) = 7 o)

We are therefore led to the conclusion in the statement. O



96 4. BASIC MECHANICS

Now that we have our equation, let us try to find its solutions. And here, surprise,
the simplest solutions are as follows, involving the function cos from Theorem 4.13:

THEOREM 4.18. The 1D wave equation with propagation speed v > 0, namely

G = v2y"

has as basic solutions the following functions, with the function cos being as before,
o(x,t) = Acos(kx — wt + )

with A being called amplitude, kx —wt+6 being called the phase, k being the wave number,

w being the angular frequency, and § being the phase constant.

PROOF. There are several things going on here, the idea being as follows:

(1) Our first claim is that the function ¢ in the statement satisfies indeed the wave
equation, with speed v = w/k. For this purpose, observe that we have:

"

p=—-we , ¢ =-k

Thus, the wave equation is indeed satisfied, with speed v = w/k:
. (W 2 no__ .2 n
o= (2=t

(2) Regarding the rest, all this is basically terminology, which might sound a bit
strange in the present 1D context, but that we will discover soon, when doing 2D, to be
quite natural, when thinking how ¢(z,t) = A cos(kx — wt + 0) propagates. O

With a bit of mathematical work, we can in fact fully solve the 1D wave equation. In
order to explain this, we will need a standard calculus result, as follows:

PROPOSITION 4.19. The derivative of a function of type
h(z)

plr) = f(s)ds

9(z)
is given by the formula ¢'(x) = f(h(z))h'(z) — f(g(x))d (x).
PrOOF. Consider a primitive of the function that we integrate, F’' = f. We have:
h(z)

plr) = f(s)ds

9(x)

h(z)
:/ F'(s)ds
= F(h(z)) - F(g(z))
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By using now the chain rule for derivatives, we obtain from this:
¢'(x) = F'(hx)h'(x) = F(g(z))g'(z)
= f(h(@)N (z) — fg(x))g'(z)
Thus, we are led to the formula in the statement. Il

Now back to the 1D waves, the result here, due to d’Alembert, is as follows:

THEOREM 4.20. The solution of the 1D wave equation ¢ = v*¢" with initial value
conditions ¢(x,0) = f(x) and $(z,0) = g(z) is given by the d’Alembert formula:

Sp(x’t):f(x—vt);f(x—l—vt)+%/w+vt9(8)d5

—ut

Also, in the context of our previous lattice model discretizations, what happens is more or
less that the above d’Alembert integral gets computed via Riemann sums.

PROOF. There are several things going on here, the idea being as follows:

(1) Let us first check that the d’Alembert solution is indeed a solution of the wave
equation ¢ = v?¢”. The first time derivative is computed as follows:

—vf'(x — vt ! t 1
o(x,t) = MGl )2+ vf (e £ vl) + %(vg(:c + vt) + vg(z — vt))
The second time derivative is computed as follows:
. VI (x —vt) + 0 f(z+vt) vy (x+vt) —vg'(z — vt
oty = @IS o) v ) e o)

Regarding now space derivatives, the first one is computed as follows:

gty = TEETEED L0 on) — g/ — o)

As for the second space derivative, this is computed as follows:

oty = OIS ) g o

Thus we have indeed ¢ = v?p”. As for the initial conditions, ¢(z,0) = f(z) is clear
from our definition of ¢, and ¢(x,0) = g(x) is clear from our above formula of ¢.

(2) As a comment here, consider the basic solutions of the wave equation ¢ = v%p”
that we found in Theorem 4.18, which were as follows, with w/k = v:

o(x,t) = Acos(kx — wt + 0)
The initial data for these particular solutions is then as follows:
f(z) = o(z,0) = Acos(kz + 9)
g(x) = ¢(x,0) = wAsin(kx + 9)



98 4. BASIC MECHANICS

Now by plugging this into the d’Alembert formula, and doing the computation, with
this being an easy exercise for you, we obtain indeed ¢(x,t) = Acos(kx — wt + 9).

(3) Next, we must show that our solution is unique. And here, instead of going
into abstract arguments, we will simply solve our equation, which among others will
doublecheck the computations in (1). Let us make the following change of variables:

y=x—vt , z=zx+vl

The point now is that, with this change of variables, which is something quite tricky,
mixing space and time variables, and by assuming some multivariable calculus know-how,

our wave equation ¢ = v?¢” reformulates in a very simple way, as follows:

d*p B
dydz

But this latter equation tells us that our new y, z variables get separated, and we
conclude from this that the solution must be of the following special form:

o(x,t) = F(y) + G(2) = F(x — vt) + G(x + vt)

Now by taking into account the intial conditions ¢(z,0) = f(z) and ¢(x,0) = g(z),
and then integrating, we are led to the d’Alembert formula in the statement.

(4) Summarizing, uniqueness proved, modulo some multivariable calculus trickery,
sorry for this, that we will learn later in this book. We will be back to this.

(5) In regards now with our discretization questions, by using a 1D lattice model
with balls and springs as before, what happens to all the above is more or less that the
d’Alembert integral gets computed via Riemann sums, in our model, as stated.

(6) Finally, as one more thing that can be said, and which is something quite intuitive,
when thinking at waves, the solutions appear in fact as superpositions of the basic solutions
from (2). And more on this, hopefully later, when discussing Fourier analysis. O

And with this, end of our discussion regarding the waves. As a conclusion, save for all
sorts of issues, all related to our low dimensionality in this chapter, namely precise meaning
of 1D elasticity, understanding of the function cos in 1D, and missing 1D argument, short-
circuiting the standard proof of the uniqueness, in the d’Alembert formula, we managed
to have some interesting 1D theory going on, for the mechanical waves.

Which is very nice, remember from the beginning of this section that modern physics
means waves. So, with our 1D waves, we have modernity in 1D. Nice.
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4d. Pressure, heat

As a last topic of discussion for this chapter, we would like to talk about thermody-
namics. However, things here will be quite complicated. The point indeed is that basic
thermodynamics, that of the ideal gases, while being formally based only on particles
moving, and collisions, is in fact a complicated science, whose foundational results are of
genuine 3D nature, appearing when the particles are free to move in 3D.

This being said, we can however do a number of things. Let us start with some simple
observations, showing the difficulty of properly talking about 1D gases:

OBSERVATION 4.21. The most obvious models for the 1D gases are both wrong:

(1) With particles subject to collisions, the physics of the gas, enclosed in an interval
[a,b] C R, will statistically depend only on 2 of its particles, namely the one which
is the most at left, and the one which is the most at right. Not good.

(2) With particles not subject to collisions, the particles will have to all move with
the same speed v. And when enclosing the gas in an interval [a,b] C R, these
particles will bounce back with speed —v, contradiction, unless v = 0.

So, shall we give up? Not so quick, because thinking a bit at 3D, where true thermo-
dynamics happens, we can come up with the following model for the 1D gases:

MODEL 4.22 (ant model). We call 1D gas a usual 3D gas, without collisions, with all
particles moving in the same direction. FEquivalently, our gas is in 1D, with the particles
avoiding collisions, a bit like ants do, when moving back and forth in their 1D.

Which sounds quite good, and I guess with this, we are ready for doing some mathe-
matics. Here is our first result, regarding the pressure of our 1D gases:

THEOREM 4.23. The pressure P and volume V' of a 1D gas as above satisfy
PV =2K
where K is the total kinetic energy of the gas.

PROOF. Assume indeed that we have a gas as in Model 4.22, enclosed in a cubic
volume, V = L3. Since there are no collisions, we can assume by linearity that our gas
has 1 molecule, having mass m and traveling at speed v. Our molecule hits the right wall
at every At = 2L /v interval, with its change of momentum being Ap = 2mv. Thus:

_F  Ap  2mw _mUQ_2K
L2 L2At L2-2Ljv I3V
We are therefore led to the conclusion in the statement. O

The above result is quite interesting, so let us keep building on it. We have:
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THEOREM 4.24 (addendum). The correct time for reading the correct pressure is

o1/1/3 2K
tp=—— . Pp=-
f |1)| f vV

with |v| being the average molecular speed, with the precise pressure reading being

T
o

and with this being taken in an approximate, statistical sense.

PROOF. Assuming as before that we are in a cubic container, V = L2, we know that
each molecule ¢ hits the right wall, where P is measured, at At; = 2L/|v;| intervals. But
with this picture in hand, it is quite clear that, on average, the pressure reading process
will be linear, starting from P = 0, up to time t; = 2L/|v|, with |v| being the average
molecular speed, where the correct pressure Py = 2K /V will be read, and constant at Py
afterwards. Now since L = V/3, this gives the formulae in the statement. U

And with this, end of our discussion about 1D gases, the problem being that for
more advanced physics, such as temperature, we would really need collisions between our
particles, and this is is barred in 1D, for the reasons explained in Observation 4.21.

Nevermind, what we have in Theorems 4.23 and 4.24 is quite interesting, and more
on such things, in higher dimensions, later in this book. Switching topics now, and still
talking thermodynamics, we can talk as well about heat diffusion in 1D, as follows:

THEOREM 4.25. The heat diffusion equation in 1 dimension is
¢ =ay”
where o > 0 is the thermal diffusivity of the medium.

PROOF. As before with the wave equation, this is not exactly a theorem, but rather
what comes out of experiments, but we can justify this mathematically, as follows:

(1) As an intuitive explanation for this equation, since the second derivative ¢” com-
putes the average value of a function ¢ around a point, minus the value of ¢ at that
point, as we know well from chapter 2, the heat equation as formulated above tells us
that the rate of change ¢ of the temperature of the material at any given point must be
proportional, with proportionality factor o > 0, to the average difference of temperature
between that given point and the surrounding material. Which sounds reasonable.
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(2) And with all this coming, of course, with the comment that, a bit as before
with relativity, waves and gases, we do not really have a 1D phenomenology explaining
heat, so what we are doing here is rather a 1D projection of things from 3D, where the
phenomenology is known to exist. But let’s not talk anymore about such things, you got
it I hope, with the present Part I being towards its end, we are less strict with 1D.

(3) In practice now, we can use, a bit like before for the wave equation, a lattice model
as follows, with distance { > 0 between the neighbors:

l l
Og Oz+l

In order to model now heat diffusion, we have to implement the intuitive mechanism
explained above, and in practice, this leads to a condition as follows, expressing the change
of the temperature ¢, over a small period of time § > 0:

Pl 48) = ol 1) + % 3 [l 1) — o, 1)

(4) Now let us do the math. In the context of our 1D model the neighbors of x are
the points x 4+ [, and so the equation that we wrote above takes the following form:

p(z,t+ 5()S — (@, t) _ 5| (@ + 1) = e(a.8) + (el — 1) - ol 1))]

Now observe that we can write this equation as follows:
pla,t +0) —plat) e+ 1t) =20, t) + gz —1t)

5 B 2
(5) As it was the case with the wave equation before, we recognize on the right the
usual approximation of the second derivative, coming from calculus. Thus, when taking
the continuous limit of our model, [ — 0, we obtain the following equation:

pla,t+ 6()5 —elet) a-¢"(z,1)

Now with t — 0, we are led in this way to the heat equation in the statement. U
Getting now to the solutions of the heat equation in 1D, we first have:

THEOREM 4.26. The heat equation ¢ = ap” has as solution the function

1
Ut<l’> _ W 67:1:2/40&

which is called fundamental solution, or unnormalized heat kernel.
PRrROOF. The time derivative of the function in the statement is given by:

2
—x? J4at z —x? /4at

— e
Aot \/t

1
=——=e€
2/t
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Regarding the first space derivative, this is given by the following formula:

U = — Z 6712/40175

2at\/¥

As for the second space derivative, this is given by the following formula:

1" 1 —z2 /40t a? —z2 /4ot
=— e ——e
2ait+\/t 402t2\/t
We conclude that the heat equation U = aU” is indeed satisfied, as claimed. Il

With a bit of analytic know-how, we can in fact do better, as follows:

THEOREM 4.27. The heat equation ¢ = a@” has as solution the functions

ol 1) = / Ul — y)f (y)dy

where U 1s its fundamental solution, or unnormalized heat kernel, given by:
1
Ut<.’L') _ e—r2/4o¢t

Vi

Moreover, any solution of the heat equation appears in this way.

ProOF. We have two assertions here, the idea being as follows:

(1) The first assertion follows from Theorem 4.26, and its proof. The point indeed is
that when perturbing the fundamental solution U by an arbitrary function f, according
to the procedure in the statement, which is called convolution, all the computations from
the proof of Theorem 4.26 will perturb well, according to the following two formulae:

Bl t) = / U — ) f(y)dy

Sat) = [ U= f )y
R
Thus, we can see that the heat equation ¢ = a” is indeed satisfied.

(2) As for the second assertion, this is something more advanced, the idea being that
the arbitrary solutions can be obtained by convolving the fundamental solution U, suitably
normalized, with the initial data. And more on this, in a moment. Il

Let us get now to the normalization question for the heat kernel, namely:

1 2
Ulr) = — e ® /4at
t( ) \/I_f
This question brings us, mathematically, into the question of integrating the exponen-
tials on the right. And here, we have the following famous result, due to Gauss:
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THEOREM 4.28. We have the following formula,

/e_gtgdx =7
R

called Gauss integral formula.

Proor. The Gauss integral cannot be computed with bare hands, in 1D. However,
this integral can be computed by using 2D, as follows, with tan = sin / cos:

//e_xQ_dexdy = 4/ / e_a:Q_yzdxdy
R JR

/ vy ydtdy

/ 2(1+12) d dt
1+t2) !

/ dydt

1+t2

122

A
)
-2
IRE

= 2/ (tan~'t)'dt
0
=7
To be more precise here, the differentiation formula for tan='t comes by using the
mathematics from Theorem 4.13, and 7 = 3.14159... is the number mentioned after

Theorem 4.14, and I would leave here the various computations needed, as an exercise for
you. More on all this, of course, later in this book, when doing 2D. O

Getting back now to the heat equation, we have the following result, about it:

THEOREM 4.29. The heat equation, ¢ = a” with o > 0, with initial condition
o(x,0) = f(x), has as solution the function

(1) = / Koz — ) f(y)dy

where the function K; : R — R, called heat kernel, given by
1 2
K.(r) = e~ /4at
() Vimat

is the standard solution, coming from f = &g, normalized as to have mass 1.

PROOF. There are several things going on here, the idea being as follows:
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(1) To start with, the function K, in the statement is indeed the standard solution
that we found in Theorem 4.26, normalized as to have mass 1, with this coming from:

1 2
Ki(x)dz = e~ /Aot g
/R (@) m/R
1 2
_ o Viatd
vVarat Jr Y

1
= -Vdat -/
vVAarat \/_

=1

(2) Next, we can see that by plugging f = Jp in the statement, we obtain precisely this
standard solution K;. And with this being something which is not surprising, K; coming
from the simplest situation, that of a radiating point body placed at 0.

(3) Finally, more generally, we can see that by using an arbitrary function f, we obtain
the solution of the heat equation with initial condition ¢(z,0) = f(x). Moreover, it can
be shown that this solution is unique, and more on such things, later in this book. O

4e. Exercises
This was a very standard physics chapter, only basics, and as exercises, we have:
EXERCISE 4.30. What are other forces that you can think of, besides gravity?
EXERCISE 4.31. Learn about the story of gravity, Kepler, Newton and the others.
EXERCISE 4.32. Do some numerics, for the uniform falls on the Moon, and Sun.
EXERCISE 4.33. Try solving the free fall equation @ = —K/x? with bare hands.

EXERCISE 4.34. Learn more about cos, sin and their inverses cos™', sin™!.

EXERCISE 4.35. Try computing the mathematical constant ¢ = cos™ +sin™ .
EXERCISE 4.36. Try proving the uniqueness, in the d’Alembert theorem.
EXERCISE 4.37. Then try the same, for the solutions of the heat equation.

As bonus exercise, read a bit of thermodynamics. This is the hot subject.



Part 11

Two dimensions



Farewell the ashtray girl
Forbidden snowflake
Beware this troubled world
Watch out for earthquakes



CHAPTER 5

Plane geometry

5a. Angles, triangles

Welcome to 2 dimensions, and many things to be done here, both mathematics and
physics, as a continuation of what we did in Part I. As a starting point, we have:

THEOREM 5.1 (Thales). Proportions are kept, along parallel lines. That is, given a
configuration as follows, consisting of two parallel lines, and of two extra lines,

the following equalities hold:
s4_sc_ Ac
SB  SD  BD
Conversely, the first equality, SA/SB = SC/SD, implies AC||BD.
ProoOF. This is something very standard, the idea being as follows:

(1) We use the fact that the area of a triangle is half the side times the corresponding
altitude, which is obvious, by completing to a rectangle. With this, we obtain:
SA area(CSA)
SB area(CSB)
area(CSA)
area(CSA) + area(CAB)
area(CSA)
area(CSA) + area(CAD)
area(ASC)
area(ASD)
SC
SD

107
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(2) In order to prove now the second equality in the statement, instead of getting lost
into some new area computations, let us draw a tricky parallel, as follows:

By using (1), we have then the following computation, as desired:
SA DE CA
SB DB DB
(3) As for the study of the converses, with SA/SB = SC/SD implying AC||BD, but
with SA/SB = AC/DB not implying AC||BD, we will leave this as an exercise. O

We can now talk about angles, in the obvious way, by using triangles:

Fact 5.2. We can talk about the angle between two crossing lines, and have some basic
theory for the angles going, by using triangles and Thales, in the obvious way.

To be more precise here, let us go back to the Thales configuration. In that situation,
we can say that we have two similar triangles, SAC ~ SBD, and with an equivalent
formulation of similarity being the fact that the respective angles are equal.

As an important addition to Fact 5.2, making the link with numbers, let us formulate:

DEFINITION 5.3. We can talk about the numeric value of angles, as follows:

(1) The right angle has value 90°.

(2) We can double angles, in the obvious way.

(3) Thus, the half right angle has value 45°, and the flat angle has value 180°.
(4) We can also triple, quadruple and so on, again in the obvious way.

(5) Thus, we can talk about arbitrary rational multiples of 90°.

(6) And, with a bit of analysis helping, we can in fact measure any angle.

Getting back now to formal work, with theorems and proofs, in relation with the
above, here is a key result, which will be our main tool for the study of angles:

THEOREM 5.4. In an arbitrary triangle in a plane
A

B C
the sum of all three angles is 180°, twice the right angle.
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PrROOF. We can do this, with a trick. Let us prolong indeed the segment BC' a bit,
on the C side, and then draw a parallel at C, to the line AB, as follows:

But now, we can see that the three angles around C', summing up to the flat angle
180°, are in fact the 3 angles of our triangle. Thus, theorem proved, just like that. U

Let us discuss now the simplest angle of them all, which is the right angle 90°. A
triangle having one of the angles equal to 90° is called right triangle, and we have:

THEOREM 5.5 (Pythagoras). In a right triangle ABC,
A

B C
we have AB? + BC? = AC?. Moreover, the converse holds too.

PrROOF. The formula in the statement comes from the following magic picture, con-
sisting of two squares, and four triangles which are identical to ABC, as indicated:

o o o
\ |
oA
\
op o o

Indeed, let us compute the area S of the outer square. This can be done in two ways.
First, since the side of this square is AB + BC', we obtain:

S = (AB+ BC)* = AB*>+ BC* +2 x AB x BC
On the other hand, the outer square is made of the smaller square, having side AC,
and of four identical right triangles, having sizes AB, BC. Thus:

AB x BC

S =AC? +4 x = AC?+2x AB x BC

Thus, we have AB? + BC? = AC?. As for the converse, exercise for you. O
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The Pythagoras theorem has many interesting consequences, and here are some:

THEOREM 5.6. The following are right triangles, with angles 45° — 45° and 30° — 60°:

B——C B
1 V3

Also, in relation with engineering matters, the following are right triangles,

B C B C

4 12

and so for drawing right angles, you just need a loop, with 12 or 30 knots on it.

PROOF. Many things going on here, all coming from Pythagoras, as follows:
(1) In what regards the first triangle, having angles 45° — 45°, things clear.

(2) Next, consider a 30° — 60° triangle ABC. If we denote by D the middle of AC,
then ABD is isosceles, AD = BD, and the angle at A is 60°. By using Theorem 5.4 we
conclude that all angles of ABD equal 60°, and it follows that all sides are equal too.
Thus AB = AD, and so AC = 2AB, and the rest comes from Pythagoras.

(3) Regarding the third triangle, this comes from 9 + 16 = 25.
(4) Finally, regarding the last triangle, this comes from 25 + 144 = 1609. O
Good news, we can now start talking about trigonometry. Let us begin with:

DEFINITION 5.7. Given a right triangle ABC' in the plane,

C
t
A B
we define the sine and cosine of the angle at A by the following formulae,
, AB
sint = qC cost = A

with the remark that, by Thales, these functions depend indeed on t only.
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Observe the link with the functions sin and cos from chapter 4, introduced there via
e = cost + isint. We will see later in this chapter that, up to a rescaling of the angles,
which is something quite natural, our old and new sin and cos functions coincide.

As a few basic illustrations now for this, coming from Theorem 5.6, we have:

1 1
sin0°=0 , sin30°=—= , sin45°=— , sin60° = ﬁ , sin90° =1
2 V2 2
3 1 1
cos0°=1 ., cos30° = £ , cos4b’=— | cos60°== , cos90° =0
2 V2 2

Observe that the numbers in the above two lists have several interesting relations
between them. In fact, we have the following general result, regarding this:

THEOREM 5.8. The sines and cosines are subject to the following formulae:
sin(90° —t) = cost , cos(90° —t) =sint
Also, we have sin®t + cos®>t = 1, coming from the Pythagoras theorem.

PROOF. The first assertion is clear, coming from the picture in Definition 5.7, the
angle at C' being 90° — t. Observe that, as an equivalent formulation, we have:

sin(45° —t) = cos(45° +1t) , cos(45° —t) = sin(45° + 1)
As for sin?t + cos?t = 1, this comes indeed from the Pythagoras theorem. (|
At a more advanced level now, as a key to everything, we have the following result:
THEOREM 5.9. The sines and cosines of sums are given by the following formulae:
sin(x + y) = sinx cosy + cosx siny
cos(x +y) = coszcosy — sinxsiny
In particular, we can compute sin(2t), cos(2t), and sin(t/2), cos(t/2) too.
PROOF. Many things going on here, the idea being as follows:

(1) Consider the following picture, consisting of a length 1 segment, angles x,y drawn
on each side, and everything being completed, and lengths computed, as indicated:

O
1/cosz
sinz/ cosx
O O
1
siny/ cosy
1/cosy
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Now let us compute the area of the big triangle, or rather the double of that area. We
can do this in two ways, either directly, with a formula involving sin(x + y), or by using
the two small triangles, involving functions of x,y. We obtain in this way:

1 1 sinx siny

. sin(x +y) = 1+
COST COSY cos T cosy

1

But this gives the formula for sin(z + y) from the statement, namely:
sin(x + y) = sinx cos y + cos wsiny

(2) Regarding now the cosines, no need for new tricks here, because by using the above
formula for sin(z 4 y) we can deduce a formula for cos(z + y), as follows:

. s
cos(x +y) = sin (5 —x—y)

- [(5-2) o
= sin (g — x) cos(—y) + cos <g — x) sin(—y)
= cosxcosy —sinzxsiny
(3) Regarding duplication, as an application of our formula for the sines, we have:
sin(2t) = 2sint cost
For the cosine, by using Pythagoras we have in fact 3 formulae, all useful, namely:

cos(2t) = cos’t —sin’t
= 2cos’t—1
1—2sin*¢

(4) Regarding now halving, with ¢ — ¢/2 in the formulae of cos(2t), we get:

t t
t=2cos’ (= | —1=1-2sin*( =
COS COS ( 9 > S1n ( 5 )

Now by solving the equations, we are led to the following formulae for halves:

t 1+ cost . t 1 —cost
— — - n — — -
cos 5 \/ 5 , S 5 \/ 5

(5) Finally, all this was theory, and exercise now for you, to do some computations,
say for the sin, cos of all multiples of 15°, or 7.5°, or even 3.75°. Have fun with this. [

Next, as our most pressing task, we would like to establish the link with the material
from chapter 4, and more specifically, with the formula e = cost + isint from there.
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And here, to start with, I bet that our convention for measuring angles, with 90°
coming from the 30 days of the lunar month, is not the good one. So, what to do? In the
lack of the bright idea here, I will ask our 2D expert, the spider. Who answers:

SPIDER 5.10. In 2 dimensions, it is all about circles and rays. By the way, you should
eat some flies too, our intelligence comes from there.

Okay, thanks spider, so let us attempt now to get into a more advanced study of the
angles, by using circles. We have here the following key result, to start with:
THEOREM 5.11. The following two definitions of m = 3.14159. .. are equivalent:
(1) The length of the unit circle is L = 2.
(2) The area of the unit disk is A = .

PROOF. In order to prove the equivalence, let us cut the unit disk as a pizza, into N
slices, and forgetting about gastronomy, leave aside the rounded parts:

N/ \
VAY

The area to be eaten can be then computed as follows, where H is the height of the
slices, S is the length of their sides, and P = N.S is the total length of the sides:

HS HP 1xL

A= N x ~
2 2 2
Thus with N — oo we get A = L/2, as desired. As for the numerics, © > 3, not by
much, and a more careful study using higher polygons leads to m = 3.14159. .. U

Getting now to what we wanted to do, in relation with the angles, we have:

THEOREM 5.12. We can measure angles by putting them in the middle of a circle of
radius 1, and assigning to them the corresponding arc lengths:

A

Equivalently, we can use twice the area of the disk slice, which equals the arc length. In
this way, the multiples of 90° get converted into corresponding multiples of m/2.



114 5. PLANE GEOMETRY

PrROOF. We have two things to be proved here, as follows:

(1) First is the fact that our measuring method is indeed good, in the sense that
doubling the angles will double their values, tripling the angles will triple their values,
and so on. But this is something which is plainly obvious, so done with this.

(2) And then, there is the claim that we have the following formula, with on the left
the area of the disk slice ABC, and on the right the arc length BC"

2 x area(ABC) = BC

But this is something which is clear for isosceles triangles having altitude 1, and then
our disk slice can be approximated by unions of such isosceles triangles, as follows:

A

O @)
N s

\ /

Thus, we conclude that our area formula holds indeed, as desired. Il

As a question now that you might have, is doing the above, namely replacing our
beloved 90° coming from astronomy by that crazy m/2 number, a good thing? In answer,
our new convention shines when it comes to trigonometry. We first have:

THEOREM 5.13. The sine and cosine of any t € R can be computed according to
s .
Ay
t
\ cost /

~_

with the convention that inverted segments count as negatives.

PRroOOF. This is something that we basically know, but with the unit circle and that
length t arc certainly bringing some new light on the sine and cosine. For instance, we
can see on the above picture that the correspondence t — sin ¢, which is now something
geometric, is such that sint ~ ¢ for ¢ small. And, more on this in a moment. U
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Let us get now into an interesting question, namely estimating the trigonometric
functions. For this purpose, we can use the formulae for sums, which allow us to transport
our approximation questions around ¢ = 0. And, around 0, we have:

THEOREM 5.14. We have the following estimates, valid for small angles,
sint <t <tant
where tant = sint/ cost, with coming from our new convention for numeric angles.
PROOF. Many things can be said here, the idea being as follows:

(1) The general idea is that the estimates are both clear from our circle picture for
the angles, and trigonometric functions. Indeed, the picture for the sine is:

1 .
sint

Now by using the standard fact that the shortest distance between a point and a line
is achieved by constructing the orthogonal projection on that line, we obtain:

sint <t

(2) Equivalently, and a bit more rigorously, we can draw the dotted segment above,
having length 2sin(¢/2), and with Pythagoras on the left, followed by shortest distance
between two points being achieved by that dotted segment on the right, we obtain:

sint < 2sin(t/2) <t

(3) As yet another proof, we can compare the area of the above isosceles triangle with

the area of the disk slice, which gives right away the following estimate, as desired:
sint _t
< C
2 T2

(4) Regarding now tant = sint/ cost, again for ¢ € [0, 7/2], by using similar triangles
we can see that the picture is as follows, justifying the name “tangent”:

Y

tant
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But then, we can argue that the arc ¢ and segment tant are related by a projection
from *, which lands orthogonally on the arc, and obliquely on the segment, and since
orthogonal projections notoriously provide the best view, we obtain, as claimed:

t < tant

(5) Equivalently, and more rigorously, by comparing areas we get, as desired:
t tant
— <
2= 2

(6) Summarizing, done, one way or another, both the inequalities proved. U

In fact, by using our circle technology, we are led to the following result:

THEOREM 5.15. The following happen, for small angles, again coming from our new
convention for numeric angles, and best justifying this convention:

(1) sint ~t¢.
(2) cost ~1—t%/2.
(3) tant ~ t.

PRrooOF. This can be indeed established as follows:

(1) This is clear indeed on the circle, by arguing like in the previous proof, and we will
leave the various details here as an instructive exercise. Equivalently, this follows from
sint <t < tant, by using tant = sint/ cost ~ sint, coming from cost ~ 1.

(2) This comes from (1), and from Pythagoras. Indeed, knowing sint ~ ¢, when
looking for a quantity cost making the Pythagoras formula sin? ¢ + cos?t = 1 hold, we are
led, via some quick thinking, to the formula cost ~ 1 — ¢?/2, according to:

2\ 2 4
12 1——) =1+—~1
+( 2) o

(3) This is again clear on the circle, or simply follows from (1,2), by dividing. O

5b. Affine coordinates

With the above discussed, basic plane geometry and trigonometry, time now for more
advanced technology, using affine coordinates. Let us start with:

DEFINITION 5.16. A wector is a pair of real numbers, written vertically:

()

We identify the vectors with the points in the plane, in the obvious way.
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To be more precise here, let us fix a system of coordinates in the plane. Now given
a point x in the plane, we can project it onto the coordinate axes, and call the numbers
a,b € R describing the positions of these projections, with respect to the origin O, the
coordinates of x, with the picture for this being as follows:

O—| i

Observe now that, conversely, given two real numbers a,b € R, these will uniquely
determine a certain point z is the plane, constructed according to the above picture. That
is, we draw a on the horizontal axis, b on the vertical axis, than we draw perpendiculars
as above, and x will be then the intersection of these two perpendiculars.

Finally, regarding the vertical notation for vectors, you will have to trust me here:

ADVICE 5.17. Never write the vectors horizontally, because you will regret later, when
learning linear algebra, and multivariable calculus, all that needing vertical vectors.

Many interesting things can be done with vectors, and of particular interest is the
summing operation for such vectors, given by the following formula:

<)1) = oo (29

Geometrically, and coming as a simple application of the Thales theorem, the idea
with this operation is that the vectors add by forming a parallelogram, as shown by:

THEOREM 5.18. The vector addition can be understood geometrically,

b+d orTY

d .y/

b

C a a—+c

with x + y completing the parallelogram based at O, x,y.
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PRrROOF. This is something quite self-explanatory. Consider indeed a parallelogram in
the plane, with three of its vertices being as follows:

o=(6) - =) ()

Now let us draw verticals from x,y, and from the fourth vertex z too. From Thales
we obtain that the first coordinate of z is a + ¢, according to the following picture:

Similarly, if we draw horizontals from x,y, and from z too, from Thales we obtain
that the second coordinate of z is b + d, according to the following picture:

b+d

Thus we are led to the picture in the statement, and with the final conclusion being
that the coordinates of the fourth vertex z can be computed according to:

a c N a—+c
r = == yA—
b)Y \d b+d
But this is exactly the summing formula for the vectors, as desired. O

In practice, the summing operation is usefully complemented by the multiplication by
scalars operation, which is given by the following very intuitive formula:

= (o) = =)

Finally, of particular interest too, in relation with the computation of the lengths, is
the following result, allowing us to compute the length of any vector:
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THEOREM 5.19. The length of a vector is given by the following formula:
= (Z) = ||z]| = Va® + 12

Also, the vector lengths satisfy || \x|| = |A| - [|z]|, and ||z +y|| < ||z] + ||y]|-

PROOF. In what regards the first assertion, this follows as a basic application of the
theorem of Pythagoras, according to the following picture:

a
b

Azl = V(Xa)? + (Ab)?
= Va2t
= [A[-[|=]]

Finally, in what regards the last assertion, this is clear geometrically. However, we

can prove this algebrically as well. Indeed, with x = (‘;) and y = (fl), we must prove:

Va+e2+0+d? <V + 0+ vV + &
And I will leave finishing this to you, by raising to the square and so on. O

Regarding now the second assertion, with x = ( ), we have indeed:

Many interesting things can be done with the affine coordinates, as introduced above,
both theory and computations, but we will prefer here to defer the discussion for later,
after learning about complex coordinates, which are something even smarter.

5c. Complex numbers

Let us discuss now the complex numbers. There is a lot of magic here, and we will
carefully explain this material. Their definition is as follows:

DEFINITION 5.20. The complex numbers are variables of the form
x=a-+1b
with a,b € R, which add in the obvious way, and multiply according to the following rule:
2
1 =-1

Each real number can be regarded as a complexr number, a = a+1 - 0.
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In other words, we consider variables as above, without bothering for the moment
with their precise meaning. Now consider two such complex numbers:

r=a+1m , y=c+1id
The formula for their sum is then the obvious one, as follows:
r+y=(a+c)+i(b+d)
As for the formula of the product, by using the rule i> = —1, we obtain:
zy = (ac — bd) + i(ad + bc)

The advantage of using the complex numbers comes from the fact that the equation
22 = 1 has now a solution, x = i. In fact, we have the following result:

THEOREM 5.21. The complex solutions of ax* + bx + ¢ = 0 with a,b,c € R are

—b+Vb? —4dac
2a
with the square root of negative real numbers being defined as
V—m = +iv/m

and with the square root of positive real numbers being the usual one.

T12 =

PrROOF. We can write our equation in the following way:
b
ar? +br+c=0 <= 2+4-z+-=0
a a
n b\> b —dac
= T+ —| =———
2a 4a?

b Vb? — 4dac
= r+_—=t—
2a 2a
Thus, we are led to the conclusion in the statement. Il

We will see later that any degree 2 complex equation has solutions as well, and that
more generally, any polynomial equation, real or complex, has solutions. Moving ahead
now, we can represent the complex numbers in the plane, in the following way:

PROPOSITION 5.22. The complex numbers, written as usual
x=a-+1b

can be represented in the plane, according to the following identification:

()

With this convention, the sum of complex numbers is the usual sum of vectors.
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PRroOF. This is indeed something self-explanatory, with the last assertion coming by
comparing the definitions of the sums of vectors and complex numbers. Il

As an illustration for this, let us record now a basic picture, with some key complex
numbers, namely 1,i, —1, —i, represented according to our conventions:

In order to understand now the multiplication operation, we must do something more
complicated, namely using polar coordinates. Let us start with:

DEFINITION 5.23. The complex numbers x = a-+1b can be written in polar coordinates,
x =r(cost + isint)
with the connecting formulae being as follows,
a=rcost , b=rsint

and in the other sense being as follows,

b
r=+va?+0 , tant=-—

a
and with r,t being called modulus, and argument.

There is a clear relation here with the vector notation from Proposition 5.22, because
r is the length of the vector, and ¢ is the angle made by the vector with the Oz axis. To
be more precise, the picture for what is going on in Definition 5.23 is as follows:

a

The point now is that in polar coordinates, the multiplication formula for the complex
numbers, which was so far something quite opaque, takes a very simple form:
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THEOREM 5.24. Two complex numbers written in polar coordinates,
r=r(coss+isins) , y=p(cost+isint)
multiply according to the following formula:
zy = rp(cos(s +t) +isin(s + 1))
In other words, the moduli multiply, and the arguments sum up.

PROOF. We can assume that we have r = p = 1, by dividing everything by these
numbers. Now with this assumption made, we have the following computation:

xy = (coss+ isins)(cost+ isint)

= (cosscost —sinssint) + i(cos ssint + sin s cost)

= cos(s+t)+isin(s+t)
Thus, we are led to the conclusion in the statement. U
As a last general topic regarding the complex numbers, let us discuss conjugation:
DEFINITION 5.25. The complex conjugate of x = a + ib is the following number,

T=a—1b
obtained by making a reflection with respect to the Ox awis.

As before with other operations on complex numbers, a quick picture says it all:

There are many things that can be said about the conjugation, as follows:

THEOREM 5.26. The conjugation operation x — T has the following properties:

(
(2) © = —T precisely when x is purely imaginary.

(3) zx = |z|?, with |x| = r being as usual the modulus.

(4) With x = r(cost +isint), we have T = r(cost — isint).

(5) We have the formula Ty = zy, for any x,y € C.

(6) The solutions of ax* + bx + ¢ = 0 with a,b,c € R are conjugate.
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PROOF. These results are all elementary, the idea being as follows:
(1) This is something that we already know, coming from definitions.

(2) This is something clear too, because with x = a + ib our equation x = —Z reads
a+1b = —a+ b, and so a = 0, which amounts in saying that x is purely imaginary.

(3) This is a key formula, which can be proved as follows, with z = a + ib:
xZ = (a+1ib)(a—1b)
= a*+ b
ki
(4) This is clear indeed from the picture following Definition 5.25.
(5) This is something quite magic, which can be proved as follows:
(a +ib)(c+1id) = (ac—bd)+i(ad+ bec)
= (ac—bd) —i(ad + bc)
= (a—1ib)(c—1id)

(6) This comes from the formula of the solutions, that we know from Theorem 5.21,
but we can deduce this as well directly, without computations. Indeed, by using our
assumption that the coefficients are real, a, b, c € R, we have:

ar’ +br+c=0 = ar2+br+c=0
— a’+bx+c=0
—= a?+bT+c=0

Thus, we are led to the conclusion in the statement. l

Getting now to complex functions and analysis, with the aim of establishing the for-
mula e = cost + isint, still on our to-do list, we first have the following result:

THEOREM 5.27. We can exponentiate the complex numbers, according to the formula
o _k
x
T JE—
€= Z k!
k=0
and the function x — e* is continuous, and satisfies e*TY = e*eY.
Proor. We must first prove that the series converges. But this follows from:

OOx oo
L&

|zt

:Z?:e|x‘<oo

k=0

e’ =

ok
k!
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Regarding the formula e™™¥ = e®e?; this comes as in the real case, as follows:

eery — i(x—i_y)k

k!
k=0
> k k xsyk s
- 23 ()%
k xsyk—s
B ; ; sl(k — s)!
= e

Next, the continuity of x — e comes at £ = 0 from the following computation:

et — 1] = iﬁ <i i Ziﬁ:e“—l
— k'~ — k! —~ k!

As for the continuity of  — e” in general, this can be deduced now as follows:
,lfi_%eﬁt _ %i_r)%emet _ ex%i_{%et T ] =t
Thus, we are led to the conclusions in the statement. O
Good news, we can now, eventually, close a discussion started some time ago:
THEOREM 5.28. We have the following formula,
e = cost +isint
due to Fuler, valid for any t € R.
PROOF. Many things can be said here, the idea being as follows:

(1) The Euler formula shows that ¢ — ¢ maps R to the unit circle T, which might
seem quite surprising, so let us first try to understand this. We have, for any = € C:

C T T T
k=0 k=0

Also, we have as well the following computation, again valid for any = € C:

e tT=e"T=¢"=1 = (eg”)_1 =e®

(2) Now these two formulae, applied with x = it, with ¢t € R, give:
e—z‘t — E 7 (eit)—l — e—it
1

We conclude from this that the complex number z = € has the property 27! = 2
which is exactly the equation of the unit circle T C C, as desired.

Y



5C. COMPLEX NUMBERS 125

(3) Getting now to the proof of the Euler formula, we know that ¢t — ¢ maps R — T,
and also that this is a group morphism, meaning mapping sums in R into products in T.
But in view of this, barring any pathologies, this operation can only appear by “wrapping”.
That is, we must have a formula as follows, for a certain a € R:

e = cos(at) + isin(at)

(4) In order now to find the parameter @ € R, let us look at what happens around
t = 0. And here, we have the following basic estimate, obtained by truncating exp:

e’ ~ 1+t
On the other hand, according to the basic trigonometry estimates for sin and cos, from
earlier in this chapter, we have as well the following estimate, again around t = 0:
cos(at) + isin(at) ~ 1+ iat
We conclude that we must have a = 1, which gives the Euler formula.

(5) Alternatively, calculus shows that the derivative of f(t) = e *(cost + isint) van-
ishes, so f(t) = f(0) = 1. And, exercise for you, to learn more about all this, various
proofs of the Euler formula, and to review as well the material from chapter 4. O

As a first application of the Euler formula, we have the following result:

THEOREM 5.29. The complex numbers x = a4+ ib can be written in polar coordinates,
r =ret
with the connecting formulae being
a=rcost , b=rsint

and in the other sense being

b
r=va*+b? , tant=-—
a

and with r,t being called modulus, and argument.

Proor. This is a reformulation of our previous Definition 5.23, by using the formula
et = cost +isint from Theorem 5.28, and multiplying everything by r. U

With this in hand, we can now go back to the basics, namely the addition and multi-
plication of the complex numbers. We have the following result:

THEOREM 5.30. In polar coordinates, the complexr numbers multiply as
re’® . peit = pp i+t
with the arguments s,t being taken modulo 2.
PRrooF. This is something that we already know, from Theorem 5.24, reformulated
by using the exponential notation from Theorem 5.29. U
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We can investigate as well more complicated operations, as follows:

THEOREM 5.31. We have the following operations on the complex numbers, written
i polar form, as above:

(1) Inversion: (re™)~! =r~te ™.

(2) Square roots: Vret = £\/re'/?.
(3) POU}GT‘S.’ (T@lt)a = ’r‘a‘eltaf‘

(4) Conjugation: rett = re~,

PrOOF. This is something that we already know, but we can now discuss all this,
from a more conceptual viewpoint, the idea being as follows:

(1) We have indeed the following computation, using Theorem 5.30:
(reit)(r_le_“) _ 7“7"_1 . ei(t—t) -1
nce again by using Theorem 5.30, we have:
2) O in by using Th 5.30 h
(:i:\/’l_"eit/2)2 _ (\/;)QGi(t/Q—H/Q) _ Teit
(3) Given an arbitrary number a € R, we can define, as stated:
(,r,eit)a — Taeita

Due to Theorem 5.30, this operation x — z® is indeed the correct one.

(4) This comes from the fact, that we know from Theorem 5.26, that the conjugation
operation x — T keeps the modulus, and switches the sign of the argument. O

5d. Equations, roots

Getting back to algebra, recall from Theorem 5.21 that any degree 2 real equation has
2 complex roots. We can in fact prove that any complex polynomial equation, of arbitrary
degree N € N, has exactly N complex solutions, counted with multiplicities:

THEOREM 5.32. Any polynomial P € C[X] decomposes as
P=c¢X—-a)...(X —ap)
with ¢ € C and with a4, ...,ay € C.

PrROOF. The problem is that of proving that our polynomial has at least one root,
because afterwards we can proceed by recurrence. We prove this by contradiction. So,
assume that P has no roots, and pick a number z € C where |P| attains its minimum:

|P(2)] = min[P(z)[ > 0
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Since Q(t) = P(z+1t) — P(z) is a polynomial which vanishes at ¢ = 0, this polynomial
must be of the form ct* + higher terms, with ¢ # 0, and with k£ > 1 being an integer. We
obtain from this that, with ¢ € C small, we have the following estimate:

P(z+1) ~ P(z) + ct*
Now let us write ¢ = rw, with 7 > 0 small, and with |w| = 1. Our estimate becomes:
P(z +rw) ~ P(z) + crfu”

Now recall that we assumed P(z) # 0. We can therefore choose w € T such that cw"
points in the opposite direction to that of P(z), and we obtain in this way:

|P(z +rw)| ~ |P(2)+ crfuw”|
[P()I(1 = |elr*)

Now by choosing r > 0 small enough, as for the error in the first estimate to be small,

and overcame by the negative quantity —|c|r*, we obtain from this:
|P(z 4+ rw)| < |P(z)]
But this contradicts our definition of z € C, as a point where |P| attains its minimum.

Thus P has a root, and by recurrence it has N roots, as stated. Il

We kept the best for the end. As a last topic regarding the complex numbers, which
is something really beautiful, we have the roots of unity. Let us start with:

THEOREM 5.33. The equation ¥ =1 has N complex solutions, namely
{wk’k =0,1,...,N — 1} . ow=em/N
which are called roots of unity of order N.

PrOOF. This follows from the general multiplication formula for complex numbers
from Theorem 5.30. Indeed, with # = re® our equation reads:

,',,Neth -1

Thus r = 1, and ¢ € [0,27) must be a multiple of 27/N as stated. O

As an illustration here, the roots of unity of small order, along with some of their
basic properties, which are very useful for computations, are as follows:

N = 1. Here the unique root of unity is 1.

N = 2. Here we have two roots of unity, namely 1 and —1.

N = 3. Here we have 1, then w = ¢*™/3 and then w? = w = €™/,

N = 4. Here the roots of unity, read as usual counterclockwise, are 1,4, —1, —i.
N = 5. Here, with w = €2™/%, the roots of unity are 1, w,w?, w?, w*.
N = 6. Here a useful alternative writing is {+1, +w, +w?}, with w = e?7/3,
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The roots of unity are very useful variables, and have many interesting properties. As
a first application, we can now solve the ambiguity questions related to the extraction of
N-th roots, from Theorem 5.31, the precise statement being as follows:

THEOREM 5.34. Any nonzero x = re* has N roots of order N, which appear as

y = /N it/N

multiplied by the N roots of unity of order N.

PROOF. We must solve the equation 2" = x, over the complex numbers. Since the

number y in the statement clearly satisfies y¥ = x, our equation reformulates as:
N
z
N=r = N=¢y" —= (—) =1
Y
Thus, we are led to the conclusion in the statement. Il

5e. Exercises
Welcome to geometry in 2 dimensions, and as exercises here, we have:

EXERCISE 5.35. Solve the Pythagoras equation a® + b* = 2

over the integers.
EXERCISE 5.36. Learn about the theorems of Menelaus and Ceva.

EXERCISE 5.37. Learn about the theorems of Desargues and Pappus.

EXERCISE 5.38. Not to forget the theorems of Pascal and Brianchon.

EXERCISE 5.39. Compute the sines and cosines of multiples of 15°, 7.5°, 3.75°.
EXERCISE 5.40. Work out some approximations of w, using N-gons with N = 27,
EXERCISE 5.41. Solve some easy geometry problems, using affine coordinates.

EXERCISE 5.42. Solve as well a few geometry problems, using complex numbers.

As bonus exercise, review what we previously said about cos, sin in chapter 4.



CHAPTER 6

Waves and light

6a. Heat, revised

Back now to physics, we have many things to be done, as a continuation of what we
learned in 1 dimension, in chapters 2 and 4. Which was actually quite a mess, with all
sorts of physics involved, and thinking a bit, the 2D work would fall in two classes:

(1) First we have physics coming from motion, with or without collisions, including
would-be thermodynamics, notably with the heat diffusion equation, then elasticity and
the closely related wave equation, and finally various topics related to light, which is
well-known to be a wave, including things like color, optics, and relativity theory.

(2) And then we have more die-hard, old physics, based on gravity only. With this
including the movement of the pendulum, and the related topics of harmonic oscillators
and resonance, then the solution of the planetary movement problem, following Kepler
and Newton, and then other things, such as more on the equations, and on energy.

So, what to do? I don’t know about you, but personally I feel a bit lost here. I mean,
guided by the history of the subject, always a safe choice, we should go with (2) first, and
do (1) after. However, still thinking history, the mathematics of Einstein for instance is
in fact much simpler than that of Newton, so maybe we humans got it wrong somewhere,
we should have produced Einstein before Newton, and so (1) comes before (2).

Well, as usual in such delicate situations, time to ask our 2D expert, the spider. But
will the spider, who is rather into engineering, computations and hunting, all concrete
things, be good at answering philosophical questions? And fortunately, so he is:

SPIDER 6.1. Not many flies these days, I spend my time thinking at math and physics.
You should go with waves, even without flies, small breezes, and 2D is curved.

Okay, thanks spider, so my intuition was right, and we will go for (1) in this chapter.
As for (2), that can stay for later, and by the way, we will probably need an extra math
chapter, dealing with calculus in 2D, before attacking that Kepler-Newton theorem.

Getting started now, as a continuation of what we did in chapter 4, let us first discuss
would-be thermodynamics, namely pressure and temperature basics, this time in 2D.

129
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For our first result, dealing with pressure, and generalizing things from chapter 4, it
is actually convenient to assume that we are in arbitrary N = 1, 2,3 dimensions, with
N =1 being here for explaining the link with chapter 4, then N = 2 being here for our
new result, and with N = 3, making the link with the real life, being included too.

So, let us call N-dimensional gas with N = 1,2, 3 a usual 3-dimensional gas, with all
molecules assumed to move in N directions only. That is, at N = 1 all molecules are
assumed to move in the same direction, at N = 2 all molecules are assumed to move in
the same plane, and at N = 3 the molecules are assumed to freely move in space. And
with these various constraints referring to the speed vectors of the molecules.

With this convention, we have the following result, regarding pressure:

THEOREM 6.2. The pressure P, volume V' and total kinetic energy K of a gas, having
point molecules, with no collisions between them, satisfy

2K
PV = —
N

where N =1,2,3 is the dimensionality of the gas.
ProOOF. We can do this in several steps, as follows:

(1) Let us first assume that the gas is enclosed in a cubic volume, V = L3. We want
to compute the pressure P on the right wall. Since there are no collisions, we can assume
by linearity that our gas has 1 molecule, having mass m and traveling at speed v. We
must compute the pressure P exterted by this molecule on the right wall:

| |
P

(2) We first look at a 1D gas. Our molecule hits the right wall at every At = 2L/v
interval, with its change of momentum being Ap = 2mv. We obtain, as desired:
F Ap 2mu mv? 2K

P = — = = = =
L2 L2At  L?-2LJv L3 V

(3) In the case of a N-dimensional gas, exactly the same computation takes place, but
this time with v being replaced by its horizontal component v;. Thus, we have:

mu?

P =
Vv
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But, we have the following formula, with the equality on the right being understood
in a statistical sense, our molecule being assumed to follow a random direction:

I[v||? = v? + ...+ v3 = No?

Thus, the pressure in this case is given by the following formula, as desired:

P ml|v|[*? 2K
NV NV

(4) Tt remains to extend our result to arbitrary volume shapes. For this purpose, let

us first redo the above computations for a parallelepiped, V' = L;LsL3. Here the above

1D gas computation carries on, and gives the same result, as follows:
_F  Ap 2mu o om® 2K
" LoLs  LoLsAt  LoLs-2Ly/v  LiL,Ly V

Thus the N-dimensional computation carries on too, and gives the result.

P

(5) In order now to reach to arbitrary shapes, the idea will be that of stacking thin
parallelepipeds, best approximating the shape that we have in mind, as follows:

(6) But for this purpose it is better to drop our assumption that the gas has 1 molecule,
and use M molecules instead. With p = M/V being the molecular density, and K, being
the kinetic energy of a single molecule, our computation in (4) for the parallelepiped, with
now M molecules instead of 1, reformulates as follows:

NV NV NV N

(7) But this latter formula shows that the pressure has nothing to do with the precise
volume V', but just with the molecular density p = M/V. Thus, we can stack indeed par-
allelepipeds, with of course the assumption that p is constant over these parallelepipeds,

and we obtain that the above formula holds for an arbitrary volume shape V:
2pK,
N
Now by getting back to the volume V', we obtain the following formula:
20Ky  2MK, 2K
N NV NV
Thus, we are led to the conclusion in the statement. U

P =

pP—

P =

The above result is quite interesting, so let us keep building on it. Again by generalizing
some 1D things that we know from chapter 4, we have the following result:
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THEOREM 6.3 (addendum). In the context of a gas consisting of point molecules, with
no collisions between them, the correct time for reading the correct pressure is

2V/N V13 2K
[[v]] NV
with ||v|| being the average molecular speed, with the precise pressure reading being
P
Pf/
0 ts t

and with this being taken in an approximate, statistical sense.

ProoF. We can do this in two steps, as follows:

(1) At N = 1, as explained in chapter 4, we can assume that we are in a cube,
V = L3, and we know that each molecule 7 hits the right wall, where P is measured, at
At; = 2L/|v;| intervals. But with this picture in hand, it is quite clear that, on average,
the pressure reading process will be linear, starting from P = 0, up to time ty = 2L/|v|,
with |v| being the average molecular speed, where the correct pressure Py = 2K/V will
be read, and constant at P; afterwards. Now since L = V173 this gives, as desired:

oV/1/3 2K

(2) In the general case now, that of a N-dimensional gas, with N = 1,2, 3, the same
argument carries on, with the only change being that each molecular speed v; € R¥ is now
replaced by its horizontal component v;; € R, which by statistical reasons has squared
magnitude as follows, as explained in the proof of Theorem 6.2:

viy = vl /N

Thus, with respect to (1), the correct final pressure must be adjusted by a N factor,
and becomes Py = 2K /NV, as in Theorem 6.2. As for the correct reading time, this must

be adjusted by a v/N factor, and becomes t; = 2¢/N V1/3/||v]|, as claimed. O

[l

So long for pressure. Regarding now heat, bringing us into more advanced thermo-
dynamics, this is notoriously a 3D phenomenon, but we can nevertheless have a look at
formal heat diffusion, as we previously did in chapter 4, in 1 dimension.

But here, a bit as before in the context of our pressure considerations, it is most
convenient to do our study in arbitrary N = 1,2,3 dimensions, with N = 1 being here
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for explaining the link with the material from chapter 4, then N = 2 being here for our
new result, and with N = 3, making the link with the real life, being included too.

So, here is the our result regarding heat, extending our 1D study from chapter 4:

THEOREM 6.4. Heat diffusion in N = 1,2,3 dimensions is described by the equation

¢ =alyp
where o > 0 is the thermal diffusivity of the medium, and with A given by
N
d*p
Ap = —
7 — da?

being the Laplace operator, playing the role of a numeric second derivative.

PROOF. The study here is quite similar to the 1D study from chapter 4, as follows:

(1) To start with, in what regards the phenomenology of heat diffusion, and the
statement itself, let us recall from chapter 4 that in 1 dimension the heat diffusion equation
is as follows, with a > 0 being the thermal diffusivity of the medium:

p=ay”

In N > 2 dimensions now, we can expect the same arguments to carry on, and more
on this in a moment. However, what about the final result, that we are supposed to get?
The point indeed is that we are dealing now with functions ¢ : RY — R, no longer having
a well-defined second space derivative ¢”, at N > 2. In answer, we can expect all N
directional second derivatives to contribute, and so, our equation should be:

N
. ¢
= (X _—
4 Z dx?
=1
Thus, as a conclusion to this preliminary study, things fine with our statement.

(2) Getting to work now, let us first discuss 2 dimensions. Here we can use a lattice
model as follows, with all lengths being [ > 0, for simplifying:

—0—0—0—0—
—0—0—0—0—
—0—0—0—0—

(3) We have to implement now the physical heat diffusion mechanism, namely “the
rate of change of the temperature of the material at any given point must be proportional,
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with proportionality factor o > 0, to the average difference of temperature between that
given point and the surrounding material”. In practice, this leads to a condition as follows,
expressing the change of the temperature ¢, over a small period of time § > 0:

ad
pla,y,t +0) = plz,y,t) + o > e, t) = ola,y,t)]
(x7y)’\‘(u’v)
In fact, we can rewrite our equation as follows, making it clear that we have here an
equation regarding the rate of change of temperature at x:

ez, y,t+0) —plz,y,t) o Z [o(u,v,t) — @(x,y,t)]

) 2

(2,y)~(u0)

(4) So, let us do the math. In the context of our 2D model the neighbors of x are the
points (z + 1,y + 1), so the equation above takes the following form:

@(%,y,t—l- 5) B (p($7y7t)
0

= (e +Ly.0) = pla..0) + (ol ~Lu.1) — ole.y.0)]

o
+ 5 |(pley+ L) — oy, 1) + (pla.y = 18) = ol y,1)|
Now observe that we can write this equation as follows:

90(377y7t + 6) B QD(.T,y,t) — a- QD(.% + lvyvt) B 2@(%,:%25) + QO(.% B l7y>t>

) 2
ez, y+1,t) —20(x,y,t) + o(z,y — L t)
12
(5) But here, as previously in 1D, in chapter 4, we recognize on the right the usual
approximation of the second derivative, coming from calculus. Thus, when taking the
continuous limit of our model, [ — 0, we obtain the following equation:
t+98) — t ¢ d

5 a2 Ty

Now with ¢t — 0, we are led in this way to the heat equation, namely:

+ a-

@('T?y?t) = Q- A¢<x7y7t>

(6) Finally, in N = 3 dimensions, or even higher, the same argument carries over,
namely a straightforward lattice model, and we will leave the details here, based on the
above, as an exercise, and gives the heat equation, as formulated in the statement. Il

Getting now to the solutions of the heat equation, again by following the 1D material
from chapter 4, we have the following result, dealing with N = 1,2, 3 dimensions:
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THEOREM 6.5. The heat diffusion equation, ¢ = aAp with a > 0, with initial condi-
tion o(x,0) = f(x), has as solution the function

o(x,t) = | Kz —y)f(y)dy

RN
where the function K, : RN — R, called heat kernel, given by

Ki(w) = — e~lolP/ot
(Arat)N

is the standard solution, coming from f = &y, normalized as to have mass 1.
PROOF. The study here is similar to our 1D study from chapter 4, as follows:

(1) Let us first prove that the function K} in the statement satisfies the heat equation.
For this purpose, our equation ¢ = aAp being linear, it is convenient to get rid of the
1/+/(4ma)N factor, that we will only need later. Thus, we want to prove that the following
function, called unnormalized heat kernel, satisfies the heat equation ¢ = aAy:

L il /at
A /tN

(2) Before starting the computations, yes I can hear you screaming that we have
not learned yet about partial derivatives and multivariable calculus. In answer, partial
derivatives are something trivial, and 1-dimensional, I mean just differentiate with respect
to your variable, as you usually do in 1D calculus, by keeping the other variables fixed,
and this is what we will do in what follows. As for multivariable calculus, this is something
else, namely the art of doing advanced mathematics using partial derivatives, that we will
not need for our computations here, and that we will learn later, in chapter 7.

(3) Getting to work now, the time derivative of our function U is given by:

AP YV | i G
21N St/

Regarding the first space derivatives, these can be computed as indicated in (2), dif-
ferentiate with respect to the chosen variable, and are given by the following formula:

dU _ T el?/ae
dx; 20tV

As for the second space derivatives, again these can be computed as indicated in (2),
namely differentiate with respect to the chosen variable, and are given by:

2 2
d°U U leli?/aar B0 el

dz? — 2atViN A02t2\/tN
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And with this, good news, end of our derivative computations. Indeed, by summing
over ¢ the second space derivatives, we obtain the following formula:

AU = - N telzraar 2P e e
20tV tN 4?2/ tN
We conclude that the heat equation U = aAU is indeed satisfied, as claimed. Thus,
by linearity, we have as well K = aAK, for the heat kernel itself.

(4) Next, when perturbing the fundamental solution K that we found by an arbitrary
function f, according to the convolution procedure in the statement, all the computations
from (3) will perturb well, according to the following two formulae:

fat)= [ Kla= s

Bp(et) = | ARG =) f)dy
R
Thus, we can see that the heat equation ¢ = aAy is indeed satisfied.

(5) Regarding now normalization, again by following the material from chapter 4,
observe that the heat kernel has indeed mass 1, as shown by:

~llel?/4at g,

Ki(x)dx =

1 2 N
— e /4atdl’
V(@rat)N \Jr
1 2 N
= —( e Y \/4atdy)
R

(Arat)N
1 N
~ J@rat)¥ (Viat - V)

=1

(6) Next, we can see that by plugging f = Jy in the statement, we obtain precisely the
standard solution K;. And with this being something which is not surprising, K; coming
from the simplest situation, that of a radiating point body placed at 0.

(7) Finally, more generally, we can see that by using an arbitrary function f, we obtain
the solution of the heat equation with initial condition ¢(z,0) = f(x). Moreover, it can
be shown that this solution is unique, and more on such things, later in this book. Il

And with this, end of our discussion on 2D thermodynamics. As a conclusion, we
learned many interesting things, but looking back at what we did, nothing was in fact
of genuine 2D nature. So, it is either that something is wrong with thermodynamics, or
with N = 2, or with the combination of the two, 2D thermodynamics. Mystery.
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6b. Waves and light

Getting now to our main topic of discussion for this chapter, light, and everything
coming from it, to start with, we can talk about waves in N dimensions, as follows:

THEOREM 6.6. The wave equation in N = 1,2,3 dimensions is as follows,

¢ =v Ay

with v > 0 being the propagation speed of the wave, and with A given by

being as usual the Laplace operator, playing the role of a numeric second derivative.
PROOF. We can use here a lattice model as before in 1D, as follows:

(1) In 2 dimensions, to start with, the same argument as in chapter 4 carries on.
Indeed, we can use a lattice model as follows, with all edges standing for small springs:

~— @ ~—— O ~—— O ~—— O ——

~— @ ~—— O —— O ~—— O ——

~— @ ~—— O ~—— O ~—— O ——

A~ @~V @~ @
A~ @~V @~ @
A~ @~ @~ @
A~ @~ @ o~ @

As before in one dimension, we send an impulse, and we zoom on one ball. The
situation here is as follows, with [ being the spring length:

Oy (z,y+1)

Ou(z—1,y) o(zy) Ou(z+l,y)

.So(zvyfl)

We have two forces acting at (z,y). First is the Newton motion force, mass times
acceleration, which is as follows, with m being the mass of each ball:
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And second is the Hooke force, displacement of the spring, times spring constant.
Since we have four springs at (z,y), this is as follows, k& being the spring constant:
F, = F] —F +F'—F/
= k(e(z+1Ly) —elz,y) — kle(@,y) — oz —Ly))
+ kpo(z,y +1) — olx,y) — k(e(z,y) — e(z,y — 1))
= k(p(z+1Ly) = 20(z,y) + oz = L,y))
+ k(e y+1) = 20(z,y) + o(z,y — 1))

We conclude that the equation of motion, in our model, is as follows:

(2) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of B? >> 0 balls, having a total mass M, and

spanning a total area L?. Thus, our previous infinitesimal parameters are as follows, with
K being the spring constant of the total system, taken to be equal to k:

M L
m = ﬁ s k? = K s l = E
With these changes, our equation of motion found in (3) reads:
. KB?
Play) = (el +ly) = 20(,y) + oz = 1y))

2

M
Now observe that this equation can be written, more conveniently, as follows:

KL* oz +1y) = 2p(r,y) + ¢(x — 1 y)

(plx,y +1) = 20(z,y) + p(z,y = 1))

pla,y) = —-x B
KIL? y o(x,y +1) —20(x,y) + p(z,y —1)
M 12

With N — oo, and therefore [ — 0, we obtain in this way:

. KIL? (d*p d%p

(3) As a conclusion to this, we are led to the following wave equation in two dimensions,
with v = \/K/M - L being the propagation speed of our wave:

. d2 d2
Blx,y) =0’ (d— + d—f> (z,y)
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But we recognize at right the Laplace operator, and we are done. As before in 1D,
there is of course some discussion to be made here, arguing that our spring model in (1)
is indeed the correct one. But do not worry, experiments confirm our findings.

(4) Finally, in N = 3 dimensions, or even higher, the same argument carries over,
namely a straightforward lattice model, and we will leave the details here, based on the
above, as an exercise, and gives the wave equation, as formulated in the statement. [

Getting now to light, things are quite complicated here. The idea is that light is a
wave predicted by electrodynamics, that is, by the Maxwell equations that we will learn
later in this book, traveling in vacuum at the maximum possible speed, ¢, and with an
important extra property being that it depends on a real positive parameter, that can be
called, upon taste, frequency, wavelength, or color. To be more precise, we first have:

FAcT 6.7. An accelerating or decelerating charge produces electromagnetic radiation,
called light, whose frequency and wavelength can be explicitly computed.

This phenomenon can be observed is a variety of situations, such as the usual light
bulbs, where electrons get decelerated by the filament, acting as a resistor, or in usual fire,
which is a chemical reaction, with the electrons moving around, as they do in any chemical
reaction, or in more complicated machinery like nuclear plants, particle accelerators, and
so on, leading there to all sorts of eerie glows, of various colors.

In order to discuss now frequency, wavelength and color, which are in fact the same
thing, let us first recall from chapter 4 that in the 1D case, we have:

THEOREM 6.8. The 1D wave equation ¢ = v?¢" has as basic solutions the functions
o(x) = Acos(kx — wt + 9)

with A being called amplitude, kx —wt+6 being called the phase, k being the wave number,
w being the angular frequency, and § being the phase constant. We have

2 2 1
)\:% , T:k_z V=T w = 27v

relating the wavelength X\, period T, frequency v, and angular frequency w. Any solution
of the 1D wave equation appears as a linear combination of such basic solutions.

ProOF. This is something that we basically know from chapter 4, with a few things
added, coming from our present familiarity with 2D, the idea being as follows:

(1) Our first claim is that the function ¢ in the statement satisfies indeed the wave
equation, with speed v = w/k. For this purpose, observe that we have:

p=—-we , ¢ =-k
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Thus, the wave equation is indeed satisfied, with speed v = w/k:

2
95 — <%> 90” — 122g0”

(2) Regarding now the other things in the statement, all this is basically terminology,
which is very natural, when thinking how ¢(z) = A cos(kx — wt + §) propagates.

(3) Finally, the last assertion, with the linear combination mentioned there being of
course infinite, is something mathematical and standard, coming from Fourier analysis,
and with the d’Alembert theorem from chapter 4 helping. More on this later. O

As a first observation, the above result invites the use of complex numbers. Indeed,
we can write the solutions that we found in a more convenient way, as follows:

gO(iL') — Re [A ei(kac—wt-i-é)}

And we can in fact do even better, by absorbing the quantity ¢ into the amplitude
A, which becomes now a complex number, and writing our formula as:

p=Re(@) ., §=Act
Moving ahead now towards what we wanted to do, color, let us formulate:

DEFINITION 6.9. A monochromatic plane wave is a solution of the wave equation
which moves in only 1 direction, making it in practice a solution of the 1D wave equation,
and which is of the special from found in Theorem 6.8, with no frequencies mized.

In other words, we are making here two assumptions on our wave. First is the 1-
dimensionality assumption, which gets us into the framework of Theorem 6.8. And second
is the assumption, in connection with the Fourier decomposition result from the end of
Theorem 6.8, that our solution is of “pure” type, meaning a wave having a well-defined
wavelenght and frequency, instead of being a “packet” of such pure waves.

So, this was for the story of the monochromatic plane waves, or light. Many more
things can be said here, such as talking about polarization too, which is an important extra
feature that light might have, in 3D. However, all this heavily relies on the mechanism
from Fact 6.7, coming from electromagnetism and the Maxwell equations, which are of
genuine 3D nature, scheduled for later in this book. So, in the hope that you got it, we
sort of have light in 2D, perhaps by cheating a bit, and more on all this, later.

In practice now, we have various types of light, depending on frequency and wave-
length. These are usually referred to as “electromagnetic waves”, but for keeping things
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simple, we will keep using the term “light”. The classification is as follows:

Frequency Type Wavelength
1018 — 1020 v rays 10712 — 10710
1016 —10%® X — rays 10710 — 108
10 — 10 uv 1078 — 1077
101 — 10 blue 107" — 1075
101 —10%° yellow 1077 — 1076
101 —10%° red 1077 — 1076
101 — 10t IR 1076 —1073
10° — 10 microwave 1073 — 107t
1—10° radio 107t — 108

Observe the tiny space occupied by the visible light, all colors there, and the many
more missing, being squeezed under the 10** — 10*® frequency banner. Here is a zoom on
that part, with of course the remark that all this, colors, is something subjective:

Frequency THz = 102 Hz ~ Color ~ Wavelength nm = 107% m

670 — 790 violet 380 — 450
620 — 670 blue 450 — 485
600 — 620 cyan 485 — 500
530 — 600 green 500 — 565
510 — 530 yellow 565 — 590
480 — 510 orange 590 — 625
400 — 480 red 625 — 750

Outside visible light we have, as you probably know it, UV on higher frequencies,
and IR on lower frequencies. At the high frequency end we have X-rays, that you surely
know about too, and 7 rays, which are usually associated with various bad things, such
as thunderstorms, solar flares, and small bugs with our nuclear energy technology.

As for the lower frequency end of the scale, first we have microwaves, but if you love
physics and chemistry you should learn some cooking, that’s first-class chemistry, that
you can practice every day. And then we have all sorts of radio wavelenghts, including
FM, followed by AM, and then by several more obscure low-frequency waves.

Importantly, both ends of the table are a bit loose. At the high frequency end there
are some restrictions coming from quantum mechanics, and more on them later. As for
the low frequency end, what’s wave and what’s not is a bit of a philosophical question,
but which is actually not that philosophical, because waves having huge wavelengths can
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easily turn around mountains, full countries and so on, and so are of military interest.
Secret research here, more of engineering type of course, is still ongoing.

Back now to our business, with all the above in hand, we can do some optics. Light
usually comes in “bundles”, with waves of several wavelenghts coming at the same time,
from the same source, and the first challenge is that of separating these wavelenghts.

In order to discuss this, let us start with the following fact:

THEOREM 6.10. The wave equation inside a linear, homogeneous medium s

¢ =v"Ayp
with v being the speed of light inside the medium, which is given by

c [ep
v=— : n=,/—
n Eo Mo
with the quantity on the right n > 1 being called refraction index of the medium.

ProoOF. This is something coming, as usual with such things, from the Maxwell equa-
tions, that we have not learned yet. So, more on this, and also on the formula of n, with
details regarding the various quantities involved there, later in this book. O

As an observation here, while the above is something quite simple, mathematically
speaking, as we will discover later in this book, when talking Maxwell equations and
applications, from the physical viewpoint we are here into complicated things. Materials
can be transparent or opaque, with the distinction between them being something very
subtle, and advanced, and Theorem 6.10 obviously deals with the transparent case.

In short, we are here inside advanced materials theory, that we cannot really under-
stand, with our knowledge so far. In what follows we will be interested in transparent
materials only, such as glass. Regarding the other materials, such as rock, let us just
mention that light dissapears inside them, converted into heat. Of course glass heats too
when light crosses it, with this being related to v < c¢ inside it. More on this later.

Next in line, and of interest for us, in order to talk about optics, we have:

Fact 6.11. When traveling through a material, and hitting a new material, some of
the light gets reflected, at the same angle, and some of it gets refracted, at a different
angle, depending both on the old and the new material, and on the wavelength.

Again, this is something deep, and very old as well, and there are many things that
can be said here, ranging from various computations based on the Maxwell equations, to
all sorts of considerations belonging to advanced materials theory.
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As a basic formula here, we have the famous Snell law, which relates the incidence
angle 6; to the refraction angle 65, via the following simple formula:
sinfy  ni(A)
sinf;  ny(\)
Here n;(\) are the refraction indices of the two materials, adjusted for the wavelength,

and with this adjustment for wavelength being the whole point, which is something quite
complicated. For an introduction to all this, we refer for instance to Griffiths [44].

As a simple consequence now of the above, of great practical interest, we have:
THEOREM 6.12. Light can be decomposed, by using a prism.

Proor. This follows from Fact 6.11. Indeed, when hitting a piece of glass, provided
that the hitting angle is not 90°, the light will decompose over the wavelenghts present,
with the corresponding refraction angles depending on these wavelengths. And we can
capture these split components at the exit from the piece of glass, again deviated a bit,
provided that the exit surface is not parallel to the entry surface. And the simplest device
doing the job, that is, having two non-parallel faces, is a prism. U

With this in hand, we can now talk about spectroscopy:

Fact 6.13. We can study events via spectroscopy, by capturing the light the event
has produced, decomposing it with a prism, carefully recording its “spectral signature”,
consisting of the wavelenghts present, and their density, and then doing some reverse
engineering, consisting in reconstructing the event out of its spectral signature.

This is the main principle of spectroscopy, and applications, of all kinds, abound. In
practice, the mathematical tool needed for doing the “reverse engineering” mentioned
above is the Fourier transform, which allows the decomposition of packets of waves, into
monochromatic components. Finally, let us mention too that, needless to say, the event
can be reconstructed only partially out of its spectral signature.

And with this, end of our discussion regarding light. We learned many interesting
things here, substantially improving our previous knowledge from chapter 4, but when
looking more in detail at what we did, everything remains quite complicated, in need of
electromagnetism, and the Maxwell equations. So, more on this, later in this book.

6¢c. Relativity, speeds

With light discussed, as a main application, time to go back to relativity theory, as
developed in chapter 2, with a continuation of the story there, at N = 2 and higher.

Let us first recall from chapter 2 that, based on various experiments, by Fizeau, and
then Michelson-Morley and others, on some previous theory and findings by Lorentz and
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others, in the related context of electromagnetism, and on a bit of abstract thinking too,
Einstein came upon the following general principles, which agree of course with the light
theory developed above, and which obviously contradict classical mechanics:

Fact 6.14 (Einstein principles). The following happen:

(1) Light travels in vacuum at a finite speed, ¢ < 0.
(2) This speed c is the same for all inertial observers.
(3) In non-vacuum, the light speed is lower, v < c.
(4) Nothing can travel faster than light, v # c.

In view of this, there are many things to be done, namely fix the speed addition
formula, as for ¢+ v = ¢ to hold, then, in view of v = d/t, see if something is wrong with
distance d, or with time ¢, or with both, and finally, in view of p = mv and E = mv?/2,
have a look as well at momentum and energy, I mean find the bugs, and fixes.

Let us begin with the speed addition problem, ¢ +v = ¢, which in ¢ = 1 units, that
we will use in what follows, simply reads 1 +v = 1. We already know the solution to this
problem in 1D, from chapter 2, and in higher dimensions, we have:

QUESTION 6.15. What is the correct analogue of the Einstein summation formula,
u+v
14+ uv

U+ V=
m 2 and 3 dimensions?

In order to discuss this question, let us attempt to construct u 4. v in arbitrary
dimensions, just by using our common sense and intuition. When the vectors u,v € RY
are proportional, we are basically in 1D, and so our addition formula must satisfy:

U+
1+ <uv>

To be more precise, we are making use here of the scalar product operation < u,v >
for the vectors u,v € RY, which is given by the following formula:

N
<UuU,v >= E UiV;
=1

Looking now at what we have, our u ~ v formula will not work as such in general,
for arbitrary speeds u,v € RY, and this because we have, as main requirement for our
operation, in analogy with the 1+, v = 1 formula from 1D, the following condition:

UNV = UV =

ul| =1 = u+.v=u
Equivalently, in analogy with v 4. 1 =1 from 1D, we would like to have:
]| =1 = u+,v=v
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Summarizing, our u ~ v formula, involving the scalar product < u,v >, is not bad,
as a start, but we must add a correction term to it, for the above requirements to be

satisfied, and with the correction term vanishing when u ~ v. So, we are led to:

PuzzLE 6.16. How to correctly define the speed addition as
U+ U+ Yo
u +6 v = —’y
1+ <u,v>

as for the following to happen, in analogy with what happens in 1D:

(1) Y vanishes when u ~ v.
2) |lu]| =1 = u+ev=u.
3) [p]|=1 = u+.v=r.
Getting to work now, let us first study the condition ||ju|] =1 = u+.v = u. We
first have the following computation, valid for any two vectors u,v € RY:
u—+v
UteV=U < BAVE Yo =
1+ <u,v>
<~ UTV+ Yy =Uut+<uv>u
—  Yuo =< U,V >U—V
Now if we want this to happen, under the assumption ||u|| = 1, which in terms of
scalar products reads < u,u >= 1, and with the extra condition that the correction term
Yup Must vanish when u ~ v, the solution is a no-brainer, as follows:

Vour =< U,V > U— < U, U >V
Next, let us study the other condition that we have, namely |[v|| =1 = u+4.v = v.
As before, we have the following computation, valid for any two vectors u,v € RV:
U+ v+
UFeV =1V < STYVT Yuw =
1+ <u,v>
= UFV+ Y =0+ < U,V >V
= Yo =< U,V >UV—Uu
Now if we want this to happen, under the assumption ||v|| = 1, which in terms of
scalar products reads < v,v >= 1, and with the extra condition that the correction term
Yup Must vanish when u ~ v, the solution is again a no-brainer, as follows:

Yo =< U,V > V— <V, V> U

Which is quite bad news, because this new correction term =, is different from the
previous correction term 7,, that we computed, unless of course at N = 1, where both
correction terms are 7,, = 0. And, there does not seem to be any fix, for this.

Damn, I would say. So, we are in trouble, our conclusion being as follows:



146 6. WAVES AND LIGHT

CONCLUSION 6.17. Our puzzle cannot really be solved at N > 2, and if we want to
develop relativity theory there, we basically have to choose between:

(1) Yuw =< u,v >u— < u,u > v, leading to ||ul| =1 = u+.v=u.
(2) Yuw =< u,v >v— < wv,v>u, leading to ||v|]| =1 = u+.v="0.
So, what to do? Relax a bit I guess, stop coffee and cigarettes, and take it easy. After

all, what we did is not that bad, and going for the first choice, which is the most natural
one, physically speaking, we have material for a modest Proposition, as follows:

PROPOSITION 6.18. When defining the Einstein speed summation as
U+v+ <u,v>u—<uu>v
U+ V=
1+ <u,v>

in ¢ = 1 units, the following happen:
(1) When u ~ v, we recover the previous 1D formula.
(2) When ||u|| = 1, speed of light, we have u +,v = u.
(3) However, ||v|| =1 does not imply u +.v = v.
(4) Also, the formula u 4. v = v +. u fails.

PRrROOF. We already know this from the above discussion, with (1,2) coming from our
computations before, and with (3,4) coming from the same computations, via:
<Uv > U— < UU >V ES UV > U— < V,0>U
Thus, proposition proved, and good work that we did. Very nice. U

Looking now at Proposition 6.18 from an abstract, mathematical perspective, there
are still a few things missing from there, which can be summarized as follows:
QUESTION 6.19. Can we fine-tune the Finstein speed summation into
u+v+ A< u,v>u— <u,u>0)
UtV =
1+ <u,v>
with A € R, chosen such that ||u]| =1 = X =1, as to have:

(1) [full,lloll <1 = [Juteoll <1,
@) [loll =1 = [Ju+eoll = 1.

Obviously, as simplest answer, A must be some well-chosen function of ||u||, or rather
of ||u]|?, because it is always better to use square norms, when possible. But then, with
this idea in mind, after a few computations we are led to the following solution:

1
A\ =
L+ /1 —|[ull?

Summarizing, final correction done, and with this being the end of mathematics, we
did a nice job, and we can now formulate our findings as a theorem, as follows:
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THEOREM 6.20. When defining the Finstein speed summation as

<u,v>u—<u,u>v>

1
Ut V=——""—"—"||u+v+
1+<u,v>( 1+*/1—HU|’2

in ¢ = 1 units, the following happen:
(1) When u ~ v, we recover the previous 1D formula.
) We have ||ull],]|v]] <1 = ||u+.v|| < 1.
) When ||ul| = 1, we have u +. v = u.
) When |[v|| =1, we have ||u +. v|| = 1.
) However, ||v|| =1 does not imply u +. v = v.

(2
(3
(4
(5
(6) Also, the formula uw+.v =v 4. u fails.

Proor. This follows from the above discussion, as follows:

(1) This is something that we already, know from Proposition 6.18.

(2) In order to simplify notation, let us set 6 = y/1 — ||u||?, which is the inverse of the
quantity v = 1/4/1 — ||u||?>. With this convention, we have:
N 1 N +<u,v>u—||u||2v
u+ev = —  (u+w
¢ 1+ < u,v > 1406
(1+06+ <u,v>)u+ (1+8—||ul|*)v
(1+ < u,v >)(149)
Taking the squared norm and computing gives the following formula:
(L+0)% [+ ol + (ul* — 201+ 6))([lulP||v]]*— < u,v >?)
(1+ < u,v >)%(1+9)?

Now this formula can be further processed by using 6 = /1 — ||u||?, and we get:

ey ot = L ol = llalPlel P < w0 >?
‘ B (1+ < u,v >)?

lu+evl|* =

But this type of formula is exactly what we need, for what we want to do. Indeed, by
assuming ||u||, ||v|| < 1, we have the following estimate:

utev|)? <1 <= |ju+o|]® = ||Ju|P|]v|]*+ < u,v >2< (1+ < u,v >)?
= lu+v)P =P <1+2<uv>
= [l + [l = [Pl < 1
= (1= [lul)(@ —[o]]*) >0
Thus, we are led to the conclusion in the statement.

(3) This is something that we already know, from Proposition 6.18.
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(4) This comes from the squared norm formula established in the proof of (2) above,

because when assuming ||v|| = 1, we obtain:
[lu+ ol* = JJulP+ <u,v>?

(1+ < u,v >)?
ul? + 1+ 2 < w0 > —||u|]*+ < u,v >2

(14 < u,v >)?

1+2<u,v>+ <u,v>2

(1+ < u,v >)?

lu+evl* =

=1
(5) This is clear, from the obvious lack of symmetry of our formula.
(6) This is again clear, from the obvious lack of symmetry of our formula. O

Still with me I hope, after all these computations. And the good news is that, we
did indeed some first-class work, because the formula in Theorem 6.20 is the good one,
confirmed by experimental physics. For more on all this, see Einstein [28].

6d. Mass, energy

Time now to draw some concrete conclusions, from the above speed computations.
Since speed v = d/t is distance over time, we must fine-tune distance d, or time ¢, or
both. Let us first discuss, following as usual Einstein, what happens to time ¢. Here the
result, which might seem quite surprising, at a first glance, is as follows:

THEOREM 6.21. Relativistic time is subject to Lorentz dilation
t— i

where the number v > 1, called Lorentz factor, is given by the formula
1

1= e

with v being the mouving speed, at which time is measured.

PROOF. Assume indeed that we have a train, moving to the right with speed v,
through vacuum. In order to compute the height A of the train, the passenger onboard
switches on the ceiling light bulb, measures the time ¢ that the light needs to hit the floor,
by traveling at speed ¢, and concludes that the train height is h = ct:

*
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On the other hand, an observer on the ground will see here something different, namely
a right triangle, with on the vertical the height of the train h, on the horizontal the
distance vT" that the train has traveled, and on the hypotenuse the distance ¢T" that light
has traveled, with T" being the duration of the event, according to his watch:

Now by Pythagoras applied to this triangle, we have the following formula:
R* + (vT)* = (cT)?
Thus, the observer on the ground will reach to the following formula for h:
h=Vc2—v2.T
But h must be the same for both observers, so we have the following formula:
Ve =2 T =ct

It follows that the two times ¢ and 7" are indeed not equal, and are related by:

ct B t
Ve =02 /1 —v2/c?

Thus, we are led to the formula in the statement. Il

Let us discuss now what happens to length. We have here the following result:
THEOREM 6.22. Relativistic length is subject to Lorentz contraction
L — L/y

where the number v > 1, called Lorentz factor, is given by the usual formula
1
’y = —
V1—v?/c?
with v being the moving speed, at which length is measured.

PROOF. As before in the proof of Theorem 6.21, meaning in the same train traveling
at speed v, in vacuum, imagine now that the passenger wants to measure the length L of
the car. For this purpose he switches on the light bulb, now at the rear of the car, and
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measures the time ¢ needed for the light to reach the front of the car, and get reflected
back by a mirror installed there, according to the following scheme:

‘ L=ct/2

—O O ‘ —0O0—0—0—0—
He concludes that, as marked above, the length L of the car is given by:
r=2
2

Now viewed from the ground, the duration of the event is T' = T + 15, where T7 > T5
are respectively the time needed for the light to travel forward, among others for beating
v, and the time for the light to travel back, helped this time by v. More precisely, if [
denotes the length of the train car viewed from the ground, the formula of 7T is:

[ [ 2lc
T=T+1T, = =
1t c—v+c+v 2 —?
With this data, the formula 7" = ~t of time dilation established before reads:
2c . 2vL

c2 — 2

Thus, the two lengths L and [ are indeed not equal, and related by:
L(c? —v? v? L L
c c vy
Thus, we are led to the conclusion in the statement. Il
Next, for our theory to be complete, we still have to discuss mass and energy. Things
here are quite tricky, and as a first objective, we would like to fix the mass and momentum
conservation equations for the plastic collisions, from chapter 2, namely:
m=mi;+mg , MU =MV + Mals
Which cannot really be done with bare hands, and by this meaning with mathematics
only, but with some help from experiments, the conclusion is as follows:
FacT 6.23. When defining the relativistic mass of an object of rest mass m > 0,
moving at speed v, by the formula
1
V=
V1—=v?/c?

this relativistic mass M, and the corresponding relativistic momentum P = Mwv, are both
conserved during collisions.

M =~ym
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In other words, the situation here is a bit similar to that of the Galileo addition vs
Einstein addition for speeds. The collision equations given above are in fact low-speed
approximations of the correct, relativistic equations, which are as follows:

M:M1+M2 s MU:M1U1+M2U2
Finally, it remains to discuss energy. And here, still following Einstein, we have:

THEOREM 6.24. The relativistic energy of an object of rest mass m > 0,
E=ME © M=vym

which is conserved, as being a multiple of M, can be written as € = FE + T, with

E = md®

being its v =0 component, called rest energy of m, and with

77’L’U2

T:(l—’y)mCQQT

being called relativistic kinetic energy of m.
Proor. All this is a bit abstract, coming from Fact 6.23, as follows:

(1) Given an object of rest mass m > 0, consider its relativistic mass M = ym, as
appearing in Fact 6.23, and then consider the following quantity:

E=Mc?

We know from Fact 6.23 that the relativistic mass M is conserved, so & = Mc? is
conserved too. In view of this, is makes somehow sense to call £ energy.

(2) Let us compute now €. This quantity is by definition given by:

me?

Since 1/4/1 — x ~ 1+ x/2 for x small, by calculus, we obtain, for v small:

2 2
9 v oy mw
E ~mc (1+_202) = mc +—2

And, good news here, we recognize at right the kinetic energy of m.

E=Mc*=~ymc® =

(3) But this leads to the conclusions in the statement. Indeed, we are certainly dealing
with some sort of energies here, and so calling the above quantity £ relativistic energy
is legitimate, and calling & = mc? rest energy is legitimate too. Finally, the difference
between these two energies T' = £ — E follows to be given by:

2
mu
T: (1—’)/)m02 ~ T
Thus, calling T' relativistic kinetic energy is legitimate too, and we are done. U
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What is next? Some more discussion I guess about £ = mc?, in order to better

understand this formula. And here, we can report, with pleasure, the following:

THEOREM 6.25. An atomic bomb based on a glass of water releasing all its E = mc?

energy is equivalent to the Giza Pyramid hitting you at 3 km/s.

PROOF. When converting E = mc? into kinetic energy of a body M, the formula is:

,  Muv? 2m
me” = = v=\/—+c¢C
2 M

In our case the glass of water m, glass included, is about 300 grams, and the Giza Pyra-
mid M is about 6 million tons. Also, the speed of light in vacuum is ¢ ~ 300, 000 km /s,
and more on this later, when discussing electromagnetism. Thus the impact speed is:

2 x 3 x 101 c
U=\ Toxor ¢ qgs T Skm/s

This being said, do not worry about this, because the glass of water, as long as it
stays far away from a big source of energy, needed for triggering the E = mc? effect, will
certainly not explode. However, we will see later, when doing quantum mechanics, that
certain atomic bombs, based on other materials, can be constructed. Not to mention of
course the stars in the sky, whose functioning is based on £ = mc? too. U

6e. Exercises

This was an exciting physics chapter, and as exercises, we have:
EXERCISE 6.26. Learn more about pressure and temperature, in 3D.
EXERCISE 6.27. Learn more about the heat kernel, and normal variables too.
EXERCISE 6.28. Learn about the 2D solutions of the wave equation.
EXERCISE 6.29. Learn a bit about the 3D mechanism producing light.
EXERCISE 6.30. Learn more about the Snell law, and optics in general.
EXERCISE 6.31. Scan for potential bugs our Lorentz factor proofs.
EXERCISE 6.32. Learn more about relativistic mass and momentum.

2

EXERCISE 6.33. Do some more numerics, of your own, for E' = mc”.

As bonus exercise, learn a bit about the various types of stars.



CHAPTER 7

Vector calculus

7a. Linear algebra

Welcome back to mathematics, and many things for us to be done here, as a con-
tinuation of what we did in chapter 5. We have seen indeed in chapter 6, when doing
physics, that of great use are the scalar products of vectors <, >, whose functioning we
must therefore better understand. Also, we got in chapter 6 into partial derivatives and
the Laplace operator A too, whose functioning we must better understand too.

In addition to this, remember gravity, and the Kepler-Newton theorem, stating that
the planets move around the Sun on elliptic orbits, that we haven’t talked about yet. And
with this being certainly something quite complicated, most likely requiring a number of
serious mathematical preliminaries, of both algebraic and analytic nature.

Getting started now, in what regards the scalar products, we have:

THEOREM 7.1. We can talk about scalar products and lengths in RY,

<y >:Z$iyi ozl = 1/25’7?

which are related by the following conversion formulae,

|zl =V<z,2> |, <z,9y>=

and the following happen:

(1) < Az,y>=<z, Ay >=A<zx,y>.
) <zHy,z>=<x,2>+ <Yy, z>.
) <zytz>=<x,2>+ <y z>.
) |[Az]] = [A] - []=]].
) | <@y > | <|lz|l-[lyll.
)
)
)
)

|z + ylI? = ||z — y|”
1

[+ yl| < ]| + [lyl.

r Ly <= <x,y>=0, by definition.

< x,y >=||z|| - ||y|| - cost, with t being the angle between x,y, by definition.
<xy>=<a,y>=<uxy >, prime being the projection on the other vector.

153
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ProoOF. We can certainly talk about scalar products and lengths, as above, and with
the second conversion formula, called polarization identity, coming from:

lz+ylP=llz—y|? = <z+yr+y>—<z—yzr—y>
zl? + Iyl +2 <2,y > —llz|* = lylP +2 < 2,y >
= 4d<x,y>

By the way, talking useful general identities, we have as well a parallelogram rule, that
I forgot to mention in the above statement, which is as follows:

lz+ylP+]lz—ylP = <z+yar+y>+<z—yr—y>
= |[z|P+ WP +2<zy >+ + Y -2 <z,y>
= 2(||=]* + |lyl1*)

As for the various claims in the statement, their proof is as follows:
(1-4) All the verifications here are trivial, easy exercise for you.
(5) Given two vectors z,y € RY, consider the following function f : R — R:
f@&) = llz+tyl*
= <z+ty,x+ty >
= lzl]* +2t <@,y > +£][y|?

Thus f is a degree 2 polynomial, and since this polynomial is positive, its discriminant
must be negative, A < (0. But the discriminant is given by the following formula:

A =4 <wy > —4z|[lyl?
Thus we have the Cauchy-Schwarz inequality, | < z,y > | < ||z|| - ||y, as claimed.
(6) This can be proved by raising to the square and simplifying, as follows:
lz+yll < Ml + 1wl = llz+yl* < [l2]? + [lyl]* + 2l|=]] - ]yl
= 2l + Yl +2 <@y >< P+ [yl + 2l 2] - [yl
= <zy><|z] [yl
Indeed, the last inequality holds by (5), so we have our triangle inequality.

(7-9) These assertions are something more subtle, because in the lack of good intuition,
do we really know what orthogonality and angles really are, in RY. So, the best is to
proceed as indicated, with the notions of orthogonality and angles being defined as in the
statement, and with this being compatible with what happens in 2D, say exercise for you,
and with the last formula being something elementary, again exercise for you. U

Next, let us discuss linear algebra, that we will soon discover to be related to everything
advanced in mathematics, of both algebraic and analytic nature. We will be interested in
the transformations f : RY — R™ which are linear, in the following sense:
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THEOREM 7.2. The maps f : RN — RM which are linear, in the sense that
flety)=f@)+fly) . fOx)=Af(z)
are the maps of the following form, with A € My« n(R) being a rectangular matriz:
fz) = Ax
Moreover, the matriz A can be recaptured via the formula A;; =< f(e;), e; >.
PRroOF. This is something elementary, the idea being as follows:

(1) A linear map f : RY — RM must send a vector z € RY to a certain vector
f(x) € RM all whose components are linear combinations of the components of x, so:

T A11x1+...+A1N.IN

TN AM1x1+--'+AMN$N

Now the parameters A;; € R can be regarded as being the entries of a rectangular
matrix A € My« n(R), and with the usual convention for matrix multiplication, namely
“multiply the rows of the first matrix by the columns of the second matrix”, we have:

f(z) = Az

(2) The second assertion is clear too, because if we denote as usual by ey, es, €3, . .. the
standard bases of our vector spaces, we have the following computation:

< f(ej), e; >=< Aej, e; >= (Aej)i = Aij
Thus, we are led to the conclusions in the statement. Il

At the level of examples, we have the following statement, which is a must-know:

THEOREM 7.3. The following happen, in the plane:
(1) The rotation of angle t € R is given by the following matriz:

(o)
(2) The symmetry with respect to the Ox azis rotated by t/2 € R is given by:
S, — <cpst sint )
sint —cost
(3) The projection on the Ox axis rotated by t/2 € R is given by:

1 )
Pt:—(1+C08t sint )

2 sint 1 —cost

(4) However, the non-trivial translations are not linear maps, in our sense.
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Proor. All this is well-known and elementary, the idea being as follows:

(1) The rotation being linear, it must correspond to a certain matrix:

a b
But we can guess this matrix, via its action on the standard coordinate vectors ((1))

and ([1)) Indeed, a quick picture shows that we must have:

(2 %) (o) = ()

Also, by paying attention to positives and negatives, we must have:

90 ()

Guessing now the matrix is not complicated, because the first equation gives us the
first column, and the second equation gives us the second column:

(a) B (cost) <b> B (— sint)

c sint ’ d cost

Thus, we can just put together these two vectors, and we obtain our matrix.

(2) This is again clear on a picture, drawn with /2 instead of ¢, as indicated.

(3) Again, picture drawn with ¢/2; as indicated, plus some easy trigonometry.

(4) Indeed, the non-trivial translations satisfy f(0) # 0, so they are not linear. O

As a next piece of general theory, we have the following key definition:

DEFINITION 7.4. A linear map f : RN — RY is called diagonalizable if there is a basis
v1,...,ox € RN such that f multiplies by \; in the direction v;:

f(Uz‘) = A\iv;

In terms of the writing f(x) = Az, we say that the corresponding matrix A € My(R) is
diagonalizable, with eingenvectors v; and eigenvalues \;.

Here the system of vectors vy, ...,vy € RY being a basis means by definition that
cach vector x € RY must decompose uniquely as z = > civ;, and we can see that the
diagonalizability assumption uniquely determines f, which follows to be given by:

f (Z Cﬂh‘) = Z AiCiv;

Obviously, being diagonalizable means to be “good”, and being not diagonalizable
means to be “bad”. In order to understand this, what good and bad mean in linear
algebra, let us work out some examples. We have here the following result:
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PROPOSITION 7.5. The following happen:

(1) The rotation R; is not diagonalizable, unless at t = 0 where it is the identity,
Ry =1, and at t = m where it is minus the identity, R, = —1.

(2) The symmetry S; is diagonalizable, with eigenvectors on the symmetry axis, and
on its orthogonal, with respective eigenvalues 1, —1.

(3) The projection P, is diagonalizable, with the eigenvectors exactly as for the sym-
metry Sy, this time with respective eigenvalues 1,0.

(4) In fact, any projection is diagonalizable, with eigenvectors on it image, and on
the orthogonal of its image, with respective eigenvalues 1, 0.

Proor. All this is self-explanatory and, we insist, with no need for any computation,
and exercise for you, to figure out how all this works, just by drawing pictures, and
thinking. Of course, if eager for computations, do not worry, we will have some, later. [J

Still in relation with diagonalization, at the general level, we have:

THEOREM 7.6. Assuming that a matriz A € My(R) is diagonalizable, with eigenvec-
tors vy, ..., vy and corresponding eigenvalues Ay, ..., Ay, we have

A=PDpP!
with the matrices P, D € My(R) being given by the formulae
P=vy,...,on] , D=diag(A,..., \n)

and respectively called passage matriz, and diagonal form of A.

PROOF. We have Pe; = v;, where {e;} is the standard basis of R, and so:

APe; = Av; = \jv;
On the other hand, once again by using Pe; = v;, we have as well:
PDe; = Ph\je; = \jPe; = \jv;
Thus we have AP = PD, and so A = PDP~!, as claimed. d

As an illustration for this, you can have some fun with the various matrices from
Proposition 7.3, with in each case the corresponding diagonalization formula A = PDP~!
coming without much pain, because Proposition 7.5 tells us what both P, D are, in each
case, and the only piece of work remaining is that of figuring out what P~! is. Enjoy.

Summarizing, the diagonalizable matrices are the “good” ones, and their diagonaliza-
tion is quite often a matter of doing some geometry. Regarding the non-diagonalizable
matrices, these actually fall into two classes, “bad” and “evil”. The bad ones are those
which diagonalize over C, with a main example here being the rotation R;:
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THEOREM 7.7. The rotation of angle t € R in the plane diagonalizes as:
1/1 1 e 0 1 —i
Rt_é(@' —i) ( 0 eit) <1 z)
Over the real numbers this is impossible, unless t = 0, .

PROOF. The last assertion is something clear, that we already know, coming from the
fact that at ¢ # 0, 7 our rotation is a “true” rotation, having no eigenvectors in the plane.
Regarding the first assertion, the point is that we have the following computation:

1 cost —sint) (1 cost —isint e
Rl ) = =1 : =e " .
i sint  cost ) icost +sint )
We have as well a second eigenvector, as follows:
1 cost —sint 1 cost +isint a1
Ryl ) = . =1 . . =e :
—1 sint cost —1 —icost +sint —1

Thus our rotation matrix R; is indeed diagonalizable over C, with the passage matrix
and diagonal form being, according to the above formulae, as follows:

1 1 e 0
(0 2) o= (0 )
Now by inverting P, an easy task, we are led to the conclusion in the statement. [J

As for the evil matrices, these are truly evil, a basic example being as follows:

THEOREM 7.8. The following matriz is not diagonalizable,
0 1
7= (0 0)

PROOF. The above matrix, called J en hommage to Jordan, acts as follows:

b0 ()=()

Thus the eigenvector/eigenvalue equation Jv = Av reads:

()= ()

We have then two cases, depending on A, as follows, which give the result:

because it has only 1 eigenvector.

(1) For A # 0 we must have y = 0, coming from the second row, and so x = 0 as well,
coming from the first row, so we have no nontrivial eigenvectors.

(2) As for the case A = 0, here we must have y = 0, coming from the first row, and so
the eigenvectors here are the vectors of the form (g) O
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As a next topic of discussion, given A € My (RR), let us define its determinant as being
the signed volume of the parallelepiped made by its column vectors vy, ...,vy € RV:

det A = tvol(< vq,...,ux >)

To be more precise here, the above sign is by definition + when one can continuously
pass from the standard basis eq,...,ey to the system of vectors vy,...,vy, and is —
otherwise. With this convention, we have the following key result, in the 2D case:

THEOREM 7.9. In 2 dimensions we have the following formula,

det (Z Z) — ad — be

with det being as above, signed area of the parallelogram formed by (‘z), (2)

Proor. Up to a straightforward sign discussion, we can assume a,b,c,d > 0. More-

over, by switching if needed the vectors (Z), (Z), we can assume that we have:

a b

c d

We want to compute the area of the parallelogram formed by (‘c’), (Z) In order to do
so, let us slide the upper side of the parallelogram downwards left, until we reach Oy.
Our parallelogram, which has not changed its area in this process, becomes:

c+d .0
c+x o
d o —

b a a+b

Moreover, we can further modify this parallelogram, once again by not altering its
area, by sliding the right side downwards, until we reach the Ox axis:

c+x .0
|

C .. 0

, |

o - [ ]

b a a+b
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Let us compute now the area. Since our two sliding operations have not changed the
area of the original parallelogram, this area is given by the following formula:

A=ax

In order to compute the quantity z, observe that in the context of the first move, we
have two similar triangles, according to the following picture:

c+d °
+ | ........... /‘
|

b a a+b

Thus, we are led to the following equation for the number x:

d—=x c

b a
But this gives x = d — bc/a, so the area of our parallelogram, or rather of the final
rectangle obtained from it, which has the same area as the original parallelogram, is:

A=axr=ad—bc
We are therefore led to the conclusion in the statement. U
Finally, let us discuss invertibility questions for the matrices. In 2D, we have:
THEOREM 7.10. We have the following inversion formula, for the 2 X 2 matrices:
(a b)l ! <d —b)
c d) ad—bc\—c a

When ad — bc = 0, the matrix is not invertible.

PrROOF. We have two assertions to be proved, the idea being as follows:
(1) As a first observation, when ad — be = 0 we must have, for some A € R:
b=Xa , d= X
Thus our matrix must be of the following special type:
<a b> - (a Aa)
c d)  \a X

But in this case the columns are proportional, so the linear map associated to the
matrix is not invertible, and so the matrix itself is not invertible either. By the way,
observe that all this follows as well as a consequence of Theorem 7.9.
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(2) When ad — be # 0, let us look for an inversion formula of the following type:

a VN1 1 (% o«
c d ~ad —bc \* *

We must therefore solve the following equations:

a b ¥ x\  f(ad—bc 0
c d x %) 0 ad — be

But the obvious solution here is as follows:

a b d —b\ _(ad—bc 0
c d —c a ) 0 ad — bc

Thus, we are led to the formula in the statement. Il

So long for the foundations of linear algebra, and basic 2D illustrations and results.
We will be back to all this on several occasions, in what follows, when really needing more
specialized results. Among others, we will learn several tricks for diagonalizing the higher
dimensional matrices, concrete or abstract, and we will see as well that Theorems 7.9 and
7.10 have some interesting higher dimensional analogues. More later.

7b. Ellipses, conics

With linear algebra understood, we are good for some astronomy. Looking up, to the
sky, the first thing that you see is the Sun, seemingly moving around the Earth on a
circle. However, this circle is rather a deformed circle, called ellipse. And good news, a
full theory of ellipses is available, and this since the ancient Greeks, as follows:

THEOREM 7.11. The ellipses, taken centered at the origin 0, and squarely oriented
with respect to Oxy, can be defined in 4 possible ways, as follows:

(1) As the curves given by an equation as follows, with a,b > 0:
T\ 2 y>2
= 7Y —1
(a) + (b
(2) Or given by an equation as follows, with ¢ > 0, p = —q, and l € (0,2q):
d(z,p) +d(z,q) =1
(3) As the curves appearing when drawing a circle, from various perspectives:

O = 7

(4) As the closed non-degenerate curves appearing by cutting a cone with a plane.
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PRroOOF. This might look a bit confusing, and you might say, what exactly is to be
proved here. Good point, and in answer, what is to be proved is that the above construc-
tions (1-4) give rise to the same class of curves. And this can be done as follows:

(1) To start with, let us draw a picture from what comes out of (1), which will be our
main definition for the ellipses, in what follows. Here that is, making it clear what the
parameters a,b > 0 stand for, with 2a x 2b being the gift box size for our ellipse:

T

(2) Let us prove now that such an ellipse has two focal points, as stated in (2). We
must look for a number » > 0, and a number [ > 0, such that our ellipse appears as
d(z,p) +d(z,q) =, with p = (0, —r) and ¢ = (0, r), according to the following picture:

(3) Let us first compute these numbers 7,/ > 0. Assuming that our result holds indeed
as stated, by taking z = (0, a), we see that the length [ is:

l=(a—71)+(a+71)=2a
As for the parameter r, by taking z = (b,0), we conclude that we must have:

WNETTT =2 — = I
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(4) With these observations made, let us prove now the result. Given I, > 0, and
setting p = (0, —r) and g = (0, ), we have the following computation, with z = (x,y):
d(z,p) +d(z,q) =1
Vi@t + /(-2 g =1

(x+r)2+y?=1—+/(z—1)2+y?
(@+r)+y’ =(@—r)+y" + 1" =20/(z —r)? +y?
o (z — 1)+ 42 = 1> — dar
AP (2 + 1 = 2ar + y?) = 1* + 162%% — 81y
A% + APr? 4 APy = 11 + 16222
(42® — I?)(4r* — I?) = 41%y?

[ A

(5) Now observe that we can further process the equation that we found as follows:

4% — [ 4qy?

2 242 12\ 4122 _
Az = 17)(4r° = [?) = Al7y* <~ 2 =
d? =12 P

2 r2-[2/4

= )1 (=)
= )+ (7)o

(6) Thus, our result holds indeed, and with the numbers [, > 0 appearing, and no
surprise here, via the formulae [ = 2a and r = v/a? — b2, found in (3) above.

!

(7) Getting back now to our theorem, we have two other assertions there at the end,
labeled (3,4). But, thinking a bit, these assertions are in fact equivalent. And in what
regards the assertion (4), this can be established indeed, by doing some 3D computations,
that we will leave here as an instructive exercise, for you. And with the promise that we
will come back to this in a moment, with a full proof, in a more general setting. O

Coming next, as a key analytic result regarding the ellipses, we have:

THEOREM 7.12. The area of an ellipse, given by the equation

ORIOE

with a,b > 0 being half the size of a box containing the ellipse, is A = mab.
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PROOF. The idea is that of cutting the ellipse into vertical slices. Indeed, the length
of the vertical ellipse slice at x is given by the following formula:

/ 2

We conclude that the area of the ellipse is given by the following formula:

a 2
A = 2b/ 1= 2 de
—a a

4b [
= —/ va?z — x2dx
a Jo
1
= 4ab/ V1—y?dy
0

= mab
Finally, as a verification, for a = b = 1 we get A = 7, as we should. Il

Still talking ellipses, in what regards the length things are quite tricky, as follows:
THEOREM 7.13. The length of an ellipse, given by (xz/a)* + (y/b)* =1, is

w/2
L:4/ \/azsin2t+b20082tdt
0

and with this integral being generically not computable.
ProoF. This is something quite surprising, the idea being as follows:

(1) To start with, in the case where our ellipse is a circle, say of radius R, the area
and length are related by the “pizza” formula A = LR/2, as we know well from chapter
5. The problem, however, is that such things will not work for general ellipses.

(2) So, what is the length of a curve v : [a,b] — R?*? Good question, and in answer,
a physicist would say that this is the quantity obtained by integrating the magnitude of
the velocity vector over the curve, with respect to time, leading to:

Liy) = / 17 ()]t

(3) Regarding now mathematicians, these would say that the length of a curve is the
following quantity, with (to = a,t1,...,t,—1,t, = b) being a uniform division of (a,b):

Ly) = Jim > llv(t:) =t
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But, by using the fundamental theorem of calculus, we can write this as follows:

n t;
/ V@ﬁ‘
ti—1

L(v) = 1li

(7) ;@E?
1=

And the point now is that, by doing some standard analysis, that we will leave here

as an instructive exercise, we are led to the formula in (2).

(4) Getting back now to the ellipses, we can compute their length, as follows:
/2 dz\? dy\*
L = 4 — — | dt
/ \/dt - ﬁ)
/ \/ da Cost (dbsint)2
= dt
dt

= 4/ \/a2sin2t+b2cos2tdt
0

(5) As for the last assertion, when a = b = R we get of course L = 27 R, as we should,
but in general, when a # b, there is no trick for computing the above integral. U

Getting back now to the astronomy considerations from the beginning of this section,
let us settle as well the question of wandering asteroids. Observations show that these can
travel on parabolas and hyperbolas, so what we need as mathematics is a unified theory
of ellipses, parabolas and hyperbolas. And fortunately, this theory exists, based on:

DEFINITION 7.14. A conic is a plane algebraic curve of the form
C = {(@.y) e R|P(,y) = 0}
with P € Rx,y] being of degree < 2.

As basic examples of conics, we have the ellipses, parabolas and hyperbolas. The
simplest examples of these are as follows, with the ellipse actually being a circle:

P 4yi=1 , 2*=y , wxzy=1

Observe that, due to our assumption deg P < 2, we have as conics some degenerate
curves as well, such as lines, 0, and R? itself, coming from deg P < 1, as follows:

=0 , 1=0 , 0=0

This might suggest to replace our assumption deg P < 2 by deg P = 2, but we will
not do so, because deg P = 2 does not rule out degenerate situations, such as:

x2—|—y2:—1 , a:2—|—y2:O , 22 =0 , xy =20

In fact, what we get here are (), points, lines, and pairs of lines, so in the end, assuming
deg P = 2 instead of deg P < 2 would only rule out R? itself, which is not worth it.
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Summarizing, our notion of conic from Definition 7.14 looks quite reasonable, so let
us agree on this notion. Getting now to classification matters, we first have:

THEOREM 7.15. Up to non-degenerate linear transformations of the plane,

() >46)

with det A # 0, the conics fall into two classes, as follows:

(1) Non-degenerate: circles, parabolas, hyperbolas.
(2) Degenerate: (), points, lines, pairs of lines, R2.

PROOF. As a first observation, looks like we forgot the ellipses, but via linear trans-
formations these become circles, so things fine. As for the proof, this goes as follows:
(1) Consider an arbitrary conic, written as follows, with a,b,¢,d, e, f € R:
ar? + by +cxy+de+ey+f=0

(2) Assume first a # 0. By making a square out of az?, up to a linear transformation
in (z,y), we can get rid of the term czry, and we are left with:

ar® + by’ +dr+ey+ f=0

In the case b # 0 we can make two obvious squares, and again up to a linear transfor-
mation in (z,y), we are left with an equation as follows:

Py =k
In the case of positive sign, 22 + y? = k, the solutions are the circle, when k& > 0, the
point, when k = 0, and (), when & < 0. As for the case of negative sign, 2% — y? = k,

which reads (z —y)(x +y) = k, here once again by linearity our equation becomes zy = [,
which is a hyperbola when [ # 0, and two lines when [ = 0.

(3) In the case b # 0 the study is similar, with the same solutions, so we are left with
the case a = b = 0. Here our conic is as follows, with ¢, d, e, f € R:

cxy+dr+ey+f=0

If ¢ # 0, by linearity our equation becomes zy = [, which produces a hyperbola or two
lines, as explained before. As for the remaining case, ¢ = 0, here our equation is:

dr+ey+ f=0

But this is generically the equation of a line, unless we are in the case d = e = 0,
where our equation is f = 0, having as solutions () when f # 0, and R? when f = 0.

(4) So, this was the study of an arbitrary conic, and by putting now everything
together, we are led to the conclusions in the statement. O

As a continuation of our classification work, and as final result here, we have:
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THEOREM 7.16. The conics fall into two classes, as follows:
(1) Non-degenerate: ellipses, parabolas, hyperbolas.
(2) Degenerate: 0, points, lines, pairs of lines, R2.

Also, the compact conics are (), the points, and the ellipses.
PrROOF. We have several assertions here, the idea being as follows:

(1) To start with, in order to get to such a classification result, we just need to apply
linear transformations to the curves that we found in Theorem 7.15. But this leaves the
list there unchanged, up to the circles becoming ellipses, as stated above.

(2) In what regards the last assertion, this is clear from the first one, but since this
assertion is quite interesting, let us give it a quick, independent proof as well. Consider
an arbitary conic, written as follows, with a,b,c,d, e, f € R:

az® +by? +cry+dr+ey+ f=0
Compacity rules then out the case ¢ # 0, and our conic must be in fact:
ar® + by’ +dr+ey+ f=0

But then with a,b # 0 we must have by compacity a,b > 0 or a,b < 0, and we get an
ellipsis, then with a = 0,0 # 0 or a # 0,b = 0 we get by compacity either () or a point,
and finally with a = b = 0 the compacity rules out again everything, except for (). U

As a final general result about the conics, completing our study, we have:

THEOREM 7.17. Up to some degenerate cases, the conics are exactly the curves which
appear by cutting a 2-sided cone with a plane.

Proor. This is something quite tricky, the idea being as follows:

(1) We can change the coordinates, as for our plane to be given by z = 0, then see how
the cone equation % 4 y? = k2? changes, under this change of coordinates, and then set
z =0, as to get the (z,y) equation of the intersection. But this leads, via some thinking
or computations, to the conclusion that the cone equation x? + y? = k2% becomes in this
way a degree 2 equation in (z,y), which can be arbitrary, as desired.

(2) Alternatively, and a bit more concretely, we can use the original coordinates, with
the cone being 22 +1? = k22, and compute the intersection, with the conclusion that what
we get, depending on the slope of the cone, and modulo degenerate cases, is an ellipse,
hyperbola or parabola. So, by invoking Theorem 7.16, we get the result. U

And with this, end of our learning on plane curves. More soon, when discussing Kepler
and Newton, and then later too, when doing more complicated math and physics.
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7c. Derivatives, Taylor

Getting now to functions and analysis, in several variables, as a first result here, which
is something fundamental, getting us into matrices and linear algebra, we have:

THEOREM 7.18. A function f : RN — RM s continuously differentiable,
flz+t) = f(x) + fl(2)t
with f'(z) linear, and x — f'(x) continuous, precisely when it has partial derivatives,

o _ gy Fz T 105) = ()

dx; t—0 t

which depend continuously on x. In this case the derivative is

i) = (o @)M & Maps(R)

dl’j
acting on the vectors t € RN by usual multiplication.
Proor. This is something very standard, the idea being as follows:

(1) As a first observation, the formula in the statement makes sense indeed, as an
equality, or rather approximation, of vectors in RM as follows:

d d

r1+ 1t Ty dell(x) ﬁ("f) 131

f : ~fl ]+ : : :
d d

TN +in TN %(IL’) d];—f‘;(x) in

(2) Getting now to the proof, in the simplest possible case, N = M = 1, what we have
is a usual 1-variable function f : R — R, and the formula in the statement is something
that we know well from 1-variable calculus, namely the definition of the derivative:

fla+t) = flz) + f'(2)t
(3) Next, at N =2, M =1 the result holds as well, by using (2) twice, as follows:

Qil—i‘tl -~ 513'1—|—t1 df
f($2+t2> o f( i) )+d_l'2(x)t2
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(4) More generally, we can deal in this way with the general case M = 1, with the
formula here, obtained via a straightforward recurrence, being as follows:

r1+ 1 1
d d
f : ~ f| : +—f(x)t1+...+—f(x)tN
dxq dz N
Ty +1In TN
1 ty
T +(gﬂ@ . ﬁ%@g
TN tN

(5) But this gives the result in the case where both N, M € N are arbitrary too.
Indeed, consider a function f: RY — RM and let us write it as follows:

fi
f=1:
fu
We can apply (4) to each of the components f; : RY — R, and we get:
T+ tl T tl
: : dfi dfi
I I SV I S O R )
TN + tN TN tN

(6) But this collection of M formulae, taken altogether, tells us precisely that the
formula in (1) happens indeed. Thus, we are led to the conclusion in the statement. [

Generally speaking, Theorem 7.18 is all you need to know, for extending to several
variables the basic results from one-variable calculus. As a basic illustration, we have:

THEOREM 7.19. We have the chain derivative formula
(fog)(z) = f(9(x)) ¢ (z)
as an equality of matrices.

Proor. This is something standard in one variable, that we know from chapter 3,
and in several variables the proof is similar, by using the notion of derivative coming from
Theorem 7.18. To be more precise, consider a composition of functions, as follows:

fRYSRM | ¢g:RESRY | fog:RE S RM

According to Theorem 7.18, the derivatives of these functions are certain linear maps,
corresponding to certain rectangular matrices, as follows:

f'(g(x)) € Muxn(R) ,  ¢'(z) € Myxx(R) (fog)(x) € Myxi(R)
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Thus, our formula makes sense indeed. As for proof, this comes from:

(fog)x+t) = flg(z+1))
flg(x) + g'(x)t)
~ flg(x)) + f'(g(x))g' ()t

Thus, we are led to the conclusion in the statement. Il

12

Quite nice all this, and as a first application, we can finish some physics business
started in chapter 4, namely uniqueness in the d’Alembert theorem. We have:

THEOREM 7.20. The solution of the 1D wave equation ¢ = v2¢" with initial value
conditions ¢(x,0) = f(x) and $(z,0) = g(z) is given by the d’Alembert formula:

flx —ovt) + f(x+ vt) N 1 /‘””t

t) = —

g(s)ds

r—ut

Also, in the context of our previous lattice model discretizations, what happens is more or
less that the above d’Alembert integral gets computed via Riemann sums.

Proor. We already talked about waves in this book, in chapters 4 and 6, but the
above formula is still to be proved. Let us make the following change of variables:

y=x—vt , z=x+vl
We have the following computation, using the chain rule from Theorem 7.19:

dp _dyp dy  de dz__ de  dy
dt dy dt dz dt dy dz

By using the chain rule again, the second time derivative is given by:

d*p d*o dy d*p dz o dy d*p dz
- — — __+ R +v ._+_._
dt? dy? dt = dydz dt dzdy dt  dz? dt

d*p d*p d?p d*p
= —v (_Ud_y2+vdydz) +v <_vdzdy+vﬁ)

2 Lo Lo, &y
dy?  dz? dydz

Regarding now the first space derivative, this is given by the following formula:

dp _dp dy  dp dz _dp  dp

de dy dr dz dx:dy dz
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By using the chain rule again, the second space derivative is given by:

d*p B d*p dy+ d*p dz n d*p dy+d2g0 dz
a2 \dy? dr dydz dz dz? dx

dzdé  dx

d> d> d? d?
- () (2 B
dy?  dydz dzdy — dz?
d? d? d?
_ ¥ X ¥ X '
dy?  dz? dydz
Thus, our wave equation ¢ = v2p” reformulates in a very simple way, as follows:
d*p B
dydz
But this latter equation tells us that our new y, z variables get separated, and we
conclude from this that the solution must be of the following special form:

o(x,t) = F(y) + G(2) = F(x — vt) + G(x + vt)

Now by taking into account the intial conditions ¢(z,0) = f(z) and ¢(x,0) = g(z),
and then integrating, we are led to the d’Alembert formula in the statement. U

Back now to mathematics, time for some work at order 2. We have here:

THEOREM 7.21. Given a twice differentiable function f : RN — R, we have

flo+ 1) = fla) + flap + LB

with f'(x) € Mixn(R) being a row vector, and with f"(x) € My(R), given by

f%wzﬁgijﬁw

being the Hessian matrixz of f, at the point v € RN .

Proor. This is something quite tricky, the idea being as follows:

(1) As a first remark, at N = 1 the Hessian matrix is the 1 x 1 matrix having as entry
the usual second derivative f”(x) € R, and the formula in the statement is something
that we know well from 1-variable calculus, namely the Taylor formula at order 2:

fa+0) = fo) + e+ LD

(2) In general now, this is in fact something which does not need a whole new proof,
because it follows from the one-variable formula above, applied to the restriction of f to
the following segment in RY, which can be regarded as being a one-variable interval:

I =lz,z+1
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To be more precise, let y € RY, and consider the following function, with r € R:

g(r) = f(z +ry)
We know from (1) that the Taylor formula for g, at the point r = 0, reads:
g"(0)r?
2

And our claim is that, with ¢ = ry, this is precisely the formula in the statement.

g(r) = g(0) + ¢'(0)r +

(3) So, let us see if our claim is correct. By using the chain rule, we have the following
formula, with on the right, as usual, a row vector multiplied by a column vector:

gr)=fz+ry) -y
By using again the chain rule, we can compute the second derivative as well:

g'(r) = (f'l@+ry)-y)

= < fe+ryyy>

(4) Time now to conclude. We know that we have ¢g(r) = f(z + ry), and according to
our various computations above, we have the following formulae:

9(0)=f(x) , J0O)=[f(=) . ¢"0)=<[f")y,y>

Buit with this data in hand, the usual Taylor formula for our one variable function g,
at order 2, at the point » = 0, takes the following form, with t = ry:

< f"(x)y,y >1r?
2

= @)+ s DN

Thus, we have obtained the formula in the statement. U

fle+ry) =~ fl@)+ f(@)ry+

Many other things can be said, as a continuation of the above, notably with a positivity
discussion, regarding the minima and maxima of f. We will be back to this.
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7d. Harmonic functions

With the above discussed, end of mathematics? You must be kidding. Indeed, at a
more advanced level now, based on what we found in chapter 6, let us formulate:

DEFINITION 7.22. The Laplace operator in 2 dimensions is:

f  d*f
Af = —+ —
/ dx? + dy?
A function f:R?* — C satisfying Af = 0 will be called harmonic.

To be more precise here, we certainly know about the Laplace operator A from chapter
6, and in view of the material there, and of linear algebra too, telling us to look for the
eigenvalues and eingenvectors of our linear maps, we are led to the Laplace equation
above, Af = 0, which mathematically is the equation of the 0-eigenvectors of A.

As a first good surprise, we have an interesting link with the complex functions.
Indeed, with the standard convention that a function f : C — C is called holomorphic
when it develops as a complex Taylor series around each point, which is the case for
instance for the polynomials, the rational functions, or sin, cos, exp, log, we have:

THEOREM 7.23. Any holomorphic function f : C — C, when regarded as function
f:R*=C
is harmonic. Moreover, the conjugates f of holomorphic functions are harmonic too.

PROOF. The first assertion follows from the following computation, for the power
functions f(z) = 2", with the usual notation z = x + iy:

A2z P

Azl = dx? + dy?
~d(nz"h) N d(inz""1)
dx dy
= n(n—1)z"2—-n(n—1)z""?
=0

As for the second assertion, this follows from Af = Af, which is clear from definitions,
and which shows that if f is harmonic, then so is its conjugate f. O

As a next goal, in order to understand the harmonic functions, we can try to find the
homogeneous polynomials P € R[z,y] which are harmonic. In order to do so, the most
convenient is to use the variable z = x + iy, and think of these polynomials as being
homogeneous polynomials P € R[z, z]. With this convention, the result is as follows:
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THEOREM 7.24. The degree n homogeneous polynomials P € R[x,y| which are har-
monic are precisely the linear combinations of

pP=z , P=2z"
with the usual identification z = x + 1y.
PROOF. As explained above, any homogeneous polynomial P € Rz, y| can be re-

garded as an homogeneous polynomial P € Rz, z], with the change of variables z = z+1iy,
and in this picture, the degree n homogeneous polynomials are as follows:

P(z) = Z 2tz
k+l=n

In oder to solve now the Laplace equation AP = 0, we must compute the quantities
A(ZFZY), for any k,l. And here, a routine computation gives the following formula:

AKLf

|22

Now let us get back to our homogeneous polynomial P, written as follows:

P(z) = Z e 2

k+l=n

f:zk,?l = Af =

By using the above formula, it follows that the Laplacian of P is given by:

4 _
AP(z) = e Z kley 2
k+l=n

We conclude that the Laplace equation for P takes the following form:

AP=0 <= Fklcy=0,Vk,I
— [kI#0 = ¢y =0
— P =cp2" +coz"

Thus, we are led to the conclusion in the statement. And with the observation that
the real formulation of the final result is something quite complicated, and so, for one
more time, the use of the complex variable z = = 4 1y is something very useful. U

As a next objective, let us try now to find the harmonic functions which are radial,
f(2) = ¢(|z]). However, things are quite tricky here, involving a blowup phenomenon at
the dimension value N = 2, which is precisely the one that we are interested in.

In view of this phenomenon, it makes sense to move to arbitrary N € N dimensions.
As before in 2 dimensions, we can say that a function f : RN — C is harmonic when
Af = 0. With this convention, the result about radial harmonics is as follows:
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THEOREM 7.25. The fundamental radial solutions of Af =0 are

L flslEY (v
i) {bMMI(Nzﬁ

with the log at N = 2 basically coming from log' = 1/.

PRrROOF. Consider indeed a radial function, defined outside the origin x = 0. This
function can be written as follows, with ¢ : (0,00) — C being a certain function:

frRY {0} = C ,  f(z) = o(l]])
Our first goal will be that of reformulating the Laplace equation Af = 0 in terms of
the one-variable function ¢ : (0,00) — C. For this purpose, observe that we have:

dlel]  dyXiie?

dx; dx; I
By using this formula, we have the following computation:

df d@(lll‘H)

By differentiating one more time, we obtain the following formula:

B = (e ) e ey L=

dr} ||
; [l

2

I x€; T — T

= (=) - +@([l]]) - =
[J]]? [|[[?

Now by summing over i € {1 N } this gives the following formula:
P — ?
||fff||2 / (N = 1)
2" ([l]]) - +'(lel)) =
[J=]P? [l[[?
N -1
(=) + &' (l|=]]) - Tl
Thus, with r = ||z||, the Laplace equation Af = 0 can be reformulated as follows:
N —-1)¢
i+ WD)

Equivalently, the equation that we want to solve is as follows:

re” +(N—1)¢' =0
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Now observe that we have the following differentiation formula:
(T‘N_ltpl)/ — (N— 1)TN_2g0/+’I“N_1g0”
= (N = D¢l +rg)
Thus, the equation to be solved can be simply written as follows:
(TNfl(p/)/ -0
We conclude that r¥~1¢’ must be a constant K, and so, that we must have:
g0/ — Krl*N
But the fundamental solutions of this latter equation are as follows:
r2=N (N #2)
p(r) = o
logr (N =2)
Thus, we are led to the conclusion in the statement. Il

Quite interesting all this, and as a conclusion, something seems to be wrong with the
dimension N = 2, that we are currently investigating, in this book. Nevermind. One
more chapter about this, N = 2, and then we will get to N = 3, and higher.

7e. Exercises
Good mathematics chapter that we had here, and as exercises, we have:
EXERCISE 7.26. Solve the questions that we left, regarding the scalar products.
EXERCISE 7.27. Learn a bit about orthonormal bases, and their properties.
EXERCISE 7.28. Compute the matrices of some 3D linear maps, of your choice.
EXERCISE 7.29. Try inverting, and computing the determinant, of the 3D matrices.
EXERCISE 7.30. Clarify the details, in the cutting of a 2-sided cone with a plane.
EXERCISE 7.31. Perform the final integrations, in the proof of d’Alembert.
EXERCISE 7.32. Learn more about Taylor at order 2, and its consequences.
EXERCISE 7.33. Try to work out the Taylor formula, at order 3, and higher.

As bonus exercise, learn more on the Laplace equation, and harmonic functions.



CHAPTER 8

Standard mechanics

8a. The pendulum

According to the physics battle plan made in chapter 6, and approved by our regular
2D advisor, the spider, we are left in this chapter with discussing the fundamentals of
2D gravity. And good news here, with the mathematics that we learned in chapter 7, all
quality tools, things will be quite easy, and the various problems that will appear on our
way, we will eat them raw, and they will taste delicious, like big, meaty flies.

Getting to work now, we would first like to discuss a question which is rather something
1.5 dimensional, namely the movement of the pendulum. So, let us start with:

DEFINITION 8.1. A simple pendulum is a device of type

X

o

consisting of a bob of mass m, attached to a rigid rod of length .

As a first observation, quite nice definition that we have here, and which is indeed
something rather 1.5 dimensional, because the problem obviously happens in 2D, but
from the perspective of the bob, which is what matters, and which will be ours in what
follows, things seem to happen in 1D. I mean, imagine being that poor bob, you are there
in your 1D that you are used to, but some strange force, coming from a 2D that you don’t
really know about, moves you to the left and to the right in your 1D. Annoying.

But are we here for talking philosophy. At the scientific level, we have:
ADVERTISEMENT 8.2. The mechanics of the pendulum is the source of many good
things, touching nearly all fundamental aspects of physics and engineering:

(1) Harmonic oscillators.
(2) Resonance and damping.
(3) Clocks and other machines.

177
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In order to study now the mechanics of the pendulum, which can easily lead to a lot
of complicated computations, when approached with bare hands, the most convenient is
to use the notion of energy. So, let us recall from chapter 4 that we have:

PROPOSITION 8.3. For a 1D particle of mass m, subject to a force F', if we define its
kinetic and potential energy as follows, the prime being a space derivative,

oM
2

and so with V' being unique up to a constant, E =T + V s constant over time.

V' =—F

ProoF. This is indeed something that we know from chapter 4, coming from:
2

T:—m; — T =mva=Fo
= T:/det:/Fidt:/Fd:B
— T'=F
Thus we have ' = F — F' =0, and so FE is constant over time, as claimed. U

As mentioned above, what we have there holds in 1D. In higher dimensions things
are more complicated, and the idea is that the equation V' = —F must be replaced by
VV = —F, with VV (z) = V'(z)" being the transpose of the first derivative, and with the
energy conservation conclusion holding too, under suitable assumptions. More on this in
chapter 10, and in the meantime, what we have in Proposition 8.3 will do.

Getting back now to the pendulum from Definition 8.1, by using this, we can have its
mechanics understood with not too many computations involved, as follows:

THEOREM 8.4. For a pendulum starting with speed v from the equilibrium position,

X

mo

the motion will be confined if v* < 4gl, and circular if v? > 4gl.

PROOF. There are many ways of proving this result, along with working out several
other useful related formulae, for which we will refer to the proof below, and with a quite
elegant approach to this, using no computations or almost, being as follows:
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(1) Let us first examine what happens when the bob has traveled an angular distance
6 > 0, with respect to the vertical. The picture here is as follows:

X

The distance traveled is then x = [6. As for the force acting, this is Fiyq = mg
oriented downwards, with the component alongside x being given by:

F = —||Ft0tal||Sin0

= —mgsinf

= —mgsin (%)

(2) But with this, we can compute the potential energy. With the convention that
this vanishes at the equilibrium position, V' (0) = 0, we obtain the following formula:
x

V= F — V’:mgsin<7>

— V =mgl (1 — Cos (%))
= V =mgl(1l — cosb)

(3) Alternatively, in case this sounds too wizarding, we can compute the potential
energy in a more standard way, by letting the bob fall, the picture being as follows:

X

The height of the fall is then h = [ — [ cos 6, and since for this fall the force is constant,
F = —mg, we obtain the following formula for the potential energy:

Vi=-F = Vi =myg
— V =mgh
= V =mygl(1l — cos?)

Summarizing, one way or another we have our formula for the potential energy V.
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(4) Now comes the discussion. The motion will be confined when the initial kinetic

energy, namely FE = muv?/2, satisfies the following condition:
2

E <supV =2mgl +—= % < 2mgl
0
= v? < 4gl
In this case, the motion will be confined between two angles —@, 6, as follows:

X

To be more precise here, the two extreme angles —6,0 € (—m,7) can be explicitly

computed, as being solutions of the following equation:

mu?

V=F <= mgl(l—cosf)= -
2
— 1—0089:21}—91

(5) Regarding now the case v*> > 4gl, here the bob will certainly reach the upwards
position, with the speed w > 0 there being given by the following formula:
2 mw

mw
= E — 2myl = — 2mygl

Thus, with the convention in the statement for v, that is, going to the right, the
motion of the pendulum will be counterclockwise circular, and perpetual:
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(6) Finally, in the case v? = 4gl, the bob will also reach the upwards position, but
with speed w = 0 there, and then, at least theoretically, will remain there:

(7) Actually, it is quite interesting in this latter situation, v* = 4¢l, to further speculate
on what can happen, when making our problem more realistic. For instance, we can add
to our setting the assumption that when the bob is stuck on top, with speed 0, there is a
33% chance for it to keep going, to the left, a 33% chance for it to come back, to the right,
and a 33% chance for it to remain stuck. In this case there are infinitely many possible
trajectories, which are best investigated by using probability. Welcome to chaos.

(8) As a final comment, yes I know that the figures in (7) don’t add up to 100%.
This is because there is as well a remaining 1% possibility, where a relativistic black
cat appears, with a continuous effect on the bob, via a paw slap, when on top, with
speed w' € (0.3¢,0.7¢), with ¢ being the speed of light. In this case, the set of possible
trajectories becomes uncountable, and is again best investigated by using probability. [J

8b. Harmonic oscillators

As a continuation of the above study of the pendulum, let us discuss now an important
question in mechanics, namely the motion of a 1D particle near an equilibrium point. We
have two basic examples of such points provided by the pendulum, namely the downwards
one, which is stable, and the upwards one, which is unstable. But our discussion here will
be valid for any other types of particles moving, under the influence of forces.

As a first observation, our generalities about motion and energy provide us with:
THEOREM 8.5. For a particle moving near an equilibrium point x = 0, the following
equivalent conditions must be satisfied, infinitesimally:

(1) The potential energy is V = kx?/2, when assuming V(0) = 0.
(2) The force acting on our particle is F' = —kx.
(3) The equation of motion is mi + kx = 0, with m being the mass.

Proor. This is something very standard, the idea being as follows:
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(1) Let us start with some generalities regarding the potential energy V. Around any
given point, that we can choose by translation to be x = 0, we can write:

V”(;))xQ n V”’(60)x3 n
By definition of V| we can assume V(0) = 0. Regarding now the second term, this
vanishes too, because our condition of equilibrium reads:
V'(0)=—-F(0)=0
Thus, with the above normalizations x = 0 and V(0) = 0 made, our general formula

above for V' takes at equilibrium the following form, with & = V”(0):

k?2
V(:c):%—i—...

Thus, we are led to the conclusion in the statement, provided that we are indeed in
the non-degenerate case, where k # 0, which amounts in saying that F'(0) # 0.

(2) This follows indeed from (1), and from V' = —F.
(3) This follows indeed from (2), and from F' = ma = mi. O

V(z)=V(0)+ V'(0)z +

The above result suggests formulating the following definition:
DEFINITION 8.6. A harmonic oscillator is a particle moving as above, following
mz + kr =0
with k # 0. In the case k > 0, we say that we have a simple harmonic oscillator.

There the last convention comes from the fact that our oscillator is unstable when
k < 0, and stable £ > 0, and it is in this latter case that we are mostly interested in.
And with this, stability depending on the sign of k£, coming either from some abstract
reasoning along the lines of Theorem 8.5, or from the explicit formulae below.

Very nice, so let us solve now the equation of motion. We have here:

THEOREM 8.7. The solutions of the equation of motion mi + kx = 0 for the harmonic
oscillators are as follows:

(1) x = aeP' + be P with p = \/—k/m, when k < 0.
(2) x = ccoswt + dsinwt with w = \/k/m, when k > 0.

PROOF. This is standard mathematics, as follows:

(1) Assume first that we are in the case k& < 0. Here, with p = \/—k/m as in the
statement, the equation of motion takes the following form:

¥ =p’x
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But the functions e”*, e P being solutions of this equation, by linearity we obtain that
the solutions are exactly the linear combinations of these two functions, as claimed.

(2) Assume now that we are in the case & > 0. Here, with w = y/k/m as in the
statement, the equation of motion takes the following form:
¥ = —wx
But the functions cos wt, sin wt being solutions, by linearity we obtain that the solu-

tions are exactly the linear combinations of these two functions, as claimed. U

Observe that, as already mentioned above, the formulae that we obtained make it
clear that our oscillator is unstable when £ < 0, and stable when k£ > 0. In fact, we have
the following simple consequences of the general formulae obtained above:

PROPOSITION 8.8. The short and long time behavior of a harmonic oscillator, moving
according to mi + kx = 0, are as follows:

(1) In the case k < 0, with x = aeP +be™P* as above, we have x ~ (a+b) + p(a — b)t
fort >0 small, and x ~ ae?* fort >> 0.

(2) In the case k > 0, with x = ccoswt + dsinwt as above, we have x ~ ¢+ dwt for
t > 0 small, and there is no asymptotics for t >> 0.

ProoOF. This is indeed standard mathematics based on Theorem 8.7, as follows:

(1) In the case k < 0, with x = aef* + be ?" as in Theorem 8.7, in the ¢ > 0 small
regime we have indeed the following estimate, coming from e* ~ 1 + z:

r = aelt + be
~ a(l+pt)+b(1—pt)
= (a+b)+pla—D0b)t
As for the other estimate, namely x ~ ae?® for t >> 0, this is clear.

(2) In the case k > 0, with © = ccoswt + dsinwt as in Theorem 8.7, in the ¢ > 0
small regime we have indeed the following estimate, coming from standard calculus:
r = ccoswt+ dsinwt
~ c(l+o(t)) + dwt
~ c+dwt
As for the last assertion, regarding the lack of asymptotics at & > 0 in the ¢ >> 0
regime, this is clear, because neither cos, nor sin have such asymptotics, and the same

happens for any linear combination of them, with non-trivial coefficients. Of course,
interesting exercice for you to figure out all this, abstractly, this being not hard. O

As a last piece of mathematics, using this time complex numbers, we have:
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THEOREM 8.9. The solutions of the equation mi + kx = 0 are as follows, regardless
of the sign of k, and with a,b,c,d € C chosen as to have x € R:

(1) = aeP' + be P, with p = \/—k/m.
(2) x = ccoswt + dsinwt, with w = \/k/m.

Proor. This is standard complex number business, the idea being as follows:

(1) As before in the proof of Theorem 8.7 (1), but by using this time complex numbers,
we are led to the conclusion in the statement. With two remarks, namely:

— In the case k < 0 we have p € R, and so a,b € R, and we recover in this way
Theorem 8.7 (1) itself.

— As for the case k > 0, here we can write p = iw with w = \/k/m € R, and the
formula that we get, according to the above, is as follows:

T = aeiwt + be—iwt
Now in order to have x € R, which is the same as saying that = z, we need:
a=b

Thus we can write a = ¢ — id, b = ¢ + id with ¢,d € R, and with these substitutions
made, the solution found above takes the following form:

z = ae™ +be ™
(¢ —id)(coswt + isinwt) + (¢ + id)(cos wt — i sinwt)
= 2(ccoswt + dsinwt)

Thus at k& > 0, up to a 2 factor, we obtain the formula from Theorem 8.7 (2).

(2) Things are similar here. Indeed, as before in the proof of Theorem 8.7 (2), we are
led to the conclusion in the statement, and with two remarks to be made, namely:

— In the case £ > 0 we have w € R, and so ¢,d € R, and we recover in this way
Theorem 8.7 (2) itself.
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— As for the case k < 0, here we can write w = —ip with p = \/—k/m € R, and the
formula that we get, according to the above, is as follows:

xr = ccoswt+dsinwt
= ccos(—ipt) + dsin(—ipt)
= ccos(ipt) — dsin(ipt)

ei(ipt) _|_ e_i(ipt) ei(ipt) — e_i(ipt)
= c- —d- .
2 21
e Pt 4 et e Pt — ept
= cCr —— — d —
2 2

- 3((+9) (-9

Now observe that in order to have = € R, we must have ¢c£d/i € R. Thus ¢ € R, and
d =1f with f € R, and with this latter substitution made, and then aftwerwards with
the notations a = (¢ + f)/2 and b = (¢ — f)/2, we obtain:

1

=g ((c—l— fer' + (c— f)e_”t)
= ae” +be

Thus at k& < 0, we obtain the formula from Theorem 8.7 (1). O

Let us study now the damped oscillators, obtained by adding to the picture friction,
of some other extra force. We first have here the following result:

THEOREM 8.10. For a damped oscillator, which is subject by definition to a force of
type F = —kx — A\, the equation of motion is

mz + A\t + kx =0
with m being as before the mass.
PrOOF. This is clear indeed from F' = ma = m&, which gives:
F=—-kr— )Xt < mi=—krx—\t
— mi+X+kx=0
Thus, we are led to the conclusion in the statement. Il

Now let us try to solve the equation of motion. When looking for solutions of type
x = e, with p € C constant, the equation of motion takes the following form:

mp* +Ap+ k=0
But this is a degree 2 equation, that we can solve right away, and we get:

= VA2 —4dmk

2m

p
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It is convenient to write these solutions that we found, and the overall final result
about damping, in the following more convenient way:

THEOREM 8.11. The generic solutions of mi + A& + kx = 0 are the real linear com-
binations of the functions e, with the parameter p € C being given by

A k
= — :i: 2 _ 2 _ — ey _—
D yEVY oW, Y=o, W m
with on the right w being the frequency of the usual, undamped oscillator.

Proor. This follows indeed from the formula of p found above, by dividing everything
by 2m. Observe that w is indeed the frequency of the usual, undamped oscillator. O

Now assume that we are in the case A > 0, which is the most usual one, in practice,
meaning that our oscillator loses energy. We have then three cases, as follows:

PROPOSITION 8.12. The oscillator damping with A > 0, with this assumption meaning
that our oscillator loses energy over the time, can be of three types:

(1) Large damping, with X > 0 being such that v > w. Here the roots found above
p = —7v £ +/v2 —w? are both real, negative, and distinct.
(2) Small damping, with X > 0 being such that v < w. In this case the roots that we

found p = —v £ /7% — w? are complex and conjugate.
(3) Critical damping, with A > 0 being such that v = w. Here we have a double root,
which is real and negative, namely p = —.

Proor. All this is clear indeed from the formula found in Theorem 8.11. O

Now let us study more in detail the above three types of damping. In what regards
the large damping, things here are very simple and intuitive, as follows:

PrRoOPOSITION 8.13. For large oscillator damping, the trajectory is given by
r =ae 4 be 7!
with the parameters v, > ~v_ > 0 being given by the formulae
Ve =7+ V7?2 —w?
and with a,b € R. With t >> 0 we have x ~ be™ -t — 0.

PrOOF. All this is indeed self-explanatory, and clear from the formula that we found
in Theorem 8.11, under the large damping assumption from Proposition 8.12 (1). U

In what regards the small damping, things here are again simple and intuitive, involv-
ing this time complex numbers and trigonometric functions, as follows:
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PROPOSITION 8.14. For small oscillator damping, the trajectory is given by
x = 2re " cos(pt — 0)

with v = \/2m as before, with the parameter p > 0 being given by the formula
p=Vw? =~
and with r > 0 and 0 € R. With t >> 0 we have x — 0, exponentially.

PROOF. Assume indeed that we are in the small damping regime, where A > 0 is such
that v < w. The roots that we found are then complex conjugate, as follows:

p=—yxip , p=vVw =7
As for the solution itself, this is given by the following formula, with ¢,d € C:

r = cePtt 4 deP-t
Cef'ytJrzpt _|_d€f'ytfzpt

= e " (cet 4 de )

Now in order to have x € R, which is the same as saying x = &, we must have ¢ = d.
Thus we can write ¢ = re"? and d = re? with » > 0 and # € R, and we obtain:

r = e‘”t(cei”t + Ee_i”t)
= 2e " Re(ce')
= 2re_7tRe(ei(pt_6))
= 2re " cos(pt — 0)
Finally, the fact that we have indeed x — 0, exponentially, is clear. U

As for the critical damping case, the result here is as follows:

THEOREM 8.15. For critical oscillator damping, the trajectory is given by
= (a+0bt)e "

with the parameter v > 0 being given as usual by the formula
A
G
and with a,b € R. With t >> 0 we have x ~ bte™"" — 0.

PROOF. Assume indeed that we are in the critical damping regime, where A > 0 is
such that v = w. In this case the roots that we found in Theorem 8.11 are both given by
p = —7, and so that result provides us with solutions as follows, with a € R:

x=ae "
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Thus, we must find in this case some further solutions of the equation mi+Ai+kx = 0,
and our claim is that the following functions are solutions too:

x = bte "

Indeed, let us verify this, under the above critical damping assumption. By linearity
it is enough to do this for b = 1, and here the derivatives are computed as follows:

r=te "
= d=e M —qte " =(1—t)e "
= i=—-ve " —y(1—qt)e " = —y(2 —yt)e "
We can verify now that the equation is indeed satisfied, as follows:

mi + A\t + kx
= —my(2—yt)e "+ A1 —yt)e " + kte "
= (=2my+my*t+ X — Myt + kt)e !
= (my*t — Myt + kt)e !
= (my* = My + k)te
=0
Here we have used at the end the fact, that we know from Theorem 8.11 and its proof,

that the solutions of the equation mp? + Ap + k = 0 are given by p = —y £ /72 — w?.
Indeed, in the present critical damping regime these solutions are both given by p = —~,
and so substituting this particular value in the equation gives zero, as needed:

my* =Xy +k=0
Thus, we are led to the conclusions in the statement. Il
Many other things can be said, as a continuation of the above, and for more on all
this, we refer to a standard mechanics book, such as Kibble [58] or Taylor [86].
8c. Kepler and Newton

Getting now to the real thing, astronomy, the result here, which is the pride of math-
ematics, physics, and human knowledge in general, is the following theorem:

THEOREM 8.16 (Kepler, Newton). Planets and other celestial bodies move around the
Sun on conics, that is, on curves of type

C= {(x,y) € RQ‘P(SE,Z/) = 0}

with P € R[xz,y| being of degree 2. The same is true for any body moving around another
body, provided that we are not in the situation of a 1D free fall.
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Proor. This is something very standard, the idea being as follows:

(1) The force of attraction between two bodies of masses M, m is given by:

Mm
2
Here d is the distance between the two bodies, and G ~ 6.674 x 107! is the grav-

itational constant. Now assuming that M is fixed at 0 € R?, the force exterted on m
positioned at x € R?, regarded as a vector ' € R3, is given by the following formula:

Fe_||F| x __GMm x __GMma:
]| ][> [[=]] [||[3

But F' = ma = mi, with a = & being the acceleration, second derivative of the
position, so the equation of motion of m, assuming that M is fixed at 0, is:
GMzx

[lz]?

(2) Obviously, the problem happens in 2 dimensions, and you can even find, as an
exercise, a formal proof of that, based on the above equation. Now here the most conve-
nient is to use standard x,y coordinates, and denote our point as z = (x,y). With this
change made, and by setting K = GM, the equation of motion becomes:

Kz
EE
In other words, in terms of the coordinates x,y, the equations are:
. Kx . Ky
r== (22 + 4232 - (22 + 2)3/2

(3) Let us begin with a simple particular case, that of the circular solutions. To be
more precise, we are interested in solutions of the following type:

IFl =G

T =

z =

r=rcosat , y=rsinat
In this case we have ||z|| = r, so our equation of motion becomes:
. Kz
F=——
3

On the other hand, differentiating =,y leads to the following formula:
= (i,4) = —a*(z,y) = —a’z
Thus, we have a circular solution when the parameters r, o satisfy:

ra? =K
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(4) In the general case now, the problem can be solved via some calculus. Let us write
indeed our vector z = (z,y) in polar coordinates, as follows:

r=rcosf , y=rsinf
We have then ||z|| = r, and our equation of motion becomes, as in (3):
. Kz
F=——
3

Let us differentiate now x,y. By using the standard calculus rules, we have:
i =rcosh —rsind -0
y=rsinf +rcosf - 0
Differentiating one more time gives the following formulae:
i =7Fcosf — 2rsinf -0 —rcosh -0 —rsinb -6
§=7sing+2rcosf-0 —rsind-6%+rcosh -0
Consider now the following two quantities, appearing as coefficients in the above:
a=7F—r0> | b=20+r0
In terms of these quantities, our second derivative formulae read:

I =acosf —bsinb

i = asinf + bcosd

(5) We can now solve the equation of motion from (4). Indeed, with the formulae that
we found for Z, 4, our equation of motion takes the following form:

K K
acost) —bsinf = ——cosf , asinf+bcost =—— sinf
r r

But these two formulae can be written in the following way:

K K
<a+—2> cosf = bsinf <a+—2) sinf) = —bcos b
r r

By making now the product, and assuming that we are in a non-degenerate case,
where the angle ¢ varies indeed, we obtain by positivity that we must have:

K
r
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(6) We are almost there. Let us first examine the second equation, b = 0. Remember-

ing who b is, from (4), this equation can be solved as follows:
b=0 20 410 = 0
0

—_—2C

0 T

(log )" = (—2logr)’
logh = —2logr + ¢
A

0=—

r2

([

As for the first equation the we found, namely a + K/r? = 0, remembering from (4)
that a was by definition given by a = # — r6?, this equation now becomes:
. N K
T‘—';§'+';§ =0
(7) As a conclusion to all this, in polar coordinates, x = rcosf, y = rsinf, our
equations of motion are as follows, with A being a constant, not depending on ¢:

. N K )
r=-—-— — =

r3 r2 ’ r2

Even better now, by writing K = A?/c, these equations read:

LA/ D
F=—|-—- , 0=—
r2\r ¢ r2
(8) As an illustration, let us quickly work out the case of a circular motion, where r
is constant. Here 7 = 0, so the first equation gives ¢ = r. Also we have 6 = «, with:
A
o = ﬁ

Assuming 0 = 0 at ¢ = 0, from 6 = a we obtain § = ot, and so, as in (3) above:
r=rcosat , y=rsinat
Observe also that the condition found in (3) is indeed satisfied:

2 2
3 9 AT AT
r'ot = —=— =
r c

(9) Back to the general case now, our claim is that we have the following formula, for
the distance r = r(t) as function of the angle 6 = 6(t), for some £,6 € R:
c

"= 1+ ecosf@+dsinb




192 8. STANDARD MECHANICS

Let us first check that this formula works indeed. With r being as above, and by using
our second equation found before, # = \/r?, we have the following computation:

c(esinf — dcos )6
(14 ecos + dsinh)?
Ac(esin® — d cos )
r2(1 4+ ecosf + d sin b)?
A(esin® — d cos )
c

Thus, the second derivative of the above function r is given, as desired, by:

A(ecos @ + 6sind)0
c
AN (gcosf + §sinf)
r2c

N1
o2 \r ¢

(10) The above check was something quite informal, and now we must prove that our
formula is indeed the correct one. For this purpose, we use a trick. Let us write:

With the convention that dots mean as usual derivatives with respect to ¢, and that
the primes will denote derivatives with respect to § = 6(t), we have:

0 D)\
f2 f2 2
By differentiating one more time with respect to ¢, we obtain:
: A A2
. "y 1" o 1
r——/\fﬁ——)\f-ﬁ_—ﬁ

On the other hand, our equation for 7 found in (7) reads:

LA/ A2 1
T = — —_— = _ — f R
r2\r ¢ r? c
Thus, in terms of f = 1/r as above, our equation for 7 simply reads:
1
f/l + f ——
c

But this latter equation is elementary to solve. Indeed, both functions cost, sin t satisfy
9" + g = 0, so any linear combination of them satisfies as well this equation. But the
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solutions of f” 4+ f = 1/c being those of ¢” + g = 0 shifted by 1/c, we obtain:
1+ecosf+dsind

f=
c
Now by inverting, we obtain the formula announced in (9), namely:
c

" +ecosf + dsinf
(11) But this leads to the conclusion that the trajectory is a conic. Indeed, in terms
of the parameter @, the formulae of the coordinates are:
B ccost
T +ecosf + dsind
csinf

Y77 +ecosf + dsind
But these are precisely the equations of conics in polar coordinates.

(12) To be more precise, in order to find the precise equation of the conic, observe
that the two functions z,y that we found above satisfy the following formula:
?(cos? § + sin” 0)
(1+ecosf+ dsinh)?
2
(14 ecosf+ dsinf)?

On the other hand, these two functions satisfy as well the following formula:

x2+y2 =

?(ecos + dsinf — (1+ecosb + 5sin6’))2
(14 ecosf + dsinf)?
2
(1+ecosf+ dsind)?
We conclude that our coordinates x, y satisfy the following equation:
2+ y* = (ex + 0y — c)?

But what we have here is an equation of a conic, as claimed. Il

(ex + 0y —c)* =

Still with me, I hope. All the above was great, we deduced Kepler’s first law from the
Netwon principles of mechanics, by using nothing more than some standard calculus. It
is possible of course to be more explicit in the above, by talking about explicit conics,
and to deduce the second and third laws of Kepler as well, and more on this later.

In practice, Theorem 8.16 remains something quite theoretical, more adapted for doing
mathematics than applied physics or engineering, and we will perform now a more detailed
study of the orbits. Let us start with a brief account of what we have, not from Theorem
8.16 itself, but rather from its proof, sort of “best of” the formulae found there:
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THEOREM 8.17 (Kepler, Newton). In the context of a 2-body problem, with M fized
at 0, and m starting its movement from Oz, the equation of motion of m, namely
K=z

F=o T
|2]]?

with K = GM, and z = (x,y), becomes in polar coordinates, x = rcosf, y = rsinb,

7‘4_)‘_2 1_1 9_1
2 \r ¢ ’ o2

for some X\, c € R, related by \> = Kc. The value of v in terms of 0 is given by
B c
~ 1+ecosh+6sind

for some €,0 € R. At the level of the affine coordinates x,y, this means

r

ccosf csin @
r = o
1+ ecosf +dsinf y 14+ ecosf +dsinf

with 6 = 0(t) being subject to 0 = X2/r, as above. Finally, we have
2? +y* = (ex + 0y — ¢)?
which 1s a degree 2 equation, and so the resulting trajectory is a conic.

PRrROOF. As already mentioned, this is a sort of “best of” the formulae found in the
proof of Theorem 8.16. And in the hope of course that we have not forgotten anything.
Finally, let us mention that the simplest illustration for this is the circular motion, and
for details on this, not included in the above, we refer to the proof of Theorem 8.16. [J

As a next question, we would like to understand how the various parameters appearing
above, namely A, ¢, €, d, which via some basic math can only tell us more about the shape
of the orbit, appear from the initial data. The formulae here are as follows:

THEOREM 8.18. In the context of Theorem 8.17, and in polar coordinates, x = r cosf,
y = rsin@, the initial data is as follows, with R = rqy:

C
T
. VK . vVEKe
o= — \/E ’ 90 = R2
.. ceK .. 40K

The corresponding formulae for the affine coordinates x,y can be deduced from this. Also,
the various motion parameters c,e,6 and A =/ Kc can be recovered from this data.
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PRrROOF. We have several assertions here, the idea being as follows:

(1) As mentioned in Theorem 8.17, the object m begins its movement on Oz. Thus
we have 0y = 0, and from this we get the formula of ry in the statement.

(2) Regarding the initial speed now, the formula of 0o follows from:

0'_ )\ N \/KC

72 r2

Also, in what concerns the radial speed, the formula of 7 follows from:

c(esinf — 6 cos )0
(14 ecosf + dsinh)?
clesinf — dcosh) VKc

c?/r? R
VK (esinf — § cosb)
Ve

(3) Regarding now the initial acceleration, by using 0=vVK c¢/r? we find:

. 2 UINKe -7
0= —o2vVKc- g _ _#
r r
In particular at ¢t = 0 we obtain the formula in the statement, namely:
4WEKe-ig  AVKe WK 40K
R R? N

é():

(4) Also regarding acceleration, with A\ = v K¢ our main motion formula reads:

. Kc<1 1)
f=—[-—=
r2 \r ¢

In particular at ¢ = 0 we obtain the formula in the statement, namely:
) Ke/f1 1 Kc ¢ eK
T = —— _—— — _ — e - = —
" RE\R ¢) R ¢ R
(5) Finally, the last assertion is clear, and since the formulae look better anyway in
polar coordinates than in affine coordinates, we will not get into details here. O

With the above formulae in hand, which are a precious complement to Theorem 8.17,
we can do some reverse engineering at the level of parameters, and work out how various
inital speeds and accelerations lead to various types of conics. There are many things
that can be done here, and we will leave this as a long, instructive exercise.
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8d. Lagrange points

With the above discussed, and getting now to the gravitational problem for a system
of k£ > 3 bodies, many things can be said here. Let us start with:

DEFINITION 8.19. Associated to a system of bodies My, ..., My, located at positions
ci,...,c, € R3 is their center of mass, located at the following position:
. CiMi
c i

N ZzMZ

A single body of mass ), M; located there, at the center of mass, and with My, ..., My
being erased, will be called average of the system formed by My, ..., M.

You are certainly a bit familiar with this concept, which is something very useful,
from the real life, I mean try balancing a fork on your finger, the above is what you need.
Getting to the mathematics now, things can be quite complicated, as follows:

PROPOSITION 8.20. The center of mass is not a center of gravity, in the sense that
the gravity there is not necessarily 0. For instance the center of mass of a dumbell is

.M1 *em OMQ
Mod Myd
M7 +My M7 +My

while the center of gravity, which is the unique point where the gravity is 0, is:

o0 *eg OM,
——— N—_——
/Myd Mad

M+ My M+ My
The systems of k > 3 bodies might have several centers of gravity, usually uncomputable.
PROOF. There are several assertions here, the idea being as follows:

(1) Regarding the dumbell, pictured above with M; > M,, the formula for the center
of mass is clear from definitions. Regarding now the center of gravity, the formula there
can be found by doing the math, and it works, because the acceleration there is:

GM, GM,
_ 5 + 5 _
v Mid v Msd
<VM1+\/M2> (\/MH-\/MQ)

(2) Getting now to systems My, ..., My with k& > 3, things here are quite complicated.
With ¢; being the position of M;, a center of gravity € R must satisfy:

Mz(SL’—Cz)
S
—~ |z —ci]
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(3) So, let us first examine the simplest case, that of 3 bodies on a line, at distinct
positions. Here, by obvious reasons, we have 2 centers of gravity, as follows:

O, — Ky —— N, — Ky, —— O

More generally, again by obvious reasons, a system of aligned bodies Mj, ..., M} has
k — 1 centers of gravity, one in between each pair of consecutive bodies.

(4) In the 2D case now, and with k£ > 3, we are looking the the center of gravity of a
triangle, with vertices weighted by masses M;, My, M3. The simplest possible situation is
that of an equilateral triangle, with equal masses M, M, M at its vertices, and it is quite
clear here that we will have 3 solutions, 1 lying on each of the 3 symmetry axes.

(5) Which is quite bad news, because we have now 3 solutions, instead of the 2 ones
found in one dimension, in (3). And for the disaster to be complete, let us attempt now
to compute these solutions. The best is to use here complex numbers, with our triangle
being 1, w,w? in the complex plane, with w = e2™/3. We will only look for the solution
on the Oz axis, say r € R, the other solutions being wr, w?r. The equation is:

r—1 r—aw r — w? 0

r=1P fr—w? = w?P?
By simplifying at left and using 1 + w + w? = 0 for the right terms, this reads:
2r+1 1

lr —wl|? - (1—r)?
(6) And that is pretty much it, for computing  we must raise this to the square, which

leads us into a degree 6 equation, and we will not do this. As a conclusion, things are
hard for the equilateral triangle equally weighted, and can only be harder in general. [J

Now back to our mechanics questions, we would first like to understand the motion of
an object of mass m around a dumbell of parameters M, M,,d, as above, by using the
notion of center of mass of that dumbell, constructed according to Definition 8.19:

Om

.Ml _— *c—.Mz

And the preliminary observations here are quite grim, as follows:

OBSERVATIONS 8.21. In the context of a body of mass m moving around a dumbell of
parameters My, Mo, d, the following happen:

(1) When m is at distance x >> 0 from the dumbell, the gravitation force acting on
it 1s Fy + Fy ~ F,., so m should travel on some sort of approximate conic.

(2) However, when m is at distance x ~ 0 from the dumbell, the physics and trajectory
have nothing to do with the center of mass, Fy + F» % F,.
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Here in what regards forces, (1) is something quite obvious and intuitive, and some
math can be done here, of course. As for (2), this is obvious and intuitive too, because if
you place m on the line joining M;, M5, bad things will happen, and the only possibility
where ¢ can be of help is when m was initially placed precisely on ¢, and with this, point
on a line being at a prescribed location, being an event happening with probability 0.

As for the trajectory claim in (1), that is something sort of intuitive, but not really,
because as you might know from observations with pendulums, balls rolling on various
surfaces, and so on, involving equilibrium and non-equilibrium, there is no guarantee that
the solution of a perturbed problem is a perturbation of the initial solution.

Nevermind. So, as a conclusion to all this, modesty, the k-body problem with £ > 3
is obviously something very complicated. Talking positive results now, we have:

THEOREM 8.22. The plane 3-body problem has 5 distinguished solutions,

‘L,
‘Ls o\ ‘L1 ®m Lo

Ls
called Lagrange points L1-L5, whose positions with respect to M, m are as above.

ProOF. This is certainly something quite complicated, using all sorts of advanced
mathematics, further building on what has been developed in the above, and we won’t
get into details here. Instead, let us describe at least how each L1-L5 functions:

(1) L1 is the most intuitive solution, placed in between M and m, and closer to m,
at that precise point where the gravitation of M equals in magnitude the gravitation of
m. The math here for finding the distances is very simple, but recall however that m is
supposed to move around M, on an ellipse. Thus, the picture is that an object ¢ placed
at L1 moves as well around M, by staying aligned with m, on a smaller ellipse.

(2) One problem with L1 comes from the fact that it is unstable, in the sense that an
object € placed around there, but not exactly there, will not stay there. Indeed, was ¢ to
be placed a tiny little bit towards M, it will start slowly moving towards M, and gone
it will be. And the same can happen in the other sense, with m being able to capture
it too, since L1 is some sort of no man’s land between the gravities of M, m, which look
equal from there. Thus, L1 looks like some sort of fake solution to the problem.

(3) However, all this is useful in practice, because with just a little bit of homemade
acceleration, from time to time, in order to correct the trajectory and keep it on L1, a
satellite can be placed there at L1, and will stay there. In fact, most of the scientific
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satellites are placed there at L1, first because its proximity to Earth, but also because
there is no dirt like asteroids trapped there, due to the fact that L1 is unstable.

(4) Getting to L2 now, the functioning mechanism here is different, crucially relying
on the fact that m, and so L2 too, does move around M, on an elliptic orbit. Indeed, what
looks impossible in 1D, namely an object € placed behind m not to be attracted by both
M, m, and start going towards them, is now possible in the context of the 2D elliptical
movement, with the normal movement of ¢ with respect to M being slightly altered by
the presence of m, which in practice tends to pull € away from M, m, and with the precise
distance being that where equilibrium is achieved, in all this. As for L1, this point L2 is
not far from Earth, and unstable, making it usable for satellites.

(5) In what regards now L3, yet another functioning mechanism going on here, which
is this time something very simple, namely an object ¢ placed there at L3 will simply
travel around M, in a standard elliptic way, basically on the same orbit as m, slightly
adjusted as to take into account the gravity of m too. Again, this is an unstable point,
suitable for satellites, but who would go up there to install one.

(6) Finally, regarding L4 and L5, these are two extra solutions, discovered later by
Lagrange, located at the positions where they form, along with M, m, equilateral triangles.
An object ¢ say placed at L4 will stay there, or rather travel on an elliptical orbit around
M passing through L4, keeping its L4 relative position with respect to M, m, due to the
fact that, due to the geometry of the equilateral triangle e — m — M, the extra pull from
m keeps it in tune with m, on that smaller orbit. And the same goes for L5.

(7) These two last points L4, L5 are stable, provided that the masses M, m of the two
big objects satisfy M /m > 24.96, which is the case for instance for the Sun-Earth system,
and for the Earth-Moon system too. However, the stability makes them unsuitable for
satellite use, due to the tons of space garbage accumulated there, over the years. U

Moving forward, now that we talked about satellites, do we really have the means of
sending them in space? At the basic level, the situation here is as follows:

THEOREM 8.23. The escape velocity from a body having mass M and radius r is

v =\/2¢gr

where g = GM /r? is the surface gravitational acceleration.
PROOF. Many things can be said here, the idea being as follows:

(1) To start with, a rock launched towards the sky, at various angles and speeds, will
normally come back to Earth, on an approximate parabolic trajectory. However, we know
that this phenomenon has behind it the principle of energy conservation, and this raises
the possibility of launching the rock with an enormous speed, as to beat the Earth gravity,
and have no need to come back. This enormous speed is the escape velocity.
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(2) In practice now, the escape velocity can be computed via energy, as follows:
mv*  GMm

2 T
(3) Thus, we have the formula in the statement. However, in relation with applications,

this is just a beginning, on one hand because we have to beat as well drag, and on the
other hand because the Earth spins, which modifies the escape velocity as well. O

— v =/2¢gr

In practice now, here are a few selected escape velocities, inside the Solar system:

Location Beating Escape velocity, km/s
Sun Sun gravity 617.5
Mercury Mercury gravity 4.25
Mercury Sun gravity 67.7
Earth Earth gravity 11.18
Earth Sun gravity 42.1
Moon Moon gravity 2.38
Moon Earth gravity 1.4
Neptune Neptune gravity 23.56
Neptune Sun gravity 7.7

And we will stop our study here. More on such things, mechanics, in chapter 10.

8e. Exercises
We are now experts in classical mechanics, and as exercises, we have:
EXERCISE 8.24. Learn more about potential energy, in several dimensions.
EXERCISE 8.25. Learn about the concept of resonance, and its applications.
EXERCISE 8.26. Build a clock, then a watch, using your pendulum knowledge.
EXERCISE 8.27. Learn more about the polar parametrization of the conics.
EXERCISE 8.28. Do more computations, as suggested, for the 2-body problem.
EXERCISE 8.29. Deduce the 1D free fall formula from what we have in 2D.
EXERCISE 8.30. Learn more about the center of mass, and its applications.
EXERCISE 8.31. Hawve a look at the equations of the plane 3-body problem.

As bonus exercise, learn as well about fluid mechanics, drag and ballistics.
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Three dimensions



I am milk
I am red hot kitchen
And I am cool
Cool as the deep blue ocean



CHAPTER 9

Space geometry

9a. Lines, planes

Welcome to 3 dimensions, and in the hope that you already live there, enjoying of
course mathematics and physics, but also things like sports, food, friends and parties,
what a wonderful world we are blessed to live in. For us here, many things to be done,
as a continuation of our previous learning, both in mathematics and physics.

Advising us will be the rat, who'’s very skilled at 3D. I mean, cats for instance tend to
dissapear sometimes, that one who went outside in the garden reappearing a few minutes
after in the room upstairs, without any explanation, and with such things taking their
toll on your mental health, if not used to them. Rats, howewer, are much better at this
business, quickly dissapearing on a regular basis, I mean that rat that you briefly saw
near the stove, for 3—4 seconds, will be nowhere to be found, starting from ¢ = 5.

This being said, I have my tricks, and I can sometimes have conversations with rat.
And when asked about what to do, at this point in this book, here is his advice:

RAT 9.1. For slow animals like you, lacking proper sight, smell, hearing, taste and
touch, mathematics and vectors are the way, for some understanding of 3D.

Thanks rat, this sounds reasonable, so we will proceed with some straightforward 3D
mathematics, and in what regards physics, chemistry, catching small and big animals,
and many other 3D things, we will see later. Getting started now, we first have:

DEFINITION 9.2. The points u € R3 can be represented as vectors

<
I
[SESE

and are subject to the addition and multiplication by scalars operations

x+a A\
utu =|y+vy . du= | Ay
z+ 2 Az

geometrically corresponding to forming a parallelogram, and dilating by .

203
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As a first observation, we already met these notions in N = 2 dimensions, in chapter
5 when doing basic plane geometry, and then in chapter 7, when doing more advanced
geometry. And the point is that our computations from chapter 7, involving linear maps
and matrices, show that the vectors must be written indeed as above, vertically.

We would like to first study the simplest objects in R3, namely the lines and planes. For
this purpose, let us first record the following result in R?, regarding the simplest objects
there, the lines, with the usual 2D convention that the vectors are denoted u = (5)

PROPOSITION 9.3. The equation of lines in R? is as follows, with (a,b) # (0,0),

L : axr+by==k
and with (a,b, k) unique, up to multiplication by a scalar. Given a second such line,
L' de+be=F
assumed to be different from the first one, L # L', so (a,b, k) o (a',V, k'), we have:
L||IL" <= (a,b) ~ (d',V)
In the opposite case, namely L || L', the intersection L N L' is a point.
PROOF. Many things can be said here, the idea being as follows:

(1) To start with, the result is something intuitive, and elementary, and we will leave
its proof, done via some easy equation solving, as an exercise. And with the comment
that we will prove in a moment, with details, a similar result, more difficult, in 3D.

(2) Next, let us point out the fact that the notion of scalar product that we learned
in chapter 7 can be of help, in relation with this. Indeed, the equation of L reads:

(G)(G))=r

And with this being something quite intuitive, the point being that v = (“

b) is a vector
orthogonal to our line, v | L, and therefore fully determining it, as above.

(3) As a further piece of mathematics, still in relation with things that we learned in
chapter 7, observe that the equation of L can be written as well as follows:

det(b x):k;

So, challenge for us, can we have some understanding of this? And in answer, sure
yes, the starting observation here being that w = (_ba) is parallel to L.

(4) In short, many things to be done here, for a proper understanding of the lines in
R2, and up to you to spend some time on all this, with some exercises. And with all this
being worth the effort, remember the advice Rat 9.1, which applies to 2D as well. U
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In 3 dimensions now, we have a similar result, regarding the planes, as follows:
THEOREM 9.4. The equation of planes in R3 is as follows, with (a,b,c) # (0,0,0),
P : ar+by+cz=k
and with (a,b,c, k) unique, up to multiplication by a scalar. Given a second such plane,
P dr+br+dz=F
assumed different from the first one, P # P’, so (a,b,c, k) & (a', 0, k"), we have:
P||P" <= (a,b,c) ~ (d',V',¢)

In the opposite case, P )| P, the intersection PN P is a line.

PROOF. Many computations needed here, the idea being as follows:

(1) To start with, it is clear that the equation of planes is ax + by + ¢z = k. The
parallelism claim is clear too, so we are left with intersecting two non-parallel planes:
ar +by+cz =k
dr+by+dz=Fk
(2) In order to deal with this system, observe that our non-parallelism assumption
(a,b,c) & (a',b, ) shows that one of the following 3 things must happen:

(a,0) £ (a" V), (a,c) £ (') (bye)# (V.C)
So assume, by permuting if necessary all our vectors, that we have (a,b) % (a/,b'). In
this case, we can write our system in the following way:
ar +by =k —cz
dr+by=k -z
(3) But now, by multiplying the first equation by ¥, the second equation by b, and
then substracting these two equations, we obtain the following formula:

(ab' — a'b)x =V (k —cz) — b(k' — '2)
And the point is that, due to our assumption (a,b) ¢ (a’,b"), which tells us that we
have ab’ # a’b, we obtain in this way a formula for x in terms of z, as follows:
b (k—cz)—b(k —2)
B abl — a'b
(4) Similarly, by multiplying the first equation in (2) by «’, the second equation by a,
and then substracting these two equations, we obtain the following formula:
(a'b—ab)r =d(k—cz) —a(k —z)
Thus, as before, we have as well a formula for y in terms of z, as follows:
a(k—cz)—alkl —z2)

at — abl
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(5) Time now to conclude. The solutions of the system in (2) are as follows:
b(k—cz)—=bkl —dz) d(k—cz)—alk —z)
(#y,2) = ( abl — a'b ’ a'tl — ab' e

With z = ¢, and by doing a number of simple manipulations, the solution is:

 (V(k—ct) bk —t) d(k—ct) —a(k —c't)
(#,9,2) = ( abl — a'b ’ a't! — ab/ X
(V(k—ct) bk = t) a(k —ct)—d(k—ct) ;
B ab/ — a'b ’ abl — a'b ’
(U'k — bE") + (b = be)t (ak’ — d'k) + (d'c — ad)t
= , ot
abl —a'b abl — a'b

(b’k:—bk’ ak! —ad'k ) (bc’—b’c a'c—ac )
= 0+ 1)t

all —a'b’ abl — a'b’ all — a'b’ all — a'b’
We conclude that the intersection of our two planes is indeed a line, as stated.

(6) This being said, time perhaps for some doublechecks? In what regards the point
appearing above, at t = 0, this certainly belongs to our first plane, as shown by:

b'k — bk ak’ — d'k (all — d'b)k
ST T O=—"=k
Ca—ab U a—ab € ab — a'b
Also, this t = 0 point belongs as well to our second plane, as shown by:
b'k — bk’ ak’ — d'k (all — a'b)E’
et —— 4 0= ———— =k
Ca —ab i abl — a'b e abl —a’b b

(7) Next, let us see what happens to this, when adding that ¢ part. With respect to
the first plane, things fine, as shown by the following computation:
a'c—ad (a'b—ab)c

bd —bc L 1
[ —— _— C- =
abl — a’b abl — a’b abl — a'b

As for the situation with respect to the second plane, things fine too, according to:

a +c=0

bd — e a'c—ad (a'b— ab)d
AR Y ek R A, [ Sl
T * abll —a'b abll —a'b

Summarizing, things fine, theorem proved, checked and doublechecked.

+cd =0

(8) Finally, in analogy with what we said in the proof of Proposition 9.3, observe that
scalar products can help in relation with this, with the equation of P reading:

a x
<b,y>:k
c z

And with this being something quite intuitive, the point being that the vector on the
left is orthogonal to our plane, and therefore fully determines it, as above. U
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Getting now to higher dimensions, inspired by the above results, let us formulate:

THEOREM 9.5. The equation of the hyperplanes in RY, which generalize the lines at
N =2, and the usual planes at N = 3, is as follows,

P : axi+...+anry =k

with (ay,...,an) # (0,...,0), and with (a1, ...,ay, k) being unique, up to the multiplica-
tion by a nonzero scalar. Given a second such hyperplane,

P da+ . +dyay =k

assuming P # P', we have P||P’ precisely when (ai,...,an) ~ (a},...,ay). In the
opposite case, P || P', the intersection PN P’ is a (N — 2)-dimensional space.

Proor. This is actually a bit tricky, the idea being as follows:

(1) To start with, we don’t have much intuition in higher dimensions, so we will take
as definition for the hyperplanes P C R what is said in the statement.

(2) Next, the claims regarding the parametrization and parallelism are both clear.
Thus, we are left with intersecting two non-parallel hyperplanes, and see what we get.

(3) But here, we are a bit in trouble, because even if willing to do computations, as
those in the proof of Theorem 9.4, it is a bit unclear what exactly we want to prove.

(4) And so, we will have to stop here, say by declaring that a (N — 2)-dimensional
subspace of RY appears by definition as an intersection of non-parallel hyperplanes. [

Not very bright, what we did. In order to further clarify all this, let us start with:

DEFINITION 9.6. A wvector space is a subspace V C RY satisfying
r,yeV = z+yeV |, zeVIAeER = Xz eV

in analogy with what happens for lines, planes and so on, passing through the origin.

To be more precise here, observe that we must have 0 € V', as we can see by taking
A = 0 in the second condition. In practice, the main examples are as follows:

— The total space, RY itself.

— The hyperplanes from Theorem 9.5, assumed to pass through the origin, meaning
given by equations of type a1z + ...+ ayzy = 0, with (a1, ...,an) # (0,...,0). Indeed,
both the vector space axioms are trivially satisfied, for such a hyperplane.

— The intersections of hyperplanes discussed in Theorem 9.5, again assumed to pass

through the origin. Indeed, this is clear, and more generally we can say that, given two
vector spaces V, W C R¥, their intersection V N W C R¥ is a vector space too.

— And so on, more and more intersections, up to reaching the planes, then the lines,
and finally the origin {0} itself, which is indeed a vector space, satisfying our axioms.



208 9. SPACE GEOMETRY

With this discussed, what is next? Based on what we have so far, definitions and
theorems alike, let us formulate the following claim, which fits with everything:

CLAIM 9.7. The vector spaces V. C RY are precisely the intersections of hyperplanes
with such an intersection having, in the generic case, dimension N — k.

In order to understand now what exactly is going on, with this claim, again inspired
by the basic examples discussed before, let us formulate the following definition:

DEFINITION 9.8. Let V. C RY be a vector space. We call a family {v;} C V:

(1) Generating, if each x € V' decomposes as x =y, \v;.
(2) Linearly independent, when » . \iv; =0 = \; = 0.
(3) A basis, if each x € V' decomposes uniquely as v =) . \v;.

In practice, this is something quite intuitive, coming from what we know about R¥
and its basic subspaces. At the level of things that can be said, these are as follows:

(1) Any generating set can be shrinked to a basis.
(2) Any linearly independent system can be extended to a basis.
(3) Being a basis means to be generating, and linearly independent.

And we will leave the formal proofs of these facts, which are all very intuitive, as an
exercise. Next, we can talk about the dimension of vector spaces V' C RY, as follows:

DEFINITION 9.9. The dimension of a vector space V C RY is the number of elements
dimV = M of any of its bases {v1,...,vp}, which is independent of the basis.

As before with other such things, this definition is based on some mathematics. Indeed,
we must first prove that V' has a basis, and this comes either by starting with an arbitrary
generating set, and shrinking it to a basis, or by starting with an arbitrary linearly
independent system, and extending it to a basis. As for the fact that any two bases have
the same cardinality, this is again something very intuitive, also exercise for you.

All this is very nice, and clarifies what we said before in Theorem 9.5, and in Claim
9.7 too. Now, time for a main theorem, in relation with this? Here that theorem is:
THEOREM 9.10. Given a map f : RN — RN which is linear, in the sense that
fl@ty)=f@)+fly) . [fO2)=Af(z)
its kernel ker f = {v|f(v) = 0} and image are both vector spaces, and we have:
dim(ker f) + dim(Imf) = N

In particular, we have f injective <= [ surjective <= [ bijective.
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PROOF. Many things going on here, the idea being as follows:

(1) To start with, the most accessible assertion in our theorem is the last one. Indeed,
with v; = f(e;), where {e;} is the standard basis of RY, our map f being injective means
that {v;} is linearly independent, being surjective means that {v;} is generating, and
being bijective means that {v;} is a basis. But, according to our general theory of bases
developed before, for a subset {v1,...,vxy} C RY, being generating is the same as being
linearly independent, or as being a basis, so we get the above equivalences regarding f.

(2) As for the formula dim(ker f) 4+ dim(/mf) = N, which is something more general,
and which holds in fact for the arbitrary linear maps, of type f : RV — RM_ this can
be proved too, either by fine-tuning the above arguments in (1), or by using some linear
algebra, as developed below, in chapter 13. So, exercise here for you, to have a look at
this, and if needed come back here later, after reading chapter 13. U

So long for basic vector calculus, and various things that must be known. All this
might be a bit hard to digest, I agree, but the trick is to not insist, and come back here
later, say after reading chapter 13, which will be dedicated to linear algebra.

9b. Bodies, shape

Let us look now at curves, surfaces, and other bodies, in 3D or more. We would like
to understand if our object has holes, and how many holes, of which type, and so on. In
order to discuss this, let us start with something a bit abstract, as follows:

DEFINITION 9.11. An object X 1is called path connected when any two points x,y € X
can be connected by a path. That is, given any two points x,y € X, we can find a
continuous function f :[0,1] — X such that f(0) =z and f(1) =y.

The problem is now, given a connected object X, how to count its “holes”. And this
is quite subtle problem, because as examples of such spaces we have:

(1) The sphere, the donut, the double-holed donut, the triple-holed donut, and so on.
These objects are quite simple, and intuition suggests to declare that the number of holes
of the N-holed donut is, and you guessed right, N.

(2) However, we have as well as example the empty sphere, I mean just the crust of
the sphere, and while this obviously falls into the class of “one-holed objects”, this is not
the same thing as a donut, its hole being of different nature.

(3) As another example, consider again the sphere, but this time with two tunnels
drilled into it, in the shape of a cross. Whether that missing cross should account for 1
hole, or for 2 holes, or for something in between, I will leave it up to you.

Summarizing, things are quite tricky, suggesting that the “number of holes” of an
object X is not an actual number, but rather something more complicated. Now with
this in mind, let us formulate the following abstract definition:
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DEFINITION 9.12. A group is a set G endowed with a multiplication operation
(9.h) = gh
which must satisfy the following conditions:
(1) Associativity: we have (gh)k = g(hk), for any g,h,k € G.

(2) Unit: there is an element 1 € G such that g1 = 1g = g, for any g € G.
(3) Inverses: for any g € G there is g~* € G such that gg=' = g~'g = 1.

As a first observation, this is an abstract definition, making use of some abstract
notations, that we can fine-tune and adapt to our situation, if needed. For instance, in
order to avoid certain confusions, we can use a dot for the multiplication operation:

(g.h) = g-h

This being said, we can use in fact any symbol for the multiplication operation, as for
instance (g, h) — gQOh. The same goes for the unit, which can be denoted as e € G if we
want to, and for the inverses as well, which can be denoted ¢, if that is convenient.

There are many examples of groups, with typically all the basic systems of numbers
that we know being groups. Here are some standard illustrations, for this fact:

PROPOSITION 9.13. We have the following groups, and non-groups:
1) (Z,+) is a group.

Q,+), (R,+), (C,+) are groups as well.

N, +) is not a group.

Q*,-) is a group.

R*,-), (C*,-) are groups as well.

) (N*,-), (Z*,-) are not groups.

PRrROOF. All this is clear from the definition of the groups, as follows:

(1) The group axioms are indeed satisfied for (Z, +), with the group operation being
the sum (g,h) — g + h, the unit element being 0, and the inverse map being g — —g.
Indeed, the axioms correspond to the following formulae, which are all trivial:

(g+h)+k=g+ (h+k)
g+0=0+g=yg
9+ (=9)=(=9)+9=0
Observe now that (Z,+) has the following special property:
g+h=h+g

However, we have not included this property in our axioms from Definition 9.12, which
with the notations there would read gh = hg, because we would like our notion of group
to cover as well examples which do not satisfy this, gh # hg. More on these later.
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(2) Once again, the group axioms are satisfied for (Q, +), (R, +), (C,+), for the same
reasons as for (Z,+), and with the remark that for Q we are using here the fact that the
sum of any two rational numbers is a rational number, coming from:

a ¢ ad+bc

b TaT T
Observe that these latter groups all have the property g + h = h + g.

(3) In (N, +) the first two group axioms are satisfied, for the same reasons as for
(Z,+). However, we do not have inverses, so we do not have a group:
—-1¢N

(4) The group axioms are indeed satisfied for (Q*,-), with the product gh being the
usual product, 1 being the usual 1, and g~! being the usual g~!. Observe that we must
remove indeed the element 0 € Q, because in a group, any element must be invertible:

0¢Q"
Finally, observe that (Q*,-) has the commutativity property gh = hg.
(5) Once again, the group axioms are satisfied for (R*,-), (C*,-), for the same reasons

as for (Q*, ), and with the remark that for C* we are using here the fact that the nonzero
complex numbers can be inverted, with this coming from the following formula:

I a—ib
a+ib a2+ b?
Observe that these latter groups both have the property gh = hg.

(6) In what regards (N*,-), (Z*,-), here the first two group axioms are satisfied, but
not the third one, for instance due to the fact that the element 2 has no inverse:

1

A

5 ¢
Thus, both (N*,.), (Z*,-) are some sort of “semigroups”, which are not groups. [
Getting back now to our geometry questions, good news, we can formulate:

DEFINITION 9.14. The homotopy group m(X) of a connected object X is the group of
loops based at a given point x € X, with the following conventions,

(1) Two such loops are identified when one can pass continuously from one loop to
the other, via a family of loops indexed by t € [0, 1],

(2) The composition of two such loops is the obvious one, namely is the loop obtained
by following the first loop, then the second loop,

(3) The unit loop is the null loop at *, which stays there, and the inverse of a given
loop 1s the loop itself, followed backwards,

with the remark that the group m(X) defined in this way does not depend on the choice
of the given point x € X, where the loops are based.
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This definition is obviously something non-trivial, based on some preliminary thinking
on the subject, the technical details being as follows:

— The fact that the set m1(X) defined as above is indeed a group is obvious, with all
the group axioms being clear from definitions, good exercise for you.

— Obvious as well is the fact that, since X is assumed to be connected, this group does
not depend on the choice of the given point * € X, where the loops are based.

— Finally, we will see in a moment that the loop composition does not necessarily
satisfy gh = hg. Thus, Definition 9.12 as stated is the exact framework what we need.

As basic examples now, for objects having “no holes”, such as R itself, or RY, and so
on, we have m; = {1}. In fact, having no holes can only mean, by definition, m = {1}:

DEFINITION 9.15. An object X is called simply connected when:
m(X) = {1}
That s, any loop inside our object X must be contractible.

As further illustrations for Definition 9.14, here are a few basic computations, for some
objects that we are familiar with, with the convention that Fiy =< ¢1,...,gn > is the
free group, generated by variables ¢, ..., gy, with no relations between them:

THEOREM 9.16. We have the following computations of homotopy groups:

(1) For the circle, we have m = Z.

(2) For the torus, we have m =7 X Z.

(3) For the disk minus 2 points, we have m = Fy.

(4) In fact, for the disk minus N points, we have m = Fy.

PROOF. These results are all standard, as follows:

(1) The first assertion is clear, because a loop on the circle must wind n € Z times
around the center, and this parameter n € Z uniquely determines the loop, up to the
identification in Definition 9.14. Thus, the homotopy group of the circle is the group of
such parameters n € Z, which is of course the group 7Z itself.

(2) In what regards now the second assertion, the torus being a product of two circles,
we are led to the conclusion that its homotopy group must be some kind of product of
Z with itself. But pictures show that the two standard generators of Z, and so the two
copies of Z themselves, commute, gh = hg, so we obtain the product of Z with itself,
subject to commutation, which is the usual product Z x Z:

<g,h‘gh:hg> _ZxZ



9B. BODIES, SHAPE 213

It is actually instructive here to work out explicitly the proof of the commutation
relation. We can use the usual drawing convention for the torus, which is as follows, the
idea being that the similar looking arrows must be identified, in the obvious way:

...................................................... > et e e
A A A A
! ! ! !
! ! ! !
! % ! ! * o
! ! ! !
! ! ! !
! ! ! !
I ....................................................... )I I ....................................................... >I

Thus we have indeed gh = hg, as desired, which gives the formula in (2).

(3) Regarding now the disk minus 2 points, the result here is quite clear, because the
homotopy group is generated by the 2 loops around the 2 missing points, and these 2
loops are obviously free, algebrically speaking. Thus, we obtain a free product of the
group Z with itself, which is by definition the free group on 2 generators F5.
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(4) This is again clear, because the homotopy group is generated here by the N loops
around the N missing points, which are free, algebrically speaking. Thus, we obtain a
N-fold free product of Z with itself, which is the free group on N generators Fly. O

There are many other interesting things that can be said about homotopy groups.
Also, another thing that can be done with the arbitrary objects X, again in relation with
studying their “shape”, is that of looking at the fiber bundles over them, again up to
continuous deformation. We are led in this way into a group, called Ky(X). Moreover,
both 71 (X) and Ky(X) have higher analogues m,(X) and K,(X) as well, and a main goal
of topology is that of understanding all these groups, along with some other groups, of
similar flavor, which can be constructed as well. Many things to be learned here.

9c. Curves, surfaces

Getting back now to more standard mathematics, in relation with vectors and other
things that we know well, as a next objective, we can do some algebraic geometry in R?,
in continuation to what we did before in chapter 7 in R?, in relation with the conics.

But here, in 3 dimensions, we are right away into a dillema, because the plane curves
have two possible generalizations. First we have the algebraic curves in R3:

DEFINITION 9.17. An algebraic curve in R? is a curve as follows,

C= {(x,y,z) e R3\P(x,y,2) =0, Q(z,y, 2) = 0}
appearing as the joint zeroes of two polynomials P, ().

These curves look of course like the usual plane curves, and at the level of the phe-
nomena that can appear, these are similar to those in the plane, involving singularities
and so on, but also knotting, which is a new phenomenon. However, it is hard to say
something with bare hands about knots. I mean, just try, and you will understand.

On the other hand, as another natural generalization of the plane curves, and this
might sound a bit surprising, we have the surfaces in R3, constructed as follows:

DEFINITION 9.18. An algebraic surface in R3 is a surface as follows,

S = {(:B,y, 2) € R3|P(x,y,2) = 0}
appearing as the zeroes of a polynomial P.

The point indeed is that, as it was the case with the plane curves, what we have here
is something defined by a single equation. And with respect to many questions, having a
single equation matters a lot, and this is why surfaces in R? are “simpler” than curves in
R3. In fact, believe me, they are even the correct generalization of the curves in R2.
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As an example of what can be done with surfaces, which is very similar to what we
did with the conics C' C R? before, in chapter 7, we have the following result:

THEOREM 9.19. The degree 2 surfaces S C R?, called quadrics, are the ellipsoid

N 2 2 2\ 2
() (' ()
a b c
which s the only compact one, plus 16 more, which can be explicitly listed.
Proor. We will be quite brief here, because we intend to rediscuss all this in a

moment, with full details, in arbitrary N dimensions, the idea being as follows:

(1) The equations for a quadric S C R? are best written as follows, with A € M;3(R)
being a matrix, B € Mjy3(R) being a row vector, and C' € R being a constant:

< Au,u>+Bu+C=0

(2) By doing now the linear algebra, and we will come back to this in a moment, with
details, or by invoking the theorem of Sylvester on quadratic forms, we are left, modulo
degeneracy and linear transformations, with signed sums of squares, as follows:

+’ +y?+ 22 =0,1

(3) Thus the sphere is the only compact quadric, up to linear transformations, and by
applying now linear transformations to it, we are led to the ellipsoids in the statement.

(4) As for the other quadrics, there are many of them, a bit similar to the parabolas
and hyperbolas in 2 dimensions, and some work here leads to a 16 item list. U

With this done, instead of further insisting on the surfaces S C R3, or getting into
their rivals, the curves C' C R?, which appear as intersections of such surfaces, C' = SN.S’,
let us get instead to arbitrary N dimensions, see what the axiomatics looks like there,
with the hope that this will clarify our dimensionality dillema, curves vs surfaces.

So, moving to N dimensions, we have here the following definition, to start with:

DEFINITION 9.20. An algebraic hypersurface in RY is a space of the form
S = {(xl,...,mN) e RN |P(zy,...,2x5) = O,Vi}
appearing as the zeroes of a polynomial P € R[xq, ..., xy].

Again, this is a quite general definition, covering both the plane curves C' C R and
the surfaces S C R?, which is certainly worth a systematic exploration. But, no hurry
with this, for the moment we are here for talking definitons and axiomatics.

In order to have now a full collection of beasts, in all possible dimensions N € N, and
of all possible dimensions k£ € N, we must intersect such algebraic hypersurfaces. We are
led in this way to the zeroes of families of polynomials, as follows:
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DEFINITION 9.21. An algebraic manifold in RY is a space of the form
X:{@mnwwﬂeRNﬂwhHWMQ:QW}
with P; € Rlzy, ..., xN] being a family of polynomials.

As a first observation, as already mentioned, such a manifold appears as an intersection
of hypersurfaces 5;, those associated to the various polynomials P;:

XleﬂﬂSr

There is actually a bit of a discussion needed here, regarding the parameter r € N,
shall we allow this parameter to be r = 0o too, or not. However, this is not an issue, the
idea being that, with some algebra helping, allowing r = oo forces in fact r < oo, and
with this being called the Hilbert basis theorem, from algebraic geometry.

Finally, observe the relation with our previous vector space considerations, from the
beginning of this chapter, and more specifically with Claim 9.7, stating that any vector
space V C RY must appear as an intersection of hyperplanes, as follows:

Thus, as a conclusion I guess, you are learning here mathematics from an algebraic
geometer, viewing all things algebra in a geometric way. In case you like this type of
approach, don’t hesitate later to learn a bit of systematic algebraic geometry.

Back to work now, let us look more in detail at the hypersurfaces. We have here:

THEOREM 9.22. The degree 2 hypersurfaces S C RY, called quadrics, are up to de-
generacy and to linear transformations the hypersurfaces of the following form,

+al+ .. a2y =0,1
and with the sphere being the only compact one.
PrROOF. We have two statements here, the idea being as follows:

(1) The equations for a quadric S C R are best written as follows, with A € My(R)
being a matrix, B € Mj,n(R) being a row vector, and C' € R being a constant:

<Az,x >+Bx+C=0

(2) By doing the linear algebra, or by invoking the theorem of Sylvester on quadratic
forms, we are left, modulo linear transformations, with signed sums of squares:

+al+ .. a2y =0,1

(3) To be more precise, with linear algebra, by evenly distributing the terms z;x;
above and below the diagonal, we can assume that our matrix A € My (R) is symmetric.
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Thus A must be diagonalizable, and by changing the basis of RY, as to have it diagonal,
our equation becomes as follows, with D € My (R) being now diagonal:

<Dx,x>+FEx+F =0

(4) But now, by making squares in the obvious way, which amounts in applying yet
another linear transformation to our quadric, the equation takes the following form, with
G € My(—1,0,1) being diagonal, and with H € {0,1} being a constant:

< Gr,x>=H

(5) Now barring the degenerate cases, we can further assume G € My(—1,1), and we
are led in this way to the equation claimed in (2) above, namely:

+al+..  £23 =0,1

(6) In particular we see that, up to some degenerate cases, namely empty set and
point, the only compact quadric, up to linear transformations, is the one given by:

I |

(7) But this is the unit sphere, so are led to the conclusions in the statement. So,
theorem proved, modulo some linear algebra, that we will learn later, in chapter 13. [

As a conclusion to all this, foundations of algebraic geometry understood, and with this
being potentially a very good thing, useful for both mathematics and physics. However,
we should mention that the basics are not over with this, because Definition 9.21 has
a well-known rival, namely the definition of a smooth manifold, and with the branch of
mathematics studying such beasts, which are equally useful in mathematics and physics,
being called differential geometry. And, more on this, later in this book.

9d. Regular polyhedra

Changing a bit topics, but still about the very nature of our 3 dimensions that we live
in, let us discuss now the regular polyhedra. Following Plato, we have:

THEOREM 9.23. There are 5 regular polyhedra, called Platonic solids, namely:

(1) Tetrahedron, having 4 vertices and 4 faces.

(2) Octahedron, having 6 vertices and 8 faces.

(3) Cube, having 8 vertices and 6 faces.

(4) Icosahedron, having 12 vertices and 20 faces.
(5) Dodecahedron, having 20 vertices and 12 faces.

PROOF. Many things can be said here, the idea being as follows:

(1) Let us try to figure out how a regular polyhedron looks like. There are a number
of faces meeting at each vertex, > 3 faces to be more precise, and when flattening the
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polyhedron there, we can see appear an angle ¢, called angle defect at that vertex:

face Lt

*

face face face

Now since hexagons and higher have angles > 120°, these cannot be used for con-
structing polyhedra, due to ¢t > 0. In fact, still due to £ > 0, we are left with 5 cases:

— Polyhedron made of triangles, with 3 or 4 or 5 faces meeting at each vertex.
— Polyhedron made of squares, with 3 faces meeting at each vertex.
— Polyhedron made of pengatons, with 3 faces meeting at each vertex.

(2) Now let us try to construct the solutions. In the first case, polyhedron made of
triangles, with 3 faces meeting at each vertex, we obtain the tetrahedron:

(3) Two other obvious solutions, corresponding to the second and fourth cases above,
triangles meeting x4, and squares meeting x3, are the octahedron and the cube:

Before going further, observe that there is a relation between these two polyhedra,
with the vertices of the octahedron appearing at the middle of the faces of the cube, and
vice versa. Due to this, we say that the octahedron and cube are dual, and with this
explaining why their number of vertices and faces are interchanged, as follows:

(6,8) < (8,6)
By the way, observe that the tetrahedron is self-dual, (4,4) < (4,4).
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(4) Back to constructing solutions, we are left with studying the third and fifth cases
in (1), namely triangles meeting x5, and pentagons meeting x3. And here, by some kind
of miracle, we have indeed solutions, namely the icosahedron and dodecahedron, which
look as follows, with in each case half of the faces, those facing us, represented:

_//\\_ /°(.>°\
VAN S A S
< VT

As before with the octahedron and cube, these two latter polyhedra are dual, with
this intechanging their number of vertices and faces, (12,20) < (20, 12). 0

As a continuation of this, let us have a look at the various numbers appearing in
Theorem 9.23, namely the number of vertices v, and the number of faces f. We can
equally talk about the number of edges e, and the data is as follows:

T O ¢ I D

v 4 6 8 12 20
f 4 8 6 20 12
e 6 12 12 30 30

Now if you are a number theory nerd, and hope so are you, I am pretty much sure
that, after contemplating a bit this table, you will notice that v + f = e 4+ 2. Quite
remarkably, this is something which is true, and under very general assumptions, for any
connected planar graph, with the precise result here, due to Euler, being as follows:

THEOREM 9.24. For a connected planar graph we have the Fuler formula
v—e+ f=2
with v, e, f being the number of vertices, edges and faces.
PROOF. This is something very standard, the idea being as follows:

(1) Regarding the precise statement, given a connected planar graph, drawn in a
planar way, without crossings, we can certainly talk about the numbers v and e, as for
any graph, and also about f, as being the number of faces that our graph has, in our
picture, with these including by definition the outer face too, the one going to co. With
these conventions, the claim is that the Euler formula v — e + f = 2 holds indeed.
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(2) As a first illustration for how this formula works, consider the N-gon graph:

Then, for this graph, the Euler formula holds indeed, as follows:
N-N+2=2

(3) With this example discussed, let us look now for a proof. The idea will be to
proceed by recurrence on the number of faces f. And here, as a first observation, the
result holds at f = 1, where our graph must be planar and without cycles, and so must
be a tree. Indeed, with N being the number of vertices, the Euler formula holds, as:

N—(N-1)+1=2

(4) At f = 2 now, our graph must be an N-gon as above, but with some trees allowed
to grow from the vertices, with an illustrating example here being as follows:

NN

VA e
N\

But here we can argue, again based on the fact that for a rooted tree, the non-root
vertices are in obvious bijection with the edges, that removing all these trees won’t change
the problem. So, we are left with the problem for the N-gon, already solved in (2).

(5) And so on, the idea being that we can first remove all the trees, by using the
argument in (4), and then we are left with some sort of agglomeration of N-gons, for
which we can check the Euler formula directly, a bit as in (2), or by recurrence.

(6) To be more precise, let us try to do the recurrence on the number of faces f.
For this purpose, consider one of the faces of our graph, which looks as follows, with v;
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denoting the number of vertices on each side, with the endpoints excluded:

w 7

Vi [ ]

(7) Now let us collapse this chosen face to a single point, in the obvious way. In this
process, the total number of vertices v, edges e, and faces f, evolves as follows:

v—)v—k—l—l—Zvi

e—e— Z(vl +1)
f—=f-1
Thus, in this process, the Euler quantity v — e + f evolves as follows:
v—e+f — v—k—l—l—Zvi—e%—Z(vH—l)—i—f—l

v—k+1-> vi—e+ > vitk+f-1
= v—e+f

So, done with the recurrence, and the Euler formula is proved. O

As a famous application, or rather version, of the Euler formula, let us record:
THEOREM 9.25. For a convex polyhedron we have the Fuler formula
v—e+ f=2
with v, e, f being the number of vertices, edges and faces.

PROOF. This is more or less the same thing as Theorem 9.24, save for getting rid of
the internal trees of the planar graph there, the idea being as follows:

(1) In one sense, consider a convex polyhedron P. We can then enlarge one face, as
much as needed, and then smash our polyhedron with a big hammer, as to get a planar
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graph X. As an illustration, here is how this method works, for a cube:

47
v

AN

/

/

AN

But, in this process, each of the numbers v, e, f stays the same, so we get the Euler
formula for P, as a consequence of the Euler formula for X, from Theorem 9.24.

(2) Conversely, consider a connected planar graph X. Then, save for getting rid of
the internal trees, as explained in the proof of Theorem 9.24, we can assume that we are
dealing with an agglomeration of N-gons, again as explained in the proof of Theorem
9.24. But now, we can inflate our graph as to obtain a convex polyhedron P:

AN

/

/

N
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Again, in this process, each of the numbers v, e, f will stay the same, and so we get

the Euler formula for X, as a consequence of the Euler formula for P. Il

Summarizing, Fuler formula understood. Getting back now to the regular polyhedra,
we have the following version of Theorem 9.23, obtained by using this technology:

THEOREM 9.26. The Euler formula v+ f = e+ 2 allows for only 5 reqular polyhedra,
which are the 5 Platonic solids, as follows:

(1) Tetrahedron: 4 4+4 =6 + 2.

(2) Octahedron: 6 + 8 =12 + 2.

(3) Cube: 8 +6 =12+ 2.

(4) Icosahedron: 12 + 20 = 30 + 2.
(5) Dodecahedron: 20 + 12 = 30 + 2.

PROOF. As mentioned, this is Euler’s remake of the Plato theorem, using his formula
v+ f = e+ 2. Indeed, given a regular polyhedron, let us denote by m the number of
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edges meeting at any vertex, and by n the size of the polygons used. We have then:

2 2
b=, f= S
m n
Thus, for a regular polyhedron, the Euler formula v 4+ f = e + 2 becomes:
2 2
= + ‘e +2
m n

Now observe that this latter formula gives the following estimate:

1+1_1+1>1
m n 2 e 2

Thus, m,n > 3 must be small, and more specifically, the allowed values are:
(m,n) = (3,3),(4,3),(5,3),(3,4), (3,5)

But these are exactly the 5 cases that we met in the proof of Plato, and the continuation
is the same as there, further helped by the fact that, now that we have m,n, we can
recapture e, and then v, f as well, with the corresponding 5 cases being as follows:

(v, f,e) = (4,4,6), (6,8,12), (12,20, 30), (8,6, 12), (20, 12, 30)

To be more precise, as before in the proof of Theorem 9.23, we obtain in this way the
tetrahedron, the octahedron, the icosahedron, the cube and the dodecahedron. U

As a last topic of discussion for this chapter, let us look now at the symmetry groups
of the Platonic solids, which is something that can be useful for many purposes, including
mathematics, physics, chemistry and biology. The result here is as follows:

THEOREM 9.27. The symmetry groups G C Oz and the orientation-preserving sym-
metry groups SG C SOz of the Platonic solids are as follows:
(1) Tetrahedron: G = Sy, SG = Ay.
(2) Octahedron and cube: G = Sy X Zo, SG = 5.
(3) Icosahedron and dodecahedron: G = As X Zs, SG = As.

ProoF. This is something a bit more advanced, the idea with all this, explanations
for the various groups appearing in the statement, and proof itself, being as follows:

(1) To start with, we denote by O3z the group of linear transformations of R® which
preserve the vector lengths ||z||, or equivalently, the scalar products < z,y >. Also, we
denote by SOz C O3 the subgroup of transformations which are orientation-preserving.

(2) In what regards the tetrahedron, we certainly have G = S, permutation group of
4 points, and then SG = Ay, called alternating subgroup, or tetrahedral group.

(3) Regarding now the cube, here we have SG = S, with this S, being best understood
as permuting the diagonals of the cube, and then G = S X Zo,.
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(4) As for the ocathedron, this being dual to the cube, the symmetry groups are the
same. Let us mention also that SG' = Sy is also called octahedral group.

(5) In what regards now the icosahedron and dodecahedron, these are dual too, so
they have the same symmetry groups. In order to compute these common symmetry
groups, let us look at the dodecahedron, whose picture, facing us, was as follows:

/ T AN
NN/

T~
\. e

But then, the idea is that we have exactly 5 cubes having vertices among the 20 vertices
of the dodecahedron, and the symmetries ¢ € SG come from permutations of these 5
cubes, which must be alternating. Thus SG = As, and G = A5 X Zs, as claimed.

9e. Exercises

Welcome to algebraic geometry I guess, and as exercises on this, we have:

EXERCISE 9.28.
EXERCISE 9.29.
EXERCISE 9.30.
EXERCISE 9.31.
EXERCISE 9.32.
EXERCISE 9.33.
EXERCISE 9.34.

EXERCISE 9.35.

Learn more about vector space bases, and related topics.
Do not forget to learn as well about orthonormal bases.

Learn about the various groups formed by the square matrices.

Compute some more homotopy groups, for bodies of your choice.

Learn about the various plane curves of small degree d > 2.
Learn more about the quadrics, and their classification.

Learn about the genus of a surface, or of a graph.

Work out the details, for the symmetry groups of Platonic solids.

As bonus exercise, start reading an introductory algebraic geometry book.

g



CHAPTER 10

Advanced mechanics

10a. Collisions, scattering

Back now to physics, I have this feeling that, with all the geometry that we learned
in chapter 9, we are good for some serious 3D mechanics. And, looking at what we did
before in this book, in chapters 2-4-6-8, on various mechanics topics, the first question to
be discussed here would be 3D motion, in the absence of forces.

Let us start with a study of the collisions, as a continuation of our 1D discussion from
chapter 2. However, things in higher dimensions are quite tricky, due to:

Fact 10.1. A collision between two particles is normally a 2D problem, happening in
the plane E = span(vy,ve). Schematically, we can represent the collision as follows:

Oy Oy
\lvl )/1)2
*
O,n1 O,rn2
)/U’l \wé

Howewver, as bad news, we have to compute two vectors v, v, accounting for a total of
4 numbers. But what we have is one vector equation, coming from momentum, and one
scalar equation, coming from energy, so a total of 3 equations. Thus, we won’t be able to
do the math, unless we know something more on the collision mechanism.

To be more precise here, as already mentioned on several occasions, we don’t really
know what happens, at the microscopic level, when collisions take place, be them plastic
or elastic, or of any other kind. And in the case of elastic collisions in N > 2 dimensions,
there are several possible mechanisms, which in practice each correspond to a different
way in which the original angles of vy, vy get transformed into the output angles of v}, v}.
More specifically, the extra parameter that we need is some sort of “scattering angle” 6,
coming from the precise mechanism of collision that we are investigating.

Nevermind. By doing the math, partially, as indicated above, we are led to:

225
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THEOREM 10.2. In the context of an elastic collision between two bodies, assumed as
above to happen in R?, the output speeds are
vizvl—i-i : vgzvg—i
ma mo
with the vector parameter ¢ € R? being subject to the following equation:
1 1
2< = og o= () P
ma mo

Thus, the collision problem is solved, up to an angle 6 € R.

ProOOF. We can do this by using momentum and energy conservation, as follows:

(1) According to our momentum and energy conservation principles, from chapter 2,
the output speeds v}, v}, are subject to the following two equations:
Myvy + Moy = MV + mavh
ma v |* + mal|va|[* = ma v |2 + mea||v ||
Let us first look at the first equation. This equation can be written as follows:
my (v — 1) = ma(vy — v3)
Now if we call ¢ this quantity, which is the individual change of momentum, from the
perspective of my, and from the opposite perspective of my, we have:
v'l:vl—l—i , U;:’Ug—i
mi mo
(2) Now let us plug these values into the second equation above. We obtain:

2
+ mao

2

q
Vg — —
mao

mal|v] [ + malva| | = my

2114—i
my

By expanding the scalar products and then simplifying, we obtain:

2 2
|ll| +HQH_+2<vl,q>—2<UQ,C]>:O
my e

Thus, we are led to the formulae in the statement.

(3) As for the last assertion, this is something rather philosophical. To be more precise,
we know that our parameter ¢ € R? is subject to an equation of the following type:

<v,q >= Mgl
Now if we denote by 6 € R the oriented angle between v, ¢, this equation reads:
[|v][ cos & = Allql]

Thus we can recover ||q|[, and so also ¢ € R? itself, out of this angle § € R, and this
leads to the conclusion that our problem is indeed solved up to an angle 6 € R.
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(4) As an illustration for this, let us work out what happens in the case of a 1D
collison. Here we already know the 1D answer, from chapter 2, but wait for it. So, let us
get back to our usual 1D scheme, with mq, ms about to collide, on a line:

om1 %’Ul <_1}2 OT)’LQ

In the context of the present result, the fact that we are now in 1D simply tells us
that the speed vectors vy, v, € R? are proportional, v; = Avs. But this does not force in
any way the vector ¢ € R? there to be aligned with vy, vy, or if you prefer, the angle # € R
there to be 0. Thus, we are led to the conclusion that our general collision formalism,
leading to the present result, theoretically allows escapes from 1D to 2D.

(5) And, is this reasonable, or not? As an example here, you can go to your chemistry
lab, pick two big plastic HoO molecules, and make them collide on a table. And, even
if you always throw them with the same speeds vy, vy, what happens at the moment of
the impact can vary, depending on which side of the first HoO will hit which side of the
second HyO. To be more precise, you can observe in this way the above-mentioned angle
6, and if you throw hard enough, one of the two HyO might even take off upon impact,
making it clear that there might be as well a 2nd parameter involved there.

(6) Finally, for the mess to be complete, the above chemistry experiments, once the
lab guy is not there, of course, and as usual with such interesting chemistry experiments,
suggests that we might have as well escapes from 2D to 3D. Thus, our 2D assumption
from Fact 10.1, and from the present theorem too, does not really correspond to what
happens in the real life, and things are certainly more complicated than that. U

With the above discussed, what is next? You would probably say, time to upgrade
our collision formalism, say by assuming that our particles are small elastic spheres, and
with what comes out from elasticity theory providing us with the missing data.

Which is certainly interesting and doable, but thinking a bit, what collisions are
good for are especially gases and thermodynamics, and here the above HyO molecule
phenomenology, with all sorts of scattering angles ¢ involved, and with the statistics of
all this mattering, is what governs the behavior of vapor. So, quite complicated all this,
and more about such things in chapter 12, when talking thermodynamics.

As an alternative to this, which in passing makes an interesting link with the notion
of decay, studied in chapter 2, we can have a look at particle physics, according to:

Fact 10.3. In particle physics, we have two main types of interactions, namely:

(1) Decay. This is when a particle decomposes, as a result of whatever internal
mechanism, into a sum of other particles, xqg — %1 + ... + *,.

(2) Scattering. This is when two particles meet, by colliding, or almost, and combine
and decompose into a sum of other particles, x, + *p, —> %1 + ... + *,.
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So, let us get into this. We already know a bit about the mathematics of decay from
chapter 2, and regarding now scattering, let us formulate things as follows:

DEFINITION 10.4. The generic picture of scattering is as follows,

with a > 0 being the impact parameter, and 0 € [0, 7] being the scattering angle.

In other words, we assume here that the particle misses its target by a > 0, with
the limiting case a = 0 corresponding of course to exactly hitting the target, and we are
interested in computing the scattering angle 6 € [0, 7| as a function 6 = 6(a).

As a first computation now, coming from classical mechanics, we have:

PROPOSITION 10.5. In the context of classical particle colliding elastically with a hard
sphere of radius R > 0, we have the formula

— Rcos —
a cos 5
and so the scattering angle is given by 0 = 2cos™!(a/R).

PROOF. In the context from the statement, which is all classical mechanics, with a
pinch of basic elasticity added, between a point particle and a hard sphere, if the impact
factor is a > R, nothing happens. In the case a < R we do have an impact, and a bounce
of our particle on the hard sphere, the picture of the event being as follows:

Here the sphere is missing, due to budget cuts, with only its center % being pictured,
but you get the point. Now with ¢ being the angle appearing above, we have the following
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two formulae, with the first one being clear on the above picture, and with the second
one coming from the fact that, at the rebound, the various angles must sum up to =:

a=Rsinc , 204+0=m7

We deduce that the impact factor is given by the following formula:

(T 0 0
a = Rsin (§—§> —Rcos§

Thus, we are led to the conclusions in the statement. U

With this understood, let us try to make something more 3D, and statistical, out of
this. We can indeed further build on Definition 10.4, as follows:

DEFINITION 10.6. In the general context of scattering, we can:

(1) Extend our length/angle correspondence a — 0 into an infinitesimal area/solid
angle correspondence do — dS2.

(2) Talk about the inverse derivative D(0) of this correspondence, called differential
cross section, according to the formula do = D(6)dS).

(3) And finally, define the total cross section of the scattering event as being the
quantity o = [ do = [ D(6)dS.

And good news, the notion of total cross section o, as constructed above, is the one
that we will need, in what follows, with this being to scattering something a bit similar
to what the decay rate A\ was to decay, in chapter 2, that is, the main quantity to look
at. In order to understand now how the cross section works, we have:

PROPOSITION 10.7. Assuming that the incoming beam comes as follows,

(
\

L)

N
I

subtending a certain angle ¢, the differential cross section is given by

o da
sinf df

D(6) =

and the total cross section is given by o = [ D(60)dS2.
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PROOF. Assume indeed that we have a uniform beam as the one pictured in the
statement, enclosed by the double lines appearing there, and with the need for a beam
instead of a single particle coming from what we do in Definition 10.6, which is rather of
continuous nature. Our claim is that we have the following formulae:

do=la-da-d¢| , dQ=|sinf-df-do|

Indeed, the first formula, at departure, is clear from the picture above, and the second
formula is clear from a similar picture at the arrival. Now with these formulae in hand,
by dividing them, we obtain the following formula for the differential cross section:

do a-da-do a da
() ds) sin@ - df - do sinf df
As for the total cross section, this is given as usual by o = [ D(0)d<2. U

As an illustration for this, in the case of a hard sphere scattering, we have:
THEOREM 10.8. In the case of a hard sphere scattering, the cross section is
o=1R?
with R > 0 being the radius of the sphere.

Proor. We know from Proposition 10.7 that, with the notations there, we have:

a = Rcos 3
At the level of the corresponding differentials, this gives the following formula:
da R .0
a9~ 272

We can now compute the differential cross section, as above, and we obtain:

_ Rcos(0/2) Rsin(6/2) R?
~ sinf 2 4

a da

D) = sinf  df

Now by integrating, we obtain from this, via some calculus, the following formula:
R2
o= / vE dQ) = TR?

Thus, we are led to the conclusion in the statement. U

And with this, end of our discussion about collisions. Quite interesting all this, we
started as apprentice mechanicians, and ended as particle physics experts. Many more
things can be said, as a continuation of the above, following Fermi and others, but it
would be probably wiser to stop here, and focus on basic mechanics instead.
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10b. Kepler, Coriolis

What is next? Still some 3D mechanics, I guess, by adding forces to the picture, and
trying to use the 3D mathematics that we learned in chapter 9, in order to get some
sharp results. Unfortunately, browsing through what we did in chapter 9, all interesting
mathematics there, no question about this, but frankly, can all that stuff really be of help
in relation with our basic mechanics problems. Not clear, hope you agree with me.

Nevermind, and this is actually an issue that we already met in this book, the math-
ematicians in charge with the math chapters seem to be more poets than scientists, and
we will have to live with that. So, for our 3D physics, here is what we will need:

DEFINITION 10.9. The vector product of two vectors in R? is given by

zxy =[] -[lyl] - sin6 - n
where n € R® with n L x,y and ||n|| = 1 is constructed using the right-hand rule:
Taxy
A
<y
Alternatively, in usual vertical linear algebra notation for all vectors,
1 Y1 T2Yy3 — T3lY2
To | X | Y2 | = | T3Yy1 — T1Ys
T3 Y3 T1Y2 — T2U1

the rule being that of computing 2 X 2 determinants, and adding a middle sign.

Obviously, this definition is something quite subtle, and also something very annoying,
because you always need this, and always forget the formula. Here are my personal
methods. With the first definition, what I always remember is that:

|z xyll ~ Izl [lyll , axa=0 , exe=e

So, here’s how it works. We are looking for a vector x x y whose length is proportional
to those of x,y. But the second formula tells us that the angle 6 between z,y must be
involved via 0 — 0, and so the factor can only be sinf. And with this we are almost
there, it’s just a matter of choosing the orientation, and this comes from e; X ey = es.

As with the second definition, that I like the most, what I remember here is simply:
Iz
1 zo yo| =7
I z3 ys

Indeed, when trying to compute this determinant, by developing over the first column,
what you get as coefficients are the entries of x x y. And with the good middle sign.
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It is also good to know that x X y exists only in 3 dimensions, with our only tool in
N # 3 dimensions being the scalar product < x,y >. And with this being something
quite important in both mathematics and physics, philosophically speaking.

Getting to work now, on gravitational mechanics, we already know the main result,
elliptic orbits, from chapter 8. However, that elliptic orbit result, proved by Newton, is
just a part of the story, with the 3 motion laws discovered by Kepler being as follows:

Fact 10.10 (Kepler laws). The following happen:

(1) The planetary orbits are elliptical, with the Sun at a focus.

(2) The radius vector from the Sun to a planet sweeps equal areas in equal times.

(3) The ratio of the square of the period of revolution and the cube of the ellipse
semimajor axis 1s the same for all planets.

So, can we prove such things? We already know well about Kepler 1, from chapter 8,
and with the idea in mind of discussing Kepler 2, let us get now into the notion of angular
momentum, which is something of fundamental importance, in physics in general.

Many things can be said here, and in relation with gravity, we have:
THEOREM 10.11. In the gravitational 2-body problem, the angular momentum
J=xzxp
with p = mv being the usual momentum, is conserved.

PROOF. There are several things to be said here, the idea being as follows:

(1) First of all the usual momentum, p = mu, is not conserved, because the simplest
solution is the circular motion, where the moment gets turned around. But this suggests
precisely that, in order to fix the lack of conservation of the momentum p, what we have
to do is to make a vector product with the position z. Leading to J, as above.

(2) Regarding now the proof, consider indeed a particle m moving under the gravita-
tional force of a particle M, assumed, as usual, to be fixed at 0. By using the fact that
for two proportional vectors, p ~ ¢, we have p x ¢ = 0, we obtain:

J = s Xp+rXxp
= vXmv—+xXma
m(v X v+x X a)
= m(0+0)
=0
Now since the derivative of J vanishes, this quantity is constant, as stated. U

While the above principle looks like something quite trivial, the mathematics behind
it is quite interesting, and has several notable consequences, as follows:
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THEOREM 10.12. In the context of a 2-body problem, the following happen:

(1) The fact that the direction of J is fixed tells us that the trajectory of one body
with respect to the other lies in a plane.

(2) The fact that the magnitude of J is fized tells us that the Kepler 2 law holds,
namely that we have same areas sweeped by Ox over the same times.

Proor. This follows indeed from Theorem 10.11, as follows:

(1) We have by definition J = m(z X v), and since a vector product is orthogonal on
both the vectors it comes from, we deduce from this that we have:

JLxwv
But this can be written as follows, with J* standing for the plane orthogonal to .J:
z,v e Jt

Now since J is fixed by Theorem 10.11, we conclude that both x, v, and in particular
the position z, and so the whole trajectory, lie in this fixed plane J*, as claimed.

(2) Conversely now, forget about Theorem 10.11, and assume that the trajectory lies
in a certain plane E. Thus x € F, and by differentiating we have v € E too, and so
z,v € E. Thus E = J*, and so J = E+, so the direction of J is fixed, as claimed.

(3) Regarding now the last assertion, we already know from the various formulae from
chapter 8 that the Kepler 2 law is more or less equivalent to the formula 6=\ /r? there.
However, the derivation of 6 = A/r? was something tricky, and what we would like to
prove now is that this appears as a simple consequence of ||J|| = constant.

(4) In order to to so, let us compute J, according to its definition J = x X p, but in
polar coordinates, which will change everything. Since p = ma, we have:

cos f’cos@—rsin@-é
J=r|sinfd | xm | 7sinf+rcosf-0
0 0
Now recall from the definition of the vector product that we have:
a c 0
bl x |d] = 0
0 0 ad — bc

Thus J is a vector of the above form, with its last component being:

cos 6 7cosf — rsind -0

S = sinff  7sinf+rcosf -0

= rm-r(cos 0 +sin? )0

= r’m-0
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(5) Now with the above formula in hand, our claim is that the magnitude ||J]|| is
constant precisely when 6=\ /r?, for some A\ € R. Indeed, up to the obvious fact that
the orientation of J is a binary parameter, who cannot just switch like that, let us just
agree on this, knowing J is the same as knowing .J,, and is also the same as knowing ||.J||.
Thus, our claim is proved, and this leads to the conclusion in the statement. O

Moving on, as another basic application of the vector products to questions in me-
chanics, we have all sorts of useful formulae regarding rotating frames. We first have:

THEOREM 10.13. Assume that a 3D body rotates along an axis, with angular speed w.
For a fixed point of the body, with position vector x, the usual 3D speed is

V=w XX
where w = wn, with n unit vector pointing North. When the point moves on the body
V=it+wxuz
is its speed computed by an inertial observer O on the rotation axis.
Proor. We have two assertions here, both requiring some 3D thinking, as follows:

(1) Assuming that the point is fixed, the magnitude of w x z is the good one, due to
the following computation, with r being the distance from the point to the axis:

llw x x|| = wl||z||sint = wr = ||v]|

As for the orientation of w X z, this is the good one as well, because the North pole
rule used above amounts in applying the right-hand rule for finding n, and so w, and this
right-hand rule was precisely the one used in defining the vector products x.

(2) Next, when the point moves on the body, the inertial observer O can compute its
speed by using a frame (uq,us, u3) which rotates with the body, as follows:

V = Zyui + Toug + T3us + T1U + Tals + T3Us
= T4+ (r1 - wXu +T9 - wXuy+ T3 w X uz)
= 4w X (x1u; + Tous + T3u3)
= TH+wXzx
Thus, we are led to the conclusions in the statement. U

In what regards now the acceleration, the result, which is famous, is as follows:

THEOREM 10.14. Assuming as before that a 3D body rotates along an axis, the accel-
eration of a moving point on the body, computed by O as before, is given by

A=a+2wxv+wx (wxx)

with w = wn being as before. In this formula the second term is called Coriolis accelera-
tion, and the third term 1s called centripetal acceleration.
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PROOF. This comes by using twice the formulae in Theorem 10.13, as follows:
A= V+4wxV
= @+uxr+wxi)+(wxi+wx(wXz))
FHwxi4+wXi+wx(wxa)

= a+2wXv+wX (wx )
Thus, we are led to the conclusion in the statement. Il

The truly famous result is actually the one regarding forces, obtained by multiplying
everything by a mass m, and writing things the other way around, as follows:

ma = mA — 2mw X v — mw X (w X )

Here the second term is called Coriolis force, and the third term is called centrifugal
force. These forces are both called apparent, or fictious, because they do not exist in the
inertial frame, but they exist however in the non-inertial frame of reference, as explained
above. And with of course the terms centrifugal and centripetal not to be messed up.

In fact, even more famous is the terrestrial application of all this, as follows:
THEOREM 10.15. The acceleration of an object m subject to a force F' is given by
ma=F —mg—2mw X v —mw X (w X x)
with g pointing upwards, and with the last terms being the Coriolis and centrifugal forces.

Proor. This follows indeed from the above discussion, by assuming that the acceler-
ation A there comes from the combined effect of a force F', and of the usual g. O

We refer to any standard mechanics book, such as Feynman [33], Kibble [58] or Taylor
[86] for more on the above, including various numerics on what happens here on Earth,
the Foucault pendulum, history of all this, and many other things. Let us just mention
here, as a basic illustration for all this, that a rock dropped from 100m deviates about
lem from its intended target, due to the formula in Theorem 10.15. Good to know.

10c. Relativity, revised

Moving on, as a further application of our vector product technology, we can say
something interesting about 3D relativity too, as follows:

THEOREM 10.16. The Einstein speed summation in 3D s

N 1 oa u X (u X o)
Ute=——""—|u+v
I+ <wu,v > 1+ /1 —[ul?

in ¢ = 1 units, with the X being usual vector products.
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PROOF. Many things can be said here, the idea being as follows:

(1) To start with, we know from chapter 6 that the summation formula is:

1 ( <u,v>u—<u,u>v)
Ut V=—"—"—"—"——"||u+v+

I+ <wu,v> 14+ /1 — [[u]]?

But this gives the formula in the statement, thanks to the following identity:

u X (uxv)=<u,v>u—<uu>v

(2) This being said, the work in chapter 6, leading to the formula in (1), was in
arbitrary N dimensions, and a bit mysterious. And the point is that, in the case N = 3
that we are mainly interested in, the vector products provide a better approach.

(3) So, let us discuss now this, which is something quite interesting. Getting back to
discussions from chapter 6, the puzzle there was to define a 3D sum, as follows:

0+ i

UtV = ———
1+ <u,v>

But, we know from 1D that the correction term =, must vanish when u ~ v, and this
suggests to use the vector product u x v, which notoriously satisfies:

u~v — uxv=>0

(4) Thus, the correction term +,, must be something involving w = u X v. Now by
thinking a bit, in order to get 7,,, what we have to do is to “transport” w = u x v to the
plane spanned by u,v. But this is simplest done by taking the vector product with any
vector in this plane, so as a reasonable candidate for our correction term, we have:

Yuv = (au+ﬁv) X w

(5) And with this, almost done. Indeed, and making now the link with our previous
computations from chapter 6, we can use next the following two formulae:

uX (uxv)=<u,v>u—<uu>v

vX (uxXv)=<v,0>u—<uv>v

(6) To be more precise, by using these formulae, the continuation of the discussion is
exactly as in chapter 6, leading via some phenomenology to the conclusion that we must
choose between a = 0 and § = 0. And with the 5 = 0 choice, which is the good one on
physics grounds, leading via some normalization work to the formula in the statement.

(7) Summarizing, good work that we did, with the Einstein speed summation in 3D
being better understood, with our previous N-dimensional considerations, which were a
bit mysterious, being now replaced by the more solid arguments from (3,4). Nice. U
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With this discussed, what is next? More relativity I guess, because thinking well,
there are still some gaps in what we did so far in this book, about it, coming from our
poor knowledge of the inertial frames, which play a key role in the Einstein principles.

So, let us discuss this now, inertial frames. Their definition is as follows:

DEFINITION 10.17. An inertial frame is a frame where all the basic formulae,
s F=DMa s a="7 s V=2 s F12:—F21

hold, with the last formula standing for Newton’s action-reaction principle.

To be more precise, the first 4 formulae are something very familiar, that we have
already heavily used, in this book. As for the last formula, also called Newton’s third law,
this expresses the fact that when an object 1 acts on an object 2, say via gravity, with
force Fis, then object 2 acts as well on object 1, with force as follows:

F21:_F12

Regarding this third law of Newton, you probably heard of it since high school, but
thinking a bit, this law does not really hold in the context of the computations that we
did in chapter 8, for the 2-body problem. Indeed, assuming as there that M; is fixed at
0, its acceleration is 0 = 0, and so the force acting on it is 0 too, which is certainly not
the inverse of the force acting on Ms, which does exist, and drags M, on a conic.

All this might seem a bit perplexing, so let us formulate, as conclusion:

CoONCLUSION 10.18. Newton’s third law is something quite tricky, and it’s not about
whether this law holds or not, but rather about if our frame is inertial or not.

In short, you got the point, we are now into advanced physics, with no less than 5
useful formulae in our pocket, those in Definition 10.17. If these formulae mix well, we
call the frame inertial, and this is very good. And if they don’t, that is because the
Newton third law is not satisfied in our frame, and that is good too, and we call our
frame non-inertial, and we can of course still use it for computations.

But all this is perhaps a bit too abstract and mathematical. As a complement to this,
here is an alternative definition for the inertial frames, that I personally prefer:

DEFINITION 10.19. Your frame is inertial if your coffee does not spill.

As examples of non-inertial frames, we have for instance elevators, rollercoaster rides,
or you having a cat on your lap. As for inertial frames, you would probably say the Earth,
but according to our previous results on the rotating bodies, if you fill your mug really
up to the very top, it will spill, and so no good. But more such things later.
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Getting back to mathematics now, and to our inertial frames as axiomatized in Defi-
nition 10.17, here is a list of useful basic facts regarding them:

THEOREM 10.20. The following hold, regarding the inertial frames:

(1) In the context of the 2-body problem, the standard frames used for computations,
with My or M,y fixed, are not inertial.

(2) In fact, the linear combination frames or type \y My + Ao Mo, including the center
of mass frame, are all non-inertial.

PROOF. These facts are all well-known, the idea being as follows:

(1) This was something already discussed above, but let us present now the full math-
ematical proof. We want to check whether the forces between M;, M, satisfy:

G M, M. —
Fio = —Fyy = AL —22)

||$1 —l“2||3

In the case of the frame centered at M, the fo.r.mula Fi5 = —Fy; certainly does not
hold, because the acceleration of M; is in this case 0 = 0, and so no force acting upon it,
at least from our calculus viewpoint. The same holds for the frame centered at M.

(2) In the general case now, with parameters \;, Ag satisfying A; + Ay = 0, as in the
statement, the positions of our bodies M, M, are:

21 =—Mx , 23=Aox
Thus the forces acting upon My, My, computed according to calculus, are:
Fyy = —Mi\i , Fio=—M\&
Thus, in order to have Fi5 = —F3, the parameters A;, Ay must satisfy:
Midy = M),

But these are exactly the parameters of the center of mass of the system formed by
M, M,. But the center of mass frame is not inertial either, because due to the fact that
we performed a dilation, the magnitude of Fj, = —F5; is not the correct one. O

In relation now with the angular momentum, we have the following result:

THEOREM 10.21. The following hold, regarding the inertial frames:

(1) The total angular momentum of a system of bodies My, . .., My, is conserved, when
computed with respect to an inertial frame.

(2) However, this is not the end of the story with angular momentum, because at
k =2, this is conserved as well in the frames of type \y My + Ao Ms.
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PROOF. As before with Theorem 10.20, all this is elementary, as follows:

(1) Our inertial frame assumption tells us that we can use at will all the formulae of

Newton, and by using them, and notably using Fis = —F5;, we obtain:
DT
i j#i
= Z$l X Fji—FfL‘j X Ej
i<j
= Zl‘z XF]Z—ZL’j XF‘ji
i<j
= Z(%’l — .Z'j) X F’]
i<j
= 0

Now since we have J = 0, the angular momentum J is conserved, as claimed.

(2) This follows from a similar computation, and more specifically from the computa-
tion from the proof of Theorem 10.11, which gives J = 0, and so conservation too. U

Now, let us start hunting for inertial frames. A simple idea here is to start with a
familiar problem, such as the 2-body one, written in some standard non-inertial frame
that is well-adapted for computations, and then try to transform that non-inertial frame
into an inertial one. And regarding now the transformations, we can use here:

PRrROPOSITION 10.22. Any frame can be obtained from another frame, by performing
the following operations, which are independent of each other:

(1) Changing the origin, * — = — d.
(2) Rescaling the coordinates, x — 1 - x.
(3) Rotating the coordinates, v — Ux with U € Os.

Proor. This is something obvious, written perhaps in a somewhat fancy way:
(1) This amounts in moving the origin 0 at an arbitrary location d € R3.

(2) This amounts in rescaling the coordinates by 71,79, 73 € R, respectively.
(3) This amounts in rotating the frame, O3 being the group of 3D rotations.

But these three operations clearly allow passing from one frame to another, as claimed,
and we are led to the conclusion in the statement. U

Let us examine now the 2-body problem. Here we know that the center of mass frame,
obtained via a transformation (1), is the best one that we have, so the problem is whether
we can make it inertial using (2). And here, we have the following result:
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THEOREM 10.23. In the standard context of the 2-body problem, by moving the origin
at the center of mass, and then rescaling all three coordinates by r = r(t) € R given by

_GMl(Ml + MQ)(TI’)
[|(ra)?]]

with this meaning that y = rx must be the trajectory of a body of mass M, traveling around
a body of mass My + My, the resulting frame is inertial.

(rz)" =

Proor. We will be actually looking at all the inertial frames that can be obtained via
the operations (1) and (2) in Proposition 10.22, and only at the end we will particularize
to the frame discussed in the statement. Our study goes as follows:

(1) Assume that M is fixed at 0, and that Ms moves around it, with position vector
x € R3. By changing the origin at d € R3, then rescaling the coordinates by r € R3, as in
Proposition 10.22 (1,2), the new coordinates of M;, M, are as follows:
zn=—-r-d , ,z=r-(x—d)
We want to check whether the forces between My, My satisfy the following formula:
GMlMQ(ZQ — 21)

By using the above formulae of 21, 29, this formula to be checked reads:
G My Ms(r -
—My(r-d)" = —My(r - z)" + My(r - d)' = ||1—2(|T|;)’J:>
rex
(2) This looks complicated, so let us look for a uniform solution, r = (r,r,r). In this
case the componentwise dot product is a usual product, and our equation becomes:
"_ GMlMQQZ'
r2[]f[?
By using now the formula of gravity in the initial frame, this equation becomes:

:L,//

—Ml(Td>,/ = —M2<Tl')/, + MQ(T’d)” = —M1 . ﬁ

—Mi(rd)" = —Msy(rx)" + My(rd)

But this formula can be written, more conveniently, as follows:

"n_ & ( r iL‘)” _ x_”
M1 + M2 r2
Thus, we have our equations, which look good, and we can now solve for r on the

right, and then solve for d on the left, as to get our inertial frame.

(rd)

(3) Let us first solve for r on the right. It is convenient here to replace z” by the
Newtonian gravitation formula it came from, and our equation becomes:

M2 1/ GMlMQI’
T2 ()t = 2
My, + M, r2||z||?
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But this equation can be written in the following more convenient way:
_GMl(Ml + MQ)(TJZ)
[|(rz)?|]

We conclude that y = rx must be the trajectory of a body of mass M; travelling
around a body of mass M; + M, with arbitrary initial data yq, wy.

(rz)" =

(4) Let us solve now for d on the left, in the equations found in (2) above. Here the
situation is very simple, the solutions rd being as follows, with a, b € R?:

2
rd=-———rrx+at+b
My + M,
Thus, with r being as in (3) above, the solutions are as follows, with a,b € R3:
M2 at + b

d —
M1 + M2 T r
Thus with ¢ being the center of mass, the formula is as follows, with a,b € R3:

at+b

d=c+
Now by taking a = b = 0, we are led to the conclusion in the statement. U

Quite nice all this, but getting now to the general, k-body case, things there look
infinitely more complicated, for a myriad reasons. So, as a conclusion, let us formulate:

QUESTION 10.24. Is there an inertial frame, somewhere in the universe? Can we
prove its existence, mathematically? And if not, what about the Einstein principles?

And we will end I guess our discussion with this. Not your average easy questions,
what we have here, and with this, we are certainly into advanced physics. Mystery.
10d. Lagrange, Hamilton

As a last topic of discussion for this chapter, let us get now into energy matters. We
know since chapter 4 that in 1D the potential energy V', which is unique up to a scalar,
can be defined according to the formula V' = —F'. In higher dimensions, we have:

THEOREM 10.25. Assuming that an object of mass m moves under the influence of a
force F' which is conservative, in the sense that

F=-VV
for a certain function V', if we call this function V' potential energy of m, and set
E=T+V

with T = m||v||?/2 being as usual the kinetic energy of m, then E is constant.
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PROOF. We have indeed the following computation, based on Leibnitz and the chain
rule, with VV being as usual the vector formed by the spatial derivatives of V:

T:m<1},v>
= m<a,v>
= < Fuv>
= —<VVuv>

Thus we have E =T +V = 0, so the energy E is constant, as claimed. U
As a main illustration now for Theorem 10.25, in relation with gravity, we have:

THEOREM 10.26. The gravitation force F' is conservative, F' = —V'V , coming from
Km
|||

and therefore the total energy E =T + V, with T = m||v||*/2 as usual, is constant.

PROOF. According to the Newton principles, and with K = GM as usual, the force
applied to m by the object M positioned at 0 is given by:

T mM T Kmx

el =l [ll?

Now let us compute VV', formed by the 3 spatial derivatives of V. We have:

= g =

v dKm/ 2+ 2%+ 13
— _Km. d(x? + 23 + 22)71/2
dQ?i
- _Km-[-2).
" ( 2) (27 + 25 + a3
_ Kmuz;
[|[[?

Thus we have VV = Kmaz/||x||?, which by the above equals —F, as desired. O
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In order to further clarify our concept of conservative force, we will need:

DEFINITION 10.27. The work done by a force F' = F(x) for moving a particle from
point p € R3 to point ¢ € R? via a given path v : p — q is the following quantity:

W(v) = / < F(z),dx >

We say that F' is conservative if this work quantity W (v) does not depend on the chosen
path v : p — q, and in this case we denote this quantity by W(p,q).

We will see in a moment that this definition is compatible with our previous definition
for the conservative forces. Getting now to the mathematics of such forces, we have:

THEOREM 10.28. The work done by a conservative force F' on a mass m object is

W(p,q) =T(q) — T(p)
with T = ml||v||?/2 standing as usual for the kinetic energy of the object.

PROOF. Assuming that F' is conservative, we have the following computation:

Wi(p,q) = /pq<F(x),dx>
= m/q<a(x),dx>

o [ (B

m/qd <v(z),v(z) >
= — dt
2 ), dt

q 2
_m [,
2 ),  dt

m
= 5 (@I = [lv@Il)
= T(q) —T(p)
Thus, we are led to the conclusion in the statement. Il

Next, we have the following result, which uses some more advanced mathematics:
THEOREM 10.29. A force F is conservative precisely when it is of the form
F=-VV
for a certain function V', and in this case the work done by it is given by:

Wi(p,q) =V(p) —V(q)
Also, the gravitation force is conservative, coming from V = —Km/||z||.
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Proor. This is something quite tricky, the idea being as follows:

(1) In one sense, assume that F' is conservative. Since the work W(p,q) = W () is
independent of the chosen path v : p — ¢, we can find a function V' such that:

Wip,q) =V(p)—Vi(q)

Observe that this function V is well-defined up to an additive constant. Now with
this formula in hand, we further obtain, as desired:
Wip.q)=V(p)—Vl(g) = <Fde>=-dV
av

— < Flix; >=—
da:l-

= F'=-VV

(2) In the other sense now, assuming F' = —VV'| we have the following computation,
valid for any loop o : p — p, which shows that F' is indeed conservative:

W@:—[VV:O

More generally, regarding the work done by such a force F' = —VV along a path
v :p — ¢, which is independent on this path -y, this is given by:

Wip.q) = — / YV = V() - Vig)

(3) Finally, the last assertion is something that we know from Theorem 10.26. U
We can put now everything together, and we have the following result:

THEOREM 10.30. Given a conservative force F', appearing as follows, with V being
uniquely determined up to an additive constant,

F=-VV
the movements of a particle under F' preserve the total energy, given by
E=T+V

with T = ml||v||?/2 being the kinetic energy, and with V being called potential energy.

Proor. This is something that we already know from Theorem 10.25, but we can
now provide a new proof for this fact, based on Theorems 10.28 and 10.29, which give:

Wip,q) =T(q) —T(p)

W(p.q) =V(p) = V(q)
Indeed, we obtain from these equalities the following formula:

T(p)+V(p) =T(q) + Vg
We conclude that the total energy £ =T + V is conserved, as claimed. U
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With this discussed, what is next? Some applications I guess, which do not look
obvious, and with our 3D expert the rat being not available, now that it’s daytime, here
I am outside in the garden, looking for rodents, under the bemused eye of the cats. And
fortunately, my search comes to an end when I hear, up from the old cherry tree:

SQUIRREL 10.31. You won’t believe me, but our rodent work in mechanics, and life in
general, is based on a very simple principle, that of the least action.

Humm, quite strange all this, but I should perhaps take this advice seriously, time and
again these wild animals have proved to be more intelligent than me, poor domesticated
being. So, with such ideas in mind, let us begin with some mathematics. We have:

THEOREM 10.32. Given a function f : RY x RN — R, the integral

I / " b, i

is stationary, in the sense that it is left unchanged by small variations of u = u(z), which
vanish at the endpoints xo,x1, precisely when u = u(x) satisfies the equations

df  d (df

PROOF. Let us just work out the case N = 1, the general case being similar. Consider
a small variation Au(z), which vanishes at the endpoints g, x1, as required above:

Au(zg) = Au(z1) =0
The corresponding variation of f(u,u), at first order, is then given by:

de +;l—fAu

Thus the corresponding variation of the mtegral in the statement is given by:

AI:/ ded+ fAuda:
v du du

= xlf /d—fdAud:U

o dx

B “df If “d df
= /xo Audzx +[d_ } - 5 dx(du)Ade

_ /:deud / d( )Audm
fle@)

called Euler-Lagrange equations.

Af=
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We conclude that [ is stationary precisely when the following equation is satisfied:

df d (df
@—@Gﬂ

But this is the Euler-Lagrange equation in the statement, as desired. U

Now back to mechanics, we have the following result, called Hamilton principle:

THEOREM 10.33. In the context of a conservative force F' acting, let us call
L=T-V

Lagrangian of the system. The following integral, called action integral, is then stationary,

t1
I:/ Ldt
to

and the corresponding Fuler-Lagrange equations are precisely the equations of motion.

PRrROOF. According to Theorem 10.30, the Lagrangian is given by the following for-
mula, with V' being the potential associated to our conservative force, via F' = —VV:
L= + 32+ ) = V(r,y.2)

Thus, we are in the framework of Theorem 10.32, with the function w there being
played by the coordinates x,y,z. Now let us pick one of these coordinates, s = x,v, 2,

and compute the derivatives of L with respect to s,s. By using F' = —VV we have:
dL  dv
ds — ds °
Also since the potential V' is time-independent, we have:
dL )
i ms = mas

Now consider the equation of motion, under the influence of the force F"
F'=ma

This is a vector equation, with 3 components, and according to the above formulae its
3 components can be written as follows, in terms of the Lagrangian L:

dL _ d (dL
ds  dt \ ds

But these are precisely the Euler-Lagrange equations for the stationarity of the action
integral I = [ L, and we are therefore led to the conclusions in the statement. O

The point now with the above result is that it leads right away into another result,
which this time is something fundamental and powerful, as follows:
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THEOREM 10.34. The Fuler-Lagrange equations for the action integral

t1
I—/ Ldt
to

hold in any system of coordinates (q1,qs,qs), and are as follows:

dL  d (dL
dg — dt \ dg

These latter equations are called the Lagrange equations of motion.

PrROOF. We know from Theorem 10.33 that the action integral is stationary, with
respect to the standard coordinates (z,y,z). But this shows that the action integral is
stationary with respect to any system of coordinates (¢1, ¢2, q3), and so the corresponding
Euler-Lagrange equations, which are the equations in the statement, hold indeed. O

All this might seem a bit theoretical, but in practice, the applications abound. As
a basic illustration here, the Newton solution to the Kepler problem, discussed in chap-
ter 8, was using polar coordinates, or rather cylindrical coordinates, and that solution
can be heavily simplified by starting directly with the Lagrange equations in cylindrical
coordinates. And, we will leave the computations here as an instructive exercise.

Moving ahead now, let us discuss some further interesting manipulations on the La-
grangian and the Lagrange equations, due to Hamilton. Let us start with:

DEFINITION 10.35. Given a system of coordinates q, ..., q,, the quantities
_dL
P g,

appearing above are called generalized momenta. Also, the quantity
H(q,p) =Y pidi— L

15 called Hamiltonian of the system.

In practice, for many simple systems, H is in fact the total energy. However, the main
interest in H is that it can successfully replace L, as a quantity which encapsulates as
well what is going on, namely the equations of motion. The result here is as follows:

THEOREM 10.36. The Hamiltonian H = H(q,p) is subject to the equations

dH . dH
= q s =
dp; dg;

called Hamilton equations, which are equivalent to the usual equations of motion.

—p



248

10. ADVANCED MECHANICS

PROOF. By using the definition of the variables p;, we have indeed:

ﬂ d (ZJ Pid; — L)

dp; dp;
dQJ d(jj
R N
_ dg; N~ 44y
- i+ STy
= g,

Also, by using the Lagrange equations, we obtain the following formula:

dH d (Zj Pidj — L)
dg; dg;

dq dL  dq;
B d Zp] Ta Z -
G dqg; dg;

de
= pl—|—2p]d Z ]dgj
J

= —pi

Thus, we are led to the conclusions in the statement.

10e. Exercises

Tough physics chapter we had here, good to have it done. As exercises, we have:

EXERCISE 10.37.
EXERCISE 10.38.
EXERCISE 10.39.
EXERCISE 10.40.
EXERCISE 10.41.
EXERCISE 10.42.
EXERCISE 10.43.

EXERCISE 10.44.

Learn more about 3D collisions, decay and scattering.

Do the missing integration, for the hard sphere scattering.
Learn about the Kepler 3 law, its proof and consequences.
Work out some numerics, for the Coriolis force on Farth.
Fully rewrite the theory of Finstein speed addition, in 3D.
Think at inertial frames, in the context of the 3-body problem.
Learn more about Lagrangian mechanics, and its applications.

Learn more about Hamiltonian mechanics, and its applications.

As bonus exercise, you are good to go, for reading a mechanics book. Enjoy.



CHAPTER 11

Multiple integrals

11la. The determinant

What is next? Many things I guess, 3 dimensions being certainly a vast business.
Mathematically, we can build upon the material from chapter 9, which was just a begin-
ning, with more geometry and topology, of all types, and their relation with algebra, or
try something new, like 3D analysis or probability. While physically, we can keep building
on the various types of mechanics developed in chapter 10, which were just a beginning
too, or again, try something new, like electromagnetism or thermodynamics.

Well, it looks like we are a bit lost, in this 3D jungle. Perhaps more modestly, and
remembering that we are here, with this book, for learning the basics, can we have at
least something minimally coherent, going on? I mean, the mathematics in chapter 9 and
physics in chapter 10, while each perfectly making sense, as 3D starters, on their own,
were a bit orthogonal to each other, instead of being in harmony, as desirable. So, can
we avoid this kind of issue in what follows, and develop some coherent 3D mathematics
and physics, in harmony, in the remainder of the present Part 111, that is my question.

And good question this is. In answer, as usual in such difficult situations, I will have
to ask our 3D expert, the rat. And fortunately rat is here, we are now in the middle of
the night, I can hear him as I type. With a bit of cheese helping, here is what I get:

RAT 11.1. Contrary to smaller dimensions, there are many entry points to 3D, all
leading to knowledge and understanding. Follow your own way, and Hare Krishna.

Okay, thanks rat, guess you have a point here, let’s relax a bit, about all this. So,
forgetting about physics and applications, and looking at what we did so far matematics
in this book, I would say that more linear algebra and vector calculus, in 3D, I mean a
3D mixture of algebra and analysis, coming as something new, and complementary to the
geometry and topology that we did in chapter 9, would be a good thing.

So, let us get into this, and for physics and applications, we can see later. Let us start
our study with the following fundamental result, which has countless concrete applica-
tions, and which is actually at the origin of the whole linear algebra theory:

249
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THEOREM 11.2. Any linear system of equations

a1y + aprs + ...+ ainTy = U1
Q2121 + Q22%2 + ... + QNN = U2
alel—i—aNza:g—i—...—i—aNNxN = UN

can be compactly written in matrixz form, as follows,
Ar=wv
and when A is invertible, its solution is given by x = A~ 'v.

PRrOOF. Indeed, with standard linear algebra conventions, our system reads:

a1 a1 ... Q1N T (%1
921 A9 ... QAN i) (%)
anyiy ane ... QNN N UN
Thus, we are led to the conclusions in the statement. Il

In practice now, we are led in this way to the question of inverting the matrices
A € My(R). And here, remember from chapter 7 the following key definition:

DEFINITION 11.3. The determinant of square matrix A € My(R) is the signed volume
of the parallelepiped made by its column vectors,

A:[vl UN} = detA==2vol <vy,...,o5y >
with the sign being + when we can continuously pass from the standard basis ey, ..., en
to the system of vectors vy, ...,vyN, and being — otherwise.

As a first observation, this is certainly related to Theorem 11.2, because we have the
following equivalence, coming from our general vector space basics from chapter 9:

JA™ «—= det A#0

Next, let us recall as well, also from chapter 7, that the determinant of the 2 x 2
matrices can be explicitly computed, via some geometry, and is given by:

det (CCL Z) = ad — be

And finally, we also saw in chapter 7 that the solution to the 2 x 2 matrix inversion
problem, coming as a useful complement to Theorem 11.2, at N = 2, is as follows:

1
a b 1 d —b
ad —bc#0 — <c d> ——ad—bc(—c a)
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In order to discuss now what happens in arbitrary dimensions, we will need a number
of theoretical results. Here is a first series of formulae, coming from definitions:

THEOREM 11.4. The determinant has the following properties:
(1) When multiplying by scalars, the determinant gets multiplied as well:
det(Av1, ..., Avun) = A1 .. A det(vg, ... o)
(2) When permuting two columns, the determinant changes the sign:
det(...,u,...,v,...)=—det(...,v,...,u,...)
(3) The determinant det(ey, ..., ey) of the standard basis of RY is 1.

Proor. All this is clear indeed from definitions, with perhaps a bit of geometric
thinking needed for (2), that we will leave here as an instructive exercise. U

As a first application of the above result, and with the standard convention that the
determinant of a numeric matrix A is denoted as well |A|, we have:

THEOREM 11.5. The determinant of a diagonal matriz is given by:
A1
=Ai...\y
AN

That s, we obtain the product of diagonal entries.

PRrOOF. The above formula is clear by using Theorem 11.4, which gives:
A1 1

As for the last assertion, this is rather a remark, and more on this later. U

In order to reach now to a more advanced theory, let us adopt the linear map point
of view. In this setting, the definition of the determinant reformulates as follows:

THEOREM 11.6. Given a linear map, written as f(v) = Awv, its “inflation coefficient”,
obtained as the signed volume of the image of the unit cube, is given by:

If:detA

More generally, 1 is the inflation ratio of any parallelepiped in RN | via the transformation
f- In particular f is invertible precisely when det A # 0.

PROOF. The only non-trivial thing in all this is the fact that the inflation coefficient
It, as defined above, is independent of the choice of the parallelepiped. But this is a
generalization of the Thales theorem, which follows from the Thales theorem itself. [
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As a first application of the above linear map viewpoint, we have:
THEOREM 11.7. We have the following formula, valid for any matrices A, B:
det(AB) =det A-det B
In particular, we have det(AB) = det(BA).

PRrROOF. The first formula follows from the formula fip = fafp for the associated
linear maps. As for det(AB) = det(BA), this is clear from the first formula. O

In general now, still at the theoretical level, we have the following key result:
THEOREM 11.8. The determinant has the additivity property
det(...,u+wv,...)=det(...,u,...)+det(...,v,...)
valid for any choice of the vectors involved.

Proor. This follows indeed by doing some elementary geometry, in the spirit of the
2 x 2 determinant computation that we did in chapter 7, by using the Thales theorem as
main tool. We will leave the verifications here as an instructive exercise. U

As a basic application of the above result, we have:

THEOREM 11.9. We have the following results:

(1) The determinant of a diagonal matriz is the product of diagonal entries.
(2) The same is true for the upper triangular matrices.
(3) The same is true for the lower triangular matrices.

PRrROOF. Here (1) is something that we already know, and (2) comes as follows:

)\1 * )\1 0 *
Az A2
0 AN 0 AN
A 0
A2
0 AN

As for (3), this comes in a similar way, by proceeding this time from right to left. O

As an important theoretical result now, allowing us to really take off, we have:
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THEOREM 11.10. The determinant det : My(R) — R is the unique map satisfying:
(1) det(...,u+wv,...)=det(...,u,...)+det(...,v,...).
(2) det()\ﬂ)l, ey )\NUN) = /\1 Ce AN det(vl, Ce ,UN).
(3) det(...,u,...,v,...) = —det(...,v,...,u,...).
(4) The determinant det(ey, ..., en) of the standard basis of RN is 1.

PROOF. The conditions in the statement are those from Theorems 11.4 and 11.8. As
for the converse, it is routine to check that any map det’ : My(R) — R satisfying (1-4)
must coincide with det on the upper triangular matrices, and then on all matrices. U

Here is now another important theoretical result, which is very useful in practice:

THEOREM 11.11. The determinant is subject to the row expansion formula

ay; ... Qain o2 ... QAN a921 ass ... QAN
= ani| : Do T a2
anNy ... QNN ang ... QNN ayy ansg ... QNN
21 ... QG2 N-1
N+1 .
+o. + (=) ayy
ani ... AaN,N-1

and this method fully computes it, by recurrence.

PRrooOF. This follows indeed from the fact that the formula in the statement produces
a certain function det : My (R) — R, which has the 4 properties in Theorem 11.10. O

We can expand as well over the columns, with the result here being as follows:

THEOREM 11.12. The determinant is subject to the column expansion formula

a12 ... Q1IN

a1 ... QN 92 ... AN
] ) asy ... d4AzN

= au| : ;| T a2

ani ... AanNnN a2 ... ANN

ang ... ANN
a12 e ainN
N+1
4+ ... + (—1) + an1
aN-12 ... QN-1,N
and this method fully computes it, by recurrence.
Proor. This follows indeed by using the same argument as for the rows. O

As a first application of the above methods, we can now prove:
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THEOREM 11.13. The determinant of the 3 x 3 matrices is given by

a b c
d e fl=uaei+bfg+cdh—ceg—>bdi—afh
g h 1

which can be memorized by using Sarrus’ triangle method, “triangles parallel to the diag-
onal, minus triangles parallel to the antidiagonal”.

PRrOOF. Here is the computation, using the above results:

a b c
d e f| = aZ J;—b'cgl J;+c‘§z
g h i
alei — fh) —b(di — fg) + c(dh — eg)
= aet—afh—bdi+bfg+ cdh — ceg
= aei+bfg+ cdh — ceqg — bdi — afh
Thus, we obtain the formula in the statement. Il

As a first true application of all this, and making the link with some previous tough
computations from chapter 9, we can now invert the 3 x 3 matrices, as follows:

THEOREM 11.14. The inverses of the 3 X 3 matrices are given by
1

a b c\ | [ei—fh ch—bi bf—ce
d e f =5 fg—di ai—cg cd—af
g h 1 dh —eg bg—ah ae—bd

with D being the determimant. When D = 0, the matriz is not invertible.

PROOF. As before for the 2 x 2 matrices, in order for our matrix to be invertible, we
must have D # 0. The trick now is to look for solutions of the following problem:

a b c Xk % D 0 O
d e f x x x| =10 D 0
g h 1 X k% 0 0 D

We know from Theorem 11.13 that the determinant is given by:
D =aei+bfg+ cdh —ceg — bdi — afh
But this leads, via some obvious choices, to the following solution:

* ok et —fh ch—bi bf —ce
x x| =\|fg—di ai—cg cd—af
* % dh —eg bg—ah ae—bd

Thus, by rescaling, we obtain the formula in the statement. U

*  * %
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In fact, we can now fully solve the inversion problem, as follows:

THEOREM 11.15. The inverse of a square matriz having nonzero determinant s

det A0V — det AV det ABGD
1 —det A(12) det A(22) —det A(32)
T det A | det AM —det A det AB3)

-1

where AW s the matriz A, with the i-th row and j-th column removed.

Proor. This follows indeed by using the row expansion formula from Theorem 11.11,
which in terms of the matrix A~! in the statement reads AA™! = 1. O

Let us discuss now the general formula of the determinant, at arbitrary values N € N
of the matrix size, generalizing the formulae that we have at N = 2, 3. For this purpose,
we will use the symmetric group Sy, that we already met in chapter 9. We have:

THEOREM 11.16. The permutations have a signature function
g SN — {:l:l}
which can be defined in the following equivalent ways:

(1) As (—1)¢, where c is the number of inversions.

(2) As (—1)t, where t is the number of transpositions.

(3) As (—1)°, where o is the number of odd cycles.

(4) As (—1)*, where x is the number of crossings.

(5) As the orientation of the corresponding permuted basis of RY.

PROOF. Let us begin with the precise definition of ¢, ¢, 0, x, as numbers modulo 2:

(1) The idea here is that given any two numbers ¢ < j among 1, ..., N, the permutation
can either keep them in the same order, o(i) < o(j), or invert them:

a(j) > o(i)

Now by making ¢ < j vary over all pairs of numbers in 1,..., N, we can count the
number of inversions, and call it ¢. This is an integer, ¢ € N, which is well-defined.

(2) Here the idea, which is something quite intuitive, is that any permutation appears
as a product of switches, also called transpositions:
14
The decomposition as a product of transpositions is not unique, but the number ¢ of

the needed transpositions is unique, when considered modulo 2. This follows for instance
from the equivalence of (2) with (1,3,4,5), explained below.
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(3) Here the point is that any permutation decomposes, in a unique way, as a product
of cycles, which are by definition permutations of the following type:

1 >l —> i3~ ...... — U — 1

Some of these cycles have even length, and some others have odd length. By counting
those having odd length, we obtain a well-defined number o € N.

(4) Here the method is that of drawing the permutation, as we usually do, and by
avoiding triple crossings, and then counting the number of crossings. This number z
depends on the way we draw the permutations, but modulo 2, we always get the same
number. Indeed, this follows from the fact that we can continuously pass from a drawing
to each other, and that when doing so, the number of crossings can only jump by 42.

Summarizing, we have 4 different definitions for the signature of the permutations,
which all make sense, constructed according to (1-4) above. Regarding now the fact that
we always obtain the same number, this can be established as follows:

(1)=(2) This is clear, because any transposition inverts once, modulo 2.

(1)=(3) This is clear as well, because the odd cycles invert once, modulo 2.
(1)=(4) This comes from the fact that the crossings correspond to inversions.
(2)=(3) This follows by decomposing the cycles into transpositions.

(2)=(4) This comes from the fact that the crossings correspond to transpositions.
(3)=(4)

)=(4) This follows by drawing a product of cycles, and counting the crossings.

Finally, in what regards the equivalence of all these constructions with (5), here sim-
plest is to use (2). Indeed, we already know that the sign of a system of vectors switches
when interchanging two vectors, and so the equivalence between (2,5) is clear. O

Now back to linear algebra, we can formulate a key result, as follows:

THEOREM 11.17. We have the following formula for the determinant,
det A=Y £(0)Asoq1) - - - Ano)
geSN

with the signature function being the one introduced above.
Proor. This follows by recurrence over N € N, as follows:

(1) When developing the determinant over the first column, we obtain a signed sum of
N determinants of size (N —1) x (N —1). But each of these determinants can be computed
by developing over the first column too, and so on, and we are led to the conclusion that
we have a formula as in the statement, with (o) € {—1, 1} being certain coefficients.
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(2) But these latter coefficients e(c) € {—1,1} can only be the signatures of the
corresponding permutations o € Sy, with this being something that can be viewed again
by recurrence, with either of the definitions (1-5) in Theorem 11.16 for the signature. [

The above result is something quite tricky, and as a first illustration, in 2 dimensions
we recover the usual formula of the determinant, from chapter 7, namely:

a b
d’ = ad — bc
In 3 dimensions now, we recover the Sarrus formula from Theorem 11.13:
a b c
d e f|=aei+bfg+ cdh —ceg—bdi—afh
g h 1

Let us record as well the following general formula, which was not obvious with our
previous theory of the determinant, but which follows from Theorem 11.17:

det(A) = det(A")

Importantly, the formula that we found in Theorem 11.17 allows us to deal with the
complex matrices too, by formulating here things as follows:

THEOREM 11.18. If we define the determinant of complex matrices A € My (C) as
det A = Z 6(0’)1410(1) PN ANU(N)

geSN

then this determinant has the same properties as the determinant of the real matrices.

Proor. This follows indeed by doing some sort of reverse engineering, with respect
to what we did above, and we reach to the conclusion that det has indeed all the algebraic
properties that we are familiar with. We will leave this as an instructive exercise. U

And with this, good news, end of the general theory that we wanted to develop. We
have now in our bag all the needed techniques for computing the determinant.

11b. Change of variables

Getting now to vector calculus, we already have some solid knowledge in what regards
the derivatives, viewed as matrices, from chapter 7. So, as a complement to that material,
let us discuss now integration. The key result here is the change of variable formula, and
in order to discuss this, let us start with something that we know well, in 1D:

PrROPOSITION 11.19. We have the change of variable formula

[ t@ae= [ st
where ¢ = ¢~ (a) and d = ¢~ (D).
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ProOF. This follows with f = F”, via the following differentiation rule:
(F)(t) = F'(e)¢'(t)
Indeed, by integrating between ¢ and d, we obtain the result. U

In several variables now, we can only expect the above ¢'(t) factor to be replaced by
something similar, a sort of “derivative of ¢, arising as a real number”. But this can only
be the quantity det(¢'(t)), called Jacobian, and with this in mind, we are led to:

THEOREM 11.20. Given a transformation ¢ = (¢1,...,¢nN), we have

J@ae= [ oo

with the J, quantity, called Jacobian, being given by

(7))

and with this generalizing the formula from Proposition 11.19.

Jy(t) = det

Proor. This is something quite tricky, the idea being as follows:

(1) Observe first that the above formula generalizes indeed the change of variable
formula in 1 dimension, the point here being that the absolute value on the derivative
appears as to compensate for the lack of explicit bounds for the integral.

(2) As a second observation, we can assume if we want, by linearity, that we are dealing
with the constant function f = 1. For this function, our formula reads:

vol(E) = / T(8))dt
e~ H(E)
In terms of D = ¢~ !(F), this amounts in proving that we have:

val(p(D)) = /D (1)t

And here, as a first remark, our formula is clear for the linear maps ¢, by using the
definition of the determinant of real matrices, as a signed volume.

(3) However, the extension of this to the case of non-linear maps ¢ is something
non-trivial, so we will not follow this path. In order to prove now the result, as stated,
our first claim is that the validity of the theorem is stable under taking compositions of
transformations ¢. In order to prove this claim, consider a composition, as follows:

w0:E—>F |, v:D—E , gotp:D—F
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Assuming that the theorem holds for ¢, 1, we deduce that we have, as desired:

/F f@)ds = / (o)) a(5)ds

_ / F(p 0 W) o)) - [T ()]t
:/fsoo NEAOIL:

(4) Next, as a key ingredient, let us examine the case where we are in N = 2 dimen-
sions, and our transformation ¢ has one of the following special forms:

p(z,y) = (WU(z,9),y) , ¢,y =(r,9%(,9))

By symmetry, it is enough to deal with the first case. Here the Jacobian is di/dx, and
by replacing if needed 1) — —1), we can assume that this Jacobian is positive, dip/dz > 0.
Now by assuming as before that D = ¢~ 1(FE) is a rectangle, D = [a,b] X [c,d], we can
prove our formula by using the change of variables in 1 dimension, as follows:

[E fpds = [ sty

= / / [z, y)dzdy
¥(ay)

- / / P ), ) S dndy
- /D Pl ()dt

(5) But with this, we can now prove the theorem, in N = 2 dimensions. Indeed, given
a transformation ¢ = (1, p2), consider the following two transformations:

¢(:c,y) = (Qpl(xay)ay> ) w(%y) = (x7902 © gfl(x,y))

We have then ¢ = 9 o ¢, and by using (4) for v, ¢, which are of the special form
there, and then (3) for composing, we conclude that the theorem holds indeed for ¢, as
desired. Thus, theorem proved in N = 2 dimensions, and the extension of the above proof
to arbitrary N dimensions is straightforward, that we will leave here as an exercise. [J

In order to discuss now some basic applications, in 2D, we will need:
PropPoOsITION 11.21. We have polar coordinates in 2 dimensions,

T = rcost

y = rsint

the corresponding Jacobian being J =r.
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PROOF. This is something elementary, the Jacobian being computed as follows:

d(r cost) d(r cost)
J— dr dt | |cost —rsint|
d(rsint) d(rsint) sint rcost
dr dt
Thus, we are led to the conclusions in the statement. 0

We can now compute the Gauss integral, which is the best calculus formula ever:

THEOREM 11.22. We have the following formula,
/ e dy = N3
R

PROOF. This is something truly magic, the idea being as follows:

called Gauss integral formula.

1) To start with, we can certainly integrate e~*" by using the formula of the expo-
y g y g

nential series, and the primitive which is worth 0 at x = 0 is given by:
p2k+1

7$
/e Z N
However, this series is not computable, in terms of the known, familiar series.

(2) Thus, no primitive, but we can still ask for the computation of [, e~ dx, who
knows. And here, another surprise awaits us, this is simply undoable, with bare hands, I
mean all the formulae and tricks that we learned in chapter 3 fail, for this integral.

(3) Which seems to send our problem to the trash can. However, and here comes the
magic, the Gauss integral can be computed by using two dimensions, as follows:

( /IR e—Ide)Q = / / eV dady
- / / " rdrdt
- 27r/0 ( 62 ) dr
- ()

= 7

(4) Amazing all this, isn’t it. There are of course some other known proofs of the
Gauss formula, as for instance the one that we met in chapter 4, when first discussing the
Gauss integral, but all using two dimensions, appearing as variations of the above. U
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Quite nice all this, looks like with Theorem 11.20 complemented by polar coordinates,
we have our nuclear weapon in analysis. Moving now to 3 dimensions, we have here:

ProproOSITION 11.23. We have spherical coordinates in 3 dimensions,

7 COS §
y = rsinscost
z = rsinssint

the corresponding Jacobian being J(r,s,t) = r¥sin s.

PRrOOF. The fact that we have indeed spherical coordinates is clear. Regarding now
the Jacobian, this is given by the following formula:

J(r,s,t)

COS S —rsin s 0
= |sinscost rcosscost —rsinssint
sinssint rcosssint rsinscost

COS S —rsin s
sinscost rcosscost

COS S —rsin s

. . . + rsinscost
sinssint rcosssint

= r?sinssint

coss —rsins
sins rcoss

coss —rsins

) + rsinscos®t
sins 7rcoss

= rsinssin’®t

coss —rsins

= rsins(sin®t + cos®t) | .
sins  rcoss

= rsins x 1xr
= r’sins
Thus, we have indeed the formula in the statement. U

Let us work out as well the general spherical coordinate formula, in arbitrary N
dimensions. The formula here, which generalizes those at N = 2, 3, is as follows:

THEOREM 11.24. We have spherical coordinates in N dimensions,
(

T = rcost;

To = rsint; costs

Tn_1 = rsint;sinty...sinty_scosty_1
(zn = rsint;sints...sinty_osinty_1

the corresponding Jacobian being given by the following formula,
J(rt) = PNl sinV 2 ¢ sinV 3ty L sin® ty_gsinty_o

and with this generalizing the known formulae at N = 2, 3.
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PROOF. As before, the fact that we have spherical coordinates is clear. Regarding
now the Jacobian, also as before, by developing over the last column, we have:

JN = ’I"SiIltl .. .SthN_Q sintN_1 X SintN_le_l
+ rsinty...sinty_ocosty_q X costy_1JIn_1
= rsint;...sinty_o(sin®ty_1 +cos®ty 1)y 1

= TSthl ...sin tN_QJN_l
Thus, we obtain the formula in the statement, by recurrence. U

As a comment here, the above convention for spherical coordinates is one among many,
designed to best work in arbitrary N dimensions. Also, in what regards the precise range
of the angles t,...,ty_1, we will leave this to you, as an instructive exercise.

11c. Spherical integrals

As an application, let us compute now the volumes of spheres. For this purpose, we
must understand how the products of coordinates integrate over spheres. Let us start with
the case N = 2. Here the sphere is the unit circle T, and with z = e the coordinates are
cost,sint. We can first integrate arbitrary powers of these coordinates, as follows:

ProOPOSITION 11.25. We have the following formulae,

/2 /2 e(p) I
/ cosPtdt = / sin t dt = (Z) _ P
0 0 2 (p+ D!

where e(p) = 1 if p is even, and £(p) = 0 if p is odd, and where
mil=(m—1)(m—3)(m—2>5)...
with the product ending at 2 if m s odd, and ending at 1 if m is even.

PRrROOF. Let us first compute the integral on the left in the statement:

w/2
I, = / cos? t dt
0

We do this by partial integration. We have the following formula:
(cosPtsint) = pcosP ' t(—sint)sint + cos’ t cost
= pcosP™ t —pcosP t + cosPT ¢
(p+ 1) cosP™ ¢t — pcosPt

By integrating between 0 and 7/2, we obtain the following formula:

(p + 1)[p+1 =plp1
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Thus we can compute I, by recurrence, and we obtain:

p—1
I, = Tp—2
_p-1 p=3
p p-2""
_p—1 p=3 p-—5
— . . I ¢
p p—2 p—4

p!!
(p+ 1) hi-e
But Iy = § and I; = 1, so we get the result. As for the second formula, this follows from

the first one, with ¢ = 7 — s. Thus, we have proved both formulae in the statement. [

We can now compute the volume of the sphere, as follows:

THEOREM 11.26. The volume of the unit sphere in RN is given by
m\ (V2 2N
-G
with our usual convention N!!' = (N — 1)(N —3)(N —5)...

PROOF. Let us denote by B* the positive part of the unit sphere, or rather unit ball
B, obtained by cutting this unit ball in 2V parts. At the level of volumes, we have:

VvV =2NyTt

We have the following computation, using spherical coordinates:

vVt o= / 1
Bt
1 pr/2 w/2
= / / / TN_l SinN_2 tl ...SintN_Q d’f‘dtl ...dtN_l
0 0 0

1 /2 w/2 /2
— / pN-1 d?"/ sinV 72 dt ... / sinty_adtn_o / Ldty—1
0 0 0 0
1
N
1

\ [N/2] (N— 2)!! (N — 3)!! 2101
= X (—) X . e— - — -1
2 (N— 1)” (N — 2)!! 312l
(7?)[1\7/2] 1
= — X |= X
N \2 (N — 1)l

B (ﬂ)[N/Z] 1
\2 (N + D!

Thus, we are led to the formula in the statement. U
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The formula in Theorem 11.26 is certainly nice, but in practice, we would like to have
estimates for that sphere volumes too. For this purpose, we will need:

THEOREM 11.27. We have the Stirling formula
N\
N! ~ (—) V2t N
e
valid in the N — oo limit.
Proor. This is something quite tricky, the idea being as follows:
(1) Let us first see what we can get with Riemann sums. We have:
N N
log(N!) = Zlogk ~ / logzder = NlogN — N +1
k=1 1

By exponentiating, this gives the following estimate, which is not bad:

()

(2) We can improve our estimate by replacing the rectangles from the Riemann sum
approach by trapezoids. In practice, this gives the following estimate:

Q

N!

log1+log N log N

=NlogN — N +1+

N
log(N!)%/ log z dx +
1

By exponentiating, this gives the following estimate, which gets us closer:

(ﬂ)N.e.\/ﬁ

(&

N!

Q

(3) In order to conclude, we must take some kind of mathematical magnifier, and
carefully estimate the error made in (2). Fortunately, this mathematical magnifier exists,
called Euler-Maclaurin formula, and after some computations, this leads to:

NI ~ (E>N\/ﬁ

e

(4) However, all this remains a bit complicated, so we would like to present now
an alternative approach to (3), which also misses some details, but better does the job,
explaining where the /27 factor comes from. First, by partial integration we have:

N!:/ 2Ne  dx
0
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Since the integrand is sharply peaked at x = N, as you can see by computing the
derivative of log(xz™e™?), this suggests writing x = N + y, and we obtain:
log(zNe™) = Nlogz —x
= Nlog(N +y)— (N +vy)

- NlogN+Nlog(1+%>—(N+y)
y2
~ NlogN+N(N—W)—(N+y)
yQ
= NlogN-N- 2L

By exponentiating, we obtain from this the following estimate:
N
eNe ™ ~ (E) e V2N
e

Now by integrating, and using the Gauss formula, we obtain from this:
N! = / eNe " dx

12

N
) eV /2N dy

[.(¢
) N dy
)

IZZ

12

:
g

Gy

Thus, we proved the Stirling formula, as formulated in the statement. O

e dz

®|2 C‘>|2

We can now estimate the volumes of the spheres, as follows:

THEOREM 11.28. The volume of the unit sphere in RN is given by
Ve (27T€>N/ S
N VTN
PrROOF. We use the formula for V' found in Theorem 11.26, namely:

v (Z)[N/Z] N
2 (N + 1!

mn the N — oo limit.



266 11. MULTIPLE INTEGRALS
In the case where N is even, the estimate goes as follows:
vo- (3
2 (N + 1)l
0" ()"
2 N/ \/zN
B <27T€>N/ S
N VTN
In the case where N is odd, the estimate goes as follows:

v o (z>(N—1)/2 N
2 (N + 1)

<E>(N1)/22N(£>N/2L
2 N V2N
B \/5 ore\V? 1
-V (F)

B <2W€)N/2 1
N VTN

Thus, we are led to the uniform formula in the statement. O

12

12

Getting back now to our main result so far, Theorem 11.26, we can compute in the
same way the area of the sphere, the result being as follows:

THEOREM 11.29. The area of the unit sphere in RY is given by

A <E)[N/2} 2N
2 (N =1
with NIl = (N —1)(N —3)(N —5) ... as usual, and we have the estimate
A~ 2re\V? [N
~\UN T

i the N — oo limit.

PROOF. There is actually no need to compute again, because the “pizza” argument
from chapter 5 shows that the area and volume of the sphere in RY are related by:

A=N.V

Thus, we obtain the results, coming from Theorems 11.26 and 11.28. Of course, it is
possible to do this as well directly, by suitably modifying the computations in the proofs
of Theorems 11.26 and 11.28, and we will leave this as an instructive exercise. U
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With this discussed, done with spherical integrals? You must be kidding. As a con-
tinuation of Proposition 11.25, and in relation with the comments there, we have:

ProproSITION 11.30. We have the following formula,

/2 e(p)e(a) gl
/ cosP tsin?t dt = <E> R i L
0 2 (p+q+ 1)
where e(p) = 1 if p is even, and £(p) = 0 if p is odd, and where
mll=(m—1)(m—3)(m—5)...

with the product ending at 2 if m s odd, and ending at 1 if m is even.

PROOF. We use the same idea as in Proposition 11.25. Let I,, be the integral in the
statement. In order to do the partial integration, observe that we have:

(cosPtsin?t) = pcosP™'t(—sint)sin?t
+ cosPt-gsin? ' tcost
= —pcosP ttsin?™ t + gcosP tsin?
By integrating between 0 and 7/2, we obtain, for p,q > 0:
pIp—l,q—i—l = qu-i—l,q—l

Thus we can compute I,, by recurrence, with input coming from Proposition 11.25,
good exercise for you here, and we are led to the formula in the statement. U

Good news, we can now integrate in full generality over the spheres, as follows:

THEOREM 11.31. The polynomial integrals over the unit sphere S]]Ry’l c RY, with
respect to the normalized, mass 1 measure, are given by the following formula,

N — Dkl k!
k1 kNd :( 1 N
/ng“’l N T TN sk — D

valid when all exponents k; are even. If an exponent k; is odd, the integral vanishes.

PROOF. Assume first that one of the exponents k; is odd. We can make then the
following change of variables, which shows that the integral in the statement vanishes:

T, — —X;

Assume now that all exponents k; are even. As a first observation, the result holds
indeed at N = 2, due to the formula from Proposition 11.30, which reads:

/2 e(p)e(q) Hg!! HNg!!
/ cosPtsin?tdt = <E> Pd = Pd
0 2 (p+g+1! (p+qg+D!
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In the general case now, where the dimension N € N is arbitrary, the integral in the
statement can be written in spherical coordinates, as follows:

oN w/2 /2
I:—/ / af kg dty . dty
A Jo 0

To be more precise, here A is the area of the sphere, J is the Jacobian, and the 2V
factor comes from the restriction to the 1/2" part of the sphere where all the coordinates
are positive. According to Theorem 11.29, the normalization constant is given by:

N [N/2]
27 - <3> (N — 1)1
T

As for the unnormalized integral, this is given by the following formula:

w/2 /2
I'= / / (costy)* (sint; costy)*?
0 0

(sintysinty...sinty_gcosty_1) V-1
(sintysinty...sinty_psinty_1)*

SiIlN_2 tl SiDN_3 tg e SiIl2 tN_g sin tN_g

dty...dty_4
Now by rearranging the terms, and integrating with respect to each variable by using
Proposition 11.30, we are led to the formula in the statement. O

And with this, end of our study, good work that we did, and good final formula that
we have, in Theorem 11.31, that can be used for all sorts of practical purposes.

11d. Hyperspherical laws

As an application of what we learned, we can do some interesting probability. Going
a bit fast here, not much time left in this chapter, as a starting point, we have:

DEFINITION 11.32. Let X be a probability space, that is, a space with a probability
measure, and with the corresponding integration denoted E, and called expectation.
(1) The random variables are the real functions f € L*(X).
(2) The moments of such a variable are the numbers My(f) = E(f*).
(3) The law of such a variable is the measure giwen by My(f) = [ a"dpuys(x).

To be more precise here, the fact that a measure py as above exists indeed is not
exactly trivial. But we can do this by looking at formulae of the following type:

E(o(f)) = / o(@)dy (2)
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Indeed, having this for monomials ¢(x) = ™, as above, is the same as having it
for polynomials ¢ € R[X], which in turn is the same as having it for the characteristic
functions ¢ = x; of measurable sets I C R. Thus, in the end, what we need is:

P(fel)=psl)
But this formula can serve as a definition for ;y, and we are done. Next, we have:
DEFINITION 11.33. Two variables f,g € L>=(X) are called independent when
E(f*q") = B(f*) E(d")
happens, for any k,l € N.

Again, this quick definition hides some non-trivial things, the idea being a bit as
before, namely that of looking at formulae of the following type:

Elp(f)v(9)] = Elp(H] El¥(9)]

To be more precise, passing as before from monomials to polynomials, then to char-
acteristic functions, we are led to the usual definition of independence, namely:

P(fel,geJ)=P(fel)P(geJ)
As a first result now, which is something very standard, we have:

THEOREM 11.34. Assuming that f,g € L>°(X) are independent, we have

Hf+g = Hf* Hg
where *x is the convolution of real probability measures.

PrOOF. We have the following computation, using the independence of f, g:

/RQ?deHg(l’) =E((f+9)") = Z (i) M, (f)My—r(9)

r

On the other hand, we have as well the following computation:

/R o d(jig 1) (@) = / )y (o))

S (k> M,(f) My (9)

T

Thus py44 and py * g have the same moments, so they coincide, as claimed. U
As a second result on independence, which is more advanced, we have:
THEOREM 11.35. Assuming that f,g € L>°(X) are independent, we have
Firg = FiFy
where Fy(x) = E(e'f) is the Fourier transform.
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Proor. This is something which is very standard too, coming from:

Froglz) = / e (117 * j1,)(2)

= [ e )y
RxR

R
= Fi(x)Fy(z)

Thus, we are led to the conclusion in the statement. Il
Getting now to more concrete things, we can introduce the normal laws, as follows:

DEFINITION 11.36. The normal law of parameter 1 is the following measure:
1
g1 5
More generally, the normal law of parameter t > 0 is the following measure:
1
g = ——e Py

V27t

These are also called Gaussian distributions, with “g” standing for Gauss.

e 2y

Observe that the above laws have indeed mass 1, as they should. This follows indeed
from the Gauss formula, which gives, with x = /2t y:

/eIQ/Qtdx = \/2_t/ e’dey = 2nt
R R

Generally speaking, the normal laws appear as bit everywhere, in real life. The reasons
behind this phenomenon come from the Central Limit Theorem (CLT), namely:

THEOREM 11.37 (CLT). Given random wvariables fi, fa, f3,... € L>®(X) which are
i.9.d., centered, and with variance t > 0, we have, with n — oo, in moments,

1 n
Ly ieg
v i=1
where g; is the normal law of parameter t.

PROOF. In terms of moments, the Fourier transform Fy(z) = E(e**/) is given by:

Fy(e) = E (Z /) ) _ SR

k=0 k=0



Thus, the Fourier transform of the variable in the statement is:

Flz) = {Ff (i
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vn

)

ta? "
= |1—=—+4+0(n?
~ 67t12/2

On the other hand, the Fourier transform of g; is given by:

th(l')

Vart Jr

V27t
1

V27t

t+ixydy

1 / 6_(y/\/§—\/t/2ix)2—m2/2dy
R

/ 6_22_tx2/2\/%dz
R

1 —t 2/2/ _ .2
—e 7 e “dz
VT R

e—tx2/2

Thus, we are led to the conclusion in the statement.

Finally, let us record the following useful property of the normal laws:

THEOREM 11.38. The even moments of the normal law are the numbers

where k!l = (k — 1)(k — 3)(k —5) ..., and the odd moments vanish.

ProOF. We have the following computation, valid for any integer k € N:
1 k 2
eV /2
V27t /]Ry Y
1 2 /
(tykfl) (_efy /Qt) dy
V27t /R
1 2
tk — 1)y 2e v /2dy
V27t /R

M, =

Thus by recurrence, we are led to the formula in the statement.

In the relation now with spheres and geometry, we have the following key result:

My(g;) = t+/?

1

V27t
t(k— 1) My

t(k—1) x

x k!

/ yk—Qe—y2/2tdy
R

271
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THEOREM 11.39. The moments of the hyperspherical variables are

N — 1)!ipl!
/ wpdy = AN = DL
S]}Jg\ffl (N—I—p— 1)..

and the rescaled variables y; = vV Nx; become normal and independent with N — .

PRrROOF. According to the integration formula in Theorem 11.31, we have:

/ aPdx ~ NP x pll = NP2 M, (g1)
Syt

Thus, the rescaled variables v/ Nx; become normal with N — oo, as claimed. As for
the proof of the asymptotic independence, this is standard too, coming from:

N = Dyl ket
k1 kNd _ ( 1 N
/Snéy_f”l PN O (N + Sk; — D)lI

—3k;

By rescaling, the joint moments of the variables y; = v/ Nx; are given by:

/ YRy dr ~ kg k!
SN—I
R

Thus, we have multiplicativity, and so independence with N — oo, as claimed. U

1le. Exercises
Good analytic learning this was, in this chapter, and as exercises, we have:
EXERCISE 11.40. Clarify the geometric details, in our theory of the determinant.
EXERCISE 11.41. Clarify the details, in the proof of the change of variable formula.
EXERCISE 11.42. Try proving the Gauss formula without using 2 dimensions.
EXERCISE 11.43. Figure out the ranges of angles, in our spherical coordinate formulae.
EXERCISE 11.44. Learn more about the Stirling formula, and its various proofs.
EXERCISE 11.45. Learn about discrete probability, binomial and Poisson laws.
EXERCISE 11.46. Learn more about normal variables, real, complex and vectorial.
EXERCISE 11.47. Explicitly compute the hyperspherical laws in small dimensions.

As bonus exercise, you are good to go, for reading a probability book. Enjoy.



CHAPTER 12

Charges, matter

12a. Charges, Gauss

Welcome to advanced physics. That needs electrons, and here, you don’t necessarily
need a power outlet for having them, a basic Van de Graaff machine, or just rubbing some
suitable materials together, will do. Let us record this finding as follows:

Fact 12.1. Each piece of matter has a charge ¢ € R, which is normally neutral,
q = 0, but that we can make positive or negative, by using various methods. We say that
responsible for the charge is the amount of electrons present, as follows:

(1) When the matter lacks electrons, the charge is positive, g > 0.
(2) When there are more electrons than needed, the charge is negative, ¢ < 0.

As our first result now on this, due to Coulomb, and that will come as a physics fact
instead of a mathematical theorem, because, well, I must admit that what we have in
Fact 12.1 is more than borderline, as axiomatics for a theory, we have:

Fact 12.2 (Coulomb law). Any pair of charges q1,q2 € R is subject to a force as
follows, which is attractive if q1qo < 0 and repulsive if q1qa > 0,

\Q1CI2|
. 7

where d > 0 s the distance between the charges, and K > 0 is a certain constant.

|1Fl] = K

Observe the amazing similarity with the Newton law for gravity. However, as we will
soon discover, passed a few simple facts, things will be far more complicated here, the
point being that moving charges are something totally crazy. More on this later.

As in the gravity case, the force F' appearing above is understood to be parallel to the
vector oo — x1 € R? joining as x1 — x» the locations x1, 22 € R3 of our charges, and by
taking into account the attraction/repulsion rules above, we have:

ProrPOsSITION 12.3. The Coulomb force of 1 at x1 acting on qo at x5 is

Q1QQ(352 - 961)

F=K-
|[rg — 21][?

with K > 0 being the Coulomb constant, as above.

273
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PRrROOF. We have indeed the following computation:

To — X1
F = Sgn(Ql(D)'HFH' ||ZL'2—CL’1||
’QI1C]2‘ X2

(@@) K =00 T =)

K. 611(]2(% - iUl)
||y — 2] [?

Thus, we are led to the formula in the statement. Il
In relation with the value of the constant K appearing above, we have:

Fact 12.4. The Coulomb constant K is given by the formula
K = 8.987 551 7923(14) x 10°
in standard units, with the charges being measured in coulombs C, given by

10 ~ 6.241 509 x 108 ¢

where e is the elementary charge, namely minus that of an electron.

There are in fact several interesting things going on here. First, at the end you would
say why not simply saying that e is the charge of the proton +, but the thing is that the
proton + and the electron — do not have in fact the same exact charge, with sign switched,
and the electron was preferred, as always, over the proton for formulating things.

Which takes us into the question of why the charge of the electron is —, instead of
+. And there is a long story here, involving debates among the 18th century greats, and
with a little bit of confusion being involved too, because the electrons — are attracted
by positive charges ¢ > 0, and so observed around these positive charges ¢ > 0, which
might lead to the idea that they might have themselves a positive charge +, contributing
to ¢ > 0. Benjamin Franklin is generally credited for the — convention.

Things were later clarified in the early 20th century, with the atomic theory of Bohr
and others, where electrons — spin around a proton and neutron core ¢ > 0, and with
this picture, including the signs, looking like something very reasonable.

Passed all this, another peculiarity of Fact 12.4 comes in relation with the definition
of the coulomb, which is in fact given by definition by an exact formula, namely:

5 x 108

~ 0.801 088 317 °
This in practice gives the following more precise formula for the coulomb, which shows
that a charge of 1C' is something fractionary, that cannot be realized in real life:

1C' = 6241 509 074 460 762 607.776 e

1C
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The problem indeed comes from the following alternative definition of the coulomb,
in terms of the ampere, which is something more complicated, to be discussed later:

1C=1A"1s

Quite fun, all this, as always with units and constants. Let us end this discussion with
something concrete, useful, and very illustrating, in relation with gravity, as follows:

THEOREM 12.5. The electrical repulsion between two electrons is about
R=10%
times bigger than their gravitational attraction.

Proor. Consider indeed two electrons, having masses m, m and charges —e, —e. The
magnitudes of the electric repulsion F, and gravity attraction Fj are given by:

2 2
IRl =" IR=
Thus the ratio of forces R that we want to measure is given by:
_E]_ Ke?
CIFl Gm?

Regarding now the data, this is as follows, with m at rest, and in standard units,
namely meters and seconds, also kilograms, and including now coulombs too:

K =8897x10° , G=6.674x10""

e=1602x10"" | m=09.109 x 107
We obtain the following approximation for the ratio R considered above:

8.897 x 1.6022 10° x 10738

R =
6.674 x 9.1092 ~ 10-11 x 109
= (4.123 x 107?) x 10"
~ 10*
Thus, we are led to the conclusion in the statement. ]

Let us develop now some basic mathematics for electrostatics. We first have:

DEFINITION 12.6. Given charges qi,...,q. € R located at positions 1, ...,z € R3,
we define their electric field to be the vector function
Bla) = kS ElE =)

= [z —a]?
so that their force applied to a charge Q € R positioned at v € R? is given by F = QF.

More generally, we will be interested in the electric fields of various non-discrete con-
figurations of charges, such as charged curves, surfaces and solid bodies:
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DEFINITION 12.7. The electric field of a charge configuration L C R3, with charge
density function p: L — R, is the vector function

(x — 2)
0=k [ R
|z — 2] |3
so that the force of L applied to a charge Q) positioned at x is given by F = QF.

It is convenient now to forget about charges, and focus on the study of the correspond-
ing electric fields E. These fields are by definition vector functions E : R? — R3, with the
convention that they take +oo values at the places where the charges are located, and
intuitively, are best represented by their field lines, which are constructed as follows:

DEFINITION 12.8. The field lines of E : R3 — R3 are the oriented curves
yCR?
pointing at every point x € R? at the direction of the field, F(x) € R3.

As a basic example here, for one charge the field lines are the half-lines emanating
from its position, oriented according to the sign of the charge:

N T A NS
— o — - O «
YN 2T N

For two charges now, if these are of opposite signs, + and —, you get a picture that
you are very familiar with, namely that of the field lines of a bar magnet:

S = = =N\
NS 2N
— B® - - o o O
LN o o SN
NN == S
If the charges are +,+ or —, —, you get something of similar type, but repulsive this
time, with the field lines emanating from the charges being no longer shared:
<~ NN S o
T/ N7
— @ & -
AN YA
= v NN &

These pictures, and notably the last one, with +,+ charges, are quite interesting,
because the repulsion situation does not appear in the context of gravity. Thus, we can
only expect the geometry here to be far more complicated than that of gravity.

Let us introduce now a key definition, for the understanding of this, as follows:
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DEFINITION 12.9. The fluz of an electric field E : R® — R3 through a surface S C R3,
assumed to be oriented, is the quantity

Bp(S) = /S < B(z),n(z) > dz

with n(x) being unit vectors orthogonal to S, following the orientation of S. Intuitively,
the flux measures the signed number of field lines crossing S.

To be more precise, here by orientation of S we mean a choice of unit vectors n(z)
orthogonal to S, which must vary continuously with x. For instance a sphere has two
possible orientations, one with all these vectors n(z) pointing inside, and one with all
these vectors n(x) pointing outside. More generally, any surface has locally two possible
orientations, so if it is connected, it has two possible orientations. In what follows the
convention is that the closed surfaces are oriented, with each n(z) pointing outside.

As a first illustration for this, let us do a basic computation, as follows:

PRrROPOSITION 12.10. For a point charge ¢ € R at the center of a sphere S,

@E(S) = 2z

€o

where the constant is g = 1/(4nK), independently of the radius of S.

PROOF. Assuming that S has radius r, we have the following computation:

Op(S) = /s< E(x),n(z) > dz

K
()
S T T

K
.

5 T’
K
- x 4mr?
r2
= 4nKq
Thus with €9 = 1/(47K) as above, we obtain the result. O
More generally now, we have the following result:
THEOREM 12.11. The flux of a field E through a sphere S is given by

. QE’/LC

€0
where Qene 1s the total charge enclosed by S, and g = 1/(4nK).

Dp(S)
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PROOF. This can be done in several steps, as follows:

(1) Before jumping into computations, let us do some manipulations. First, by dis-
cretizing the problem, we can assume that we are dealing with a system of point charges.
Moreover, by additivity, we can assume that we are dealing with a single charge. And if
we denote by ¢ € R this charge, located at v € R3, we want to prove that we have the
following formula, where B C R? denotes the ball enclosed by S:

Pp(S) = 82061)63

(2) By linearity we can assume that we are dealing with the unit sphere S. Moreover,
by rotating we can assume that our charge ¢ lies on the Oz axis, that is, that we have
v = (r,0,0) with r > 0, r # 1. The formula that we want to prove becomes:

®p(S) = ia

(3) Let us start now the computation. With u = (z,y, z), we have:

Qp(S) = /S<E(u),u>du

A=K

<u-—v,u>
:Kq/&du
S

[lu = of[?
1- <
s |lu—olf?

1—rz
= K d
q/s (1 — 2xr+r2)3/2 Y

(4) By using now spherical coordinates, the integral from (3) becomes:

1—rx

Op(S) = Kq/ du

1 — 2xr + 1r2)3/2

27
1 —1rcoss
= K -sin sdsdt
q/ / (1 — 2rcos s + 1r2)3/2 SIS as

T (1 —rcoss)sins
= 21K
g q/o (1 —2rcoss + 1r?)3/2

q (1 —rcoss)sins p
= — s
2e0 Jo (1 —2rcoss+ r2)3/2
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(5) The point now is that the integral on the right can be computed with the change
of variables x = cos s. Indeed, we have dr = — sin s ds, and we obtain:

/7r (1 —rcoss)sins p /1 1—rx ;
S — X
o (1 —2rcoss+r2)3/?2 (1= 2rz + r2)32

B [ x—r ]
B V1-=2rz+1r2]

B 1—r —1-r
VI 2r 12 VT4 2r o2
1—r
= T +1
- 251«<1
Thus, we are led to the formula in the statement. Il

Even more generally now, we have the following result, due to Gauss:

THEOREM 12.12 (Gauss law). The flux of a field E through a surface S is given by
_ Qenc

€o
where Qene is the total charge enclosed by S, and ¢y = 1/(47K).

D (S)

Proor. This basically follows from Theorem 12.11, or even from Proposition 12.10,
by adding to the results there a number of new ingredients, as follows:

(1) Our first claim is that given a closed surface S, with no charges inside, the flux
through it of any choice of external charges vanishes:

This claim is indeed supported by the intuitive interpretation of the flux, as corre-

sponding to the signed number of field lines crossing S. Indeed, any field line entering as
+ must exit somewhere as —, and vice versa, so when summing we get 0.

(2) In practice now, in order to prove this rigorously, there are several ways. A first
argument, which is quite elementary, is the one used by Feynman in [34], based on the
fact that, due to F' ~ 1/d?, local deformations of S will leave invariant the flux, and so
in the end we are left with a rotationally invariant surface, where the result is clear.

(3) A second argument, which basically uses the same idea, but is perhaps a bit more
robust, is by redoing the computations in the proof of Theorem 12.11, by assuming this
time that the integration takes place on an arbitrary surface as follows:

S\ = {)\(u)u‘u € S}

And T will leave the computations here to you, as an interesting exercise.
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(4) But with this, we can finish by using a standard math trick. We can assume indeed
that our system of charges is discrete, consisting of enclosed charges ¢q1,...,q € R, and
an exterior total charge Q).,;. Then, we can surround each of ¢y, ..., g by small disjoint
spheres Uy, ..., Uy, chosen such that their interiors do not touch S, and we have:

Pp(S) = Pp(S—Ul;) + Pp(UL;)
= 0+ Pp(UL;)

= Z‘I)E(U”
s

_ Qenc
=
Thus, we are led to the conclusion in the statement. We will be actually back to the
present theorem in a moment, with a second proof as well, even more conceptual. Il

12b. Green and Stokes

In order to reach to a better understanding of the Gauss law, we will need some more
mathematics. Let us start with the following basic result, in 2 dimensions:

THEOREM 12.13 (Green). Given a plane curve C C R?, we have the formula

d dP
/ Pdz + Qdy = / (—Q — —) dxdy
c p \dxr dy

where D C R? is the domain enclosed by C'.

PROOF. We can parametrize the enclosed domain D as follows:

p={zyla<e<b )<y <o)}

We have then the following computation, which gives the result for P:
ap b9 ap
——dxdy = / / ——(x,y)dy | dx
/D dy a ( f(z) dy ( )
b
~ [ Plas(a)) - Plagla)ds
ab a
— [ Plsyis s [ Pegle)is
a b

= /Pclx
c

As for the result for the () term, the computation here is similar. O
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Getting now to 3D, let us begin with a standard definition, as follows:

DEFINITION 12.14. Given a function f : R® — R, its usual derivative f'(u) € R® can
be written as f'(u) = V f(u), where the gradient operator V is given by:

vV=|2<%

By using V, we can talk about the divergence of a function ¢ : R3 — R3, as being

d
dr Pz
AN _dp, | dpy, | dp.
<V,g0>—< di ’ :Zy >_dx+dy+dz
dz z

as well as about the curl of the same function ¢ : R — R3, as being

d de. _ dpy

Uz % P ddy ddz

— a _ P Pz
VXo=|uy 7 @y = afi—z i
U i Py dSOz

z dz SOZ dx dy

where ug, Uy, u, are the unit vectors along the coordinate directions x,y, 2.

All this might seem a bit abstract, but is in fact very intuitive. The gradient V f points
in the direction of the maximal increase of f, with |V f| giving you the rate of increase
of f, in that direction. As for the divergence and curl, these measure the divergence and
curl of the vectors p(u + v) around a given point v € R?, in a usual, real-life sense.

As a continuation now of our calculus work, we have the following result:

THEOREM 12.15 (Stokes). Given a smooth oriented surface S C R®, with boundary
C' C R3, and a vector field F, we have the following formula:

/<(V><F)(;E),n(a:)>d:z::/ < F(z),dz >
s

C

In other words, the line integral of a vector field F' over a loop C' equals the surface integral
of the curl of the vector field v, over the enclosed surface S.

Proor. This basically follows from the Green theorem, the idea being as follows:

(1) Let us first parametrize our surface S, and its boundary C'. We can assume that
we are in the situation where we have a closed oriented curve 7 : [a, b] — R?, with interior
D C R? and where the surface appears as S = ¢(D), with ¢ : D — R3. In this case, the
function § = v o y parametrizes the boundary of our surface, C' = dla, b|.



282 12. CHARGES, MATTER

(2) Let us first look at the integral on the right in the statement. We have the following
formula, with J,(¢) standing for the Jacobian of ¢ at the point y = (¢):

/C < F(z),dr> = / < F@()), di(r) >

o

- / < F((y)), J,()dy >

y
In order to further process this formula, let us introduce the following function:

Plue) = (P, 5w ) eu+ (PO 0) 00 e,

In terms of this function, we have the following formula for our line integral:

/C < F(x),dx >= / < P(y),dy >

gl
(3) In order to compute now the other integral in the statement, we first have:

dP, dP,

du  dv
_Jd(FY) dy d*y d(Fy) di d*y
N du ’%>+<F¢’ dudv>_< dv ’%>_<F¢’M>
_Jd(FY) @>_<d(F¢) ﬂ>
N w ' dv dv " du

_ n W
s (o) F = (Jpn F)') du>

We conclude that the integral on the left in the statement is given by:

/S < (V x F)(x),n(x) > dz

- /D<<v x F)(1(u,v)), %(u,v) x %(u,v}>dudv

dP, dP,
= /D(du - dy)dudv

(4) But with this, we are done, because the integrals computed in (2) and (3) are
indeed equal, due to the Green theorem. Thus, the Stokes formula holds indeed. O
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As a conclusion to what we did so far, we have the following statement:

THEOREM 12.16. The following results hold, in 3 dimensions:

(1) Fundamental theorem for gradients, namely

| < Ve >=10) - fla)

(2) Fundamental theorem for divergences, or Gauss or Green formula,

/B<V,g0>:/s<cp(x),n(x)>dx

(3) Fundamental theorem for curls, or Stokes formula,

/<(V><g0)(x),n(x)>dx:/ < p(z),dr >
A

P
where S is the boundary of the body B, and P is the boundary of the area A.

PROOF. This is a mixture of trivial and non-trivial results, with (1) being something
that we know well in 1D, namely fundamental theorem of calculus, and the general, N-
dimensional formula following from that, and with (2) and (3) being established above. [

Getting back now to electrostatics, as a main application of the above, we have the
following new point of view on the Gauss formula, which is more conceptual:
THEOREM 12.17 (Gauss). Given an electric potential E, its divergence is given by
<V,FE >= 1
€0
where p denotes as usual the charge distribution. Also, we have
VxFE=0

meaning that the curl of E vanishes.

PrROOF. We have several assertions here, the idea being as follows:

(1) The first formula, called Gauss law in differential form, follows from:

/B<V,E> = /S<E(m),n(x)>dx

= ®p(S)
Qenc
€0
r
B €o
Now since this must hold for any B, this gives the formula in the statement.
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(2) As a side remark, the Gauss law in differential form can be established as well
directly, with the computation, involving a Dirac mass, being as follows:

_ pR)e—2)
<V,E>(z) = <V,K e e —2F d>

r—z

- K]W<Vwm—zm>”“””

€o
And with this in hand, we have via (1) a new proof of the usual Gauss law.

(3) Regarding the curl, by discretizing and linearity we can assume that we are dealing
with a single charge ¢, positioned at 0. We have, by using spherical coordinates r, s, t:

b b K
/<E(x),d:v> = /<—qx3,d:v>
@ o\l
" IK
:/ Ka v o0
o \ 72 ]z

1 1
(i
Ta Ty

In particular the integral of E over any closed loop vanishes, and by using now Stokes’
theorem, we conclude that the curl of E vanishes, as stated. U

12c. Maxwell equations

Time to make our charges move. Just by feeding a light bulb with a battery, and
playing a bit with the cables, we are led to the following interesting conclusion:

Fact 12.18. Parallel electric currents in opposite directions repel, and parallel electric
currents in the same direction attract.

We can in fact say even more, by further playing with the cables, armed this time
with a compass. The conclusion is that each cable produces some kind of “magnetic



12C. MAXWELL EQUATIONS 285

field” around it, which interestingly, is not oriented in the direction of the current, but is
rather orthogonal to it, given by the right-hand rule, as follows:

Fact 12.19 (Right-hand rule). An electric current produces a magnetic field B which
15 orthogonal to it, whose direction is given by the right-hand rule,

namely wrap your right hand around the cable, with the thumb pointing towards the direc-
tion of the current, and the movement of your wrist will give you the direction of B.

This is something even more interesting than Fact 12.18. Indeed, not only moving
charges produce something new, that we’ll have to investigate, but they know well about
3D, and more specifically about orientation there, left and right, even if living in 1D.

And isn’t this amazing. Let us summarize this discussion with:
Fact 12.20. Charges are smart, they know about 3D, and about left and right.

With this discussed, let us go ahead and investigate the charge smartness, and more
specifically the magnetic fields discovered above. In order to evaluate the properties of
the magnetic fields B coming from electric currents, the simplest way is that of making
them act on exterior charges (). And we have here the following result:

Fact 12.21 (Lorentz force law). The magnetic force on a charge @), moving with
velocity v in a magnetic field B, is as follows, with X being a vector product:

F,=(vxB)Q
In the presence of both electric and magnetic fields, the total force on @ is
F=(E+vxB)Q
where E is the electric field.

Here the occurrence of the vector product X is not surprising, due to the fact that the
right-hand rule appears both in Fact 12.19, and in the definition of x. In fact, the Lorentz
force law is just a fancy reformulation of Fact 12.19, telling us that, once the magnetic
fields B duly axiomatized, and with this being a remaining problem, their action on

exterior charges () will be proportional to the charge, F,, ~ ), and with the orientation
and magnitude coming from the 3D of the right-hand rule in Fact 12.19.

As an interesting application of the Lorentz force law, we have:
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THEOREM 12.22. Magnetic forces do not work.
ProoOF. This might seem quite surprising, but the math is there, as follows:
dW,, = < F,,,dx >
= < (vxB)Q,vdt >
= Q<vxBv>dt
= 0
Thus, we are led to the conclusion in the statement. U

Moving ahead now, let us talk axiomatization of electric currents, including units. We
have here the following definition, clarifying our previous discussion about coulombs:

DEFINITION 12.23. The electric currents I are measured in amperes, given by:
1A=1C/s
As a consequence, the coulomb is given by 1C' = 1A X 1s.

With this notion in hand, let us keep building the math and physics of magnetism.
So, assume that we are dealing with an electric current I, producing a magnetic field B.
In this context, the Lorentz force law from Fact 12.21 takes the following form:

F, = / (dx x B)I
The current being typically constant along the wire, this reads:
F,=1 / dr x B
We can deduce from this the following result:
THEOREM 12.24. The volume current density J satisfies
<V,J>=—p
called continuity equation.

ProOOF. We have indeed the following computation, for any surface S enclosing a
volume V', based on the Lorentz force law, and on the overall chage conservation:

/<V,J> = /<J,n(x)>dx
v S

o d
T

.y

Thus, we are led to the conclusion in the statement. U
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Moving ahead now, let us formulate the following definition:

DEFINITION 12.25. The realm of magnetostatics is that of the steady currents,

p=0 , J=0
i analogy with electrostatics, dealing with fixed charges.

As a first observation, for steady currents the continuity equation reads:
<V,J>=0

We have here a bit of analogy between electrostatics and magnetostatics, and with
this in mind, let us look for equations for the magnetic field B. We have:

Fact 12.26 (Biot-Savart law). The magnetic field of a steady line current is given by
o [I Xz
“dn ) (2P
where g is a certain constant, called the magnetic permeability of free space.

This law not only gives us all we need, for studying steady currents, and we will talk
about this in a moment, with math and everything, but also makes an amazing link with
the Coulomb force law, due to the following fact, which is also part of it:

Fact 12.27 (Biot-Savart, continued). The electric permittivity of free space ey and the
magnetic permeability of free space pg are related by the formula

1

EoHo = 2
where ¢ is as usual the speed of light.

This is something truly remarkable, and very deep, that will have numerous conse-
quences, in what follows, be that for investigating phenomena like radiation, or for making
the link with Einstein’s relativity theory, both crucially involving c.

But, first of all, this is certainly an invitation to rediscuss units and constants, as a
continuation of our previous discussion on this topic. In what regards the units, we won’t
be impressed by the ampere, and keep using the coulomb, as a main unit:

CONVENTIONS 12.28. We keep using standard units, namely meters, kilograms, sec-
onds, along with the coulomb, defined by the following exact formula
5 x 10'8

0.801 088 317 *
with e being minus the charge of the electron, which in practice means:

1C ~ 6.241 x 102 ¢

We will also use the ampere, defined as 1A = 1C/s, for measuring currents.

1C =
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In what regards constants, however, time to do some cleanup. Indeed, we have
been boycotting for some time already the Coulomb constant K, and using instead
g0 = 1/(4wK), due to the ubiquitous 47 factor, coming from the Gauss formula.

Together with Fact 12.27, this suggests using the numbers ¢, 1o as our new constants,
by always keeping in mind oo = 1/c¢?, and by having of course the speed of light ¢ as
constant too, and we are led in this way into the following conventions:

CONVENTIONS 12.29. We use from now on as constants the electric permittivity of
free space €y and the magnetic permeability of free space g, given by

g0 = 8.854 187 8128(13) x 102

fo = 1.256 637 062 12(19) x 107°
as well as the speed of light, given by the following exact formula,

c=299792458
which are related by eopo = 1/c*, and with the Coulomb constant being K = 1/(4mey).

Observe in passing that we are not messing up our figures, which can be quite often
the case in this type of situation, because according to our data, we have:

goptoc® ~ 8.854 x 1.257 x 3.000% x 1071276 = 1001
Getting back now to theory and math, the Biot-Savart law has as consequence:
THEOREM 12.30. We have the following formula:
<V,B>=0
That is, the divergence of the magnetic field vanishes.

PRrROOF. We recall that the Biot-Savart law tells us that the magnetic field B of a
steady line current [ is given by the following formula:

o [IXx
CAn )l

By applying the divergence operator to this formula, we obtain:

<V,B> = Ho <VIX:C>

A Il

Ho € x
= b [(vxantn ) (VX )
A < [lz]? [|[[?

_ Mo TN
- 2 Opg) -0
=0

Thus, we are led to the conclusion in the statement. U
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Regarding now the curl, we have here a similar result, as follows:
THEOREM 12.31 (Ampere law). We have the following formula,
V X B = upJ
computing the curl of the magnetic field.

PRrROOF. Again, we use the Biot-Savart law, telling us that the magnetic field B of a
steady line current [ is given by the following formula:
_po [Ixx
Cdn ) 2P

By applying the curl operator to this formula, we obtain:

I xzx
VxB = Y
- 2/ mE) <
= Z; Ars, J—47T-O
= M0/5z'J
= o
Thus, we are led to the conclusion in the statement. Il

As a conclusion to all this, the equations of magnetostatics are as follows:
THEOREM 12.32. The equations of magnetostatics are
<V,B>=0 , VXB=uJ
with the second equation being the Ampere law.

Proor. This follows indeed from the above discussion, and more specifically from
Theorem 12.30 and Theorem 12.31, which both follow from the Biot-Savart law. U

With this discussed, what is next? Not very clear, and in the lack of our usual 3D
advisor, the rat, I mean I even tried with cheese, and he’s not there, here I am knocking
on the door of my neighbor, asking for a business meeting with her hamster. And with
the meeting approved, and hamster being in a very good mood, here is what he says:

HAMSTER 12.33. Sir, try making your electrons run around a loop, that can be quite
fun, and good for their health, too.

Thanks hamster, this sounds quite interesting. So, getting now to my garage, and
doing some experiments, here is what I found, and with later my physics colleagues from
Cergy telling me that this was actually known, long before, since Faraday:
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Fact 12.34 (Faraday laws). The following happen:

(1) Moving a wire loop ~y through a magnetic field B produces a current through ~.
(2) Keeping 7y fized, but changing the strength of B, produces too current through ~y.

In order to better explain what is going on here, let us start with the simplest electric
loop that we know, namely a battery feeding a light bulb:

I T T N
* O,
O ¢ — = = = ¥

Here the star stands for the fact that we don’t really know what happens inside the
battery, typically a complicated chemical process. Nor we will actually worry about the
bulb, let us simply assume that this bulb does not exist at all. We will be interested in
the force driving the current around the loop, and we have here:

ProOPOSITION 12.35. When writing the force driving the current through a loop 7 as
F=F +F,

with Fy, coming from the source, and F, coming from the loop, the quantity

€:/<F(x),dx>

~

called electromotive force, or emf of the loop, is simply obtained by integrating F.

ProoOF. We have indeed the following computation, based on the fact that F, being
an electrostatic force, its integral over the loop vanishes:

E = /<F(:z:),dx>

Y

= /<F*(:E),dx>+/<Fe(x),dx>

v Y

= / < Fi(z),dx > 40

y
= / < F(x),dx >
gl

Thus, we have our result, and with the remark of course that the emf £ € R is not
really a force, but this is the standard terminology, and we will use it. O

In relation now with the Faraday principles from Fact 12.34, these can be fine-tuned,
and reformulated in terms of the emf, in the following way:
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Fact 12.36 (Faraday). The emf of a loop v moving through a magnetic field B is
£— b
where ® s the flux of the field B through the loop 7, given by:

o = / < B(x),dz >
Y
As for the emf of a fixed loop v in a changing magnetic field B, this is

5:—/<B(:c),d:v>
2

which by Stokes is equivalent to the Faraday law A x E = —B.

All the above is very useful in electromechanics, for construcing electric motors. Get-
ting back now to theory, the above considerations lead to the following conclusion:

Fact 12.37 (Faraday). In the context of moving chages, the electrostatics law

VxE=0
must be replaced by the following equation,
VxE=-B

called Faraday law.

Along the same lines, and following now Maxwell, there is a correction as well to be
made to the main law of magnetostatics, namely the Ampere law, as follows:

Fact 12.38 (Maxwell). In the context of moving chages, the Ampére law
V xB= ,u()J
must be replaced by the following equation,
VxB= /Lo(J—l-SoE)

called Ampere law with Mazwell correction term.

Now by putting everything together, and perhaps after doublecheking as well, with
all sorts of experiments, that the remaining electrostatics and magnetostatics laws, that
we have not modified, work indeed fine in the dynamic setting, we obtain:

THEOREM 12.39 (Maxwell). Electrodynamics is governed by the formulae

<V,E>:£ , <V,B>=0

€0

VxE=-B , VxB=puJ+ peE
called Mazxwell equations.
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Proor. This follows indeed from the above, the details being as follows:
(1) The first equation is the Gauss law, that we know well.

(

2)
(3) The third equation is a previously anonymous law, modified into Faraday’s law.
4)

(

And with this, end of our discussion regarding electromagnetism. Good to have these
Maxwell equations on the table, and more on them later, in Part IV, when discussing
relativity and quantum mechanics, which are in fact behind all this. More later.

The second equation is something anonymous, that we know well too.

And the fourth equation is the Ampere law, as modified by Maxwell. O

12d. Thermodynamics

Not much time left for thermodynamics, in this chapter, and present Part III, but we
should definitely talk about this too. To start with, we already met gases, pressure and
heat on several occasions in this book, and what we know on the subject makes it quite
clear that any attempt of axiomatization would be something terribly complicated. So,
modesty, and instead of doing mathematical physics, as usual in this book, we will be
doing here plain physics, I mean phenomenology discussed, along with some formulae.

Let us start with some philosophy, which is actually very interesting in relation with
the general topic of this book, “forces and vectors”. We have been dealing so far with
“clean” physics, clear forces acting on clear objets, given by exact formulae, or at least
by exact equations. Of course, we have met a few dirty phenomena too, such as friction
and drag in the context of gravity, but we have usually waived such phenomena with
equations of the following type, with A € (0, 1) being a constant:

Freal = )\Fabstract

Getting now into dirty, real-life physics, in connection with nature surrounding us,
obviously what happens around us is not the effect of a single force, or of a handful of
such forces. At work are millions and millions of tiny little forces, acting between the
various small particles that we are made of, and what makes things rolling is the resulting
“force”, which appears as an average of these tiny little foces, over time ¢ > 0:

Frea = / / Einy
time J space

As a first comment, such kind of average is obviously not a force in the usual sense.
It is rather “something”, corresponding to a transformation of a complex system, over a
perceptible period of time ¢t > 0. So, as a conclusion, we will have to abandon our beloved
concept of force, and look for more realistic physical quantities to deal with.
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In thermodynamics, these quantities are pressure P and temperature 7', which, as
mentioned above, are quite difficult to axiomatize. So, take it easy, and since we already
know a bit about pressure P, here is something about temperature T" as well:

METHOD 12.40. Temperature measures the heat present in the environement, and can
be computed by exposing various materials, which can be solids, liquids or gases, to the
environement, and measuring their volume, based on the following facts:

(1) Heat dilates the material, and cold contracts the material.

(2) Heat flows from warm to cold, aiming at equalizing temperature.

(3) That heat flow needs some perceptible time t > 0, to fully happen.

(4) Temperature can be requlated, as to be independent of the material used.

All this looks quite reasonable, save perhaps for (1) which certainly does not apply
to things like freezing water, then for the flow direction in (2), which is opposite to the
direction where the wind goes, but this will be the least of our concerns, for the moment,
and then for the mysterious time ¢ > 0 needed in (3), and finally for some engineering
concerns in relation with (4) which again, will be the least of our concerns.

So long for the axiomatics, based on Method 12.40 we have now thermometers, so we
can talk about the beast 7" that these devices measure, even without precisely knowing
what 7" is. Going now directly for the kill, at the start of everything modern, we have:

FAcT 12.41. An ideal gas is subject to the equation of state
PV =kKT : k=Nb
where N s the number of molecules present, and where
b=1.380 649 x 10~*°

1s an exact constant, called Boltzmann constant.

As a first comment, this fact is something old as ever, going back to the 18th century
greats, such as Boyle and Charles, and then with further important contributions in the
19th century, by Gay-Lussac and Clausius, and then Maxwell and Boltzmann.

As a second comment, the above fact lies somewhere between fact and theorem. In-
deed, we know from chapter 6 that we have PV = 2K/3, and somehow the argument
would be that the total kinetic energy K corresponds to temperature 7', via:

2K
— =kT
3
Equivalently, by dividing everything by the number of molecules N, the individual

molecular kinetic energy Ky should correspond to temperature T, via:
2K,
3

=bT
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But is this obvious? We know that temperature 7" measures heat (), which is a form
of energy, and with this in mind, having Ky, ~ T perfectly makes sense. But finding
the precise proportionality factor amounts in doing the math for the approximately 10'°
collisions per second that must be added, and with this leading us into countless challenges.
And in addition to this, above everything, even if you manage to do the math, you still
need afterwards experimental physicists to confirm the fact that your model is indeed the
correct one, physically speaking. So, things complicated, with Fact 12.41.

This being said, as a matter of having some mathematics going, here is a key result
on the subject, due to Maxwell and Boltzmann, intimately related to PV = kT

THEOREM 12.42. The molecular speeds v € R® of a gas in thermal equilibrium are
subject to the Mazwell-Boltzmann distribution formula

_fom o \3/2 m||v||?
P (”)_<27rbT> eXp( 20T

with m being the mass of the molecules, and b being the Boltzmann constant.

PROOF. As before with other such things, this is something in between fact and
theorem. Here is Maxwell’s original argument, which is something quite elementary:

(1) We are looking for the precise probability distribution P of the molecular speeds
v = (v1, V2, v3) which makes the mechanics of gases work. Intuition tells us that P has no
corellations between the x, vy, z directions of space, and so we must have:

P(v) = f(v1)g(va)h(vs)

Moreover, by rotational symmetry the functions f, g, h must coincide, and so:

P(v) = f(v1)f(v2) f(vs)

(2) Further thinking, again invoking rotational symmetry, leads to the conclusion that
P(v) must depend only on the magnitude ||v|| of the velocity v € R3, and not on the
direction. Thus, we must have as well a formula of the following type:

P(v) = o(][v][*)
(3) Now by comparing the requirements in (1) and (2), we are led via some math to
the conclusion that ¢ must be an exponential, which amounts in saying that:

P(v) = Aexp (—C’||v||2)

(4) Obviously we must have C' > 0, for things to be bounded, and then by integrating
we can obtain A as function of C, and our formula becomes:

P(v) = (g)z/z exp (—=Cl[vl?)
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(5) It remains to find the value of C' > 0. But for this purpose, observe that, now that
we have our distribution, be that still depending on C' > 0, we can compute everything
that we want to, just by integrating. In particular, we find that on average:

B=d=vi=
Thus the average magnitude of the molecular speed is given by:
3
loll = o5
It follows that the average kinetic energy of the molecules is:
mllv|[?  3m
Ro="9"=4

(6) On the other hand, recall from our discussion before that one of the many equiv-
alent formulations of PV = kT, using PV = 2K/3, was as follows:

2K,
220 _yr
3
(7) Thus we obtain m/(2C) = bT, and so C = m/(2bT), as desired. O

Still regarding the gases, at a more advanced level now, we have:

THEOREM 12.43. Beyond the ideal gas setting, stating that we should have
PV =ET

the gases are subject to the Van der Waals equation
o
<P+W> (V= B8) = kT
depending on two parameters o, 3 > 0.

Proor. This is something quite tricky, with the correction parameters o, 8 > 0 ap-
pearing from a detailed study of the gas, from a kinetic viewpoint. For an introduction
to all this, we refer for instance to Huang [50], or Schroeder [76]. O

The above result is of key importance, and takes us into rethinking everything that
what we know about the ideal gases, which must be replaced with Van der Waals gases,
at the advanced level. Among the main consequences of this replacement, the isobars,
isochores, isothermals and adiabatics of the ideal gases, given by simple formulae, must
be replaced by isobars, isochores, isothermals and adiabatics for the Van der Waals gases,
which are no longer something trivial, with some interesting math being now involved.

Among others, this Van der Waals gas study makes appear some interesting points on
the isothermals, called triple and critical points of the gas. Which makes the connection
with the general theory of matter, which can be summarized as follows:
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Fact 12.44. Ordinary matter appears in 3 forms, namely solid, liquid and gaseous,
roughly appearing according to the following generic diagram

P

0

solid cp

liquid

tp gas
T

with tp, cp standing for the triple and critical points. Also, at low or high temperatures we
have interesting phenonema like Bose-FEinstein condensation, and plasma.

Needless to say, the quantity of things that can be said about all this is enormous.
Have a look at some standard books here, such as [9], [18], [41], [48], [59], [97].

12e. Exercises

Quite compact chapter that we had here, doing just 1/2 of the things that I was
planning to talk about, and as exercises on this, all about learning, we have:

EXERCISE 12.45.
EXERCISE 12.46.
EXERCISE 12.47.
EXERCISE 12.48.
EXERCISE 12.49.
EXERCISE 12.50.
EXERCISE 12.51.

EXERCISE 12.52.

Learn more about the Coulomb law and constant.

Learn more about the Biot-Savart law, and constants involved.
Learn more about the Ampere law, and its Mazwell correction.
Learn about the light basics, coming from the Maxwell equations.
Learn about basic thermodynamics, and the work of Joule.
Learn about Carnot and engines, and absolute temperature.
Learn from Ohm about the relation between electricity and heat.

Then learn from Planck more about this, radiation and heat.

As bonus exercise, which is part of the standard initiation to physics, choose between
electrodynamics and thermodynamics, and start reading some more.



Part IV

Four dimensions



There was Slugger O’Toole who was drunk as a rule
And fighting Bill Treacy from Dover
And your man Mick MacCann from the banks of the Bann
Was the skipper of the Irish Rover



CHAPTER 13

Linear algebra

13a. Diagonalization

Welcome to mathematics and physics in higher dimensions, typically N = 4, following
Einstein’s relativity theory, where space and time are related, or N = oo, following the
theory of quantum mechanics, as developed by Heisenberg, Schrodinger and the others,
and with anything in between, 4 < N < oo, being of course not ruled out either.

Things will be quite difficult, with relativity being related to motion and light, and
so to classical mechanics and electromagnetism, and with the relation with gravity being
present too, but in a more complicated way. As for quantum mechanics, that originally
appeared as a continuation of electromagnetism, meant to be exact, but non-relativistic,
which is a bit contradictory, electromagnetism being relativistic. But with the relativistic
correction being possible, leading to something quite complicated, namely quantum elec-
trodynamics. Which itself has troubles in being unified with the relativistic gravitational
theory, the finer particle theory and thermodynamics being not known yet to us.

In short, expect something quite complicated, using everything that we know, and
featuring some substantial logical loops, as we like them in physics, that would make any
pure mathematician jump up to the ceiling. As for the pure physicists, these will be not
spared either, with the main principle of theoretical physics, namely that God made this
world by using simple principles and equations, being quite often replaced in our context
by some fairly complicated equations, as we sometimes enjoy them in mathematics.

So, God bless, and let us have our exploration started. Advising us will be the cats,
and with this being a good choice I guess, cats being the most philosopher creations on
this planet, except perhaps for big trees, oceans and mountains. So, going now for my
good old lady, always there grumpy on the porch, meditating, here is what she says:

CAT 13.1. Does not look easy, what you want to understand. Start with some mathe-
matics, things that you know, and improve them a bit.

Which looks like a good advice, thanks cat. So, getting now into feline mode, I would
say that what we have as most valuable technology so far is linear algebra, I mean thinking
a bit, algebra, geometry, analysis and probability all come from linear algebra, and this
would be a good starting point, more linear algebra, developed without blinking.

299
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In practice, we already have some good knowledge of linear algebra from chapters 7
and 11, notably with the notion of determinant, developed there. However, as explained
in chapter 7, the main topic in linear algebra is diagonalization, which still remains to be
discussed. The basic diagonalization theory, that we already know, is as follows:

THEOREM 13.2. A wector v € CV s called eigenvector of A € My(C), with corre-
sponding eigenvalue A, when A multiplies by X\ in the direction of v:

Av = )v
In the case where CN has a basis vy, ...,vx formed by eigenvectors of A, with correspond-
ing eigenvalues A1, ..., Ay, in this new basis A becomes diagonal, as follows:
At
A~
AN

Equivalently, if we denote by D = diag(\y, ..., \y) the above diagonal matriz, and by
P = [v1...vN]| the square matriz formed by the eigenvectors of A, we have:

A=PDP!
In this case we say that the matriz A is diagonalizable.
ProoF. This is something elementary, that we know from chapter 7, as follows:

(1) The first assertion is clear, because the matrix which multiplies each basis element
v; by a number J; is precisely the diagonal matrix D = diag(Aq, ..., An).

(2) The second assertion follows from the first one, by changing the basis. We can
prove this by a direct computation too, because we have Pe; = v;, and so:

PDP_lvi = PDGZ = P>\zez = /\zPez = )\ﬂ)i
Thus, the matrices A and PDP~! coincide, as stated. Il

Let us discuss now some basic examples, namely the rotations, symmetries and pro-
jections in 2 dimensions. Regarding the symmetries and projections, we have:

PROPOSITION 13.3. The symmetry with respect to the Ox axis rotated by an angle
t/2 € R, and the projection on this same rotated Oz azis, given by

cost sint 1 /14 cost sint
St = : ) -Pt =3 :
sint —cost 2 sint 1 —cost

are both diagonalizable, their diagonal forms being as follows,

10 10
s h) )

and this regardless of the value of the angle t/2.
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PROOF. Both assertions are clear, and this even without computations, as follows:

(1) If we denote by L the line with respect to which our symmetry symmetrizes, we
can pick any vector v € L, and this will be an eigenvector with eigenvalue 1, and then
pick any vector w € L+, and this will be an eigenvector with eigenvalue —1.

(2) With L being as before, now the line where our projection projects, we can pick
any vector v € L, and this will be an eigenvector with eigenvalue 1, and then pick any
vector w € LT, and this will be an eigenvector with eigenvalue 0. U

Regarding now the rotations, here the situation is more complicated, as follows:
PROPOSITION 13.4. The rotation of angle t € R in the plane, given by
cost —sint
i = <Sint cost )

diagonalizes over the complex numbers as follows:

L1 1\ (e 0\ (1 —i
nes(c ) (0 a) ()

Over the real numbers the diagonalization is impossible, unless t = 0, 7.

PrRoOOF. We know this from chapter 7, with the eigenvectors coming from:
1 cost —sint)\ (1 cost —isint e
Rl ) =1 =1 : =e " .
i sint  cost ) icost +sint )
1 cost —sint 1 cost +isint af 1
Rl )= = ‘ . =e .
—i sint  cost —1 —icost +sint —1
Indeed, we are led in this way to the conclusions in the statement. O

As a non-example now, still in 2D, nightmare of all mathematicians, we have:

PROPOSITION 13.5. The following matriz is not diagonalizable,
01
7= (0 0)

ProoF. This is something that we know from chapter 7 too, the point being that for
the matrix J in the statement, the eigenvector/eigenvalue equation Jv = Av reads:

y\ (A

0/ \\y
Since at A # 0 we have no non-trivial eigenvectors, we are left with the case A = 0,
where the eigenvectors are the multiples of (é), leading to the above conclusions. ]

because it has only 1 eigenvector.

Finally, as a matter of having something in N > 3 dimensions too, let us record:
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THEOREM 13.6. The all-one, or flat matriz, diagonalizes according to

1
1 ... 1
L. J=lp | F;
N . : _N N .'. N
1 ... 1 0

2mi/N

where Fyy = (w'");; with w = e is the Fourier matriz, and Ff = (w™"7),;.

Proor. This is something quite tricky, worth a detailed discussion, as follows:

(1) Let us denote by Iy the all-1 matrix, set Py = Iy/N, and consider as well the
all-1 vector £ = (1); € RY. The matrices Iy, Py act on the vectors v € RY as follows:

HNUZZUi'f ; PNU:%'f

Now the point is that the formula on the right shows that Py is the orthogonal
projection on &, and so, as for any rank 1 projection, its diagonal form must be:
1

Py ~

0

(2) Next, how to diagonalize Py? And the problem here is that, when looking for
0-eigenvectors, we must explicitly solve the following equation:

Which is not an easy task, if we want a nice basis for the space of solutions. I mean,
try this over the reals, at N = 3,4, in order to understand what I am talking about.

(3) Fortunately, the complex numbers, and more specifically the N-th roots of unity,
come to the rescue. Indeed, with w = e*™/V as in the statement, we have the following
magic formula, coming from an obvious barycenter computation, in the plane:

1 N-1
7 2w =g
k=0

But this shows that the columns of the Fourier matrix Fyy = (w%);; are the desired
eigenvectors for Py, and with the standard discrete Fourier analysis convention that the
matrix indices are 7,5 = 0,1,..., N — 1, we are led to the formula in the statement.

(4) To be more precise here, we have the diagonal form from (1), and the passage
matrix from (3), and the point is that the root of unity formula in (3) shows that the
rescaling U = Fy/+/N is unitary, in the sense that U~ = U*, with U* = (Uji)i;. Thus,
by putting everything together, we are led to the formula in the statement. U
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Time now for some theory? In order to study the diagonalization problem, the idea
is that the eigenvectors can be grouped into linear spaces, called eigenspaces:

THEOREM 13.7. Let A € My (C), and for any eigenvalue A € C define the correspond-
ing eigenspace as being the vector space formed by the corresponding eigenvectors:

Ey\ = {UECN‘AU:/\’U}

These eigenspaces Ey are then in a direct sum position, in the sense that given vectors
v1 € By, ...,v; € E), corresponding to different eigenvalues Ay, ..., \,, we have:

Zcivi:() — ¢ =0
In particular, we have ), dim(E\) < N, with the sum being over all the eigenvalues, and
our matrix 1is diagonalizable precisely when we have equality.

PROOF. We prove the first assertion by recurrence on £ € N. Assume by contradiction
that we have a formula as follows, with the scalars ¢y, ..., c; being not all zero:

cur+ ...+ =0
By dividing by one of these scalars, we can assume that our formula is:
Vp = C1U1 + ...+ Cp_1Vk_1
Now let us apply A to this vector. On the left we obtain:
Avp = Avp = A1 + .o+ ApCr_1Uk—1
On the right we obtain something different, as follows:
Alcivr + ...+ cp1vk—1) = qAvp+ .o+ g1 Avg
= MU+ . F G 1 A1k
We conclude from this that the following equality must hold:
ALCIUL + oo+ ApCrh_1Vk—1 = CIA V1 + .« .. + Cl1 Ap—1Vk—1

On the other hand, we know by recurrence that the vectors vq,...,vx_1 must be
linearly independent. Thus, the coefficients must be equal, at right and at left:

ACl = C1A

AkCh—1 = Ck—1Ak—1
Now since at least one of the numbers ¢; must be nonzero, from \,¢; = ¢;\; we obtain
A = A;, which is a contradiction. Thus our proof by recurrence of the first assertion is
complete. As for the second assertion, this follows from the first one. O

In order to reach now to more advanced results, we can use the following key fact:
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THEOREM 13.8. Given a matrizc A € My(C), consider its characteristic polynomial:
P(z) = det(A — zly)
The eigenvalues of A are then the roots of P. Also, we have the inequality
dim(E)) < my
where my s the multiplicity of A, as root of P.

PRrOOF. The first assertion follows from the following computation, using the fact that
a linear map is bijective when the determinant of the associated matrix is nonzero:

v, Av=> v <= Ju,(A-Aly)v=0
< det(A—Aly)=0

Regarding now the second assertion, given an eigenvalue A of our matrix A, consider
the dimension d) = dim(F)) of the corresponding eigenspace. By changing the basis of
CY, as for the eigenspace E) to be spanned by the first d) basis elements, our matrix
becomes as follows, with B being a certain smaller matrix:

Mg, 0
a~ (N b)
We conclude that the characteristic polynomial of A is of the following form:
PA :Pkld)\PB = ()\—x)d*PB

Thus the multiplicity m, of our eigenvalue A, viewed as a root of P, is subject to the
estimate m, > d,, and this leads to the conclusion in the statement. O

Now recall that we are over C, where any polynomial equation of degree N € N has
exactly IV solutions, counted with multiplicities. By using this, we are led to:

THEOREM 13.9. Given a matriz A € My(C), consider its characteristic polynomial
P(X) =det(A— X1n)
then factorize this polynomial, by computing the complex roots, with multiplicities,
P(X) = (—DN(X = A)™ . (X = \p)™
and finally compute the corresponding eigenspaces, for each eigenvalue found:

Ei:{UE(CN

Av = )\iv}
The dimensions of these eigenspaces satisfy then the following inequalities,

and A is diagonalizable precisely when we have equality for any i.



13A. DIAGONALIZATION 305

Proor. This follows by combining the above results. Indeed, by summing the in-
equalities dim(FE)) < m, from Theorem 13.8, we obtain an inequality as follows:

A A

On the other hand, we know from Theorem 13.7 that our matrix is diagonalizable
when we have global equality. Thus, we are led to the conclusion in the statement.  [J

This was for the main result of linear algebra. There are countless applications of this,
and generally speaking, advanced linear algebra consists in building on Theorem 13.9. As
a first consequence of Theorem 13.9, which is very useful in practice, we have:

THEOREM 13.10. If a matrix A € My(C) has distinct eigenvalues, then it is diago-
nalizable. Moreover, this is indeed the case, for the generic matrices.

PROOF. The first assertion is clear from Theorem 13.9, because the criterion there for
diagonalization is trivially satisfied when the eigenvalues are different, as follows:

Y dim(Ey,) =) 1=N

As for the second assertion, this is something quite intuitive, coming from the fact
that N numbers A, ..., Ay € C picked at random must be distinct. Of course, this does
not stand as a formal proof, but we will come back to this in a moment, with a proof. [J

Getting back now to Theorem 13.9, the main problem raised by the diagonalization
procedure is the computation of the eigenvalues. As here, as a useful trick, we have:

THEOREM 13.11. The complex eigenvalues of a matric A € My(C), counted with
multiplicities, have the following properties:

(1) Their sum is the trace.
(2) Their product is the determinant.

ProoF. Consider indeed the characteristic polynomial P of the matrix:
P(X) = det(A— X1y)
= (—D)MXY 4 (=DV (A XN 4 4 det(A)
We can factorize this polynomial, by using its N complex roots, and we obtain:

P(X) = (—D)M(X =X)...(X = An)

= (-D)VNXN 4 (- (Z AZ) XV ]

Thus, we are led to the conclusion in the statement. Il

Regarding now the intermediate terms, we have here the following result:
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THEOREM 13.12. Assume that A € My(C) has eigenvalues Ay, ..., Ay € C, counted
with multiplicities. The basic symmetric functions of these eigenvalues, namely

C = E )‘il c. /\Zk
11 <...<tp

are then given by the fact that the characteristic polynomial of the matriz is:
N

P(X) = (~)V 3 (e x*

k=0
Moreover, all symmetric functions of the eigenvalues, such as the sums of powers

ds = A+ ...+ Ay
appear as polynomials in these characteristic polynomial coefficients cy.

PROOF. As explained in the previous proof, the characteristic polynomial is:
PX) = (—D)MX =X)...(X = n)

= (—DYXV 4+ (- (Z /\i> XN+
= (DY (XY = XV 4+ o+ (1) Vew)

Thus, with the convention ¢y = 1, we are led to the first assertion. As for the second
assertion, this comes by doing some abstract algebra, say good exercise for you. O

Let us go back now to Theorem 13.10, and more specifically, to the last assertion
there, which was a quite strong statement. In order to discuss this, we first have:
THEOREM 13.13. For a matriz A € My(C) the following conditions are equivalent,

(1) The eigenvalues are different, \; # \;,

(2) The characteristic polynomial P has simple roots,
(3) The characteristic polynomial satisfies (P, P') =1,
(4) The discriminant of P is nonzero, A(P) # 0,

and in this case, the matriz is diagonalizable.
PRrROOF. The equivalences in the statement are all standard, the idea being as follows:
(1) <= (2) This follows indeed from Theorem 13.9.
(2) < (3) This is standard, the double roots of P being roots of P’.

(3) <= (4) This is something standard too, coming from the well-known fact that
the discriminant A(P) appears as a normalized version of the resultant R(P, P’). And
for more on this, you can check any standard calculus book, such as mine [11].

As for the last assertion, this is something that we know, from Theorem 13.10. O
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We can now put everything together, along with some more, and we obtain the fol-
lowing useful collection of density results, which are all nuclear-grade weapons:

THEOREM 13.14. The following happen, inside My (C):

(1) The invertible matrices are dense.
(2) The matrices having distinct eigenvalues are dense.
(3) The diagonalizable matrices are dense.

PROOF. These are quite advanced results, which can be proved as follows:

(1) This is clear, intuitively speaking, because the invertible matrices are given by the
condition det A # 0. Thus, the set formed by these matrices appears as the complement
of the hypersurface det A = 0, and so must be dense inside My (C), as claimed.

(2) Here we can use a similar argument, this time by saying that the set formed by
the matrices having distinct eigenvalues appears as the complement of the hypersurface
given by A(P4) = 0, and so must be dense inside My (C), as claimed.

(3) This follows from (2), via the fact that the matrices having distinct eigenvalues
are diagonalizable, that we know from Theorem 13.10. There are of course some other
proofs as well, for instance by putting the matrix in Jordan form. U

As an interesting list of applications of the above density results, we have:

THEOREM 13.15. The following happen:

(1) We have Pap = Pga, for any two matrices A, B € My(C).
(2) AB, BA have the same eigenvalues, with the same multiplicities.
(3) If A has eigenvalues Ay, ..., Ay, then f(A) has eigenvalues f(A\1),..., [(AN).

PROOF. These results can be deduced by using Theorem 13.14, as follows:

(1) It follows from definitions that the characteristic polynomial of a matrix is invariant
under conjugation, in the sense that we have the following formula:

Po = Paca—
Now observe that, when assuming that A is invertible, we have:
AB = A(BA)A™!

Thus, we have the result when A is invertible. By using now Theorem 13.14 (1), we
conclude that this formula holds for any matrix A, by continuity.

(2) This is a reformulation of (1) above, via the fact that P encodes the eigenvalues,
with multiplicities, and which is hard to prove with bare hands.

(3) This is something more informal, clear for the diagonal matrices D, then for the
diagonalizable matrices PDP~!, and finally for all matrices, by using Theorem 13.14 (3),
provided that f has suitable regularity properties. We will be back to this. U
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13b. Spectral theorems

In order to reach to a more advanced diagonalization theory, we need to have a more
geometric look at the matrices A € My(C), and at linear algebra in general. We first
have the following result, regarding the space CV itself, which is straightforward:

THEOREM 13.16. We can talk about scalar products and lengths in C¥,

which are related by the following conversion formulae,

lz|| =+V<z, 2> , <zy>=

and the following happen:
(1) < Az,y >=< 2z, \y >= A< 1,y >.
2) <zty,z>=<z,2>+<y,z>.
<r,yt+tz>=<z,z2>+<y,z>.
<z Y>=<UY, T >.

(2)

(3)

(4)

(5) [[Az[] = [A] - [«]].
(6)

(7)

(

[l +yll* — [l — ylI* + ill= + iy[]* — il — iy|]”
4

| <y > [ <|lz|]-[ly]].
|z +yll < [l + Iyl
8) x Ly < < x,y>=0, by definition.

Proor. This is a straightforward complex remake of our previous result regarding
the real scalar products, from chapter 7, the details being as follows:

(1) To start with, we can certainly talk about scalar products and lengths in CV, as
above, and with the scalar product convention, which is the so-called mathematical one,
coming from the cats, I mean we had a cat seminar the other day, carefully examined
what has been done in quantum physics, from Heisenberg to Witten, and concluded that
the complex scalar products are best denoted < x,y >, and taken linear at left.

(2) Next, the proof of the complex polarization identity is as follows:
e +ylI? = llz = ylI* + il |z + ayl|* — il Jo — iy[]”
= el + [yl = Nl* = [yl + ill2]* + illy[]* = il |=]]* — il[y]]*
+2Re(< z,y >) + 2Re(< z,y >) + 2iIm(< x,y >) + 2ilm(< x,y >)
= 4d<z,y>

(3) We have as well a parallelogram rule, whose proof is similar, by developing the
scalar products, that I forgot to mention in the above statement, as follows:

1z +yll* + 1z — ylI* = 2(/[z|* + [ly[I*)
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(4) As for the various claims in the statement, their proof is similar to the one from
the real case, from chapter 7, and with Cauchy-Schwarz, which is the key statement there,
using the function f(t) = ||wx + ty||?, with ¢t € R and |w| = 1, good exercise for you. O

Back now to the complex matrices, the point is that these do not come alone, but
rather in pairs (A, A*), with the basics of the A — A* operation being as follows:
THEOREM 13.17. Given A € My(C), define its adjoint matriz by (A*);; = Ajq.

(1) < Az,y >=< z, A*y >, for any two vectors x,yy € CV.
(2) * = Uz with U € My(C) is an isometry precisely when U* = U~!.
(3) = Pz with P € My(C) is a projection precisely when P? = P* = P.

ProOF. This is something very standard, the idea being as follows:

(1) The formula < Az,y >=< z, A*y > is indeed clear from definitions on the basis
vectors, x,y € {e,...,ex}, and then by linearity, it must hold in general, as stated.

(2) Given a matrix U € My(C), we have indeed the following equivalences, with the
first one coming from the polarization identity, and the other ones being clear:
|Uz|| = ||z|| <= < Uz, Uy>=<uzx,y>
— <z, UUy>=<ux,y>
— U'Uy=y
— UU=1
—= Ur=U"!
(3) Given a matrix P € My(C), in order for x — Px to be an oblique projection, we
must have P? = P. Now observe that this projection is orthogonal when:
<Pr—z,Py>=0 <— < P'Pr—Px,y>=0
<~ P'Pr—Pz=0
< P'P—-P =0
<~ P'P=Pr
The point now is that by conjugating the last formula, we get P*P = P. Now by
comparing with P*P = P*, we obtain P = P*, and this gives the result. O

Back now to our usual diagonalization business, we first have:

THEOREM 13.18. Any matrix A € My(C) which is self-adjoint, A = A*, is diagonal-
izable, with the diagonalization being of the following type,

A=UDU*
with U € Uy, and with D € My(R) diagonal. The converse holds too.
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PROOF. As a first remark, the converse trivially holds, because if we take a matrix of
the form A = UDU*, with U unitary and D diagonal and real, then we have:

A* = (UDU*)* =UD*U* =UDU" = A

In the other sense now, assume that A is self-adjoint, A = A*. Our first claim is that
the eigenvalues are real. Indeed, assuming Av = \v, we have:

A<v,v> = < Av,v >
= <wv,Av >
= A<v,v>
Thus we obtain A € R, as claimed. Our next claim now is that the eigenspaces
corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:
Av=X v |, Aw = puw
We have then the following computation, by using the fact that we have u € R:
A<v,w> = < Av,w >
= <v,Aw >
= p<v,w>
Thus A\ # p implies v L w, as claimed. In order now to finish the proof, it remains to

prove that the eigenspaces of A span the whole space CV. For this purpose, we will use
a recurrence method. Let us pick an eigenvector of our matrix:

Av = lv
Assuming now that we have a vector w orthogonal to it, v 1 w, we have:
<Aw,v> = <w,Av >
= <w,\v >
= A<w,v>
0

Thus, if v is an eigenvector, then the vector space v— is invariant under A. Moreover,
since a matrix A is self-adjoint precisely when < Av,v >€ R for any vector v € CV, as
one can see by expanding the scalar product, the restriction of A to the subspace v is

self-adjoint. Thus, we can proceed by recurrence, and we obtain the result. U

4

As an interesting consequence of the above result, in the real case, we have:

THEOREM 13.19. Any matriz A € My(R) which is symmetric, A = A, is diagonal-
1zable, with the diagonalization being of the following type,

A=UDU"
with U € Oy, and with D € My(R) diagonal. The converse holds too.
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PROOF. As before, the converse trivially holds, because if we take a matrix of the
form A = UDU", with U orthogonal and D diagonal and real, then we have A® = A. In
the other sense now, this follows from Theorem 13.18, and its proof. U

An important class of self-adjoint matrices, which includes for instance all the orthog-
onal projections, are the positive matrices. The theory here is as follows:

THEOREM 13.20. For a matrix A € My(C) the following conditions are equivalent,
and if they are satisfied, we say that A is positive:
(1) A= B? with B= B*.
(2) A=CC*, for some C € My(C).
(3) < Az, >> 0, for any vector x € CV.
(4) A= A*, and the eigenvalues are positive, \; > 0.
(5) A=UDU*, with U € Uy and with D € My(R,) diagonal.

PRroOF. This is something very standard, the idea being as follows:
(1) = (2) This is clear, because we can take C' = B.
(2) = (3) This follows from the following computation:
< Ar,x >=<CC'x,x >=< C"z,C"x >> 0
(3) = (4) By using the fact that < Ax,x > is real, we have:
< Ax,x >=<z, A'r >=< A%z, x >

Thus we have A = A*, and the remaining assertion, regarding the eigenvalues, follows
from the following computation, assuming Ax = Ax:

<Ar,x >=<Ar,x>=A<xz,x>>0
(4) = (5) This follows indeed by using Theorem 13.18.

(5) = (1) Assuming A = UDU* with U € Uy, and with D € My(R,) diagonal,
we can set B = Uv/DU*. Then B is self-adjoint, and we have B? = A, as desired. O

Finally, let us record the following technical version of the above result:

THEOREM 13.21. For a matric A € My(C) the following conditions are equivalent,
and if they are satisfied, we say that A is strictly positive, and write A > 0:
(1) A= B?, with B = B*, invertible.
(2) A= CC*, for some C € My(C) invertible.
(3) < Az, >> 0, for any nonzero vector v € CV.
(4) A = A*, and the eigenvalues are strictly positive, \; > 0.
(5) A=UDU*, with U € Uy and with D € My(R?) diagonal.

Proor. This follows either from Theorem 13.20, by adding the extra assumptions in
the statement, or from the proof of Theorem 13.20, by modifying where needed. O
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13c. Normal matrices

With the above discussed, done with spectral theorems, and time to get a beer? You
must be kidding. Indeed, we know from Proposition 13.4 that the basic rotations are
diagonalizable too, so let us have a look now into this. Here is our general result:

THEOREM 13.22. Any matriz U € My(C) which is unitary, U* = U™, is diagonaliz-
able, with the eigenvalues on the unit circle T. More precisely we have

U=VDV*
with V € Uy, and with D € My(T) diagonal. The converse holds too.

PROOF. As a first remark, the converse trivially holds, because given a matrix of type
U=VDV* with V € Uy, and with D € My(T) being diagonal, we have:

U* — VD*V* — (V*)leflvfl — Ufl
Let us prove now the first assertion, stating that the eigenvalues of a unitary matrix
U € Uy belong to T. Indeed, assuming Uv = Av, we have:
<v,o> = <U'Uv,v>
= < Uv,Uv >
= <A\, v >
N? <v,v>

Thus we obtain A € T, as claimed. Our next claim now is that the eigenspaces
corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:

Uv=XM , Uw=pw
We have then the following computation, using U* = U~! and A, u € T:
A<v,w> = < Av,w >
= <Uv,w>
= <v,Uw >
= <ov,U'w>
= <w, ,u_lw >
= p<v,w>
Thus A # p implies v L w, as claimed. In order now to finish the proof, it remains to

prove that the eigenspaces of U span the whole space CV. For this purpose, we will use
a recurrence method. Let us pick an eigenvector of our matrix:

Uv =M
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Assuming that we have a vector w orthogonal to it, v L w, we have:
<Uw,v> = <w,U'v>
= <w U >
= <w, A\ v>
= A<w,v>
= 0
Thus, if v is an eigenvector, then the vector space v— is invariant under U. Now since

U is an isometry, so is its restriction to this space v*. Thus this restriction is a unitary,
and so we can proceed by recurrence, and we obtain the result. O

€1

Well done all this, and I have this feeling that you are thirsty again. Well, not yet,
because we still have to unify Theorem 13.18, dealing with the self-adjoints, with Theorem
13.22, dealing with the unitaries. And fortunately, this can be done, as follows:

THEOREM 13.23. Any matriz A € My(C) which is normal, AA* = A*A, is diagonal-
izable, with the diagonalization being of the following type,

A=UDU~
with U € Uy, and with D € My(C) diagonal. The converse holds too.

PROOF. As a first remark, the converse trivially holds, because if we take a matrix of
the form A = UDU*, with U unitary and D diagonal, then we have:

AA*=UDD*U* =UD*DU* = A*A
In the other sense now, this is something more technical. Our first claim is that a
matrix A is normal precisely when the following happens, for any vector v:
|[Av]| = [|A%v]]
Indeed, the above equality can be written as follows:
< AA* v, v >=< A"Av,v >

But this is equivalent to AA* = A*A, by expanding the scalar products. Our claim
now is that A, A* have the same eigenvectors, with conjugate eigenvalues:

Av =\ = A'v =\

Indeed, this follows from the following computation, and from the trivial fact that if
A is normal, then so is any matrix of type A — Aly:

[1(A" = ALy)ol| = [[(A = ALy) "] = [I(A = ALy)v][ =0

Let us prove now, by using this, that the eigenspaces of A are pairwise orthogonal.
Assume that we have two eigenvectors, corresponding to different eigenvalues, A # pu:

Av=X v |, Aw=pw
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We have the following computation, which shows that A\ # p implies v L w:
A<v,w> = < Av,w >
= < Av,w >
<wv, A*w >
= <, pw >
= p<v,w>
In order to finish, it remains to prove that the eigenspaces of A span the whole CV.
This is something that we have already seen for the self-adjoint matrices, and for unitaries,

and we will use here these results, in order to deal with the general normal case. As a
first observation, given an arbitrary matrix A, the matrix AA* is self-adjoint:

(AA™) = AA"

Thus, we can diagonalize this matrix AA*, as follows, with the passage matrix being
a unitary, V € Uy, and with the diagonal form being real, £ € My (R):

AA* =VEV®

Now observe that, for matrices of type A = UDU*, which are those that we supposed
to deal with, we have the following formulae:

V=U , E=DD

In particular, the matrices A and AA* have the same eigenspaces. So, this will be
our idea, proving that the eigenspaces of AA* are eigenspaces of A. In order to do so, let
us pick two eigenvectors v, w of the matrix AA*, corresponding to different eigenvalues,
A # p. The eigenvalue equations are then as follows:

AAv =X v , AA™w = pw

We have the following computation, using the normality condition AA* = A*A, and
the fact that the eigenvalues of AA*, and in particular u, are real:

A< Av,w > = < NAv,w >
= < A\w,w >
= < AAA™v,w >
= <AAAv,w >
= < Av, AA"w >
= < Av,pw >
= u<Av,w >

We conclude that we have < Av,w >= 0. But this reformulates as follows:
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Now since the eigenspaces of AA* are pairwise orthogonal, and span the whole CV,
we deduce from this that these eigenspaces are invariant under A:

A(EA) Cc E,

But with this result in hand, we can finish the proof of the theorem. Indeed, we
can decompose the problem, and the matrix A itself, following these eigenspaces of AA*,
which in practice amounts in saying that we can assume that we only have 1 eigenspace.
By rescaling, this is the same as assuming that we have AA* = 1, and so we are now into
the unitary case, that we know how to solve, as explained in Theorem 13.22. U

As a first application of our spectral theorems, we have the following result:

THEOREM 13.24. Given a matriz A € My(C), we can construct a matriz |A| as
follows, by using the fact that A*A is diagonalizable, with positive eigenvalues:

1A = VA A

This matriz | A| is then positive, and its square is |A|> = A. In the case N = 1, we obtain
in this way the usual absolute value of the complex numbers.

PRrOOF. Consider indeed the matrix A*A, which is self-adjoint. Thus, we can diago-
nalize this matrix as follows, with U € Uy, and with D diagonal:

A"A=UDU"

From A*A > 0 we obtain D > 0. But this means that the entries of D are real, and
positive. Thus we can extract the square root v/ D, and then set:

VA*A = UVDU*

And with this, done, because if we call this latter matrix |A|, then we are led to the
conclusions in the statement. Finally, the last assertion is clear from definitions. O

We can now formulate a useful polar decomposition result, as follows:

THEOREM 13.25. Given a matriz A € My(C), the following happen:

(1) When A is invertible, we have A = U|A|, with U being a unitary.
(2) In general, we still have A = U|A|, with U being a partial isometry.

PROOF. According to our definition of the modulus, |A| = v/A*A, we have:
<|Alz, |Aly > = <, |APy >
<z, A"Ay >
= < Ax, Ay >
We conclude that the following linear application is well-defined, and isometric:
U:Im|Al — Im(A) , |Alz — Az
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Next, we can further extend this linear isometric map U that we constructed into a
partial isometry U : CN — CV, in a straightforward way, by setting:

Ur=0 , VaeclIm|A”*
But with this convention, we have indeed the formula A = U|A|, as desired. g

And with this, curtain, good work that we did, and time now to celebrate.

13d. Spectral measures

Welcome back, and we would like to discuss now some interesting applications of our
spectral theorems, to advanced probability theory. Let us formulate indeed:

DEFINITION 13.26. Let N € N, and consider the algebra My(C) of complex N x N
matrices, with its normalized trace tr : My(C) — C, given by tr(A) = Tr(A)/N.

(1) We call random variables the self-adjoint matrices A € My (C).
(2) The moments of such a variable are the numbers My(A) = tr(AF).
(3) The law of such a variable is the measure given by My(A) = [; 2" dpa(z).

And isn’t this clever, and potentially interesting. To be more precise, what we have
here looks quite reasonable, and of distinct Heisenberg flavor, but as before with the usual
random variables f € L*(X), that we discussed in chapter 11, some work is needed, in
order to understand if the law p,4 exists indeed, and by which mechanism. And, good
news here, in the case of the simplest matrices, the real diagonal ones, we have:

THEOREM 13.27. For any diagonal matriz A € My(R) we have the formula

tr(P(A)) = %(P(Al) 4+ POW)

where A\, ..., Any € R are the diagonal entries of A. Thus the measure

1
HaA = N((M + ... +(5/\N)
can be regarded as being the law of A, in the sense of Definition 13.26.

PROOF. The first formula in the statement comes indeed from definitions. In partic-
ular, we conclude that the moments of A are given by the following formula:

1
My,(A) = tr(A") = N Zl: A
On the other hand, with s = 5(dx, + ...+ dx,) as in the statement, we have:

k 1 k 1 k
/Ra: duA(x)—N; Rx d(&i(:v)—ﬁgx\i

Thus that the law of A exists indeed, and is the measure p 4, as claimed. U
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The point now is that, by using the spectral theorem for self-adjoint matrices, we have
the following generalization of Theorem 13.27, dealing with the general case:

THEOREM 13.28. For a self-adjoint matriz A € My(C) we have the formula
1
tr(P(A)) = N(P(Al) +...+P(\y))

where A1, ..., Any € R are the eigenvalues of A. Thus the measure

1
na = N(d)\l + ... +5,\N)
can be regarded as being the law of A, in the sense of Definition 13.25.

PrOOF. According to Theorem 13.18 our matrix is diagonalizable, as follows:
A=UDU"
Now observe that the moments of A are given by the following formula:

tr(A¥) = tr(UDU*-UDU*...UDU")

= tr(UD*U")
= tr(D")
We conclude from this, by reasoning by linearity, that the matrices A, D have the
same law, ©u4 = pup, and this gives all the assertions in the statement. U

The above theory is not the end of the story, because we can talk about complex
random variables, f : X — C, and about non-self-adjoint matrices too, A # A*. We will
see that, with a bit of know-how, we can have some law technology going on, for both.

Let us start with the complex variables f € L>(X). The main difference with respect
to the real case comes from the fact that we have now a pair of variables instead of one,
namely f : X — C itself, and its conjugate f : X — C. Thus, we are led to:

DEFINITION 13.29. The moments a complex variable f € L*(X) are the numbers

My (f) = E(f k)
depending on colored integers k = o e @ o ... with the conventions
=1, fr=f, =7
and multiplicativity, in order to define the colored powers f*.

Observe that, since f, f commute, we can permute terms, and restrict the attention
to exponents of type k= ...ooceeee ... if we want to. However, our various results
below will look better without doing this, so we will use Definition 13.29 as stated.

Regarding now the notion of law, this extends too, the result being as follows:
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THEOREM 13.30. Each complex variable f € L*°(X) has a law, which is by definition
a complex probability measure p1y making the following formula hold,

Munzlfwwu>

for any colored integer k. Moreover, we have in fact the formula

Ewu»=4¢mwmw

valid for any integrable function ¢ : C — C.

PROOF. The first assertion follows exactly as in the real case, and with 2* being
defined exactly as f*, namely by the following formulae, and multiplicativity:

2=1, =z, =z

As for the second assertion, this basically follows from this by linearity and continuity,
by using standard measure theory, again as in the real case. U

Moving ahead towards matrices, all this leads to a mixture of easy and complicated
problems. First, Definition 13.29 has the following straightforward analogue:

DEFINITION 13.31. The moments a matriz A € My(C) are the numbers
My (A) = tr(A*)
depending on colored integers k = o e @ o ..., with the usual conventions
Al=1 , A=A A=4

and multiplicativity, in order to define the colored powers AF.

Y

As a first observation about this, unless the matrix is normal, AA* = A*A, we cannot
switch to exponents of type k =...cooeeee... asit was theoretically possible for the
complex variables f € L>°(X). Here is an explicit counterexample for this:

PROPOSITION 13.32. The following matrix, which is not normal,

01
=0 0)
has the property tr(JJ*JJ*) # tr(JJJ*J*).

PRrROOF. We have indeed the following two computations:

(3 )2 0) (3 9
tr(JJ - J*J7) = tr ((8 8) (8 8)) = (8 8)

Thus, we are led to the conclusion in the statement. U

0
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Summarizing, things are quite complicated, when attempting to talk about the law of
an arbitrary matrix A € My (C). However, as a solution to this, we have:

DEFINITION 13.33. The law of a complex matric A € My(C) is the following func-
tional, on the algebra of polynomials in two noncommuting variables X, X*:
pa:C< X, X*>—-C |, P—tr(P(A)

In the case where we have a complex probability measure py € P(C) such that

tr(P(A)) = / P(a) dpua(z)

we identify this complex measure with the law of A.

So, let us try to compute some matrix laws, in this sense, and see what we get. Based
on what we have, we can formulate the following result, with mixed conclusions:
THEOREM 13.34. The following happen:
(1) If A= A* then pa = (A1 + ...+ Ay), with \; € R being the eigenvalues.
(2) If A is diagonal, 1a = ~ (M + ... + An), with X; € C being the eigenvalues.

(3) For the basic Jordan block J, the law py is not a complex measure.
(4) In fact, assuming AA* # A*A, the law py is not a complex measure.

PRroOOF. This follows from the above, with only (4) being new. Assuming AA* # A*A,
in order to show that 4 is not a measure, we can use a positivity trick, as follows:

AA* — A*A#0 (AA* — A*A)? >0
AATAAY — AATA"A — ATAAA" + ATAA*A >0
tr(AA*AA" — AATA*A — A"AAA* + A"AA*A) > 0
tr(AATAA* + AAA*A) > tr(AATA"A + AAAA™)
tr(AA*AAY) > tr(AAA* A%

Thus, we are led to the conclusion in (4), the point being that we cannot obtain both
the above numbers by integrating |z|* with respect to a measure s € P(C). O

FEELE

Fortunately, by using the spectral theorem for normal matrices, we have:

THEOREM 13.35. Given a matriz A € My(C) which is normal, AA* = A*A, we have
the following formula, valid for any polynomial P € C < X, X* >,

1
tr(P(A)) = N(P()\l) +...+P(\y))
where A1, ..., Ay € C are the eigenvalues of A. Thus the complex measure

1
HA = N((;M +...+(5>\N)

is the law of A. In the non-normal case, the law pa is not a measure.
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PRrROOF. As before in the diagonal case, since our matrix is normal, AA* = A*A,
knowing its law in the abstract sense of generalized probability is the same as knowing
the restriction of this abstract distribution to the usual polynomials in two variables:

pa:CX, X" —-C |, P—tr(P(A)

In order now to compute this functional, we can write A = UDU*, as in Theorem
13.23, and then change the basis via U, which in practice means that we can simply
assume U = 1. Thus if we denote by \q,..., Ay the diagonal entries of D, which are the
eigenvalues of A, the law that we are looking for is the following functional:

A CX, X > C P%%(P(A1)+...+P()\N))

But this functional corresponds to integrating P with respect to the following complex
measure, that we agree to still denote by 4, and call distribution of A:

1
Ha = N(é,\l + ...+ 5,\1\,)
Thus, we are led to the conclusion in the statement. Il

Quite interesting, all this. Shall you ever get into things like quantum groups or
random matrices, Theorem 13.35 and its generalizations are what you will need.

13e. Exercises
Good linear algebra learning this was, and as exercises on this, we have:
EXERCISE 13.36. Find the passage matrix, for the plane symmetries and rotations.
EXERCISE 13.37. Learn more about the Fourier matrix, and its interpretations.
EXERCISE 13.38. Diagonalize 100 matrices of your choice, 3 X 3 of course.
EXERCISE 13.39. Learn more tricks, for computing the roots of polynomials.
EXERCISE 13.40. Learn about the resultant and discriminant of polynomials.
EXERCISE 13.41. Work out the missing details, for the complex scalar products.
EXERCISE 13.42. Learn more about polar decomposition, and singular values.
EXERCISE 13.43. Find some further interesting examples of normal matrices.

As bonus exercise, review the calculus material from chapter 7. You will enjoy.



CHAPTER 14

Relativity theory

14a. Light, revised

Getting now to physics, we would like to review in this chapter what we know about
relativity, and go further. And in what regards the revision, tough task ahead, because
we have bits of useful knowledge scattered all over our physics chapters so far:

— In chapter 2 we talked about the Einstein principles, and speed addition in 1D.
— In chapter 4 we discussed waves in 1D, notably with the d’Alembert theorem.

— In chapter 6 we heavily talked about relativity and related topics, mainly in 2D.
— In chapter 8 we discussed 2D mechanics, useful in relation with inertial frames.
— In chapter 10 we talked about inertial frames, and about speed addition in 3D.

— In chapter 12 we discussed the Maxwell equations, needed for producing light.

So, now at this point of this book, with us being quite advanced in our learning, both
in mathematics and physics, can we make something coherent, out of this? In answer,
sure yes, we can review the above material in a pleasant way, as a matter of better
understanding all this, and then go a bit further, our plan being as follows:

PLAN 14.1. In order to advance in our study of relativity, we will:

(1) Review the phenomenology, notably light and inertial frames, in 3D.
(2) Then talk speed addition in 1D, followed by Lorentz transform in 3D.
(3) Use the 38D Lorentz transform in order to recapture the 3D speed sum.
(4) Discuss mass, energy, curved spacetime, and with a look at gravity too.

Which sounds like a nice plan, and no wonder here, this closely follows the vision of
Einstein himself on relativity, as explained in his book [28], which is a must-read. Needless
to say, we could not have done this before due to pedagogical reasons, I mean the mess
in the previous chapters was there for a good reason, namely learning the basics.

By the way, talking people who discovered things, like Einstein, and the books that
they wrote, like [28], let me warmly recommend such books, written by inventors. These
are solid gold, the thing being that in theoretical science, discoveries often take a long
time to be accepted and digested by the community, typically 10-20 years, and with this

321
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being not the end of the story, because once your discovery is accepted and digested,
the community can decide to go either forward or backwards, in developing science, with
respect to your discovery, which in practice can add an extra 10-20 years, or even much
more, to the true acceptation of your invention. And with examples of this abounding,
especially in mathematics, where interesting things were often forgotten, and rediscovered
a few centuries after. So, in a word, trust the inventors themselves, even a long time after
their invention, and always be skeptical about what the community says, about it.

Be said in passing, the modern way of doing theoretical science, which is basically that
of constantly hunting for the tons of grants, prizes and other honors available, small or
big, has not fixed the problem, quite the opposite. The point indeed is that this system
encourages all players to have their work close to the average of the surrounding players,
as a matter of getting good evaluations when asking for this and that, and with this
having bad effects on both originality, and acceptation of originality. Mathematically,
this comes from the following simple fact, related to our theory from chapter 7:

FAcT 14.2. Given a connected graph X, and a function f : X — R which is harmonic,
that is, subject to the following averaging formula,

@) = ey 2 10)

z~y
this function must be constant, f(x) = ¢, for all z € X.

And we will end with this our philosophical discussion about science, stay away from
connectivity and harmony. Like in fact Einstein himself did, most of his early work being
done away from the academia, while working at the Swiss Patent Office in Bern.

Time now to get to work? According to Plan 14.1, we must first have a discussion
about light, including understanding how this appears, from the Maxwell equations from
chapter 12, and then commenting on its speed in vacuum c. Let us start with:

Fact 14.3. Waves can be of many types, and basically fall into two classes:

(1) Mechanical waves, such as the usual water waves, but also the sound waves, or
the seismic waves. In all these cases, the wave propagates mechanically, inside a
certain elastic medium, which can be solid, liquid or gaseous.

(2) Electromagnetic waves, coming via a more complicated mechanism, namely an
accelerating charge in the context of electromagnetism. These are the radio waves,
microwaves, IR, wvisible light, UV, X-rays and y-rays.

Quite remarkably, and of foremost importance for physics, the behavior of all the
above waves is described by the same equation. In order to understand how this equation
appears, let us first have a look at the mechanical waves, which are the simplest ones to
study. Regarding them, we have the following result, that we know from chapter 6:
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THEOREM 14.4. The equation of mechanical waves in N dimensions is

¢ =v"Ap
with v > 0 being the propagation speed of the wave, and with A given by
N
d*p
Ap = —
4 dx?

i=1
being the Laplace operator, playing the role of a numeric second derivative.

PrROOF. The standard proof here, that we met in 1D in chapter 4, and then in 2D
and higher in chapter 6, is by using a lattice model. Indeed, taking N = 2 for simplifying,
let us represent the medium by a network of balls and springs, as follows:

~— @ ~—— O ~—— O ~—— O ——

~— @ ~—— O —— O ~—— O ——

~— @ ~—— O ~—— O ~—— O ——

A~ @~V @~ @
A~ @~ @~ @
A~ @~ @~ @
A~ @~ @~ @

Now let us send an impulse, and zoom on one ball. The situation here is as follows,
with ¢ being the position function of the balls, and [ being the spring length:

Oy (z,y+1)

Op(x—L,y) Oo(z,y) Oo(z+1,y)

Oy (z,y—1)

We have 5 forces acting at (z,y), namely the Newton force, mass m times acceleration,
and the 4 Hooke forces, displacement of the spring, times spring constant k. Since all
these forces must cancel each other, we conclude that the equation of motion is:

+ k(p(z,y +1) =202, y) + p(z,y — 1))

But with this, done, because as explained in chapter 6, by taking the continuum limit
of our model, [ — 0, we are led via some standard calculus to the wave equationn:

p(z,y) = v Ap(z,y)
Thus, theorem proved in 2D, and the proof in general is similar, via a lattice model. [

In order to talk now about electromagnetic waves, let us recall that we have:
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THEOREM 14.5. FElectrodynamics is governed by the formulae

<V,E>:€ﬁ < V.B>=0
0

VXE=-B , VXBZIU()J—{—[LngE
called Mazwell equations.

PROOF. This is something discussed in chapter 12, the idea being as follows:

(1) To start with, electrodynamics is the science of moving electrical charges. And this
is something quite complicated, because unlike in classical mechanics, where the Newton
law is good for both the static and the dynamic setting, the Coulomb law is only static,
and no longer describes well the situation when the charges are moving.

(2) The problem comes from the fact that moving charges produce magnetism, and
with this being visible when putting together two electric wires, which will attract or repel,
depending on orientation. Thus, in contrast with classical mechanics, where static or dy-
namic problems are described by a unique field, the gravitational one, in electrodynamics
we have two fields, namely the electric field £, and the magnetic field B.

(3) Fortunately, there is a full set of equations relating £ and B, those above. To
be more precise, the first formula is the Gauss law, p being the charge, and ¢y being a
constant. The second formula is something basic, and anonymous. The third formula
is the Faraday law. As for the fourth formula, this is the Ampere law, as modified by
Maxwell, with J being the volume current density, and py being a constant.

(4) Finally, let us mention that the Maxwell equations are something of statistical
nature, not applying well to the microscopic setting, say an electron spinning around a
proton. But more on such things later, when discussing quantum mechanics. Il

As a useful complement now to Theorem 14.5, dealing with the various constants
involved, and making a crucial link with the speed of light in vacuum ¢, we have:

THEOREM 14.6. The constants involved in the Mazwell equations are the electric per-
mattivity of free space €y and the magnetic permeability of free space g, given by:

g0 = 8.854 187 8128(13) x 102

o = 1.256 637 062 12(19) x 107°
These two constants are subject to the Biot-Savart formula, namely

1
oo = g

where ¢ is the observed speed of light in vacuum, numerically given by
c = 299792458

and with this being an exact formula, as per the latest SI requlations.
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PRrROOF. Certainly not a mathematical theorem, what we have here, but with the
importance of this being on par with that of the Maxwell equations themselves, we chose
to call it so, for symmetry reasons with Theorem 14.5. As for the story with this:

(1) In what regards the electric permittivity of free space eg, things quite simple with
it, because this comes from the Gauss law from electrostatics, namely:
<V,FE >= 14
€0
To be more precise, g appears as a natural rescaling of the Coulomb constant K, in
the context of the mathematics of the Gauss law, according to the following formula:
1

47T€0

(2) In what regards now the magnetic permeability of free space pg, this is trickier,
coming from the Biot-Savart formula for the magnetic field of a steady line current:

I x
p=Hto [ixT
dr J ||
Alternatively, this new constant py appears in the Ampere law for the curl of the
magnetic field, in its original formulation by Ampere himself, namely:

VXB:/L[)J

And with the story being not over here, because the true occurrence of pq is that in
the modification by Maxwell of the Ampere law, which is as follows:

V x B = o] + poeo B

(3) With this discussed, it remains to explain the Biot-Savart formula in the statement,
connecting the constants gg, 14 to the observed speed of light in vacuum ¢, namely:

1
50#0—9

And here, unfortunately, I'm afraid that I have no simple explanation to offer. This is
magic, and the only way of understanding this magic is by rewriting all physics from basic
principles, with this being something quite complicated, called quantum field theory, and
then recovering the Maxwell equations and the constants involved as something statistical,
coming at the macroscopic level from quantum electrodynamics (QED). Tough.

(4) Finally, a word on figures and units. As mentioned in the statement, the formula
there for the speed of light in vacuum, which is as follows, is exact:

¢ =299792458 m/s

To be more precise here, the figure ¢ ~ 3 x 108 m/s, coming from various experiments,
is something quite old. As an interesting feature, however, as mentioned, the above
formula is exact, due to the well-known mess with regulating meters, seconds and other
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units. Indeed, there is a rock-solid modern definition for the second, based on atomic
clocks, but not for the meter, and by a recent SI decision the above formula was declared
exact, and any further changes in the observed value of ¢ will be blamed on the meter.

(5) Be said in passing, would such a wise decision have been taken much earlier, the
speed of light would be ¢ = 3 x 10® m/s, exactly. But now it is too late. Finally, all these
issues do not bother much theoretical physicists, who use tailored units depending on the
precise problems they are working on, with around 50 orders of magnitude on the menu,
and who usually, when dealing often with ¢, arrange things as to take ¢ = 1.

(6) As a conclusion now to all this, the Maxwell equations come in the form of two
statements, Theorem 14.5 dealing with the mathematics, and the present Theorem 14.6
dealing with the physics. And with the physics being, as usual, 100 times more com-
plicated than the mathematics, I mean just have a look at (3) above, that obviously
introduces a logical loop in our learning, and we will have to live with that. U

Coming next, we have the following key consequence of the Maxwell equations:

THEOREM 14.7. In regions of space where there is no charge or current present the
Mazwell equations for electrodynamics read

<V,E>=<V,B>=0
VxE=—-B , VxB=E/?
and both the electric field E and magnetic field B are subject to the wave equation
¢ =Ny
where A =Y. d*/dx? is the Laplace operator, and c is the speed of light.

PrROOF. Under the circumstances in the statement, namely no charge or current
present, with this meaning p = 0 and J = 0, we obtain indeed the equations in the
statement. Next, by applying the curl operator to the last two equations, we obtain:

Vx(VXE)=-VxB=—(VxB) =-E/c¢
Vx(VxB) =VxE/?=(VxE)/*=-B/
Now observe that the double curl operator is subject to the following formula:
Vx(Vxp)=V<V,p>—-Ap
But in our case, ¢ = F, B, by using the first two Maxwell equations, this reads:
Vx(Vxp) =-Ap
Thus, both F and B are subject to the wave equation of speed c¢, as stated. O

So, what is light? Light is the wave predicted by Theorem 14.7, traveling in vacuum
at the maximum possible speed, c, its creation mechanism being as follows:
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FAcT 14.8. An accelerating or decelerating charge produces electromagnetic radiation,
subject in vacuum to the wave equation ¢ = 2Ny, called light.

As explained in chapter 6, this phenomenon can be observed is a variety of situations,
such as in light bulbs, where the electrons get decelerated by the filament, acting as a
resistor, or in fire, which is a chemical reaction, with the electrons moving around. In
general, Fact 14.8 is something that can be deduced from the Maxwell equations. However,
the computations, that we will not really need in what follows, are a bit complicated, and
we refer here to any standard book on electrodynamics, such as Griffiths [44].

Moving on, let us record as well the following version of Theorem 14.7:

THEOREM 14.9. Inside a linear, homogeneous medium, where there is no free charge
or free current present, both fields E and B are subject to the wave equation
p=v'Ayp
with v < ¢ being the speed of light inside the medium, given by

c el
v=—  n=,/—
n Eolto

with the quantity on the right n > 1 being called refraction index of the medium.

PRroOF. This is something that we know well in vacuum, from Theorem 14.7, and the
proof in general is identical, with suitable definitions for ¢, 4, the speed being:

But this formula can be written is a more familiar from, as above. Il

And with this, end of our discussion about light. Good learning this was, although still
containing a logical loop, in relation with Theorem 14.6, and a technical gap, in relation
with Fact 14.8. Well, as said time and again, such things are complicated, modesty.

Finally, for other aspects of light, such as color, we refer to the material in chapter 6.
In what follows next, in relation with relativity, we will not need color.

14b. Questions, answers

Getting now to the point where we wanted to get, speed of light in vacuum ¢ and its
philosophy, many things can be said. To start with, we know from the above that we
have ¢ < oo, and more specifically ¢ ~ 3 x 10%, and with this drastically improving the
previous figure, ¢ = oo, from the ancient times. Not bad, as a start.

Next comes the observation, or rather feeling, that nothing can travel faster than light,
v # c¢. Which is something intuitive, in tune with what our senses feel, although you can
still argue that God’s thought most likely travels at v = oo, contradicting this.
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Well, in relation with this, think at time ¢. This is the slow and down-to-earth beast
needed for a room to warm in the Summer, when opening a window, or for the same room
to cool in the Winter, again when opening a window. So, nothing much divine about time
t, this is a vulgar quantity, not bothering God in his thoughts. So, no contradiction.

With this said, what is next? Well, next comes the relativity puzzle:

PuzzLe 14.10. Assuming that we have a train, running in vacuum at speed v > 0,
and someone on board lights a flashlight * towards the locomotive, then an observer o on
the ground will see the light traveling at speed ¢ + v > ¢, which is a contradiction:

X —— —
. c

—0— o—' —o0—0—0-0-

—_—— >

c+v

Equivalently, with the same train running, in vacuum at speed v > 0, if the observer on
the ground lights a flashlight * towards the back of the train, then viewed from the train,
that light will travel at speed ¢ +v > ¢, which is a contradiction again:

< - — — =0 —
ctv v

—0—+ O— —0—0—0—0—

*x

[

And the problem is, how to fix the laws of motion, as to avoid these contradictions?

So, let us get now into this. As a first observation, in order to get to a finer under-
standing of the problem, we must talk about inertial frames. With the convention that
such a frame is one which is not subject to acceleration, like for instance are both the
train and ground frames in the above considerations, our puzzle becomes:

PuzzLE 14.11 (update). The speed of light in vacuum ¢ must be the same for all
inertial observers. So, we should invent a theory where c +v = ¢, for any v < c.

Which sounds quite good, our knowledge has evolved, instead of having a contradiction
to be understood, as in Puzzle 14.10, we have now a problem to be solved. Nice.

This being said, before going further with our study, let us meditate a bit on the
inertial frames, which are quite tricky objects. Indeed, in the absence of anything, in this
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universe, any frame is of course inertial. However, add one particle M to this universe,
and with you being a second particle m, is your frame inertial? Certainly not, because
you can feel the attraction of M, I mean even if not knowing about M, if you have a cup
of coffee, that will spill, which is a clear sign that your frame is not inertial.

As explained in chapter 10, all this leads to some interesting mathematics, and equa-
tions to be solved, with the conclusion that, in the above context of the gravitational
2-body problem, an inertial frame exists indeed. However, as also explained in chapter
10, in the context of the gravitational k-body problem with £ > 3, and with £ >> 0
corresponding to our usual universe, by leaving aside other forces than gravity, the math-
ematics becomes substantially more complicated, and the answer is unclear.

So, are there any inertial frames at all, in our universe? Not clear, and I will have to
ask the cats, I guess. And here, going as usual for my good old lady, she’s really old and
small, like these 5-feet grandmas from the times, here is what her grumpiness says:

CAT 14.12. We cats are sensitive and fast, but not that sensitive and fast, especially
at my age. No idea about this inertial frame business, young man.

Well, thanks cat, but this does not fit me at all, what is my dudeness supposed to do,
with this. Guess we will add this to the list of bugs present in this chapter, coming as
item #3, after the troubles with Biot-Savart, #1, and with the light creation, #2.

Moving on, with Puzzle 14.11 being now a bit dented by Cat 14.12, what about having
something new as a starting point, for relativity theory? And here, following Einstein’s
book [28], we have indeed the following remarkable finding, by Fizeau:

Fact 14.13 (Fizeau, 1851). Assume that light moves through a liquid at speed u < c.
Then, when this liquid moves through a tube at speed v > 0,

the observed speed of light is not the Galilean u 44 v = u + v, but rather

1
u+fv:u+v(1—$)

where n = c/u is the index of refraction of the liquid.

And good input this is, more or less leading to the same question as before, namely
inventing some new mathematics for ¢ + v = ¢, as asked in Puzzle 14.11, but this time
avoiding the trains in Puzzle 14.10, and the subtleties of inertial frames, in general.
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So, let us reformulate our puzzle as follows, and in ¢ = 1 units, for simplifying:

PuzzLE 14.14 (update). How to define an addition operation u 4. v on the space of
1D speeds, which is the interval [—1, 1], with the ¢ = 1 convention, as to have:

(1) u4ev~u+wv at low speeds, as required by Galileo.
(2) utev=u+ov(l —u?) forv<<u<1, as required by Fizeau.
(3) 14+.v =1 for any v < 1, as suggested by bulbs in moving trains.

And with this, good news, end of physics, we are into mathematics. In answer now,
fortunately, our puzzle has a simple solution coming from algebra. Obviously, what we
have to do with u + v is to divide it by a factor > 1, that we can call 1+ r:

U+ v
1+7r
But then our Galileo and train requirements in Puzzle 14.14 read, in terms of r:

UtV =

u,v~0 =— 7r=~0
u=1 = r=v

And at this point, it is a no-brainer to take r = wv, and see if this works, meaning
compatibility with Fizeau. And, by some kind of miracle, this works indeed:

THEOREM 14.15. If we sum the speeds according to the Einstein formula

U+ v
UtV =
14+ uv

in ¢ =1 units, then the following happen:

(1) u4ev~u+wv at low speeds, as required by Galileo.
(2) utev=u+ov(l—u?) forv<<u<1, as required by Fizeau.
(3) 14+.v =1 for any v < 1, as suggested by bulbs in moving trains.

ProoF. This is clear from the above discussion, with the only needed computations
being for (2). But here, by using our assumption v << u < 1, we have indeed:
u+v
1+ wuv
(u+v)(1 —uv)
= u+v—utv—w

UtV =

2
~ u+v-— UQU
= u+ov(l-— uz)

Thus, we are led to the conclusions in the statement. O

Next, in relation with geometry, we have the following interesting observation:
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THEOREM 14.16. The Einstein speed summation in 1D is given by
tanh x +. tanhy = tanh(z + y)
with tanh : [—oo, 00] — [—1, 1] being the hyperbolic tangent function.
PROOF. Let us recall that the usual trigonometric functions are given by:
eix _ e—ia: eim + e—im eim _ e—z’r
siny = ——— , coSt=—"7— , tanr=-—"—7—6H—
2i 2 (e + e~ir)
The point now is that, as you might have heard from calculus, the above functions
have some natural “hyperbolic” or “imaginary” analogues, constructed as follows:
et —e " et +e” et —e "
sinhr = —— | coshx = etre’ , tanhy = ——
2 2 et +e "
But the function on the right, tanh, starts reminding the formula of Einstein addition,
from Theorem 14.15. So, we have an idea here, and in practice, we have:

tanh z 4+ tanhy ef —e™ e¥—eY et —e ¥ e¥—eY
— ) (1 s S
1 + tanh z tanh y et +er  e¥4eY et +e T e¥+eV
(6" = e")(e¥ + ) (e + e ) eV — )
(@ e (@ +ev)+ (e —er)(e+e)
2(e™ TV — e *7Y)
2(erty + e=7Y)
= tanh(z +y)

Thus, we are led to the conclusion in the statement. U

As a conclusion to all this, speed addition formula well understood in 1D. And with
this formula being the correct one, compatible with other physics experiments as well.
For details here, full story with all this, have a look at the book of Einstein [28].

14c. Lorentz transform

Time now to draw some concrete conclusions, from the above speed computations.
Since speed v = d/t is distance over time, we must fine-tune distance d, or time ¢, or
both. And the result here, which might seem quite surprising, is as follows:

THEOREM 14.17. Time and length are subject to Lorentz dilation/contraction
t—~t , L—L/y

where the number v > 1, called Lorentz factor, is given by the formula
1

(Vi

with v being the mouving speed, at which time and length are measured.
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ProoOF. This is something that we know from chapter 6, and which is not exactly 1D,
because based on the Pythagoras theorem, which is 2D, the idea being as follows:

(1) Regarding time, assume that we have a train, moving to the right with speed v,
through vacuum. In order to compute the height A of the train, the passenger onboard
switches on the ceiling light bulb, measures the time ¢ that the light needs to hit the floor,
by traveling at speed ¢, and concludes that the train height is h = ct:

—0 O— —0—0—0—0—

But, an observer on the ground will see here something different, namely a right
triangle, as follows, with T" being the duration of the event, according to his watch:

Now by Pythagoras applied to this latter triangle, we obtain, as claimed:
t

(ct)? + (vT)* = (T)? = T = \/?72/02

(2) In the same train as before, imagine now that the passenger wants to measure the
length L of the car. For this purpose he switches on the light bulb, now at the rear of the
car, and measures the time ¢ needed for the light to reach the front of the car, and get
reflected back by a mirror installed there, according to the following scheme:

‘ L=ct/2

|
O
e

—O O —0—0—0—0—

Now viewed from the ground, the duration of the event is T' = T} + 15, where T7 > T5
are the time needed for the light to travel forward, and travel back. More precisely, if [
denotes the length of the train car viewed from the ground, the formula of 7" is:

[ [ 2lc

T=T +1T, = =
14 c—v+c—|—v c?

— 2
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With this data, the formula T = ~t of time dilation established before reads:

2lc _27L

2 _ 2 c

c

Thus, the two lengths L and [ are indeed not equal, and related by:

L 2 .2 2 L L
zzLﬂ:vL(l—%)z”—gz—
C C Y Y

We are therefore led to the length contraction conclusion in the statement. U

As a comment here, there is a bug in the above proof of (2), coming from the use of
speeds ¢ & v, which are forbidden, I mean both being equal to ¢. No idea who invented
this damn thing, blame Feynman I guess for such things, although not sure for this one,
but since I find this lovely, I used this here in this book, like everyone else does.

As a fix, the standard way, which is however less elegant, is to use time dilation, that
was rigorously established in (1), in order to talk about the Lorentz transform, as we will
actually do next, and deduce the length contraction by using this Lorentz transform.

Which brings us into the philosophy of science, and the meaning and value of elegance,
I mean to us humans, because God certainly knows what that means. And here, always
good to remember the following famous quote, by Hermann Weyl:

WEYL 14.18. Among the correct and the beautiful, I always chose the beautiful.

And we will leave things like this, theorem officialy proved, but making appear a bug
#4 in this chapter, after #1 Biot-Savart, #2 light creation, and #3 inertial frames. And
with this latest bug being actually relatively easy to fix, as indicated above.

With this discussed, time now to get to the real thing, see what happens to our usual
R*. Let us start our discussion with a look at the non-relativistic case. Assuming that
the object moves with speed v in the x direction, the frame change is given by:

¥ =x—vt

y =y
2=z
t =t

To be more precise, here the first 3 equations come from the law of motion, and ¢’ = ¢
is the usual ¢’ = t. In the relativistic setting now, things are more tricky, as follows:
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THEOREM 14.19. In the context of a relativistic object moving with speed v along the
x axis, the frame change is given by the Lorentz transformation

x' = y(z — vt)
y =y
2=z

t' =yt —vz/c?)
with v = 1/4/1 —v%/c? being as usual the Lorentz factor.

ProoOF. We know that, with respect to the non-relativistic formulae, z is subject to
the Lorentz dilation by v, and we obtain, as desired:

' = ~y(z — vt)

Regarding vy, z, these are obviously unchanged, so done with these too. Finally, re-
garding time ¢, a naive thought would suggest that this is subject to a Lorentz contraction
by 1/, but this is not true, and more thinking leads to the conclusion that we should use
here the reverse Lorentz transformation, given by the following formulae:

x =2 + vt
y=y
z=2

Indeed, by using our previous formula for 2’ we can compute ¢, and we obtain:
o z—rr' -~ x—vt) Fot4+(1—-)z
oy YU B YU

On the other hand, we have the following computation, regarding ~:

2
C
V=50 = 7@ -v)=¢ = (-1 =7

2

Thus we can finish the computation of ¢’ as follows:

o Yot + (1 =~z _ Yot — iz /c? _ ( v:v)
YU YU
We are therefore led to the conclusion in the statement. O

As a continuation now, since y, z are irrelevant, it is better to put them at the end,
and also put time ¢ first, as to be close to z. In linear algebra terms, we are led to:
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THEOREM 14.20. The Lorentz transformation is given by

v =By 0 0 ct ct’
By ~v 00 x| |2
0 0 10 vyl |v
0 0 01 z 2

where v = 1/4/1 —v2/c? as usual, and where = v/c.
Proor. With the above manipulations done, our system can be written as:

ct’ = ~(ct —vx/c)

z' = (z — vt)
v =y
2=z
Now with § = v/e, replacing v, we are led to the formula in the statement. U

As an illustration, let us verify that the inverse Lorentz transformation appears indeed
by reversing the speed, v — —v. With notations as in Theorem 14.19, the result is:

THEOREM 14.21. The inverse of the Lorentz transformation is given by v — —v,

x =2 + vt
y=y
z2=2

t =t +va'/c?)
where v = 1/4/1 —v2/c? is as usual the Lorentz factor, identical for v and —v.

PROOF. In terms of the formalism in Theorem 14.20, reversing the speed v — —v
amounts in reversing § — —f. What we have to prove, in order to establish the result,
is that by doing so, we obtain the inverse of the matrix appearing there, namely:

v =By 00
_| =By ~ 00
L= 0 0 10
0 0 01
That is, we want to prove that the inverse of this matrix is as follows:
v By 00
L—l — /BF}/ Y 00
0 0 10
0 0 01

But here, for the verification of the inversion formula LL™! = 1, we can restrict the
attention to the upper left corner, where the result is clear. U
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Moving on, let us discuss now the general frame change formula, meaning with the
speed v no longer assumed to be along the x axis. In the classical case, we have:

THEOREM 14.22. In the classical case, the general frame change formula is:

=z — vt

Yy =y —uyt
Y=z -t
=t
Equivalently, in matriz form, this frame change formula is given by:

x 1 00 —wv, x
v 01 0 —v, Yy
Z1 10 01 —v, z
t 000 1 t

As for the reverse frame change, this is obtained via v — —v.

PrROOF. This is indeed clear from definitions. Observe also that the last assertion is
verified by the following inversion formula, at the level of the associated matrices:

1 0 0 v 1 00 —vu, 1 000
01 0 v, 010 —v| (0100
0 01 wv, 001 —v, | 0010
000 1 000 1 0 001
Thus, we are led to the conclusions in the statement. O

In the relativistic case, the formulae and computations are more tricky, with some
vector calculus involved, and the result is best stated in the following way:

THEOREM 14.23. In the relativistic case, the general frame change formula is

<v,z>
|[v]]
, <v,z>
N
C

where v = 1/+/1 — ||v]||?/¢?, and the reverse frame change is obtained via v — —v.

PROOF. As mentioned, this is something quite tricky, with some vector calculus in-
volved, and we will take our time, and try to understand how this works:

(1) To start with, the formula in the statement looks N-dimensional, and our claim is
that, indeed, this formula works in N-dimensional relativity, regardless of N € N.
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(2) As a first illustration, let us first see what happens at N = 1. Here both the position
variable z and the speed v are usual real numbers, and our first formula becomes:

vxr - v

¥ = z+(y-1) — ~tv

02
= o4 (y— 1)z —~tv
= yx —ytv

V(z — tv)

Thus, our first formula is correct. As for the second formula, that is correct too:

vr
t=1(t-3)

(3) As a second illustration, let us move to arbitrary N € N dimensions, including the
case N = 3 that we are mostly interested in, and test our formula in the case where the
configuration is standard, that is, where the speed vector is of the following form:

In this case, we obtain the correct formula for the position vector, as follows:

vry - v
2

¥ = z+(y-1) — vtv

v
= x—i—(v—l)xl-;—vtv

T 1 14
i) 0 0
= |t (v — 1)z N 2
N 0 0
YT =ty
T2
TN

As for the resulting time, this is the correct one too, as follows:

r vry
“W‘?)

(4) Summarizing, the formula in the statement generalizes well everything that we
know. In order to prove now this formula, the general idea is that of decomposing the
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position vectors x, z’ as follows, with respect to v and its complement:
r=M+y , ylwv
=Nv+y |, Yy Lo
Indeed, this can only give the result, by using the standard configuration formulae
from before, and various abstract or concrete rotation arguments.

(5) In practice now, there are several ways of doing this. As a first observation, the
above decomposition argument shows that our time formula is indeed the correct one:
) <v,z>
b= (t B c? )
But with this in hand, it is possible to trick with an abstract argument, saying on one
hand that z/ must be linear in z, ¢, and on the other hand that we must have:

IIQ—CtIQZ {L‘z—Ct2
|2

To be more precise, this latter formula must hold indeed, with this being something
quite subtle, that we will explain later, and together with the above-mentioned linearity
requirement, this leads to the formula in the statement for 2’. But more on this later.

(6) Going instead on a more pedestrian way, we certainly know that the formula of ¢
is correct, and it remains to justify the formula of 2’. But here, the best is to do first the
computation in N = 2 dimensions, along the lines suggested in (4). This gives:

<v,xr >

=+ (y-1)——— —tv
ol

Thus, we have the formula 2’ at N = 2, and the extension to N = 3 and higher is
straightforward, either by using a similar computation, or a rotation argument. U
What we found in Theorem 14.23 can be reformulated as follows:

THEOREM 14.24. In the relativistic case, the general frame change formula is

<v,x >
$3:$1+(7—1)W—7“}1
< v, T >N
I?V:IN—F(’}/—l)W—”}/tUN
. <v,x >
ct :7<ct——)
C

where v = 1/+/1 — ||v||?/¢2, and the reverse frame change is obtained via v — —v.

ProoF. This is indeed a reformulation of what we found in Theorem 14.23, and with
the time variable being multiplied, as it is quite standard, by c. U
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In standard matrix form, all this does not look that great, and the result here, that
we will only formulate at N = 3, for simplifying, is as follows:

THEOREM 14.25. In the relativistic case, the general frame change formula is

/
ct gl by =By B3y ct
il | =By 1+avi avivs  avivs T
) —Bay  avivs 1+ avi  auaus To
A —B3y  auivy  awvuy 1+ av’ T3

where v = 1/+/1 — ||v||2/c? as usual, and o = (v —1)/||v||?, and B; = v;/c.
PROOF. This is indeed a reformulation of what we found in Theorem 14.24, at N = 3,
and with the rescaled time variable being put in the first position. Il
14d. Curved spacetime

Time to get back to physics, with the Lorentz transformation being our main weapon.
There is a lot of physics happening with R*, and we will start of course with plain motion,
which is the simplest to examine. As a continuation of our work above, we have:

THEOREM 14.26. The speed addition formula in N -dimensional relativity is

n 1 + +<u,v>u—<u,u>v
U+, v=——"—¥—"|u+v

I+ <u,v > 14 /1 — [[ul[?
m ¢ =1 units.

PrROOF. We know the above formula from chapter 6, deduced there via some specu-
lations, and time now to have a more conceptual look at this, as follows:

(1) The idea will be that of differentiating z1,...,xy and ¢ in the formulae for the
inverse Lorentz transform. With the replacement v — wu for the moving speed, this inverse
Lorentz transform is given by the following formula:

<u,r >y
[Jul[?

, <u,x’ >

(2) Now by differentiating, we obtain from this the following formulae:

v =+ (y—1) +tu;

< dx’ > i
dr; = dx; + (v — I)W + yu;dt’
u
B ,  <u,dr’ >
dt_y(dt +T)
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(3) By dividing now the first formula by the second one, we obtain:
de; 1 daf+ (y—1) <wu,de’ > u;/||u][* + yudt

at v dt'+ < u,dz’ > /c?

(4) Next, by dividing everything on the right by dt’, we get from this:

dr; 1 dvi/dt'+ (y—1) <wu,dz'/dt" > wi /| ] |2 + yu;
dt I+ < u,da’jdt > ]

(5) In terms of speeds now, this means that we have, with w = u +. v

1w+ (v = 1) <wv > /|l 4y
oy I+ <u,v>/c?

(6) Now in ¢ = 1 units, this formula is as follows, still with w = u +. v

1 vt (-1 <u,v > u/||ul]? + yu;
_7 1+ <u,v >

i
(7) In vector notation now, the above formula shows that we have:

L 1 1 +( 1)<u7v>u_’_
U+ = —— - — (v —1)—— u
1—l—<uv> 5 7 a2

< 1)<u,v>u)
ut ol BT Io
v/l
1 <Uu,v>u
+ v+ - —2—U
v [Jul]
1 <U,v>u— < UuUuU>0
u+v+ — 5
7 [lul]
<u,v>u— < u,u >
1+ /1 —||ul?
(8) Here we have used at the end the following formula, for the Lorentz factor:
1 L 1 !
g /1 = Jull?
= 1= VI= [P
[l

1+ /1 —||ull?

Thus, we are led to the conclusion in the statement.

1+<uv>

IS

(43
=

1+<uv>

_( bt
1+ <u,v >
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As a comment here, as explained in chapter 10, in the case N = 3, where the vector
product operation X is available, an equivalent formula is as follows:

N 1 od u X (u X v)
UteV=—————|u+v
I+ <wu,v > 1+ /1 —[uf?

Moving on with more physics in R*, we have the following key result regarding electro-
magnetism, which was found by Lorentz himself, using his transform, originally designed
precisely for this purpose, some time before Einstein’s relativity theory:

THEOREM 14.27. The Mazwell equations are invariant under Lorentz transformations

' =~y(x — vt)
Y=y
2=z

t' = ~(t —vz/c?)
with v = 1/4/1 —v%/c? being as usual the Lorentz factor.

PRrROOF. Consider indeed an electromagnetic field (£, B). This is altered by a Lorentz
transformation into a field (E’, B'), the equations for E’ being as follows:

E! =E,
E?’J =v(E, —vB,)
E. =~(E,+vB,)
As for the equations of B’, these are quite similar, as follows:
B, =B,

(%
B, =7 (B, + E:)

v
B;:7<BZ—§Ey>

In order to do the math, consider the following matrices, with 8 = v/c as usual:

1 00 0 0 0
D=0~ 0 , M=[0 0 —pv
0 0 v 0 By O

In terms of these matrices, the formulae for the new field (£’, B") read:

E'=DE +cMB
M

B'=DB—- —E
c

Which is not that bad, and starting from these formulae, one can prove that (E’, B)
satisfies as well the Maxwell equations, as desired, say good exercise for you. U
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Moving on, as another piece of physics happening in R*, we have everything fun-
damental in relation with mass, momentum and energy. And the result here, which is
famous, due to Einstein, that we already know since chapter 6, is as follows:

THEOREM 14.28. When defining the relativistic mass of an object of rest mass m > 0,
moving at speed v, by the formula
1
"}/ =
V1—=v?/c?

this relativistic mass M, and the corresponding relativistic momentum P = Mwv, are both
conserved during collisions. The relativistic energy of an object of rest mass m > 0,

E=Mc

which 1s conserved too, as being a multiple of M, can be written as € = E + T, with

M =~ym

E = md®

being its v =0 component, called rest energy of m, and with
2
mu

T:(l—v)mCQ_T

being called relativistic kinetic energy of m.

PRrooOF. We know this chapter 6, but as always with £ = mc?, good to talk about it
again. In the classical case, the conservation equations for plastic collisions are:

m=mi+my , MU =M+ MoV

The point now is that, as experimental physics shows, these equations are in fact the
low-speed approximations of the correct, relativistic equations, which are as follows:

M:M1—|—M2 s MU:M1U1+M2U2

Regarding now energy, it makes sense to look at & = Mc?, which is given by:

2 2 2
mc v muv
E=—rv—-—=nomd |1+ — | =mf+ —
V1—v?/c? 2c? 2
Thus, we are led to the various conclusions in the statement. U

Getting now to some philosophy, in non-relativistic physics two events are separated
by space Az and time At, with these two separation variables being independent. In
relativistic physics this is no longer true, and the correct analogue of this comes from:

THEOREM 14.29. The following quantity, called relativistic spacetime separation
As? = AA — (Ax? + Ay + AZ?)

is invariant under relativistic frame changes.
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PRrOOF. We must prove that the quantity K = c?*t? — 2% — y? — 22 is invariant under
Lorentz transformations. For this purpose, observe that we have:

1 0 0 0 ct ct

0 -1 0 0 x
K‘<00—10 y>

O 0 0 -1/ \=z z

< R

Now recall that the Lorentz transformation is given by the following formula, where

v=1/4/1—0v%/c? as usual, and where § = v/c:

v =By 00 ct ct’
—pBy v 00 x| |
0 0 10 vyl |V
0 0 01 z 2!

Thus, if we denote by L the matrix of the Lorentz transformation, and by E the matrix
found before, describing K, we must prove that for any vector £ we have:

< E¢E>=< FLELE >
Since L is symmetric we have < FLE, LE >=< LELE, € >, so we must prove:
E=LEL

But this is the same as proving L='E = EL, and by using the fact that L — L' is
given by f — —[, what we eventually want to prove is that:

L_sE =ELg

So, let us prove this. As usual we can restrict the attention to the upper left corner,
call that NW corner, and here we have the following computations:

(L_gE)nw = (577 ﬁj) <(1) _01) - (577 _—BJ)

10 v =By v =By
EL = =
(BLa)ww (0 —1) (—57 Y ) (ﬂv -7
The matrices on the right being equal, this gives the result. U

Finally, let us discuss gravity. The result here, which is quite subtle, is as follows:

THEOREM 14.30 (Einstein). The theory of gravity can be suitably modified, and merged
with relativity, into a theory called general relativity.

PRrOOF. All this is a bit complicated, involving some geometry, as follows:

(1) Before anything, we have seen that in the relativistic context, mass m must be
replaced by relativistic mass M = ~vym, and momentum p = mwv must be replaced by
relativistic momentum P = Mw. Thus, as with Galileo and many other things, such as
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the conservation of mass and of momentum, seen above, there is a bug with the Newton
formula F' = p, which must be replaced by something of type F' = P.

(2) In practice now, as a starting point, let us go back to the formula F' = —AV, that
we know well. Geometrically, this suggests looking at the gravitational field of k£ bodies
M, ..., M, as being represented by R? having & holes in it, and with the heavier the M,
the bigger the hole, and with poor m ~ 0 having to roll on all this.

(3) Of course we are here in 4D, for the full picture, that of the potential V', or rather
of its graph, and in order to better understand this, it is of help to first consider the
question where our bodies M, ..., M, lie in a plane R?.

(4) Still staying inside classical mechanics, it is possible to further build on the above
picture in (2), which was something rather intuitive, now with some precise math formulae,
relating the geometry of V' to the motion of m under its influence.

(5) The point now is that, with (4) done, the passage to relativity can be understood
as well, by modifying a bit the geometry there, as to fit with relativistic spacetime, as
discussed in Theorem 14.29, and by having the F' = P idea from (1) in mind too.

(6) So, this was the main idea behind general relativity, and in practice, all this needs
a bit of technical geometry and formulae. For more on all this, we refer to [28]. 4

14e. Exercises
Nice chapter that we had here, and as exercises on all this, we have:
EXERCISE 14.31. Further meditate on constants, units, and eopo = 1/c%.
EXERCISE 14.32. Learn more about accelerating charges producing light.
EXERCISE 14.33. Learn more about light, including color, polarization, optics.
EXERCISE 14.34. Have some work done, on the inertial frame question.
EXERCISE 14.35. Learn more about the hyperbolic trigonometric functions.
EXERCISE 14.36. Fix the bug, in the proof of the Lorentz contraction formula.
EXERCISE 14.37. Finish the work, for the invariance of the Mazwell equations.
EXERCISE 14.38. Learn more about geometry, and general relativity.

As bonus exercise, and no surprise here, read Einstein’s book [28].



CHAPTER 15

Infinite matrices

15a. Infinite matrices

With this book approaching its end, we still have a difficult task ahead, namely talking
about quantum mechanics. And here, based on the notorious fact that electrons, and
other particles appearing there, are of “slippery” nature, having no exact positions and
speeds, it is pretty much clear that, as mathematics that we need to develop, we need
infinite dimensional tools. More specifically, we would like for instance to have an infinite
dimensional generalization of the linear algebra theory developed in chapter 13.

In order to get started, let us formulate the following key definition:

DEFINITION 15.1. A Hilbert space is a complex vector space H with a scalar product
< x,y >, taken linear at left and antilinear at right,

<Ar,y>=A<zy> , <z, \y>=A<z,y>
which is complete with respect to corresponding norm
|zl = vV<z,2>

in the sense that any sequence {x,} which is a Cauchy sequence, having the property
[|Tn — zm|| = 0 with n,m — oo, has a limit, x, — x.

Here the fact that ||z|| = /< @,z > is indeed a norm, satisfying ||z +y|| < [|z||+||yl],
follows from Cauchy-Schwarz, | < z,y > | < [|z|| - ||y||, which itself follows as in the
H = C¥ case, by looking at f(t) = |lwz + ty||?, as explained before. At the level of
examples of Hilbert spaces, generalizing the basic H = C example, we have:

THEOREM 15.2. Given an index set I, which can be finite or not, the space of square-
summable vectors having indices in I, namely

(1) = {(xi)id > al < oo}
1s a Hilbert space, with scalar product as follows:
<wy>=Y n

When I is finite, I = {1,..., N}, we obtain in this way the usual space H = CV.
345
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Proor. This is something very standard, the idea being as follows:

(1) We know that [2(I) C C! is the space of vectors satisfying ||z|| < co. We want
to prove that (?(I) is a vector space, that < z,y > is a scalar product on it, that 1?(1) is
complete with respect to ||.||, and finally that for |I| < oo we have I2(I) = Cl.

(2) The last assertion, 1?(1) = CVl for |I| < oo, is clear, because in this case the sums
are finite, so the condition ||z|| < oo is automatic. So, we know at least one thing.

(3) Regarding the rest, we have Cauchy-Schwarz, | < x,y > | < ||z|| - ||y||, proved as
usual, by looking at f(t) = ||wz +ty||?, and we deduce that we have ||z +y|| < [|z||+||y]]-
Thus [*(I) is indeed a vector space, the other vector space conditions being trivial.

(4) Also, the quantity < z,y > is surely a scalar product on this vector space, because
all the conditions for a scalar product are trivially satisfied.

(5) Finally, the fact that our space (*(I) is indeed complete with respect to its norm
||.|| follows in the obvious way, the limit of a Cauchy sequence {x,} being the vector
y = (y;) given by y; = lim,,_,o Z,;, with all the verifications here being trivial. O

Going now a bit more abstract, we have, more generally, the following result:

THEOREM 15.3. Given an arbitrary space X with a positive measure y on it, the space
of square-summable complex functions on it, namely

200 = {1:x > €| [ 170 duta) < oo}

1s a Hilbert space, with scalar product as follows:

< fg>= /Xf(rc)@dmx)

When X = 1 is discrete, meaning that the measure p on it is the counting measure,
p({x}) =1 for any x € X, we obtain in this way the previous spaces [*(I).

Proor. This is something routine, remake of Theorem 15.2, as follows:

(1) The proof of the first, and main assertion is something perfectly similar to the
proof of Theorem 15.2, by replacing everywhere the sums by integrals.

(2) With the remark that I forgot to say in the statement that the L? functions are
by definition taken up to equality almost everywhere, f = g when ||f — g|| = 0.

(3) As for the last assertion, when p is the counting measure all our integrals here
become usual sums, and so we recover in this way Theorem 15.2. U

As a third and last theorem about Hilbert spaces, that we will need, we have:
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THEOREM 15.4. Any Hilbert space H has an orthonormal basis {e;}icr, which is by
definition a set of vectors whose span is dense in H, and which satisfy
< e, €; >= 5ij
with 0 being a Kronecker symbol. The cardinality |I| of the index set, which can be finite,
countable, or worse, depends only on H, and is called dimension of H. We have
H ~ I*(I)
in the obvious way, mapping > Nie; — (N;). The Hilbert spaces with dim H = |I| being

countable, including I*(N) and L*(R), are all isomorphic, and are called separable.

PrROOF. We have many assertions here, the idea being as follows:

(1) In finite dimensions an orthonormal basis {e;};c; can be constructed by starting
with any vector space basis {x;}ics, and using the well-known Gram-Schmidt procedure.
As for the other assertions, these are all clear, from basic linear algebra.

(2) In general, the same method works, namely Gram-Schmidt, with a subtlety coming
from the fact that the basis {e;};e; will not span in general the whole H, but just a dense
subspace of it, as it is in fact obvious by looking at the standard basis of [*(N).

(3) And there is a second subtlety as well, coming from the fact that the recurrence
procedure needed for Gram-Schmidt must be replaced by some sort of “transfinite recur-
rence”, using scary tools from logic, and more specifically the Zorn lemma.

(4) Finally, everything at the end is clear from definitions, except perhaps for the fact
that L?(R) is separable. But here we can argue that, since functions can be approxi-
mated by polynomials, we have a countable algebraic basis, namely {z"},cn, called the
Weierstrass basis, that we can orthogonalize afterwards by using Gram-Schmidt. U

Moving ahead, now that we know what our vector spaces are, we can talk about
infinite matrices with respect to them. And the situation here is as follows:

THEOREM 15.5. Given a Hilbert space H, consider the linear operators T : H — H,
and for each such operator define its norm by the following formula:

Tl = sup |[Tz|

l|l|l=1

The operators which are bounded, ||T|| < oo, form then a complex algebra B(H), which
is complete with respect to ||.||. When H comes with a basis {e;}icr, we have

B(H) c M;(C)
with the correspondence T'— M coming via the usual linear algebra formulae, namely:
T(x) =Mz , M;=<Te;e >
In infinite dimensions, the inclusion B(H) C M(C) is not an equality.
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Proor. This is something straightforward, the idea being as follows:

(1) The fact that we have indeed an algebra, satisfying the product condition in the
statement, follows from the following estimates, which are all elementary:

S+ T <USI+HITI 5 (XTI = AT ST < ST 11T

(2) Regarding now the completness assertion, if {T,,} C B(H) is Cauchy then {T,x}
is Cauchy for any x € H, so we can define the limit 7" = lim,,_,, T}, by setting:

Tx = lim T,x
n—oo

Let us first check that the application x — T’z is linear. We have:
T(x+y) = li_>m To(x +vy)
n—oo
= lim 7,(z) + lim T,,(y)
n—oo n—oo
= T()+T(y)
Similarly, we have T'(Az) = A\T'(z), and we conclude that x — Tz is linear.

(3) With this done, it remains to prove now that we have ' € B(H), and that 7,, — T
in norm. For this purpose, observe that we have:

T, —Tn||<e,Vnom>N = ||T,a—Ty||<e,Vz||=1,Vn,m>N
= ||Thwx—Tz||<e,V|z|]|=1,Vn>N
= ||Tnz —Tz|| <e, V|z||=1
— Ty T <

But this gives both 7" € B(H), and Ty — 7T in norm, and we are done.

(4) Regarding the embedding, the correspondence 7" — M in the statement is indeed
linear, and its kernel is {0}, so we have indeed an embedding as follows, as claimed:

B(H) ¢ M;(C)

In finite dimensions we have an isomorphism, because any matrix M € My (C) deter-
mines a linear operator 7' : CV — C¥, given by the following formula:

< Tej, € >= Mz’j

However, in infinite dimensions we have matrices not producing operators, as for
instance the all-one matrix, so the embedding B(H) C M;(C) is not an isomorphism. [

Finally, as a second and last basic result regarding the operators, we will need:
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THEOREM 15.6. Each operator T'€ B(H) has an adjoint T* € B(H), given by:
<Tx,y>=<uz,T"y >
The operation T" — T™ is antilinear, antimultiplicative, involutive, and satisfies:
T =11, T = [T
When H comes with a basis {e;}icr, the operation T — T* corresponds to
(M*)i; = Mj;

at the level of the associated matrices M € M;(C).

Proor. This is standard too, and can be proved in 3 steps, as follows:

(1) The existence of the adjoint operator T*, given by the formula in the statement,
comes from the fact that the function ¢(x) =< T'z,y > being a linear map H — C, we
must have a formula as follows, for a certain vector T*y € H:

olx) =< a,T"y >
Moreover, since this vector is unique, 7™ is unique too, and we have as well:
(S+T)y=S*+T* , (\ND)*=\T* , (ST)"=T*S* , (T =T
Observe also that we have indeed T* € B(H), because:

|T|| = sup sup <Tz,y>
llzl|=1 [ly[|=1
= sup sup <z, Ty >
llylI=1 [|=[|=1
= |I77]]
(2) Regarding now ||TT*|| = ||T'||?, which is a key formula, observe that we have:

||| < 1T - 1|77 = |71
On the other hand, we have as well the following estimate:

IIT|]? = HSWE)I\ <Tx, Tz > |

= sup | <z, T"Tx > |
< ||
By replacing T — T* we obtain from this ||T||> < ||TT*||, as desired.

(3) Finally, when H comes with a basis, the formula < Tz,y >=< z,T*y > applied
with « = e;, y = e; translates into the formula (M*);; = M ;, as desired. O
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15b. Spectral radius

Let us discuss now the diagonalization problem for the operators T' € B(H ), in analogy
with the diagonalization problem for the usual matrices A € My (C). We first have:

DEFINITION 15.7. The spectrum of an operator T' € B(H) is the set
o(T) = {reC|T - ¢ B(H)'}
where B(H)™' C B(H) is the set of invertible operators.

As a basic example, in the finite dimensional case, H = C¥, the spectrum of a usual
matrix A € My(C) is the collection of its eigenvalues, taken without multiplicities. We
will see many other examples. In general, the spectrum has the following properties:

PROPOSITION 15.8. The spectrum of T € B(H) contains the eigenvalue set

e(T) = {A € c‘ ker(T — \) # {0}}
and e(T') C o(T') is an equality in finite dimensions, but not in infinite dimensions.
PrRoOOF. We have several assertions here, the idea being as follows:

(1) First of all, the eigenvalue set is indeed the one in the statement, because Tx = Az
tells us precisely that 7'— A must be not injective. The fact that we have ¢(T') C o(T) is
clear as well, because if T'— X is not injective, it is not bijective.

(2) In finite dimensions we have £(T') = o(T'), because T' — A is injective if and only if
it is bijective, with the boundedness of the inverse being automatic.

(3) In infinite dimensions we can assume H = [*(N), and the shift operator S(e;) = €;41
is injective but not surjective. Thus 0 € o(T") — &(T). O

The above result might look quite surprising, and philosophically, the best way of
thinking at all this is as follows: the numbers \ ¢ o(T") are good, because we can invert
T — A, the numbers A € o(T) — ¢(T) are bad, because so they are, and the eigenvalues
A € g(T) are evil. Welcome to operator theory, where some things are upside-down.

As a second basic result about the spectrum, which is of great use, we have:

PROPOSITION 15.9. The spectrum of an operator T € B(H) satisfies:

o(T) € Do(|IT']]))
In other words, the spectral radius p(T) = sup,e,(ry |A| satisfies p(T) < |[T]|.
PRrROOF. We use the standard fact that for ||S|| < 1, we have the following formula:
(1-9)"=1+5+5*+...
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Indeed, by using this inversion formula, we have the following computation:
T
A>T = HXH <1

T
= 1-—-€BH)"

A
= AN-TeBH)"
— A¢o(T)
Thus, we are led to the conclusion in the statement. Il

Let us develop now some more general theory. Here is a key result about products:
THEOREM 15.10. We have the following formula, valid for any operators S,T':
o(ST)U{0} =o(TS)U{0}
In finite dimensions we have o(ST) = o(T'S), but this fails in infinite dimensions.
PROOF. There are several assertions here, the idea being as follows:

(1) Let us first prove the main assertion, stating that the sets o(ST'),o(T'S) coincide
outside 0. We first prove that we have the following implication:

1¢o(ST) = 1¢0(TS)
Assume indeed that 1 — ST is invertible, with inverse denoted R:
R=(1-ST)"
We have then RST = R — 1, and by using this, we have the following computation:
(1+TRS)(1—-TS) = 14+TRS—-TS—-TRSTS
= 1+TRS—-TS—-TRS+TS
=1
Similarly, (1—7S)(1+TRS) =1. Thus 1 —T'S is invertible, proving our claim. Now
by multiplying by scalars, we deduce that for any A € C — {0} we have, as desired:
AN¢o(ST) = X¢o(TS)

(2) Regarding now the counterexample to the formula o(ST) = o(T'S), in general, let
us take S to be the shift on H = L?(N), given by the following formula:

S(ei) = ein
As for T', we can take it to be the adjoint of S, which is the following operator:

€1 ifi>0
S*(e;) =
(:) {0 ifi=0
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Let us compose now these two operators. In one sense, we have:
S*S=1 = 0¢ (S5")
In the other sense, however, the situation is different, as follows:
SS* = Proj(ey) = 0¢€ a(SS*)
Thus, the spectra do not match on 0, and we have our counterexample, as desired. [

As our next result, inspired from the theory from before, we have:

THEOREM 15.11. We have the “rational functional calculus” formula

o(f(T)) = f(o(T))

valid for any rational function f € C(X) having poles outside o(T).

PROOF. This can be proved in two steps, as follows:

(1) Assume first that our rational function f € C(X) is a usual polynomial P € C[X].
We pick a scalar A € C, and we decompose the polynomial P — A, as follows:

PX)=A=cX—-r))...( X =71p)
We have then the following equivalences, which give the result:

A¢ o(P(T)) P(T)—Xe€ B(H)™!
co(T—ry)...(T—r,) € B(H)™!
T—r,....,T —r, € B(H)™!
T1yeoo o & o(T)

A ¢ P(o(T))

(2) In general now, we pick a scalar A\ € C, we write f = P/Q, and we set F' = P—\(Q).
By using what we found in (1), for this polynomial F' € C[X], we obtain:

ANeo(f(T) <= F(T)¢B(H)™
<~ 0eo(F(T))
— 0¢€F(o(T))
<~ dueoT),F(u)=0
= A€ f(o(T))

Thus, we are led to the formula in the statement. Il

111ty

As a first application of the above methods, we have the following key result:

THEOREM 15.12. The following happen:
(1) For a unitary operator, U* = U™, we have o(U) C T.
(2) For a self-adjoint operator, T' = T*, we have o(T) C R.
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Proor. This is something quite tricky, based on Theorem 15.11, as follows:
(1) Assuming U* = U~!, we have the following norm computation:
U] = VITT] = VI =1
Now if we denote by D the unit disk, we obtain, using Proposition 15.9:
o(U)c D
On the other hand, once again by using U* = U~!, we have as well:
o= =1ur =1Ull =1
Thus, as before with D being the unit disk in the complex plane, we have:
o(UYycD
Now by using Theorem 15.11, we obtain o(U) C DN D~! =T, as desired.

(2) Consider the following rational function, depending on a parameter r € R:

J(z) = z—1r
Then for r >> 0 the operator f(T') is well-defined, and we have:

T4 ir *_T—ir_ T4 ir -1
T —ir  T+iar \T—ir

Thus f(T) is unitary, and by (1) we have o(T) C f~}(T) = R, as desired. O

z4r

Next, we have the following key result, which is something quite far-reaching:
THEOREM 15.13. The spectral radius of an operator T € B(H) is given by
p(T) = lim |77/
and in this formula, we can replace the limit by an inf.
ProOF. We have several things to be proved, the idea being as follows:
(1) Our first claim is that the numbers wu,, = ||T7||*/™ satisfy:
(n+ m)upim < nuy, + Mgy,

Indeed, we have the following estimate, using the Young inequality ab < a?/p + b7/q,
with exponents p = (n +m)/n and ¢ = (n + m)/m:
_ ||Tn+m||1/(n+m)

Untm =
< HTn||1/(n+m)HTmHl/(n—l—m)
< [T + T
n-+m n+m

NUy, + MUy,
n—+m
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(2) Our second claim is that the second assertion holds, namely:
lim [|77||Y" = inf ||T7]|Y/"
n—oo n

For this purpose, we just need the inequality found in (1). Indeed, fix m > 1, let
n > 1, and write n = Im +r with 0 <r < m — 1. By using twice uy, < up, we get:

1 r
Uy < E(lmulm +ruy) < Uy + - Uy

It follows that we have lim sup,, u,, < u,,, which proves our claim.

(3) Summarizing, we are left with proving the main formula, which is as follows, and
with the remark that we already know that the sequence on the right converges:

— 1 n||1l/n
(1) = lim ||17]

In one sense, we can use the polynomial calculus formula o(T") = o(T)". Indeed, this
gives the following estimate, valid for any n, as desired:

p(T) = sup [}l
Aeo(T)
= sup [p|'/"
pEa(T)™
= sup |p|'"
pEa(T™)
= p(T™)"
< |7y

(4) For the reverse inequality, we fix a number p > p(T'), and we want to prove that

we have p > lim,_,« ||T"||*/". By using the Cauchy formula, we have:
1 n 1 -
— z dz — — Zn—k—lTk dz
211 |z|=p z—T 211 |z|=p o
= 1
- Z — (/ z”_k_ldz) "
211 _
k=0 |z|=p
= Z 6n,k+1Tk
k=0
— Tn—l
By applying the norm we obtain from this formula the following estimate:
1 " 1
||T"_1||S—/ ° ‘dZSp”-Sup
27 Ja=p |12 = el=p |12 =T
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Since the sup does not depend on n, by taking n-th roots, we obtain in the limit:
p > lim |77
n—oo

Now recall that p was by definition an arbitrary number satisfying p > p(7"). Thus,

we have obtained the following estimate, valid for any 7' € B(H):
p(T) > lim || T7]/"
n— o0

Thus, we are led to the conclusion in the statement. U

In the case of the normal elements, we have the following finer result:

THEOREM 15.14. The spectral radius of a normal element,

Tr*=T7"T

15 equal to its norm.

PrROOF. We can proceed in two steps, as follows:

Step 1. In the case T' = T* we have ||T"|| = ||T||" for any exponent of the form
n = 2%, by using the formula ||[TT*|| = ||T'||?, and by taking n-th roots we get:
p(T) = [|T]|

Thus, we are done with the self-adjoint case, with the result p(T") = ||T|.

Step 2. In the general normal case TT* = T*T we have T™(T")* = (T'T*)", and by
using this, along with the result from Step 1, applied to TT*, we obtain:

p(T) = lim ||T7""
n—00
— ; n(7Tn\*||1/n
T [Ty
\/gggoH(TT) |
= Vp(TT)

= VIITIP?

Tl

Thus, we are led to the conclusion in the statement. Il

15c. Normal operators

By using Theorem 15.14 we can say a number of non-trivial things about the normal
operators, commonly known as “spectral theorem for normal operators”. We first have:
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THEOREM 15.15. Given T' € B(H) normal, we have a morphism of algebras
CX]— B(H) , P— P(I)
having the properties ||P(T)|| = ||Po||, and o(P(T')) = P(o(T)).

PRrooOF. This is an improvement of Theorem 15.11 for polynomials, in the normal case,
with the extra assertion being the norm estimate. But the element P(T") being normal,
we can apply to it the spectral radius formula for normal elements, and we obtain:

12D} = p(P(T))

— sup
Aea(P(T))

= sup |A|
AEP(o(T))

= |[Po)ll
Thus, we are led to the conclusions in the statement. Il
At a more advanced level now, we have the following result:
THEOREM 15.16. Given T' € B(H) normal, we have a morphism of algebras
Clo(T) = B(H) , [f—= f(T)
which is isometric, || f(T)|| = || f]|, and has the property o(f(T)) = f(o(T)).

PROOF. The idea here is to “complete” the morphism in Theorem 15.15. Indeed, by
Stone-Weierstrass, that morphism has a unique isometric extension, as follows:

Clo(T)) = B(H) , f—= f(T)
It remains to prove o(f(T)) = f(o(T)), and we can do this by double inclusion:
“C” Given a continuous function f € C(o(T")), we must prove that we have:
A f(o(T) = A ¢ a(f(T))
For this purpose, consider the following function, which is well-defined:

f—iA € C(o(T))

We can therefore apply this function to T', and we obtain:

1 1
7=
(f - A) F(T) = A
In particular f(7T) — X is invertible, so A ¢ o(f(T)), as desired.

“D” Given a continuous function f € C(o(T")), we must prove that we have:
Ae f(o(T) = Aea(f(T))
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But this is the same as proving that we have:
pea(l) = f(p) €a(f(T))

For this purpose, we approximate our function by polynomials, P, — f, and we
examine the following convergence, which follows from P, — f:

We know from polynomial functional calculus that we have:
Po(p) € Po(o(T)) = o(Po(T))

Thus, the operators P,(T) — P,(u) are not invertible. On the other hand, we know
that the set formed by the invertible operators is open, so its complement is closed. Thus
the limit f(7T) — f(u) is not invertible either, and so f(u) € o(f(T)), as desired. O

Even more generally now, we have the following result:

THEOREM 15.17. GivenT' € B(H) normal, we have a morphism of algebras as follows,
with L standing for abstract measurable functions, or Borel functions,

L=(o(T) = BH) , - f(T)
which is isometric, || f(T)|| = || f]l, and has the property o(f(T)) = f(o(T)).
PRrROOF. As before, the idea will be that of “completing” what we have:
(1) Given a vector x € H, consider the following functional:
Co(T))—-C , g—=<g(T)z,xz>

By the Riesz theorem, this functional must be the integration with respect to a certain
measure i on the space o(7T"). Thus, we have a formula as follows:

<wnmw>=/@g@mma

Now given an arbitrary Borel function f € L*(o(7)), as in the statement, we can
define a number < f(T)x,z >€ C, by using exactly the same formula, namely:

<f@ﬁw>=/?ﬁ@MMd

Thus, we have managed to define numbers < f(T)z,x >€ C, for all vectors z € H,
and in addition we can recover these numbers as follows, with g, € C(o(T)):

< f(Mz,z >= lim < g,(T)x,x >
gn—f
(2) In order to define now numbers < f(T)x,y >€ C, for all vectors x,y € H, we can
use a polarization trick. Indeed, for any operator S € B(H) we have:

<Sz+y),r+y>=<Szx,x>+<Sy,y >+ < Sz,y>+ < Sy,x >
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By replacing y — iy, we have as well the following formula:
< S(x+iy),x +iy >=< Szx,x >+ < Sy,y > —i < Sz,y > +i1 < Sy,z >
By multiplying this formula by 4, and summing with the first one, we obtain:

<Sx+4y),z+y>+i<Sx+iy),z+iy> = (1+i)[< Sz,xz>+ < Sy,y >|
+ 2< Sx,y >

(3) But with this, we can finish. Indeed, by combining (1,2), given a Borel function
f € L>®(a(T)), we can define numbers < f(T)z,y >€ C for any z,y € H, and we obtain
in this way a certain operator f(7') € B(H), having all the desired properties. O

Good news, we can now diagonalize the normal operators. Let us start with:
THEOREM 15.18. Any self-adjoint operator T' € B(H) can be diagonalized,
T=U"M;U

with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
T, with f: X — R being a certain function, once again associated to T', and with

My(g) = fyg
being the usual multiplication operator by f, on the Hilbert space L*(X).
PROOF. The construction of U, f can be done in several steps, as follows:

(1) We first prove the result in the special case where our operator T has a cyclic
vector x € H, with this meaning that the following holds:

span (Tkx‘n € N> =H

For this purpose, let us go back to the proof of Theorem 15.17. We will use the
following formula from there, with p being the measure on X = o(7T) associated to x:

< g(T),z >= / L, 9CIHC)

Our claim is that we can define a unitary U : H — L*(X), first on the dense part
spanned by the vectors T*z, by the following formula, and then by continuity:

Ulg(T)z] =g
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Indeed, the following computation shows that U is well-defined, and isometric:
l9(T)z|? = < g(T)x,9(T)x >
= <g(M)g(T)z,z >
= <|gP(T)z, x>

= [ ls@Pdute)
o(T)

= llgll3

We can then extend U by continuity into a unitary U : H — L?(X), as claimed. Now
observe that we have the following formula:

UTU*gq = U[Tg(T)x]

Thus our result is proved in the present case, with U as above, and with f(z) = z.

(2) We discuss now the general case. Our first claim is that H has a decomposition
as follows, with each H; being invariant under 7', and admitting a cyclic vector x;:

H = H;

Indeed, this is something elementary, the construction being by recurrence in finite
dimensions, in the obvious way, and by using the Zorn lemma in general. Now with this
decomposition in hand, we can make a direct sum of the diagonalizations obtained in (1),
for each of the restrictions Tjpy,, and we obtain the formula in the statement. 4

We have the following technical generalization of the above result:

THEOREM 15.19. Any family of commuting self-adjoint operators T; € B(H) can be
jointly diagonalized,
T, =U"MyU
with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
{T;}, with f; : X — R being certain functions, once again associated to Ty, and with

Mfi (g) = fig
being the usual multiplication operator by f;, on the Hilbert space L*(X).

ProoOF. This is similar to the proof of Theorem 15.18, by suitably modifying the
measurable calculus formula, and the measure p itself, as to have this formula working
for all the operators T;. With this modification done, everything extends. U

We can now discuss the case of the arbitrary normal operators, as follows:
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THEOREM 15.20. Any normal operator T' € B(H) can be diagonalized,
T = U*M;U
with U : H — L*(X) being a unitary operator from H to a certain L* space associated to

T, with f: X — C being a certain function, once again associated to T, and with

My(g) = fyg
being the usual multiplication operator by f, on the Hilbert space L*(X).

Proor. Consider the decomposition of T into its real and imaginary parts:
T+ T T-—-T*
=271 41
2 21
We know that the real and imaginary parts are self-adjoint operators. Now since T
was assumed to be normal, TT* = T*T', these real and imaginary parts commute:
T+T T-T*
2 2
Thus Theorem 15.19 applies to these real and imaginary parts, and gives the result. [J

=0

Getting now to applications, the above results are quite powerful, and many things
can be said, in analogy with what we know about usual matrices. Let us record here:

THEOREM 15.21. Any bounded operator T € B(H) can be decomposed as
T =U|T|
with U being a partial isometry, and with |T| = VT*T.

PRrROOF. The operator T*T being self-adjoint, and even positive, in the sense that we
have < T*Tz,x >> 0 for any x € H, we can extract its square root |T'| = vT*T, by
using the spectral theorem. Now observe that we have the following formula:

<|T|z,|Tly > = <ua,|Ty >
<z, T'Ty >
= <Tz,Ty >
We conclude that the following linear application is well-defined, and isometric:
U:Im|T|—Im(T) , |T|lx—Tx

Now by continuity we can extend this isometry U into an isometry between certain
Hilbert subspaces of H, as follows:

U:Im|T|—Im(T) , |T|lx—Tx

Moreover, we can further extend U into a partial isometry U : H — H, by setting

—
Uz =0, for any € Im|T| , and with this convention, the result follows. O
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15d. Compact operators

We will restrict now the attention to the compact operators, which share many prop-
erties with the usual matrices. Let us start with a basic definition, as follows:

DEFINITION 15.22. An operator T € B(H) is said to be of finite rank if its image
Im(T)C H
is finite dimensional. The set of such operators is denoted F(H).

There are many interesting examples of finite rank operators, the most basic ones
being the finite rank projections, on the finite dimensional subspaces K C H. We have:

PRrROPOSITION 15.23. The set of finite rank operators
F(H) C B(H)
s a two-sided x-ideal.

PROOF. It is clear that F'(H) is a vector space. Let us prove now that F'(H) is stable
under . Given T' € F(H), we can regard it as an invertible operator, as follows:

T: (ker T)* — Im(T)
We conclude that we have the following dimension equality:
dim((ker T)*) = dim(Im(T))
On the other hand, we have equalities as follows, which give the result:
dim(Im(T*)) = dim(Im(T*))
= dim((ker 7)%)
dim(Im(T))

Regarding now the ideal property, this follows from the following two formulae, valid
for any S, T € B(H), which are once again clear from definitions:

dim(Im(ST)) < dim(Im(T))
dim(Im(7TS)) < dim(Im(T))
Thus, we are led to the conclusion in the statement. Il

Let us discuss now the compact operators. These are introduced as follows:

DEFINITION 15.24. An operator T € B(H) is said to be compact if the closed set

T(B)) CH
is compact, where By C H is the unit ball. The set of such operators is denoted K(H).

In finite dimensions any operator is compact. In general, as a first observation, any
finite rank operator is compact. We have in fact the following result:
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PROPOSITION 15.25. Any finite rank operator is compact,
F(H) C K(H)
and the finite rank operators are dense inside the compact operators.

PROOF. The first assertion is clear, because if Im(T') is finite dimensional, then the
following subset is closed and bounded, and so it is compact:

T(B,) c Im(T)

Regarding the second assertion, let us pick a compact operator T' € K(H), and a
number € > 0. By compactness of T" we can find a finite set S C B such that:

T(By) C | J B-(Tx)
z€S
Consider now the orthogonal projection P onto the following finite dimensional space:

E = span (Tx‘x € S)
Since the set S is finite, this space E is finite dimensional, and so P is of finite rank,
P € F(H). Now observe that for any norm one y € H and any x € S we have:
Ty —Tz|]* = ||Ty— PTx|]*
= ||Ty — PTy + PTy — PTz||
= [Ty — PTy||* + ||PTz — PTyl|”

Now by picking x € S such that the ball B.(Tx) covers the point Ty, we conclude
from this that we have the following estimate:

| Ty — PTy|| < ||Ty — Tz|| <e
Thus we have ||T" — PT|| < e, which gives the density result. O
Quite remarkably, the set of compact operators is closed, and we have:
THEOREM 15.26. The set of compact operators
K(H) C B(H)
15 a closed two-sided *-ideal.
PRrROOF. We have several assertions here, the idea being as follows:

(1) It is clear that K (H) is a vector space. In order to prove now that K (H) is closed,
assume that T, € K(H) converges to T' € B(H). Given ¢ > 0, pick N € N such that:

1T —Tn|[ <€
By compactness of Ty we can find a finite set S C Bj such that:
TN(Bl) C U BE(TN.CL’)

€S
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We conclude that for any y € B there exists x € S such that:
1Ty —Txl| < |[Ty—Tnyll + [Ty — Tzl + || Tz — Tx||
< e+4+e+¢
= 3¢
Thus, we have an inclusion as follows, showing that 7" is indeed compact:
T(B) C | Bs(Tx)
€S

(2) Regarding now the fact that K (H) is stable under involution, this follows from
Proposition 15.23, Proposition 15.25 and (1). Indeed, by using Proposition 15.25, given
T € K(H) we can write it as a limit of finite rank operators, as follows:

T = lim T,
n—oo
Now by applying the adjoint, we have as well 7" = lim, ,.7,,. We know from

Proposition 15.23 that the operators T'¢ are of finite rank, and so compact by Proposition
15.25, and by using (1) we obtain that T* is compact too, as desired.

(3) Finally, regarding the ideal property of K (H), this is clear from definitions. [
Here is now a second key result regarding the compact operators:
THEOREM 15.27. A bounded operator T' € B(H) is compact precisely when
Te, =0
for any orthonormal system {e,} C H.
ProoF. We have two implications to be proved, the idea being as follows:

“ =7 Assume that T is compact. By contradiction, assume Te,, 4 0. This means
that there exists ¢ > 0 and a subsequence satisfying ||Te,, || > ¢, and by replacing {e,}
with this subsequence, we can assume that the following holds, with € > 0:

|| Te,|| > ¢

Since T' is compact, a certain subsequence {7T'e,, } must converge. Thus, by replacing
once again {e,} with a subsequence, we can assume that we have, with x # 0:

Te, > x
But this is a contradiction, as desired, because we obtain in this way:

<z,r> = lim <Te,, x>

n—oo

= lim <e,, Tz >

n—oo

= 0
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“<=" Assume Te, — 0, for any orthonormal system {e,} C H. In order to prove
T € K(H), we will prove that T is in the closure of the space of finite rank operators:
T € F(H)
We do this by contradiction. So, assume that there exists € > 0 such that:
SeF(H) = ||IT-S||>¢

As a first observation, by using S = 0 we obtain ||T|| > €. Thus, we can find a norm
one vector e; € H such that the following holds:

| Tea|| > &

Our claim, which will bring the desired contradiction, is that we can construct by
recurrence vectors ey, ..., e, such that the following holds, for any i:

[|Te;|| > ¢

Indeed, assume that we have constructed eq,...,e,. Let £ C H be the linear space
spanned by these vectors, and set P = Proj(E). Since TP has finite rank, our assumption
above shows that we have ||T'— T'P|| > €. Thus, we can find z € H such that:

(T —TP)z|| > ¢
We have then = ¢ F, and so we can consider the following nonzero vector:
y=(1-P)x

With this nonzero vector y constructed, now let us set:
Cnt1 — y
n+1l — 77 |1
1yl

This vector e, is then orthogonal to F, has norm one, and satisfies:
| Tenrll = [yl ~'e > €

Thus we are done with our construction by recurrence, and this contradicts our as-
sumption that T'e,, — 0, for any orthonormal system {e,} C H, as desired. U

Let us discuss now the spectral theory of the compact operators. We first have:
PROPOSITION 15.28. Assuming that T € B(H), with dim H = oo, is compact and
self-adjoint, the following happen:
(1) The eigenvalues of T form a sequence A, — 0.
(2) All eigenvalues N\, # 0 have finite multiplicity.

Proor. We prove both the assertions at the same time. For this purpose, we fix
a number ¢ > 0, we consider all the eigenvalues satisfying |A| > &, and for each such
eigenvalue we consider the corresponding eigenspace E\ C H. Let us set:

E = span (E,\ ‘ |A| > 5)
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Our claim, which will prove both (1) and (2), is that this space E is finite dimensional.
In now to prove now this claim, we can proceed as follows:
(1) We know that we have £ C Im(T'). Our claim is that we have:
E c Im(T)

Indeed, assume that we have a sequence g, € E which converges, g, — g € E. Let us
write g, = T'f,, with f, € H. By definition of E, the following condition is satisfied:

heE = |[Th]| = e[hl|

Now since the sequence {g,} is Cauchy we obtain from this that the sequence {f,} is
Cauchy as well, and with f, — f we have T'f,, — T f, as desired.

(2) Consider now the projection P € B(H) onto the above space E. The composition
PT is then as follows, surjective on its target:

PT:-H—E

On the other hand since T" is compact so must be PT, and if follows from this that
the space E is finite dimensional. Thus FE itself must be finite dimensional too, and as
explained in the beginning of the proof, this gives (1) and (2), as desired. O

In order to construct now eigenvalues, we will need:

PROPOSITION 15.29. If T is compact and self-adjoint, one of the numbers
W7l =17
must be an eigenvalue of T

Proor. We know from the spectral theory of the self-adjoint operators that the spec-
tral radius ||T|| of our operator T is attained, and so one of the numbers ||T||, —||T||
must be in the spectrum. In order to prove now that one of these numbers must actually
appear as an eigenvalue, we must use the compactness of T, as follows:

(1) First, we can assume ||T|| = 1. By functional calculus this implies ||T?|| = 1 too,
and so we can find a sequence of norm one vectors x,, € H such that:

| < T3z, 2, > | — 1
By using our assumption 7' = T™, we can rewrite this formula as follows:
| < T2, Ta, > | — 1

Now since T' is compact, and {z,} is bounded, we can assume, up to changing the
sequence {x,} to one of its subsequences, that the sequence T'z,, converges:

Tx, =y
Thus, the convergence formula found above reformulates as follows, with y # 0:

| <Ty,y>|=1
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(2) Our claim now, which will finish the proof, is that this latter formula implies
Ty = +y. Indeed, by using Cauchy-Schwarz and ||T'|| = 1, we have:
| <Ty,y > <|[Tyll-[lyll <1
We know that this must be an equality, so Ty, y must be proportional. But since T is
self-adjoint the proportionality factor must be +1, and so we obtain, as claimed:
Ty =+y
Thus, we have constructed an eigenvector for A = £1, as desired. U

We can further build on the above results in the following way:

ProrosITION 15.30. If T is compact and self-adjoint, there is an orthogonal basis of
H made of eigenvectors of T.

PROOF. We use Proposition 15.28. According to the results there, we can arrange the
nonzero eigenvalues of 7', taken with multiplicities, into a sequence A\, — 0. Let y,, € H
be the corresponding eigenvectors, and consider the following space:

E = span(yy)
The result follows then from the following observations:
(1) Since we have T'= T™, both E and its orthogonal E* are invariant under 7.
(2) On the space E, our operator T is by definition diagonal.

(3) On the space E+, our claim is that we have T = 0. Indeed, assuming that the
restriction S = T1 is nonzero, we can apply Proposition 15.29 to this restriction, and we
obtain an eigenvalue for S, and so for T', contradicting the maximality of F. O

With the above results in hand, we can now formulate a first theorem, as follows:

THEOREM 15.31. Assuming that T € B(H), with dim H = oo, is compact and self-
adjoint, the following happen:
(1) The spectrum o(T) C R consists of a sequence X\, — 0.
(2) All spectral values A € o(T) — {0} are eigenvalues.
(3) All eigenvalues A € o(T) — {0} have finite multiplicity.
(4) There is an orthogonal basis of H made of eigenvectors of T.

PROOF. In view of our various results above, it is enough to establish (2). So, assume
that A # 0 belongs to the spectrum o (7'), but is not an eigenvalue. By using Proposition
15.30, pick an orthonormal basis {e,} of H consisting of eigenvectors of T, and set:
<z e, >

St = W en

Then S is an inverse for ' — A, and so we have A ¢ o(T), as desired. O
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Finally, we have the following result, regarding the general case:

THEOREM 15.32. The compact operators T € B(H), with dim H = oo, are the opera-
tors of the following form, with {e,}, {f.} being orthonormal families, and with X\, ~\0:

T(:L‘):Z)\n <x,en > fn

The numbers A, called singular values of T, are the eigenvalues of |T|. In fact, the polar
decomposition of T is given by T = U|T|, with

T|(z) = Z)\n <z e, > e,

and with U being given by Ue,, = f,, and U = 0 on the complement of span(e;).
Proor. This basically follows from Theorem 15.31, as follows:

(1) Given two orthonormal families {e, }, { f. }, and a sequence of real numbers \,, \, 0,
consider the linear operator given by the formula in the statement, namely:

T(:L‘):Z)\n <z e, > [

Our first claim is that 7" is bounded. Indeed, when assuming |\, | < ¢ for any n, which
is something that we can do if we want to prove that 7" is bounded, we have:
2

IT@)P = D Au<zen>fu

n

= ) Pl <zen >

n
< 622|<a},en>\2
n

< &ffall”

(2) The next observation is that this operator is indeed compact, because it appears
as the norm limit, Ty — T, of the following sequence of finite rank operators:

TN:Z)\n<x,en>fn

n<N

(3) Regarding now the polar decomposition assertion, for the above operator, this
follows once again from definitions. Indeed, the adjoint is given by:

T*(m):Z)\n<x,fn>en
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Thus, when composing 7™ with T', we obtain the following operator:

T (z) :Z)\Z<x,en>en

Now by extracting the square root, we obtain the formula in the statement, namely:

T)(2) =Y A < w00 > ey

(4) Conversely now, assume that 7' € B(H) is compact. Then T*T, which is self-
adjoint, must be compact as well, and so by Theorem 15.31 we have a formula as follows,
with {e,} being a certain orthonormal family, and with A, \, 0:

T*T(x) :Z)\i<x,en>en

By extracting the square root we obtain the formula of |T| in the statement, and then
by setting Ul(e,) = f, we obtain a second orthonormal family, {f,}, such that:

T(z) = UIT| = 3" Ao < 7,60 > fo

Thus, our compact operator T € B(H) appears indeed as in the statement. U

15e. Exercises
This was a quite straightforward chapter, and as exercises, we have:
EXERCISE 15.33. In relation with separability, learn about orthogonal polynomials.
EXERCISE 15.34. Clarify the details in the proof of the measurable calculus theorem.
EXERCISE 15.35. Jointly diagonalize the families of commuting normal operators.
EXERCISE 15.36. Check the positivity details, in the proof of the polar decomposition.
EXERCISE 15.37. Learn as well about the strictly positive operators, T' > 0.
EXERCISE 15.38. Work out other decomposition results, for the linear operators.
EXERCISE 15.39. Learn about the trace class operators, and their properties.
EXERCISE 15.40. Learn also about Hilbert-Schmidt operators, and their properties.

As bonus exercise, in addition to this, learn some operator algebras as well.



CHAPTER 16

Quantum mechanics

16a. Atomic theory

Welcome to quantum mechanics, and in the hope that we will survive. Going back
in time, about 100 years ago, the main question was that of understanding the intimate
structure of matter, at the atomic level. There is of course a long story here, regarding
the intimate structure of matter, going back centuries and even millennia ago, and our
presentation here will be quite simplified. As a starting point, because we do need a
starting point, let us agree on the following fact, or rather claim, from around 1900:

Cram 16.1. Ordinary matter is made of small particles called atoms, with each atom
appearing as a miz of even smaller particles, namely protons +, neutrons 0 and electrons
—, with the same number of protons + and electrons —.

As a first observation, this is something which does not look obvious at all, with
probably lots of work, by many people, being involved, as to lead to this claim. And so it
is. The story goes back to the discovery of charges and electricity, which were attributed
to a small particle, the electron —. Now since matter is by default neutral, this naturally
leads to the consideration to the proton +, having the same charge as the electron.

But, as a natural question, why should be these electrons — and protons + that small?
And also, what about the neutron 07 These are not easy questions, and the fact that it
is so came from several clever experiments. Let us first recall that careful experiments
with tiny particles are practically impossible. However, all sorts of brutal experiments,
such as bombarding matter with other pieces of matter, accelerated to the extremes,
or submitting it to huge electric and magnetic fields, do work. And it is such kind of
experiments, due to Thomson, Rutherford and others, “peeling off” protons +, neutrons
0 and electrons — from matter, and observing them, that led to the conclusion that these
small beasts +, 0, — exist indeed, in agreement with Claim 16.1.

Of particular importance here was as well the radioactivity theory of Becquerel and
Pierre and Marie Curie, involving this time such small beasts, or perhaps some related
radiation, peeling off by themselves, in heavy elements such as uranium g¢,U, polonium
s4Po and radium ggRa. And there was also Einstein’s work on the photoelectric effect,
light interacting with matter, suggesting that even light itself might have associated to
it some kind of particle, called photon. All this goes of course beyond Claim 16.1, with

369
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further particles involved, and more on this later, but as a general idea, all this deluge of
small particle findings, all coming around 1900-1910, further solidified Claim 16.1.

So, taking now Claim 16.1 for granted, how are then the atoms organized, as mixtures
of protons +, neutrons 0 and electrons —? The answer here lies again in the above-
mentioned “brutal” experiments of Thomson, Rutherford and others, which not only
proved Claim 16.1, but led to an improved version of it, as follows:

CrAM 16.2. The atoms are formed by a core of protons + and neutrons 0, surrounded
by a cloud of electrons —, gravitating around the core.

And with this, good news, we are into some kind of mechanics, that we can start
investigating. However, before doing that, we need more data regarding this mechanics,
and the question is, how to manage, via clever experiments, to obtain this data?

In answer, let there be light. Recall indeed from chapter 6 the following key fact:

Fact 16.3. We can study events via spectroscopy, by capturing the light the event
has produced, decomposing it with a prism, carefully recording its “spectral signature”,
consisting of the wavelenghts present, and their density, and then doing some reverse
engineering, consisting in reconstructing the event out of its spectral signature.

In view of this, which is something truly smart, our privileged method for studying
the atoms, which is something very simple, that you can do in your own garage, armed
with only a prism, will be that of heating them, and recording the spectral signature.

In practice now, there is a long story with this, involving many discoveries of many
people, around 1890-1900, focusing on hydrogen H. We will present here things a bit
retrospectively. First on our list is the following discovery, by Lyman in 1906:

Fact 16.4 (Lyman). The hydrogen atom has spectral lines given by the formula

1 1
——Rl1-=
A < n2)
where R ~ 1.097 x 107 and n > 2, which are as follows,
n Name Wavelength Color

121.567 uv

2 a
3 15 102.572 uv
4 o

97.254 [OAY

oo limit 91.175 [OAY

called Lyman series of the hydrogen atom.
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Observe that all the Lyman series lies in UV, which is invisible to the naked eye. Due
to this fact, this series, while theoretically being the most important, was discovered only
second. The first discovery, which was the big one, and the breakthrough, was by Balmer,
the founding father of all this, back in 1885, in the visible range, as follows:

Fact 16.5 (Balmer). The hydrogen atom has spectral lines given by the formula

1 1 1
X‘R<1_ﬁ)
where R ~ 1.097 x 107 and n > 3, which are as follows,
n Name Wavelength Color

656.279 red
486.135 aqua
434.047 blue
410.173 violet
397.007 uv

EN S, SN JU
S o ™ O

oo limit 346.600 uv
called Balmer series of the hydrogen atom.

So, this was Balmer’s original result, which started everything. As a third main result
now, this time in IR, due to Paschen in 1908, we have:

FacT 16.6 (Paschen). The hydrogen atom has spectral lines given by the formula

1 1 1
X—R<§—ﬁ)
where R ~ 1.097 x 10" and n > 4, which are as follows,

n  Name Wavelength Color

1875 IR

4 Q

5 16 1282 IR
6 ol 1094 IR
oo limit 820.4 IR

called Paschen series of the hydrogen atom.

Observe the striking similarity between the above three results. In fact, we have here
the following fundamental, grand result, due to Rydberg in 1888, based on the Balmer
series, and with later contributions by Ritz in 1908, using the Lyman series as well:
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CoONCLUSION 16.7 (Rydberg, Ritz). The spectral lines of the hydrogen atom are given
by the Rydberg formula, depending on integer parameters ny < na,

1 1 1
=R (—2 - —2)
/\n1n2 ni ny

with R being the Rydberg constant for hydrogen, which is as follows:
R~ 1.096 775 83 x 10

These spectral lines combine according to the Ritz-Rydberg principle, as follows:
1 1 1

/\n1n2 /\n2n3 )\77«1”3

Similar formulae hold for other atoms, with suitable fine-tunings of R.

Here the first part, the Rydberg formula, generalizes the results of Lyman, Balmer,
Paschen, which appear at n; = 1,2,3, at least retrospectively. The Rydberg formula
predicts further spectral lines, appearing at n; = 4,5,6,..., and these were discovered
later, by Brackett in 1922, Pfund in 1924, Humphreys in 1953, and others afterwards,
with all these extra lines being in far IR. The simplified complete table is as follows:

ny N9 Series name Wavelength ny = oo Color ny = 0o

1 2—0 Lyman 91.13 nm uv
2 3— Balmer 364.51 nm Uv
3 4— Paschen 820.14 nm IR
4 55— Brackett 1458.03 nm far IR
5 6—o00 Pfund 2278.17 nm far IR

6 7—oo Humphreys 3280.56 nm far IR

Regarding the last assertion, concerning other elements, this was something conjec-
tured and partly verified by Ritz, and fully verified and clarified later, via many experi-
ments, the fine-tuning of R being basically R — RZ?, where Z is the atomic number.

From a theoretical physics viewpoint, the main result remains the middle assertion,
called Ritz-Rydberg combination principle. This is something at the same time extremely
simple, and completely puzzling, the informal conclusion being as follows:

THOUGHT 16.8. The simplest observables of the hydrogen atom, combining via
1 1 1

/\n1n2 /\n2n3 )\nl n3

look like quite weird quantities. Why wouldn’t they just sum normally.
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Getting now to quantum mechanics, we have some serious data here. The spectral
lines are something basic and beautiful, and in order to get started with our theory, we
first need to solve the puzzle of the Ritz-Rydberg combination principle.

But, how to do this? Fortunately, matrix theory comes to the rescue, as follows:
THOUGHT 16.9. The Ritz-Rydberg combination principle reminds the formula
€nynyCnons = €ning
for the usual matrix units, which are the elementary matrices given by
€ij i €j — €
perhaps taken in infinite dimensions, as to allow infinite-ranging indices.

Which sounds quite good and conceptual, and definitely mathematical. In a word,
saved by linear algebra, as always or almost, and we can now start dreaming of:

THOUGHT 16.10. Observables in quantum mechanics should be some sort of infinite
matrices, generalizing the Lyman, Balmer, Paschen lines of the hydrogen atom, and mul-
tiplying between them as the matrices do, as to produce further observables.

Which is a considerable advance, because we are now into familiar territory, namely
some kind of mathematical physics. And with this in mind, all the pieces of our puzzle
start fitting together, and we are led to the following grand conclusion:

CrAmM 16.11 (Bohr and others). The atoms are formed by a core of protons and
neutrons, surrounded by a cloud of electrons, basically obeying to a modified version of
electromagnetism. And with a fine mechanism involved, as follows:

(1) The electrons are free to move only on certain specified elliptic orbits, labeled
1,2,3,..., situated at certain specific heights.

(2) The electrons can jump or fall between orbits ny < ng, absorbing or emitting light
and heat, that is, electromagnetic waves, as accelerating charges.

(3) The energy of such a wave, coming from ny — ng or ny — ny, is given, via the
Planck viewpoint, by the Rydberg formula, applied with ny < ns.

(4) The simplest such jumps are those observed by Lyman, Balmer, Paschen. And
multiple jumps explain the Ritz-Rydberg formula.

And isn’t this beautiful. Moreover, some further claims, also by Bohr and others,
are that the theory can be further extended and fine-tuned as to explain many other
phenomena, such as the above-mentioned findings of Einstein, and of Becquerel and Pierre
and Marie Curie, and generally speaking, all the physics and chemistry known.

And the story is not over here. Following now Heisenberg, the next claim is that
the underlying mathematics in all the above can lead to a beautiful axiomatization of
quantum mechanics, as a “matrix mechanics”, along the lines of Thought 16.10.
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16b. Schrodinger equation

Before explaining what Heisenberg was saying, let us hear as well the point of view
of Schrodinger, which came a few years later. His idea was to forget about exact things,
and try to investigate the hydrogen atom statistically. Let us start with:

QUESTION 16.12. In the context of the hydrogen atom, assuming that the proton is
fized, what is the probability density @i(x) of the position of the electron e, at time t,

PeeV)= /Vgot(:v)da:

as function of an intial probability density po(x)? Moreover, can the corresponding equa-
tion be solved, and will this prove the Bohr claims for hydrogen, statistically?

In order to get familiar with this question, let us first look at examples coming from
classical mechanics. In the context of a particle whose position at time ¢ is given by
xo + (), the evolution of the probability density will be given by:

pi(z) = polz) + (1)

However, such examples are somewhat trivial, of course not in relation with the com-
putation of v, usually a difficult question, but in relation with our questions, and do not
apply to the electron. The point indeed is that, in what regards the electron, we have:

Fact 16.13. In respect with various simple interference experiments:

(1) The electron is definitely not a particle in the usual sense.
(2) But in most situations it behaves ezxactly like a wave.
(3) But in other situations it behaves like a particle.

To be more precise, the above experiments, which are nicely described, with extensive
comments, in Feynman’s book [35], are performed with a machinery as follows:

Here on the left we have a multi-purpose gun *, which can shoot bullets, water waves,
or electrons. On the middle we have a wall with two holes in it. And on the right we have
a solid wall, with sensors o, adapted to the matter that we are shooting.



16B. SCHRODINGER EQUATION 375

The first experiment, performed with 22 cal ammo, assumed to be idealized, as to be
indestructible, and we refer again to Feynman [35] for full details, goes as follows:

EXPERIMENT 16.14. When shooting bullets, the density function on the right wall,
stopping them, as recorded by our sensors there, is given by
P =1+ p2
where @1 is the same density, but measured with the lower hole closed, and py s also the

same density, but measured with the upper hole closed.

Nothing surprising so far. Now let us shoot water waves, or rather assume that our
gun * is a wave source. For this experiment, the sensors at right are set to measure the
energy of the incoming wave, which is proportional to the square of the height.

The experiment, best performed with our favorite drinkable, tap water, gives:

EXPERIMENT 16.15. When shooting waves, the energy density functions at right, mea-
sured with one or the other hole open, or both holes open, are related by

or=01l*  ea=0il o= t1+ el
where 1,10y € C are the amplitudes of the waves passing through one hole, with the other
hole closed. This phenomenon and formula of ¢ are due to interference.

This is again, something not surprising, that we know, coming from the fact that two
colliding waves can add up in various ways, depending on their phases.

Now let us shoot electrons. At first sight, these behave like particles, because our
sensors beep for them one at the time. However, when examining the results regarding
probability distributions, these don’t add up as for bullets, the conclusions being:

EXPERIMENT 16.16. When shooting electrons, these come up one at the time, exactly
as bullets. However, in what regards the density functions, these don’t add up:

¢ # o1+ P2
Thus, we have some interference, and most likely the correct formula is
o1=0i> . ea=0il* , o=+ )

with 1,10y € C being certain amplitudes, exactly as for the waves.
This is a bit surprising, showing that the electrons have a mix of particle and wave
behavior, at least with respect to this experiment. Let us also mention too that, contrary

to the previous two experiments which are simple and real, this is rather a Gedankenex-
periment, and so the wave formulae are to be taken with care. See Feynman [35].

Finally, as a last experiment in our series, again with electrons, we have:
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EXPERIMENT 16.17. When shooting electrons as before, but by putting a light bulb
behind one hole, whose light is scattered by electrons passing through that hole:

Y= @1+ P2

That 1s, observing the electrons passing through one hole, via them scattering light, has
killed the interference process, and we have now usual particles, like bullets.

And this is probably the most surprising experiment of them all. Indeed, the fact that
in our previous Experiment 16.16 we had particles when counting and waves when looking
at densities might seem odd, but after all, why not. So these are our beasts, electrons,
and this is how their properties are, a bit odd, but at least we know one thing. However,
what happens now seems to defy any logic. Observing the electrons has changed their
properties, and that’s how things are. Welcome to quantum mechanics.

Getting back now to the Schrodinger question, all this suggests to use, as for the
waves, an amplitude function i;(z) € C, related to the density ¢;(x) > 0 by the formula
oi(z) = |[¢y(z)]%. So, let us reformulate Question 16.12, in the following way:

QUESTION 16.18. In the context of the hydrogen atom, assuming that the proton is
fized, what is the amplitude function 1y(x) of the position of the electron e, at time t,

PleeV)= /V ()P

as function of an intial amplitude function 1g(x)? Moreover, can the corresponding equa-
tion be solved, and will this prove the Bohr claims for hydrogen, statistically?

Mathematically, what we did here is to replace the density ¢;(x) > 0 by the amplitude
function ¢y (z) € C. Not that a big deal, you would say, because the two are related by
simple formulae as follows, with 6;(x) being an arbitrary phase function:

o) = @) wi(e) = MO pu(a)

However, experience with mathematics shows that such manipulations can be cru-
cial, raising for instance the possibility that the amplitude function satisfies some simple
equation, while the density itself, maybe not. So, let us hope for this to happen.

And this is what happens indeed. Schrédinger was led in this way to:

CrLAM 16.19 (Schrodinger). In the context of the hydrogen atom, the amplitude func-
tion of the electron v = Yy (x) is subject to the Schridinger equation

. h2
ihy = ——AY + V)
2m

m being the mass, h = ho/2m the reduced Planck constant, and V' the Coulomb potential
of the proton. The same holds for movements of the electron under any potential V.
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Observe the similarity with the wave equation ¢ = v2A¢p, and with the heat equation
» = alAp too. Many interesting things can be said here, about the origins and various
interpretations of the Schrodinger equation, and more on this later.

In practice now, let us start with some computations. As a first question, we would
like to see how the probability density ¢ = |1|? evolves in time, and we have here:

PROPOSITION 16.20. In the context of the Schrodinger equation we have
ih - -
S— " (A - — A -
0= (B — AP )
for the time derivative of the probability density function ¢ = |]2.

PROOF. According to the Leibnitz product rule, we have the following formula:
. d 2 d - T =
o= aw = @(WD) = tp + 1

On the other hand, the Schrodinger equation and its conjugate read:

. ih 2m - ih _ _
b= (Aw—ﬁw@ = (Aw—ﬁw@

By plugging this data, we obtain the following formula:

. ih 2m - _ 2m
p=5 KN/J - —V¢) Y — (A¢ - ﬁ‘“b) 1/1}

But this gives, after simplifying, the formula in the statement. U
As an important application of Proposition 16.20, we have:

THEOREM 16.21. The Schrodinger equation conserves probability amplitudes,

[k =1 = [ uk =1

in agreement with the basic probabilistic requirement, P =1 overall.

PrOOF. According to the formula in Proposition 16.20, we have:

d , d
— de = —|l%d
dt/Rgm " /Rgdtrw .

= / pdz
R3

= (A § - A ) de

2m R3
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Now by remembering the definition of the Laplace operator, we have:

L - (55 o)
= o Lo (G o) e
B _Z/Rz[ 7 d;f 4:5;
- _Z/Rz dz;

= 0

Here we have used at the end the assumption, which is physically speaking, something
reasonable, that the wave function and its derivatives vanish at oco. Now with this in
hand, since the quantity under consideration is constant, we obtain the result. U

Let us do now some more computations, in order to get some insight into the quantum
mechanics of the particle, as dictated by the Schrodinger equation. We first have:

THEOREM 16.22. The average position and momentum of the particle are

<:17>:/ x|y dr
R3

<p>=—ih Vi - ) dx
R3
with the convention that the average speed is the derivative of the average position.

Proor. This follows again by doing some mathematics, as follows:

(1) The formula for the average position < x > is clear from definitions. Regarding
now the average speed < v >, we have here the following computation:

d<zxz>
dt

d 2
— CZkd
/ ClP do
= /xcpdx
RS

— o [ oA i-ab v

2m

<v > =
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(2) But each of the components can be computed as follows, by taking into account
the vanishing formula found in the proof of Theorem 16.21:

v = [ (06— a0 0) da

2m
. ¢> dx

2 2
B (G -s
B d2¢ _ 2
s o () e

= ﬂ mi(dQ_w‘_dQ_w.w)dm
R3

2m dx? da?

(3) We can now finish the computation by doing two partial integrations, as follows:

<v> = ﬂ x - d (dw @E—dw @ZJ)d:E
R3

‘@\

8

Q
= S

2m dr; \ dx; dx;
th dy  —  dy
= —7— — d
2m Jgs (dxl 4 dz; @U) ’
ih d —
__n 2 - de
m Jps dx;

(4) We conclude that the average speed is given by the following formula:

. )
<v>=-Lf Ve -Pda

m Jgs

By multiplying by the mass, we obtain the formula for < p > in the statement. U

As an interesting speculation now, based on the above two formulae that we found,
and inspired from Heisenberg’s idea of matrix mechanics, we have:

SPECULATION 16.23. The average position and momentum formulae, written as

<z >= Y-z -pde
R3

<p>= Y- (—ihV) - dx
R3
suggest that x represents position, and —ihV represents momentum.

To be more precise, the quantities z and —thV appearing above are, mathematically
speaking, linear operators, which are actually unbounded, in the sense of chapter 15. Now
with this convention, the above tells us that for computing the average value of x, p, we
must “sandwich” the corresponding operator between 1,1, and then integrate.
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Which is something quite remarkable, and we are now very tempted to formulate
something extremely general, and of course still a bit vague, as follows:

SPECULATION 16.24. The average value of an observable O should appear as

<O>= [ ¥-0-¢dx
R3

“sandwich between 1,1 and integrate”, where O is the operator associated to O.

As an illustration, let us see if this sandwiching method works for the kinetic energy
of the particle. The kinetic energy is given by the following formula:
mllol® _ <p.p>

2 2m
Thus, the operator associated to the energy should be given by:

5 _ < —ihV. —ihV > WA

T —

2m 2m
We obtain in this way something which looks quite reasonable, as follows:

h2 _
<T>=—o- [ AY-gda

m Jgrs
More generally now, we can incorporate into this the potential energy too, and we are
led in this way to the following interesting, conceptual conclusion:

CONCLUSION 16.25. According to the above speculations, the operator associated to
the total energy, or Hamiltonian, H ='T'+V is given by
~ h2A
H=——+V
2m

and so the Schrodinger equation itself appears as
ihp = Hip
which s something quite conceptual, in terms of this operator.
To be more precise, according to the above, H appears indeed via the formula in the

statement. But now, let us look back at the Schrédinger equation, namely:
2

it = —;—mmp + Vi

We recognize on the right the operator H acting on 1, which leads to the above
conclusion. Which is, most likely, the good viewpoint on the Schrédinger equation.

Summarizing, theory doing well, and time now for some axioms? Following Heisenberg
and Schrodinger, and then especially Dirac, who did the axiomatization, we have:
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DEFINITION 16.26. In quantum mechanics the states of the system are vectors of a
Hilbert space H, and the observables of the system are linear operators

T:-H—-H

which can be densely defined, and are taken self-adjoint, T = T*. The average value of
such an observable T', evaluated on a state & € H, is given by:

<T>=<TEE >

In the context of the Schriodinger mechanics of the hydrogen atom, the Hilbert space is the
space H = L*(R3) where the wave function v lives, and we have

<T>:/RST(w)-@de

which 1s called “sandwiching” formula, with the operators

) 2A 2A
Ly gy DA
m 2m 2m

representing the position, speed, momentum, kinetic energy, and total energy.

In other words, we are doing here two things. First, we are declaring by axiom that
various “sandwiching” formulae found before by Heisenberg hold true. And second, we
are raising the possibility for other quantum mechanical systems, more complicated, to
be described as well by the mathematics of operators on a certain Hilbert space H.

So long for the axiomatization of quantum mechanics, quickly explained as above,
by taking some shortcuts, and needless to say, all the above will take us some time, to
understand. As a first result now of our new theory, which is famous, we have:

THEOREM 16.27 (Heisenberg). We have the following uncertainty principle,

<[S,T]>‘

Os -0 2 5

regarding the variances of any two observables S,T. In particular, we have
h

Oy Op 2 5
implying that you cannot measure position and momentum at the same time.

Proor. This follows indeed by doing some computations with operators and their
commutators, and for details here, we refer to any standard introduction to quantum
mechanics, such as Griffiths [45]. In what follows we will not really need this, and focus
instead on a more basic question, the functioning of the hydrogen atom. U
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16c. Hydrogen atom
Moving now towards hydrogen, which remains our main objective, we first have:

THEOREM 16.28. In the case of time-independent potentials V', including the Coulomb
potential of the proton, the separated solutions of the Schrodinger equation

i) = we(x)
are given by the following formulae, with E being a certain constant,

) h?
w=e Py, . Ep=——Np+Vo
2m

with the equation for ¢ being called time-independent Schrodinger equation.

Proor. By dividing by ¢, the Schrodinger equation becomes:

w h? A¢
h—=——. —+V
M 2m ¢ +
Now since the left-hand side depends only on time, and the right-hand side depends
only on space, both quantities must equal a constant £, and this gives the result. U

Next, we can reformulate the Schrédinger equation in spherical coordinates:

THEOREM 16.29. The time-independent Schrodinger equation in spherical coordinates
separates, for solutions of type ¢ = p(r)a(s,t), into two equations, as follows,

d d 2mr?
()22 -

ar \' dr h2

. d . dOé 1 d2()é K .92
sins- — [ sins- — — = —Ksin“s-«
ds ds dt?

with K being a constant, called radial equation, and angular equation.

Proor. We use the following formula for the Laplace operator in spherical coordi-
nates, whose proof can be found in any advanced calculus book, such as mine [11]:

A_1 d (, d N 1 d y d N 1 d?
2 dr " dr r?sins ds e ds r2sin?s  dt?

By using this formula, the time-independent Schrodinger equation reformulates as:

(V—E)(b:h—Q{l-d(rQ-@)—i- : d(sins-%)—l— ! d2—¢

om |r2 dr dr r2sins  ds ds r2sin’s  dt?
Let us look now for separable solutions for this latter equation, consisting of a radial
part and an angular part, as in the statement, namely:

¢(T, 8, t) = IO<T)O‘(57 t)
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By plugging this function into our equation, we obtain:

h? [a d dp p d da p d*a
V—-FE = | = .= (2. 2z .— [ sins- — g
( Jpa 2m L,z dr (r dr) * r?sins ds (sms ds) * r2sin? s dtQ}

By multiplying everything by 2mr?/(h?pa), and then moving the radial terms to the
left, and the angular terms to the right, this latter equation can be written as follows:

2mr? 1 d dp 1 d do d*a
_Ey—Z. 2 (2.2 = ins-— (sins- — ==
h? v ) p dr (T dr) asin? s [sm e (sm i ds) - dt? }

Since this latter equation is now separated between radial and angular variables, both
sides must be equal to a certain constant — K, and this gives the result. U

Let us first study the angular equation. The result here is as follows:
THEOREM 16.30. The separated solutions a = o(s)0(t) of the angular equation,
sins-di <sins- C;—j) +C§T(; = —Ksin’s-a
are given by the following formulae, where | € N is such that K = [(l + 1),
o(s) = P™(coss) , 0O(t) =e™
and where m € 7Z is a constant, and with P" being the Legendre function,

PP (z) = (—~1)"(1 — )" (di)mmw

X

where P, are the Legendre polynomaials, given by the following formula:

Bix) = o (%) (2 — 1)

These solutions o = o (s)0(t) are called spherical harmonics.

Proor. This follows indeed from a routine study, and with everything above being
taken up to linear combinations. For details here, see for instance Griffiths [45]. g

In order to finish our study, it remains to solve the radial equation, for the Coulomb
potential V' of the proton. As a first manipulation on the radial equation, we have:

PROPOSITION 16.31. The radial equation, written with K =1(l + 1),

2mir?
(r°p) = =5 (V=E)p =1+ 1)p

takes with p = u/r the following form, called modified radial equation,

2 2 1
Eu — _h_ . u” _I_ V _I_ M u
2m 2mr?

which is a time-independent 1D Schréodinger equation.
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PROOF. With p = u/r as in the statement, we have the following formulae:

u , ur—u

_ — 2 I\ — o
p= r ) P T2 ) (T p) wr
By plugging this data into the radial equation, this becomes:
2mr I(1+1)

u'r — 2 (V—-FE)u= :
By multiplying everything by h?/(2mr), this latter equation becomes:

h? RA(1+1)

LW = (V — By = — ")

om " ( Ju omr2
But this gives the formula in the statement, as desired. U

It remains to solve the above equation, for the Coulomb potential of the proton. And
this leads to the following result, which proves the original atomic claims by Bohr:

THEOREM 16.32 (Schrodinger). In the case of the hydrogen atom, with V' being the
Coulomb potential of the proton, we have the Bohr formula for allowed energies,

g, - M (E)Q 1
" 2 h n?
with n € N, the binding energy being
By~ —2.177 x 107"%
with means £y ~ —13.591 eV.

PRroOOF. This is again something non-trivial, and we will be following Griffiths [45],
with some details missing. The idea with all this is as follows:

(1) By dividing our modified radial equation by E, this becomes:
2 2 2
h u”:(1+K6 _hl(l—i—l))u

2mE Er  2mEr?
In terms of v = v/—2mFE /h, this equation takes the following form:

u’ (1+K62+l(l—|—1))u
72 Er ()
In terms of the new variable p = r, this latter equation reads:
vKe? I(l+1
u’ = (1—1— Ep + (p2 ))u
Now let us introduce a new constant S for our problem, as follows:
vKe?
E

S = —
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In terms of this new constant, our equation reads:

u”:(1—§+l(l+1))u

p p?

(2) The idea will be that of looking for a solution written as a power series, but before
that, we must “peel oft” the asymptotic behavior. Which is something that can be done,
of course, heuristically. With p — oo we are led to u” = w, and ignoring the solution
u = eP which blows up, our approximate asymptotic solution is:

ur~e?
Similarly, with p — 0 we are led to u” = [(I+1)u/p?, and ignoring the solution v = p~
which blows up, our approximate asymptotic solution is:
u ~ Pt
(3) The above heuristic considerations suggest writing our function u as follows:
u = plePy
So, let us do this. In terms of v, we have the following formula:
u'=ple[(L+1-po+pv]

Differentiating a second time gives the following formula:

(l+1
U = ple™? [( ( ;_ )—2[—2+p>U+2(l+1—p)v'+pv”

Thus the radial equation, as modified in (1) above, reads:
" +2(l+1—p)' +(S—2(l+1)v=0

(4) We will be looking for a solution v appearing as a power series:

o0
v = Z cp’
=0

But our equation leads to the following recurrence formula for the coefficients:
20+14+1)—5

it +2a+2)
(5) We are in principle done, but we still must check that, with this choice for the

coefficients c;, our solution v, or rather our solution u, does not blow up. And the whole
point is here. Indeed, at j >> 0 our recurrence formula reads, approximately:

Cj+1 = (

26]‘
Cit1 = —
J

But, surprisingly, this leads to v ~ cype??, and so to u ~ cop'*'eP, which blows up.
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(6) As a conclusion, the only possibility for u not to blow up is that where the series
defining v terminates at some point. Thus, we must have for a certain index j:

2 +1+1) =8

In other words, we must have, for a certain integer n > (:

S =2n
(7) We are almost there. Recall from (1) above that S was defined as follows:
G- vKe* _ V2mE

~TE T T

Thus, we have the following formula for the square of S
g VK2t 2mE K?¢t _2mK?e!

E? h? E? h’E
Now by using the formula S = 2n from (6), the energy E must be of the form:

o _2mK264 _ mK?e

h252 2h2n?
Calling this energy FE,,, depending on n € N, we have, as claimed:

g M (KeY L
2 h n?

(8) Thus, we proved the Bohr formula. Regarding numerics, the data is as follows:
K =898 x10° , e=1.602x10""
h=1.055x10""" | m=9.109 x 107!

But this gives the formula of E; in the statement. U
As a first remark, the above result agrees with the Rydberg formula, due to:
THEOREM 16.33. The Rydberg constant for hydrogen is given by
5

hoc

where Ey is the Bohr binding energy, and the Rydberg formula itself, namely

1 1 1
=R (—2 - —2)
/\nlng ni ny

simply reads, via the energy formula in Theorem 16.52,
I
)\nan - hoC

which is in agreement with the Planck formula E = hoc/\.
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PROOF. Here the first assertion is something numeric, coming from:

~E 2.177 x 10718
R— - = 1.096 x 107
hoc — 6.626 x 10-3* x 2.998 x 10

As a consequence, and passed now what the experiments exactly say, we can define
the Rydberg constant of hydrogen abstractly, by the following formula:

po M (Kt
Qhoc h

Regarding now the second assertion, by dividing R = —FE;/(hoc) by any number of
type n? we obtain, according to the energy convention in Theorem 16.32:

R B,
n? hoc
Thus, we are led to the conclusion in the statement. U

Back now to general theory, let us formulate our conclusions so far as follows:

THEOREM 16.34. The wave functions of the hydrogen atom are the following functions,
labelled by three quantum numbers, n,l, m,
¢nlm(r7 5, t) = Pnl(T)Oé;n(Sa t)
where pn(r) = pte Pu(p) /r with p = ar as before, with the coefficients of v subject to
o 2j+14+1—n) e
GG +2a+2)

and o) (s, t) being the spherical harmonics found before.

Proor. This follows indeed by putting together all the results that we have so far,
and with the remark that everything is up to the normalization of the wave function. [J

In what regards the main wave function, that of the ground state, we have:

THEOREM 16.35. With the hydrogen atom in its ground state, the wave function is

(blo()(T, S, t) =

—r/a

1
e
Va3
where a = 1/ is the inverse of the parameter appearing in our computations above,
vV—2mE
L
called Bohr radius of the hydrogen atom. This Bohr radius is the mean distance between
the electron and the proton, in the ground state, and is given by the formula
h2
a =
mKe?

which numerically means a ~ 5.291 x 10711,
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PROOF. There are several things going on here, as follows:

(1) According to the various formulae in the proof of Theorem 16.32, taken at n = 1,
the parameter v appearing in the computations there is given by:

vV=2mE 1 Ke? mKe?

L A T 2
Thus, the inverse a = 1/ is indeed given by the formula in the statement.
(2) Regarding the wave function, according to Theorem 16.34 this consists of:

2¢~"/a 1

pro(r) = Ja ag(s,t):ﬁ

By making the product, we obtain the formula of ¢ in the statement.

(3) But this formula of ¢19p shows in particular that the Bohr radius a is indeed the
mean distance between the electron and the proton, in the ground state.
(4) Finally, in what regards the numerics, these are as follows:

B 1.0552 x 107%®
©9.109 x 10731 x 8.988 x 10° x 1.6022 x 1038
Thus, we are led to the conclusions in the statement. U

a =5.297 x 1071

In order to improve our results, we will need the following standard fact:

PROPOSITION 16.36. The polynomials v(p) are given by the formula
v(p) = Liljll—l(p)
where the polynomials on the right, called associated Laguerre polynomials, are given by
d p
L) = 17 (51) Lo

with Lyy, being the Laguerre polynomials, given by the following formula,

Ly(x) = Z—, (%)q (72

called Rodrigues formula for the Laguerre polynomaials.

PROOF. The story here is very similar to that of the Legendre polynomials. Consider
the Hilbert space H = L?[0, 00), with the following scalar product on it:

< fig>= / " f@)gle)e dr

The orthogonal basis obtained by applying Gram-Schmidt to the Weierstrass basis
{2z} is then formed by the Laguerre polynomials {L,}, and this gives the results. O

With the above result in hand, we can now improve our main result, as follows:
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THEOREM 16.37. The wave functions of the hydrogen atom are given by

2 ’ (n -1l - 1)' —r/na 2r l 20+1 2r m
Drim (5 5, 1) = \/<%> me (E) Ly na ] (s, )

with o)"(s,t) being the spherical harmonics found before.

Proor. This follows indeed by putting together what we have, and then doing some
remaining work, concerning the normalization of the wave function. U

Quite nice all this, who could have guessed, at the beginning of this book, that we
will get sometimes soon into a formula as deep and as complicated, as the above one.

16d. Fine structure

What is next? All sorts of corrections to the solution that we found, due to various
phenomena that we neglected in our computations, or rather in our modeling of the
problem, which can be both of electric and relativistic nature. But before getting into
that, let us first enjoy what we found, say by taking it as a final, exact result regarding
the hydrogen atom. As a first conclusion, of quite philosophical nature, we have:

CONCLUSION 16.38. The phenomenon of quantization appears, mathematically speak-
ing, from certain equations which generically blow up, and force the various separation
constants C' € R which appear to be integers, C' € N.

To be more precise, the phenomenon of quantization that we are talking about is of
course the Bohr energy one, allowing discrete energies only, F, with n € N, which is
the mother of everything, in quantum mechanics. Looking back at the proof of this fact,
separation constants C' € R which mysteriously became integers, C' € N, was indeed the
mathematical phenomenon behind this. Which appeared no less than 3 times:

(1) First when the azimuthal/polar separation parameter, denoted m?, turned to be
the square of an integer, m € Z.

(2) Then when the radial/angular separation constant K turned to be of a similar
form, K =1(l+ 1) with [ € N.

(3) And finally in the context of the radial equation, where the parameter S there
turned to be of the form S = 2n, with n € N.

As another comment now, in our study we dismissed several times all sorts of solutions,
on various physical grounds, usually unacceptable blow up. But, at a more advanced level,
some of these solutions make sense of course, due to the following fact:

Fact 16.39. The hydrogen atom is not the general 2-body problem in quantum me-
chanics, but rather the case of confined, stable orbits. Some of the solutions which blow
up correspond to scattering, in the context of an electron/proton meeting.
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Again, this is something a bit philosophical. In analogy with classical mechanics, what
we did is to solve the planetary motion problem. But things like comets and asteroids
still need to be investigated, for having a full theory, and many things can be said here.

Back to work now, corrections, we will focus on energy only. Let us start with:

THEOREM 16.40 (Schrodinger). The energy of the ¢nim state of the hydrogen atom is
independent on the quantum numbers [, m, given by the Bohr formula

a? mc?
Ey=—— ——
n 2
where a1 a dimensionless constant, called fine structure constant, given by
Ke?
o= —
hc

which in practice means o ~ 1/137.

Proor. This is the Bohr energy formula that we know, proved by Schrodinger, and
reformulated in terms of Sommerfeld’s fine structure constant:

(1) We know from Theorem 16.32 that we have the following formula, which can be
written as in the statement, by using the fine structure constant «:

g M (KeY L
2 h n?

(2) Observe now that our modified Bohr formula can be further reformulated as follows,
with T, being the kinetic energy of the electron traveling at speed c:

042

En - T 5" Tc
n
Thus o2, and so « too, is dimensionless, as being a quotient of energies.

(3) Let us doublecheck however this latter fact, the check being instructive. With
respect to the SI system that we use, the units for K, e, h, c are:

3.k 2.k
m g U, =C , Uh:m g : UC:m

s2.C?% 7 s s

Thus the units for the fine structure constant « are, as claimed:

Uk =

S_k,
Us=Up-U2- U U =2 20 g2 5

s
¢ s2-(C? m?-kg m
(4) In what regards now the numerics, these are as follows:
Ke?*/h 2186 x 10° 1
= ~ =7291 x107% ~ —
¢ Tagesxies T
Here we have used an estimate for Ke?/h, from the proof of Theorem 16.32. O

«
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Moving ahead now with our correction work, we will be quite brief, and for further
details, we refer as usual to our favorite books, namely Feynman [35], Griffiths [45] and
Weinberg [91]. We first have the following result, which is something non-trivial:

THEOREM 16.41. There is a relativistic correction to be made to the Bohr enerqy E,
of the state ¢nim, depending on the quantum number [, given by

c _a2En n _3
T \U+1/2 4

coming by replacing the kinetic energy by the relativistic kinetic energy.

PrOOF. According to Einstein, the relativistic kinetic energy is given by:

P p*

T om Smie?
The Schrodinger equation, based on T' = p?/2m, must be therefore corrected with a
T = —p*/(8m3c?) term, and this leads to the above correction term &,;. O

Equally non-trivial is the following correction, independent from the above one:

THEOREM 16.42. There is a spin-related correction to be made to the Bohr energy E,
of the state ¢pim, depending on the number j =1+ 1/2, given by

< ':_ozzEn_ n(j—1)
" n?2  (1+1/2)(j+1/2)

coming from the torque of the proton on the magnetic moment of the electron.

PROOF. The idea here is that the electron has a spin £1/2, which is naturally asso-
ciated to the quantum number [, leading to the parameter j = [ + 1/2. But, knowing
now that the electron has a spin, the proton which moves around it certainly acts on its
magnetic moment, and this leads to the above correction term &,;. U

So, these are the first two corrections to be made, and again, we refer to Feynman
[35], Griffiths [45], Weinberg [91] for details. Obviously we don’t quite know what we’re
doing here, but let us add now the above corrections to £, and see what we get. We
obtain in this way one of the most famous formulae in quantum mechanics, namely:

THEOREM 16.43. The energy levels of the hydrogen atom, taking into account the fine
structure coming from the relativistic and spin-related correction, are given by

a? n 3
En‘:En 1 - . I
a5 (1)

with j =14 1/2 being as above, and with « being the fine structure constant.
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PrROOF. We have the following computation, based on the above formulae:

B o’E, n 3 n(j_l)
Ent+Enj = 2 (1+1/2_Z_(l+1/2)(j+1/2))

o’E, n j—1 3
— 1—— _°
2 \Ur12\" jri2) 1

B o’E, n 3
oon? \j+1/2 4

Thus the corrected formula of the energy is as follows:

o’FE, n 3
En:En gn gn:En - : -
j + Cnl + Cnj + o (]+1/2 4)

We are therefore led to the conclusion in the statement. O

Summarizing, quantum mechanics is more complicated than what originally appears
from Schrodinger’s solution of the hydrogen atom. And the story is not over here, because
on top of the above fine structure correction, which is of order a?, we have afterwards the
Lamb shift, which is an order o correction, then the hyperfine splitting, and more.

And we will end this book with this. It’s been a pleasure to have you here, and in the
hope that.. but wait, cat is here, meowing something, let’s see what she has to say:

CAT 16.44. What is the formula of a?

Well, no idea, katie, but wasn’t it supposed to be the other way around, with me asking
difficult physics questions, and you answering? In any case, good question, I guess.

16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
However, if interested in learning more, in mathematics and physics, you can have a
look at the various books referenced below. As for some good questions to work on, in
mathematics you can try to solve > n® = 0 over the complex numbers, a good question
due to Riemann, and in physics you can try to compute the fine structure constant c,
as suggested above by cat. Be said in passing, no one really knows which of these two
questions is simpler, this is I guess something that you will have to figure out.
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action-reaction, 237 chain rule, 79, 169, 241
adjoint matrix, 309 change of variable, 79
adjoint operator, 309 characteristic polynomial, 305
algebraic curve, 161, 165 charge enclosed, 279

all-one matrix, 301 circular motion, 178
alternating series, 23, 25 collision, 33, 150

amplitude, 178, 375, 376 colors, 141

angle, 108 column expansion, 253
angular momentum, 232, 238 comets, 232

angular speed, 234 complete space, 22
approximate conic, 197 complex conjugate, 122
approximation, 116 complex matrix, 257

area below graph, 74

argument of complex number, 121
associativity, 55, 209

asymptotic behavior, 183 concave, 66

atomz 370 confined motion, 178
atomic bomb, 152 conic, 161, 165, 232
attracting mass, 84
average of function, 74

complex number, 119, 120
complex numbers, 183
complex roots, 126

conjugation, 122

conservation of energy, 177
conservative force, 241, 243, 246
convergent sequence, 19
convergent series, 22

base point, 211
binomial coefficient, 13
binomial formula, 14

Bohr formula, 384, 390 convex, 66
Bohr radius, 387 convolution, 103
Boltzmann constant, 293, 294 Coriolis acceleration, 234

Coriolis force, 234
cosine of sum, 111
critical damping, 187

Bose-Einstein condensate, 295
bounded sequence, 20

Cauchy sequence, 22 critical point, 295
center of gravity, 196 crossing lines, 108
center of mass, 196 curl, 281
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curve, 161
cutting cone, 161

d’Alembert formula, 170
decreasing sequence, 20
degree 2 equation, 120, 165
density, 307

derivative, 58, 59, 168
derivative of derivative, 66
derivative of fraction, 63
derivative of inverse, 63
determinant formula, 256
determinant of products, 252
deterrminant, 257
diagonal form, 157
diagonalization, 156
differentiable function, 58
differential equation, 84
dimensionality of gas, 99, 130
discretization, 170
divergence, 281

dot notation, 81

dot product, 239

double factorials, 267

eigenvalues, 156
eigenvectors, 156
Einstein sum, 51

ellipse, 161, 166, 232
enclosed charge, 277
energy dissipation, 35
energy levels, 391
equation of state, 293
equilibrium point, 181
equilibrium position, 178
Euler-Lagrange equations, 245
exponential, 27, 61, 123

factorials, 13

Feynman, 279

fictious force, 234

fine structure constant, 390, 391
finite group, 209

Fizeau addition, 54

Fizeau experminent, 54

flat matrix, 301

flux, 277, 279

flux through sphere, 277
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flux through surface, 279
focal point, 161

Foucault pendulum, 235
Fourier matrix, 301
Fourier transform, 143
fraction, 63

fractions, 12

frame change, 239

free fall, 84, 86

free group, 212

friction, 243
fundamental theorem of calculus, 75, 76

Gauss formula, 280
Gauss law, 279

general relativity, 343
generalized momenta, 247
geometric series, 22
gradient, 281

gravity, 84

Green formula, 280
ground state, 387
group, 209

group law, 209

groups of numbers, 210
growth of slope, 66

Hamilton equations, 247
Hamilton principle, 246
Hamiltonian, 380
harmonic function, 173
harmonic oscillator, 182
heat, 293

heat equation, 100, 133
heat kernel, 103
Heisenberg uncertainty principle, 381
Hessian matrix, 171
higher derivative, 79
higher derivatives, 70
hole, 211

homotopy group, 211
Hooke law, 94
hyperbola, 166, 232

ideal gas, 293, 295
increasing sequence, 20
indefinite integral, 77
index of refraction, 54



inertial frame, 234, 237
inertial observer, 234
infinite matrix, 373
inflation coefficient, 251
integral, 74

integration by parts, 78
inverse function, 63
inversion formula, 160

Jacobian, 277
Jordan block, 158

Kepler laws, 232
kinetic energy, 177

L’Hopital’s rule, 67, 70
Lagrange equations, 246
Lagrange points, 198
Lagrangian, 246
Laplace equation, 174
Laplace operator, 173
lattice model, 94, 100, 133
laws of motion, 57, 81
length contraction, 149
length of ellipse, 164
light through liquid, 54
limit of sequence, 19
limit of series, 22

linear equations, 249
linear map, 154

linear motion, 33, 177
linearity, 55

local extremum, 69
local maximum, 63, 69
local minimum, 63, 69
locally affine, 59

long time behavior, 183
loop, 211

loop on space, 211
Lorentz contraction, 149
Lorentz dilation, 148
Lorentz factor, 148
Lorentz force law, 285

lower triangular matrix, 252

magnetic field, 285
magnetic force, 285
magnetic moment, 391

INDEX

matrices with distinct eigenvalues, 307

matrix, 154

matrix inversion, 249, 254, 255

maximum, 63

Maxwell-Boltzmann formula, 294

mean value property, 75
minimum, 63

modified Planck constant, 376

modulus, 58, 122

modulus of complex number, 121

molecular speed, 294
momentum, 33, 232, 378

momentum conservation, 232
Monte Carlo integration, 75

multiplication, 209

multiplication of complex numbers, 125

Newton, 57, 81

Newton law, 94

Newton third law, 237
non-diagonalizable, 158
non-inertial frame, 238
null loop, 211

number of inversions, 255

observable, 380
orbit, 194, 232
oscillation, 178
oscillator, 182

parabola, 166, 232
partial derivative, 168
partial isometry, 315
Pascal triangle, 15
passage matrix, 157
pendulum, 177
permutation, 255
perspective, 161
Planck formula, 386
planets, 232

plasma, 295

plastic collision, 33, 35
point charge, 277

polar coordinates, 121, 125

polar decomposition, 315
polar writing, 124
polynomial, 71

position, 57, 81
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potential, 244 Sarrus formula, 253, 256
potential energy, 177 satellites, 198
power function, 59 scalar product, 154, 309
pressure, 99, 131 Schrédinger equation, 376
primitive, 77 second derivative, 66, 67, 171
prism, 143 short time behavior, 183
probability 0, 18 signature, 255
projection, 155, 300, 309 simple harmonic oscillator, 182
purely imaginary, 122 simple oscillator, 182
Pythagoras theorem, 109 simple pendulum, 177

sine of sum, 111
quantization, 389 sinusoidal, 183
quantum number, 391 spectroscopy, 143

speed, 57, 81
radial function, 174 spherical integral, 267
radial harmonic, 174 square root, 120
ralativistic correction, 391 states of matter, 295
random number, 75 stationary integral, 245

rank 1 projection, 155 Stokes formula, 281

rectangular matrix, 154 subsequence, 20
reflection, 122 sum of angles, 111
symmetric functions, 305

relative speed, 51
symmetry, 155

relativistic energy, 151
relat%v%st%c length, 149 tangent of sum, 111

relativistic mass, 150 Taylor formula, 67, 70, 71, 73, 79, 171
rela@stt?c @omentum, 150 temperature, 293

relatl.wstlc time, 148 time derivative, 57, 81

remalyder, 79 ' time dilation, 148

rescaling coordinates, 239 topological space, 211

rest energy, 151 total angular momentum, 238

rest mass, 151 total energy, 177, 380

restricted 3-body problem, 198 total kinetic energy, 99, 130
Riemann integration, 74 translation. 239

Riemann series, 23 transposition, 255
Riemann sum, 74, 170 triple point, 295

right angle, 109 twice differentiable, 66

right triangle, 109, 110

right-hand rule, 231, 285 unitary, 309

rocket, 37 upper triangular matrix, 252

roots of polynomial, 126
roots of unity, 127, 128
rotating body, 234
rotating coordinates, 239
rotation, 155 wave equation, 94
rotation axis, 234 work. 243

row expansion, 253 ’

Rydberg formula, 386

Van der Waals equation, 295
vector, 120
vector product, 231
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