Double Stochastic Quantization in Minkowski spacetime.
Non perturbative approach for Stochastic Quantization
ge3",n > 2,d > 4 model Quantum Field Theory in

Minkowski spacetime.

Jaykov Foukzon
Center for Mathematical Sciences, Israel Institution of Technology, Haifa, Israel.
E-mail: jaykovfoukzon@list.ru
E-mail: jaikovfoukzon@gmail.com
https://orcid.org/0000-0002-6837-4004

Abstract: In this paper, we show how the finite formulation of quantum field theory
based on Langevin equations can be generalized to the case of nonrenormalizable
theories.The 5th-time stochastic-quantization approach to field theory proposed

by Parisi and Wu, is put in a path-integral form in [5]. The procedure of taking the
limit 7 - o is analyzed and based on new grounds through the introduction of the
vacuum-vacuum generating functional. In this paper non perturbative aprouch
related to Parisi and Wu stochastic-quantization of the 1¢3",n > 2,d > 4 model
guantum field theory in Minkowski spacetime is considered.
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1.Introduction

In this paper we deal with a system of the double stochastic relaxation equations of
the form:




0p1(7,X) _ i((sS[(Pl,(Dz]
or 001(1,X)

¢1(0,X) = 0,x € M4, 7 € R,

Opa(t,X) _ i(55[<P1,(02]
ot 0p2(1,X)

92(0,x) = 0,x € M*,7 € R,
Jo1,¢2] = (1)
[ d% 1 (2up1(1,00,01(2,%) + MPp1(z, %)) + Plpa(z, ) | +
R4

[ 4] L (0up2(7,00,92(2,%) + MPga(z,%)) + P(p2(z,%) | +

R4

— inl(r,x)) + €7,(7,X),

- inz(r,x)) + €7 ,(7,X),

+ [ dXly x p1(2,%)02(1,0],7 > 0y < 1

R4

(n1(7,%) )y = 0(71(7.%) )7, = 0,
(n2(7,%) )y = 0,(T(7,X) )y, = 0,
(ni(z,¥)n1(z', X))y = 25(r — 7")d(x - X'),
(Tt X T,(t', X))y = 26(r —7')6(x—X').

Note that the double stochastic processes {¢1(r,X,0,@;€),p2(r,X,0,@;€)} defined by
Egs. (1.1)-(1.2) is complex and that the existence of an equilibrium for 7 - «,e - 0
constitutes a more subtle problem than in the euclidean case [1]. Actually what we are
going to show is that the equilibrium limit exists in the distributional sense, namely that
the correlation functions converge to the quantum Green functions for ¢ - c only when
interpreted as tempered distributions, see [2].

In this paper we discuss the double stochastic quantization of a theory of a self-
interacting scalar field with lagrangian

2
£ = =2(0p)% - T-g? - (/4" (1.3)

(1.2)

The corresponding double stochastic Langevin equation is
Lot = -i(Cpe0 +Mp(r,) + £60%E0) ) + 1) + €M@ x).  (1.4)
We consider as example the free case g = 0 :
a—argoe(r,x) = —i(pc(,X) + M@ (1,X)) + n(z,X) + €7,(7,X). (1.5)
Thus



L0.2.p) = -1(-PH.(1,p) + M (z,p) ) +7A(7,p) + €T,(7,P) =
= i(p? - m)P (z,p) + 7(z,p) + €7,(z, P).

Flp,0](P) = $.(1,p) = | pc(z,0ePdx, (1.6)
R4

FUP..p)]00 = @) [ .z, p)e™dp.
R4

In this case the unique solution of Eq.(1.6) with initial condition ¢(z = 0,x) = 0is simply

lime-o®(r,p) = Po(7,p) = [ dtii(z, p) expli(p? — m?)(z - 1)].
0

1.7)
p2—m2 _ po—pz—mz.
The correlation function of the free field 9,(z,p) is
min(‘r,r/)
(Bo@PPo(e'.p)), = 220)* [ co*(p+p))expli(p? —mP)(z +7' - 20)] =
? (1.8)
= i(2) 34+ P) o (@XpliCp? = Ml — 7] = expli(p? ~ M)+ 7'}
Remark 1.1.Note that although the limit z = ¢’ - « of (1.8) does not exist in the
ordinary sense, the expression <fﬁo(r, P)P, (7, p’)>17 converges if interpreted as a
weak limit (w-limit) in the sence of a tempered distribution:
W-lims.., exp(ip?s) = 0,w-lims.., P(1/p?) exp(ip?s) = ixd(p?), where P denotes the
principal value, and therefore
. A A I oAl o 4 ! 1
W-||m1=r/—>oo<(PO(T!p)(PO(T P )>,7 =i(2r)"5%(p+p )m, (1.9)
finally we get
li H li 1
G(p,p') = i(2r)*s%(p+p )m- (1.10)
From (1.10) we get
1 NeP-iPYg4ndtn’ = i(27) 4 4 -\ &P Pyd*pdp' -
R u!4£46(p,p)e d*pdp’ = i(21) £4[,!45(p+p) e
.y : (1.10")
. 3 —|px+|pyd4p . 3 e—lp(x—y)d4p
omyt [ S——2P it [ S—FB
@0 RIA Mo P ) pPonP o

We have thus obtained the conventional Feynman propagator in x-representation.
Remark 1.2.As an alternative, and less sophisticated, way of arriving at (1.10) is to
add a negative imaginary mass term —%i&p2 to the lagrangian (1.4) and let 6 tend to
zero after all calculations have been performed. Then the second term in (1.8) is
exponentially damped, since p? — n? is replaced by p? — (m? —i8) = p?> - m? +ié,



see [2].
Let us consider double stochastic relaxation equations of the form:

Sp(zx) _ i( 559
or 00(1,X)

. in(ax)) +Ri(e),

(n(z,%))y = 0,{7(z,X) )5 = O (1.11)

(n(@. (', X))y = 26(z —")(X=X),
(M@, )7, X))y = 26(z — ) (X = X).
Here n(z,X; o) is a space-time white noice on probability space = =(Q, S, P)
and 7j(z,X) = 7j(z,X, @) are space-time white noice on probability space ¥ :(5, S,P).
(i) Evaluate the stochastic average of fields ¢,;(z,X) satisfying Eq. (1.11), that means
(Do (T2, X1;€)Pn (72, X2, €). .. P (Tmi Xm; €)), - (1.12)

(i) Put 1 = 72 =...= 7m = 7 in (1.2) and take the weak distributional limit (w-lim)

W- 1Moo liMeso{@n 5 (7, X1; €) Py 5(T,X2;€). .. 5 (T, Xm; €)) = G(X1,X2,...,Xm€)  (1.13)

mn
To understand this relation we have to introduce the notion of random probability
(density) |P(¢,,7,0) [ = p(@,,7,0), that is, the random probability (density) of having
the system in the configuration ¢,(z,X,®) at time z. There exists for P(¢,,7,0) an
equation that describes the evolution of P(¢,,7,®) in the time 7.1t is called the
Stochastic complex Fokker-Planck (SCFP) ) equation

oP[p,(7,X),7,0]

ot
: ) 5S¢y, 0 0,(1,%),7,0]
| J-d4XW|:P[(Pn(T,X,CO),T] 5(0,1(2 X) :| J-d4 5(;”(1- X) s (1 14)

Sy, 0] = (S[(o,,,a)] I[wn(r,x)n(r,x, co)]d“x).

It is possible to rewrite this equation in a Schrodinger-type form:

Nl "(;TX) L a)] —2HY[¢p,(7,X),7,0],
gy (7,X),7,0]=Plo(7,X), 7] exp[ o, (7,%),0]/2], (1.15)
\P[(pn(T!X)’O’a)] = 6(@’](7’-’)())1
where
D CR s (I B s ()
H = 25¢%+8[ 5o, J I op? (1.16)

It is an operator HY,, = E,¥, whose ground state Ep = O is
Yolgn(r,X), 0] = exp[ S, (7,X),0]/2]. (1.17)



The solution of Eq.(1.16) is

Y[, (r,X),7,0] = ch‘Pn[<p,,(r,X),a)] exp(—2Ent),
n=0

Re(En) > 0, [IM(Eni1)| > O,

(1.18)

where {cn},_, are normalizing constants. The probability density P[¢(z,X),7,»] can
be written as
Ploy(1,%),7,0] = exp[ Spy(1.X),01/2] D caPal@y(7,X), 0] exp(-2En7). (1.19)
n=0
In the w-limit ¢ - o the only term that does not disappear in this expression is
Yole,(7,X),7,0],s0 finally we have

w- lim Plo,(z,x),7] = Coexp[ ~Slgy(z.%),@]/2 | exp[ ~Soy(z,%),0)/2] = (1.20)

= coexp[ ~S{p, (7, %), @] ].
This is the formal reason why Eq.(1.13) holds.

2.The generating functional
In this paper we deal with a system of the complex double stochastic relaxation
eqguations of the form:

dp1(t,X) _ ;. 691, N
(plﬁ(; : - 5s([p(lp(lrg§(2)] +n(7,X) + €7(7,X),
01(1,X) = Re@1(7,X) +i + IM@1 = 011(7,X) +i + 91.2(7,X),
91(0,x) = 0,x € M*,7 € R,
T(7,X) = T, (7,X) +1i « 7 ,(7,X)

0p2(t,X) _ . 05¢1,¢2]
ot T 89a(1,X)

(DZ(T,X) = Re(Dz,l(‘L',X) +ie Im(p2,2 = (Dzyl(‘[,x) 4 (PZ,Z(T,X)
92(0,X) = 0,x € M4, € R,
Jo1,02] =
[ 49 L 0,017, 00,01(7.20 + MPp1(r.30) + Ppa(r0) ] +
R4

| 4] $@u02(. 00,022, ) + MPp2(z,0) + Ploa(z. ) | +

R4

+ n(z,X) + €7(z,X),

2.1)

+I d*X[y x @1(,X)@2(7,X)],7y > 0,y < 1.

R4



(m1(7,%) )y = 0,(Ty(t.%))7, = O,
(M2(7,%) )y = 0,(T,(T.%) )7, = O,
(m(T, )1, X))y = 221)*(r - )5 (x - X),
(2.2)
(M. 0 T,(T',X))g = 221)*8(r — 7')5(x - X),
(ni(z,¥)n2(z', X))y =0,
(M,(1,0) 7,7, X))q = 0.

We rewrite now Eq.(2.1) of the real form

0p11(r,X) _ 5Yp1,¢2] ~
s = Re{ So1(z.X) }+enl(r,x),

5<P12(T X) _ 5891, 2] ~
{ 6(P1(T X) +€772(T,X),
¢1(0,X) = 0,x € M%7 € R,,
58 , ~
ng (P2 } +€7]1(T,X), (23)

{ 0¢2(7,X
Ui

591, 02] ~

¢2(0,x) = 0,x € |\/|4,r e R,,

6(p21(r X) — Re

6(/)2 2(1’ X) — Re

R4 R4

So1.02] = i9p1,02] + (I @1(t,X)n1(7,X)d*x + I ¢2(T,X)n2(f,x)d4x>

Remark 2.1. Here n12(7,X) = n12(7,X; @) is a space-time white noice on probability
space X =(Q2,S,P) and 7, ,(z,X) = 7, ,(z,X; @) are space-time white noices on
probability space T =(5,S, P).The angular brackets denote connected average with
respect to the random variables 7,7, ,.

We want to build a generating functional Z.[J1,J2] from which the correlations

<(01,n(T1,X1;a)) X... x¢1,n(r|,x|;a))(oz,,,(rl,xl;co) X... Xgozyn(‘ﬂ,xr; a)))n

0p14(7,X)  5Yp1,02]

ot 0p1(1,X)

+1(,X%),

P1=Q1n,P2=P2n

(p]_’n(T,x) = Re(Dl,q(T,X) +| * Im(Dl,q(T,X) = @1,1,1](T,X) +| * ng,ZJ](T,X), (2' 4)

0p2,(7,X) _ 5Y01,¢2]

= 52(2,%) (@)

P1=Q1n,P2=P2n

P2(7,X) = ReQ2,(7,X) +1 +1M@2,(7,X) = @2,17(7,X) +1 + @22,4(7,X),

can be derived by the following fashion:



(@17(71, X1, 0) X... XQ1(T1, X1 0)P2,(T1, X1, @) X... XP2(T1, X, @), =

0'Z[31,32; @] :| R

lim E
e~0,y-0 2|: 0Jd1(71,%X1)...031(71,%1)0d2(71,X1)...032(Tr, Xr )

lim N[ Dlp1.(c',%0)D[p12(z' % @) Dlpza(z', % ) ID[p2a(r' X, )]
e-0,y-0

Dn(z',x,@)ID[7,(z',X; @) ID[7,(z', X, @)] x
6(91197,(0,X))5(01.20,57,(0,%X))6 (@11 — @110, )6(P12 — P1207,) X (2.5)
0(92.157,(0,X) ) (92277, (0,X))0(P21 — 2.14.7,)0(P22 — P2.217,) X

(Es[p1(t1,X1;@)...01(71,X; @) @2(T1,X1; ®)...02(Tr, Xr; @) ]) %

xexp[—I; Jl(r’,x)gol(r’,x;a))d“xdr’}exp[—% I; ﬁl(r’,x;w)d“xdr’} N

xexp[—% I; ﬁz(r’,x;w)d“xdr’}exp[—% ;nz(r’,x;a))d4xdr’:|.

.By canonical consideration [6] one obtains

Z[31,32:0] = N[ Dlp1(r',x 0)ID[pa(z', X 0)]D[n(z', X @)] x
D[7,(z", % @) D[7,(z', X @)] x
0(¢n5,(0,%))6(0n7,(0,X))6(01 = @105, )0(92 — Q2n7,) X
><exp[—I;Jl(r’,x)<p1(r/,x;a))d4xdr/ } exp[—% ;ﬁl(r/,x;w)d“xdr’} % (2.6)

exp[—% I; n%(t',x; w)d*xdr’ } X

X exp[—I; Jo(7!,X)02(7', X, 0)d*xdr’ } exp[—% ;ﬁz(r/, X; @ )d*xdr’ }

where D[p1(7',X;w)] 2 D[@11(z',X;@)]D[p12(t', X, ®)],

Dlg2(7,x,@)] £ Dlp21(z',X; @) ]D[p22(7", X )],

6(p1—@1ny,) = 6(@11 — Q1107,)0(Q12 — Q1207,)

6(p2— @ani,) = 6(p21— Q2107,)0(P22 — P220,7,)

where ¢12,57 = 912(7',X; 0, @) that appears in Egs.(2.6) is the solution of the double
stochastic Langevin equations (2.2), solved with zero initial condidion: ¢12,7(0,x) = 0
and N is a normalizing constant and

Dlgssio] =lim [T, Dlpssa )],
Dlpszio] =lim [ Dlp1an(x @),

Mo 2.7
Dlpzzio] =lim | |7 Dlpasn (o)),

Dlgzzi] =lim [T, Dlpzzn )],

where 911+, (X ), 0126 ®)@21,(X 0)P22. (X @), are the field configurations at the
time r;, having sliced the interval O



to 7 in M infinitesimal parts ¢ with 7; = ie andD[@11.,(X;®)], D[@12 (X ®)],
D[p21,(®)],D[@22:(X;®)] is a random Feynman measures [3].
Abbreviation 2.1. 6(¢1 — O1n7) £ 6(p11— ©1107)0(@12 — O1257),

5(@2 = @207) 2 (P21 — P2107)8(P21 = P2247), S12 = 1, 02].

The delta functions 6(¢1 — @1.45),0(¢2 — @2,5) in EQ.(2.6) we can write as

sy 20 {32} ]| 4|
5(@12 = Pronn) = 6 i 62112 - Im{ %?plf } - eﬁ: %(;?2) ’
6(921— @ouna) = 0 i agjl - Re{ 55?01’22 } - éﬁ: (2'5(;?1) ’
6(¢22=@rina) = 0 i 62122 - Im{ %?pl; } - eﬁ_ %(;?2) ’

where S;, = (g1, p2]and where [|5(em)/Sp1all, [5(eT)Spz |, |15(€T)/Spaall,

(2.8)

|6(em)Iop22] is the Jacobians of the transformations € 7 - @11,€ 7 > @12,€ T > @21,

€7 - @a2,thatis

oem || _ 52512 o
|5 | ‘det[[a”Re{&plu)&m(r/)H(s(f ’)}

oem) || _ 52512 L
‘ 501 ‘ = det|: |:5T + Im{ 50120301200 } :|5(1' T ):|,

From Eq.(2.9) by canonical calculation we get

o <€ﬁ1,2> _ 5%, ) _
H oo =exp| trin| | 0 + 5012030120 o(r—1') =

_ 525, :| :|
=exp| trino,| 6(r —7') +0;* : - )
p[ [ ) O (00012

where 07! indicate the Careen’s function G(r — ') that satisfies
0.G(r-1'") =6(r-17").
The solutions of the Eq.(2.11) are: (i) if we choose propagation forward in time
Gr-7)=0r-1")
(i) if we choose propagation backward in time
Gr-7)=-00r-1")

In case, propagation forward in time, we get

HMH = exp{tr|:|n61+|n|:6(r—r’)+0(r—r’) 5”51z ﬂ}

S5p12 8¢12(1)6p12(7")

=
— exp(tr Ind;) exp[tr |n[5(f —T)+0@-1) 5%2(51)?;212(#) J J

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



The term exp(tr Ino;) can be dropped, as it cancels with the same term in the
denominator of (2.6), once we normalize Z.[J12; 0] = Zc[J12; ©]/Z:[0,0; w].
Abbreviation 2.2.Z.[J12; 0] = Z.[J1,J2; ]

So in Eq.(2.14) we are left with

4 <€ﬁ1,2> o ! ! 52§l,2
H —5(012 =exp| trinf 6(r—7')+0(r—1") 59120301200 . (2.15)

By using the canonical expansion for the In, we obtain
5<€ﬁ1,2> _
0912

/ 525,
tr| 6(r — :
exp[ r[ ) S (00012

o 5251, 5281
0(c —7)0(' - ' ' ]
(=)0 -7) 8¢012(1)8¢012(t") S¢12(7")d¢12(T) '

(2.16)
625,
5‘P%,2(T)

52§1,2 52§1,2 + :|
5012(1)8012(7") 8912(c)312(z)

+

- epr dz6(0)

j dc'0(z — )0(z' - 1)

The second term in this expression is zero because 0(r — z')0(z' — r) = 0 and the
same for all the subsequent terins. The only one left is the first term and choosing
0(0) = 1/2 we get

5<€ﬁ12> 1 525,
——==Z | = = | di' —=== |. 2.17
H 0p12 &P 2.[ T 5¢52 ( )

Inserting Eq.(2.17) and Eq.(2.8) into Eq.(2.6) and performing the 7 integration, we get

Ze[\]l,\]z; a)] =N I D[¢1,2(T,,X; )a)]D[nl,z(r’,X;a))]6(g01,2(0, X, a))) X

e 2 ~
| A fea(rXo) 6512 1 0% Ay
TP o] % " -5 |dhd ,
x p{ Io|: [ ot 312z X @) 2 5ol @) o (2.18)

_r Ji2(7', X)@12(7', X co)d“xdr/} exp[—% IT n%,(z', X 0)d*xdz’ }
0 0

From Eq.(2.18) finally we obtain

Z[312:0] = N[ Dlpra(z' % )ID[n12(z' X ©)18(p1.2(0,%,0)) x

! fa 2 ~
B T 1 6(01,2(75 ,X;a)) 5812 B e 52812 . /
xexp{ .[0|: 4e¢ |: or' + 5p12(7 , X ®) n 2 —5(0 d*xdr (2.19)

2
1,2

—IT Ji2(z', X)p12(7',X; a))d“xdr’} exp[—l r nfz(r’,x;w)d“xdr’]
0 4 Jo "%

If we want also to specify that we are interested only in the correlations at the same
5-th
time 71, we have just to choose J12(X,7") of the form Ji>(x,7") = IX)6(t' —71), 71 < T



and
Eq.(2.19) then becomes

Z[312;0] = N [ D[p1a(z’, X @)]D[n12(z', % 0)16(p12(0, % @)) x

! ~ 2 -
(7] 1| 9912(r X @) 8312 _l& o
Xexp{ '[0|: 4e |: or' " Sp12(7', X @) 2 5(052(1./,)(;0)) d*xdr (2.20)

~J12(11,X)@12(t1, X, @)d**dr'} x exp[—% I; niz(r’,x;w)d“xdr’]

From Eq.(2.20) finally we obtain
Ze[\]l,z;a)] = NJ. D[(Dl,z(T/,X;a))]D[T]Lz(T’,X;a))]5((p1,2(0,x;a))) X

= 2
N 0p12(t' X, @) 8S12 N o B
exp{ J-O|: 4e |: or' * 0012(7', X @) £112(7, X 0)

1 3% avm |  Nedvr!
2 S‘P%,z(f/,X;a)) d*xdr J12(%,71)@12(T1, X @)d*xdr’ 5 x

X exp[—% I; n%,(7', X 0)d*xdz’ }

(2.21)

Remark 2.2. In all this we have to remember, of course, that once we set 71 - o we

have also to extend the interval of integration from [0, 7] to [0, x].
From Eq.(2.21) with € < 1 for two-point correlation function (p(z1,X1)@(72,X2))

defined by

6|Z€[J1J2;w] :| /
’ ’ s E ' 2.21
(p(71,X1)9(72,X2)) = lim z|: AR 2.21)
we get
(p(11,X1)9(12,%2)) =
|(i)m0 N | Dlp12(z',% @) ID[n12(z", X @) (Es[@12(71,X1; @) p12(72, X2, @) ]) x
-0,y
0(912(0,X;0)) x
= 2
L Opu(7', % 0) 0312 ISP _
xexp{ |:.[o 4e|: or’ + S X ) |, n(@', x )
5°S (2.22)
£ 12 4 ! _l T1 2 , . 4 ,
2 502(7', x; ) 1:|d Xdr}xeXp[ 4'[0 n<(r',X;w)d Xdr:|
T / . ~ 2
&P 2 1 a(PZ(T X0) , 0% -nt' X)) | -
0 or 02t , X, 0) oos

EL 4 li _i T2 201 wn 4 ,
2 6(p%(rl’x,a)) Jd de} X exp|: 4 . n (T 1X,a))d XdT :|

From Eq.(2.22) by using saddle point approximation we get



(Pn(T1,X1; 0) (T2, X2; a))>'7 =

lim N[ D[n(z",%0)(@1,(t1,X1; ©) P2, (T2, X2; ©)) %

e-0,y-0
:| d*xdz’ } X
O=Q12y

T 52§12
s p{ Io|: 2 592,(c x 0)

T . 2.23
exp _.[ _%f# d*xdz’ > x &=
0 5(P1,2(T X 0) P12=0 1 5

X exp[—% I; n?%(z',x; ) d*xdz’ } =

=|ing (P1n(T1,X1;0)P2,(T2,X2; @),
7/—)

¢n(71,X1; @) that appears in Eq.(2.23) is the solution of the Langevin equation (2.26),
solved with zero initial condition. From Eq.(2.22)-Eq.(2.23) we get

(Pn(71, X1, 0) 9y (72, %2, @), =

Iirg N | Dlp12(z', X @) ID[n12(t', X% @) 1(912(71,X1;0)91,2(72,X2; ®) )6 (912(0, X, @) ) x
yo

xexp[—% I; nZ(T’,X;a))d4XdT’:| X

T 1 agplz(fl Xa)) 5§ ’
B 1 : W X 1,2 . I e 4 /
Xexp{ J 0|: 4e[ oo Spn ey 0 ’X’Q)J Jd o } T e

+O(e) =
Iirg N | D[p12(z', X ©)]0(012(0,% 0) )@ 1(71,X1; ) @2(72, X2, @) ), X
y—?
- 0p12(7 X, 5 , ’ ,
S P S WS

+O(e).
From Eq.(2.24) finally we get
<¢7](T11X1;a))§01](T2,X2;a))>n ~

lim N [ Dlgs2(z', @)16(912(0%0) Xp1(r1,%0; 0)p2(r2, %21 )), (2.25)

|1 | Opia(' X ) 53 2
— L ’ 177 1,2 _ ! . 4 /
xexp{ IO[ e [ o7 + 3012(c . X 0) n(r ,x,co)} Jd xdz } + O(e).

Remark 2.3.Thus by using saddle point approximation one obtains canonical result.
Remark 2.4. In this paper we calculate path integral in Eq.(2.22) nonperturbatively
without any refference to saddle point approximation and without any refference to
perturbative solution of the canonical Langevin equations (2.26).

Definition 2.1. Let ¢, ,(7,X; @) be the solutions of the canonical Langevin equations
(1.26)




0p12(t,X0)  6Y¢12]

ot Spa(nxae) MK (2.26)
¢12(0,X;0) = 0,
and let be ¢(z,X; o, @) the solution of the double stochastic Langevin equations (2.27)
00, (1,X0,@ T -
@1,2, (aT ) = 6(,) (Efp)l('za)] w) + nlyz(T,X;a)) + ﬁnl,Z(T’X;w)’ (2 27)
1,2€ 1N ’

where n(z,X; w) is a space-time white noice on probability space = =(Q, S, P)
and 7j(r,X; @) is a space-time white noice on probability space ¥ :(5, S,P).

We say that: (i) &s(z,X) is a strong asimptotical solution of the double stochastic
Langevin equations (2.27) if

lim IEEEE[QDLLG(T!QDX;(D!E) - 51,2,S(T1X)]| =0 (2 28)

e-0
(il) Cw(r,Xx) is a weak asimptotical solution of the double stochastic Langevin equations
(2.27) if

liminf [EsEs[,,(t,X%0,@) - ,w(z,X)]| = 0. (2.29)

-0

By the replacement

0 LXT0,0) =V, (XT,0,) £0(7)a,

if 7 < 2.30
0(r) = 0?r_0 ( )
1 ifz>0

we obtain from Eqs.(2.27)

5§1,2[V 1,2:€ a]
OV 1,e(T,X, 0, @)

aVlyz,e(T’X;a)lw) _
- =-ao(r) +

where we set

+n12(7, X 0) + J€T (1, % @), (2.31)

3S12[Vi,e @l 512004
OV 1e(T,X0,@)  00,,(T,X0,@)

(2.32)

@126V (XT0,@)%a

Definition 2.2.Let £;2(6%v.,v.,a) be linear part of variational derivative
5S12[ve,a)ldviz (1, X, w,@).Linear stochastic differental master equation corresponding
to the double stochastic Langevin equations (2.27) reads
ov ., (1, X,Fa, 0)
ot
Definition 2.3.Let v12(7,X,Fa; @) be the solution of the stochastic differental master
equations (2.33). Transcendental master equations corresponding to the double
stochastic Langevin equation (2.33) reads
Es[viz(t,x,Fa;w)] = 0. (2.34)

Theorem 2.1.Let Fa(7,X) be an solutions of the equations (2.34) at fixed point
(7,X) € R, xR%i.e.,

= tao(r) + il,z(azvlyz(r,x,ia; ),v.,(1,X%Fa0),a) +n(r,X ). (2.33)

Es[vi2(7, %, Fa(7,X); )] = 0. (2.35)
Let A(7,X) be a set such that



a(z,x) € A(7,X) < Ex[v(7@, X Fa(7,X);0)] = 0, (2.36)
let As(7,X) be a set such that
lim |EzEs[p(T, X 0,@) — &s(T,X)]| = 0. (2.37)

-0
and let Ay(7,X) be a set such that
liminf |[EsEs[oc(r,X0,@) — {w(r,X)]| = O. (2.38)

-0
Then As(7,X) < A(7,X) and Aw(7,X) < A(T,X).
Example 2.1.We consider as example the free case:

0
ot

Differental master equation (2.33) corresponding to the double stochastic Langevin
equations (2.39) reads

0c(7,X) = —i(pc(7,X) + M2 (7,X)) + n(t,X) + €7(z,X). (2.39)

ov,(t,X,Fa0)
ot = (2.33)
= +ad(zr) — (0%, (1, x,Fa, 0) + M (v,,(1,x, Fa;0) F a)) + n(z,X; 0).

From Eq.(2.33) we get

ov,(t,X—a, o)
ot

—avz(fé’;’ B0) _ _as(r) — (0%, (1, %8 w) + My, (1,8 0)) - imPa+ n(z,x0) (2.35)

From Eqgs.(2.34)-(2.35) we get

= ad(r) — i(0%v,(t,X, -, 0) + MV (1,X,—aq,w)) +imPa+n(r,X;0) (2.34)

v, (r,p-q o) _
ot - (2.36)
as(7)6(p) +i(p?v,(7,p,—a; 0) — M*V,(7,X,—& 0)) + im?as(p) + 7(z, p; )

v, (r,paw)
or - (2.37)
—ad(7)3(p) +i(p?V,(7,p, & 0) — M?V ,(z,p, 8, w)) — im?as(p) + 7(z,p; )

J expli(p? — mP)(x ~ )Jdt = expli(p? ~ )] [ expl-i(p? - mP)tjct =
0 0
Sy Pl - mTIepli(p? - mP)e] - 1 - (2.38)

Tl—mz){l —expli(p? — m?)z]}

The unique solutions of Egs.(2.36)-(2.37) reads



7,(z,p,-a0) = a [ expli(p? - M?)(r - 1) ]S (p)dlt +
0

+ [ expli(p? - m2)(z — D7t p; w)dt + imPas(p) [ expli(p? - mP)(z - t)]dt =
0 0

~ a3(P) Xpl(P? - )1 + (1 expi(p? - m)e)) ¢

) P (2.39)
+ | expli(p? - m2)(z ~ O]t i)t =
0
2
= a(P) eXpli(p? ~ M)(r)] - (0 (L expli(p? — m)e]) +
p? — ?)
+ | expli(p? - M) (z - 1AL, P o)t
0
v,(1,p,a0) = —af expli(p? — m?)(z - 1)]6(t)d(p)dt +
0
+ [ expli(p? - m2)(z - D1t pi )t~ imPas(p) [ expli(p? - m?)(z ~ )t =
0 0
- ~a0(P) @Xpli(p? ~ )r] + (1 - expli(p? — )] +
(2.40)

+ [ explip? - m?)(z - 1AL, P; )t =
0

m?as(p)

02— (1 - expli(p? —m?)z]) +

—as(p) expli(p? — m?)r] +
+ [ expli(p? - M) (z - DAL P o)t
0

From Eq.(2.39) we obtain



vi(z,X,0) = Ie‘pxﬁl(r,p,—a;w)dp =

- aJ. e'P5(p) exp[i(p? — m?)z]dp — mZaJ. eip"(p%pr)nz)(l — exp[i(p? — m?)z])dp +

+ [ [ @™ expli(p? — m?)(z - (L, p; w)dpt =
0 (2.41)

aexp[-im?z] + a— aexp[-in?c] +

T

+[ [ e expli(p? - m?)(z - )]t pi w)dpct
0
From Eq.(2.40) we obtain
vo(r' X 0) = Ie‘p'xﬁl(r’,p’,—a;w)dp/ =

= —a [ eP*5(p') expli(p? — mP)'Jdp' +

mzaf ePx % (A-expli(p?-m?)7' ] )dp' +
+| e ep[i(p?-m?) (@ - ]acp e)dpdt = (242

0
—aexp[-im?z'] — a+ aexp[-im?t'] +

Ije‘px exp[i(p?2-m?)(z' - t) ]f(t,p’; 0)dp'dt,
0

From EQgs.(2.41)-(2.42) we obtain



it X @)v2(t' X 0)), =

<<aexp[—imzr] +a-— mPaexp[-im?z] + I I e'Pexpli(p? — m?)(z - t) AL, p; w)dpdt) X

0

0

x (aexp[imzr’] —a+aexp[-im?r'] + I I ePexp[i(p2-m?) (' —t') ]Act.p; w)dp’dt’) >
n

= —(aexp[-im?t] + a— m2aexp[-im?z])(aexp[-in?t'] + a— m2aexp[-im?z']) +

<I [ P expli(p? - m?)(r - ] (t,p; ) dpdt x
0

T

Ife‘pxexp[i (p2-m?)(«' —t") ]act.p'; a))dp’dt’> =
n

0
—(aexp[-im?z] + a— m?aexp[-im?r])(aexp[-im?z'] + a— mPaexp[-im?z']) +

H(@R) 3P+ ) 4eli(P? = Ml = 7] - expli (= )l + ')

From Eq.(2.43) and Egs.(1.9)-(1.9') we obtain
ip(x—x’)d4p

. ) ) . 4 ( €
W—IImT=T/%O<v1(r,X,oo)vz(r’,x/,oo)),7 = -a2+i(2n) J; m (2.44)
R
Thus master equation corresponding to two point function z(x — x'),where
a?(x,x') = a®(x-x) = t(x-x), reads
i (x—x/)d4
2_/_'2—4 e'P p=0
as(x—x)—i(2r) I—pz—m2+ig )
R4
—ip(x-x") 4
a2(x-x) = i(2r)* [ S 9P _
e PEoMeAlE (2.45)

=iAg(x—=X) = 7(x=X")
d4p e—ip(x—x/)dzlp
J, (2n)* p*-m? +ie

Ap(X—=X') =

and therefore we obtain desired result, see Eq.(1.10).
In order to prove the equality a?(x — x') = 7(x — x') we calculate Ar(x — x') defined in
Eq.(2.45):

/ dik e ko) dak d3kdko g ikoX)
Ar(x—X) = _ _
F(X X ) J. (27[)4 k2—m?+ie J. (271_)4 k(z)—(k2+m2)+ig

R4 R4

_ J~ d3kdko e—ik(x—x’)
R4

{ 1 _ 1 } (2.46)
(2r)* 20k ko—ox+i6  ko+awx—id )’

Wk = ,/k2+m2.

(2.4



The integral over ko here, as always, can be easily calculated by contour integration.
The exponent contains e (%)  so for xo — X, > 0, we close the integration contour
in the lower half-plane of ko , and the integral is determined by the contribution from
the pole at ko = wk —id. For xo — X5 < O, we close the integration contour in the upper
half-plane, and everything is determined by the contribution from the pole at

ko = —wy +10. Then, by Cauchy’s theorem, we have:

A [— ! ] ﬂelk(;_x,) 0 _ / —iwk<X0—X,> _
P (27:)3 20k I:I (X0 =Xo)e O]

- <33§ =10 iy~ xo)es () @47
|R4

After the substitution in the second integral k - —k we have:

/ H d3k / i vy H !
Ae(X=X) = —i —OK_ T9(xy = X-)e iy (Xo—Xg ) +ik(x—x") +
e {I @20, 0007 %0) ]

(2.48)
_dk iy (Xo—Xg ) +ik(x—x")
+I (27[)32 o [00x0 — Xo)e ]}

Finally we get
IAF(X=X') = 7(x=X"). (2.49)

3. Double stochastic quantization self-interacting scalar
field gp*

As an example we consider the double stochastic self-interacting scalar field with
lagrangian

Ly = 5(09)° - SmPe? - Lgp*. (31)

The corresponding double stochastic Langevm equation in 4-D Minkowski spacetime
is
MX;—T&”U) —-io(X,7;0,@) + Mo(X,7;0,@) + o3 (X, 7,0,@)) + n(w) + €f(z). (3.2)
The random source 7 is a gaussian white noise with correlation function
nxo)nX, 7)), = 221)*6(r - 7)3(x - X'),
np,o)n(p',r")), = 2(21)*5(x -7 )5(p+ p').

By replacement o(X,7;0,@) —a(r) = vi(X,7,—a,0,@),where a(r) = 0if r < 0,a(r) = a
if z > 0, from Eq.(3.2) we obtain

(3.3)



oviXt,-a,0,@)
ot -
as(r) —i{vi(x,7,-a0,@) + M[vi(X,7,~& 0,@) + a] + gvi(X, 7,0, @) + a]s} +

+n(w) + €7(o) = . (3.4)
= ad(zr) — i{vy + m?vy + m?a+ gv3 + 3gav? + 3gavy + ga} + n(w) + €7j(w) =
as(r) —i{dvy + (Mm? + 3ga?)vi + m?a+ ga} + n(w) + €7(w@)

By replacement o(X,7;0,@) + a(r) = vi(X,7,a,0,@),where a(r) = 0if r < 0,a(r) = a
if z > 0, from Eq.(3.2) we obtain
6v2(X,T,a;a),ZU) _
or B
~ad(r) — i{va(x,7,-& 0,@) + M[va(X,7,-8 0, @) — a] + gva(X T;0,@) — a] >} +

+n(w) + €N(w) = . (3.5
= —-ad(r) — i{{0v, + MPv, — m?a+ gvi — 3gavs + 3ga?v, + gad} + n(w) + €fj(w) =
= —-ad(r) — i{{dvy + (M? + 3ga?)v, - mPa—ga} + n(w) + €7j(@).

Therefore linear differential master equations reads

ovi(X,1,-a8,0,@) _
o (3.6)
= ad(zr) —i{dvy + (m? + 3ga?)vy + m?a+ gad} + n(w)

and

6v2(X,T,a;a),ZU) —
or (3.7)
= —ad(r) — i{{0vz + (M? + 3ga®)v, — m?a—gad} + n(w).

From Eqs.(3.6)-(3.7) we obtain

ovi(pr,—a,m)
or B

= ad(r) — i{-p%1 + (M? + 3ga?)v1 + (Ma+ga®)s(p) + 7(z,p; o) = (3.6)
= ad(r) +i[p? — (M? + 3ga?)]v1 — i(mPa + gad)s(p) + 7i(z, p; »)
and
VapT,—0)
ot N
(3.7)

= —ad(r) — i{-p*V2 + (M* + 3ga®)¥> — (MPa+ ga®)s(p)} + (7, p;w) =
—-ad(t) +i[p? — (M? + 3ga?) v, + i(m?a+ ga®)s(p) + 7i(r, p; ®)

where



F11(p) = 2n)*s(p),

Fra@0lP) = 8.@p) = [ valr.0ed,
R4 (3.8)

F 12, p)](X) = (21)™ | Pa(z,p)e™d*p,

R4

see ref.[4].The unique solutions of Egs.(3.6)-(3.7) reads

7,(z,p,-80) = (27)"a [ expli(p? - (m? + 3ga?))(z - D]3()S(p)dt +
0
+ [ expli(p? — (m? + 3ga2)) (z - DAL, p; @)dlt +
0

+i(m?a+ ga®)(2r)*s(p) I expli(p? — (m? + 3ga?))(r — t)]dt =
0

= ad(p) exp[i(p? — (m* + 3ga?))7] +
i(m2a+ ga3)(2r)*5(p)
—i(p? — (m? + 3ga?))

(1 - expli(p? - (M? + 3ga®))7]) + (3.9)

+ [ expli(p? - (m? + 3ga%))(z - DAL p; @)t =
0

= (2r)"*as(p) expli(p? — (M + 3ga?))r] —
_ (mPa+ ga®)(27)*s(p)

(p? — (M2 + 3ga2)) (1 - expli(p? — (M? + 3ga?))7]) +

+ [ expli(p? - (P + 3ga%))(z - DAL P 0)clt
0

and



7,(.p.ai0) = ~(2n)"a[ expli(p? - (1 + 3ga%) (s - DISOIP)K +
0
+ [ expli(p? — (m? + 3ga2)) (z - DL, p; @)t -
0

—i(m? + 3ga?)(27)*as(p) I expli(p? — (m? + 3ga?))(r — t)]dt =
0

= —a(2r)*5(p) expli(p? — (M? + 3ga?))z] +
—i(m?a+ ga®)(27)*s(p)
—i(p? — (m? + 3ga?))

(1 - expli(p? - m?)r]) +

+ | expli(p? - m2)(z ~ O]t i)t =
0

—(2r)*as(p) expli(p? — (M? + 3ga?))z] +
(m?a+ ga®)(2r)*5(p)

(p? — (M2 + 3ga2)) (1 - expli(p? — (M? + 3ga?))7]) +

+ [ expli(p? - (P + 3ga))(z - DAt P o),
0
where we have used

[ expli(p? - (m? + 3ga%) ) (z - 1) ot =
0

expli(p? — (m? + 3ga?))z] [ expl—i(p? - (m? + 3ga®) t]ct =
0
1
—i(p? - (m* + 3ga®))
x{exp[-i(p* — (m*+ 3ga®))r] - 1} =

1 ,
TP (e + agar)y (L XPHET - (M 36a0)el)-

exp[i(p? — (m? + 3ga?))z] x

From EQgs.(3.9)-(3.10) we obtain

(3.10)

(3.11)



FAV,(r,p,-a0)] = I?l(r,p,—a;w)e“pxd4p =v,(1,X-q0) =

R4
a I 5(p) expli(p? — (m? + 3ga?))r]e"™d*p -
R4
—(m?a+ gad) x
1 5(P)(1 - expli(p? - (M? + 3ga2))z])e Pdp +

Xﬂg; (p? — (m? + 3ga?))

+(2n')—4 J. e—ipxd4pJ- exp[i(p2 _ (mz + 3ga2))(r ~ )Rt p; @)dt = (3.12)
R4 0
= aexp[-i(m’ + 3ga®)7] +
(2r)™*(m?a + ga)

_ _i(m2 2
(P + 3g22) (1-exp[-i(m* + 3ga“)7]) +

+2m)™ [ e™Pd*p [ expli(p? - (m? + 3ga%))(z - DAL, P; el

R4 0

and

FAv2(zp a0)] = (2r)™* I v2(7,p, @ 0)ePd*p = vo(7,X, &) =
[R4
-a _[ 5(p) expli(p? — (m? + 3ga?))r]e"Pd*p +
R4

+(m?a+ gad) x

% 1 - i(p? — (m? 2 —ipx {4
[.!4 (07— (2 1 3gazy) S(P)(L — expli(p® — (m? + 3ga%))r])e d’p +

+(2m)™* [ ePd*p [ expli(p? — (n + 3ga%))(r — IR, P w)clt = (313
R4 0
= —aexp[-i(m? + 3ga?)r] -
(m?a+ ga®)

_ _ _ilm2 2
(P + 3g22) (1—exp[-i(m* + 3ga“)7]) +

+(2)™ [ ePd?p [ expli(p? - (m? + 3ga%))(z - DAL, p; el

R4 0

From Eqs.(3.12)-(3.13) we obtain



i@ x-a o)y, (' X, 8 0)), =

<{aexp[—i(m2 +3ga®)r] + E::Zi—ggzzi(l — exp[-i(m? + 3ga®)r]) +
+(2r)™ [ e™Pd?p [ expli(p? - (m? + 3ga%))(z - DAL P a))dt} x
R4 0 (3.14)
(m?a+ ga®)

{—aexp[—i(m2 +3ga?)r] - (1 - exp[-i(m? + 3ga®)r]) +

(m? + 3ga?)

+2m) ™ [ e d*p [ expli(p’ - (M +3ga%))(z - HIA(LP'; w)dt}> .
n

R4 0

W-lim,_p (v, (7. X -8 0)v, (7', X, & ), =
_(ma+gad)®
(m? + 3ga2)?

(2n )8< [ ePap [ expli(p® - (P + 3ga2)) (z - O ]7(t, pr )l (3.15)

R4 0

f e-ip’Xor‘pIex|o[i(|d2 — (m? + 3ga?))(z - 1) 17(, p/:w)dt> :
n

R4 0

Thus transcendental master equation corresponding to two point function
a’(x,x') = a’(x-x') = A(x-X') reads

] —ip(x—x’)d4
—i(2r)™ € P _
(@) DJ; p? - m? +ig + 3ga? 0

(m?a+ ga3)2
(m? + 3ga2)?

2 3)2
(mngaZ)Z —iAF(x—-x3a) =0
(m? + 3ga?) (3.16)
e p(x-x") d4p

Ae(x-X;a?) = (2”)_4 J- p? — m? +ig + 3ga?

R4

Note that

2
ga® g
(m2a+ ga®)? ~ (mPa+gad® )’ at -z o (1+ mz)
> 32 \mei3g? ) 7 =a 2 (3.17)
(m?2 + 3ga?) m- + 3ga 14 302 3ga
+F (1+ - )

We calculate now the integral Ag(x — x; a) defined in Eq.(3.16):




A IRV N d*k e—ik(x—x’)d4k _
Fx-xia) 2 (2r)* K2 — (m? + 3ga?) +ie

_ I d3kdko g kox) B
, (@m)* K3— (K*+m?) +ic - 3ga? a18)
d3kdko g 1kOx) .

- 4 5 )
< B - of + is)(l S-Sy 3ga” )
0

—w? +ie
a)kz,/k2+m2.
3ga? N 39a "
- = 3.19
(o) e mev (e ) @19

Cok+|8

From Eqs.(3.18)-(3.19) we obtain

Ar(x—x;a?) =
d3kdkg g ikoex") _
(2n)* , 3ga?
4 (k%—(l)E+|8) 1_k(2)TE+|g

=1

dkdko __etkxx) 2 [ d3kdko 1 ol eikoex) ) "
= 3 )" = -
R;E (2n)* K- of +ie e Yot | K-og+ie nZ_:( ) ki - of +ic (3.20)

d3kdk0 e—ik(x_x’) © . n dskdko e—ik(X—X,)
= — + -1)"(3g)"a™"
J; (2r)* ki-wi+ie Zl( ) (39) \ (2r)* (K2 — w2 + ig)™

Ar(X—=X") = Af(x—X') = Af(x=X)
d3kdky e ikxx) 1
. (2r)* 20k ko—owk+is’

F(x=x) =
(3.(3.21))

(v ) d3kdk0 e—ik(X—X/) 1
AF(X x) - J.A (271_)4 Za)k k0+0)k_|5’

The integral over ko here, as always, can be easily calculated by contour integration.
The exponent contains e-ke(ox0) 5o for xo — X > 0, we close the integration contour
in the lower half-plane of ko , and the integral is determined by the contribution from
the pole at ko = w — id. For Xo — X < 0, we close the integration contour in the upper
half-plane, and everything is determined by the contribution from the pole at

ko = —wk +id. Then, by Cauchy’s theorem, we have:



N d3k eik(x—x’) . / ok XO_X/O
Aex=x) = [ S S (000 - xpetos o ] -
R (3.22)

- (g3l§3 e_;g:( ) [iQ(X6 - Xo)eimk<X0—X6> :|
T
R4

After the substitution in the second integral k - —k we have:

i 3 1\ ek (Xo—Xg ) +HK (=X
Ar(x = X') |{I (27rd)—3k2a)k|:0(X0_X0)e K Qo) ko) ]

R4

(3.23)

d3k / ik (Xo—Xg ) +HK(x—x'

Finally we get transcendental master equation corresponding to two point function
a?(x-x;a%) = A(x-x;a?) :

(M? + ga?(x—x))* _

(M2 + 3ga2(x — x'))?

— d3k 1y @ik a(Xo—Xg ) +HK(x—x")
= -l —————| O(Xo — Xp)€'kalX0™o +
{g4 (277,')32a)k I: ( 0 0) :|

a?(x-x")

[ LK 00, — xp)giomaCo)sikex) ]} ’ (3.24)

J, (2r) 32wy

- 3 —ik(x—x'
31 ) [ Fde et
n=1 R4

)" (KB-wi+ie)™"

_ [ Skdko e ko) +i(_1)n dekdk, (39)"a2"(x—x')e k)
R4 (2775)4 k(%_(DE +ig ) e (271-)4 (k%—a)ﬁ n ig)n+1




a?(x-x) =

2 2(v _ v/ )2
(7P + 3ga2(x X)) {f B g — e oo 1] 4

(M2 + ga®(x—x))* | J, (21) 20

d3k ! ik (Xo—Xg ) +HK(x—x")
+| ——=—| 0(Xg — Xo)€'“x o0 +
[RL (27) 220k [0 =) ]

d3kdko eikoex) _ (3.25)
2r)* (KB-wi+ie)™"

+3(-1)"(3g)"a(x - X) |
n=1 R4

_ (m?+3ga’(x— x'))? dBkdky  eikoxx)
(M2 + ga2(x—x'))? J, (2r)* Ki—owf +ic

- 3 —iK(x—x'
£ (-1)"@g)"ax- x) [ SR et 1}
n=1 R4

2r)* (K- w2 +ie)

In the neighborhood of the light cone

A _ /; , — I _ |m2 I A{ _ LZ’
P = 2~ gz MR~ 16, (3.26)
1>p>2=MX-X)"-(x-x)2>n>0.
We rewrite Eq.(3.25) of the form corresponding to the Picard iterates ai = T(ai_1),
(see Apendix.1)
i=12,...,
a?(x—x') =
(m?+3gaZ; (x—x))? dkdky  eikoex)
(M +gaf(x-x))* |3, (@0)" K-of+is
(3.27)
” d3kdko gikoex)
+2_(-1)"(39)"afy (x - X) , :
; i-1 g (271_)4 (k%—a)ﬁ n Is)ml
1>u>Xo-Xp)?—(xX=x)2>n>0,0< [xo—Xp| < 1,
aj(x—x') = Ae(x=X'; 1, 1).
We assume now that
gr2 < 1. (3.28)

Note that under condition (3.28) Generalized Banach fixed-point theorem holds,see
Apendix.1.



Apendix. 1.Generalized Banach fixed-point theorem.

Theorem 1. [6] Let (X,d) be a complete metric space and T : X - X be a contraction
mapping with the Lipschitz constant « € [0,1). Then:

(1) T has a unique fixed point X in X.

(2) For an arbitrary point Xo € X, the sequence (Xn)nengenerated by the Picard iteration
process (defined by xn.1 = T(Xn),n € NU {0}) converges to x.

(3) d(Xn,X) < 1a_”a d(xo, x1) for all n e N.

Definition 1. [6] We say that X € X is a contractive fixed point (abbr. CFP) of T if

X = T(X) and the Picard iterates Ty(x) converge to X as n —» « for all x € X.

The operator T from Definition 1.1 became known as a Picard operator (shortly PO),
Definition 2. We say that X € X is a quasy contractive fixed point (abbr. QCFP) of T
if x = T(X) and there is an Xp € X such that the Picard iterates Tn(Xo) converge to
Xasn - oo.

Definition 3.The operator T from Definition 2 became known as a quasy Picard
operator (abbr. QPO)

Theorem 2.(Generalized Banach fixed-point theorem). Let (X,d) be a complete metric
space and T : X —» Xis continuous.Assume that there is an yo € X such that the
inequalities are satisfied

d(y1,Yo) = d(T(Yo),Yo) < a x const,
d(y2,y1) = d(T(y1),T(Yo)) < ad(y1,Yo),
d(ys,y2) = d(T(y2), T(y1)) < ad(y2,y1),

(1.1)

where a < 1, yn = T(yn-1). Ten there is a quasy contractive fixed point x of T, such
that the Picard iterates Tn(yo) convergetoy € Xas n — oo.
Proof. From inequalities (1.1) we obtain

d(y1,Yo) = d(T(Yo),Yo) < a x const,

d(y2,y1) = d(T(y1), T(Yo)) < ad(y1,Yo),
d(ys,y2) = d(T(y2),T(y1)) < ad(y2,y1) < a?d(y1,Yo),

(1.2)

From inequalities (1.2) by using triangle inequality we obtain for some ¢ <« 1

d(yn,Yn+m) < d(Yn,yn+1) + d(yn+1,yn+2) +.. -+d(Yn+m—1,yn+m) <

< (a"+a™ 4. +a™™h)d(y1,Yo) = a”%d(yl,w) < (1.3)

< 1Oina d(yl,yo) <E&.

Thus a sequence {yn}, , < Xis a fundamental sequence in X and there is exists



limp»yn =y € X. We assume now that T(y) = §, by using triangle inequality we obtain

d(y.y) < d(¥,Yn) + d(¥Yn,Yn1) + d(Yni1, 9). (1.4)
For any € > 0 we can choose N = N(¢) such that for any n > N
() d(y,yn) < €/3,since thatis y = liMp.« Yn;
(ii) d(yn,yns1) < €/3,since that {yn}, , = Xis a fundamental sequence;
(iii) d(Yn:1,¥) = d(T(yn), T(Y)) < &/3,since that is liMp T(Yn) = T(liMpw Yn) = T(Y).
Therefore for any e such that 0 < € < ¢ : d(y,y) < € it follows that d(y,y) = 0 and
consequently y = y.
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