Resolution of the Yang—Mills Millennium Problem: The Solution via
Full General Relativity and its Surrounding Equation

F. Lassiaille*

frederic.lassiaille@Qoutlook. fr

V4.0 14 September 2026

Standard formulations of quantum gauge theories relying on a rigid Minkowski back-
ground implicitly enforce Special Relativity as a standalone framework, introducing
structural kinematic inconsistencies. In this paper, we propose a complete resolution to
the Yang—Mills Millennium Problem by incorporating the algebraic surrounding effect
of General Relativity (GR) into quantum field theory. To remain fully compliant with
the axiomatic setup on R*, GR is introduced purely algebraically via energy-density
constraints and background metric fluctuations. Building upon the relational formula-
tion established in Ref. [1,4], local spacetime geometry is algebraically deformed by the
global, multi-source energy distribution of the Universe, governed by a vector field D#(z)
and an associated velocity ratio v/c. We demonstrate that the dynamic emergence of a
strictly positive mass gap A > 0 is generated either within a total global vacuum across
the entire universe—ensuring a mass gap for any infinitesimal local energy concentra-
tion—or within a strictly local pure vacuum domain under a pointlike infinitesimal Dirac
concentration. In both scenarios, scale-invariant saturation prevents localized field con-
figurations from continuously decaying into zero-energy states (v/c - 0). This non-zero
spectral gap ensures the complete elimination of infrared (IR) divergences through ex-
ponential spatial damping (~ e*AT) and bounded transverse propagators. Concurrently,
high-energy ultraviolet (UV) divergences are regularized through a rigorous framework
combining stochastic metric dephasing (g = Nuv + huw)—yielding a universal Gaus-
sian damping factor exp(—yp? /A%V)—and topological causal disconnection driven by
local light-speed saturation (v/c¢ — 1). This dual mechanism prevents short-distance
contact singularities, ensuring that all n-point Wightman correlation functions remain
well-defined tempered distributions in S’/ (R*™) and fully satisfying the axiomatic require-
ments formulated by the Clay Mathematics Institute.

1. Introduction

The standard formulation of quantum field theory (QFT) relies on a flat, rigid
Minkowski spacetime 7),,,,, treating Special Relativity (SR) as an independent frame-
work. Although effective for perturbative calculations, this approach neglects Gen-
eral Relativity under the assumption that gravitational effects are negligible at
subatomic scales. However, freezing spacetime geometry introduces structural kine-
matic and Machian inconsistencies, particularly when evaluating the dynamics of
non-Abelian gauge fields. Incorporating General Relativity is therefore not merely
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a phenomenological correction, but a fundamental theoretical necessity. To preserve
full compatibility with the axiomatic framework on R*, General Relativity is intro-
duced here in a purely algebraic manner via energy-density constraints, in strict
analogy with the algebraic implementation of Special Relativity via the Poincaré

group.

1.1. Scale-Invariance Breaking and the Mass Gap (A > 0)

Pure classical gauge theories exhibit exact scale invariance, allowing field config-
urations to decay continuously toward zero-energy states (E — 0). Resolving the
Millennium Prize problem posed by the Clay Mathematics Institute (CMI) requires
proving the existence of a nontrivial quantum theory on R* with a strictly positive
mass gap above the vacuum (A > 0).

In this work, we demonstrate that incorporating the algebraic environment effect
of General Relativity breaks this classical scale invariance. As established previously,
this effect describes how local spacetime geometry is deformed by the global energy
distribution of the Universe, parameterized by a vector field D#(x) and a velocity
ratio v/c. Under the pure vacuum condition (D = 0), this relational constraint
prevents localized excitations from decaying continuously to zero (v/c - 0), thereby
establishing a strict lower bound for the ground-state spectrum (A > 0).

1.2. Ultraviolet Regularization and Infrared (IR) Stability

Alongside the emergence of the mass gap, the proposed framework resolves high-
and low-energy pathologies:

e Infrared (IR) Divergences: The spectral gap A > 0 induces spatial
exponential damping (~ e~2") of correlation functions at large distances
and guarantees the finiteness of soft-momentum integrals in the transverse
propagator.

e Ultraviolet (UV) Divergences: Correlation functions inherently face se-
vere pathologies when evaluated in a vacuum presumed to be populated by
infinite metric fluctuations. However, we demonstrate that this very contra-
diction leads to an integration domain that is no longer connected. Conse-
quently, the corresponding integration value loses its meaning, yielding an
inherently ill-defined result that stems directly from the initial conceptual

contradiction.

1.3. Manuscript Organization
The remainder of this paper is structured as follows:

e Section 2 reviews the general relativistic origin of the environment ef-
fect and formalizes the velocity ratio v/c derived from multi-source energy
distributions.
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e Section 3 analyzes the kinematic limitations of Special Relativity and
establishes the logical necessity of algebraic General Relativity to satisfy
the CMI requirements.

e Section 4 presents the core derivation of the mass gap A > 0 and the role
of the pure vacuum condition.

e Sections 5 and 6 examine the infrared behavior and the resolution of
ultraviolet divergences via stochastic metric phase-shifting.

e Section 7 systematically validates the theoretical framework against all
axiomatic criteria set forth by the Clay Mathematics Institute.

e Section 8 concludes with a summary of findings and open perspectives.

2. GR and the Origin of the Surrounding Effect

Before generalizing the surrounding correction to particle physics, it is instructive
to recall its origin within GR itself, as this very construction is used, unmodified,
throughout the rest of this paper. Starting from the vacuum Einstein-Hilbert La-
grangian and requiring that the theory treat on an equal footing any arbitrary,
multi-source distribution of energy rather than an idealized single isolated source,
one derives a local spatio-temporal four-vector D*(X). This vector describes the lo-
cal structure of space-time at X as a discrete superposition over all energy sources
located at Y,, in the surrounding environment:

DH(X) =Y 1,(X,Y,) f(X,Yn) CH(Yy), (1)
n=0

where 1,,(X,Y,,) is a weighting indicator function selecting which surrounding
sources effectively contribute at X, f(X,Y,) encodes the attenuation of energy-
momentum propagation through space-time, and Y, denotes the event associated
with the n-th matter component. C*(Y},) is the corresponding null four-momentum
vector, oriented in the direction of the tangent in Y,, of ¢(V},), the geodesic from Y;,
to X, and directed from Y,, to X.

Let us reformulate this equation by passing the total energy from left to right.
Only the norm of the spatial term of the left-hand side is considered, and only
the projection of the spatial terms of the right-hand side along the straight line
identified by the direction of D*(X):

Sy (DHX))® 30 cos(8n) F(X, Yo )y X, (CH(YR))° )
x) S FXa) OOV, @

Here, 6,, is the angle of the projection in X of the spatial vector of the propagated
CH(Y,) in X. ¢ = £1 is the sign corresponding also to the convention for 6,,. The
1, (X,Y,,) term has been suppressed for the sake of simplicity. It will remain omitted
from these sums throughout the remainder of this document.
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The left-hand side term can be reformulated as:

VEL 0 YEL )T 5

Here, v = Zle (fui(X))2 is the algebraic scalar speed associated with D#(X),
and v(X) are its spatial components. Since each C*(Y},) is a null vector, we also

have CY(Y,,) = Z?Zl (Ci(Yn))Q. These considerations allow us to simplify Equa-
tion (2):

v Yol F(X, V) cos(0,)CO(Ya) @
c Y XY, C0Y,)

By isolating the contribution of a single reference source Yj relative to the total

sum, Equation (4) yields the following fundamental dimensionless energy ratio. This
is allowed if the propagated C*(Y,,) spatial components cancel themselves at X for
n # 0, that is, if > 2 | f(X,Y,) cos(0,)C°(Y,) = 0:

v Y COY) -
¢ T XY OO

This ratio identifies the amplitude of the Lorentz boost from which the interac-

tion derives.

The core result of this derivation is that the effective relativistic structure of
space-time is never determined by an isolated mass independently of what exists
elsewhere in the universe; it depends intrinsically on the complete background en-
ergy distribution. Far from being an ad hoc addition, the surrounding effect is
a structural mechanism inherent to GR that becomes explicit as soon as realis-
tic, multi-body boundary conditions replace asymptotically flat approximations. As
shown below, this v/c ratio forms the bridge to addressing the Yang—Mills problem.

3. GR and the Foundations of Quantum Field Theory
3.1. Inconsistency of Special Relativity

Modern particle physics relies almost exclusively on Special Relativity (SR), treating
quantum fields as propagating on a fixed, flat Minkowski background 7,,,. However,
treating SR as a standalone, fundamental framework leads to well-known mathe-
matical inconsistencies:

e Kinematic Inconsistencies and Relativistic Gauge Fields: Even
when restricting the analysis strictly to piecewise inertial frames—as in
closed-loop or topological formulations of the twin paradox where accel-
eration plays no fundamental role (see details in Appendix A)—a conflict



V4.0.  Resolution of the Yang—Mills Millennium Problem  (© 2024-2026) 5

arises when quantum gauge fields (Yang—Mills) evolve across such trajecto-
ries. Consider a self-contained quantum laboratory (housing atomic clocks
and particle storage rings) embarked on a relativistic round-trip relative to
a reference frame. While SR predicts a net time dilation, it cannot intrinsi-
cally determine which frame holds the rest state or non-trivial topological
holonomy without referencing the global distribution of matter. For gauge
fields, this path-dependent shift affects local phase accumulation and decay
rates. To dynamically close these observables upon reunion without ad hoc
global frame choices, the field equations intrinsically require the surround-
ing energy density constraints provided by GR.

e Mach’s Principle and Frame Selection: SR lacks an origin for iner-
tial frames. As emphasized by Machian arguments (see, e.g., Ref. [1]), local
inertial properties are entirely dynamically determined by the global distri-
bution of matter in the Universe.

e The Surrounding Effect at Subatomic Scales: Equations (1) and (5)
demonstrate that local space-time properties shift whenever a system moves
between environments with radically different surrounding energy densities.
In particle physics, the gravitational coupling constant G is systemati-
cally frozen to 7,,, confusing the negligible magnitude of local gravitational
forces with the fundamental role played by global energy density. This lack
of background calibration should manifest in the laboratory, notably during
nuclear transitions where a particle probes the vast gradient between the
interior of a dense nucleus and the surrounding vacuum. The steep gradi-
ent in v/c dynamically modifies local field interactions, effectively yielding
a measurable variation in coupling strength.

3.2. A Requirement of the Yang—Mills Millennium Problem

Let us revisit the foundational requirement of the Yang—Mills Millennium Problem
as formulated by Jaffe and Witten [3]:

“ .. find a quantum field theory on R* (or R x S®) satisfying the Wightman
azioms (or some other reasonable system of axioms) for a compact simple
gauge group G, and show that the mass gap A is strictly positive.”

3.3. Possible Interpretations of the Requirement

The conclusion drawn from the observations in Section 3.1 is straightforward: SR
cannot stand as a mathematically closed theory on its own. Consequently, two
logical interpretations emerge regarding the primary problem statement of Jaffe
and Witten:

(1) Strict Flatness Interpretation: If the condition R* is interpreted as
strictly forbidding GR—either as a curved metric manifold or as an al-
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gebraic geometric constraint—then the axiomatic formulation inherits the
mathematical incompleteness of pure SR.

(2) Algebraic Interpretation: If the problem setup ignores these flat-space
limitations by utilizing only the algebraic structures of relativistic invari-
ance (e.g., Poincaré symmetry), it cannot logically reject GR when GR
itself is formulated purely algebraically as an energy-density constraint on
fields.

3.4. Intermediate Conclusion

In both cases, the conclusion is clear: General Relativity, through its algebraic sur-
rounding effect, is not merely an optional modification to Yang—Mills theory, but
a required component for constructing a mathematically complete spectrum. Gen-
eral Relativity thus plays a foundational role within gauge theory on the exact
same footing as it does at large scales [2]. The remainder of this paper explores the
quantitative consequences of this integration in establishing the non-perturbative
solution to the Yang—Mills Millennium problem.

In what follows, all references to spacetime, gravitational fluctuations, metric
noise h,,,, and associated geometric deformations are strictly understood in their ab-
stract algebraic and differential-geometric sense on R*. Specifically, Juv = Muw +hyw
denotes a smooth, stochastic tensor field over the R* manifold acting as a contin-
uous linear operator on the space of test functions, independently of any empirical
or phenomenological physical system. Furthermore, throughout the remainder of
this document, unless specified otherwise, the background spacetime manifold is as-
sumed to be static whenever it deviates from perfect flatness (1), ). Mathematically,
this corresponds to the existence of a timelike Killing vector field £ = J, such that
Legu = 0, reflecting the stationarity characteristic of any local laboratory-scale
experimental setup.

4. Dynamic Emergence of the Mass Gap (A > 0)
4.1. Foundational CMI Statement and Gauge Field Hamiltonian

In the official formulation of the Yang-Mills Millennium Prize Problem by the Clay
Mathematics Institute (CMI), the classical Hamiltonian H associated with a com-
pact simple gauge group G on R3 (evaluated in the temporal gauge Ay = 0) is
defined by the integrated non-Abelian energy density:

dim G
= [ d Y (BB + BEX)BIX), (©
a=1
where g is the gauge coupling constant, £ = F§; and B} = %eiijfk represent
the non-Abelian electric and magnetic field strengths, respectively. In the axiomatic
quantum field theory setting, H acts as a self-adjoint operator on the gauge-invariant
Hilbert space Hpnys, and the CMI problem explicitly requires:
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Quantum Yang-Mills Theory. For any compact simple gauge group G,
a non-trivial quantum Yang-Mills theory exists on R* and has a mass gap
A > 0. Mass gap means that the spectrum of the Hamiltonian H has a
strict lower bound above the vacuum energy, i.e., o(H)\ {0} C [A, +00).

4.2. Solution Mechanism

Classical pure Yang—Mills theory is scale-invariant: field configurations can be con-
tinuously shrunk in spatial extent toward zero-energy states (E — 0). However,
when accounting for the multi-source energy distribution of the background via
Eq. 1, the spacetime calibration is governed by the dimensionless velocity ratio v/c
introduced in Eq. 5. Under a global scaling of the background energy-momentum
distribution C°(Y,,) — AC°(Y,,) for any scalar A € R*, the fundamental velocity
ratio transforms as:

v oo o F(X,Yy) cos(6,) A COY,) B o o F(X,Yy) cos(6,)C0(Ys,) )

c Poneo [(X,Y0) A CO(Yy) Ym0 [(X,YR)C0Yn)

The exact algebraic cancellation A\/\ ensures that an infinitesimal energy dis-
tribution generates the exact same spacetime calibration as a finite one. In this
framework, spacetime cannot sustain infinitesimal deformations. This fundamen-

tal threshold creates the observational illusion of a vacuum permanently filled with
quantum-like fluctuations. In reality, gravitational micro-waves generated by distant
matter beyond the empty region undergo extreme dynamic amplification due to the
minimal surrounding value—following the mechanism detailed previously—thereby
enforcing a non-zero minimal energy state. Consequently, in a non-empty Universe,
gauge field interactions cannot decay into zero-energy states (F — 0). For localized
excitations in low-density vacuum environments—such as an isolated non-Abelian
bound state—the surrounding ratio v/c¢ dynamically amplifies the effective rest mass
in inverse proportion to the surrounding energy density.

The feature amplified by the algebraic surrounding mechanism is precisely the
relativistic deformation induced by localized energy. This algebraic spacetime de-
formation prevents localized field configurations from reaching zero-energy states.
This establishes a strictly positive lower bound for the ground-state energy spectrum
above the vacuum:

A = FEni, > 0. (8)

4.3. Spectral Vacuum Condition and Pure Gauge Domain
Isolation

Consider a bounded space-time domain D, C R* representing a pure vacuum. Let
X € D, be a spatial point containing a localized, weak energy-momentum fluctua-
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tion, and let Y € D, be a field observation point in the immediate neighborhood of
X.

We evaluate the metric deformation at Y. Let Sy denote the localized energy-
momentum contribution from X affecting D#(Y'), corresponding strictly to the
numerator of Eq. (4), and let S represent the total integrated universal energy
appearing in the denominator of Eq. (4):

v _So

The total external contribution arising from surrounding matter situated strictly
outside the vacuum domain D, is defined by D = S; — Sy > 0. The deformation
ratio simplifies to:

[ - SO

¢ So+D°

We analyze the spectral behavior of this deformation ratio according to the
surrounding environment:

(10)

(1) Non-Zero External Background (D > 0): If surrounding external mat-
ter contributions persist (D # 0), setting Sy = 0 yields:

v__0 _

c 0+D

In this regime, background field screening suppresses the intrinsic vacuum

0. (11)

excitation, preventing the emergence of an isolated, scale-invariant energy
threshold.

(2) Strict Pure Vacuum Domain (D = 0): In the absence of local external
matter (D = 0, implying S; = Sp), the ratio becomes strictly invariant for
any non-trivial localized fluctuation Sy > 0:

v S()
=5k (12)

This result proves that a strictly positive threshold for the deformation in Eq. (4)
emerges whenever external background matter is locally absent within the domain
(D = 0). While this condition holds globally in a pure vacuum universe—directly
matching the foundational premise of the Clay Mathematics Institute Yang-Mills
problem—it applies equally to any localized vacuum region D, owing to the scale
invariance of Eq. (4) and its rigorous local manifestation under a pointlike Dirac
distribution as proven in Appendix D.

Crucially, when D = 0, even an infinitesimal spatial energy distribution modeled
as a Dirac measure d.(x — X)—whose total spatial integral va Se(z)d3r = € is
strictly non-zero but infinitesimal (¢ — 07 )—forces an immediate saturation of the
deformation ratio, yielding v/c = 1. Consequently, the local metric deformation
perceived at any distinct observation point Y € D, corresponds to an effective
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localized energy scale infinitely larger than the v = 0 response generated by the
exact same source Sy embedded within a region dominated by an external matter
background (D > 0, Case 1).

This localized amplification creates a non-zero lower bound—a fundamental en-
ergy gap in the field deformation perceived at Y induced intrinsically by the local
vacuum environment.

Since any localized non-propagating energy state inherently possesses rest iner-
tia, this energy gap directly yields a mass gap (detailed derivations are provided in
the following subsection).

4.4. Vacuum Structure, Velocity, and the Origin of the Mass Gap

From the foundational definitions established in Section 4.1 and the algebraic mech-
anism detailed in Section 4.2, the existence of the mass gap follows directly through
a geometric and kinematic structure:

i) Spectral Energy of the Gauge Vacuum: The spectrum o(H) of the
Hamiltonian represents the set of all allowable energy levels E of the system.
According to the fundamental Einstein—de Broglie relation (E = hy = hw),
the CMI requirement o (H)\ {0} C [A, +00) directly asserts that the energy
E of any excitation above the vacuum ground state (Ey = 0) must satisfy
a minimal energy threshold E,;, = A > 0.

ii) Algebraic Deformation Gap and Velocity Limit: As demonstrated in
Section 4.2, the spacetime deformation parameter v/c cannot continuously
approach zero (v/c - 0). This scale-invariant mechanism forbids infinitesi-
mal field deformations of the gauge vacuum, thereby establishing a discrete
minimal threshold that guarantees the existence of the spectral energy gap
A= FEi, > 0.

iii) Kinematic Rest Frame and Mass Identification: While the official
CMI statement defines the spectral gap directly on the Hamiltonian spec-
trum, relativistic quantum field theory identifies mass via the Poincaré
Casimir operator M = /(P92 — (P/c)2 = /(H/c?)2 — (P/c)2. Evalu-
ating H in the zero-momentum sector (P = 0), which corresponds to the
Center-of-Mass (rest) frame where spatial velocity vanishes (vyest = 0), iso-
lates the invariant threshold F,;, and eliminates external kinetic energy
contributions.

4.5. Universal Mass Gap Synthesis and CMI Resolution

The scale invariance of Eq. (4) bridges localized domain dynamics with global field
properties. Evaluating a localized source ¢(x) inside D,, maps the surrounding region
R* \ D, to spatial infinity (r — 0). Consequently, the non-zero minimal energy
threshold A = FE;, > 0 derived in Section 4.4 holds universally: any localized
vacuum domain D,, behaves structurally and dynamically as an exact global vacuum



10 V4.0. F. Lassiaille  (©) 2024-2026)

background.

It is worth emphasizing that demonstrating this mass gap within a strict, global
total vacuum is formally sufficient to resolve the Yang—Mills problem as posed by the
Clay Mathematics Institute. Indeed, in a strict global void (D = 0), any arbitrary
local energy distribution—regardless of its geometry and even if strictly infinites-
imal—forces the deformation ratio to saturate immediately (v/c = 1) around it,
thereby guaranteeing the emergence of a positive mass gap.

However, the mechanism established here and reinforced in Appendix D demon-
strates a somewhat more general result: for a localized vacuum domain D, the
generation of this mass gap has been explicitly proven for a single point-like Dirac
distribution, establishing that the mass gap arises intrinsically within D,, regardless
of external universe structures.

Combining these algebraic, geometric, and scale-invariant local vacuum criteria
yields the mass gap in complete alignment with the Clay Mathematics Institute
(CMI) requirements:

a) Spectral Energy Bound: The deformation constraint v/c¢ - 0 (Sec-
tion 4.2) prevents local excitation energies from vanishing continuously,
establishing a strict lower bound Fyj, = A > 0 on o(H) \ {0}.

b) Frame-Invariant Rest Mass: Evaluating this bound in the Center-of-
Mass frame (vyest = 0) ensures that A corresponds strictly to a non-zero
rest mass M, fulfilling both CMI conditions:

A Emin
. 2 (13)

5. Resolution of Infrared Divergences via the Mass Gap Spectrum

Prior to examining the short-distance behavior and ultraviolet (UV) properties
of the theory, it is essential to establish how long-distance, low-energy patholo-
gies—commonly known as infrared (IR) divergences—are naturally regulated within
this framework.

In standard massless Yang-Mills theory on a rigid Minkowski background 7,,,,
soft gauge field modes (p — 0) give rise to severe IR divergences in quantum am-
plitudes when evaluated perturbatively. In the present non-perturbative relativistic
formulation, these long-distance breakdown mechanisms are rendered moot by the
existence of a non-zero spectral mass gap derived from geometric spacetime defor-
mations:

A= inf /-P,Pr>0. (14)

peH, Y L|0)

This spectral gap A does not represent an ad-hoc material mass, but rather
a geometric threshold induced by spacetime deformation through the relativistic
covariant four-momentum D* of Eq. (1).
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5.1. FExzponential Suppression of Long-Distance Correlation
Functions

The fundamental consequence of A > 0 is the transformation of long-range gauge
interactions into short- or intermediate-range effective forces. At the operator level,
the spectral gap ensures that all two-point Wightman functions and gauge-invariant
correlation functions decay exponentially in spatial separation r = |X — Y| rather
than following a power-law behavior:

(0]O(X)O(Y)[0) ~ C(X,Y) exp (-FLACX - Y|> as X — Y| = oo,  (15)

where O(X) represents any gauge-invariant local observable (e.g., Tr(F,, F*")) and
C(X,Y) is an algebraically bounded prefactor.

In momentum space, evaluating the dressed propagator within the transverse
Landau gauge setting incorporates the mass gap threshold directly into the trans-
verse projector structure:

i

v " pHp” v
Dy, (p) = dap (n“ — N) AT R T Ry (1), (16)

where RY} (p) denotes regularized non-pole contributions. As p — 0, the denomina-
tor remains strictly bounded away from zero:

lim [p® — A% 4+ ie| = A? > 0. (17)
p—0

Consequently, loop integrals over soft momentum configurations f d*p/(p? — A% +
i)™ are manifestly convergent in the infrared limit p — 0, eliminating soft-gluon
divergences without requiring ad-hoc infrared cutoffs or artificial gluon masses.

5.2. Integrability and Finiteness over the Gauge Orbit Space
(A/G)

Because the classical YangMills action Syy[A] and observables O[A] are con-
structed strictly from gauge-invariant scalars, the functional path integral does not
require artificial gauge-fixing conditions. The full configuration space integration
over A factorizes exactly into the infinite group volume Vol(G) and the orbit space
measure over M = A/G:

/ DA e Sl = Vol(G) x / DA e Svmldl (18)
A M

The volume factor Vol(G) cancels identically in all expectation values (O) =
[ PAO[A] e~ SymlA]
[ DA e~ Syml4]
In this infrared regime, the geometric threshold A > 0 plays a precise and
—Ar

targeted role: by enforcing an exponential decay ~ e on long-range correlation

functions, it prevents soft-mode accumulation at p — 0. This ensures that the
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measure on M remains free of infrared divergence pathologies, leaving the short-
distance (UV) regularizing behavior to be addressed by metric dephasing in the
following section.

6. Structure of Ultraviolet Divergences and Incoherence of the
Yang—Mills Measure in the Vacuum

6.1. Foundations: The Dichotomy of the Quantum Vacuum and
Experimental Evidence

To satisfy the axiomatic requirements of the Clay Mathematics Institute (Wightman
/ Osterwalder—Schrader axioms) [3,5, 6], non-Abelian quantum Yang-Mills theory
on continuous R* must be constructed upon a non-Gaussian probability measure
dpyn rigorously defined on the space of tempered distributions S'(R?).

Formally, the vacuum expectation value (VEV) of gauge-invariant observ-
ables O(A) and the corresponding n-point Schwinger correlation distributions
SM(Xy,...,X,) € S'(R*") are defined via a functional integral with respect to
a non-perturbative probability measure du(A4) on S’ (R*%; g):

S™(Xy,... Xy) = / A A) A% (X1) - A% (X,,), (19)
S’(R#)

1
with du(A) = EDA exp (—Sym[A4]),

where Z = [ DA exp (—Sym[A]) is the partition function guaranteeing normalisa-
tion ([ du(A) =1), and the classical Yang-Mills action Sym[A] is given by:

NZ2-1
SymlA] = é /R ) d*z Zl Fo,(X)F*"(X). (20)
Here, g denotes the dimensionless bare coupling, d*z is the standard Lebesgue
measure on R*, and Fg(X) = 0,A5(X) — 0, A7 (X) + fabCAZ (X)AL(X) represents
the field strength tensor associated with the gauge group G = SU(N).

In particle physics and quantum field theory (QFT), a fundamental conceptual
dichotomy arises regarding the nature of the vacuum state |0). Formally, the vacuum
is defined as the unique, Poincaré-invariant state of minimal energy (H|0) = 0).
Paradoxically, standard QFT describes this empty state as an omnipresent, non-
trivial medium filled with zero-point quantum vacuum fluctuations spanning an
unconstrained frequency spectrum from w = 0 to w — oo at every spatial point
x € R3.

This description is not a mere theoretical artifact, but is mandated by extensive
experimental observations and rigorous mathematical QFT frameworks:

6.1.1. Ezperimental Observations of Vacuum Fluctuations

(1) The Casimir Effect: The presence of uncharged conductive parallel plates
restricts the allowed boundary modes of electromagnetic zero-point fluctu-
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ations. The resulting differential vacuum pressure produces a measurable
attractive force, confirmed experimentally by Lamoreaux [7] and Bressi et
al. [8].

The Lamb Shift: Non-relativistic quantum mechanics predicts a strict
degeneracy between the 25,5 and 2P/, energy levels of atomic hydro-
gen. The observed energy splitting of ~ 1057 MHz discovered by Lamb and
Retherford [9] is quantitatively explained by Bethe [10] as the orbital per-
turbation of bound electrons driven by interaction with zero-point vacuum
field modes.

Spontaneous Emission and the Purcell Effect: An isolated excited
atom in a vacuum decays to its ground state via spontaneous photon emis-
sion. In an inert vacuum (E = 0), no spontaneous decay would occur; the
transition is driven by vacuum field fluctuations acting as a quantum stim-
ulus. Purcell [11] showed that altering boundary conditions (Cavity QED)
modifies local vacuum modes and alters emission rates, as observed directly
by Goy et al. [12].

Direct Sampling of Vacuum Field Noise: Quantum optics techniques,
including squeezed states generation [13] and sub-cycle electro-optic sam-
pling [14], allow direct measurement of non-zero variance in the electric
field operator within the vacuum state ((0|E?2|0) > 0).

6.1.2. Theoretical Justifications Across Perturbative and Non-Perturbative

Frameworks

(1)

Zero-Point Energy and Vacuum Polarization (Perturbative QFT):
Quantization of free fields decomposes the Hamiltonian into an infinite sum
of quantum harmonic oscillators, yielding a divergent zero-point energy
> 2hw. In functional Feynman path integrals [15,16], vacuum polarization
diagrams (virtual particle-antiparticle pair creation) govern the running of
coupling constants [17,18].

Non-Perturbative QCD Vacuum Condensates: Beyond perturbation
theory, the Shifman—Vainshtein—Zakharov (SVZ) sum rules [19] demon-
strate that the QCD vacuum acts as a dense medium characterized by
non-vanishing vacuum expectation values, such as the gluon condensate
(0|52 Gy, G|0) # 0 and the chiral quark condensate (0|gq|0) # 0.
Topological Tunneling and #-Vacuum: Classical Yang—Mills field equa-
tions admit non-trivial topological Euclidean configurations known as in-
stantons [20,21]. The non-perturbative true ground state |6) is a quantum
coherent superposition over topologically distinct winding sectors, estab-
lishing intrinsic non-trivial vacuum structure independent of perturbation
theory.

Lattice Gauge Theory: Non-perturbative evaluation of the Euclidean
path integral on space-time lattices [22] confirms that non-zero gauge action
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densities persist in the continuum limit, directly producing confinement and
mass gap generation (A > 0).

(5) Curved Spacetime QFT (Unruh and Hawking Effects): In non-
inertial frames or curved geometries, Bogoliubov transformations demon-
strate that the definition of the vacuum state |0) is observer-dependent [23].
Accelerating observers in Minkowski space perceive the vacuum as a ther-
mal bath of quanta at the Unruh temperature Ty, = 27:2(25 [24], mirroring
Hawking radiation from black hole horizons.

6.2. Obstacle 1: Local UV Divergence and Measure Collapse at
Point X

At the local level (X — Y or r — 0), the vacuum energy density computed via
standard quantum field theory methods on a flat Minkowski spacetime background
diverges severely under the continuum limit (Ayy — 00):

N2 _-1 Avv d3p - - A 5

T/ WVH)‘ +m? ~ Ay — oo Vx e R (21)

e Nature: This is the quantum non-Abelian analogue of the classical point-
charge self-energy. In Yang—Mills theory, the non-linear structure—driven
by cubic (A3) and quartic (A?) self-interaction terms in the classical ac-
tion Sym[A4] = ﬁ J Tr(F,, F*) d*z—forces virtual gluons to self-couple
locally across all unsuppressed Fourier modes.

e Mathematical Barrier (Minlos—Sazonov Theorem): In probability
theory on nuclear dual spaces like S’(R*), if the expectation value of a
local field operator diverges at a single point, the characteristic functional
C(J) = [du(A) exp (i [ A%J**d*x) loses continuity at the origin J = 0.
As a result, the measure duyy fails to concentrate on the space of tempered
distributions and collapses completely.

(0T (x)[0)0 =

6.3. Obstacle 2: Infinite Total Volume Divergence and Hilbert
Space Breakdown (Haag’s Theorem)

Even if one attempts to artificially subtract the local point-wise divergence at X,
integrating the remaining non-zero vacuum energy density over an infinite spacetime
volume introduces an inescapable global obstruction during the thermodynamic
limit (V — o0):

£ = /R &z (T9(x))g = </R d%) - (/OOO p;f) e (22)

e Nature: This divergence is not a localized energy leakage, but the con-
tinuous accumulation of a non-zero uniform energy density over an infinite
spatial domain R3, as specified in Eq. (22).
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e Mathematical Barrier (Haag’s Theorem): In quantum field systems
with infinite degrees of freedom, an unsuppressed non-zero vacuum energy
accumulated over an infinite volume forces the global ground state |0) out
of the Hilbert space H.

e Consequence: Representation spaces before and after the infinite-volume
limit become unitarily in-equivalent. The vacuum state |0) loses its
global Poincaré invariance, making it impossible to apply standard field
creation operators or construct valid asymptotic particle states.

7. Resolution of Vacuum Divergences via Measure Regularization
and Causal Disconnection

7.1. Root Causes

The structural breakdown of standard continuum field theory does not arise from an
inadequacy of perturbative regularization techniques, but from a fundamental func-
tional misassignment between material energy-momentum tensors and geo-
metric constraint operators. Furthermore, standard formulations fail to account
for the non-perturbative surrounding metric boundary conditions—which govern
the spectral existence of the mass gap—resulting in the ill-definiteness of the non-
perturbative measure du(A) defined in Eq. (19) over both bounded local coordinate
charts and the global vacuum manifold.

7.1.1. Relativistic Classification of Metric Deformations and Vacuum
Manifold Topology

The primary obstruction stems from the improper summation of distinct metric
tensor field components within a unified energy-momentum tensor T#” [4], coupled
with an incorrect specification of the vacuum state boundary conditions.

Functional Classification of Metric Deformations. Differential geometry re-
quires spacetime metric deformations dg,, to be strictly decomposed into two dis-
tinct functional classes according to their spectral and symmetry properties [4]:

(1) Compact Source Deformations (Two-Way Symmetric Map): Sta-
tionary metric variations generated by localized massive source terms p(x).
These induce stationary Killing vector fields K#*, define local SU(N) gauge
representations, and fundamentally determine the background metric com-
ponents g, .

(2) Propagating Metric Perturbations (One-Way Boundary Con-
straints): Non-stationary, null-geodesic metric perturbations propagating
at boundary velocity c. Traversing local coordinate charts, these pertur-
bations impose unidirectional geometric constraints without contributing
to localized trace invariants T'. They do not possess independent Killing
fields, acting purely as dynamic boundary specifications for the local metric
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determinant.

Standard quantum field theory typically projects Class 2 unidirectional metric
constraints onto Class 1 source operator representations. However, this interpre-
tation warrants careful re-examination: because the underlying metric symmetries
differ fundamentally between these two regimes, identifying transient boundary per-
turbations with non-zero local eigenvalues and internal gauge charges risks intro-
ducing severe analytical errors—most notably, the singular divergence in the local
vacuum expectation value expressed in Eq. (21). As demonstrated below, resolving
this divergence requires abandoning the abstraction of an isolated vacuum—which,
far from being truly empty, is saturated with Class 1 deformations—in favor of
a local background dynamically structured by ambient gravitational waves, which
themselves belong strictly to Class 2.

Local Vacuum Charts vs. Global Void Manifold. A strict distinction must
be maintained between local open charts and the global trivial manifold:

e Local Vacuum Charts: On any bounded local coordinate chart
UM, metric variations correspond to non-virtual, unidirectional micro-
gravitational wave solutions belonging strictly to Class 2 deformations.
They carry zero localized conserved current densities J* = 0.

e Global Void Manifold and Topological Disconnection: The ideal

global void My—defined by the complete absence of matter fields, radia-
tion, and metric perturbations—represents a topologically unstable critical
point. As established in Section 4, the insertion of an infinitesimal Dirac
delta source term d(z — zg) into My induces a finite, non-infinitesimal
deformation of the metric spectrum, yielding the boundary origin of the
Yang—Mills mass gap (A > 0).
Crucially, within this unstable global void, vanishing local field density
(D — 0) forces the transformation functional in Eq. (4) to its asymptotic
limit v/c = Sy/(Sg + D) — 1. This critical boundary condition induces a
complete causal and topological disconnection across spacetime domains,
rendering four-dimensional volume integration mathematically ill-defined
and causing the non-perturbative functional measure du(A) to diverge un-
controllably. This mechanism is detailed below.

7.2. Obstacle 1 Resolution: Topological Disjunction and Measure
Regularization

Rather than considering a global void, we analyze a localized vacuum domain D,,.
Within this domain, two key phenomena dictate the behavior of the metric and
resolve the divergence:

(1) Metric Scalability and Asymptotic Boundary Behavior: As the sep-
aration r = |X — Y| — 0, representing a source distribution at X via a
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Dirac delta distribution §(X) is mathematically equivalent to scaling the
non-empty domain (R*\D,) to spatial infinity (see Appendix D for details).
By virtue of the scale invariance of Eq. (4), the resulting metric response
remains identical to that of a Dirac source embedded in a totally empty
universe.

Stochastic Damping by Class 2 Gravitational Background: The
local vacuum within D,, is not quiescent; it harbors local quantum fluctua-
tions ¢(x) corresponding to micro-gravitational waves originating from the
exterior region R*\ D,. These ambient metric fluctuations hu., belonging
strictly to Class 2, average to zero over macroscopic scales. Consequently,
any infinitesimal energy input into D,—which would standardly generate
an infinite spectrum of UV frequencies and trigger the divergence—is reg-
ularized to a finite value through the stochastic damping induced by h,,,,
as detailed in Appendix B.

It should be emphasized that Mechanism 2 is provided solely as a complemen-

tary, illustrative channel-—under the hypothetical assumption that Mechanism 1

were absent. In reality, Mechanism 1 constitutes the primary and self-sufficient res-

olution to the divergence problem.

In the framework of relativistic surrounding field dynamics, this localized energy

concentration forces the effective velocity boundary parameter v — ¢ in Eq. (4)

(with its rigorous local verification provided in Appendix C and Appendix D).

The resulting deformation of the spacetime metric fundamentally alters the causal

structure (detailed derivations of the geodesic null-cone decoupling are provided in
Appendix C):

(1)

Causal Disconnection: For any two distinct spatial points X # Y where
Y lies outside the localized energy density centered at X, the corresponding
past light cones intersect at null volume. Consequently, no gauge signal
originating from X can propagate to or influence Y.

Phase Space Splitting: While standard quantum field theory formulates
the integration over a single connected phase space &'(R?*), this causal
boundary forces a factorization of the underlying measure. The phase space
integration equation remains valid locally, but becomes disconnected and
duplicated for an observer at Y:

Fiotar =T'x @ Ty (23)

Each observer at Y effectively evolves within a causally isolated phase space
sector detached from X.

This topological separation eliminates the continuous integration of ultra-short
wavelength modes across a single globally connected manifold. By restricting the
integration domain of local distribution kernels to causally accessible sectors, the
formal divergence in Eq. (21) becomes mathematically ill-defined, as the underlying
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characteristic functional C'(J) cannot be extended continuously across disconnected
topological sectors in S’(R*). This resolves the UV measure collapse within the rig-
orous framework of non-connected nuclear dual spaces.

7.3. Obstacle 2 Resolution: Non-Admissibility of Stacked Vacuum
Contradictions

The standard evaluation of the global vacuum expectation value [, (0/7%(x)|0) d3x
relies on an unviable chain of stacked logical contradictions:

Contradiction 1:

Contradiction 2:

Local Impose-and-Tolerate Fallacy (x isolated): One
posits a pure vacuum background (psur — 0), yet simulta-
neously assumes an infinite set of zero-point harmonic oscilla-
tors localized at point x. This produces an infinite local density
(0]T%(x)|0) — +oc. In terms of local metric response, this lo-
cal excitation forces So/(So + D) - 1 = wv(x) — c. The
local output of this initial contradiction is a complete topolog-
ical rupture: point x becomes causally disconnected from the
rest of the spacetime manifold (Vol(V; NV, ) = 0).

Global Summation Fallacy (Stacking over all x): Having
accepted this ill-conditioned local result, the theory attempts to
repeat the same operation at every point x € R? and sum them
via fR3 d3x. To write this continuous volume integral, one must
pretend that all points x and y remain embedded in a globally
connected, flat Minkowski space (v = 0), directly denying the
causal disconnection v/c — 1 generated at Step 1.

Out-of-Hilbert Space Verdict (Haag and Minlos—Sazonov Theorems)

Attempting to compute this global sum does not merely accumulate divergences; it
forces the state vector completely outside the Hilbert space Hpnys:

¢ Disjoint Sector Topology: Under the true metric response (v/c — 1),
the state space decomposes into a disjoint direct sum of causally isolated

sectors €D,

Hyx. The product measure d®>x ® d®p fails Fubini’s theorem,

making global integration ill-defined.

e Departure from Hilbert Space: By forcing a flat space assumption
(v = 0) to sum over these sectors, the uniform infinite variance ruins the
continuity of the characteristic functional C(J) at J = 0. By the Minlos—
Sazonov theorem, the field measure duyy on S'(R*) collapses strictly to
zero. Furthermore, by Haag’s theorem, the resulting state vector cannot be
unitarily equivalent to any vacuum state.

Conclusion: The global expression f]RB d3x Ejgcal is NOt a ”large quantity requir-
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ing subtraction,” but a mathematically non-existent construct born from stacking
two incompatible hypotheses. A rigorous quantum field theory satisfying CMI stan-
dards cannot be formulated on an idealised pure vacuum background (psuy = 0).
Mathematical existence and Hilbert space completeness fundamentally require
psurr > 0. This non-zero surrounding energy density originates directly and pri-
marily from local, real existing matter-energy distributions—excluding pure grav-
itational wave contributions—within the finite relativistic cosmic horizon, thereby
avoiding any infinite visible universe. Ensuring pg,r > 0 on such a limited visible
universe guarantees v < c¢ uniformly across the states and maintains global causal
connectivity. Crucially, this finite geometric boundary naturally eliminates both
the ultraviolet phase-space integral extending to infinity ( fooo p® dp) and the equally
absurd spatial integration of a uniform density over an infinite R® volume ( fp; d*x).

8. Verification Against the Clay Mathematics Institute
Requirements

To verify that the present framework provides a complete non-perturbative solution,
we systematically evaluate its results against the official criteria set forth by the
Clay Mathematics Institute (CMI) for Quantum Yang-Mills Theory: establishing
the rigorous mathematical existence of a non-trivial quantum field theory on R*
(including ultraviolet completeness, infrared stability, and axiomatic consistency)
and proving the existence of a strictly positive spectral mass gap A > 0.

(1) Mathematical Existence and UV Completeness on R*: Conventional
obstacles in quantum gauge theories arise from artificial regularization
schemes (such as sharp momentum cutoffs or lattice discretizations) that
explicitly break continuous Poincaré covariance. In contrast, the relativis-
tic surrounding field dynamics resolves ultraviolet divergence pathologies
natively across all of R*. At any local event X € R* where extreme energy
densities or short distances (r — 0) are approached, the local effective ve-
locity parameter reaches the light speed limit (v(X) = ¢, i.e., v/c = 1),
inducing an infinite geodesic time delay. It is this exact local condition
v(X) = ¢—proven rigorously for pointlike Dirac sources in Appendix C and
Appendix D—that generates a rigorous topological and causal decoupling:
the interaction integral becomes ill-defined (or strictly vanishing) in the sin-
gular regime, thereby preventing short-distance singularities everywhere in
spacetime without modifying the fundamental action or introducing artifi-
cial regulator fields. Consequently, the resulting n-point Wightman vacuum
expectation distributions W, (X1, ..., X,) = (0]A(X1) - - - A(X,,)|0) remain
well-defined, finite tempered distributions in S’(R*"), fulfilling the require-
ment of UV completeness directly on continuous R%.

(2) Infrared Stability and Gauge Orbit Regularity: As established in
Section 5, long-distance IR pathologies are naturally controlled by the non-
zero spectral gap A > 0. The geometric threshold induces a strictly positive
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(4)

lower bound on the spectrum of the relativistic covariant four-momentum
DH(X) of Eq. (1). On the gauge orbit space M = A/G, the gauge-invariant
measure factorizes the infinite volume Vol(G), which cancels identically in
all expectation values. The remaining measure duyn = DAeSvulA] re-
mains strictly integrable and finite in the p — 0 limit due to the exponen-
tial spatial decay (~ e~2") enforced by the mass gap, guaranteeing global
structural stability without ad-hoc infrared cutoffs.

Axiomatic Consistency and Relativistic Covariance: The self-
consistency of this framework stems directly from its strict compliance with
general relativistic gauge constraints and spacetime geometry:

e Relativistic Covariance: The framework maintains exact SO(3,1)
Poincaré covariance. The surrounding field four-vector D#(X) trans-
forms as a true Minkowski tensor, ensuring that geometric attenuation
and Lorentz boost parameters operate identically across all inertial
frames.

e Spectral Condition and Positivity: The surrounding interaction pre-
serves the pole structure with an ie prescription. The spectral measure
remains positive-definite, yielding a well-defined Hilbert space vacuum
|0) with P° > 0, free of negative-norm states or non-unitarity patholo-
gies.

o Microcausality: Commutativity is strictly preserved for spacelike-
separated field operators (ds? > 0 under the chosen (— + ++) metric
signature), as the geometric surrounding vector D*(X) respects the
fundamental light-cone causal structure (ds? < 0).

Existence of a Mass Gap (A > 0): The emergence of a non-zero spec-
tral mass gap follows directly from the relativistic momentum D*(X) of
Eq. (1) and the pure vacuum spectral condition established in Section 4.
In a strict global total vacuum (D = 0), any arbitrary local energy distri-
bution—regardless of its geometry and even if strictly infinitesimal—forces
the deformation ratio to saturate immediately (v/c = 1) around it, thereby
guaranteeing the emergence of a positive mass gap and formally resolving
the CMI problem. In a localized vacuum domain D,,, this result is explicitly
proven for a single point-like Dirac distribution in Appendix D. Evaluating
this ground-state excitation in its Center-of-Mass rest frame (P = 0) yields
a strictly positive, frame-invariant spectral mass scale:

AE

This proves that the Hamiltonian spectrum satisfies o(H)\ {0} C [A, +00),
rigorously fulfilling the primary requirement of the Clay Mathematics In-
stitute.

Consequently, combining the relativistic surrounding dynamics with the covari-
ant momentum framework provides a complete, mathematically closed proof satisfy-
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ing all criteria set forth by the Clay Mathematics Institute for Quantum Yang—Mills
Theory on R*.

It is remarkable that the historical obstructions of quantum gauge field theories
do not require ad-hoc subtractions or artificial regulators to be resolved. Instead,
the solution emerges naturally from integrating General Relativity into quantum
gauge theory through the relativistic covariant momentum D*(X) of Eq. (1). In
this framework, spacetime geometry naturally generates both the spectral mass gap
and ultraviolet completeness.

9. Conclusion

In this paper, we have established a complete, non-perturbative resolution to the
Yang-Mills Millennium Problem by integrating General Relativity into quantum
field theory through its algebraic surrounding effect. Treating Special Relativity as
a standalone, rigid framework on a flat Minkowski background introduces structural
kinematic and Machian inconsistencies; incorporating General Relativity is therefore
a mathematical necessity. To remain fully compliant with the axiomatic setup on R?,
General Relativity is introduced purely algebraically via energy-density constraints,
mirroring the algebraic implementation of Special Relativity via the Poincaré group.

Building upon the relational formulation established in Refs. [1,4], local space-
time geometry is algebraically deformed by the global, multi-source energy distribu-
tion of the Universe, parameterized by the vector field D*(z) and the velocity ratio
v/c. We demonstrated that the dynamic emergence of a strictly positive mass gap
A > 0 is governed by the pure vacuum condition (D = 0). Remarkably, this con-
dition is fully sufficient as it directly addresses the core premise of the Yang—Mills
problem: whether in a strict global void or within a local pure vacuum domain D,
subject to an infinitesimal Dirac concentration, scale-invariant saturation inherently
prevents localized field configurations from continuously decaying into zero-energy
states (v/c - 0).

This non-zero spectral gap eliminates infrared divergences via exponential spa-

_A’“) and bounded transverse propagators. Concurrently, ultra-

tial damping (~ e
violet behaviors are rigorously addressed by recognizing that a vacuum populated
by quantum fluctuations fractures the integration domain into disconnected com-
ponents, rendering naive loop integrals ill-defined rather than merely infinite. This
inherent structural contradiction is naturally resolved by topological causal discon-
nection, driven by local light-speed saturation (v/c — 1). Complementarily, stochas-
tic metric dephasing (¢u, = Nuw + by ) provides a universal Gaussian damping fac-
tor exp(—yp?/A%y,) that further tames short-distance behaviors. Consequently, all
short-distance contact singularities are avoided, ensuring that the n-point Wight-
man correlation functions remain well-defined tempered distributions in &'(R*"),
and that the framework fully satisfies all axiomatic requirements formulated by the
Clay Mathematics Institute for Quantum Yang-Mills Theory on R*.
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Appendix A. Topological Asymmetry and Frame Calibration via
Global Energy Density

Appendix A.1. Limit of Acceleration-Based Frame Disambiguation

In standard Minkowski spacetime (R'3 7,,), the asymmetry in the proper time
functional

dxt dxv
AT = —Myy —— —— dA Al
is conventionally ascribed to the non-vanishing proper acceleration

d?zt u dr® daP

o @t et
“ dr? tlap dr dr

£0 (A.2)

along worldlines undergoing direction reversal.

However, consider a manifold with a non-trivial spatial topology, such as M =
R x T3, or an exchange protocol involving three purely inertial worldlines C1, Cy, Cs3
with af' = 0 everywhere along their trajectories. In such configurations:

(1) Every observer measures a vanishing Riemann curvature tensor (R%.; = 0)
and zero four-acceleration (a* = 0).

(2) Local Poincaré invariance 731 holds strictly in every local open set U C M.

(3) Nevertheless, the integral proper time comparison yields a non-zero differ-
ential A7y # A7y upon global loop closure.

Because local kinematics (a* = 0, R% s = 0) are strictly identical for all piece-
wise inertial observers, purely local kinematic quantities cannot determine which
trajectory maximizes proper time.

Appendix A.2. Global Energy Density Constraint

The resolution of frame selection without local acceleration requires specifying the
global background field against which local transport equations are integrated.

In General Relativity, the metric g, is coupled to the global energy-momentum
distribution 7},, via the field equations:

87TGN
=—0

Guv
" C

T,, (A.3)
When gauge fields or quantum states evolve along non-trivial trajectories, local
phase accumulation and field calibrations are governed by the effective surrounding
scalar energy density psur = ufu"T),.

Consequently, the rest frame is dynamically selected not by kinematic accelera-
tion, but by the scalar alignment of the frame’s four-velocity u* with the preferred
frame defined by the surrounding energy-momentum distribution 7,, .
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Appendix B. Derivation of the Stochastic Metric Regularization of
the Propagator

In this Appendix, we provide the complete mathematical derivation of the intrinsic
Gaussian damping factor appearing in the dressed vacuum propagator (D(p))ens-

Appendix B.1. Field Propagation on a Stochastic Background

Let A, (x) be a gauge field configuration propagating on an R* manifold equipped
with a stochastic metric tensor g, (x) = 1, + huw(x), where hy, () is a centered
Gaussian random field ((hp,(2))ens = 0).

The unperturbed momentum-space propagator for a field mode with spectral
mass parameter m > 0 is given by:

i
Dy(p) = - (B.1)

In the high-energy / eikonal regime (p? > A%.,), propagation along a straight
four-vector trajectory from y* to x*, parametrized by z#(r) = y* + 7(a* — y*)
with 7 € [0, 1], accumulates an additional phase shift ®;, induced by the tensor
perturbation h,,,:

1 1
Qp(x,y;p) = EP”PV/O Py (y +7(at — y“)) dr. (B.2)

The unperturbed propagator Do (p) is modulated by this stochastic phase, yield-
ing the field propagator instance:

D(p; h) = Do(p) exp (i®p) . (B.3)

Appendix B.2. Fikonal Derivation of the Stochastic Phase Shift

To establish Eq. (B.2) rigorously, consider the relativistic action S of a test quanta
propagating on the perturbed metric background g, (z) = Ny + b (2):

S = —m/ds = —m/\/gw(x) dzrdzy. (B.4)

Expanding the line element to first order in the metric fluctuation (|h,,| < 1):

1 dxt dx¥
ds = \/nw,dxﬂdxv + huy(iﬁ)dx/‘dx’/ ~ dS() (]. + ihl“/(x)diso dso) s (B5)

where dsg = y/ndzrde” is the unperturbed flat line element. The action splits
into a free part Sy and a metric-induced perturbation §.5y:

m dx¥ dx”

68h = —— | by (z)=— .
Sh 2 " (I) dSO dSo %0

(B.6)
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Along the straight classical trajectory in the eikonal limit, the four-momentum
is related to the four-velocity by p* = m3%2-. Expressing the differential as dz# =

ds
%dso and making use of the affine path reparametrization dsy = p%dT yields:

1 1 !
oy —
oSh 5 PP /hw(x(T)) dsg 2Z()Qp P /0 hyw (1‘(7’)) dr. (B.7)

In natural units (A = 1), the accumulated quantum mechanical phase shift
corresponds precisely to this action perturbation ®;, = 65}, yielding Eq. (B.2).

Appendix B.3. Cumulant Expansion and Ensemble Averaging

To evaluate the expectation value over the stochastic measure du[h], we perform a
cumulant expansion:

(0 (1)) = 030 (#{B1dene — 5 (o~ (B12) +00)) . (B

Since hy,, is a zero-mean Gaussian distribution, (®5)ens = 0, and all odd cumu-
lants vanish identically. The expression simplifies strictly to:

<eXp (i(ph»ens = exp <;<‘b%>ens) . (Bg)

Appendix B.4. Calculation of the Phase Variance
Using Eq. (B.2), the variance (®%),s is given by:

<(I)%L>ens: 4p pupapﬁ/ dT/ dT ,W ))haﬁ(a?(T/))>ens. (B.10)

By Fubini’s theorem, the linear ensemble expectation operator (...)ens com-
mutes with the double integration. Assuming isotropic, translation-invariant spatial
metric correlations defined by a characteristic variance o2 and a correlation scale

g
KUV = h/Ale

(hy(@hap(@)) =02 muanay Cu), (B.11)

where u = u is the dimensionless spatial distance and C(u) is a normalized
correlation kernel decaying rapidly for v > 1. In momentum space, integrating over

these fluctuations yields a quadratic momentum dependence:

1 1 p2 p2
(D) = 02— =y, (B.12)
2 MT27IANZ, AZy,

where v = %o’g > 0 is the dimensionless metric dephasing factor.
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Substituting this result into Eq. (B.9) yields the exact regularized dressed prop-
agator:

: 2

¢ D

(D(D))ens = ———s—— exp (7 ) . (B.13)
P2 —m?2 +ie A2y,

Appendix B.5. Regularization of Distribution Kernels in S’ (R*™)

Let S(R*) denote the space of rapidly decreasing smooth test functions (Schwartz
space). The Fourier transform of the dressed propagator (D(p))ens defines a regular
tempered distribution 7 € S'(R?).

For any test function f € S(R%), the action of the distribution is given by:

T 1) = [ DW)ene f0) t'p (B.14)

Since exp(—yp?/A%y,) decays faster than any inverse polynomial as p — oo, the
integrand is absolutely integrable for all f € S(R%). Consequently, the n-point
Wightman distribution kernels:

Wo(fr®@ @ fn)= Wo(z1,. . xn)fi(z) ... fo(z,) diey .. d*z,  (B.15)
R4n

are strictly finite linear functionals on &’(R*"). All short-distance contact singulari-
ties (z; — x;) are thereby smoothly regularized without requiring artificial momen-
tum cutoffs or counterterm subtractions.

Appendix C. Derivation of Topological Causal Decoupling at the
Light-Speed Threshold v/c — 1

In this Appendix, we provide the explicit metric derivation demonstrating that
both the limit of a strict global vacuum (psurr — 0) and the limit of an unbounded
localized energy concentration (Sy — oo) force the velocity boundary parameter
v — ¢, resulting in an infinite coordinate time delay along null geodesics and the
decoupling of past light cones between distinct spatial points.

Appendix C.1. Metric Deformation and Asymptotics

Let Sy represent the localized energy density within a source region centered at X1,
as evaluated at an observation point X, and let S; = Sy + D denote the global
surrounding environmental background field integrated across the past light cone.
Here, D = psurr > 0 represents the net external surrounding energy contribution
excluding the source at X.

In the relativistic surrounding field framework [1,4], the effective velocity ratio
v/c at a spacetime event X is governed by the ratio of localized to total surrounding
field densities:

v o So So

Z 20 . 1
c S So+ D (C.1)
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We consider the static, spherically symmetric spacetime line element in standard
coordinates (t,r,0, ¢):

2 v\ 2.0 dr? 2 (302 1 ain 2
ds®=—[1-— |cdt +172+7" (d6” + sin® 6 d¢?) . (C.2)
c -3

Notice that v/c — 1 (and thus 1 —v?/c? — 0) occurs under two complementary
conditions:

(1) Global Vacuum Limit (D — 0): In the absence of an external stabilizing
background (D = pguy — 0), Eq. (C.1) yields v/¢ — 1 for any non-zero
localized excitation Sy > 0.

(2) Divergent Source Limit (Sy — o0): For a fixed non-zero background
D > 0, an unbounded energy concentration Sy — oo similarly forces v/c —
1.

Appendix C.2. Null Geodesic Integration and Time Delay
Divergence

Consider a null vector (ds? = 0) describing a radial gauge signal (d§ = d¢ = 0)

propagating from an intermediate position X; (r; = |X; — Y]) to an observation

point X (ro = |X — Y| with ro > r1). Along this radial path, Eq. (C.2) reduces to:
dt 1

=—. (C.3)

“ar 1 - un)2

(&
The total coordinate time interval ¢ required for a signal to traverse the spatial
separation between r; and 7y is obtained by integration:

r2 g
t:/ dt:/ f%. (C.4)
ry r1 01—7

Due to radial field decay from the localized source, v(r) > v(X) for all r € [r1,72].
Setting tg = (ro — r1)/c as the flat-space Minkowski propagation time, the integral
is strictly bounded from below:

to to
= 1-4

Factoring the algebraic denominator:
B Sg . (Sl + So)(Sl — SQ) (250 +D)D < 251D . 2D

1 (C.6)

S S? ~ (So+D)? T ST S
Substituting this bound into the denominator yields the strict lower bound for
the signal propagation time:
toS1 t()(So + D)
> = . .
- 2D 2D (©.7)
Evaluating Eq. (C.7) in either singular regime yields an infinite time delay:

t

lim ¢t =400 and lim ¢= +oc. (C.8)

D—0+ So—o0
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Appendix C.3. Topological Consequence: Light Cone Separation

Because the coordinate propagation time ¢ — oo, no null geodesic originating from
X1 (or X) can reach Y within any finite laboratory time interval At < co. The past
light cones V™ (X) and V~(Y') fail to overlap across a continuous volume domain:

Vol(v—(X) N V—(Y)) —0 VX AY. (C.9)

This establishes the topological factorization of the underlying gauge orbit phase
space S’(R*) into disconnected causal sectors I'x @ Ty, preventing global continuum
UV measure collapse.

Appendix D. Local Behavior of v/c for a Pointlike Dirac Source in
a Vacuum Domain

In this Appendix, we provide the explicit proof demonstrating that the velocity
ratio condition v/c — 1 holds locally for a localized pointlike excitation modeled
by a Dirac distribution within a bounded vacuum domain D,,.

Appendix D.1. Definitions of Sg, S1, and the Background
Parameter D

Let H(z) represent the total local energy density distribution. We decompose the
total integrated energy action into the intrinsic excitation component Sy and the
surrounding background contribution D.

We define the quantities as follows:

Si(x) = So + D(x), (D.1)
D(z) = Sy (z) — So, (D.2)

where Sy > 0 represents the intrinsic scale invariant localized field energy, and
D(z) > 0 captures the ambient surrounding energy background contribution.

The effective local velocity ratio v/c evaluated at a point x is governed by the
relational ratio:

(% SO

5D

In a global pure vacuum domain where external background matter is absent
(D =0), (D.3) reduces strictly to v/c = 1.

(D.3)

Appendix D.2. Proof for a Dirac Distribution in a Localized
Vacuum Region

Consider a bounded spatial domain D, C R? that is perfectly empty of background
matter. Let a single pointlike source be positioned at X € D,, represented by a
Dirac delta distribution 6(x — X).
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Outside the domain D, (in R3\ D,), background matter is present with a
bounded mass density p, assumed to be homogeneous and isotropic relative to X.

We observe the field equations and the background interaction parameter D(Y')
at an arbitrary observation point Y € D, \ {X}. Let r = [Y — X| > 0 denote the
Euclidean distance between the source X and the observation point Y. We analyze
the behavior of (v/c)(Y) in the limit r — 0.

Theorem Appendix D.1. Asr =|Y —X| — 0, the ambient background contribu-
tion vanishes (D(Y') — 0), driving the local metric deformation ratio to light-speed
saturation:

lim 2(Y) = 1. (D.4)

r—0 ¢C

Proof. To determine the behavior of v/c as r — 0, we exploit the exact scale
invariance of Eq. (4) and Eq. (D.3).

Instead of moving the observation point Y toward X at fixed physical scales, we
apply a uniform scale transformation: we keep r constant while uniformly scaling
all spatial and temporal units by a factor A = r~!. Under this simultaneous and
isotropic rescaling:

(1) Invariance of Densities and Integrals: Because space and time di-
mensions rescale identically, the mass density p and energy density H re-
main invariant. Consequently, the integral of the Dirac delta distribution
[ d(x — X)d®z =1 and the intrinsic energy Sy remain invariant under this
transformation.

(2) Divergence of External Boundary Distance: As r — 0, the effective
distance between X and the external matter located in R3 \ D, increases
inversely proportional to r (i.e., scaling as O(1/r)).

(3) Attenuation of Surrounding Contributions: The attenuation function
f(X,Y,) of Eq. (4) governing the external background energy contribution
from R? \ D, satisfies f(X,Y,) — 0 as the effective boundary distance
| X —Y,| — oc.

As a direct consequence of the infinite spatial displacement of the external
boundary under the limit » — 0, the external background parameter at Y eval-
uates to:

D(Y) — 0. (D.5)

r—0
Substituting D(Y) — 0 into the relational velocity ratio formula yields:

v o So So o
E(Y) B So +D(Y) r—0 Sp+0 N

1. (D.6)

This completes the proof. O
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Appendix D.3. Remark on the Mass Gap and Infinitesimal
Energy Concentrations (€ > 0)

Although the scaling proof above is formulated using a normalized unit integral
(J 6(x—X)d®z = 1) in the context of ultraviolet behavior, the exact same reasoning
remains strictly valid when replacing the unit value by any arbitrary energy scale € >
0. In particular, for any infinitesimal local energy concentration ¢, the surrounding
background contribution D(Y") still vanishes as r — 0 within a local vacuum domain,
ensuring that local light-speed saturation (v/c — 1) is achieved. This guarantees
that even an infinitesimal Dirac local energy fluctuation within a pure vacuum
domain generates the scale-invariant saturation required for the dynamic emergence
of the mass gap A > 0.
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