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Abstract��

The point of game tree search is to insulate oneself from errors in the evaluation function� The standard
approach is to grow a full width tree as deep as time allows� and then value the tree as if the leaf evaluations
were exact� This has been e�ective in many games because of the computational e�ciency of the Alpha�
beta algorithm� But as Bayesians� we want to know the best way to use the inexact statistical information
provided by the leaf evaluator to choose our next move� We add a model of uncertainty to the standard
evaluation function� Within such a formal model� there is an optimal tree growth procedure and an optimal
method of valuing the tree� We describe how to optimally value the tree within our model� and how to
e�ciently approximate the optimal tree to search� Our tree growth procedure provably approximates the
contribution of each leaf to the utility in the limit where we grow a large tree� taking explicit account of the
interactions between expanding di�erent leaves� Our algorithms run �under reasonable assumptions� in linear
time and hence except for a small constant factor� are as time e�cient as Alpha�beta� In a given amount of
time our algorithm can thus� at least in principle� grow a tree several times as deep as Alpha�beta along the
lines judged most relevant� but at a cost of expanding su�ciently less along lines judged less relevant so that
a small constant factor fewer nodes are searched in total� Our algorithm will apportion a greater fraction of
its thinking time to more relevant moves� and will appropriately weigh the relevance of each leaf in choosing
its move once it is �nished searching� Empirical evidence of the e�cacy of this approach is presented in part
��

� Introduction

The standard method for computers to play games like chess� �rst suggested by Shannon	
�� � is to grow
a full width game tree as deeply as time permits� heuristically assign a numerical evaluation to each leaf�
propagate these numbers up the tree by minimax� and choose as the �best move
 the child of the root with
the largest number� In practice� this computation is speeded up dramatically by the �Alpha�beta
 algorithm�
which allows one to prune o� large sections of the search tree while still rigorously guaranteeing to evaluate

�Portions of the abstract and introduction were previously excerpted in ���
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the full width tree of given depth� A number of heuristic improvements such as �move ordering
� �iterative
deepening
 and killer tables have been suggested which in practice allow Alpha�beta to achieve nearly its
theoretical limit speed up� i�e� to search in a given time nearly twice as deep a tree as would a naive tree
searcher� Alpha�beta� with heuristic improvements� is the search engine in virtually every high�performance
game program�
However� it is worth asking whether this is conceptually the right approach� Can it be optimal to set

out to evaluate a full width tree� Surely there must be some way to use information gained as the search
proceeds to decide to search deeper along more relevant avenues and less deep in other directions� And while
minimax is the correct way to combine exact leaf values� is there no better way to combine noisy estimates�
Historically a number of authors have asked questions such as these �see below for a partial review�� Indeed
such questions seem central to understanding reasoning� the original motivation for studying computer game
playing� But Alpha�beta is such an e�cient algorithm that it has been hard to beat�
Now the whole point of search �as opposed to just picking whichever move looks best� is to insulate

oneself from errors in the evaluation function� When one searches below a node� one gains more information
and one�s opinion of the value of that node may change� Such �opinion changes
 are inherently probabilistic�
They occur because one�s information or computational abilities are unable to distinguish di�erent states�
e�g� a node with a given set of features might have di�erent values� We thus propose to adopt a probabilistic
model of one�s uncertainty� Given such a model� there is a well de�ned answer to how to combine information
in any given partial search tree� And there is a decision theoretic answer to which avenues should be explored
further to optimize one�s chances of winning� We call this approach BPIP � Best play for imperfect players�
To implement this approach one must adopt some de�nite probabilistic model� The model we adopt�

which we call DFISA� involves an evaluation function which� rather than returning a single number estimating
the value of the position� also returns a probability distribution giving the likelihood of opinion changes in
that number if the node were searched deeper� We assume that these distributions are independent�� We are
then able to specify a procedure which �a� values the tree correctly� taking into account all the information
at our disposal� including the probabilistic distribution information which is not available to the standard
approach� �b� recursively estimates which is the most utilitarian set of leaves to expand� taking into account
for example the impact of current leaf expansion decisions on future leaf expansion decisions� and �c� under
reasonable assumptions has only a small constant factor overhead� and hence is competitive with Alpha�beta
in terms of raw e�ciency�
The mean of our distribution valued evaluation function is an ordinary evaluation function� but our

distribution gives the probability of various deviations if the node is searched deeper� Such an evaluation
function may be readily learned� In essence one may empirically measure the likelihood of various opinion
changes as a function of various features� Under our assumption that these distributions are independent�
BPIP yields a certain formula	��� for propagating these distributions up the tree which associates to each
node � in the tree the probability node ��s negamax value is x given that a value is assigned to each leaf
from its distribution� After we are done expanding the tree� the best move is the child of the root whose
distribution has lowest mean� Note that we take means at the child of the root after propagating� whereas the
normal �Shannon� approach takes the mean at the leaves before propagating� which throws away information�
The main motivation for calculating all these exact distributions is� however� to allow �utility guided tree

growth�
 We model the expansion of a leaf as selection of one value from its distribution� Within this model�
one may formally describe the optimal decision�theoretic strategy for growing a search tree� c�f� Appendix
D� Unfortunately this strategy seems computationally intractable�
The practical solution we propose is to grow the search tree by repeatedly expanding the leaves with

an appropriately de�ned largest expansion relevance� The �immediate expansion utility
 of a leaf is the
expected gain that would accrue if one expanded that one leaf and then chose one�s move� rather than
choosing one�s move with no expansion� Expanding according to immediate expansion utility �similar to the
�metagreedy
 idea of 	���� is not good enough because of its neglect of one�s ability to expand other leaves

�Note� we are not assuming that the probabilities of winning at di�erent nodes are independent� as have ���� �	�
 We
are assuming that the errors in our estimates of these quantities are independent
 Tests of the validity of our independence
assumptions in several games are reported in Part �
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before moving� For example� frequently a �conspiracy
 among many leaves is necessary to a�ect the best
move choice 	���� We may similarly de�ne the immediate expansion utility of any subset of the leaves� In
fact� we can compute in �linear time the decision theoretic utility U of expanding the entire game tree� This
gives a natural condition for termination of the search� stop searching and make your move when the cost of
computer time outweighs the utility of further search� This condition may be used to divide thinking time
between moves� allocating more time to moves where the decision is more di�cult and more important�
The leaf relevance measure we call ESS is de�ned as the expected absolute change in U when we expand

leaf L� We have three arguments why this is a natural measure� First� it can be proven to approximate
within a factor of two the total contribution �L of leaf L to all the probabilistically weighted �conspiracies� it
could participate in� The true decision theoretic utility of expanding a given leaf depends on the interactions
with possible other leaf expansions in the future� �L directly measures the relevance of expanding leaf L in
the limit where you will search a large enough tree before moving to leave little remaining expansion utility�
i�e� where your play is accurate� Arguably this is the operative limit for modern game playing programs�
Second� the absolute change in U values rises and falls in U � when you expand L� equally� This is intuitively
reasonable since both are valuable� A fall in U takes you closer to moving� A rise in U means your previous
understanding was �awed in a relevant way� Third� the ESS can be seen as the best estimate of the a

posteriori change in the expected utility when you expand leaf L� These arguments are explained in detail
in x��
This� then� is our proposal� Use a trained evaluation function to assign a probability distribution to

each leaf� Propagate these distributions up the tree according to certain formulae yielding a probability
distribution at each node� Compute the ESS values of each leaf and expand the leaves whose ESS values
lie above some percentile� Keep iterating this procedure� i�e� re�evaluating the whole tree and expanding
another set of leaves� until the utility of further growth is smaller than the estimated time�cost it would
take� then output the best move� We propose various algorithmic devices to do this e�ciently� e�g� the �gulp
trick�
 certain multilinearity lemmas� and our �in�uence function
 methods� Assume that it takes at least
about dlogb computer steps to evaluate a position� where b is the geometric mean branching factor and d
is the mean depth of the leaves in the �nal tree� This is entirely reasonable for complex games like Chess�
where evaluation is relatively expensive� but may fail in games like Kalah� where evaluation is cheap� If this
assumption holds� then our entire move��nding procedure will run in time depending only linearly on the
size of the �nal search tree� �If this assumption fails� then BPIP gives up a logarithmic factor��
The constant factors in our time bounds are small� Thus for chess assume that we tune our algorithm to

search three times as deep along the lines judged most relevant as Alpha�beta� Then if our algorithm and
Alpha�beta explore for the same amount of time� the tree we grow will be up to three times as deep� but
contain about half as many leaves� as that of Alpha�beta�
Experiments playing BPIP against Alpha�beta in a variety of games are reported in Part �� In our

experiments� BPIP beat strong Alpha�beta programs in several games� This is the �rst time to our knowledge
that an alternative algorithm has beaten strong Alpha�beta programs under realistic competitive conditions��
BPIP�s advantage in our experiments increases rapidly with the complexity of the game and the amount of
time allotted to each contestant�

��� Relationship to Previous work

There is an extensive history of proposals to selectively grow trees in the most interesting directions� dating
back to Shannon�s original paper	
��� We brie�y review here the relationship to the present paper of some
modern proposals� The work of Palay	���� Russell and Wefald	���� McAllester	���� and Rivest	��� is discussed
in more detail in x���
Palay was the �rst author to propose the use of distribution valued evaluation functions and also proposed

the same equations for propagation of probability distributions that we do� We have improved the use of
these equations by providing a rapid� low storage algorithm for a class of distributions� and showing that
they result from the BPIP philosophy for node valuation� Palay did not appreciate this philosophy� indeed

�And see x��
�







his book does not propose choosing a move based on means of distributions after propagation �cf� x������
Palay�s main interest was in guiding tree growth� but according to very di�erent criteria than the present
paper�
I� J� Good mentioned some vague notions of utility in tree searching in his �� year plan
 	���� Russell and

Wefald	��� gave a clearer proposal of what optimal search might mean� They also �rst proposed the use of
a utility based stopping condition�� and they used evaluation functions which return distributions� However
they did not propose or maintain a Bayesian model of one�s uncertainty� Instead� they attempted to calculate
directly the utility of expanding individual leaves� which they did in the �metagreedy
 approximation� This
is oblivious to interactions of di�erent leaf expansions� They valued the tree using negamax� We also remark
in x���
 that their algorithm required time superlinear in the number of leaves�
McAllester �rst enunciated the notion of conspiracy number and gave an interesting algorithm for con�

structing high conspiracy number trees� His approach basically considered the expansion relevance of a leaf
to be inversely proportional to the size of the single smallest conspiracy it could participate in� independent
of how probable that conspiracy might be�
Rivest gave an ingenious algorithm which roughly speaking considered the expansion relevance of a leaf

to be the partial derivative of the root�s minimax value with respect to that leaf� if the �max
 function were
replaced by a di�erentiable approximation� This approach is fascinating� but somewhat ad hoc�
Several proposals to extend particular search lines based on heuristic considerations have been incorpo�

rated in modern Alpha�beta programs� �Singular extensions
� �Threat extensions
� and �PV extensions

taken together were estimated to add �� USCF rating points to the Deep Thought Chess Machine	
�� �Quies�
ence search
 	�� is an important feature of every strong Chess program� although much less important in most
other games� Similar extensions as well as Alpha�beta style cuto�s occur automatically in our procedure�
and also in the algorithms of Russell and Wefald 	���� Our approach of stating a Bayesian model of search�
and then giving a provably e�cient algorithm approximating Best Play for Imperfect Players can thus be
seen as formalizing this line of research�
A number of authors have discussed probabilistic tree valuation procedures� Pearl	��� proposed a proba�

bilistic propagation scheme we discuss in more detail in x
�
� Hansson and Mayer	��� advocated probabilistic
propagation taking into account dependencies and evaluations at internal nodes in the search tree� Baum	��
remarked that the value of a node depends not only on the values of its children but also on an estimate of
the �extra information� one would have if the node were the root of a search tree� and proposed a propagation
scheme taking into account that the amount of extra information will vary with depth in the search tree�

��� Outline of rest of the paper

x� gives some motivation for our approach and gives a sample procedure for �nding evaluation functions in
the form we need� x
�� and x
�� give two views of our tree valuation philosophy� x
�
 clari�es the di�erence
between our philosophy and two competitors� �plain negamaxing
 and �naive probability�
 x� describes
how we propagate distributions up trees� The next � sections describe how we grow our tree� x� describes
the gulp trick which is instrumental to our time e�ciency� x� describes the �in�uence function
 methods
which are also critical� x� covers brie�y our �leaf relevance
 measure for determining which leaf is most
interesting to expand next� The proof of our relevance approximation theorem is in Appendix B� x� gives a
condition for terminating search and making a move� x� puts the algorithm all together� x�� reviews what
happens when the game tree is a DAG instead of a tree� We give both a procedure for exactly propagating
distributions up a DAG� and complexity results showing this is hard to do e�ciently� x�� describes how our
framework allows partial expansion of nodes� x�� is a brief review of previous work� x�
 is a conclusion
and states the main open question� Appendix A gives numerical examples illustrating Sections 
� �� and
�� Appendix C gives pseudocode for our algorithms and describes how in�uence function techniques can
be used to compute our preferred leaf relevance measure e�ciently� Appendix D describes the true �but
not e�ciently computable� decision theoretic optimal leaf to expand� Appendix E proposes a solution to a

�Their condition used the metagreedy utility of a single leaf� since they had no estimate of the total utility left in the tree
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problem called �Graph History Interaction
� �rst noticed by Palay �	��� p �
��� which arises in attempting
to use transposition tables in games like chess�
The companion paper ��part II
 	
��� reports experimental results on games including Kalah� �mod��

Connect��
 and Othello�
Our BPIP�DFISA techniques work not only for these ��player games of perfect information� but also for

games such as backgammon in which chance plays a role� and in ��player games such as solitaire or Rubik�s
cube�

� Evaluation function error

When the evaluation function assigns to a position a value �e�g� win probability� of ��� deeper search may
indicate that the value of the position is �� or ���� We propose instead of associating a single number with
a position to have an evaluation function which returns a probability distribution� One can think of this as
giving both a value �the mean of our distribution� like an ordinary evaluation function does and a distribution
of error� Note in practice that the distributions as well as the mean values are position �feature� dependent�
and also are not always unimodal� Thus substantial extra position dependent information is contained in
our form of evaluation function beyond simply the mean� We will use this information in two ways� ��� It
will help us to decide which move is best� ��� Because it expresses how a position is likely to change when
we expand it� it will help us to value which nodes to expand�
The distributions at the leaves will be expressed as a sum of point masses pi at abscissae xi� Here we

mean that if we expand the leaf L to some depth� say �� evaluate the leaves using an ordinary evaluation
function� and propagate by negamax the result back up to L� that leaf L will be found to have value xi with
probability pi� In addition to the generalized density �m�x�� it will be convenient to associate two kinds of
cumulative distribution functions �CDFs� with each node m 	����

c�m��x� �
X

i� x
�m�
i

�x

p
�m�
i � Prob �y � xjy is distributed as above� ���

c�m��x� �
X

i� x
�m�
i �x

p
�m�
i � Prob �y � xjy is distributed as above� � ���

Observe these CDF�s are �staircase
 functions�
Here is one 
�step method for producing such an evaluation function�
Step �� Design an �ordinary� evaluation function E� to predict the expected desirability of the �nal

game outcome� One way to create such a function is as follows� Divide the space of game positions into a
number of classes� or �bins�
 Also� �nd a certain number of positional �features
 x�� x�� � � � xk which you
think are correlated to desirability� Obtain a vast number of well�played games and assign the positions
arising in them into your bins� and compute their feature vectors� In each bin perform a least�squares �t of
a function of x�� x�� � � � xk to the desirability of the �nal outcome of the game� starting from that position�
The result� is a piecewise linear E��

Step �� Again divide the space of game positions into bins� In each bin record the results of statistical
experiments �from playing vast numbers of games using E� with negamax� indicating the probability distri�
bution of the additive perturbations on E� that arise from backing it up by a deeper search� such as depth��
negamax� Each bin will then contain a set of data points� This set may be thought of as a staircase CDF
probability distribution� each jump of which corresponds to a single data point� and in which all jumps have
equal magnitude�

�Lee and Mahajan proposed an elegant�sounding quadratic 
tting procedure as an alternative to a linear least�squares 
t
����
 Unfortunately� if each feature is either �antisymmetric� �from the viewpoint of the other player� that feature has negated
value� or �symmetric� �same value from opponent�s viewpoint as from player�s� then it may be seen that all the quadratic
terms in Lee � Mahajan�s evaluation function actually will cancel ���� so any nonlinearity that remains will be ���� statistical
noise
 This e�ect apparently happened in Lee and Mahajan�s program �Bill�� since two matrices given on page �� of ���� have
elements identical to within ��
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Step �� Compress the staircase�CDF probability distributions in each bin� into staircase CDFs optimally
approximating the original staircases� but having only a small number of stairsteps �	��� and see part II��
By adding regurgitated compressed bin data to E�� one obtains an evaluation function E� which returns

staircase probability distributions��

� Philosophy of Distributions at Nodes

There are two alternative but mathematically equivalent ways of regarding our approach to tree valuation�
Both of them lead to the recurrences �
��� of x�� The �rst� the �ensemble view�
 is more straightforward
to describe� The second� which we dub �BPIP�DFISA�
 is philosophically more pleasing and makes evident
some approximations that might have been overlooked in the ensemble view� We describe these in the next
two subsections�

��� The Ensemble View

We have a tree T� At each leaf L we have a probability distribution PL�x� returned by an evaluation function
as described� The true value of the leaf is viewed as being drawn from this distribution� So assuming that
the distributions at the leaves are independent� we de�ne an ensemble of trees� This ensemble contains one
tree for each possible con�guration of leaf values one could get by drawing from the associated distribution
at each leaf� and each such tree is probabilistically weighted by the product of the sizes of all the point
masses in its leaves� �A numerical example is worked out in Appendix A��
We now associate a probability distribution Pn�x� to each node in our tree T as follows� If a tree is

chosen from the ensemble� Pn�x� is the probability that the negamax value of n in this tree will be x� x�
will tell how to calculate this e�ciently�
We have assumed that the distributions at the leaves are independent� This will not be exactly the

case� However we feel dependencies are not likely to be as important here as in some probabilistic game
tree propagation schemes� If two sibling positions are assigned by an ordinary evaluation function a value
��� meaning that the probability of winning in that position is ��� it could be unwise to assume that these
are independent and assign a probability of winning of ��� to their parent�as is sometimes advocated	����
Our distributions� however� are over the error in the evaluation function� or to put it another way� are
distributions over changes in our opinion about the position that would arise from future expansion� Such
a distribution of errors in the evaluation function� would seem to be inherently less correlated than the
evaluation function itself�

��� BPIP�DFISA

When it was �rst remarked that any evaluation function returns probabilistic information	���� the question
arose whether minimax is the correct way to propagate this information up a tree� One might instead
propose a rule for combination of probabilities	���� This reasoning correctly asserts that a position with
��� alternative moves� each of which has independently �� probability of leading to a won game� is almost
certainly a won position� Unfortunately this o�ers little solace to the player in this position� if he cannot
�gure out which moves lead to wins� for he must choose one particular move� and then loses with probability
��� Reasoning along these lines� one discovers that in attempting to value the nodes in a search tree� one
must take account of the extra information one will have when playing at the position	��� A position at
depth �� which has two children each estimated to be independently winning with probability ���� should
be regarded as being a won position with probability 
�� if we will have su�cient information to decide the

�We do not intend to imply that this suggested procedure is a particularly new or good way to design a CDF�returning
evaluation function
 It is merely a way
 Other ideas that might be useful include piecewise polynomial 
ts� automated tree�
classi
er schemes� and replacing the discrete �bins�� each containing a CDF� with a CDF whose parameters �step abscissae and
heights� depend continuously on positional features
 See part II for experience with such ideas
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status of the two children when we get there� but should be regarded as being a won position with probability
��� if we will gain no useful information� This line of thought leads us to the following recursive de�nition�

De�nition� Best play for imperfect players �BPIP��

�� The value of the root is the max of the negated values of its children�

�� The value of a non�root� non�leaf interior node � of S� is the sum� over m� of �the probability that� in
BPIP starting from �� the player on move will make move m� times �the value of child m��


� The value of a leaf node is the expectation value of the desirability of the �nal score which would be
obtained in BPIP starting from this node�

�� �Best play
 means to pick the child of the root with the greatest value� as your move�

Observation� Best play for imperfect players actually is the best possible strategy for picking your next
move� in the Bayesian sense that it maximizes the expected desirability of the eventual game result�
In order to make BPIP concrete� one needs a probabilistic model of extra information so that one can

estimate the probabilities in item � of the de�nition of BPIP� If one chooses a su�ciently tractable such
model� then it becomes possible to actually compute BPIP� The model of extra information which the
present paper utilizes is as follows�

De�nition� Depth�free independent staircase approximation �DFISA�� The evaluation function�
applied to a game position �� returns two things� The �rst is the expected desirability E of the �nal position
which would be reached in actual play between the present two players onward from �� The second thing
returned by the evaluation function is the probability distribution P of opinion changes� The statement
�P �x� � y� means that upon deeper search of �� the probability is y that we would change our opinion of
the expected desirability of � from E to x� The word �staircase
 re�ects the fact that we will demand that
this probability distribution have a staircase CDF� The �depth�free approximation
 we will now make is to
suppress any level�dependence	 or opponent�dependence in the opinion�change distributions� That is� we
assume that the probability of various opinion changes at a given node is independent of whether we expand
that node � level or many levels
� We also assume� as our �nal approximation� that the opinion�change
distributions at di�erent leaves are independent�

��� How BPIP di�ers from two previous tree�valuation philosophies

There are 
 competing philosophies of how to use heuristic evaluation values at the leaves of our search tree
to decide what is the best move� The �rst �Shannon� is plain Negamaxing� The leaf evaluations are scalars�
The second� which we call Naive Probability Update �NPU�� is to have the evaluator return a probability
distribution over the space of possible game outcomes��� For example� in a ��outcome game� it would just
return �the probability that this position is a win� with perfect play�
 One then propagates these probabilities
up the tree assuming all probabilities are independent� The same propagation formulas 
�� are used as in
BPIP� a fact which has led some unwary readers of previous drafts to conclude erroneously that BPIP is
NPU� NPU is equivalent to the probability propagation proposal of Pearl	���� experimentally studied by Chi
and Nau	��� and others� NPU yields at each interior node � of the tree� an estimate of the probability that
� is a win with perfect play� You then move to the child of the root with the largest chance of being a win�
Both these philosophies are wrong in principle� Negamaxing is not the best way to use probabilistic

information� indeed much available information is thrown out �since the evaluator is scalar� before one even

�This is a probability since your move choice� if you reached �� would be based on extra� currently inaccessible� information�
gained from search beneath �
 This extra information can only be modeled probabilistically


�See �	� for an attempt to take level�dependence into account in the context of scalar valued evaluation functions

�Otherwise� we would have had to deal with distributions of distributions of distributions


�	N
B
 the BPIP evaluator returns a probability distribution over the real numbers� not over game outcomes
 P �x� is the
probability that upon searching a little deeper� we would change our opinion of that node�s value �i
e
 expectation value of
game result with BPIP play� to x
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starts negamaxing��� NPU computes the wrong thing since we don�t care about the probability that a
position is a win for God� we care about the probability that we will be able to win it� NPU also makes
much too drastic independence assumptions� as seen in experiments reported in Part �� Finally� NPU is
not the �correct� way to combine the probabilistic estimates in a game tree in principle� even if one grants
independence� because it neglects the issue of �extra information�	��� as illustrated by the examples in the
�rst paragraph of x
���
NPU and negamaxing are both degenerate special cases of BPIP�DFISA� If the BPIP�DFISA�s evaluator�s

opinion changes are trained at in�nite lookahead� then BPIP�DFISA reduces to NPU� If the evaluator is
trained at zero lookahead so that there are no opinion changes� then BPIP�DFISA reduces to negamax�

� Propagating Distributions Up Trees

The node distributions discussed in the previous section may be e�ciently computed by propagating staircase
CDF�s up the tree� The formula for the CDF of a parent node in terms of its b children is	���

c�parent���x� �
bY

i��

c�childi��x� �
�

if we are doing negamaxing�

c�parent��x� �

bY
i��

c�childi��x� ���

if we are doing Maxing� and

c�parent��x� �
bX

i��

�ic
�childi��x� ���

if we have a nondeterministic b�way �dice�roll
 where the dice probabilities are �i�
Theorem� Formulas 
�� are equivalent to the ensemble picture in x
�� and to BPIP�DFISA �x
����
Proof Sketch� In BPIP�DFISA� due to our model that at any deeper level of exploration� extra informa�

tion would cause the probability distributions to shrink to a single one of their spikes� the move probabilities
mentioned in item � of the BPIP de�nition� are simply the probabilities that this child�s spike will have
greater value than its siblings�s� which is a certain product of CDFs��� leading to the validity of formula 

at one level above the leafs� The validity at succesively higher levels follows by induction� The ensemble
picture is readily seen to be a consequence of equations 
��� QED�
Note that if we assign� say� a k spike probability distribution to each of N leaves in a depth d tree� then

we have a total of Nk spikes in the leaves� and at most Nk spikes in the nodes at any height h above the
leaves� so that the total storage to propagate the CDF�s exactly to the root is O�Nkd�� where d is the average
depth of the leaves� By the use of an algorithm resembling binary list merge� the total time may be bounded
by O�Nkdlogb� where b is the geometric mean branching factor� This means that we don�t need to make
any approximations in propagating the CDF�s� We will see that this is important in evaluating which leaves
to expand�
Note that if the distributions at the leaves are all delta functions� i�e� the evaluations are exact� then our

algorithm reduces to negamax�

� Incremental growth of stored subtree� �Gulp� trick�

The next several sections will describe how we propose to grow the search tree� The �rst key technique is
the gulp trick�

��A dramatic illustration of this is a tree all of whose leaves had the same expectation value
 Although negamaxing would
be helpless� BPIP would generally 
nd a unique best move
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One may pay for a lot of sins by iteratively expanding the most �relevant
 f of the leaves �f is some
constant with � � f � �� in one gulp� and then re�valuating the entire tree from scratch� If the �nal tree
has a typical branching factor b bounded above � �essentially always true� in practice�� then the total work
to do all the iterations will be dominated �except for a slowdown by a constant factor C� by the work on
the single �nal iteration�
More precisely� if the number of leaves of the current tree is L� then the number of leaves in the next tree

�after the gulp� will be gL� where the �e�ective growth factor
 g is given by g � ���b� ��f � The slowdown
factor C� assuming the runtime cost of valuating a tree grows as least as quickly as its number of leaves� will
be

C � � � g�� � g�� � � � � �
g

g � � � � �
�

�b� ��f � ���

If one parametrizes f in terms of a positive constant � by f � b�����
b�� � then after d gulps one has b

d�� leaves�
This will allow the iterative gulp procedure to examine some nodes which lie � times deeper than naive
negamaxing with a constant�depth cuto�� could go� For example� with b � 
� �chess� and � � � we have
C � ���� For � � lnb we �nd C � �

� �
�
lnb �

Making f larger decreases the runtime but also decreases the control we have over the search� Presumably
there is an optimal f which best balances these two e�ects� It may be found empirically�
The gulp trick makes it easy to design e�cient algorithms which both grow the tree� and valuate the tree

nodes� in sensible ways� Sometimes it is still possible to get an e�cient re�valuation algorithm� even if one
insists in expanding the tree one leaf at a time� This can be done if one only needs to re�value the nodes
on the length�d path from the expanded leaf up to the root� and if� by cleverly updating stored information
somehow� one can then still e�ciently �nd the most �relevant
 leaf of the new tree to expand next� See
x���� and x���� for a discussion of previous work in this vein� Every such one�at�a�time algorithm will still
pay a slowdown factor at least proportional to the depth d of the leaf being expanded� compared to the cost
of expanding the same number of leaves using the gulp trick�
It is of course conceivable that the utility of expanding a gulp might be much less than the utility of

expanding the same number of leaves one at a time� For example� this would occur if expanding few most
relevant leaves in the gulp made the rest of the leaves much less relevant� See Part � for empirical evidence
regarding the e�cacy of our gulping procedure����

� In	uence Functions

The �in�uence function
 of a node � is de�ned to be the additive amount that some scalar quantity F near
the root will change by if the value of � is perturbed by t while the other node values remain �xed� In
negamaxing of single numerical values� the graph of the in�uence function consists of three line segments�
the outer two being constant and the inner one being of slope �� The t�values of the corners are the �	�

window
 	���� In this section we describe how we may associate to each jump in the CDF at each node in
our search tree an in�uence coe�cient� Let inco�F 	i� be the in�uence coe�cient at the i�th jump at some
node � for function F � For example F might be the mean of the distribution at the root� Then if one were
to change the jump heights at � by some amounts �	i�� the change in F would be

P
i inco

�
F 	i� � �	i��

In fact� we will see how to compute the in�uence coe�cients for all the nodes in a total amount of
time dominated by the time it takes to valuate the nodes� provided the scalar function near the root is
chosen appropriately� The method is based on noticing that each probability distribution at each node is
a multilinear function of its children�s vectors� Thus in particular if only one child node�s value�vector is
perturbed� the others remaining �xed� its parent�s value is a linear function of that child� Thus each parent�
child tree edge is associated with a linear transformation� By composing all the linear transformations of

�� Another heuristic which could grow deeper trees than straightforward gulping is the following
 Pick a set of leaves possibly
to be included in the Gulp� ordered from most to least relevant
 As you expand these leaves� consider their children and
approximate their relevance
 This must be done by determining the dependence of the leaf expanded on the child and the
original relevance of the leaf
 Also insert the children into the gulp� if su�ciently relevant
 We have not further explored this
idea because the Gulp trick is su�ciently powerful for most uses


�



paths down from the root� we obtain the in�uence function for each node� Assuming that F is scalar and
linear� then composition of the linear transformations on the root�node path will collapse down to a single dot
product with a coe�cient vector of the same dimensionality as that node�s vector� namely

P
i inco

�
F 	i� � �	i��

We thus have two subtasks when endeavoring to compute the in�uence functionsF at all leaf nodes� First�
we have to compute the special starting linear transformation� That is we have to compute the in�uence
coe�cients at the root� We will describe how to do this in detail for a particular function F in Appendix C�
This will allow us there to compute the expansion relevance of each leaf e�ciently�
Second� we have to compose the linear transformations at tree nodes� This is done in a top�down manner�

Assume we have the distribution at node �� with each jump labelled with its in�uence coe�cient� and the
child it came from� The child label was attached on the way up when we computed the distribution at ��
We desire now to compute the in�uence coe�cients for ��s children�
What happens to F if� say� the jump at x� in child ��s CDF is perturbed

�� by �� We then have that c��x�
is increased by � for x � x�� In that case� from equation 
 we see that the corresponding jump j at �x� in
the parent�s CDF is perturbed by an amount�� �Mj � �

Q
i�������b ci� Here Mj is the child�to�parent jump

size magni�cation factor associated with that jump� and is most easily computed in practice by taking the
ratio of the parent jump to the child jump� Also any jump of height p in cparent�x� for x � �x� not due to

a jump in child �� will be perturbed by an amount p �
c���x�c���x�
� p � �p�c���x�� The jumps in the parent at

x � �x� which are due to child � are una�ected by alteration of child ��s jump at x�� Hence� the in�uence
function coe�cient I of the jump in the child�s CDF which caused jump j in the parent is given by�

Ijchild �Mj � Ijparent �
X

k�jumps in parent at x��xj due to siblings

Ikparentp
parent
k �cchild��xk� ���

We give an explicit numerical example of the computation and use of in�uence coe�cients in Appendix
A� We may e�ciently compute using equation � as follows� Assuming the jumps at � are stored in a sorted
list� we consider them in order of decreasing abscissa� As we consider each jump in the parent� we accumulate
the ci�x� of the corresponding child� and some quantities which allow us to compute the sum in equation
�� and we assign an in�uence coe�cient to the corresponding jump in the child� The key idea is that by
the use of various �running totals
 we evaluate all the sums we need in linear total time� Appendix C gives
pseudo�code�
If N is the number of leaves in the tree� and say each leaf has a k spike distribution� the total time and

storage needed to do this top�down propagation is bounded by Nkd�T�� since the time and storage needed
at any level of the tree to �nd all the in�uence functions at all the nodes of the next level� is O�Nk�� Here
T� represents the time needed to �nd the initial starting linear transformations at the children of the root�
for the particular F �s we consider in the paper� T� � O�Nk��
Note that these in�uence function methods are critical to our time bounds� There will generally be

��Nk� spikes in the CDF�s near the root� Any naive approach to �nd the expansion relevance of a particular
leaf would then take time of order Nk� But this means that valuing all N leaves would take time of order
N�� which is unacceptable�

��Note that this is a 
ction� since the sum of all jumps no longer adds to �
 Nonetheless� F is still a linear function of the
jump heights at �� and we can formally compute its change
 A real perturbation of the jump heights at � would have involved
perturbing more than one jump height� with the sum of the perturbations equal to zero
 If� say� we perturbed the jump at x	
by � and the jump at x� � x	 by ��� c��x� would be increased by � for x� � x � x	
 There is in fact some freedom in how we
de
ne the in�uence coe�cients as they will only be used for �legal� perturbations


��The situation is slightly complicated if there are two children with jumps at x	
 In this case one may correctly treat the
jump in the parent as composed of two separate components� one at x	 � �� in the limit where � � �
 If the scalar function
F at the root is an ensemble integral of the scalar value of the root� then the change in it when the distribution at a node is
changed is a well de
ned quantity� independent of any questions of tiebreaking
 Any consistent tiebreaking de
nition will give
equally valid in�uence coe�cients
 Note however that di�erent de
nitions will lead to di�erent in�uence coe�cients
 One must
use the same convention when calculating the in�uence coe�cients as when applying them


��




 Expansion Importance

In this section we will give the notion of expansion utility which will be used to guide our search� As has
been discussed� we associate to each leaf a probability distribution describing the probability the leaf will
be found to have a given value if it is expanded� and we propagate these probability distributions up to the
children of the root� Accordingly we may in principle estimate how the distribution at a child of the root
will change if we expand a given leaf or set of leaves� Thus in principle we can calculate which leaves are
most interesting to expand� then expand them via a gulp� The present section will devise a suitable notion
of expansion utility for this purpose� which is e�ciently computable�

��� A formal model

To focus ideas it will help to consider the following �metagame�� which formalizes the problem of choosing
which leaves to expand� We have a game tree with N leaves� At each leaf there is a probability distribution
over the reals consisting of a �nite set of spikes� A value �unknown to us� is assigned to each leaf chosen
from its distribution� Now we play the metagame as follows� We are allowed to point at k leaves and for
each of these leaves we are told the leaf�s value� Then we choose a move at the root and are rewarded with
the true value of this move �computed according to the game tree where each leaf has its true value��
In an actual game tree when we expand a leaf the probability distribution at that leaf generally gets

sharper� but we are assuming that it actually sharpens to a spike� Some justi�cation for this assumption
of drastic shrinking� and hence of DFISA� is provided by the results of 	

�� In any case we are only using
this assumption to decide which order to expand leaves in� If we continue to expand to some depth below a
node� we will in practice achieve substantial sharpening of the distribution at that node� It is accordingly
hard to envision how the procedure of iteratively expanding the leaf we would most like to see sharpen to a
spike could in practice seriously distort our order of leaf expansion�
Now we would like a strategy for playing this metagame� which leaves should we expand� Note that

there are two variations of this metagame� In the �rst we must choose our set of k leaves before any are
expanded� and in the second each leaf is expanded before we choose the next to expand� The situation in
the tree growth algorithm we propose is midway between these two� due to our use of the gulp trick�

��� Expansion Utility of Leaf Subsets

Suppose one currently believes the best move is move �� We may e�ciently compute the expected utility
of all future expansion� The expected utility of all future expansion is by de�nition the probability we will
win��� if before moving we expand all leaves until they are terminal positions� minus the probability we will
win if we move immediately with no further expansion� Let m denote the number of children of the root�
and� letting child  � be the current favorite among these� we have

Uall leaves �

Z �

��

�Z �

x

�y � x����y�dy

��� Y
��j�m

c�j��x�

�
�
�
� X
��i�m

�i�x�

c�i��x�

�
� dx ���

if the root is negamaxing� A similar formula applies if the root is maxing�
Analogously we can compute the expected utility of expanding any set of leaves� under the assumption

that we move immediately after expanding these leaves� So we can write down an algorithm for solving the
metagame� compute the expansion utility for every set of k leaves� and pick whichever one has largest utility�
This unfortunately is infeasible because there are too many subsets of size k� One can also write down a
similarly impractical algorithm to solve the sequential version� see Appendix D�
In order to proceed� therefore� we assume that there is some measure of the �relevance� of a leaf such

that the relevance of a set of leaves can be determined as the sum of the relevances of its elements� We have

��For clarity we discuss the case of � outcome games
 Our ideas generalize� for games with more outcomes� change� e
g
� �the
probability of winning� to �the expected desirability of the 
nal game outcome� throughout
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examples �cf� appendix A� showing that no such additive relevance can exist� Nonetheless we make such
a pretense and hope it is often approximately true� Because of our assumption of �additive relevance
 the
question of which version of the formal metagame we are considering will not arise�
One candidate that naturally might be proposed for the relevance of a leaf is the �single leaf expansion

utility
 �SLEU�� i�e� the expected utility of expanding a leaf� assuming we made our move choice immediately
after expanding it��� SLEU�s may be e�ciently computed using in�uence function methods� Unfortunately�
this is a poor approach because it ignores conspiracies involving more than one leaf� Put another way� it
neglects future expansion� This is most evident if the tree has a �utility conspiracy number
 larger than ��
i�e� if all the SLEUs are zero� This can easily happen if no single leaf expansion will be enough to change
one�s opinion of which move is the best� Even when the conspiracy number is �� however� we still argue
below that the SLEU is not a good measure of leaf relevance�

��� The large expansion limit

Re�expressing this in the ensemble picture� we have that

Uall leaves �
X
C

	m� �min�m��m�� ����mn�� � E�negamax value of move �� �E�root value�� ���

Notation� C is the set of all con�gurations in the ensemble� In sums over con�gurations it is understood
that each summand is to be weighted with the appropriate probabilistic weight for that con�guration� these
weights always sum to �� We assume there are n children of the root� among which WLOG child � is the
current favorite� and mi for � � i � n will denote the negamax value of child i in con�guration C�
The far right side of equation � is a convenient way to calculate Uall leaves�
Similarly the immediate expansion utility of any subset S of the leaves is

US �
X
CS

�
�X
C
S

m� �min
X
C
S

�m��m�� ����mn�

�
� ����

�More notation� CS is the set of all con�gurations of the subset S of the tree leaves� and S is the complement
of S� i�e�� all the leaves other than the ones in S� so C � CS � CS �� which when S is a singleton is the
SLEU measure� and UL is computable reasonably e�ciently for all leaves L simultaneously by using in�uence
function techniques�
The problem with SLEU which makes it a poor leaf relevance measure is that it regards each leaf expansion

in isolation� ignoring the interactions with other leaf expansions�
In practice we expect one will continue expanding until the total remaining utility of expansion has gotten

quite low� If we are going to expand k � � leaves� we are interested in achieving the largest gain possible
from expanding a set of k leaves� and bene�t from expanding just one leaf is not overly relevant to this� So
instead� it might be reasonable to estimate gain in the opposite limit� that is to expand �rst the leaf which
would be the one we would least like to leave� if we were going to expand all but one leaf�
We thus go to the �large expansion limit
 where we take expectations assuming a large number of leaves

have already been expanded� Thus instead of US � we would prefer �US � the expected utility of expanding set
S after S has already been expanded�

�US �
X
C
S

�
min

X
CS

�m��m�� ����mn��
X
CS

min�m��m�� ����mn�

�
� ����

Although at �rst sight �US looks new� we may rewrite the expression above as

�US � Uall leaves �
X
C
S

�X
CS

m� �min
X
CS

�m��m�� ����mn�

�
� Uall leaves � US � ����

��The procedure of expanding the leaf with optimal SLEU is akin to the procedure advocated by ���� in that leaves are valued
as if there was no possibility for future expansion
 They call this approach �metagreedy
�

��



thus �US is just the di�erence between the utility of expanding all leaves and the utility of expanding all
leaves other than S�
The trouble with �US is that we do not know how to compute �or approximate� it e�ciently

�� with
in�uence function techniques� for singleton S�

��� Our proposal� Expected Step Size 	ESS


Fortunately� there is a natural leaf relevance measure that is closely related to �US � which we call �
S � Although

we also don�t know how to compute �S e�ciently for singleton S� we do know how for a fourth measure VS
for which we can prove an

Approximation Theorem� If L is a leaf� then

VL � �L � �VL� ��
�

Furthermore� if n� the number of spikes in the probability distribution at leaf L� is �� then VL � �L� Also� if
p� � pn � 	� then VL	

�� � �L�
Thus our �nal proposal is to use VL as the relevance of expanding leaf L� �Numerical example � see

appendix A�� The proof of this theorem is in Appendix B� But we have gotten ahead of ourselves� we still
have not de�ned VS and �

S � We will now motivate and provide these de�nitions�
A natural quantity to examine in determining the expansion relevance of a leaf is how Uall leaves changes

when you expand it�
Let

Qi �
Z �

�

P �Some move is better than move i by q�qdq ����

We call Qi the expected utility with respect to move i� If our current favorite move is move �� we have
Uall leaves � Q�� Exactly similarly to the derivation of equation �� we have

Lemma�
Qi � hroot valuei � hvii� ����

where vi is the value �e�g� probability of winning� if we make move i� and hi denotes ensemble averaging�
Corollary�

Qi �Qj � hvji � hvii� ����

When we expand any leaf� the expected change in Qi is zero� This is evident because Qi before the
expansion is de�ned as the average of the values it takes after the expansion� If the current favorite move
changes after the expansion� say from � to �� then Uall leaves is rede�ned so that after the expansion it equals
Q�� It is easy to see that the expected change in Uall leaves when we expand a leaf is precisely the negative
of the leaf�s SLEU�
Consider how Uall leaves changes as we expand all the leaves in our meta�game� It starts with some value

U�� As we expand each leaf� it makes a random change� chosen from a certain� readily calculable distribution�
For most of these expansions� the utility conspiracy number will be greater than � and the mean change in
U will accordingly be �� since the expansion cannot a�ect the current favorite move� As we expand leaves
there will occasionally be a case where the utility conspiracy number is � and the mean change will equal
the negative of the SLEU of that leaf� Of course when we actually expand this leaf U may increase or
decrease� but the average change in it is negative� When we have expanded all leaves� the utility U of further
expansion will by de�nition be zero� This convergence to � of course shows that our assumption that the
leaf �relevances
 are independent is not strictly true� The means of these steps must change as we go along
to guarantee arrival at exactly ��

��Alternatively� one might try to devise a leaf relevance measure such as Importance�L� �
P

S� L�S
US�jSj based on com�

bining the utilities of many sets S
 But we don�t know how to compute these things e�ciently either
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It would therefore be wrong to model the contributions of the leaves toward the total additive change in
Uall leaves as independent ��mean steps of a random walk� and thus conclude that the variance in Q

� would
be the right leaf relevance measure�	�
At last we are ready to de�ne VL� our prefered notion of leaf relevance� to be the average absolute length

of the step in Q� �if � is our current favorite move� i�e�

VL �
nX
i��

pijQ�
L�i�� Uall leavesj ����

Here Q�
L�i� is the value of Q

� after we expand leaf L� assuming it takes value xi in its distribution� which
occurs with probability pi� We call this quantity the expected step size� or ESS� By the use of in�uence
functions for Q�� we can e�ciently compute VL at all leaves L simultaneously� The suprising fact that Q

�
L�i�

is equal to ILi � the in�uence coe�cient of jump i in leaf L� simpli�es this computation �see Appendix C��
As motivation for this de�nition� Assume our current favorite move is move �� There may be some

con�gurations in the ensemble in which � is not the best move� VS thus tells us how much the ensemble sum
over such con�gurations� weighted by the amount move � is inferior in each con�guration� would be a�ected
by knowledge of leaf set S�s true value� in the notation of x��


VS �
X
CS

������
X
C
S

	m� �min�m��m�� ����mn��� Uall leaves

������ �
X
CS

��Q��S��Q�
�� � ����

Another motivation� We have already seen that decreases in the utility of future expansion caused by
expanding a leaf� have much to do with the relevance of expanding that leaf� and it seems reasonable to treat
increases and decreases in the utility of future expansion as equally valuable information� Increases reveal
new and surprising information making future expansion more promising� while decreases take us closer to
being able to move� Also� increases really are decreases� if you look at it from an a posteriori point of view�
The reader may have found it counter�intuitive that the �utility of future expansion
 can increase when we
expand a leaf� The leaf �game position� always had a certain value� and we only became aware of it when
we expanded the leaf� Expanding a leaf always yields information� so how can the remaining information
be more valuable than the remaining information �a superset� was before the expansion� In fact� the future
expansion has not actually become more valuable� but our previous estimate of it� i�e� Uall leaves de�ned by
equation �� was in error� The SLEU values a leaf by summing the signed changes between Uall leaves computed
before the expansion and after� But this cancels inherently meaningless positive quantities against potentially
meaningful negative ones� If you were going to make a monetary bet with a friend that the world will be
destroyed next Monday� fair odds should re�ect the a posteriori value of money on Tuesday in the two
eventualities� and likewise it makes no sense to decide which nodes to expand based on a priori estimates�
If we de�ne the a posteriori utility with respect to leaf � before leaf L is expanded as the maximum of what
equation �� computes before the leaf is expanded and what it computes after �reasonable since this utility
cannot increase� then the leaf of maximal VL is equivalent to expanding the leaf which has highest expected
drop in a posteriori remaining utility�
Finally� we have our Approximation Theorem connecting VL and �

L� where we de�ne� The relevance �S

of a leaf subset S is the expectation value of how much Q� changes when we expand S� i�e� �S � j!SQ
�j�

assuming we have already expanded S�
This assumption means that we are working in the large expansion limit� so that �S takes the interactions

among di�erent leaf expansions into account� Thus �S tells us how much leaf set S contributes to the
possibility we will change our mind about the best move in this limit�

��Another problem with the variance is that it seems to overvalue low probability high value perturbations� because it is a
sum of squares
 Note that the variance in Q is a more sensible measure than the variance in U because the latter actually
penalizes leaves for having non�zero SLEU
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Indeed �S may be described with exactly the same words as our description of VS in the sentences before
equation ��� except that we now are working in the large expansion limit� The analogue of equation �� is

�S �
X
CS

X
C
S

�����m� �min�m��m�� ����mn��
X
CS

	m� �min�m��m�� ����mn��

����� � ����

�S is very similar to �US � but with the these two di�erences� �a� we are using Q
� instead of Uall leaves�

�b� we are summing the absolute values of !SQ
��

To motivate �a�� we imagine that we are in some intermediate regime �the �medium expansion limit
��
in which � is still the favorite move so that we may disregard the distinction between Q� and Uall leaves� In
fact Q� and the medium expansion limit may be more interesting than Uall leaves and the large expansion
limit because it isn�t clear we are going to do enough expansion to change our favorite move� Perhaps we
should �rst worry about the utility of expansion with respect to the current favorite move� and only later� if
and when this favorite changes� should we worry about the utility of expansion caused by potential further
favorite changing�
To motivate �b�� we could use the same argument as before ��it seems reasonable to treat increases and

decreases��� as equally valuable information
�� but� if you didn�t like that argument� here is another� if the
absolute value signs were removed from the de�nition of �S � then it would be �� and since if

P
i xi � �

then
P

i jxij � �
P

i� xi�� xi� our sum of absolute values is really just the same as the sum of only the terms
corresponding to utility decreases� except for an overall factor of � which has no e�ect�
We�ve now made it plausible that �S is a statistically good measure of the expansion relevance of a subset

S of our tree leaves� and our approximation theorem showing that VL � �L within a factor of �� where VL
is e�ciently computable for all leaves L� means that it is also algorithmically good�
Finally� let us make a few pragmatic remarks about our approximation theorem and our preference for

ESS over SLEU�
One case of interest in practice is leaves with 
 spike distributions� In this case the bound would be

�
���VL � �L if the center spike contained no more than a third of the distribution� In general� cases which
approach the upper bound of � have their weight concentrated at their central spike� and accordingly have
low �L as well as low VL� and are not particularly relevant leaves to expand� Thus as a general rule� VL can
be expected to be a better practical predictor of � even than the theorem demands� Also note that if �L

really were an additive leaf relevance� and if we expanded a set S of leaves whose relevance was in fact half
as large as the optimal leaves in some disjoint set S�� we could still make up for this by simply expanding
twice as many leaves� so in the worst case the fact that we can only approximate �L would only cost us a
factor of � in time�

VL may not be a good measure of which leaf to expand if we do not expect to be able to expand many
more leaves� since it counts heavily on the ability to exploit information gained by future expansion� If there
is a probability p that we will move after expanding the next leaf� it might make heuristic sense to expand
the leaf of greatest pUL � �� � p�VL or some such

�
� But since we expand a large gulp of leaves at a time�
it�s likely we never need to worry about this�

� Termination of growth� The �cost of time��

A natural termination condition is simply to terminate growth when the expected utility of such growth is
less than the cost of the CPU time required to carry it out� The expected utility of future growth can be
estimated by using Uall leaves� So we now need to estimate the �cost of CPU time
 relative to the cost of
losing the game�

��Also� In the event that one knows� before expanding a node� how many children C � � it is going to have �which is the
case� in some games� at no extra cost� then it makes sense to expand the node L with the greatest value of VL�C so that we
get the most utility for our computer time expenditure


��



In practice this would be accomplished with a �penalty function�
 For example� suppose that one must
make �� moves in � hours of thinking time� or else forfeit the game� Then one could use as the �cost of
time
 per second� cm�t� where m is the number of moves which one still has left to make in the time t that
will be left after doing next the growth stage� and c is a positive constant chosen empirically�
What penalty function is the right one� Here is a derivation of one formula� We start with the table

given by Newborn 	�
� of the probability p�d� that the the chess machine Belle� when searching d ply
deep� will prefer a di�erent move to the one it prefers at d � � ply� �This data came from ��� searches
performed by Belle while extending its opening book into the early middle game� and the error bars on each
p�d� estimate are about 	���� We also give �gures from W�D� Smith�s warri program w� for 
��
 selfplay
searches performed with ����� seeds in play� with data only collected on � game ply out of �� in an e�ort to
assure independence among searches� In the w� data� any time a move was preferred over any move it had
not been preferred to before� that was counted as an opinion change� even if w��s favorite move remained
unchanged��

d 
 � � � � � � �� �� �� �
 �� �� �� �� ��
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It is not clear what formula should be used to describe p�d�� David Levy once suggested c�d
�� but we

prefer the Szabos�s 	
�� suggestion exp��c� � c�d�� for some positive real constants c�� c�� Assume a depth�
d search requires time Bd and assume that any favorite move change represents some constant�� utility
increment �!U�typ� Then if one is given an in�nitesimal extra amount dt of time to use in some future
search� the extra utility one can expect to be able to derive from this is �!U�typ�dt� � p�logB t��t� that is�
proportional to p�logB t��t� Similarly� if we are given an in�nitesimal extra amount dt of time to use in a
total of m future searches �each one with dt�m extra time�� the total utility we may expect to derive from
that is proportional to m

t p�logB 	
t
m ���

So� presumably we should stop searching and move when

Ugulp

tgulp
� c�p�logB 	

t

m
��
m

t
�

	
c�

m�t
logB�t�m�� according to Levy

c��
m
t �

�
c� according to Szabo
����

where tgulp is the estimated time to do the next gulp� Ugulp is the utility estimate for that gulp� t is the time
that would then remain to make the next m moves in� and the ci are positive real constants �c� � c�� lnB��
The Szabo and Belle data on chess would imply c� � ����� 	 ����� and the w� Warri data would yield
c� � ����	 �����

Caveat� Because of credos such as �if you have more time left than your opponent� strive to complicate
the position�
 good time management is more complicated than just selecting a good penalty function� It
should incorporate the opponent�s time and an estimate of the complexity of the positions that are going to
be searched in the future� and the �constant
 c� in ���� should probably really be an increasing function of
this estimate�

� Putting it all together
 Algorithm and time analysis

The �nal combined algorithm which we recommend is roughly as follows�

�� Start with a search tree S consisting of the root and its m children�

�� Compute estimated bound on expansion utility Uall leaves� if less than estimated cost of time for further
expansion� then goto step �� In particular if m � �� this would happen since Uall leaves � ��


� Compute the utility in�uence functions of the L leaf nodes of S�

�	It could also depend upon depth� and if this dependence were assumed to be exponential� then the Szabo version of ����
would remain unchanged� although the constants might change
 More generally if the dependence on depth were f�d�� then
replace p�x� in the below by p�x�f�x�


��



�� Find Expected Step Sizes �ESS� for all leaves�

�� Mark a fraction f top most�utilitarian �largest ESS� leaves�

�� Expand marked leaves of tree S� use the evaluator to provide probability distributions for each of the
new leaves� and �re�calculate the CDF�s at all nodes using equations 
���

�� Goto step ��

�� Find the child of the root with the greatest expected desirability� return it as the best move� and exit�

Pseudo�code for the important parts of this is is given in Appendix C� Here f � the fraction of leaves to
expand� is some constant with � � f � �� as explained in x�� The running time of algorithm� except for a
small constant slowdown factor C � O���� will be dominated by the running time of the last iteration �see
x���
We assume that the total time it takes for the evaluation function to evaluate a node and return a result

is v � Ev� where the �result
 consists of a vector of v di�erent numbers and Ev is some amount� We let V
denote the total number of numbers output by the evaluation function on all the calls to it that we make�
Thus the total time spent inside the evaluation subroutine is V � Ev� We also assume that �nding the n
moves one can make in a given position takes O�� � n� �Mv time and making or unmaking a move takes
O�Mv� time� where Mv is some constant value� �This assumption is usually realistic if the game has a
�board
 of bounded size�� Let b be the geometric mean branching factor and let d be the average depth of
the leaves on our ��nal partial� tree S� Let jSj and L be respectively the number of nodes and the number
of leaves in S�
Now Step � is trivial� Step � �which has larger� or comparable runtime and space consumption to steps

�� 
� and �� takes runtime O�jSjMv � V Ev � V d log b� and consumes storage O�V d�� Step � takes O�L�
time and storage by the use of a linear�time selection algorithm 	��� 	��� All iterations of the �gulping
 loop
�steps ��� inclusive� are dominated by the �nal iteration� up to the small slowdown factor C � O��� �see
x��� leading to the �nal bound on the total running time and storage of�

runtime � O ��Ev � d log b�V �MvjSj� storage � O�dV � jSj�� ����

As was pointed out by a referee� we have here allowed ourselves a d log b factor of the sort we disallowed
in previous comments on the limitations of one�at�a�time algorithms �x��� But� if Ev and Mv are decently
large� i�e� of the same order as �or larger than� d log b �which will probably happen in complicated games
such as chess�� then our procedure�s runtime� including all �constant factors�
 will be linear and entirely
comparable to the runtime of a naive tree searcher���

�� What if your game tree isn�t a tree� DAGs

Game trees are of course not necessarily trees� but may instead �in games in which �transpositions
 are
possible� be Directed Acyclic Graphs� also known as DAGs�
It is generally possible to save storage and time in DAG games� One uses a �hash table
 to e�ciently

spot recurrences of previously evaluated positions� and then one need not valuate nor store that node twice�

��And if this d log b term actually did loom large � as might happen in simple games � it could be gotten rid of by compressing
probability distributions as we go up the tree
 In our exact scheme� with L leaves each with k spikes� by the time one propagates
up to the root� the resulting distribution could have nearly kL spikes
 But� with distribution compression� this would have been
replaced by an approximate distribution with some smaller number� e
g
 ��dkL if we compress by a factor of � each depth� of
spikes
 With algorithms of this sort� the d log b term in the runtime would be replaced by log b� and the dV term in the space
consumption would be replaced by V 
 The costs incurred would be� �a� sacri
ce of exactness� �b� it is not clear what the best
compression schemes �and ratios� are� and the compressor would have to be compatible with a scheme for propagating linear
in�uence coe�cients back down the tree� where these in�uence coe�cients would now have to take into account the e�ect of the
compressor
 It is certainly possible to 
nd compression schemes with the right linear properties �one example� replace every
pair of two consecutive spikes by a single spike at their averaged location and with their summed masses�� though
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This idea is an old one and is used in all the competitive chess programs� and it will reduce the workload by
roughly at least as large a factor as the reduction in leaf count� It is equally valid in our formalism���
Aside from the issue of saving time� though� there is the issue of getting the right answer� In DAGs�

our independence assumptions are assuredly incorrect� since some tree nodes may in fact be the same DAG
node �or merely have a common descendant� and are therefore statistically dependent� We now describe how
equations ����� may be modi�ed to correctly propagate CDFs up a DAG� Our model here is that we still
assume that the CDFs at the leaves are independent� but we now take correct account of all dependencies
induced by the DAG structure in propagating the CDFs at the leaves to the root� First note

Lemma� The CDF at any node in a DAG is a multilinear function of the CDFs at the leaves�
Proof� This is evident in the ensemble viewpoint� The probability distribution at any node is given

by a sum over the di�erent con�gurations of its leaf descendants� weighted by their relative probabilities�
But each term in this sum is a multilinear function of the leaf probabilities� since we have assumed the leaf
distributions are independent� QED�
Now we have
Theorem� To propagate CDFs up a DAG� �rst use equations ��� to naively yield the CDF at each node

as a polynomial function of the CDFs at the leaves� and then� after expanding into a sum of monomials�
wherever in this formula any leaf CDF ci�x� appears raised to a power greater than one� simply replace the
power by ��

Example� For the following negamax DAG

R

A B

C D

we naively calculate the following CDFs using equation ��

������C�x�����D�x����D�x��

���C��x�����D��x�� ��D��x�

C�x� D�x�

but linearizing at the root �DC �D� � CD� 
 D� takes care of the dependency and yields�

D�x�

���C��x�����D��x�� ��D��x�

C�x� D�x�

That this is correct is evident from the Alpha�beta cuto� structure in the ensemble viewpoint� Node C cannot
in�uence the root in minimax propagation as either the value of D is greater� in which case C disappears at
max node A� or D is smaller� in which case C disappears at min node R�

Proof� By the lemma above� the CDF ci�x� at node i is a sum of �
L monomials �where there are L

leaves�� i�e� the products
Q

j�f������Lg cj��dx� where d is the height of node i above leaf j and the product is

��Some subtleties in the use of transposition tables� �
 Since we store the game�DAG� as compared to game�playing programs
which use essentially no game�tree storage� our hash table entries need to contain virtually no information � only a single
pointer
 �
 For the same reason� we can painlessly take advantage of �bonus depth� gotten from occasional transpositions to
positions that were searched �in the other line� more deeply� both ways
 �
 Alpha�Beta programs need to store upper and lower
bounds on position�values in the hash table� and sometimes these bounds need to be re
ned further upon use of that table
entry
 We have no such di�culties� but if we are using in�uence functions and leaf expansion utilities� we can run into the
problem that DAG nodes lead multiple lives when the DAG is regarded as a tree
 Hence� each DAG node may need to store
several in�uence functions at once


 and when deciding whether to expand a DAG leaf in the next gulp� we must somehow
appropriately combine the expansion utility values from each multiple life
 The �correct� way to do this is to store only the
sum of all of a DAG node�s multiple in�uence functions and regard it as �the� in�uence function of that DAG node
 �The idea
is that this is basically functionally equivalent to not compressing the tree into a DAG at all
� Then each DAG node has a
unique utility value
 	
 As Palay ����� page ���� observed in a di�erent context� in games such as chess where repetitions of
position are possible� the DAG is not really a DAG �since it is not Acyclic�� and a position must include a repetition counter
as part of the de
nition of �position
� Complications stemming from this are discussed and a resolution proposed in Appendix
E


��



taken over all subsets of the leaves� �Note� the players alternate turns� so we never have two paths from a
leaf to the same position of di�ering parities�� We must only determine the coe�cients of these terms� The
formula given in the theorem is evidently correct at the �L assignments where we set the cj�x� to be � or ��
since in this case correlations are unimportant� QED�
Unfortunately the formula o�ered is not e�ciently computable for minimax DAGs� It is possible to take

account of DAG dependencies correctly using the ensemble viewpoint� but this requires runtime exponential
in the number of leaves� One therefore asks whether it is possible to propagate distributions in DAGs in a
smaller running time � bounded by a polynomial of the number of leaves� The theorem below shows that
the answer is �no���


Theorem� It is  P�hard to evaluate the mean value of the root of a pure negamaxing game DAG
whose leaves are probability distributions� The result holds even if the leaf probability distributions are all
independent ����� coin �ips �i�e� assume value � with probability ���� � with probability ����� the DAG has
only negamaxing nodes� and has depth �� and no outvalencies �except for the root node�s� exceed ��

Proof� Regard the leaves as Boolean ����� variables arising from i�i�d� coin �ips� The minimax value of
a ��level DAG� whose root is MIN and whose depth�� nodes are MAX nodes� is then an AND of the ORs of
the children of the level�� nodes� Let the depth�� nodes have branching factor � �� Then determining the
probability that the root assumes value � is precisely �except for a normalization by a factor of �L� where the
DAG has L leaves� the problem of counting satisfying assignments in �monotone ��SAT�
 which was shown
to be  P�complete in 	
��� QED�
Note that we can approximate the exact CDFs at all nodes� taking full account of the DAG dependencies�

by Monte Carlo evaluation� �See also 	����� This may be useful in evaluating our move choice� but we believe
is likely to be too slow in convergence to be useful in deciding how to expand the tree� The reason for this
is the following� We are interested in changes to the utility coming from expanding N leaves� where N is a
large number� Hence we are interested in changes in utility of order �"N caused by any given leaf� Hence
our Monte Carlo calculation must sample from regions in the ensemble space with volume of order �"N� But
of course it takes time N to write down any given con�guration� so the fastest one might imagine a naive��

Monte Carlo calculation being computed�� is ��N�� which would be unacceptable�
Alternatively� for small DAGs our exact prescription is feasible� This suggests the use of a �local heuristic


BPIP node�valuation method in which the dependencies arising from the �local
 structure of a game DAG
are treated exactly� but we continue to pretend that the CDFs at �far away
 DAG nodes are independent�
We have not experimented with either transposition tables in BPIP� or this heuristic�

�� On memory savings and Partial expansion of nodes

There are two main disadvantages of the procedure of x� as compared with the standard chess playing
methods�
First� our methods store the entire search tree in memory� whereas the standard Alpha�beta approach

has tiny storage requirements �although a large transposition table is often used��
But this problem can largely be eliminated by using our scheme with an evaluation function that performs

an ordinary Alpha�beta search to� say� depth 
� Such a �hybrid
 scheme would only store the �inner core

of the tree �nodes at distance � 
 from the leafs�� which is much smaller� and could also take advantage of
special purpose Alpha�beta and chess evaluation hardware�

��Unless P�NP��P
 Incidentally� an easy corollary is that it is also �P�hard even to determine the sign of the BPIP mean
value of a game DAG


��One might imagine a more sophisticated Monte Carlo procedure which evaluated the utility of leaf L by sampling uniformly
directly from the region in which the value of leaf L is relevant and then computed the integral by some procedure analogous
to that of ����� but we have been unable to construct a procedure along these lines which is e�cient and rapidly mixing


��Actually the situation is worse than this for two reasons
 First we must sample from such regions many times because of
the inherent noise in the Monte Carlo procedure
 Second� in a game like chess for instance� we are interested in move accuracies
at least of order ���� �if we would like to make �� moves without expecting an error� and so changes in utility from expanding
a given leaf of order ����N
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A related memory saving idea is ���stage BPIP
 in which a shallow �outer
 BPIP search is called by
the inner BPIP search as its evaluation function� Memory is saved because the outer search trees are not
kept� Indeed� if the inner and outer search trees have roughly equal depths d� then the storage needs of a
depth d � d ��stage BPIP searcher� in nodes� will be a small constant ������� times the square root of the
storage needs of a ��stage BPIP searcher going to depth �d� �Distribution compression would be needed
at the boundary between stages to realize this space savings�� Of course� ��stage BPIP will have to pay
for these huge space savings with speed reductions� because the outer BPIP trees� not having been stored�
have to be recalculated� But it seems that the speed reductions will only be a constant factor �� 
�# This
is because during each �gulp�
 certain leaves of the inner tree will have to be re�searched at higher depth
�in which case the higher depth search will utilize time swamping the time used by the previous search �
same principle as the �gulp trick
� or not �in which case we can simply retrieve the result of the previous
outer search from a store� � either way� we are OK� There are various �avors of the ��stage idea that one
could consider� in the fanciest� the outer BPIP trees are themselves built and rebuilt by an iterative gulping
procedure and with in�uence coe�cients propagated down from values stored at their roots �and ultimately
from the root of the inner tree��
Second� the standard methods often employ certain highly selective� and highly e�ective� searches near

the leafs of their trees� We are thinking in particular of �capture searches
 	�� and of the �null move heuristic

	���� Capture searches recursively expand only the capturing moves from a node and replace the other moves
mentally by a mythical �just sit there
 move� The �null move
 heuristic falsely pretends that the null move
is a legal chess move� and uses a shallower than usual search beneath the null move to generate plentiful and
cheap Alpha�beta cuto�s� These methods are considering only a very small subset of the most important
moves out of a�ected nodes� Unfortunately our approach� as described so far� always generates either all
or none of the children of any given node� and thus might su�er in comparision��� But we need not be so
procrustean� we have found a very nice way to allow partial expansion within our framework� which we shall
now describe�
Nodes instead of being always either fully expanded or unexpanded� can now more generally be partially

expanded� The children of a partially expanded node are of two kinds� children which we�ve seen� and those
we haven�t� The entire set of the unseen children of a partially expanded node� is replaced mentally by a
single �mythical
 child�
�Expansion
 of a leaf node used to mean� agglomerate all its children onto the tree� It now means�

� If the node is �real�
 agglomerate some subset of its children onto the tree� the subset being the
next batch of �next most plausible kind of moves
 chosen by a move generator that outputs moves in
decreasing plausibility order�

� If the node is �mythical�
 agglomerate the next batch of its parent�s children onto the tree �possibly
causing the mythical node to disappear� or its evaluation to change��

Thus in chess� captures might be the �rst batch� checks the second� and the rest are the third and �nal
batch� Expanding only one child at a time �i�e� batch size� �� is another possibility�
The distribution at a node is obtained by combining �in the usual way� the distributions of its known

children� and �if the node is only partially expanded� an additional distribution from the mythical child� and
representing the entire set of as�yet unexpanded children� The ESS�value of a leaf node is also obtained in
the usual way� �mythical
 leaf nodes are treated exactly the same as �real
 ones for both these purposes�
One could train evaluation functions to return distributions for the unexpanded children set� Among

additional �bin indices
 �cf� x�� might be how many batches of children have already been expanded� and
the maximum plausibility score among the untried moves�
It is mildly worrysome that we have gotten a little further from the model that �expanding
 a node

means �replacing its CDF with a single value
 which had motivated our in�uence function and expansion
utility computations� but such is life�

��It will only su�er by a constant factor� since� if the branching factor is b� then any tree generated by a clever algorithm
with partial node expansion� will be contained within the tree gotten by appending all children of every non�leaf tree node� and
this latter tree will be at most b times bigger
 Still� since in chess b � ��� this could be a big constant factor�
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Also� we remark that it is also possible to regard the operation of calling a more sophisticated �and
slower� heuristic evaluator than usual� to evaluate a node �thus gaining more information than usual� as an
alternative notion of node �expansion�
 The usual machinery will then allow one to decide which nodes to
apply this operation to� �The question of whether to use the slow evaluator on some node� or to expand it in
the usual manner� would have to be decided heuristically and is not one our techniques are going to answer��

�� Tree�shaping algorithms by previous authors

We now list some tree�shaping techniques� proposed by previous authors� which require storage of the whole
tree S�

���� Conspiracies

D� McAllester 	��� suggested a method of �conspiracies
 in the negamax tree�searching philosophy� A set of
n leaves of S is called an n�conspiracy if some arbitrarily violent change in the evaluation functions at these
nodes is possible �i�e� they are not true terminal positions of the game� that would result in a change in
the negamaxed value of the root� By a sophisticated algorithm which walks up and down the tree� one may
recursively expand a member of the smallest current conspiracy� One continues until either S is unwieldily
large� or the conspiracy number� i�e� the cardinality of the smallest conspiracy� is greater than some desired
value� McAllester�s tree�shaping method was found experimentally to work well in tactical chess middlegames
by J� Schae�er 	
��� but it worked badly in �positional
 chess and in forced mates in which moves near the
end of the forced mate line were �any
s�
We now remark that large conspiracy number occurs even if one makes no special e�ort to shape the

tree� Uniform trees with branching factor b � �� and depth �k� �having L � b�k leaves� whose leaves all
are losses� have conspiracy number

p
L� We can prove �omitted� that for b�uniform depth�d trees with b

�xed and random ��� values at the L � bd leaves �i�e� with all �L assignments of values being equally likely�
that almost surely the conspiracy number will grow more quickly than L����� where � is any positive real�
A similar result holds in Schr$ufer�s 	
�� more realistic probabilistic model of b�uniform depth�d game trees
with Boolean leaf values� Indeed� Schr$ufer�s theoretical results can be viewed as proving that� in his model�
exponentially large conspiracy numbers occur if and only if negamax search is not pathological� We also
conjecture that exponentially large conspiracy numbers will almost surely occur in uniform trees whose leaf
values are real numbers ordered according to a random permutation�
McAllester�s algorithm had assumed conspiracy number bounded above by a constant� It is possible to

modify McAllester�s algorithm to allow exponentially large conspiracies� but then� for trees with branching
factor b � � and random ��� leaf evaluations� the runtime would be a superlinear power of the tree size
	proof omitted� but easy��
McAllester only considered leaf�value changes of 	�� and did not have a notion that larger changes

were somehow less likely than smaller changes� Also in McAllester�s approach� as you start to evaluate
the members of a conspiracy� you will often partway through �nd that the values you get are inconsistent
with that conspiracy actually changing the root� and you will turn to expanding some di�erent conspiracy�
By comparison� note that our measure ESS doesn�t just value a leaf in terms of its contribution to one
conspiracy� but in terms of its contribution to the whole ensemble average� So in a sense we take account
of the integral over all �probabilistically weighted� conspiracies which a leaf participates in� and expand the
leaf which is most likely to give useful information as we expand�

���� Rivest�s suggestion

R� Rivest 	��� suggested a method where the �max
 in negamaxing is replaced by an Lp mean� The root
value then depends di�erentiably on the leaf values� One may �nd the gradient of the root value with respect
to the leaf values� by applying the chain rule� The leaf corresponding to the largest element in the gradient
vector� which is presumably the most important one� may then be expanded to obtain a larger tree S� Rivest

��



had an ingenious algorithm which walked up and down the tree and found this most relevant leaf incurring
an overhead cost of order db �and as Rivest pointed out this can be reduced further to O�d��� Using a poor
evaluation function in the game of �connect���
 Rivest found experimentally that his algorithm beat Alpha�
beta with constant�depth cuto� when they both examined roughly the same number of nodes� but due to
its computational overhead lost to Alpha�beta when a � second per turn time constraint was imposed� We
speculate that if Rivest had used a better evaluation function� his experimental results would have shifted
more toward his favor� since Rivest uses the evaluation function both to value nodes and to decide which
nodes to expand� whereas Alpha�beta uses the evaluation function only in the former capacity�
The great advantages of Rivest�s algorithm are its simplicity� speed� and its entirely robust behavior when

confronted with trees with high conspiracy number� Some drawbacks to Rivest�s algorithm are as follows�

�� When deciding which leaves to expand� Rivest only considers the ones which a�ect the root�s value the
most� and not the ones which might a�ect the choice of move� The di�erence is illustrated by a tree
in which there is only one legal move� Rivest�s algorithm would do a large search���

�� Without any probabilistic information about leaves� Rivest cannot realize that �quiet
 leaves are
unlikely to change value on further expansion� while �noisy
 leaves will change value substantially�


� Rivest�s method for deciding which leaf to expand is ad hoc and does not try to incorporate estimates
of the results of future expansion�

���� Russell and Wefald

S� Russell and E� Wefald �	��� chapter �� present a game�tree searching algorithm called �MGSS%�
 This
algorithm involves many ideas similar to our own� and helped to stimulate our research� Russell and Wefald
use a measure of the �utility
 of expanding leaves versus the cost of the time required to do so� to decide when
to stop searching� Their evaluation function returns both a value and a variance� They then approximately
propagate a normal distribution �of appropriate mean and variance� up the tree from each leaf to value its
expansion utility in a greedy approximation� They grow a tree by expanding at each step the leaf with
highest �utility
� In Othello tournaments between MGSS% and Alpha�beta ��AB
� using a high quality
evaluation function� Russell and Wefald found the following results

wins nodes sec�

MGSS� ���� 	


 ��

AB��
 ��� ���� �	

MGSS� �� 
�	� 
�

AB�	
 �� ���� ��

MGSS� �� ���	� ���

AB��
 �� ����� ��	

MGSS� �
�� ����� �	�

AB��
 ���� �		��� �	�


MGSS� �� ����� ����

AB�

 �� ����		 
�
	

Russell�Wefald results� �Note� the number in �
�s is the depth of AB search��

�� Of course� Rivest could test for this particular special case
 The possibility of this quick 
x in no way detracts from our
larger point that Rivest�s statistical goal is the wrong one
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which seems to be an impressive victory for MGSS%� Unfortunately� we�ve recently found out from Russell
that MGSS%�s Alpha�beta opponent in these experiments had move ordering turned o�� An AB	�� Othello
program that we wrote� which does have decent move ordering heuristics� does � �
���� board evaluations
per game� So assuming our count of �board evaluations
 is roughly the same as Russell�s count of �nodes�

a better move ordering for Russell could have gotten AB	�� quality information in AB	�� time� which would
make MGSS% and AB	� about equal at equal time budgets� with MGSS% still having the advantage at equal
node counts� While this is less impressive than it at �rst seemed� it still gives us grounds for optimism about
BPIP� since BPIP�s runtime only grows linearly with node count�
Russell and Wefald also experimented with MGSS�� a version permitting partial node expansion� and

got good preliminary results �table p��� of 	����� The logic behind MGSS� seems to us seriously �awed�
however� We omit discussion here�
Russell and Wefald�s MGSS% results are evidence for the power of the ideas of �expansion utility
 and the

use of probability distributions at leaves to describe value changes after expansion� Since MGSS% considers
only one node at a time� it is perhaps not as susceptible as our proposal to di�culties arising from node
corellations� A critique of MGSS% as compared with the algorithm of the present paper follows�

�� The worst case run time of their ��at�a�time leaf expansion scheme is apparently a quadratic function
of tree size n� and its typical run time behaves as a good �t to n��� �based on data in the table above��

�� MGSS% only approximately propagates probability distributions�


� MGSS% decides on its move choice� after it has �nished growing the tree� based simply on the negamax
valuation where single values are propagated�

�� MGSS% assumes the leaf distributions are normal� when experimentally we have found multimodal
distributions�

�� MGSS% becomes completely helpless �terminates� if the move choice conspiracy number ever exceeds
�� Furthermore we have argued in x��� that the metagreedy approximation they make is a poor guide
to the leaf relevance even when the conspiracy number is ��

���� Palay

Palay 	��� proposed a probability based method propagating staircase CDFs with the same formula �
� we
use� However� Palay 	p� ��� only allows his stairsteps to have abscissae selected from a �xed set X of ��
points� X � fx�� x�� � � � x��g� which he did� according to a private communication� to �limit the storage
requirements�
 apparently not realizing that the total space requirement was small x�� and he also performs
an interpolation procedure 	p� ��� based on the error function to smooth out his CDFs between stairsteps�
Berliner	�� had proposed the B% search which grew a search tree in an attempt to prove that some move

is strictly better than all others� The leaf evaluator returned �lower bound� upper bound� intervals� Berliner
used heuristics to decide between attempting to �prove best
 and attempting to �disprove rest�
 Palay�s
�rst proposal	��� was to use probabilistic information in place of such heuristics to guide the search for such
a proof� and he experimentally showed that his use of such information led to improvements over a similar
proof�seeking algorithm which did not use probabilistic information�
Later in 	��� �see p� ���� Palay relaxed his goal of proving that some move was better than all the alter�

natives� replacing it with the goal of stopping searching when the con�dence that some move �dominated

all the alternatives� exceeded some �xed threshhold� He then considered 	p� ��� the possibility of decreasing
this threshhold from � to � as more time was expended� which would force eventual termination
Our point of view is rather di�erent than Palay�s� Palay does not use the BPIP valuation philosophy� For

example� if forced to terminate search before one move �dominates�� he proposes �p��� heuristics for move
choice di�erent than choosing the move with highest mean value� His search is motivated by an attempt
to gain con�dence that he is choosing the best move� and not by any decision theoretic notion of utility�
A game in which there are two equally good best moves illustrates the di�erence in goals� This can easily

�




happen if two lines of play transpose� Palay�s procedure is oblivious to the lack of utility in attempting to
prove one line is better than the other�	� The present paper�s method would soon realize that if one of the
moves were better� it could only be an amount smaller than the time cost of ascertaining which� and hence
it would terminate�
Incidentally there is an amusing technical pitfall in demanding that the probability that some move

�dominates
 another be greater than some threshhold x� Let g � �
p
�� ���� � ����� and consider the three

probability distributions� A is � with probability �� B is �� with probability �� g and �� with probability
g � and C is �� with probability g and �� with probability �� g� Then C dominates B with probability g�
B dominates A with probability g� and A dominates C with probability g# This is a dramatic illustration
of the fact that one should take the Bayesian viewpoint� ignore notions of �dominance probability�
 and ask
for the move with largest expectation value�
Another drawback to Palay�s approach is the following� Rather than determine which leaf of the tree

was best to expand �under his criteria�� Palay marched down from the root at each node choosing the child
most likely to be best until he reached a leaf� As he realized �p��
 & �� 	���� this greedy procedure need not
pick the globally best leaf� nor even a good approximation� Palay was forced into this expedient� however�
because examining all the leaves to �nd the best would have caused his runtime to grow superlinearly� We
avoided such problems by using gulps�
Palay 	��� implemented his algorithm� which he called �PSB%
� to solve tactical chess problems� He

compared it to Belle� a �
� Knode"sec Alpha�beta machine 	���� In order to get a fair comparison� considering
the di�erent platforms� Palay �projected
 the performance PSB% would have if implemented into ���� faster
�Belle�speed� hardware� His conclusion was �the PSB% algorithm is not able to perform at the same level as
Belle� however it is not far behind�
�p�����

�� Conclusion
 Doing the wrong thing superbly well

The Shannon approach to playing games involves growing a large subtree of the full game tree� evaluating
the leaves� and using negamax� We have improved this by improving the evaluation at the leaves� improving
the propagation scheme�
� and improving the tree growth scheme� We do this with little computational
overhead� The biggest disadvantage of our approach over the standard one is our storage requirements� but
we have outlined �x��� how these requirements can be drastically reduced� at the cost of a constant factor
slowdown and some extra programming e�ort� by ���stage
 or �hybrid
 ideas�
For experimental results on a variety of games see the companion paper 	
���
We conclude with the remark that this still has little to do with how humans play games� The computer

science approach �which we are attempting to perfect� has since Shannon basically regarded a game as
de�ned by its game tree� But what makes a game interesting is that it has a low complexity� algorithmically
e�cient description apart from the game tree� For example� Go is de�ned by � rules on an n by n board�
Any procedure which only accesses the underlying simplicity of a game in the form of an evaluation function
is inherently doing the wrong thing� One can exhibit chess positions in which reasonable evaluation functions
will not notice progress for �� ply� but which are soluble by human novices� The main open question is how
to go beyond the evaluation function picture of games�

��See footnote ��

��To gain intuition about when BPIP propagation is likely to beat the standard negamaxing approach �AB�� imagine the

BPIP distributions at the N children of the root
 For the sake of the present argument suppose these distributions look
qualitatively like normal distributions� they are unimodal and have exponentially dying tails
 In that case� BPIP will yield
better performance than AB if the separations between the means of the distributions of the two best children are small
compared to their peakwidths� i
e
 if the peaks overlap a lot
 In such a case there is a chance of order one half that AB will
suggest the wrong BPIP move
 BPIP would also perform better than AB if the distributions weren�t unimodal
 On the other
hand� when the separations between peaks are much larger than the peakwidths� BPIP and AB will usually suggest the same
moves


A naive reader might imagine that our approach does not gain the speedup e�ect of �Alpha�beta pruning
� This is an illusion�
if we use utility�guided tree growth� we get similar� and arguably better� pruning e�ects� and anyway Alpha�beta also takes
runtime linear in the number of �non�cut�o�� leaves which it actually examines� just like our approach


��
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�� Appendix A
 Numerical example

Consider the tree of �gure A�A�

R �	 �	 �

A B C 
 � 	 
 � 	 �� �	 ��

D E F G H I � �
 �� � � �	 � �
 �� � � �	 � � 
 	 � �

���	��� ������� �������

Figure A�A� Figure A�B�
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If the leaves fD�E� F�G�H� Ig are assigned the ��spike probability distributions from the lines labeled D�I
of table � below �note� �
��
� ����� means ��
 with probability ���� and �� with probability ����
�� then
the remaining nodes R�A�B�C will acquire the BPIP probability distributions in the �rst � lines of that
table and a ���tree ensemble springs into being� ��� � ��� the ��
 arising since each leaf has � spikes
and the ��
 because there are � leaves�� Three elements of this ensemble are shown in �gure A�B above�
along with their corresponding probabilistic masses� �Thus ���
��� � ���� ���� ���� ���� ���� ��� and
������� � �
�� ���� ���� ���� �

� �����

Node Probability Distribution Mean Negamax of leaf means
R �
������� ������

 ������	� 
����	�� �������� �������� �������� ������� ��������
A �������� � ������� ������� �����
 ������
B �
������ ������� ������� 
����� ������
C �������� � ������� 
��
��� ���
�� ������
D ����� ����	 ���� ����
E ������ ����� ����� �����
F ������ ����� ����� �����
G ����
 
���� ���
 ���

H ����� ����� ��
� ��
�
I �
��
� ����� ����� �����

Table �� BPIP probability distributions and mean values �and negamax values�

Notice �from the mean values of the BPIP distributions� giving the expectation values of each nonroot
node with BPIP play� that the best move� according to BPIP� is �A�
 However� negamaxing the mean values
of the leaves would tell us that the best move is �B�

The utility of expanding all the leaves is 
���
��� as we may see from the �rst entry of table � below

giving four di�erent measures �cf� x�� of the relevance of expanding each of the �� possible subsets of
the leaves� This particular entry could also have been calculated with the aid of the theorem �x���� that
Uall leaves � hRi� hAi� where A is the favorite move� i�e� 
���
�� � �������� ��
�
���
We may also see from this table that� e�g� the best leaf L to expand �largest UL� if we can only expand

one� is L � E� and if we can only expand � leaves� they should be E and F since UEF � ������� is the
largest utility among all ��leaf sets� Similarly the uniquely best 
�leaf� ��leaf� and ��leaf sets are EFI� EFGI�
and DEFHI�
Note that the best ��leaf set does not contain the best ��leaf set� This is a symptom of the fact that no

simple �additive relevance
 generally exists which orders the relevances of leaf subsets correctly� To make
this precise� we claim that there do not exist � real numbers fD�E� F�G�H� Ig� which obey the inequalities
E�F �H � F �G� I � E�G�H � D�F � I � et cetera corresponding to the inequalities UEFH � UFGI �
UEGH � UDFI obeyed by the US in the table� where we ignore nonstrict inequalities and only use sets S of
size 
� This is easily shown by solving this linear program with the simplex algorithm� The analagous linear
programs arising from either �U � �� or V in place of U are also infeasible�
The best strategy for expanding � leafs sequentially �cf� Appendix D�� is di�erent from the best strategy

�EF� if we have to choose the pair� This is because if� when we expand E� we �nd it was �� then A de�nitely
becomes a better move than B� the only question is whether it is better than C� Hence B�s descendants F
and G would be utterly irrelevant at that point� and the best second node to try would be H �which at that
point actually would be unable� acting alone� to alter the best move� but it could do so by cooperating with
D and I and at any rate would be the only leaf which could even a�ect the value of C at all�� On the other
hand� if E turned out to be ��� then A would de�nitely not be the best move� and it turns out that the best
leaf to expand at that point to help in deciding between B and C would be F� Thus in summary� the best
��leaf sequential strategy is E� then either F or H� depending on the result�
One weakness of the SLEU measure UL of leaf expansion relevance is made evident by the fact that two

of our leaves� D and H� have zero SLEU� but in fact� by acting in cooperation with other leaves� D and H

��



can a�ect the move choice� In the present example the other three measures �UL� VL� and �L are never zero�
In our experience �UL is zero less often than UL� but VL and �L are zero even less often still� �Zero is not
necessarily bad per se� all four measures are zero � correctly � if applied to leaves which can�t ever a�ect
move choice��
But of these four measures� VL is the only one we know how to compute e�ciently for large trees� which

is why we recommend it�
You may have observed that �S � VS whenever S was a single leaf �emboldened lines of table ��� This is

because our approximation theorem �x� and Appendix B� assures us that the approximation �S � VS will be
exact for leaves with � spikes� If leaf G�s probability distribution were replaced by the 
�spike distribution
����
� 
����� ������ then we would have had VG � ��

��� �� �G � ��
�����
In fact� this approximation seems to be remarkably good for all �� S� and that� empirically� seems to be

common� This empirical observation motivated us to see that the approximation theorem of x��� may be
extended to cover the cases where jSj � � �see the end of appendix B�� which explains this�
The in�uence coe�cients for QA �which is the same as Uall leaves since the favorite move is A� for each

probability mass in each node�s distribution� are in table 
 below�
Let�s check to see that we are getting the right answers� We can calculate Uall leaves � 
���
� from node

A� 
���
� � ������ ������� ������� ������� or from node H� 
���
� � ����� ������� ��

� 
������
Suppose we perturb the distribution in node G by changing the probability ���� to � and of course also

changing the probability ���� to �� which is what would happen were we to expand G and discover its value
was 
� In that case� the predicted change in QA is !QA � ���� � 
����� � ���� � ������ � ������ Upon
recalculating table 
 for the entire �new� tree we �nd that QA

new � 
������ which sure enough is 
���
��������
This sort of checking procedure is very useful for debugging one�s in�uence coe�cient code� In the present
case� this perturbation happened to change the BPIP favorite move from A to B so that !QA �� !Uall leaves�
The new value of Uall leaves is Q

B
new � 
������ This increase in the utility of future expansion caused by

an expansion is ridiculous and shows the silliness of using a priori instead of a posteriori estimates� This
does not really mean that the utility of expansion has gone up by ������ rather it means that our previous
estimate of the utility of expansion� 
���
�� was too low� It should have been 
������ i�e� QA given that the
value of G is 
� The a posteriori expected utility of future expansion has in fact gone down by ���
� since
our favorite move has changed�

�� Appendix B
 Proof of ESS Approximation Theorem

Theorem� Let �L denote the ensemble expectation of how much knowing the exact value of leaf L allows
us to improve our prediction of Q�� given that we have expanded all leaves but L� Then

�VL � �L � VL� ����

Furthermore� if n� the number of spikes in the probability distribution at leaf L� is �� then VL � �L� Also� if
p� � pn � 	� then VL	

�� � �L�
�For de�nitions of Qi� VL�

P
C � etc� see x�� �How much we can improve our prediction of Q� by expanding

L
 � �how much Q� changes when we expand L
 � j!LQ
�j��

Proof� We omit throughout the superscript L on �L to improve readability� Let C be some con�guration
of all the leaf values in the ensemble� Let

Q�
C�x

L� � Amount best move is better than move � by in con�guration C ��
�

In this de�nition Q�
C depends on the state C of all the leaves� and we have made explicit its dependence on

the value xL of leaf L by writing it as Q�
C�x

L�� We de�ne Q�
C�x

L
i � to be the value of Q

�
C� where C � is the

con�guration C except that leaf L has value xLi �

��



We are interested in the error we would make in predicting Q�
C�x

L� if we knew all leaf values other than
L� and averaged over the value of leaf L� We call this error �C � Then

�C � jQ�
C�x

L��
nX
i��

piQ
�
C�x

L
i �j ����

The expectation value of � is

� �
X
C

jQ�
C�x

L��
nX
i��

piQ
�
C�x

L
i �j �

X
i

pi
X
C

�jQ�
C�x

L
i ��

nX
j��

pjQ
�
C�x

L
j �j ����

�
X
i

pij
X
C

�
�Q�

C�x
L
i ��

nX
j��

pjQ
�
C�x

L
j ��j �

X
i

pij
X
C

�
Q�
C�x

L
i ��Q�

C� j � VL ����

where by
P�

C we mean a sum over the con�gurations of all leaves but leaf L� This proves the lower bound�
De�ne

f�xLi � C� � pi



�Q�

C�x
L
i ��

nX
j��

pjQ
�
C�x

L
j �

�
A ����

Then we have the following facts�
��� f�xLi � C��pi is for any given leaf L� either monotonically decreasing in i or monotonically increasing

in i� Which of these two it is depends only on the leaf and not on the con�guration C� In fact it depends
only on whether the player on move is the same or opposite at L and at the root� and on whether L is
a descendant of move � or of some other child of the root� The reason why this is true is because of the
monotonic nature	��� of the in�uence functions for minimax� Without loss of generality we will from now
on assume f is monotonically increasing�
���

Pn
i�� f�x

L
i � C� � ��

Now there will generally be some set of con�gurations C� for which Q
�
C�x

L
i � is independent of i� due to

Alpha�beta cuto�s� and for these f�xLi � C� � �� Then de�ne the subset of con�gurations C� as those for
which f�xL� � C� � � and f�x

L
� � C� � �� similarly de�ne the subset of con�gurations Cj for j � �� � � � � n � �

for which f�xLj � C� � � and f�x
L
j
�� C� � �� For i � �� � � � � n and j � �� � � � � n� � let

Aij �
X
C�Cj

f�xLi � C� ����

Then it follows that
� �

X
i�j

jAij j ����

and
VL �

X
i

j
X
j

Aij j �
��

Also from facts ��� and ��� we have that for all j�
P

i Aij � � and for all j� Aij�pi is monotonically increasing�
By the Lemma soon to come we conclude �VL � ��
When n � � there is only one column in A and evidently VL � �L� If p� � pn � 	� then from the

monotonicity property ��� we have�
P

j jA�j j �
P

j jAnj j � 	
P

ij jAij j and we conclude VL	�� � �L�
Q�E�D�

Lemma� For any matrix Aij with n � � rows and n columns� with Aij not positive for j � i and not
negative for i � j� having the properties� ��� for all j�

P
i Aij � � and ��� there exists a vector pi � � such

that for all j� Aij�pi is monotonically increasing� it holds thatX
i

j
X
j

Aij j � �
�

X
i�j

jAij j �
��

��



and there exist nontrivial matrices which approach this bound�
Proof� There exists a row I such that for i � I �

P
j Aij�pi � � and hence

P
j Aij � �� and for i � I �P

j Aij � �� Let J�I��� Then the matrix A can be divided up as in �gure ��

i=I

j=J

PP

N

N

N

P

1 2

1

2

3

3

Figure �� A schematic of the matrix Aij �

We have marked regions in the matrix in the �gure� All elements in regions marked Pi are non�negative
and all elements in regions marked Ni are non�positive� Let Pi denote the sum of all the elements in the
region marked Pi� and Ni denote the negative of the sum of all the elements in the region Ni� We haveX

ij

jAij j � P� � P� � P� �N� �N� �N� �
��

and X
i

j
X
j

Aij j � P� � P� �N� �N� �N� � P� �

�

Now observe that
P� � N� �N� �
��


�



and
N� � P� � P� �
��

because the column sums are zero� HenceX
i

j
X
j

Aij j � �N� � �P� �
��

and X
ij

jAij j � �N� � �P� � �N� � �P� �
��

But now we observe that P� � N� � This follows because the sum of lowest row in N� plus the sum of the
lowest row in P� is no less than zero� Hence by the monotonicity the sum of any row in N� is no greater in
absolute value than the sum of the same row in P�� Likewise N� � P�� HenceX

i

j
X
j

Aij j � �
�

X
i�j

jAij j �
��

To saturate this consider the matrix�
� X�� � p��p�� Xp��p�

�X X
�Xp��p� �X�� � p��p��

�
� �
��

in the limit as X goes to in�nity� p� and p� go to zero� with p� � �� Q�E�D�
Extension� We have recently realized that this theorem may be extended to show that

�VS � �S � VS ����

for all leaf�subsets S� not just those of cardinality �� We use the de�nitions of VS and �
S in x���� equations

�� & ��� Fact � has to be rewritten so that f�xLi � C��pi is replaced by f�Si� C��pi where leaf set S assumes
value�vector number i with probability pi and the value�vectors are numbered in the correct order for the
desired monotonicity properties to hold�

�� Appendix C
 Pseudocode for BPIP Algorithms� including

computing the ESS

By Charles Garrett���

Our experimental code implementing BPIP has diverged signi�cantly from the pseudo�code in the older
BPIP paper drafts� Herein� I describe what the current version of the code is doing�

�	Authors�s note� Charles Garrett� in the course of programming work on part II� simpli
ed and corrected the pseudocode
we had originally provided in the draft version of this paper� so with his permission we are incorporating his pseudocode in this
appendix
 Certain details which are important for replacing factors of b by log b in the runtime analysis of x � but unimportant
for understandability� have been supressed and are buried inside lines such as �
nd jump in child giving rise to ith jump in
parent
� Su�ce it to say that by the use of log time priority queues ��heaps������� binary�merge�sort�like algorithm structure�
and�or storage of appropriate pointers� such things could be accomplished in O�log b� time instead of the O�b� of brute sequential
search
 For games with small b� it may not be worth bothering
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���� In
uence

The negamax formula for CDF�s is�

c�parent���x� �
nY
i��

c�childi��x� ����

where n is the number of children� c is the probability that the node has a value � x and c is the probability
that the node has a value � x�
What is the impact of changing child a�s CDF by � at the position x�� First� c

a�x� is increased by � for
x � x�� This causes a change at the corresponding jump j at �x� in the parent�s CDF�

!p�parent���x�� � !c�parent���x�� ����

� �ca�x�� � ��
Y
i��a

ci�x���
Y
i

ci�x�� ��
�

� �
Y
i��a

ci�x�� ����

� �
c�parent���x��

ca�x��
����

Next� we have to consider the e�ect on jumps in the parent at locations x � x�� Note that when we
say x � x�� we include jumps at x � x� arising from children that come earlier according to whatever
tie�breaking scheme we adopt� Those jumps which were caused by the same child a are unchanged� because
the � terms cancel� But jumps caused by other children are a�ected� Consider a jump in the parent at x
caused by child b �� a� The jump sizes before and after increasing pai �x� by � are�

p�parent���x� � pb�x�
Y
i��b

ci�x� ����

p��parent���x� � pb�x� �ca�x� � ��
Y
i��a�b

ci�x� ����

and so the change in the parent jump size is�

!p�parent���x� � �pb�x�
Y
i��a�b

ci�x� ����

� �
p�parent���x�

ca�x�
����

Combining one term of the form ���� with a summation over terms of the form ����� we have the total
in�uence coe�cient for jump j in the child a�

Ija � Ijparent
c�parent���xj�

ca�xj�
�

X
k� xk � xj �
due to non�a

Ikparent
p�parent���xk�

ca�x�
����

which is equation � of x��
In the actual program� we store the value of c�x� at each search tree node� When we need p�x� or c�x��

we take advantage of the fact that our probability distributions are discrete and calculate�

p�x� � c�x� � c�xprev� ����

c�x� � �� c�xprev� ����
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where xprev is the abscissa to the left of x� If there is no abscissa to the left of x� then c�xprev� � ��
I have been trying to create pseudo�code for the BPIP algorithms� but I usually �nd that if it is �pseudo
�

then it sweeps many things under the rug� Therefore� I am currently trying to include the real C�� code
with some formatting and a few changes to enhance clarity�
Here are the basic data structures to which the code refers�

struct Stair f

oat abscissa�


oat cdf�


oat prob�


oat inco�

g�
A Stair represents one jump j� where abscissa is xj � cdf is cj � prob is pj � and inco is the in�uence

coe�cient of the jump�

struct Distribution f
unsigned int n�

Stair� s�

g�
A Distribution is a probability distribution or CDF having n jumps� which are stored in the array s�

struct Tree f
public�

Distribution dist�

byte nchild�

Tree� child�

double ESS�

g�
A Tree is one node �internal or external� of a search tree� dist is the staircase distribution for the position�

nchild is the number of children in the child array or � if this is a leaf node and ESS is the expected step
size if this is a leaf node�
The following procedure is passed nchild Distributions and calculates the Negamax of them�

void Negamax�Distribution� result� int nchild� Distribution�� d� f
double last cdf�MAXBRANCH
 � f�� �� ��� �g�
int result len � Total number of abscissas in all children�

�! Allocate the space for the parent jumps !�

Stair� ParentJumps � new Stair�result len
�

�! prod is the current c
parent� !�

double prod � ����

for �Each jump i in parent� f
Stair ChildJump � Jump in child giving rise to the ith jump in the parent�

int index � Index of child containing ChildJump�
ParentJumps�i
�abscissa � �ChildJump�abscissa�

ParentJumps�i
�cdf � prod�

�! As we move one step in the child its contribution to the parent cdf changes from

c�xprev� to c�x�� or if we have reached the last jump in the child� then the

entire product goes to �
 !�

if �ChildJump is not the last jump in the child� f
prod �� ���� � ChildJump�cdf� � last cdf�index
�







last cdf�index
 � ��� � ChildJump�cdf�

g else f
prod � ����

g
g
�! Copy the parent distribution into the current Distribution object where it will be stored
 !�

result��n � result len�

result��s � ParentJumps�

g
PropIn�uence computes the in�uence coe�cients of child jumps once the in�uence of the parent jumps

are known�

void PropInfluence�Distribution� parent� int nchild� Distribution�� d� f
�! from later�i� will contain the total in�uence of jumps to the right �i
e
 the second

summand in eqn
 ����� !�

double from later�MAXBRANCH
 � f�� �� ��� �g�
double last cdf�MAXBRANCH
 � f�� �� ��� �g�
�! Work from largest to smallest parent abscissa !�

for �Each jump i in parent� f
Stair ChildJump � Jump in child giving rise to the ith jump in the parent�

int index � Index of child containing ChildJump�
ChildJump�inco � parent��s�i
�inco � parent��s�i
�cdf �

last cdf�index
 � from later�index
�

for �Each child c of the parent� f
if �c did not cause jump i in parent� f

from later�c
 �� parent��s�i
�inco � parent��s�i
�prob �

last cdf�c
�

g
g
last cdf�index
 � ��� � ChildJump�cdf�

g
g

���� Utility

The utility of expansion� Uall leaves is �the probability we will win� if before moving we expand all leaves
until they are terminal positions� minus the probability we will win if we move immediately with no further
expansion�
 If there are just two moves from the root� the favorite and the unfavorite� with probability
distributions� Df and Du �these distributions are measured with respect to the person on move at the root��
we have�

hUall leavesi �
X
j�Df

X
k�Du�xk�xj

�xk � xj� pj pk ��
�

or� in words� the sum over all possible ways for the unfavorite child to be better than the favorite� times the
probability of that event�
The in�uence coe�cient of a jump j or k is the factor multiplying pj or pk in ��
��

Ijf �
X

k�Du�xk�xj

�xk � xj� pk ����

Iku �
X

j�Df �xj�xk

�xk � xj� pj ����


�



In practice� we will have one favorite move with distribution cf and multiple unfavorite moves� cu� � cu� �
� � � � and the distributions will be taken with respect to the person on move after � ply of search� We can
reduce this situation to the two move case and swap the person on move using the negamax rule�

Df��x� � cf�x� ����

Du��x� �
Y
i

cui�x� ����

If there are m jumps in the favorite distribution� and n jumps in the unfavorite� the utility equation�
��
�� threatens to consume O�mn� time since it contains two nested summations� But we can easily change
this to require only O�max�m�n�� time�

X
j�Df

X
k�Du�xk�xj

�xk � xj� pj pk �
X
j�Df

�
� X
k�Du�xk�xj

�xk � xj� pk

�
� pj ����

�
X
j�Df

�
� X
k�Du�xk�xj

xk pk � xj
X

k�Du�xk�xj

pk

�
� pj ����

Now that we have removed all of the j terms from the summations over k� we can precompute the sums over
k starting at each jump in Du and store the results in arrays� Then we can have a single loop over j and
advance the the array index over the unfavorite jumps such that xk is always the least abscissa with xk � xj �
In fact� two of the summations are already available to us as the CDFs of the favorite and unfavorite child
distributions� X

i�Df �xi�xj

pi � cf�xj� ����

X
i�Du�xi�xk

pi � cu�xk� ����

The precomputed arrays we will use are�

meanf 	j� �
X

i�Df �xi�xj

pixi ����

meanu	k� �
X

i�Du�xi�xk

pixi ��
�

and in terms of these arrays� the necessary computations become�

hUall leavesi �
X
j�Df

pj 	meanu	k
��� xjc

u�x�k�� ����

and

Ijf � meanu	l�� xjc
u�xl� ����

where l is the least jump in Du s�t� xl � xj � and

Iku � xkc
f�xr��meanf 	r� ����

where r is the rightmost jump in Df s�t� xr � xk�
This is the algorithm for computing the utility and in�uence coe�cients at the children of the root�
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�! favm is the favorite move index and root is the root of the search tree
 !�

double Utility�unsigned favm� Tree� root� f
Distribution� dfav � Negated version of the favorite child�s distribution�

Distribution� dbad � Negamax of the unfavorite children�s distributions�

�! Fill in the sum and mean arrays ���� � ���� !�

double� mean u � new double�dbad��n
�
double� mean f � new double�dfav��n
�

double mlast � ����

for �Each jump BadJump in dbad� f
mlast �� BadJump�abscissa � BadJump�prob�

mean u�i
 � mlast�

g

mlast � ����

for �Each jump GoodJump in dfav� f
mlast �� GoodJump�abscissa � GoodJump�prob�

mean f�i
 � mlast�

g

�! Compute the utility ��	� and in�uence coe�cients of the favorite child ����

in one pass through the jumps in the favorite child
 !�

double utility � ����

for �Each jump GoodJump in dfav� f
int FirstBad � Index of the smallest abscissa in dbad which is � GoodJump�abscissa�

�! If we get to the end of the unfavorite jumps there will be no more contributions to utility
 !�

if �FirstBad � dbad��n� break�
�! dbad�s�FirstBad�
cdf is c�xFirstBad� so � � dbad�s�FirstBad���
cdf is c�xFirstBad�
 !�

double influ � mean u�FirstBad
 �

GoodJump�abscissa � ���� � dbad��s�FirstBad��
�cdf��

utility �� GoodJump�prob � influ�

GoodJump�inco � influ�

g

�! Now compute the in�uence coe�cients of the unfavorite child ����

in one backward pass through the jumps in the unfavorite child
 !�

for �Each jump BadJump in dbad from largest to smallest abscissa� f
int LastGood � Index of the largest abscissa in dfav which is � BadJump�abscissa�

if �LastGood � �� break�
�! We place the in�uence coe�cients of the unfavorite child into dbad and then propagate

them into the children tree �see below�
 !�

BadJump�inco � BadJump�abscissa � dfav��s�LastGood
�cdf � mean f�LastGood
�

g

�! PropIn�uence will compute the in�uence of the unfavorite children
 !�

unfav��PropInfluence�nchild � �� Array of unfavorite children��

return utility�

g


�



���� ESS

For the �nale we will illustrate how to compute the ESS values of all leaves together in linear time� We can
simplify the calculation of ESS at a leaf by the following observation�
The in�uence coe�cient ILi is the ratio between a change � in the jump pi and the resulting change in

Uall leaves� I
L
i � !Uall leaves��� The quantity Q

�
L�i�� introduced in x��� of the BPIP paper is �the value of

	Uall leaves� after we expand leaf L� assuming it takes value xi in its distribution�
 We claim that I
L
i � Q�

L�i��
This is a consequence of the fact that the utility is linear in the jump probabilities at a single node�

The equivalence was �rst suspected after many numerical experiments indicated that it always held� The
following argument is su�cient to establish the claim� although there are probably better ways to do it�
Let U be the utility of expanding all leaves before some perturbation to a leaf and U � the utility afterwards�

Consider the perturbation which collapses the leaf L to the single spike i� the perturbation to jump i is ��pi
and the perturbation to all other jumps j in L is �pj � From the de�nition of ILi � we have�

Q�
L�i�� U � U � � U � ��� pi�I

L
i �

X
j ��i

pjI
L
j ����

� ILi �
X
j

pjI
L
j ����

Next� consider the formal perturbation in which all jumps j in leaf L become �� Due to the product of
CDFs formula ���� all jumps in all ancestors would formally become � so that the utility would also formally
become ��

�� U � �
X
j

pjI
L
j ����

Combining ����� ���� and ���� proves the claim�
Since we have the ILi values directly after the downward in�uence propagation phase� we can compute

the ESS values from the equation�

ESS �
X
j

��ILj � U
�� pj ����

And here is the code we use to compute it�

void ComputeESS�Tree� t� double U� f
if �Not a leaf node� f
for �Each child c� f

c�ComputeESS�U��

g
g else f

t��ESS � ����

�! This is a leaf node� so compute ���� !�

for �Each jump LeafJump in distribution� f
t��ESS �� abs�LeafJump�inco � U� � LeafJump�prob�

g
g

g

�
 Appendix D
 Optimal Play for Sequential Metagame

We describe the optimal strategy for a player with in�nite computational resources playing the formal
metagame described in x��� in the version where one gets to sequentially expand k leaves� i�e� before
expanding the i�th leaf one is told the result of the �i� ���th expansion�
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Let T be a tree in the metagame� i�e� a tree with probability distributions at each leaf� Let Le be the set
of leaves in the tree T� For L 
 Le� let its distribution be over some set of values vi occuring with probability
pi� Denote by T jL�vi the tree with the distribution at leaf L replaced by a single spike at vi� Assume one
has l expansions to perform in the metagame� Call the expected value of this metagame EVl�T �� Then

EVl�T � � maxL�Le�
X
i

pLi EVl���T jL�vi��� ����

Now the optimal leaf to expand �rst is whichever is the argument of the max in equation ��� Note that
EV��T � is the value of the mean of the distribution at the current favorite move�
See Appendix A for a numerical example�

�� Appendix E� Graph History Interaction and suggested cure

The interaction of transposition tables with position repetition in chess causes a subtle problem� �The
problem cannot arise in Othello� Go� or Connect��� in which repetition of position is impossible�� This
problem has been called the �Graph History Interaction
 �GHI� 	��� and was apparently �rst pointed out by
Palay �	��� page �
����� GHI stems from the fact that the de�nition of �position� in chess in fact includes
the whole history of the game� since a three time repeated board position is de�ned to be a draw� When
you attempt to store only the board position in a transposition table� and discard the historic information�
mistakes can �and in practice sometimes do� result� If you attempt to keep the full history� however� it is
not clear how to bene�t from the use of transposition tables�
We discuss an example� In the tree of �gure � ��gure ���� in Palay�s book�� the chessboards at nodes �

and �� are identical� and so are the boards at � and �� �Here �chessboard
 means the placements of the men
on the squares� castling and en passant information� and also whose move it is�� A tree search algorithm with
transposition table might �rst search the descendants of node � and then those of node �� When searching
the descendants of node �� node � would be encountered� and recognized to have the same chessboard as
node �� Node ��s value might then be retrieved from the trans table and no further search done� However�
this would be an error� Node ��� when searching the descendants of node �� should be regarded �since it is a
repetition of node �� as a �draw with ���' certainty�
 But when searching the descendants of node �� node
�� is not a draw� Hence node �� is really ��valued� Hence its ancestors� nodes �������� are also ��valued�
Alternatively� the compression of the tree into a DAG in the �rst place� was wrong� since node �� is really
two di�erent nodes� Hence it was incorrect to retrieve node ��s value from the trans table entry for node ��
and the use of trans tables here quite possibly would cause incorrect play�
One desires an approach yielding the time and storage savings possible from transposition tables� but also

avoiding incorrect play arising from GHI� Campbell 	�� suggested some simple rules for restricting the entries
that may be placed in the transposition table� and proved that the use of his rules inside an Alpha�beta tree
valuator would completely eliminate one type of GHI� which he called �draw �rst�
 Campbell�s methods
would not cure the second kind of GHI �called by him �draw last
� but Campbell argued that no method
like his could hope to do so� It was plausible to Campbell that in iteratively deepened Alpha�beta using his
heuristics� remaining GHI problems might not be very serious and runtime would not be greatly increased�
We will now suggest an approach completely avoiding incorrect play stemming from GHI� but only

suitable for algorithms which� like ours� store the whole search DAG and grow it using gulps� With each
parent�child edge e in the DAG� associate the following subset of chessboards in the DAG�

S�e� � Ancestors�e� � Descendants�e�� ����

We claim that a DAG is legitimate �i�e� no nodes need to be split� if and only if� for all nodes c which have
more than one parent p� S�epc� does not depend on p� �We have used �epc
 to mean the edge from parent
node p to child node c��
Our method is as follows� When building the DAG� each time a new leaf node B is created� if B is a

repetition� valuate it as �draw�
 otherwise� look in the trans table to see if any node A already exists� which
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Figure �� A fragment of a search DAG in chess�

has the same chessboard as B� If so� merge A and B into a single DAG node� if the resulting merged node
c satis�es the S�e� test� If no such A exists and B is not a repetition of one of its ancestors� valuate it
normally�
DAGs built in this manner� although initially �aw�free� can gradually develop �aws as deeper search

uncovers repeated positions� After each leaf expansion �gulp�
 we exhaustively investigate the current DAG
to see if every node c with multiple parents passes the S�e� test� If a node c is found which fails the test� it
is split into several nodes c�� c��� � � � � having distinct sets S�epc�� �Usually only two nodes will be required��
One then needs to rebuild the entire tree of descendants of each of these new nodes by further search� except
for that one of them whose tree of descendants was already valuated correctly� In these new rebuilt trees�
the appropriate repeated nodes will be �re�valuated correctly� as a draw� if they repeat an ancestor� or
not� if not� However� for the moment we will not do any of this rebuilding� but will merely leave the new
nodes childless� counting on later gulps to �nd their children� �Alternatively� one could consider immediately
copying all the trees down to the points where repetitions occurred� and then re�valuate those nodes�� After
each such node�split the testing and splitting is continued as long as necessary until the entire DAG is again
�aw�free�
How e�cient is this apparently brutish procedure� Observe that the set of ancestors of an edge epc is

the union of the sets of ancestors of edges exp� and p itself� This� together with the ��xed� set of ancestors of
the root� su�ces to de�ne these ancestor sets for each edge e in the DAG� Similarly the set of descendants of
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an edge epc is the union of the sets of descendants of edges ecy� and c itself� and leaves have no descendants�
These observations� together with the observation that taking the union or intersection of two sets� stored
as sorted lists� may be accomplished by a list merge in linear time� allows one to see that the entire checking
procedure may be accomplished in a time depending linearly on the sum of the sizes of all the ancestor
and descendant sets for each of the edges in the DAG� This sum is easily seen to be bounded by jT jd
where T is the number of nodes in the search tree �i�e� before compression into a DAG� and d is its depth�
Now inspecting equation ��� note that we may de�ne �Descendants��e�
 to be those descendants of e which
actually are repetitions of a position and similarly �Ancestors��e�
 as only those ancestors of e which actually
got repeated later� and then use the primed quantities in equation �� in place of the unprimed ones� The
relevant nodes �possible repetitions of chessboards at a depths di�erent by an even number � �� may be
found by use of a hash table�
In practice� this �prime trick
 will probably be enough of a time and space savings to make this procedure

feasible� Repetition nodes should be rare since these lines of play will usually be cut o� as one of the players
would not prefer them� or pruned� since there is no need to investigate a sure draw any deeper� In the
worst case� however� we have nothing better to fall back on than the jT jd bound� On the other hand� our
BPIP algorithms� if implemented without any transposition tables� would run in time of order jT jd� Hence
putting in transposition tables with GHI�immunity will not increase runtime by more than a small constant
factor� even in the pathological worst case� over the alternative of not using trans tables at all� Hopefully in
practice� the runtime will in fact greatly decrease� The cure outlined above is only suitable for tree searching
algorithms which store the entire search DAG and grow it using gulps� Implementation in a low storage
algorithm would probably be too costly�
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Subset Expansion �U �E�U� ESS Subset Expansion �U �E�U� ESS
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Table �� Expansion relevance measures for leaf subsets�

Node �Location� Probability� In�uence coe�cient� triples Mean ESS
A ���� ������� ��� ���� ������� �������� ��� ������� ������� �����

B ��
� ����
�� �������� ��� ������� �������� ��� ������� ������� 
�����
C ���� ������� �������� ���� ���

�� �������� �
� ������� ������� ���
��
D ��� ����� 
������� ��� ��
�� 
������ ���� ������
E ���� ����� �������� ��� ��

� ������� ����� ������
F ���� ����� �������� ��� ��
�� ������� ����� ������
G ��� ����� �������� �
� ����� 
������ ���
 ������
H ��� ����� �������� ��� ��

� 
������ ��
� ������
I ��
� ����� �������� ��� ����� ������� ����� ������

Table 
� In�uence coe�cients and other BPIP data for nonroot nodes�
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