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Abstract�

In part � we proposed the BPIP algorithm for game playing� BPIP maintains a probabilistic model of
its uncertainty and uses it to grow its search tree in the most relevant directions� and to value the tree
accounting in a detailed way for the relevance of each leaf� Here we describe the �rst implementation of
this algorithm and report on experiments comparing it with the standard �alpha�beta� or AB� approach�
and the �naive probability update	 �NPU� approach� in several popular games� BPIP is seen to evaluate a
�xed tree more accurately than either AB or NPU in a large variety of games� BPIP is seen to beat strong
alpha�beta programs in Othello and Warri even when the alpha�beta programs are given substantially greater
computational resources� We have invented several important BPIP�gameplayer engineering tricks in the
course of this research� speci�cally� the �multispike trick�	 and new methods of evaluation function design�
More such tricks undoubtably remain to be discovered�






� Introduction

In a companion paper ��Part I � theory	�� we proposed the �BPIP�DFISA	 procedure for making computers
play games such as chess� The BPIP approach both values a given search tree di�erently and grows a
more selective tree than standard approaches� Part � argued that our procedure was optimal within certain
approximations� This paper reports on experimental tests of these approximations in a wide variety of
games� and �nds in some cases substantial deviations� Nonetheless� we �nd that BPIP is able to best strong
alpha�beta programs at Othello and Warri� We report as well ongoing research in discovering engineering
tricks to improve BPIP�s play and in training evaluation functions� BPIP�s advantage appears to grow with
the complexity of the search �e�g� the amount of time alloted the players or the complexity of the game��
These trends may portend substantial edges for Bayesian search techniques� which attempt to explore the
most relevant directions� as opposed to simple Branch and Bound in a variety of problems�

Shannon
��� proposed that computers select their move according to the minimax value of a full width
subtree� with numerical leaf values assigned by some readily computed� heuristic evaluation function� The
alpha�beta procedure speeds up this search� Various heuristic improvements such as �move ordering	� �iter�
ative deepening	 and �killer tables	 allow alpha�beta to achieve in practice nearly its theoretical limit speed
up� i�e� to search in a given time nearly twice as deep a full width tree as would be searched by a naive tree
searcher� Other heuristics attempt to extend search along certain lines judged important� Alpha�beta� with
heuristic improvements� has been the search engine in virtually every high�performance game program since
its invention� including games of chess� checkers� and Othello where computers are comparable to or better
than human experts� �

The BPIP approach maintains a model of its uncertainty and grows and values the tree appropriately�
Its evaluation function assigns to each leaf a probability distribution representing the probabilities this leaf
would be found to have various values if searched more deeply� The standard� numerical evaluation function
corresponds to the mean of our distribution valued evaluation function� but our distribution valued function
contains more information about uncertainties� With the hypothesis that the distributions at di�erent leaves
are independent� BPIP evaluates any given partial tree to �nd distributions at each node expressing the
probability that node would be found to have di�erent values if expanded further� Given a partial tree� the
best move is the one whose distribution has highest mean� From this point of view� the standard �Shannon�
approach takes means at the leaves and propagates these mean values by minimax� whereas we propagate
the full distributions and only take the means at the point of decision� Thus our approach accounts for the
relevance of every feature in the distribution at each leaf in the context of all the other leaf distributions�
If the independence assumption were fully valid� our approach would clearly be more accurate� We have
experimentally examined the probability distributions� and report substantial deviations from independence�
Nonetheless� our experiments show that BPIP more accurately values full width trees in all the games we
tried� at every� depth of tree we tried� In some games� BPIP�s advantage over minimax is comparable to
that gained by an additional ply of search�

We also compare both alpha�beta and BPIP to a previously proposed probablistic scheme that we call
Naive Probability Update or NPU� By NPU we mean the proposal
��� to use an evaluation function esti�
mating probability of winning� and to compute the value of a node as the probability it is winning given
the �assumed independent� estimates for its children� We predicted in part � that because NPU assumes
the estimates themselves are independent� whereas BPIP merely assumes our errors in the estimates are
independent� NPU would have far more serious problems with probabilistic correlations� We report that
such problems do indeed arise in our experiments�

The BPIP approach also tries to grow a near optimal search tree� Given the model of uncertainty which
it maintains� there is a formally well de�ned �most relevant	 or �best	 leaf to examine next� in the sense that
if you were going to be able to expand a �xed number of further leaves� this best one would give greatest
probability of winning� Unfortunately� computing which leaf this is is intractable� Instead we proposed in

�In games such as Go� which computers play poorly by human standards� alpha�beta performs poorly and a new idea is
apparently required�

�Except Othello at depth �� where the results weren�t statistically signi�cant� see footnote ���
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part � a procedure for e�ciently estimating the utility of each leaf and expanding a set of the most relevant
ones� This procedure made several approximations� including statistical independence assumptions� and
�the Gulp trick	� which was intuitively reasonable� and necessary for the e�ciency of the algorithm� but
which involves a mathematically uncontrolled approximation� To examine whether this procedure generates
accurate enough estimates we played games against alpha�beta where each algorithm evaluated the same
number of nodes� BPIP beat alpha�beta at every game tried by this measure�

Another interesting question is what shape tree BPIP will grow� This depends on where BPIP thinks the
most relevant leaves are as it expands� Experimentally BPIP grows a more focussed tree than alpha�beta�
but by no means as focussed as human game players�

Our procedure imposes a computational overhead� For games with complex evaluation functions� so that
most of the time is spent evaluating leaves� this computational overhead is a small constant factor� but for
simpler games� we pay a logarithmic factor�� This raises the ultimate question� Can BPIP beat alpha�beta
in a fair game� with each given equal time� We found that BPIP beats alpha�beta decisively in Othello and
in Warri � in the case of Othello� even when the competing alpha�beta program is given sizeable time odds�

Our goal in this research has been to understand the capabilities of BPIP� rather than to produce the
strongest possible game playing programs� A championship player would have to use techniques such as
opening books� remembering opponent�s tendencies� and thinking on opponent�s time that have nothing to
do with BPIP�s value as a search strategy� We have not yet invested in such improvements�

In many of our experiments� our BPIP program competed against alpha�beta competitors of our own
devising� We believe� and we hope to convince the reader� that these were fair tests� By competing against
our own competition� we have in some sense a level playing surface� The two competitors had comparable
evaluation functions� i�e� alpha�beta typically employed as evaluation function the �precomputed� mean of
the BPIP function� Our alpha�beta programs employed sophisticated move ordering heuristics� There are a
set of known tricks which our alpha�beta programs did not employ� but we believe these to be of substantially
less importance in improving play� Where a selective search heuristic did seem to be particularly strong� i�e�
Buro�s �Probcut	
��� in the game of Othello� we did implement this �x������ ��
�� and tested BPIP against
it�

We have also competed against other people�s programs� Our alpha�beta programs have competed quite
strongly against human masters and outside programs� Our BPIP competitors have played even more
strongly against open competition� We have also played several matches between our BPIP program and
other top programs on equal hardware� with their opening books turned o� �x������� These programs re�ect
intense e�ort devoted solely to engineering performance including much faster �by factors up to about ���
evaluation functions and move generators� transposition tables� and much better endgame solvers� In spite
of the fact that we have not devoted e�ort to such improvements� our BPIP program appears to be almost
as strong as the second best program in the world� and substantially stronger than the third�

A number of authors have previously compared tree growth algorithms to alpha�beta� Rivest compared
an algorithm of his devising to alpha�beta on the game of Connect �� �nding that he could beat it at
equal nodes� but lost at equal time
���� Schae�er 
��� implemented the conspiracy number algorithm of
McAllester
��� and compared it to alpha�beta in chess� �nding that it worked well in tactical middlegame
situations� but was not competitive overall� Palay compared his algorithm to Belle on tactical positions in
chess
�
�� Russell and Wefald reported beating alpha�beta at Othello
���� but their implementation of alpha
beta used no move ordering heuristic
���� Our results are the �rst of which we are aware where an alternative
approach was able to beat alpha�beta programs incorporating move ordering heuristics� This previous work
and some additional is discussed in more depth in Part ��

The original alpha�beta proposal has been strengthened by �� years of engineering improvements� Achiev�
ing our results has required several engineering improvements such as the �multispike trick	� which allows us
to maintain adequately detailed distributions at all levels of our tree without unduly increasing our compu�
tational overhead� We also have had to develop methods for training up our distribution valued evaluation
functions� We believe that such engineering tricks and learning methods are in their infancy� and that our

�In footnote �� of part I we showed how this logarithmic factor may be gotten rid of at the cost of making the BPIP valuation
less 	exact�
 We have not experimented with that idea�
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current program is thus subject to much improvement� Because BPIP uses the evaluation function both to
value the tree� and to decide what shape tree to expand� it may greatly bene�t from better training of its
evaluation function� Our engineering tricks are described in section � and our learning methods are described
in section ��

This paper is a brief summary aimed at a general audience� We hope to provide enough detail to convince
the reader that our experiments fairly test BPIP� and to illuminate BPIP�s strengths and weaknesses� We
hope to provide some insight into the engineering work that has gone into our current implementations and
what avenues might lead to further improvement� The reader interested in replicating or extending our
results will �nd gritty details of our experiments in our �completely unpolished� Technical report 
�
��

� Experimental methods� general discussion

��� Tournaments

Most of our experiments consisted of multigame matches between two gameplaying entities� Our tournaments
were �color balanced	 e�g� each player would play each gamestart position from each side� As gamestarts�
we used�

� the positions at the ends of �� named Othello openings �this list was posted on the internet Othello
server by R� Gatli���

� a list of �� �reasonable	 Warri openings provided by David Chamberlin and a set of the ��� Warri
positions reachable from gamestart in � ply�

� all �� positions in Slagle Kalah with �� stones� � per house except that we allow one house on each side
to have � and one with 
 �same positions one each side�� or all ��� positions gotten as above� except
we remove the requirement for the two sides to be the same�

� and in other cases� simply every position reachable from gamestart in a certain number of ply�

��� Games� languages� hardware

We have studied the abilities of full game playing programs on three games� Slagle kalah 
���� Othello 

���
and Warri 
�
�� Kalah was chosen as a simple game to begin on� Othello as a more complex game on
which alpha�beta performs well� and then Warri was chosen as a more complex relative of Kalah� We would
like to see experiments on chess� but have abandoned these for the present paper as requiring too much
programming work�

In addition to the above games� we have studied di�erent evaluation methods on �xed sized trees on the
games �mod�� connect���	 and Pearl�s P�game 
��� 
���� Pearl�s P�game was included in this list because it
was crafted to be �pathological	 and thus seemed likely to lead to insight�

For a description of the games except the P�game� see x�� The P�game is described in x����
The guts of all our programs are written in C 
��� and C�� 
����although we have also used the following

languages in various places� UNIX�TM� shell� sed� and awk 
���� TCL 
�
�� perl 
���� and matlab 
����
All our timed experiments were run on a SGI machine based on a ��� MHz IP�� processor �MIPS R����

processor with R���� �oating point chip� with data and instruction cache sizes of �� Kbytes each� and a
secondary uni�ed � Mbyte cache� All our runs �t inside �� MBytes of RAM�

��� Opponents

We have played against two sorts of alpha�beta opponents� those written by us� and those written by others�
Our own alpha�beta opponents use good move�ordering heuristics to shape and grow the tree� and use

�iterative deepening	
��� for time control and move ordering� Occasionally other tricks were used� For ex�
ample we implemented quiesence where we felt it would improve alpha beta�s play� We also implemented and
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report results against an alpha�beta Othello program incorporating Buro�s Probcut tree shaping heuristic�
In general� however� we have stuck to simple versions of alpha�beta� We believe that fancy modi�cations of
alpha beta� e�g� negascout
���� buy little advantage in practice� See
��� for a comparative study of such mod�
i�cations� We will describe in section � how we trained up evaluation functions� Generally our alpha�beta
Program used as evaluation function the mean of the BPIP distributions� This allows a direct comparison�

With an Internet Othello Server �IOS� rating 
���� our alpha�beta Othello program Obogon was ranked
higher than any human on the IOS� We also report below on matches against the top three ranked IOS
programs� Logistello by M� Buro� Eclipse by M� Giles and C� Springer � and Bugs by J�C� Weill�

The main weaknesses of our Othello programs as tournament players are�

�� Speed� Evaluation function slow compared to Logistello� No transposition table� No thinking on
opponent�s time�


� No opening book�

�� No top�quality endgame solver �the best programs 
��� ��� �nd game theoretic value with 
� empty
squares��

Logistello searches about 
� times as many nodes as Obogon� The biggest reason for our slow speed was
our desire to keep the code comparatively simple and understandable� We believe our Othello evaluator is
quite accurate�

The fraction of time BPIP spends propagating distributions and deciding which leaf to expand next
can be considered as computational overhead compared to an alpha�beta program� This overhead fraction
decreases as the evaluator becomes slower because a higher fraction of the time is spent by both competitors
on evaluations� If our evaluation function and move generator could somehow both be made 
� times faster
then our BPIP program Obippie would still dominate Obogon� but its edge would be smaller�

We intentionally neglected the opening book and endgame solver since they don�t matter much to our
research � although they are important for tournament strength�

A version �call it w�� of our alpha beta Warri program� equipped with a transposition table� an opening
book� ���stone perfect endgame tables� and a self�learned evaluator beat Warri master and author Chamberlin
� games to �� and when he conceded the games� their perfect play values ranged from a �� stone advantage to
a �� stone advantage� Chamberlin in turn is superior to a Warri program �C� running on a Sun� written by
Mark Masten� and Masten tells us that his program in turn is much stronger than a shareware PC program
�C with assembly language�� We suspect that w� is at least competitive with the World�s top human Warri
players and with Allis�s program Lithidion� which has won all the London computer olympiads it has
entered� and may be the world�s strongest Warri entity�� However� we have never veri�ed these conjectures�

The AB Warri program that we used for our BPIP vs AB experiments is based on a simpli�ed version of
w� which has reduced endgame tables �only � stones�� no opening book� no transposition tables� It also has a
lower node rate ������ as opposed to �
���� nodes�sec� because its evaluation function is more sophisticated�
it is no longer merely two table lookups� but also combines �� Warri features via a decision tree� We tried
to include a quiesence search but were unable to design one which strengthened the play of the program�

Neither our BPIP nor our AB players utilized transposition tables� or �multistage evaluators	�� We
conjecture that both sides su�er equally from these omissions� but this is a subject for future research�

AB used� but BPIP was denied� partial node expansion aided by a heuristic move ordering� Some
preliminary experiments in Othello suggest that this might boost BPIP�s strength substantially�

�W� achieves node rates over �� times faster than Lithidion and has a signi�cantly higher quality evaluation function� The
only feature Lithidion has which w� does not� is the use of 	proof number search
 ��
 on the opponent�s thinking time in an
attempt to solve certain moves�

�These allow one to avoid re�searching positions which have been searched before� and in iteratively deepened alpha beta
search can help with move ordering�

�Multistage or lazy evaluators have a controllable tradeo� between statistical accuracy and time consumption� These can
be used to save time in alpha beta search by calling the imprecise evaluator when it su�ces to cause a cuto�� These could also
be used in BPIP search in various ways �some were mentioned in Part I��
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Our AB players did not use heuristic tree shaping methods� including �singular extensions�	 and various
other kinds of heuristic search extensions and retractions �except� where discussed� for Probcut�� These
things are di�cult to program well� and often do not buy very much improvement��

��� Statistics

Assume one is playing 
N �game color�balanced matches� and players A and B each amass some number of
wins �a draw counts as ��
 a win�� The di�erence in the number of wins is �� Assuming all games were
statistically independent� one might conclude that A is �stronger than B with con�dence worth ��

p

N

normal standard deviations�	
However� our experiments indicate some danger that a game X vs Y will turn out to be the same �or

almost the same� game as the game Y vs X� if X and Y are similar programs� If one views each of the N
color balanced game pairs as independent events whose contributions to ��
 have individual variances � �
one would conclude that �A is stronger than B with con�dence worth at least

�

�
��
p
N ���

normal standard deviations�	
We have played it safe in this paper by using the more conservative� latter choice� These estimates

undoubtedly underestimate the advantage of the better player� Many of the starting positions are unequal�
making it harder for the stronger player to win a high fraction of games�

More con�dence can be obtained with smaller tournaments in games in which there is a many�valued �nal

score associated with each game� because each game result represents more than one bit of information� For
estimating con�dence in tourneys between players of this type� let � be the di�erence in sums of the �nal
scores of players A and B over a 
N �game color balanced tourney� and let � be the sample standard deviation
in the �nal score di�erence per game over the tourney� Then assuming all 
N games were independent� one
�nds �A is stronger than B with con�dence worth at least

� �

�
��
p
�N ���

normal standard deviations�	
One could alternatively assume that all N game pairs were independent� The formula would then be

� �

��
��
p
N with ��� the sample standard deviation in score di�erence among game pairs� Dependence due

to the presence of biased game starts tends to increase the value of � � p
 above �� and hence the former
estimate �EQ 
� is more conservative than the latter one� We have used the more conservative �EQ 
�
throughout this paper�

� Experiments� stage � � Comparison of NPU� AB� and BPIP

as statistical decision procedures

We �rst compared BPIP� minimax �AB�� and Naive Probability Update ��NPU	� as statistical decision
procedures� That is� we chose evaluation functions for the three methods to be as comparable as possible�
and played tournaments where each algorithm looked at the same depth� full width tree� NPU� BPIP� and
AB play identically at depth � throughout�

�The best combination of search extensions found for the Deep Thought chess machine �after a huge amount of experimen�
tation ��
� was estimated to be worth only �� USCF rating points� �� of these were due to threat extensions� � to singular
extensions� and � to PV extensions� This translates to a ����� win ratio �where a draw is ��� a win�� which is smaller than the
advantage BPIP enjoyed over AB in our Othello experiments� but comparable to BPIP�s advantage in our Warri experiments�
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��� Pearl�s �P�game	

This game was designed by Pearl
��� and studied by Nau
��� as an example of a theoretically �pathological	
game�� i�e� a game where searching deeper can be shown to give smaller probability of making the correct
move in some positions� The game tree is full binary to some depth ��� in our experiments� and the leaves
are independently randomly assigned Boolean values� Our leaves received value � with probability ���� picked
to make the probability the �rst player wins with perfect play near ���

As a heuristic evaluation function in the P�game� we used a choice suggested by Pearl and called by Nau
�e
�	 Let r�x� � � � x�� Let node n be height h above the leaves� and let f be the fraction �assumed
given to us�of these 
h leaves with value �� Then e
�n� � r�h	�f�� Here the superscript denotes functional
iteration� e
�n� is the probability that node n is a perfect�play win� given that its leaf descendants are �
with probability f �

Recall that the BPIP distribution measures the likelihood of �opinion changes	 as a node is expanded
�further	� To approximate BPIP� we must choose a de�nition of how much further to expand in producing
our evaluation distributions� In the limit we expand depth �� the BPIP distribution is a single spike and
BPIP is identical to minimax� In the limit where the node is expanded to in�nite depth� BPIP is identical
to NPU� We estimated the distribution assuming expansion of depth �� Thus we used for BPIP a two spike
distribution� one spike assuming the f given for n would also hold for its children� and the other assuming
that f at the children would �uctuate by one standard deviation� Thus we took a spike of height �� at
�r�h��	�f� and a spike of height �� at �max�fr�h��	�f �

p

�h��� f�f �g�

We played color balanced round robins among depth�k AB�NPU� and BPIP players on ������� P�games�
for
 k � 
� ����� The results were as follows�

player depth � � � � � � � 	

wins for AB �	���� �	���� ������ ���	�� ���
�� ��
��� ������ ������

� � NPU �			�� �	���� �
���� �
��		 �����	 �
��	� ������ �
�	�	

� � BPIP �
��	� �
���� ������ ��
��	 �����
 ���	�� ������ �
�	
�

This con�rms Nau�s 
��� results that NPU is a superior decision procedure to minimax� searching to �xed
depth in the P�game� BPIP is found to be superior to NPU with ��� standard deviations of con�dence�
depending on which depth� The advantages are small in an absolute sense�

��� Mod�
 connect �

Mod�� connect � is a larger version of the standard connect �� with horizontal wraparound� We played AB
vs� NPU from all possible inequivalent ��ply starts� We did not design a BPIP evaluation function� Our
evaluator utilizes �� features with weights trained by linear regression� Experiments showed it estimates
probability of winning well� indeed well enough to be indistinguishable from perfection by a chi�square test
on a ��
 game test set� Results were as follows�

player depth � � � � � � �

wins for AB �	 �� �� �� �	 ��

� � NPU �	 �� �� �� �	 �

For calibration� we played alpha beta vs alpha beta at increased depth�

player depth � � � � � � � �

wins for AB �	 ��� ��
 ��� ��� ��� ���

� � AB�� ��� �	� ��
 �
� �
� �	� �
	

�AB with �� �� or � extra plies bested AB in our tournaments� but AB variants which selected their move based on various
weighted averages of the AB values at depths ��d of the moves� beat plain AB at depth d �d � ����� although remaining inferior
to depth�d NPU�

�At k � �� the players are perfect�
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Thus the advantage minimax has over NPU is much greater that the advantage one gets by giving minimax
an extra ply�

We have examined game trees to determine why NPU does so poorly here� Frequently there will be a
node � with some feature such as a ��in�a�row threat that tends to persist� Hence many of the descendants of
� have this feature� making them all slightly advantageous for one side� say evaluation ��� Say there are ����
such descendants� NPU treats these probabilities as independent �ignoring the fact that they all come from
the same feature� and thus winds up computing a win probability for � that may be � � ������ � ���������
We expect this correllation phenomenon will devastate NPU in any game with long term features�

��� Slagle kalah

We played NPU against AB where both sides used Henry Cejtin�s simple probabilistic evaluator�� with
G � ��
�

depth � � � � � � � � 	 �
 �� ��

wins for AB ��	 	�� ��
� ���� ���	 �
�
 �
�� 	
� 	�� ��� �� ��

� � NPU ��	 ��� ��� �	
 ��� ��� ��� ��	 ��� 	�� �� ��

draws ��� �
� ��� ��� ��
 ��� ��� ��� ��� ��� � �

AB has the advantage at depths 
��� but NPU wins at depths ����
�
NPU does this well because Slagle Kalah exhibits few recognizable features which last for longer than a

few ply �and even these are invisible to the crude evaluation function we are using here�� so that all positions
are fairly �independent	 of all other positions� Chi and Nau 
��� showed that NPU was superior to AB at
certain search depths when a reduced version of Slagle Kalah� They argued that NPU tends to do better
against AB� if the evaluator used has a large �rate of heuristic �aw	 � as do all known evaluators in Slagle
kalah�

We then constructed a Slagle kalah evaluator which returned distributions� This evaluator was based
on combining some kalah features via a KS decision tree �x������� The alpha�beta player used the mean of
BPIP�s evaluation function� The results are in table ��

Depth AB wins BPIP wins Draws Conf� AB wins BPIP wins Draws Conf�

 ��� �
�� �� ����� ��� ��� �� ����
� ��� ���� �
� ��
� ��� ��� �

 ���

� ��� ���� �
� ��
� ��� ��� �
� ��
�
� ��� ���� ��� ���� ��� ��
 ��� ����
� ��
 ���� �
� ���� ��� ��� ��� ����
� ��� ��� ��� ���� ��� ��� ��� ����
� ��� ��� ��� ���� ��
 �
� ��� ����
� ��� ��
 ��
 
��� ��� ��� ��� ����

�� ��� ��� ��� 
��� ��� ��� �� ����
total ���� ���� �
�� ����� �
�� ���� ���� 
���

Table �� Slagle kalah results at equal depth� Left half� using KS�tree evaluator� multispike trick� �� ��
spike eval� Right half� using an older �non�KS� decision�tree based evaluator with 
 spikes always �depth ��
tourney incomplete� due to machine crash��

For comparison we played our AB player against AB with an extra ply�

depth � � � � � � � 	 �
 total

�	This evaluation is the exact probability of winning given the current score di�erence �what ���
 called Kalah di�erence�
under the assumption that you will win the seeds on your side with probability G and those on your opponent�s side with
probability ��G� the probabilities for each seed being assumed to be independent�
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wins for AB ��� ��� ��� ��� ��� ��� �
� ��� ��� ����

� � AB�� ���� ���� ���� �
�� �
�
 �
�� �
�� �
�� 	�� 	�	�

draws �
� �

 ��� ��� ��	 ��	 ��� �	� �	� ���


BPIP�s advantage in decision making quality at equal depth seems nearly as much as an extra ply of AB�
BPIP and NPU do not use directly comparable evaluation functions� We played a tournament using

di�erent evaluation functions�� which nevertheless seemed to have about the same strength �as judged by a
negamax tournament or by play at depth ��� It is unclear how to evaluate the results of such a tournament�
Totalling depths 
��� BPIP won 
��� NPU won ���� with 
� draws�

��� Othello

Depth AB Wins BPIP Wins Draws AB mean Discs BPIP � disc stddev

 �
 �� � �
��� ����� �
���
� �
 �� � ����� ����� �����
� �� �� � ����� ����
 ����

Although minimax was better than BPIP at depth 
� it was only by ����� based on disc count �i�e� ���
con�dence�� and even less based on win count� The BPIP evaluator had been trained on opinion changes at
depths � and �� which are of little relevance in a depth 
 search� At depths � and �� BPIP has the advantage�
with respectively ����� and 
���� �i�e� ��� and ��� con�dence� based on disc count�

Note that both here and in the P�game �x����� BPIP�s advantage over AB seems to be increasing at
higher search depths�

��� Warri

depth�� � � � � � � total �
�

NPU wins ��� �� ��� ��	 ��	 �	� ��	 	��

AB wins ��� ��� ��	 ��	 ��� ��	 ��� ����

draws �� �� �
 �� �� �� �� ���

Here both used as their estimate of �my probability of winning�	

�



�

M � Y


�P � ��
���

where M is the number of stones in my treasury� Y in yours� and P is the number of stones remaining in
play� This quantity was truncated to lie in 
�� �� and�� if � �� stones remained in play the exact game value
�from an endgame table� was used instead� Gamestarts are all ��� positions reachable in � ply�

Players are identical at depth �� AB beat NPU signi�cantly at every search depth � 
� except for depth
� where the result is not statistically signi�cant���

Next� we ran tournaments at �xed search depths between BPIP and AB� both sides using the full width
tree and an evaluator based on a KS decision tree �x������ trained on positions two random moves away from
positions actually found in games�

depth AB BPIP draws AB avg BPIP stddev confid confid

wins wins stones stones stones �games� �stones�

� �� �� � ����� ����	 ���� 
�� 

�	


� �
 �� � ����� ����� ���� 
��� ���	

� �� �� � ����	 ����� ��	� 
��� ����

��BPIP used an older evaluation function not based on K�S trees�
��This simple evaluator was found� in negamax vs� negamax testing� to be about equal to Henry Cejtin�s evaluator�
�� The reader is cautioned to remember that if you report large numbers of tournament results� as we are� it is to be expected

that some few of the results will �uctuate by a standard deviation or two�

��



� �� �� � ����	 ����� ���� 
��� ��
�

� �� �� � ����� ����� ���� ���� ���


�in normal stddevs�

combined ��	 ��� �� ���
� ���	� ���� ���

Total stone count gives ��� con�dence that BPIP is the superior statistical decision procedure�

��� Statistical dependencies potentially dangerous to BPIP�DFISA

To examine how poorly the BPIP�DFISA independence assumptions are satis�ed in practice� we computed
the �opinion changes	

�� � Backed up BPIP value � Value without search ���

and �� �de�ned similarly but for a node which is a sibling of the node that yields ��� for � ����� pairs of
sibling nodes from BPIP search trees� We were using KS tree �x������ evaluators�

The observed centered correlation coe�cients between �� and ��

lookahead depth � � � � �

Slagle kalah centered correl� coeff� ���� ��
� ���� ���� ����

Othello centered correl� coeff� ���
 ��	� ���	

Warri centered correl� coeff� ��
� ���� ���� ���
 ���	

were de�nitely nonzero 
We next divided the pairs of siblings into two types�

�� pairs in which both siblings fell into the same �bin	 of the decision tree evaluator� and


� pairs from di�erent bins�

In Slagle kalah� two random positions in the search tree would have fallen into the same bin only ��
�� of
the time� but siblings fell into the same bin ����� of the time� �Othello� ����� and 
������ Warri� �����
and ������� The centered correlation coe�cient measured for kalah siblings of type � at depth � was �����
while for siblings of type 
� it was only ����� Meanwhile in Othello at depth �� same bin siblings had cc� ��
�
while di�erent bins were ��
�� and in Warri at depth �� it was same bins ����� di�erent bins �
���

Siblings are commonly in the same bin� and when this occurs are highly correlated� Perhaps both siblings
should have been rated higher than �or lower than� the usual members of their bin� for some common reason�
Presumably correlations could be alleviated by simply putting more and more bins in the evaluator� e�g� by
using our automated KS�tree learning method �x������ with more and more data� But there is still signi�cant
correlation even for siblings from di�erent bins�

��
 Conclusion and Discussion

BPIP�s independence assumptions are signi�cantly violated� We conjecture that this may be caused in part
by an e�ect we call the �invisible rooks e�ect	� Say your evaluation function does not know about some
feature correlated with winning which is long term� i�e� tends to persist for several moves� For example�
in chess� say the evaluation function did not know how many rooks each player had� Then the evaluation
function would err on a position� and on most of its descendants in the same way� causing correlations� In
a game as complicated as chess� there will be important features left out of the evaluation function� This
problem will� however� diminish the better the evaluation function is� Minimax and NPU su�er from related
problems�

Notwithstanding the violation of independence� BPIP won every tournament at every depth�� against
both minimax and NPU� and thus appears to be the superior statistical decision procedure� BPIP�s advantage

��With the exception of Othello at depth �� where minimax had a statistically not signi�cant edge�

��



was sizeable in absolute terms in Othello� Warri� and Kalah� being almost worth an extra ply in the latter�
NPU was able to beat minimax at some atypical games� such as the P�game and Kalah� However in games
with long term features� such as Connect � and Warri �presumably also Othello� NPU is much worse than
minimax� apparently because its neglect of correlations cause NPU to evaluate many nodes as near certain
wins which are not�

� Experiments� stage � � Comparison of BPIP and AB players

with limited computational resources

In this subsection� we present experiments with more realistic gameplaying programs that utilize both the
alpha beta �minimax� and BPIP�DFISA paradigms�

��� Othello

We report tournament results comparing our AB and BPIP Othello players at equal time limits� Since our
BPIP player won these� we then played them at time odds in order to quantify BPIP�s advantage�

AB and BPIP are using the same evaluation function �AB is using the mean of the BPIP function� since
AB requires a scalar� and AB is using response killer history tables and iterative deepening to do move
ordering �similar to BILL 

���� The evaluator used a combination of linear regression and Kolmogorov�
Smirnov trees �x������� In the timed games� AB did iterative deepening until cumulative time consumption
exceeded a �xed fraction of the time budgeted for that move �except that on forced moves� which are rare�
it plays instantly�� We are using Gatli��s list of �� named Othello openings as our gamestarts �
� �� � ��

games�tourney� and both players resort to a perfect endgame solver with �� empty squares�

����� Equal time tourneys

Time AB Wins BPIP Wins Draws AB Discs BPIP Discs Stddev Conf� Disc Conf�

��� 
� ��� �� 
���� ����� ���� ���� ��
�

�� �� ��� � 
���� ����� ���� ���� �
�
�
��� 
� ��� � 
���� ����� ���� ���
 �����
��� �� ��� � 
���� ����
 ���� ���� �
���

Time AB evals�game BPIP evals�game AB time used BPIP time used
��� ������ ��
����� �
���
 ��
����� ����� ������� ����� �� �����
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� �������� ��
��� �������� ������ ��
��
�� �����
 ��������

Table 
� Othello results at equal time usage�

Key�

� Time � Maximum allowed amount of thinking time �in seconds� for each player� per game�

� AB or BPIP wins � The number of games won by the player�

� Draws � The number of drawn games�

� AB or BPIP Discs � The mean number of discs owned by the player at the end of the game�

� Stddev � The standard deviation in the number of discs owned by each player at the end of the game�

�




� Conf� � The number of � of con�dence that BPIP is stronger than AB� based on win counts and �EQ
�� of x
��� �A negative sign means AB is stronger��

� Disc Conf� � The number of � of con�dence that BPIP is stronger than AB� based on the number of
discs won and �EQ 
� of x
��� Usually more con�dence is obtainable in this way�

� AB or BPIP evals�game � The mean and standard deviation of the number of positions evaluated by
each player in a whole game�

� AB or BPIP time used � The mean and standard deviation of the time actually consumed by each
player over the course of a game�

To summarize� In each tournament� BPIP won more games and more discs while consuming approxi�
mately equal thinking time� This advantage increased in tourneys in which both players were allowed more
thinking time� until in ��� second games� the longest ones we ran� the win ratio was over � � �� But this is
still � times faster than the tournament time controls typically used by humans�

����� Tree statistics

We report statistics about search tree shape � the number of leaves at each depth�

depth

� � � � � � � � 	 �
 �� �� �� �� �� �� �� �� �	 total

�

s � �� ��� ��� ��	� ��	� ���� ���� ���� 	�� ��� ��
 ��
 ��� �� �� �� � � �
���

�

s � �� ��	 ��
 ���� �	�� ���� ���� �
�� ���� ���� ��� ��� ��� ��� �� �� �� � ��
��

These counts are averages over all the BPIP search trees during a 
��������second tourney �rounded to
integers�� They may not represent any particular tree well� Thus in the 
���second tourney� the shallowest
BPIP tree was only � ply deep and the deepest was 
� ply deep� �Remember that BPIP often chooses to
get out of the search early if there is little utility in it�� Three actual BPIP tree pro�les were�

depth

� � � � � � � � 	 �
 �� �� ��

tree�� � �� ��� ��� ��� �
�� ���� ���� ��	 ��	 
 
 
 depth along true line��

tree�� � �� ��
 ��	 �� 
 
 
 
 
 
 
 
 depth along true line��

tree�� � �
 �	� �	� ��� �
� ��� ��� ��� ��� ��� �� 
 depth along true line�	

By the �true line	 we mean the actual line later taken in play� The leaf�count pro�les of AB�s search trees
are of course proportional to Kronecker delta functions �except for rare game�end leaves�� The average of
the AB leaf pro�les during the ��� second tournament was

depth � � � � 	 �


AB�leafs��

sec� �� ���� ����
 ���� ���� ���

In the ����second tourney� the average depth of a BPIP leaf was ����� but true line was searched by BPIP
to an average depth of ����� This was still not as deep as the average depth reached by the AB player� �����
although possibly BPIP�s search depth along the true game line was often deeper than AB�s in situations
where the move decision was di�cult and important� In other situations� it is not clear that BPIP necessarily
will search the true game line deeply� Leaves expanded by BPIP are not explicitly chosen because it thinks
that they are likely to be encountered during play� For example� if there are two moves X and Y which
BPIP thinks are of nearly equal value while all the rest are much worse� and BPIP explores X for a while
and decides that it stinks� then it can immediately decide to make move Y� In an earlier ��� second tourney�
there were � games where one of the BPIP search trees only agreed with the true line for one move� That
is� BPIP decided to make a move after expanding some of its siblings but not the move itself� BPIP won all
of those games�

��



Note� average leaf depth �gures for BPIP are di�cult to interpret� For example� when BPIP decides
to move in some easy situations with very little search� and save the time to search more deeply in other
positions� it skews its average depth very much lower���

����� Tourneys played at time odds

In the tables below� the columns not de�ned in x����� are

AB limit Thinking time allotted to AB �seconds�game�

AB used Thinking time actually used by AB �seconds�game�

AB ply Average depth of AB search trees

BPIP used Thinking time actually used by BPIP �seconds�game�

The �rst line in each table is equal time consumption�
The more time BPIP has to move� the greater its advantage over AB seems to be� If we assume that a

factor of � in consumed time will give AB an extra ply of search� then we can� in a sense� translate these
time �gures into the amount of extra ply AB must be given to achieve parity� If BPIP is given �� seconds�
AB needs about ���� !extra ply� to achieve parity� but if BPIP has ��� second time limit� AB needs 
 !extra
ply�� At 
�� and ��� seconds we could not a�ord to let AB run long enough to achieve equal performance�
so we must extrapolate the giveaway factors from the existing data and they could be o� by as much as a
factor of 
� That means that at 
�� seconds� AB requires between 
 and � extra ply and at ��� seconds it
needs between 
�� and ��� extra ply�

����� Growth termination condition

We have evidence that our termination condition �x���� for BPIP tree growth� based on trading o� Uall leaves

versus the cost of time� makes a positive contribution towards playing strength in Othello� Speci�cally� we
ran a ����second per game tournament� twice� but with the BPIP player�s search termination logic turned
o� in the second run and replaced by logic that simply terminated search �gulping	 after �xed amount of
time per move had been consumed� �The AB player�s time control was adjusted too� to equalize time used��

As table � shows� this lowered the performance of the BPIP player by about � disc per game� although
it was still much stronger than the AB player��

����� AB with �probcut�

Michael Buro
��� invented a simple but �at least in Othello� e�ective heuristic for selective extension in AB�
Buro�s Othello program Logistello� at �� minutes�side�game would normally search to about ����
 ply
doing a nonselective iterated deepening alpha�beta search� With probcut� at each node � ply above the leaves
it does a � ply AB search to get a value v�� It then estimates the result v� of an � ply search as a �tted linear
function v� � av��b of the � ply result and arbitrarily cuts o� all nodes whose v� estimates lie � X standard
deviations�� outside the alpha�beta window� It then re�searches the moves which were not cut o�� to the
full depth �� The depths ��	� and ��	 and the optimum value X � ���� were found empirically� Probcut
allows Logistello to search deeper in the selected lines� Its winning percentage against the nonselective
version was ����� even in a tournament with 
�� time odds� Also� Buro found 
��� that �
 ply searches with
selectivity turned on would make the same move� ��� of the time� as full width �
�ply searches� but run ���
times faster� Probcut is easy to implement�

We implemented a probcut version of our AB Othello player� Because our Othello tourneys were played
at faster time controls than Logistello�s �between ������ seconds�side�game� as opposed to ����� and also

��Also recall that alpha�beta is using partial node expansion� BPIP augmented with partial node expansion will presumably
yield greater average depth �gures than presently�

��Even more statistical con�dence � about �� � arose in earlier experiments with a weaker BPIP player that was more closely
matched with its AB opponent�

��Standard deviations in v� � �av� � b�� that is�

��



BPIP with �� second time limit �giveaway factor � ��
AB limit AB used AB ply BPIP used Conf� Disc Conf�
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BPIP with ��� second time limit �giveaway factor � ��y�
AB limit AB used AB ply BPIP used Conf� Disc Conf�
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Table �� Othello results at various time odds� yThese giveaway values are extrapolations which could easily
be o� by a factor of 
 either way�

��



S�T� logic Time AB Wins BPIP Wins Draws AB Discs BPIP Discs Disc Stddev Conf� Disc Conf�

on ��� 
� ��� �� 
���� ����� ���� ���� ��
�
o� ��� �� ��� � 
��
� ����� ��
� ���� ����

S�T� logic AB evals�game BPIP evals�game AB time used BPIP time used
on ������ ��
����� �
���
 ��
����� ����� ������� ����� �������
o� ������ �������� ��
��� ������� ����� �������� ���
� �������

Table �� Othello results � BPIP search termination logic turned on " o�� The �rst line is the same tourney
as line � of table 
�

since our program�s node rate is 
�� slower� we were unable to use Buro�s preferred values ��� �� for the two
special heights� and instead used ��� 
�� First� we computed a table of standard deviation estimates indexed
by number of empty squares� Then we searched for good values of X in many ��� second tournaments and
found that there appeared to be 
 locally optimal values� X � ��� and X � ���� At longer time limits� we
used a narrow range of X values around these two optima� As is evident from the tables � and � below� at
��� and 
�� seconds AB�probcut with various �nite values of X was always better than AB alone �X � 	��
However� at ��� seconds �table ��� small values of X actually hurt AB and only the larger values around
��� gave noticeably better performance than plain AB� Overall� AB�probcut was always signi�cantly worse
than BPIP for any value of X that we tried�

X ABP wins BPIP wins draws ABP avg discs conf� disc conf� ABP avg leaf depth
��� 
� ��� �� 
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��� �� ��� � 
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� ����
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Table �� Othello results at ��� sec�side�game� AB�probcut vs BPIP� �Conf�	 is the number of � worth
of con�dence that BPIP is stronger than ABP�X�� �disc conf�	 is the same thing� but based on disc count
instead of win count� X � 	 corresponds to plain AB without probcut�

X ABP wins BPIP wins draws ABP avg discs conf� disc conf� ABP avg leaf depth
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� ��� � 
���� ��
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Table �� Othello results at 
�� sec�side�game� BPIP is superior to AB�probcut�

����
 Results against independently written adversaries

We played matches between our BPIP and AB programs and four independently written Othello programs�
In each of these tournaments� our adversaries had their opening books turned o�� and were set not to think

��
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Table �� Othello results at ��� sec�side�game� small X values can hurt Probcut�s performance� but larger
ones still help�

on our time� Otherwise they played at full strength� These four adversaries were a program of David Slate�
Bugs by J� C� Weill� with IOS rating 
���� Eclipse by M� Giles and C� Springer� with IOS rating 
����
and Logistello by M� Buro� with IOS rating 
���� Bugs� Eclipse� and Logistello were the top three
programs on the IOS� Slate�s program is based on a comparatively fancy� full width alpha�beta type search
with transposition table and quiescence� and it has a node rate � �� higher than our programs� On the
other hand� its evaluation function is comparatively simple� Slate�s program had lost an earlier match with
BILL 

�� by a small margin�

program wins mean discs sec�game consumed
AB �� ����� 
���

 �����

Slate �� 
���� 

���� �����
�� draws� �stddev ����� �disc conf� �����

program wins mean discs sec�game consumed
BPIP ��� ����� 

���� ��
��
Slate �� 

��
 
���
� �����

�� draw� �stddev ����� �disc conf� ������

Table �� Results versus Slate�s Othello program�

Bugs has a strong hand tuned evaluation function� fancy alpha�beta search with transposition table and
quiescence� and a special purpose endgame solver� On our machine� it runs at 
���� nodes�sec � over ���
faster than our programs�

program wins mean discs sec�game consumed
AB �� ����� 
����
 �����

Bugs �� ����� 
����� ������
�� draws� �stddev ����� �disc conf� ����
�

program wins mean discs sec�game consumed
BPIP ��� ����� 
���
������
Bugs 
� 
���� 
�
���������

�� draws� �stddev ����� �disc conf� �����

Table �� Results versus Weill�s Othello program �Bugs�	

Table � shows that Bugs is stronger than our AB program� but weaker than our BPIP program� at ���
sec�side�game� Bugs seems to have a better time control algorithm than our programs� since it uses up
more of its allotted thinking time� If we give Bugs less time so that it actually consumes roughly the same

��



amount of time as our AB program� AB gets better results� but still loses the tournament��� BPIP with �
minutes of thinking time per game remains stronger than Bugs even if Bugs is given 
� or �� minutes� This
is documented in table ���

program wins mean discs sec consumed
AB �� ����� 
����
 ��������

Bugs �� �
��� 
�
��� �������
�� draws� �stddev ����� �disc conf� ����
�

program wins mean discs sec consumed
BPIP�� min� �� ����� 
�����
Bugs�
� min� �� ����� �������

��
 draws� �stddev ����� �disc conf� �����

program wins mean discs sec consumed
BPIP�� min� �� ����� 
�����
Bugs��� min� �� ����� �������

�draws �� �stddev ����� �disc conf� 
����

Table ��� Time odds results versus Weill�s Othello program �Bugs�	

Eclipse features a full�width PVS search with a 
�
�entry trans table� and bitboard move generation�
Its incrementally computed evaluator is based on tables of ���� square patterns� The table entries are
precomputed values of a function learned by a ����dimensional regression� Eclipse achieves speeds �on our
��� MHz SGI machine� of 
���� evals�sec� Finally� Eclipse�s special purpose endgame Win�Loss�Draw
solver solves 
��
� empty squares in a few minutes� Eclipse�s results vs� BPIP are in table ���

Time Eclipse BPIP Draws B�E sec Eclipse Discs Conf� Disc Conf�

��� �
 �� � # �
��� ����� �����

�� �� �
 � ��� �
��� ����� ����

��� �� �� �� ��� �
��� ����� �����
��� �� �� �� ��� �
��� ����
 �����

�
�� �� �� �� ��� �
��
 ����� ���
�

Table ��� BPIP vs� Eclipse� �� games missing at ��� sec due to machine crash��

BPIP is weaker than Eclipse� but not by very much� A plausible explanation why Eclipse�s performance
relative to BPIP seemingly improved with more time from ��� 
 �
�� sec �while BPIP usually improved
with more time against alpha�beta programs in our other experiments� is that Eclipse is tuned for longer
time tournaments� In particular� its transposition table and deep endgame search �features which our BPIP
program lacks� become more e�ective at ��� sec than at ��� sec� To quote private communications from
Giles " Springer�

In anticipation of being able to do a relatively deep search� Eclipse stores on its �rst few
iterations a lot of ordering information� When it�s only got ��� seconds total� it probably never
gets to the deeper searches where that extra ordering would pay o���� In quick games �such as
the ones you�ve been playing�� my guess is that the transposition tables are actually slowing us
down��� Your results are showing Eclipse hitting its best area� Perhaps your idea that BPIP
would gain ground on alpha�beta has merit� but the time controls need to increase a lot for BPIP
to gain anything�

Still� we �nd this disturbing� It is also disturbing �and perhaps related � that while Eclipse always consumed
�on average� over ��� of its allotted time� BPIP consumed less and less time in longer games � thinking on

��Although by a statistically insigni�cant margin�

��



average only ��� as long as Eclipse in the 
� minute games�
� Probably this means that the vaunted time
control algorithm of x��� is too simpli�ed�

In most people�s opinion Logistello is the world�s strongest Othello entity� Buro ran BPIP vs Logistello
tourneys on his SPARC����M
� with �� MB� Logistello uses a negamaxing search with transposition table�
Buro�s �probcut	 forward pruning mechanism� a 
�� ply endgame solver� and corner quiescence� Running
at � �
��� nodes�sec� it is �� times faster than BPIP�s ���� evals�sec� At 
�� sec�side�game� Logistello
won ��� and BPIP won 
�� with � draws �avg discs ���
� to 
����� time consumed 

� to ����� And in
a time odds tourney �Logistello with �� sec�game vs� BPIP with 
��� Logistello won �� and BPIP
won ��� with � draws �avg discs �
��� to ���
�� time consumed �� vs ����� Buro estimated BPIP would
draw even with Logistello at ��� time odds� Considering the speed advantage of about a factor of �� that
Logistello has on our code� and that BPIP is using less of its time budget� at those ��� time odds BPIP
would still be evaluating about ����� fewer positions�

Although this convincingly proves that Logistello is the stronger player� we are not discouraged� Buro�s
evaluation function is faster than ours by a factor of perhaps 
� with little loss of wisdom� a feat which we
could presumably match with su�cient e�ort and intelligence� Logistello gains a speed factor of 
��
from its transposition table� which gain might also be realizable in BPIP� BPIP could be improved with a
Logistello�class endgame solver� There are various other possibilities for speeding our BPIP search code���
BPIP�s strength seems to increase faster than AB�s as the searches get larger� cf� x������ Finally� as shown
by our very recent gain �equivalent to an e�ective time factor of perhaps �� from improved parameter tuning�
see x��
� we are still early in the learning curve of engineering improvements� and expect other substantial
gains to be discovered�

��� Warri

Our latest BPIP Warri player is superior to our AB Warri player� see table �
�

Time AB Wins BPIP Wins Draws AB Seeds BPIP Seeds Seed Stddev Conf� Seed Conf�

�� ��� ��� �� 
���� 
���� ���� 
��� 
���
��� ��� ��� �� 
��
� 
���� ���� 
��� ���


�� ��� 
�� �� 
���� 
���� ���� 
��� ����

Time AB evals�game BPIP evals�game AB time used BPIP time used
�� �
��
�� ��������� 
����� ��������� ����� ��
����� ����� ��
�����

��� 
�����
 ��������� ��
��� ��������� ������ �������� �����
 ��������

�� ������� ���������� ������ ��������� 

���� �������� 

��

 ���
����

Table �
� Warri results at equal time usage�

At �� sec�game� BPIP is stronger by 
���� worth of con�dence� based on seed count �i�e� ����� con��
dence� and this advantage seems to increase in slower games� Notice that BPIP consumed slightly less time
and had a node rate � times slower than AB�s ����� evals�sec�

��Where BPIP consumed ��� sec in games it won� ��� in games it lost� and ��� in drawn games� on average� Presumably
this signi�cantly longer time consumption in lost games was caused by the loss� and not its cause �since clearly BPIP was rarely
in time pressure��

�	Buro suggested switching to sub�single precision real numbers� in place of double precision� to save time and memory�
another speedup might be to employ distribution compression within the search as in footnote �� of part �� On the other hand�
Buro points out that �� Logistello�s probcut search is most tuned for slower � ���� sec�side � games� �� on Buro�s pentium�
logistello gets ��K evals�sec while BPIP gets ����� a ratio of ��� not ��� �� building a logistello�class BPIP player might
require BPIP to reduce its high memory consumption� which might introduce further di�culties� �� transposition tables may
not cause as great a speedup for BPIP as for AB�

��



The advantage of BPIP over AB is about as large as the advantage that AB would have gotten by
searching ������� ply deeper �i�e� � 
�
�� more time��� based on tournaments we played but omit�

We report tree shape statistics�

AB tree statistics �from the �
 sec�game tournament above��

Search depth� ���
� ��
 �����

Number of leaves� ���
���� ��
 ��	�������

BPIP tree statistics �averages over all search trees in all moves in all games�

Maximum leaf depth� ����� ��
 ���	�

Average leaf depth� ���� ��
 �����

Depth in true line� ���� ��
 �����

Number of leaves� ������� ��
 ��������

Number of internal nodes� ������� ��
 ��������

The ��� games were played starting from all ��� possible ��ply Warri game starts� The evaluator had
been constructed by our KS�tree style learner� this time based on data from positions arising in BPIP
searches made by earlier BPIP programs� Both players were working under a chess�style time constraint of
the following form� Allow each player T seconds for its �rst �� moves� and T�� more seconds for each ��
moves after that� BPIP is using a ��� gulp fraction�

It was suggested to us that perhaps BPIP�s advantage was merely due to the AB player�s lack of an
end�o� �quiescence�	 or capture� search� Since in Warri �like chess� but unlike Othello� there is a clear
notion of �material	 and of a �capture�	 it is obvious how to de�ne such a search� But in a �����game
tournament between an AB player searching to �xed depths ���� and an AB player searching to the same
depth plus doing a further quiescence search on capturing moves� forced moves� moves by houses with � �

seeds� and moves where the nonmover had no seeds on his side �both sides used the BPIP�mean evaluation
function and ���seed endgame tables�� the quiescence player� suprisingly� won slightly fewer seeds and games�
Some hypotheses for this are� �a� our evaluator was sophisticated enough to already know much of what
a quiescence search could tell it� �b� material is less important in Warri than in chess� �c� possibly the
evaluator� which had been trained on positions from BPIP search trees� performs worse when applied to
positions at the leaves of quiescence searches � a di�erently biased sort of statistical sample� cf� x���� We
conclude that our AB player�s lack of quiescence was not a problem for it�

����� Equal nodes tourneys

Since BPIP Othello was evaluating about ���� nodes�sec as compared with AB�s 
���� we did not see a large
increase in BPIP�s relative Othello performance under conditions of equal nodes �tourney results omitted in
this paper� � about an extra ��
 discs per game�

But our AB�BPIP Warri tournaments with an equal number of evaluations look rather good �see table
��� since they amount to cutting AB�s time by a factor of ��

The number of nodes evaluated per game is not exactly equal� since we just tweaked the time parameters
until the di�erence in evals�game between AB and BPIP was less than � std� dev� of the evals�game made
by AB�

��� Direct measurement of evaluation function impact

The experiment reported in this section unfortunately used a previous and less good Warri evaluator� We
built AB and BPIP Warri players both using as evaluation function for a leaf� the result of a BPIP search
to depth k on that leaf� �AB was given the mean of the distribution returned by the depth�k BPIP search��
By altering the value of k� we measure the e�ects of arti�cially changing the �brainpower	 of the evaluator�

��AB�s typical e�ective branching factor was ���� on average and ��� at game start�
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Evals AB Wins BPIP Wins Draws AB Seeds BPIP Seeds Seed Stddev Conf� Seed Conf�
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Table ��� Warri results at equal evals�game�

This sort of 
�stage tree search is also of interest �see part I� for the purpose of reducing memory
consumption in BPIP search� and might be of interest if interfacing with special purpose hardware� In this
experiment� we always used � spikes per �true� leaf and did not use the important trick of changing the
number of spikes depending on depth� Also� we used an �eggtimer	 time control� less favorable to BPIP �c�f�
x������� in which each player must make each move in 
 seconds�

At k � �� AB won ��� lost 
�� and drew ��� We had 
���� of con�dence �based on seed count� that it
was better than BPIP� At k � �� BPIP won �
� lost 
�� and drew ��� with 
�

� of con�dence �based on
seed count� that it was better than AB� At k � 
� BPIP won ���
���� with ����� of con�dence���

AB�s superiority in the important case k � � probably stemmed from its 
�� times faster node rate�
However� as the evaluation function was made smarter �and slower� by increasing k� BPIP�s win counts
monotonically improved� until with k � 
� when the evaluation function is about �� times slower than at
k � �� BPIP won games at a 
�� ratio�

This experiment supports our belief that BPIP gets stronger� relative to AB� when the evaluation function
is slower and smarter� Slower evaluation function means BPIP has comparatively smaller overhead� and it
is of course unfair to penalize AB for this� The following observation� however� provides one data point
regarding the relative importance of �slower	 and �smarter	� The BPIP player here �with k � �� was 
��
times slower than AB� but lost� whereas our latest BPIP player� with smarter evaluator and better time
control� is ��� times slower than AB� but wins�

��� Slagle Kalah

Even with our latest KS�tree �cf� x������
�
�� evaluation function for Slagle Kalah� BPIP with utility guided
growth is unable to beat AB at equal time� The chess style time control in our tournament gave each player
T seconds for their �rst 
� moves� plus T�� seconds for every � additional moves� AB won ���������
�
�
with a con�dence of superiority ���� ��

The AB player was searching to an average depth of �� � enough to solve the game after not very many
moves have gone by� and much deeper than our BPIP player �average leaf depth ��
�� Presumably this
incredible depth is due to the speed of basic operations in Slagle kalah� the presence of a simple but e�ective
move ordering
�
�� and the presence of a large number of cuto�s from early win detections� Note that AB�s
node rate is about � times quicker than BPIP�s� and all known evaluation functions for Slagle kalah are
rather poor quality� All these conditions favor AB over BPIP�

BPIP is able to beat AB in Slagle kalah tournaments with equal numbers of evaluations by ������ more
wins� With AB at depth � using �� more evals than BPIP �using in fact an early� decision tree 
but not
our KS�tree�� evaluator�� BPIP still won ������
��
�� for 
���� of con�dence� Since BPIP stores its search
tree� one improvement in BPIP �which we have not yet implemented� is to retain the relevant portion of the
stored tree to the next move� If one assumes this were implemented� it would be reasonable to only charge

��This drop in reported con�dence from the k � � case was due to a larger standard deviation in seed count�
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BPIP for new node expansions� BPIP won a tournament re�ecting such scoring by ������
������ or �����
of con�dence� in spite of AB using ��� more evals�

��� Time control mechanisms

We ended up using di�erent time control mechanisms for BPIP Othello and BPIP Warri�

����� Othello

Our Othello time control was based on �Szabo	 version of a formula derived in x� of part I� Eqn 
� there
estimates that we should stop searching and move when

Ugulp

tgulp
� c��

m

t
���c� ���

where tgulp is the estimated time to do the next gulp� Ugulp is the utility estimate for that gulp� t is the time
that would then remain to make the next m moves in� and c�� and c� are positive real constants� In all of
the experiments in this paper except for the ��� second match with Eclipse �x������ we took c� � ����� and
then when times t are measured in seconds and utilities U are measured in discs� with our current hardware
the best choice for c� appeared to be between ��� and ���� This suggested that c� � ����c� � where � is
the node rate �evals�sec�� is a good initial try� �In Warri� perhaps c� � ���� would be more appropriate��
Later tuning experiments with �� tournaments of ��� second games showed that a statistically signi�cant
two�dimensional maxima of score vs� Eclipse occurred near c� � ���� and c� � ����

����� Warri

We found that with our current decision tree data� the BPIP Warri player believes that the utility of searching
decreases as the game progresses� This may simply be due to a �aw in our evaluation function� Using our
initial Warri time control �based on a previous hack not described in this paper�� the BPIP player would
devote most of its thinking time to the early moves and� more troublingly� it would refuse to think longer
when we gave it more time� Therefore� we used the following time control whose main virtue is that the
BPIP Warri player actually thinks for time proportional to the time limit speci�ed� We have unfortunately
not yet tried the more principled time control described in the previous subsection�

The Warri time control uses the following variables�

Ttot Time left on BPIP�s clock�

Mtot Estimated number of moves left for BPIP to make�

Tgulp Estimated time that the next gulp will consume�

Tused Time used on the current move so far�

Ugulp Estimated utility of the next gulp�

Umin A lower bound on the allowed utility� This is added to Ugulp� because Ugulp sometimes drops to ��

U
nal An estimate of the utility that will remain in the search tree when we decide to move�

Cw Adjustable parameter� In latest experiments� set to ����

The search is terminated if either of these conditions is true�

�� If Tgulp � Ttot�
� same as Othello�








� If Cw�Ugulp � Umin��U
nal � �Tused � Tgulp�Mtot��Ttot � Tgulp�� or in words� if the ratio of estimated
utility to �nal utility falls below the ratio of time spent on this move to time remaining per move�

One could estimate the U
nal value in various ways� At present� we initialize U
nal to a value somewhat
lower than we expect it to be or the �rst move� based on a large number of games� After each BPIP move�
it is updated to U
nal � ���U
nal � ���Ugulp� Thus if the utility drops for several moves in a row� U
nal will
drop and the BPIP player will adjust its utility meter to spend more time thinking�

����� Opponent
dependent time control and move decisions�

Chess master Gerald Seidler suggested that against a stronger or weaker opponent� it might be better to
choose one�s move to be the one with maximal �� c�� where � was the expectation value and � the absolute
deviation of the BPIP probability distribution for each move� and c is now a nonzero constant depending on
the opponent� E�g� by choosing c proportional to how much higher our rating is� we seek to �lose the �sh in
the complications�	 Against an equally strong� but nonidentical� opponent� �simplifying	 with c � � might
tend to move to positions we understand better than the opponent� Also� nonzero c might be appropriate if
one side is ahead on the clock�

As an experiment� we played Othello tournaments between our BPIP programs where one player was
arti�cially made stronger or weaker by giving it twice as much �or half as much� thinking time� and where
the other player made move choice decisions based on � � c� for various values of c� We also played the
BPIP�c� programs versus Slate�s program with unequal thinking times�

The results 
�
� neither con�rm nor disprove Seidler�s theory� but do make it clear that any Othello
bene�t from Seidler�s strategy is small� We have ignored this idea elsewhere in the paper�

� Engineering tricks

Soon after the �rst alpha�beta chess players appeared� so did various engineering improvements upon them�
including �quiescence	 and 
��� �iterative deepening�	 Although the rate has slowed� such improvements
continue to appear even �� years later 
�� ���� We similarly conjecture that there are many engineering tricks
to be had in BPIP search�

��� The multispike trick

There is a tradeo� in BPIP between using staircase CDF�s with many steps� which can approximate well
arbitrary density functions� and using few steps� saving memory and time� In the initial growth stages� if
one is using a 
�spike evaluator the search often �nds its favorite move has an interval of support disjoint
from those of the other moves� BPIP�DFISA then concludes that there is �zero	 probability that any further
growth will change our opinion that this move is best� terminates the search early and makes the move� A
better approximation of the true distributions would have indicated a small amount of overlap between the
densities in the moves� In the early stages� when the cost of another gulp is tiny� even a small overlap can
motivate additional search�

The simple solution is to make the evaluator return di�erent numbers of spikes at di�erent search depths�
At low depths� we return a ���spike distribution� At high depths� we only return a 
�spike distribution�
This costs hardly any time� since leaves at low depths are much less numerous� It also improves the play
for a di�erent reason� utility�guided tree growth decisions during the crucial early stages are guided by
more accurate probabilistic information� This �x virtually eliminates the problem and vastly increases the
strength of the BPIP player�

The same discreteness problem can occur less seriously at nodes deep in the tree � causing one to
erroneously conclude that certain sibling leaves are �cut o�	 and have �zero	 chance of being relevant� A
better estimate of this tail probability would improve BPIP� A possible cure would be to revalue a set of
siblings using a � spike distribution whenever our standard 
 spike distribution decides some are irrelevant�


�



This would cost little time because we need not actually call the evaluator again � only to look up a
precomputed ��spike compressed distribution instead of the 
�spike one �having already got the bin indices
and o�sets on the previous call��

��� Tuning the gulp size

BPIP contains a parameter called �gulp fraction	 which speci�es the fraction of leaves expanded each gulp�
Table �� shows the results of tournaments between our BPIP Othello player with various gulp fractions� and
our alpha�beta player�

Gulp size AB sec used BPIP sec used Conf� Disc Conf�
�� ���

 ����� ���� ����

� ����� ����� ���� ����
�� ����� ����� ���� ����
�� ���
� 
���� ���� �����

�� ����� ����� ���� ��
�
�� ����� ����� ���� ��
�
�� ����� ����� ��
� ����

��� ����� ����� 
��� ����
��� ����� ����� ���� ����

�� ����� ����� ����� ����


Table ��� BPIP with various gulp fractions versus �xed AB player�

The best choice seems to be about ��� The sensitive dependence on gulp size was con�rmed by extensive
experiments���

The following model yields insight into the sensitive dependence on gulp fraction� Say we use gulp fraction
f�� but the fraction of leaves which are both in our gulp and �useful�	 is only f�� f� � f�� Then after s
expansion steps ��gulps	� the total number of leaves in the �nal tree will be gs�� where g� � � � �b���f� and
b is the branching factor� However the total number of useful leaves� i�e� the number we would have had if
we used gulp size f�� is gs�� where g� � � � �b� ��f�� We �nd that using f� as gulp size would have achieved
the same information in a factor �g��g��

s less time� Thus the saving caused by better selectivity� can grow
exponentially�

This analysis and experience suggests that an engineering improvement along the lines suggested in
footnote �
 of Part � might pay substantial dividends� The idea there was to achieve greater selectivity
by ordering the leaves within a gulp� and as each leaf is expanded� approximate on the �y its children�s
expansion relevances� and expand immediately su�ciently important ones� We have not yet attempted such
an improvement� These results also reinforce our intuition and tentative experience that extending BPIP to
include partial node expansion may yield substantial payo�s�

This analysis also indicates that a still smaller gulp size might be preferable at longer time controls�
Possibly this would further improve our results� The experiments reported in this paper were done using the
�� gulp size derived from tuning experiments at ��� seconds�

Notice also in table �� that BPIP�s time consumption decreased with gulp size� This was due to a �aw
in our �then� time control algorithm� This caused us to discover and implement the simpler and better time
control method� described in x������ used throughout this paper� Possibly we could further improve gulp
tuning by redoing it using the new time control�

��That is� we had practically �nished this paper running all tournaments at an arbitrarily chosen gulp size of ��� before
investigating tuning� Switching to �� improved our �already superior� time odds advantage against alpha�beta by another
factor of about ��
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��� The large�utility trick

Occasionally single leaves occur with a sizeable fraction �e�g� 
��� of the total importance in the gulp� These
leaves mess up the gulp trick� The simple solution we implemented was to expand these leaves to depth 

in a single gulp� This costs little� since there can be at most � such leaves� Perhaps we should have gone
further in this direction as discussed in the previous section�

��� Other tricks

As will be clear to those readers who examine our BPIP pseudocode��� we often wrote space ine�cient code�
if by so doing we could keep it simple� We feel this was the right choice for a �rst implementation of BPIP�
and it was good enough to beat alpha�beta� The long TR version 
�
� lists several improvements in memory
management we know of� but mostly did not yet choose to implement�

� Learning methods to make evaluators

��� Linear regression and signi�cance tests

Before constructing an evaluation function that returns probability distributions� we �rst construct one that
simply returns a number approximating the expected game result if play were to continue from a given
position� We have usually done this by multivariate linear regression� We devise a set of n �positional
features	 and �nd weights so that the weighted sum of the features is a best �least squares� approximation
to the �nal game result� over all positions arising in a very large database of games�

Let X be an N � n matrix whose entries xij represent the value of feature j in position i of a large
database of positions� Let yi represent the �nal game result in the game in which position i arose� We wish
to �nd weights 	���n so that y � 
x � 
	� The least squares choice of 
	 is 
	 � �XTX���XT
y� Of course 


��
one wishes to �nd XTX and XT
y �total storage O�n�� numbers� without ever storing the much larger N�n
matrix X �

Many�valued yi�s gain more information and a better �t in games with multivalued �nal score� However�
in games whose result is binary �yi � f�� �g� Buro 
��� has suggested use of �logistic regression	 instead of
linear regression�

The idea here is to devise an evaluation function of form

p �
�

� � exp��
x � 
	�
���

�where 
x is the vector of features of some position� and 
	 is a vector of �tted weights� estimating the
probability of winning a position with those feature values� The maximumum likelihood statistical religion
then proposes choosing 
	 to maximize

Q
wins pi

Q
losses���pi�� 
��� gives an iterative reweighted least squares

process which converges to this 
	� We will now derive and describe a �presumably� equivalent algorithm�
We seek to maximize the log likelihood L by choice of 
	�

L �
X
i

ln
�

� � exp��
xi � 
	�
���

where the upper signs are taken if position i is a win and the lower ones if it is a loss� By taking second
derivatives� one may verify that L�
	� is a concave�down function� hence has a unique maximum� By taking
�rst derivatives� we see that the optimal 
	 satis�es

�L

�
	
�
X
i

�
xi
� � exp��
xi � 
	�

� 
�� ���
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Thus �since we have an expression for the gradient� we can do steepest ascent to approach the optimum� If
we linearize this gradient with respect to 
	 in a neighborhood of 
	�� we have that
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An ultimately�� quadratically convergent iterative process is thus to start with 
	 � 
� and then produce the
new 
	 each iteration by solving the linear system

X
i

�
�

�

� � exp��
xi � 
	old�
� 
xi � �
	 � 
	old�


 � exp��
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	old� � exp��
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for 
	� where 
	old is the old value 
	 from the previous iteration� The value of 
	 calculated during the �rst
iteration of this process is proportional to the usual least squares linear �t weights� but subsequent iterations
alter that�

Buro tried the logistic procedure ��LOG	� and the usual linear least squares �t ��FISHER	� to devise
an Othello evaluation function based on a large database of positions and win�loss data��� He then played
a color�balanced tournament between the two resulting �minimax based� Othello programs� and LOG won�
������ �LOG also garnered ���� points versus QUAD� a third program� while FISHER only got ���� points
against QUAD�� Buro later got further small improvements by imposing certain constraints of the form
	i � � �or � �� on some of the weights and �nding the maximum likelihood estimator subject to these
constraints� Unfortunately these Buro results are only statistically signi�cant at the ��� level �cf� x
���� but
in the absence of other data this may still be enough to convince many game programmers to prefer logistic
regression�

In fact we have often used piecewise linear regression� we use several vectors of weights� the relevant
one depending on the �game stage�	 �Similarly Buro used piecewise logistic regression�� In some cases
smoothing of the boundaries between game stages was used� Occasionally weights were found to depend on
ply number in an oscillatory manner� Othello expert and programmer David Parsons convinced us that such
oscillations are often real� For that reason� when using weight�smoothing� we smoothed the even�numbered
and odd�numbered ply separately�

For games involving �quiescence�	 one should only �t quiescent postions� since the search only evaluates
such and unquiescent positions add noise� We attempted to deduce the values of the pieces in chess from
������ master games� Fitting all positions to game results� we found�

P � 
��� N � 
��� B � ���� R � ���� Q � ���� ����

When �unquiescent	 positions �those in which the next move was a capture� check� en passant� or promotion�
were removed from the dataset� our �tter found

P � ����� N � 
��
� B � ����� R � ����� Q � ����� ��
�

which is much closer to the usual chessbook values

P � �� N � �� B � �� R � �� Q � �� ����

In fact� our �t is equivalent to chessbook values in that we value every unequal exchange of a small set of
pieces with the same sign �e�g� P � B � R� 
P � N�� except that our �t will sacri�ce 
 N�s to get � P�s�
Our �t�� may be more accurate than the book view here�

��Convergence is not assured� if the starting point is poor enough� But one can easily modify the iteration to� for example�
always go to the max�quality point on the line segment with endpoints �� and ��old� and that algorithm will always converge�
since it continually ascends�

��It is unclear whether Buro�s decision to ignore �nal scores was wise� but his experiment is still revealing� Actually Buro
used Fisher�s ��class linear discriminant� which is not quite the same as the least squares� They are the same up to a constant
factor � but the constant may change with game stage� hence the resulting piecewise evaluators could be inequivalent�

��We tried � other �tting methods� e�g� �tting to evaluations of successor positions instead of to �nal game result� but the
�t of quiescent positions to �nal game result gave the best result�


�



We only accepted features which passed various tests of statistical signi�cance� First� each feature�s weight
had to have absolute value at least �� times its standard error� �Our least squares �tter� which is based
on a procedure by Jennrich 


�� calculates these standard errors and automatically refuses to incorporate
features into the �t if they do not pass such �F�tests�	� Features which often were thrown out of �ts were
suspect� Third� features with small �importance	 �weight times standard deviation� were suspect� Fourth
any features that come in matched pairs but behave unlike their compliment aroused suspicion� Fifth� the
�t had to show good prediction of game result �substantial decrease in residual�� Finally� most features
are expected by the human designer to have a weight of a certain sign and rough magnitude� Features not
conforming to such expectations were suspect�

The procedure we adopted to design linearly�regressed evaluators was�

�� Design a set of features�


� Do �ts to game results in large games databases�

�� Do signi�cance tests�

�� Based on results of step �� redesign or delete suspicious features and�or add new ones�

�� Back to step 
 until �ts are good and no suspicious features remain�

This procedure can be quite painful but it was the one we used to make our initial checkers� mod���
connect��� and Othello scalar evaluators�

To get relative accuracy of � when �tting n weights using N datapoints� simple probabilistic analysis

requires N
�
 cn��� where c is a constant depending on the con�dence one desires of obtaining the desired

accurary� the probabilistic properties of the data� and the importance of the various features in the �nal �t�
In the best case� the features are independent unbiased coin �ips of equal importance� in which case c will be
of order �� �To see this� consider estimating one of the weights just from its feature� and ignoring all the other
features�� But if the coin �ips are biased an amount � � B � ��
� have importances ranging from 	min to
	max� and are correlated so that their covariance matrix has condition number 
� then c � 
	avg��B	min��
Even if the correlations are so severe� that� e�g�� all coin �ips are the same except that one out of the n�
selected at random� is random �and say all the weights are equal� then 
 � n� so the growth of 
 with n can
be expected to be at worst polynomial rather than exponential� Thus Acton�s complaints �
�� page 
�����
about people who want to do ����parameter least squares �ts do not seem to be justi�ed in our case�

Roughly speaking� our actual experience is that� with care� one needs ��������� games per feature in
order to get decent �ts� Our Othello and checkers evaluators involve ����� features and are based on over
����� games each� Our mod���connect�� evaluator uses only �� features�

For Slagle kalah� which was written �rst� we used as scalar evaluator� a simple function �see footnote ����
instead of a �t to a number of sophisticated features�

In our later Warri program� we used a self�learned table�based evaluator �which may be thought of as a
linear evaluator with about ����� weights�� See x������

For details about our features and evaluation functions� see our long TM 
�
��


���� Kolmogorov
Smirnov decision trees

Once one has a good�quality scalar evaluator� one can semi�automatically construct an evaluator which
returns a probability distribution� We call the method we invented �Kolmogorov�Smirnov trees�	

First we acquire a large set of positions arising during BPIP searches� For each� we know a set of
positional features� its scalar evaluator value� and its scalar evaluator value backed up by some number of
plies of lookahead� The di�erence between these two values� �� is the �opinion change�	

We then wish to develop� by learning from this dataset� an evaluator which will return the probability
distribution of � conditioned upon the values of the features� The problem of learning to predict a prob�
ability distribution conditioned on features is also of great interest in applications entirely divorced from
gameplaying� comprising a major sub�eld of statistics�


�



Our evaluators were �binary decision trees�	 Each node in such a tree is a yes�no question about a feature
�or in principle a combination of features�� One branches left or right according to the answer� At a leaf the
remaining dataset is returned�

We built such decision trees by a greedy� recursive process� Start with a zero�node tree� Consider all
possible inequivalent questions of the form �is feature i greater than x#	 Each such question splits the dataset
into two subsets� We regard each such subset as a �large sample from a� univariate probability density on ��
Choose that question maximizing the con�dence that its two induced probability distributions are di�erent�
This con�dence is computed by means of the �Kolmogorov�Smirnov two sample test�	 
��� 
�� applied to
uniqui�ed�� data� We cease to split further when �� � c��s becomes smaller than some constant �we often
used ������� Here c is the KS con�dence that the two distributions really are di�erent� and s is the number
of candidate split�questions�

This procedure takes several hours for a � ����point dataset in � �� dimensions� adequately fast for our
purposes�

We expect better results could be obtained by continuing to split the tree until singleton datasets were
obtained� and then pruning back according to a con�dence criterion� Also we suspect a di�erent tree growth
procedure� based on information�theoretic entropy �x������� might be better�


���� Compression of probability distributions

The distributions returned by our Kolmogorov�Smirnov tree evaluator typically contain a large number
�� 
��� of spikes� For BPIP we need distributions with 
��� spikes� Thus we face the following compression
problem� of interest in many applications besides gameplaying� compress a univariate probability distribu�
tion represented by N spikes� to a distribution with only k spikes approximating the original distribution
�optimally	�

We have relied on the following method� We choose the locations and heights of the k spikes so that the
�rst 
k nontrivial moments of the two distributions agree� Such a compression exists and is unique� and may
be found using a slick numerical method of Golub and Welsch 
����

This compression method su�ers from at least two �aws� Firstly� if the N spikes happen to be grouped
into less than k clusters� then the solution becomes very ill�conditioned� because the �extra	 points can locate
themselves near any of the clusters while still satisfying the moment equations to high accuracy� However�
this appears to be the only source of numerical di�culties in the range �k � ���� The simple solution is not
to use k values to large for numerical stability�

Secondly� methods which preserve moments can exhibit problems when the data contains rare outliers
as the high�order moments will be dominated by the outliers� In our datasets such problems do not seem to
occur� �Avoiding this was a consideration in our choice of features��

Other approximation criteria might be better than this moment based approach� and indeed WDS and
Han La Poutre �Utrecht� Netherlands� have written a manuscript containing several dynamic programming
algorithms which optimize various approximation criteria� This method was adequate for our purposes� and
has the advantage that one can quickly update the dataset that is being compressed� as applied in x������

For use with KS�tree based evaluators in BPIP� of course the needed compressed distributions are pre�
computed and stored in �bins�	 the decision tree itself only stores bin indices in each leaf�


���� Learning as you play

We have had positive experiences with two di�erent �learn as you play	 methods for constructing evaluators�
The �rst method is simply to pick positions from BPIP search trees �as one plays games� at random�

with some �xed low probability� For each such position� the opinion change � is computed� Assuming we
already have a KS�tree based �or other bin�based� distribution�valued evaluator� this evaluator may then

��Since the KS test is designed to be used for continuous distributions over the reals� bad results can be obtained if we base
split decisions upon duplicated datapoints� Of course we later use the full dataset to �ll the leaves �once the tree topology is
determined� to avoid distorting the distributions�


�



be improved by inserting this � value inside the dataset in the appropriate bin� This improvement process
can be run forever and will gradually improve the accuracy of the probability distributions returned by the
evaluator��� Since we use a moment based compressor �c�f� x����
� we can keep the space requirements small
by only updating the moments of the relevant distributions� Also� by making the probability small enough�
this learning procedure entails virtually no runtime overhead�

We did an experiment pitting BPIP with utility�guided tree growth and an early learning decision tree
evaluator �!B�� versus an early� and nonlearning� minimaxing opponent �!A�� in Slagle Kalah� Performance
gradually improved over the course of � tourneys �tourney � involved no learning� the other tourneys involved
the evaluator being updated after each game��

Tourney $ B wins A wins draw
� 
� �� �
� 
� 
� �

 �� 

 �
� �� 

 �
� �� 
� �
� �� �� �

Note the clear trend of improvement over the course of only ��� games ���� seconds total B�thinking
time per game��

The second learning method may be used to improve the weights in linear regression based scalar evalua�
tors� or to learn table�based scalar evaluators� or with nonlinear evaluators� �The table�based evaluators we
are considering are simply the sum of some table lookups� and thus may be regarded as a linear evaluator
in a very high�dimensional space��

At each interior node in a search tree� one evaluates the node both by means of the scalar evaluator� and
also by one�s normal lookahead procedure� �In alpha�beta search� one sometimes only gets a lower or upper
bound on the lookahead value� not the value itself�� One then makes a small adjustment to the evaluator
weights �or table entries� designed to decrease any disagreement between these two�

In our table based evaluators� the update rule we used was simply to add an adjustment to the relevant
table entries� the value of this adjustment being chosen to reduce the disagreement by some small constant
fraction f � �In Othello� we used f � ����� In Warri� we used f � ����� Under reasonable assumptions
it may be shown that the RMS size of the noise in a table entry� assuming that the noise in its lookahead

training� values was of order �� tends to order �

p
f �� More generally one could move a �xed fraction of the

steepest descent direction �in an appropriately scaled space� or Newton direction �x������� Empirically one
�nds that� if the constant is made small enough� convergent behavior is obtained�

Because this update is e�cient and because it only is applied at interior nodes of the search tree� a game
player with learning will have only a small runtime overhead compared to a player without� so you never lose
much by putting in this sort of learning� but the potential gains can be signi�cant� The point of this method
is that tremendous update rates can be obtained �comparable to the node rate in the searcher�� allowing
much more learning to occur than one could ever get learning from any �xed database�

We tried this update method in Othello and Warri� For nonterminal positions in Othello� we used
an evaluator which simply added up a set of tabulated values� one table entry for every possible state of
every possible line �there are �k states per k�long line� k � �� we considered �bounce diagonals	 to be
�lines	� on the Othello board� and with di�erent sets of tables at � di�erent game stages� �The point being
that many features considered to be important in Othello� such as mobility� number of frontier squares�
and edge states� could be gotten from tables of this sort� either exactly or approximately�� Our evaluator
tables in total constituted ������ bytes� Because this evaluator is so simple� we can obtain rates of �����
evaluations�second during searches � enormous rates� Starting from a set of tables with all entries zero� we
conducted learning negascout 
��� searches with transposition table� After a few hours of learning� it was
apparent that the program had learned something �it would make feeble e�orts to avoid giving up a corner�

��The point is that the data is being sampled from the right probability space� although the de�nition of this space is
continuously changing� One could also consider learning methods which dynamically alter the tree topology in response to new
data� as opposed to merely altering its contents�
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but it was still beaten soundly by a human beginner� After a week of learning� the program� called �obaby�	
had advanced to the point where it beat Colin Springer ����� Canadian Othello champion� 
 games to �
in a match� and achieved internet Othello server ratings � ����� Considered as a feat of learning� this is
superhuman� We defy any human to improve that much in Othello strength in any period even close to �
week�

However� the resulting Othello program� searching about �
 ply� is somewhat weaker than Internet
Othello Server programs with strong evaluators which search only � ply� These in turn are weaker than the
other AB and BPIP Othello programs we wrote which combined handmade features via a linear regression�
Therefore� although obaby�s learning feats were impressive� its learned table�based evaluator was still weak
in an absolute sense� Therefore� we decided to abort obaby and stick with an evaluator based on handmade
features and linear regressions�

In Warri� we had more success with the table learning technique �see 
�
�� than in Othello� and hence
we used it in our �nal Warri program� This success� as compared with Othello� was probably due to the
following di�erences between Warri and Othello�

�� we started Warri learning from a fairly good evaluator� instead of to all zeroes� and the search can
access a large source of perfect Warri knowledge �endgame tables�� which has no analog in Othello�


� the node rate in our Warri learner is over twice as fast as in Othello� and the e�ective branching factor
over twice as small � leading to faster learning�

�� the tables were over �� times smaller than in Othello � less to learn�

�� since there is a comparative dearth of human understanding of Warri� it is much harder to design good
Warri features to put in a competing nonlearned evaluator�


���� The importance of being earnest

At �rst� we naively believed it would su�ce to train our scalar evaluators on positions arising in AB searches�
or positions arising from performing � or 
 random moves in positions from games� or even just on positions
from games� Recall the evaluator is supposed to predict expected game result for positions arising in BPIP
searches� It turns out to be important to sample positions actually arising in such searches� The alternatives
above all work substantially worse�
�

We also solved Slagle Kalah �x����� and so tried training a scalar evaluator on a large set of positions
randomly sampled from the proof tree of Slagle Kalah� �tting to game theoretic values� As predicted by
the BPIP philosophy� this produced poorer results than training from actual game results in a large set of
imperfectly�played games�


���� Other possible learning methods

The methods we have described �linear regression� Kolmogorov�Smirnov decision trees� for self�learned eval�
uation functions were adequate for our purposes� but may not be the best possible methods� We now discuss
three other possibilities� in order of increasing speculative character�

First� entropy trees�� may be preferable to Kolmogorov�Smirnov decision trees� One wishes to divide
the data into subsets by means of questions arranged in a decision tree� At each node choose choose the
question minimizing

p�S� � p�S�� ����

where p� is the probability that the answer to the question �for a random element of the dataset� is �yes	
�and p� � p� � �� and S� is the information theoretic entropy of the corresponding subset of the dataset�

��And were listed in decreasing order of quality� Recall the learning experiments from x������ The  B� player in tourney �
had been trained on positions from AB searches�

�	This idea is well known ���� ��
� but we believe our growth termination condition is novel�

��



regarded as a probability distribution� A convenient numerical estimate of the entropy of a �possibly mixed
continuous and discrete� probability distribution� from which we have N samples in sorted order along the
real line �let the number of occurrences of a sample at xi� be mi� for i � ���n� so that

Pn

i��mi � N� is

S � log�N �
n��X
i��

mi � mi��


N
log�

mi � mi��


�xi�� � xi�
� ����

Apply this procedure recursively until left with a complete decision tree whose leaves are singleton datasets�
One then �prunes back	 the decision tree by repeatedly combining any two leaves for which

B � N j�Sj ����

where B is the number of bits needed to describe the question which distinguishes the two leaves �e�g� if
there were Q possible questions� perhaps B � 
 � log�Q is a sensible value to use�� N is the number of data
samples we have at that tree node� and �S � Sparent � p�S� � p�S� is the entropy reduction due to that
tree node� This termination condition is the one which naturally arises from the large�N asymptotics of
E�T� Jayne�s �entropy concentration theorem	 

�� combined with the notion that the prior among models
of description length B is proportional to 
�B� The philosophy is that an increase in model complexity of B
bits is justi�ed by improving the description of N samples by entropy change �S bits� where �EQ ��� holds�

Appealing features of entropy trees� as opposed to KS trees� include�

�� They attempt �albeit greedily� to maximize a global tree quality measure� the reduction in the informa�
tion theoretic entropy of the data� induced by the tree� minus the description length of the tree� This
is like the �minimum description length	 religion except using the entropy� rather than the description
length� of the data�


� Entropy trees may be computed quickly by an �incremental	 approach� One needs a subroutine to
compute the change in �S arising from changing the question� If all questions are of the form �is
feature i greater than X#	 and we are scanning X � elementary data structuring tricks allow such a
subroutine to run in O�logN� time� As a result� the greedy question may be deduced� in an N �sample
d�dimensional dataset� in O�Nd logN� steps� and the entire tree may be built �assuming that the
questions always produce roughly equal dataset splits� in O�Nd log�N� steps�

As an experiment� we programmed entropy trees in Othello� and they seemed to produce probability
distribution valued evaluation functions of comparable or better quality than the ones produced by KS trees�
Entropy trees may have many applications outside of computer game playing�

Second� a well�known method called �stochastic ascent	 can be used to do nonlinear regression� To
optimize a nonlinear quality criterion� we use the fact that the gradient of the quality measure on a single�

randomly selected game position extracted from the dataset� is an unbiased estimator of the desired dataset�
wide gradient� At the nth iteration� one walks the vector of �tting parameters a distance proportional to ��n
in this local gradient direction� This update learning can be embedded inside the tree search as in x������

Third and �nally� we mention an idea inspired by hearing a talk by R� Sutton� evaluation function

learning as a Markov model� One views the integer n�vector of positional features seen by the evaluator
as dividing the set of possible game positions into subsets� each subset is associated with a particular point of
the n�dimensional grid� After a single move� the positions in one grid point could change into ones associated
with other grid points� With each grid point x we associate an expectation value Ex �of game result� given
that we are in a position in the class x sampled from a typical game position� and transition probabilities
pxy that the next move will cause one to enter a position of class y�

The problem of learning a scalar evaluation function is then to deduce the Ex� and the problem of learning
a probability density valued evaluation function suitable for BPIP�DFISA is also to deduce the pxy� These
quantities obey the relations Ex �

P
y pxyEy� which� for example� would permit the Eu to be deduced from

the pxy and the game�end positions� �As a matrix and vector equation� this is P 
E � 
E and 
E � P�� 
G

��



where 
G is the vector of game end values� In other words 
E is the eigenvector of P with 
least modulus�
eigenvalue ���

Unfortunately� the number of possible grid points is generally not going to be small enough to actually
store estimates of all the Ex� much less all the pxy� If it were this small� then it would be an easy matter to
estimate these quantities �by counting�� Instead� we must model the pxy and Ex�

� Descriptions of the games

For a history of each game� a detailed description of features used in our evaluation functions� any new
contributions we feel we have made in the study of that particular game� and a discussion of �the hall of
fame	 of the strongest gameplaying entities for each game and estimates of how our programs compare to
them� see our lengthy Tech Report 
�
��


�� Othello

For the rules of Othello� see 

�� or 
���� An important rule not mentioned by these sources is the scoring of
games which terminate before the board is �lled� In these games� the winner gets the empties� Thus a game
ending with 
� white discs and � black ones would not be scored 
���� but rather would be scored ����� and
a ����� tie would be scored �
��
�


�� Warri

There are over ���� members of the family of mancala pit and pebble games� Many of them are listed in 
���
and 
���� The most important of the rule variants� and the one that is adopted in Antiguan league play �and
in the annual tournaments held there in Decembers and televised in recent years� is called Warri� These are
extracted from pages ����� of 
��� and from 
�
��

�� Warri is played on a 
�� board�


� Four seeds per hole at gamestart �i�e� �� total�� South moves �rst�

�� To move� remove the seeds from a nonempty hole on your side of the board and sow �that is deposit
seeds one by one in successive holes anticlockwise� until exhausted�

�� Except that the selected �source� hole is skipped over during sowing� so it will always be empty after
the move is complete� even if the sowing went completely around the board for � or more cycles�

�� If last seed sowed lands in opponent�s hole and makes a count of 
 or � seeds in that hole� then these
seeds are removed and kept by capturing player in his �treasury�	 as are any seeds in any unbroken
sequence of the opponent�s holes� each containing 
 or �� immediately preceding this hole�

�� If all your opponent�s holes are empty� you must make a move �if one exists� that moves seeds into
them� however brie�y �conceivably you�d capture some or all of the men you moved� which would still
be a legal move�� If no such move exists� rule � will apply next turn���

�� If all your �i�e� the mover�s� holes are empty� the game is over� and all remaining seeds go to your
opponent�s treasury�

�� The object is to capture the most seeds� You win if you capture � 
� seeds� Drawn games can occur
�
��
��� It is also possible via �perpetual cycles	 for neither player to have � 
� and where� with
optimal play� no more captures can occur� In this case �detected by a ��time repetition� the simplest
scoring method is to divide the cycling seeds evenly between the players� so that whoever was ahead
before the cycle started� wins�

�





�� Slagle Kalah

Slagle kalah was introduced in papers by Slagle et al� 
��� ���� who used it as a vehicle for studying game
tree search� and studied by other AI researchers �see eg 
����� See 
��� ��� for the rules� We call this game
�Slagle Kalah	 because� as far as we are able to determine� the particular Mancala rule variant used here
was invented by Slagle� This game is quite simple� and in fact our latest software and hardware can solve it
in about ten minutes���


�� Mod�
 connect �

Mod���Connect�� is played on a ��� board with horizontal cylindrical wraparound� Players move alternately�
On each move� the player selects one of the � columns of the board and places a disk of his color on the lowest
unnoccupied square on that column� You win if you get � in a row horizontally� vertically� or diagonally�
Draws can occur if the board �lls up� but they are very rare� This game is similar to the game sold by
Milton�Bradley and played on a � � � noncylindrical board� but that game has been solved �win for the
�rst player by moving into the center column� by James Allen and L�V� Allis in ���� 
�� ���� The present
game was intentionally made larger and the columns were given an odd height �Allis�s solver utilized various
theorems about connect�� variants with even�height columns�� in an e�ort to make the game intractable�

	 Discussion

In our experiments� BPIP seemed able to beat alpha�beta on an even playing �eld� or even giving sizeable
time odds� with increasing advantage as the game became more complex or the time controls became longer�

We would like to propose� tentatively� as an empirical law holding for many typical games� that BPIP
with utility guided growth thinking for time t will play at equal strength to AB thinking for time t � g�t��
where the �giveaway factor	 g�t� is given by a power law g�t� � tP for some constant P � �� This would
correspond to the prediction that BPIP search with utility�guided tree growth is asymptotically about as
powerful as plain AB search going a constant factor deeper than it normally would in time t� It would also
correspond to the prediction that the loglog plot of �gure � asymptotically looks like a straight line���

We have a simplistic model which explains this law� Model the children of a tree node as having positive
real �plausibility values	 �summing to �� corresponding to the probability that they are the right move�
The product of the plausibilities along a root�node path is the �plausibility	 of that whole line of play� if
we pretend these plausibilities are independent� Suppose the �right thing	 for a tree searcher to do is not

to go down to constant depth� but instead to go down all lines of play until their plausibilities sink below
some amount� This idea was basically thought of a long time ago by R�W� Floyd� who proposed making and
using an a priori heuristic plausibility function for this very purpose� If c� � � c � �� is any constant� then
the Nc deepest �among the N total� Floyd lines will penetrate a constant factor deeper than average� with
probability
 �� Presumably one cannot a�ord to misestimate this many lines without risking making the
wrong move � leading to the desired law�

From the point of view of the programmer� BPIP and alpha�beta programs have some di�erences� A
crude program based on BPIP�DFISA with utility guided tree growth is more di�cult to implement than
a crude alpha�beta gameplayer� because the search algorithms are more complicated� and because it is
necessary to write statistical evaluator�building tools� On the other hand� once your program is running�
the task of gradually increasing its strength may actually be easier for the BPIP program� In an alpha�beta
program� you need to work on the evaluator� search heuristics� and time control heuristics� Top alphabeta

�� The �rst player wins by playing  ��� The go�again move  � �� draws and all other �rst moves lose� We have also solved
the larger version with � seeds per hole at gamestart� The �rst solution of Slagle kalah was by Igor Rivin using a modi�cation
of our AB program� Endgame tables speed up the solve and the following move ordering is extremely e�ective� First go�again
moves� then captures� then noncaptures� breaking ties so that most�forward source holes are considered �rst�

��In our Othello experiments �cf� table �
 the slope of the line in �gure � is P � ���� and thus AB would need to go to depth
� ���d � ��� instead of its normal depth d to equal BPIP� This is all tentative since it based on only � datapoints� the last of
which is more an extrapolation than a measurement�

��



chess programs have many search extension heuristics� and the interplay among them� and between them
and the evaluator is mysterious� If one changes a term in the evaluator� it might in principle change the best
choice of search extension heuristics� Keeping up with these e�ects is costly� BPIP takes care of shaping the
search and dealing with time control issues� so you don�t have to� In BPIP you can focus on developing the
evaluator�

Obvious things to try next might include�

� Transposition tables � how should they best be implemented in BPIP� how should one best handle the
issues related to BPIP in DAGs �cf� x�� of part I�� and how does all this a�ect performance#

� 
�stage BPIP search to reduce memory consumption �x�
 of part I��

� Distribution compression within the BPIP search to reduce time and space needs at the sacri�ce of
some accuracy�

� Variants of BPIP with partial node expansion�

� Deeper� guided expansion of very high utility nodes�

� Further investigation of automated statistical methods for generating evaluation functions for BPIP�

And then� one might want to try writing a BPIP chess program�
In yet another direction� we wonder if BPIP search might have an impact in ��player �games�	 such as

the traveling salesman problem�
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Figure 
� Pictures of � distributions from our Othello player�s KS tree bins� produced by moment based
compression of opinion change data at depth ����
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