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Abstract

In our fifth work [3] entitled A Structural Approach to the Collatz
Congecture via the Binary Singularity, we introduced the notion of bi-
nary singularity of Collatz sequence as a structural invariant and pro-
posed a structural reformulation of the Collatz conjecture: every positive
odd integer either is, or eventually reaches, a singularity configuration
under a finite number of iterations. We further hypothesized that this
property could be characterized through an appropriate metric defined
on binary structures.

In the present work, we develop this idea by introducing a global
binary structural attractor governing the evolution of odd Syracuse
iterates. This attractor is based on the canonical binary decompo-
sition of the binary structure of odd integers.

We prove that every odd Syracuse iterate that is not a singularity
admits a unique decomposition into a finite sequence of nested concate-
nation of suffixes of generators of the suffix of singularity followed by
a single suffix of singularity, On = G, ) [|Gp—1,m) |l - - - |G (1,0)[|Sn, and
define a structural complexity function P(O,,) equal to the number of
suffix generators contained in this decomposition.

The evolution of P is entirely determined by the complementarity
of the overflow generated by the most significant suffix generator G, ,),
leading to a complete structural classification of increasing, stationary,
and decreasing transitions. This decomposition provides a symbolic de-
scription of the odd Syracuse dynamics and establishes the structural
foundation for an eventual Lyapunov function whose minimal state is
precisely the binary singularity P = 0.

Rather than studying the arithmetic growth of Collatz trajectories,
the proposed approach describes the dynamics as the progressive elim-


https://orcid.org/0009-0004-1784-7053

ination of nested binary suffixes of generators toward a unique global
structural attractor.

1 Introduction

We proposed in our previous work [3] a structural reinterpretation of the Col-
latz dynamics based on the notion of binary singularity. Within that frame-
work, convergence to 1 or the trivial cycle is no longer regarded as the funda-
mental phenomena but rather as a trivial consequence of reaching a particular
binary configuration, called a singularity.

The previous paper |[3] established the structural role of singularity and
argued that it constitutes the only mechanism allowing the Collatz trajectory
to escape the alternating growth—decay behavior generated by the map. It
concluded with the hypothesis that such a property should be characterized
by an appropriate metric defined on binary structures whose minimal states
are precisely this singularity.

The present work develops this hypothesis, instead of analyzing odd Syra-
cuse iterates through their arithmetic values, we investigate their binary struc-
ture organization. This analysis reveals that every odd iterate that is not a
singularity possesses a canonical structure composed of concatenated binary
blocks that progressively generate suffixes of singularity.

Consequently, the Collatz dynamics admits a symbolic interpretation in
which arithmetic complexity is replaced by structural complexity. The binary
singularity becomes the unique minimal state of the decomposition, while the
function P naturally emerges as a candidate for an eventual Lyapunov function
associated with the global binary structural attractor.

From this perspective, the Collatz conjecture is transformed into a struc-
tural problem: proving that every canonical binary decomposition is eventu-
ally absorbed by this unique attractor through the successive elimination of
its suffixes of the generators.

The objective of this paper is therefore not only to extend the structural
theory introduced in our previous work but also to establish a unified binary
framework in which singularity, canonical decomposition, overflow comple-
mentarity, and structural complexity appear as different manifestations of the
same underlying dynamical mechanism. This global viewpoint provides a new
perspective on the odd Syracuse map and suggests that its long-term behav-
ior is governed by an intrinsic binary attractor rather than by its arithmetic
growth.



2 Notion of a Suffix of an infinite Binary Struc-
ture

Let A = (---aj11aja;_1 - -aza1)2 be an infinite binary structure. the finite
binary structure B = (b;bj_;---baby)s is called a suffiz of A if and only if
Vie{l,2,...,5}, b; = a;, and b;1; exists = bj 11 # a;41.

3 The Odd Syracuse Sequence

Within the framework of the binary-structure approach to the Collatz conjec-
ture, and since the Collatz singularity is an odd term of the form
>
=0
It is possible to reduce the Collatz sequence to the odd Syracuse sequence.
This sequence maps odd natural numbers to odd natural numbers, and all
of its terms remain odd. This is achieved by dividing 3n + 1 by

V2 (3n+1) )

Let 2N+ 1 = {n € N: n = 1 (mod 2)} denote the set of odd natural
numbers.

The odd Syracuse sequence is formally defined by O : 2N +1 — 2N + 1
and On+1 = Qé))%LTj}rl)

The theorem 5.11.4 in our first work [I] becomes as follows:

3.1 Theorem

The Collatz conjecture holds if and only if every term of the odd Syracuse
sequence is either a singularity or eventually reaches a singularity under odd
Syracuse iterations.

4 Structural Binary Reduction of the Odd Syra-
cuse Iteration

In the odd Syracuse sequence, the division by 27202+ directly yields the
next odd term, since this division removes all trailing zero bits from the binary
representation of 30, + 1.



Let (arag_1 - - asai)s = O, be an odd term of the odd Syracuse sequence,
and let
(brt2brg1by - - - Daby )2

be the binary representation of 30,, + 1.
Let ry,ro, ..., 7%, 71 be the carries obtained when adding the bits of O,,,
the bits of 20,,, and the extra +1 in

30, +1=1+0, +20,,.

Tk+1 Tk Tk—1 .. Ty rji—1 .. T T
+ Qg Qp—1 ... Q; aj—1 .. Q2 aq
+ ap  Ag—1 ... G Aj—q . as, a3 O
= bk+2 bk—f—l bk bk—l R bj bj_l R bQ b1

For every i € {2,3,...,k}, the carry r;; is generated by r; + a; + a;_1.
The carry ry is a pseudo-carry representing the extra +1 in

30,+1=1+0,, +20,,.

We have by obtained from r; + a; + 0, and by obtained from ro + as + ay.

More generally, b; is obtained from r; 4+ a; + a;_;.

Hence the bits by, by, ..., b; are generated sequentially using ay, aq, . .., a;,
,the shifted bits 0, a1, ag, ..., a;_1, and the carry ry,re, ..., 7;.

Consequently, the bits by, bs, ..., b; depend exclusively on the first j least
significant bits of O,,.

Therefore, all bits equal to zero in the least significant bits of 30,, + 1 are
obtained by involving exactly the first 15(30,, + 1) = j least significant bits of
O,, in the operation 30,, + 1.

Furthermore, from Theorem 7.3.5 of our fourth work [2], we conclude that
the bits of O,, generating the successive least significant zero bits of the result
30,,+1 are precisely the alternating least significant bits of O,,, whose number
is 15(30,, + 1).

According to Theorem 7.3.5 in our fourth work [2] and the definition of a
suffix of a binary structure in section 2, the binary structure (a;, a;_1, ..., a2, a1)2
with 7 = 15(30,, + 1), Is a suffix of the binary structure of the singularity.

Since a singularity has an alternating binary structure over {0, 1} and be-
gins with a bit equal to 1, and since every singularity is odd and ends with a
bit equal to 1, the binary structure

(aj,aj_l, c. ,ag,a1)2 with ] = V2(30n + ].)
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is called a a suffix of the Collatz singularity.
Hence the bits that generate the binary structure of O, are

(ak, Ar—1y -+, Qj42, Clj+1)2 =m,

with one iteration f(m) = Op4;.
Thus we can perform a binary structural reduction of the odd Syracuse
iteration as follows:

O, =m||S,
where S = (aj,a;_1, ..., a2,a1)s is the suffix of the singularity and
m = (ag, a1, . - - »aj+2aaj+1)2-

Therefore O,, = m 2’ + S.

We have a; € {0,1} And according to the definition of a suffix of a binary
structure in section 2,
we have (a; =0 = a;11 =0) and (a; =1 = aj1 = 1).

For every term O,, of the odd Syracuse sequence, 30,, + 1 is even, hence

Since 15(30,, + 1) equals the number of bits of the suffix of singularity
of the binary structure of O, then we conclude that every term of the odd
Syracuse sequence possesses a suffix of singularity.

Since our objective is to prove the Collatz conjecture using Theorem 3.1,
the decomposition O,, = m/||S is used only when O, is not itself a singularity.

5 Lemma

Let the odd Syracuse term O,, = m||S
And let S = (aj,aj_1,...,as,a1)2 be a suffix of singularity.
If a; =0, then 35 + 1 =27,
If a; = 1, then 35 + 1 = 271,
Proof
Since S is a suffix of singularity,

a; — 1, Clj € {0, 1},

and for every
ief{l,...,j—1},



ai:()ﬁaﬂ_l:l,
a; =1=a;41 =0.
We compute 35 = S + 28S.

Thus
35 = (CLjCLj_l s CLQCLl)Q + (CLj(lj_l tee a2a10)2.
Hence ‘
J
3S = Clj2j + Z(al + G,Z'_l)Qi_l + 1.
i=2
But since
al-—l—ai,l:l for <2§Z§]),
we obtain 4
J
3 =a;2 +) 27 41
i=2
Therefore
j—1
39 = ;27 + ) 2.
i=0

Using >27_0 20 = 27 — 1, Tt follows that 35S = (2 — 1) + a;27.
If a; =0, then 35 =27 — 1, hence 35 + 1 = 27.
If a; = 1, then 35 = (27 — 1) 4+ 27, and therefore 35 + 1 = 27+,

Case 1: a; =0
So aj_; = 1.
Therefore, the binary structure

(aj—la Aj_2,...,02, al)z

has the form of a Collatz singularity. However, it is not itself a singularity
since it is not a complete term of the Collatz or odd Syracuse sequence.

From the lemma 5,
35 +1=2.

Hence

30, +1=32"m+9)+1=23m)+ (35+1)=23m) +2/ =2/(3m +1).



Therefore when the suffix of the singularity ends with a bit equal to 0,
witch means that the binary structure m starts with a bit equal to 0, we have:

Ont1 = f(m) =3m + 1,

since .
30, +1 B 23(3m—|— 1)

w2 (30n+1) Y

Case 2: a; =1

Then the binary structure S has the form of a Collatz singularity. By the

lemma 5 we have: A
38 4+ 1 =271

Thus
30, +1=(23m) + (35 +1) = 273m + 27t = 27(3m + 2).

Hence
Ony1 = f(m) =3m +2,

since

w2 (30n+1) 92J

30,+1  2(3m+2)

Therefore, 0,1 = f(m) = 3m + 2 whenever the suffix of singularity ends
with a bit equal to 1, witch means that the binary structure m starts with a
bit equal to 1, we have.

Dependence of f on m

We now formally show that the function f depends only on m.
Consider the binary operation 30, +1 =1+ O, + 20,,.

Tk+1 Tk Tk—1 ... T rji—1 .. T T
+ Qg Qp—1 ... Q; aj—1 .. Q2 aq
+ Qg [077] c. a; a1 c. as ap 0
= sz berr be Do . by b by b
Let O, = m||S, withm = (ag, ag_1, ..., aj42,a54+1)2 and S = (a;j, a1, . .., g, a1)2.

We have: m =0 (mod 2), implies that a;;; = 0.



From the definition of a suffix of a binary structure, and the definition of
a Collatz singularity,
aj+1:0:>aj:0.
By the Lemma 5, .
a;=0=35+1=2.

So all the information needed to deduce that 3S + 1 = 27 is contained in the
binary structure of m
Similarly,
m=1 (mod2) = a1 =1=q; =1,
and therefore 35 + 1 = 2/*1,
For 35 + 1 = 27, this is equivalent to setting ;.1 = 1.
For 35 + 1 = 27*! this is equivalent to setting 7.9 = 1.
Since
b1:b2:"':bj:0,
we obtain the binary representation corresponding to f(m).
Since the maximal gain in binary length of 30,, + 1 is +2 bits section 2.3
in our fifth work [3],then the maximal gain in binary length of f(m) = O,
is also +2 bits.
Moreover,
ajp1=0=rj1 =1,
and
ajp1 =1= (rjz1=0) A (rj42 =1).

Therefore, the function f depends only on m.

5.1 Lemma

Let the odd Syracuse term O,, = m||.S then the next term is given by:

3m+1,ifm=0 (mod 2),
3m+2, ifm=1 (mod 2).

On+1 = f(m) = {

6 Lemma

Let A = (agag_1 .. .asaq)o, k > 2, be a binary structure.
If A undergoes the binary operation

3A+d, de{0,1,2}.
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Then for every i € {2,3,...,k}, the binary structure

B = (agag—1 - .. ai110;)2

undergoes an operation of the form 3B + d’, d € {0,1,2}, and produces
the binary result (bgrobgi1by ... bir10;)o.

Proof
Tk+1 Tk Tk—1 ... T Ti—1 oo T2 T
+ ar  QAg—1 ... a; ;1 ... Qg aq
+ ar  Qp—1 ... @ Qi1 . as a3 0
- bk+2 bk+1 bk bk,1 e bl bi,1 cee bg bl

If d =0, then r; = 0, is the only pseudo-carry.
If d =1, then r; = 1, and r; is the only pseudo-carry.
If d =2, then ry = 0 and 5 = 1, and 7y are the two pseudo-carries.
According to the binary addition diagram of the operation 3A + d, the
binary structure
(brr2br1 - - - bip1bi)o

is produced by
3B + T+ Q1.

To make the operation depend only on B, we replace a;_; by 0 and transfer
its value to the pseudo-carry r;.

If a;_1 = 0, then r; keeps its value and is renamed a pseudo-carry.

If a;_1 = 1, there are two cases:

1. If r; = 0, define the pseudo-carry r; = 1.
2. If r; = 1, define the pseudo-carries r;, 711

ri =0, rig1 = L.

Hence the binary structure B undergoes the operation 3B+r; or 3B+1;,1,
which is equivalent to 3B + d’, d € {0,1,2}.

Furthermore, in the operation 3A + d, d € {0,1,2}, for every i €
{1,2,...,k}, the bits aj, as, . . ., a; are generated by r;+a;+a;_1, with a;_; =0
when ¢ = 1.

Therefore, for ever i € {1,2,...,k}, the binary structure (a;a;_1 ...asa;)s
is obtained using exactly the first i least significant bits of the complete binary
structure A.



7 Lemma

Let the binary structure A = (axag_1 ... asa;)s.
For any i € {1,2,...,k}
the first ¢ least significant bits of the binary structure obtained from

3A + d with d € {0, 1,2}

are generated using exactly the first i least significant bits of A.

8 Generator of the suffix of singularity

Let Oy be a term of the Odd Syracuse sequence that is not a singularity,
according to the binary structural reduction established in Section 4, we
have: Oy = mygl| Sy, where Sy is a singularity suffix and my contains at least
one bit.

Then according to Lemma 5.1:

_)3me+1, ifmeg=0 (mod?2),
Y 83me+2, ifme=1 (mod 2).

According to section 4 if Oy is not a singularity, then it possesses a suffix
of singularity Si, and thus
O1 = mqy|| Sy,

where m; consists of a very large number of bits.
And using Lemma (7), the suffix S; is generated by an operation

3mo+d, de{0,1,2},

involving the first least significant bits of my, and the number of these bits is
equal to the number of bits in the binary structure Sj.
Moreover, by Lemma 5.1,

d e {1,2}.

Since 57 is a binary structure with a fixed length, the least significant bits
of mg that generate S; are called the suffix of the generator of the suffix of
singularity Sj.

The binary pattern that generates a suffix of singularity of infinite length
is called a generator of the suffix of singularity.
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8.1 The Binary Structure of a Generator of the Suffix of
Singularity

Let S7 be a suffix of singularity containing a very large number of bits and
generated from the least significant bits of mg through the operation 3mg + 1
when myg is even, and through 3mgy + 2 when my is odd.

Case 1: my =0 (mod 2)
Let

mgy = (akak—l tet G2a1)2-

We have the diagram of the operation 3mg+ 1 =1+ mg + 2my

k1 Tk Tk—1 ... T2 TN
+ Qg Qp—1 ... Q2 Qap
+ Qg Q1 .. a9 A1 0
= bz bt by ber . b2 by

Since my = 0 (mod 2), we have a; = 0.

There is a unique pseudo-carry r; = 1, representing the added +1 in the
operation 3mg + 1.

Assume k> 1.

Step 1
by =1

since it is the least significant bit of the suffix of singularity S;.

b1:1:> ry+ap + ()2 - +ap + ()2
r1+a1+0:(11)2 1+6L1—|—0:(11)2

since 1 + a; + 0 = (11) is impossible, the only possibility to examine is
1—|—CL1+0: (1)2

l+a14+0=(1)3=a; =0 and ry,=0.

Step 2

by = 0 since by = 1.
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by = 0= ro 4+ az +a; = (0)2 N + ag + (0)2
r2+a2+a1:(10)2 O+G2+0:(10)2

since 0 + as + 0 = (10), is impossible, the only possibility to examine is
0+a2+0: (0)2

0+(12+0:(0)2:>(12:O and 73 =0.

Step 3
bz = 1 since by = 0.
=(1 0 0= (1
by = 1 = r3 4 ag +az = (1)2 N +as + (1)2
T3+ ag + az = (11), 0+az+0=(11),

since 0 + ag + 0 = (11)9 is not possible, the only possibility to examine is
0+CL3+O: (1)2

0+CL3+0:(1)2:>(13:]. and 74 =0.

Step 4
by = 0 since by = 1.
b4:0:> r4+a4+a3:(0)2 N 0+CL4+1:(0)2
Ty + ag + az = (10); 0+ as+1=(10),

since 0 + a4 + 1 = (0)2 is not possible, the only possibility to examine is
0+ as+1=(10)s.

0+a4+1:(10)2:>a4:1 and rs = 1.

Step 5

bs = 1 since by = 0.

1)5:1:> rs + a5 + a4 ()2 N + a5 + ()2
’/’5+CL5+6L4:<11)2 1+(I5+1:(11>2
since 1 + a5 + 1 = (1)y is impossible, the only possibility to examine is

1—|—a5—|—1 = (11)2
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l+as+1=(11)3=a5=1 and rg=1.

Step 6

b = 0 since b5 = 1.

= (0 1 1=(0
b6:0: T6+CL6+(I5 ()2 N —|—CL6+ ()2
T6+a6+a5:(10)2 1+CL6+1:(10)2

since 1 + ag + 1 = (0)y is impossible, the only possibility to examine is
1 —f-a@ + 1 = (10)2
l+as+1=(10)3 =as=0 and r;=1.

Step 7

by = 1 since bg = 0.

= (1 1 0=(1
b7:1$ 7+ a7 + ag ()2 N + a7 + ()2
r7+a7+a6:(11)2 1+CL7+0:(11)2

since 1 + a7 + 0 = (11) is impossible, the only possibility to examine is
1—|—a7—|—0: (1)2

l+a7+0= (1) =a; =0 and 7r3=0.

Step 8

bs = 0 since b; = 1.

= (0 0 0= (0
by = 0 = rs + as + a7 = (0)2 N + ag + (0)2
7’8+CL8+CL7:(10)2 0+a8+0:(10)2

since 0 + ag + 0 = (10); is impossible, the only possibility to examine is
04 ag+0=(0)s.

O+as+0=(0)3=a3=0 and 7ry=0.
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Step 9

bg = 1 since bg = 0.

=(1 0 0=1(1
b9:1:> T9+CL9+CL8 ()2 N —|—CL9+ ()2
T9+a9+a8:(11)2 0—|—a9—|—0:(11)2

since 0 + ag + 0 = (11) is impossible, the only possibility to examine is
0—|—CL9+0: (1)2

O+ag+0= (1) =a9=1 and 71y =0.

For the first time, we obtain a step that is exactly identical to a previous
step (Step 3).
Step 9:
7“9:0, (19:1, 7“10:0, Z)g:l

Step 3:
r3:07 a3:1, T4:O, b3:1

and 719,74 are both real carries

Therefore, (bg by bg bs by bs)o is a binary pattern that will repeat with period
9—-3=6.

Since the period in the binary structure of the singularity is 2 (a divisor
of 6), then the generator of the suffix of singularity is ((000111)“00), where
(00), are the least significant bits, and (000111), is the binary pattern that
repeats infinitely.

Case 2
mo =1 (mod 2).

We consider the binary diagram of the operation 3mg + 2, which is exactly
the same diagram used in Case 1, except that in Case 2 there are two pseudo-
carries r;1 =0 and ry = 1.

Since my = 1 (mod 2), we have a; = 1,

and since Sy consists of a very large number of bits, k£ > 1.

Step 1

We have b; = 1 since it is the least significant bit of the suffix of singularity
S1.
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0=(1 0 0= (1
b= 1= T+ a; + ()2 N + a1 + ()2
7"1+G1—|—0:(11)2 O+CL1+O:(11)2

Since 0 + a3 + 0 = (11), is impossible, the only possibility is
O+a1+0: (1)2

0+a1+0:(1)2:>a1:1.

And we have ry = 1 since 79 is a pseudo-carry representing the (+2) in the
operation 3mg + 2.

Step 2
We have by = 0 since by = 1.

192:0:> ?"2+G2+a1:(0)2 N 1+a2—|—1:(0)2
7°2+CL2+CL1:<10)2 1+CL2+1:(1O)2

Since 1 + as + 1 = (0)s is impossible, the only possibility to examine is
1 + as + 1= (10)2

1—|—a2+1:(10)2:>a2:0andr3:1.
Step 3

b3 = 1 since by = 0.

b= 1o et oataz= (e Jlras 0= (1,
7’3+a3+a2:(11)2 1+a3+O:(11)2

Since 1 4 a3 + 0 = (11)9 is impossible, the only possibility to examine is
1—|—a3+0: (1)2

l1+a3+0=(1); = a3=0and ry = 0.
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Step 4
bs = 0 since b3 = 1.

T‘4+CL4+CL3:<O)2 0+CL4+0:(0)2
by=0= =
T4—|—a4—|—a3:(10)2 0—|—a4—|—0:(10)2

Since 0 + a4 + 0 = (10), is impossible, the only possibility to examine is
0+&4+O: (0)2

O+a4+O:(O)2:>a4:0andr5:0.

Step 5

bs = 1 since by = 0.

s + a5+ ag = (11), 0+as+0=(11),

Since 0 4+ a5 + 0 = (11)9 is impossible, the only possibility to examine is
0+a5+0: (1)2

= (1 0 0=(1
mia sy ftrs-0)

04+as+0= (1) =as=1and rs = 0.

Step 6

be = 0 since bs = 1.

7"6—|—a6+a5:(10)2 0+a6—|—1:(10)2

Since 0 + ag + 1 = (0) is impossible, the only possibility to examine is
0 + ag + 1= (10)2

= (0 0 1=(0
6620:>{T6+a6+a5 (0)2 :>{ + ag + (0)2

O+a6+1:(10)2:>a6:1andr7:1.

Step 7

b7 = 1 since bg = 0.

b7:1:> 7’7—|—a7+a6 ()2 N +(Z7+ ()2
T7+a7+a6:(11)2 1—|—a7—|—1:(11)2
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Since 1 + a7y +1 = (1) is impossible, the only possibility to examine is
1 —|—CI,7 + 1 = (11)2

l+a7+1=(11)y = a; =1 and rg = 1.

Step 8

bs = 0 since by = 1.

= (0 1 1=(0
68:0:> r8+ag+a7 ()2 N +a8+ ()2
r8+a8—|—a7:(10)2 1+CL8+1:(10)2

Since 1 + ag + 1 = (0)s is impossible, the only possibility to examine is

1+a8+1 = (10)2

1+ag+1=(10)2 = ag =0 and r¢g = 1.

Step 9

by = 1 since bg = 0.

by = 1 = ro + ag + as = (1)2 N + ag + (1)2
T9+a9+a8:<11)2 1+G9+0:(11)2

Since 1 4 ag + 0 = (11)9 is impossible, the only possibility to examine is
1—|—a9+0: (1)2

1—|—a9+O:(1)2:>a9:Oand7°10:0.

For the first time, we have a step exactly identical to a previous step
(Step 3).

Step9: 7”9:]., CLgZO, 7’10:0, bgz].

Step3: r3=1, a3=0, ry,=0, b3=1andryg,rs are both real carries

Therefore, there will be a repetition of the binary pattern (as, ar, ag, as, a4, as)s
with a periodicity equal to 9 — 3 = 6,

and since the periodicity in the binary structure of the singularity is 2 (a
divisor of the period 6), therefore the generator of the suffix of singularity is

((011100)“01),

where (01), are the least significant bits, and (011100); is the binary pat-
tern that repeats infinitely.
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8.1.1 Remark

We have the generator of the suffix of singularity S; ((000111)“00)y if mg =0
(mod 2)

and ((011100)¥01)s if mg =1 (mod 2).

But we can express ((000111)“00)2 as: ((011100)“)s.

And we can express the generator ((011100)“01), as ((110001)“).

We call these two formulas the variants of the generator of the suffix of
singularity.

The fact that one variant begins with a bit equal to 0 and the other variant
begins with a bit equal to 1 is crucial, because it allows the first bit immediately
following (on the left) the suffix of singularity to be integrated as the first bit
of the suffix of generator of the suffix of singularity, for every term of the odd
Syracuse sequence that is not itself a singularity.

9 Canonical binary decomposition of odd Syra-
cuse terms

9.1 Overflow of the reduced odd Syracuse operation

Let O, be a term of the odd Syracuse sequence that is not a singularity. Then
we have O,, = m,, || Sy,
where S, is a suffix of singularity and m,, is composed of at least two bits.
According to Lemma 5.1, we have

o 3m,+1 ifm,=0 (mod2),
T 3m, 42 iftm, =1 (mod 2).
Let m,, = (agag—1- - aza1)2,  k >2,
and let On+1 = (bk+2bk+1 cee bzbl)g.
We call overflow of the odd Syracuse operation the appearance of the bits
b;H_g and bk—i—la with bk+2 =0= bk+1 = 1.

Possible values for (b 1bgi2)2

We have the following binary operation 3m,, + d, d e {1,2},
with 1 = 1 the pseudo-carry if d = 1, and v = 0, ro = 1 the pseudo-carries
ifd=2.
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Tk+1 Tk Tk—1 ... To T1

+ ar  QAp—1 ... Qo G
+ ar Qg1 ... as a; O
A T P N N

Tk | -1 || Trat || Dry1 | Drgo

0 0 0 1 0

1 0 1 0 1

0 1 1 0 1

1 1 1 0 1

Therefore, there is either an overflow of one bit, (1)s, or an overflow of two
bitS, (10)2

9.2 Binary structural conditions on O, so that O,,; will
be a singularity

Let O, be a term of the odd Syracuse sequence that is not a singularity. Thus

On = My ” Sna

where S, is a suffix of singularity and m,, is composed of at least one bit.
According to Remark 8.1.1, m,, has a suffix generator of a suffix of singu-
larity G,,. Therefore

my = Rn || Gna

where R, is the remainder of the binary structure of O,,.
We know that

3m,+1 ifm, =0 (mod 2),

Ony1 = n) =

We know that G,,, under the operation of f, will produce the suffix of
singularity of O, 1, and R, will produce the suffix of the generator of the
suffix of singularity G,, 1.

Since Gy || Spe1 is not a suffix of singularity, then O, is not a singu-
larity.

Therefore, for O,, 11 to be a singularity, it is necessary that m,, be composed
only of GG,,, that is,
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Op =1 || S = Gy || Sa.

If it is the case, then since the function f produces an overflow during the
iteration O, 11 = f(Gy).

Let G,, = (arag_1 - - - asay)s, then

Oni1 = (brgabrgr -+ - baby)o.

The overflow of f is bk+1, bk+2, with bk+2 =0= bk+l = 1.

According to Section 9.1, the possible values of (by2bk11)2 are (1)2 and (10)s.

Therefore, for O, 41 to be a singularity, the overflow of f must be comple-
mentary to the suffix of singularity of O,,;1, whose binary structure is

(brbg—1 -+ - Dby ).

In other words:

e if the suffix of singularity ends with the bit by = 0, then the overflow
must be (bk+1)2 = (1)2,

e if b, = 1, then the overflow must be (bgiobgi1)2 = (10)2.

9.3 Lemma
If the odd syracuse term O, is not a singularity, then the term O,.; is a
singularity if and only if
e O, =G, || Sp, where G,, is the suffix of the generator of the suffix of
the singularity;

e the overflow of f(G,) = O, is complementary to the suffix of singu-
larity of O, 41 produced by G, that is:

— either the suffix of singularity of O,,.1 ends with 0 and the overflow
is (1)g;

— or the suffix of singularity of O,,,; ends with 1 and the overflow is
(10),.
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9.4 Decomposition of O, into suffix of generator of suffix
of singularity and one suffix of singularity

Here we will prove that, for any term O,, of the odd Syracuse sequence, if O,
is not a singularity, then O,, can be decomposed into suffix of the generator of
the suffix of singularity and one suffix of singularity, namely

On=Gp || Gpa |-+ G2 [[ Go ]| S; p>1.

A Delphi program Decomposition that shows the decomposition of the bi-
nary structure of odd integers is provided with this preprint as supplementary
material

Proof

Let Oy be a term of the odd Syracuse sequence that is not a singularity.

If O, is a singularity, then according to Lemma 9.3, O is composed of a
suffix of singularity and a single suffix of a generator of suffix of singularity.
Formally, Oy = G || S1, with Oy = f1(Gy)

generating an overflow complementary to the suffix of the singularity .S, of
Os.

In this case we have

Or=Gp | Gpa |l --- G2 1 G2 | 51, p 21,

therefore O, satisfies the decomposition rule.
If, on the contrary, Qs is not a singularity, two cases arise.

Case 1 The operation f;(G1) = Oy does not produce an overflow comple-
mentary to the singularity suffix of Os.

Case 2 () is not composed only of a suffix of singularity and a single suffix
of the generator of the suffix of singularity.

Instead, O; contains R;, which is the remainder of the binary structure of
O; apart from G; and S;. Thus we write O; = Ry || Gy || S,

where R, contains at least one bit.

To avoid confusion, we index the suffix of the generator of the suffix of
singularity appearing in the binary structure of O; as follows:

G(position,i) )
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where position denotes the position of G among all the suffixes of the
generators contained in O;, counting from right to left, and ¢ is the index of
O;.

Using this notation, we obtain O, = fi(R1 || Ga,1)) = Ra || G2 || Sa.

According to Lemma 7, G(1,1) generates S», and Ry generates Ry || G(1,2).

To avoid confusion, we also introduce a new notation for the remainder
part of a term O;:

R(position,i) )

where position is the position of the remainder R among all the parts of
the binary structure of O; without considering the suffixe of the singularity,
counting from right to left beginning with the first suffix of the generator of
the suffix of singularity G/ .

According to Lemma 7, the least significant bits of R; contain the bits that
generated G (1 2). We denote these bits by G2 1).

Hence (91 = R(le) || G(l,l) ” Sl = R(371) || G(le) || G(l,l) || Sl.

Furthermore, 02 = f1 (R(3’1) H R(Q’l) H G(l,l)) = R(Q’Q) H G(LQ) H SQ.
It should also be noted that the most significant bits of R 2) contain the
overflow bits.

9.4.1 Definition of the Function L

We define the function L that associates with every binary structure A the
number of bits that constitute the structure A:

A— L(A).

Unlike the function that associates with a binary structure, the minimum
number of bits required to represent a binary number having the value of A,
the function L does not take the value of A into consideration.

Example. If A= (0101)y, then L(A) = 4.
We have if L(R(&l)) Z 1, then R(272) Z 1, with

L(R@3,1)) = L(Rey) — L(Gag)),

since (19 originates from the least significant bits of R 1) = R;.
Therefore,
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L(Risny) 2 1= 03 = fo (R(Q,z) | G(1,2)) = Res || Gags || S3
Is not a singularity.
Ss originates from G192y, and R || G3) = f(R(2,2))-

Since R 2) originates from R(3 1), we may decompose R3 1y = Ry || G(3,)
such that

L(G@31)) = L(Ga2) = L(Gag))-
Hence

O =Run | Gy || Gy | Gy || Sh- therefore, in general, if L(R; 1)) >
1, then O;;1 is not a singularity and R(;;) can be decomposed as

R || G-

And we have Oy = Ry | Gay |-+ | Gy [ Gay || St

However, since our objective is to prove that the binary structure of O,
can be decomposed without involving the overflow bits that are produced, we
must add the following constraint:

Z L(G(j’l)) + L(R(i+1,1)) S L(Rl)
7j=2

By continuing the decomposition process, we necessarily reach

O1r=Rur1in || Gan |- || Ge | Ga || S,

with

> L(Gy) + L(Ris) < L(Ry),

71=2
and O, ?1R(i+2,1) | Gy -+ | Gy | Gay Il St
with 3700 L(G) + L(Rsany) > L(R)).

Case 1

Y L(Guw) + L(Ran) = L(R)

=2
and
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i+1
Z L(G(J',l)) + L(R(i+2,1)) > L(Ry).

j=2

This occurs when the operation f; (R(g,l) I G(Ll)) =00,
produces an overflow that is not complementary to G(j 2).
We then obtain the decomposition of O; as follows:

O =G | Gan |l - | Gey || Ga || S

where G'(;41,1) is derived from Ry 1).

Case 2
Z L(G(j,l)) + L(R(i+1,1)) < L(Ry)
=2
and
i+1
Z L(G(jvl)) + L(R(i+2,1)) > L(Ry).
=2

This occurs when the operation f; (R(g,l) | G(1,1)) =0,

produces an overflow whose one bit or both bits are complementary to
G2

We have that R(;21) contains the most significant bits of O; within its
least significant bits, and the overflow bits of Oy = f(R(Q,l) I G(1,1))

which complete R/(¢+2,1) to form R(;;2,1).

In this case we have

O1=Glion | Gariy - | Gay | Gagy | Sa

where G, ,, ) is derived from R(;,, .
Therefore, in both cases we obtain a complete decomposition of O; in the
form

O = G(m) || G(p,m) || || G(z,l) || G(l,l) || S1, p=> 2.

However, we have already proven that this decomposition also works for
p =1 (in case where O is a singularity term).

Therefore, for any term O,, of the odd Syracuse sequence, if O, is not a
singularity, then O,, admits a decomposition into a single suffix of singularity
and suffix of the generators of the suffix of singularity.
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9.4.2 Formal Definition of Overflow Complementarity

In Section 9.1, we defined what overflow means in the odd Syracuse dynamics,
and in Section 9.2, we explained the conditions under which an overflow can
be totally complementary to a singularity suffix in order to form a term that is
itself a singularity. However, the notion of overflow complementarity remains
to be formally defined.

Let O,, be an odd Syracuse term that is not a singularity. Then O,, admits
a unique canonical decomposition:

On = G(I),TL)HG(p—l,n)” T HG(I,n)HSm p=>1

We say that the overflow produced during the operation % is totally

or partially complementary if and only if:

e in the case of total complementarity, all overflow bits can be integrated by
concatenation into the suffix G(,_1,+1) generated by G, ), to produce
the extended suffix

/ .
(p_17n+1)’

e in the case of partial complementarity, only the overflow bit immedi-
ately to the left of G, ,41), generated by G, ), can be integrated by
concatenation into this suffix to produce the extended suffix

!
(p_17n+1)7

while the other overflow bit is not integrated into this suffix.
The overflow bits thus integrated into the suffix G;,—1,41) then constitute
an extension of that suffix.
In the case p = 1, the target suffix is the singularity suffix S, generated

by G1,). The complementary overflow bit or bits can then be integrated by
concatenation into S, to form the extended suffix

!
n+1-*

9.4.3 Existence, Uniqueness and Dynamic Compatibility
of the Canonical Decomposition

9.4.3.1 Uniqueness

Let Op be a term of the odd Syracuse sequence which is not a singularity. If
Oy admits a canonical decomposition having p > 1 suffixes of generator of the
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suffix of singularity, then the decomposition can be written as follows:
Oo = GopollGop-10]l - 1GaolSo.

According to the algorithm establishing the canonical decomposition in Sec-
tion 9.4, we have: L(Sp) admits a single value since L(Sy) = 12(30y + 1), and
therefore Sy is unique. Thus, Oy = Ry||Sy, where Ry is the part of the binary
structure of Oy located to the left of Sy. It is unique because Sy is unique. We
have

L(leo) — L(Sl>,

which admits a single value since L(S7) = 15(30; + 1). Since Ry, from which
G(1,0) Is extracted, is unique, G(1,p) is unique. We can therefore write

OO - RQHG(LO)HSO‘

Since Sy and G(1) are unique, Ry is unique. Therefore, by recurrence, we
obtain

L(Gp-10) = L(Gp-20) = - = L(G,0) = L(Sp-1)-

The value L(G(p—1,0)) is unique because
L(Sp-1) = 12(30p-1 + 1),

and because, for every 1 <i < p — 2, G(; ) is unique, while R,_;, from which
Gp-1,0) Is extracted, is unique. Hence G(,—1,0) is unique. To conclude that
the canonical decomposition of Oy has p suffixes of generator of the suffix of
singularity, it is sufficient to verify that

(ZL < L( Oo)) (L(Sp) > L(Gp0))) -

The condition
L(S,) > L(Gp0))
can be detailed as follows:

L(Sp) = L(GnO)

when the overflow of the operation 30 + 1 is not complementary to G ,-1,1,
and
L(Sp) > L(Gp0)
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when the overflow of the operation 30, + 1 is complementary to G(,—1,1). To
determine G, ), we have the following relation:

L(G ) = L(Og) — (L(So) + Z L(Gu,O))) :

Since R,_y, from which G, is extracted, is unique, and L(G(, ) is also
unique, G, 0) is unique. Therefore, the uniqueness of the canonical decompo-
sition is verified. It follows from the total determinism of the decomposition
algorithm, which gives only one possibility at each step.

9.4.3.2 Existence of a Canonical Decomposition for Every
Term of the Odd Syracuse Sequence that Is Not a Singu-
larity

Let Oy be a term of the odd Syracuse sequence which is not a singularity. We
have

L(S@) = VQ(?)OO + 1),

and since
VQ(SOO + 1) Z 1

and, according to Lemma 7,
L(So) < L(O),

we conclude that Sy exists for every term of the odd Syracuse sequence. Ac-
cording to the canonical decomposition algorithm, if the first j suffixes of
generator of the suffix of singularity have already been established, then, as
long as

—_

3

L(S;) < L(Oy),

Il
o

i
the decomposition can still be continued by establishing G ;10), using the
relation

L(G(j+1,0) = 12(30;11 +1).
Since 15(30,4+1 + 1) > 1, and as long as
J
L(Oo) > 15(30;41 + 1) + > L(Sy),

=0
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then G'(j41,0) exists. The canonical decomposition algorithm does not stop as
long as

S L(S) < L(Oy).

and the first failure of this inequality means that the algorithm has completed
the canonical decomposition.

9.4.3.3 Dynamic Compatibility

Let O, be a term of the odd Syracuse sequence which is not a singularity.
Then O,, admits a canonical decomposition of the form

On =GomlGo-mll - 1GamllSn,  p>1.

According to Lemma 7 and Section 9.1, we can conclude that the canonical
decomposition of the following term O, is entirely obtained dynamically
from the canonical decomposition of O,,.

Proof

According to Lemma 7.3.5 in our fourth work [2], S,, generates the successive
zeros at the least significant bit of 30, + 1, which are eliminated from the
binary structure of 30, + 1 by division by 15(30,, + 1) to form the binary
structure of O,,;1. We also have

V2<i<p-—1, Gin) generates G141,

and
G(1,n) generates Spy1.

For G,n), there are six cases.

Case 1

If the overflow of the operation 30,, + 1 generates a two-bit overflow which
is completely complementary to G(,—1,+1), originating from G, ), then the
overflow is integrated and we have
G (pm) generates G, 1 ,1),
with
L<G,(p—1,n+1)) = L(G(pvn)) + 2.

If p=1, then
G (1,n) generates S, ;.
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Case 2

If the overflow of the operation 30,, + 1 generates a two-bit overflow which is
partially complementary to G,_1 n+1), originating from G, ), then the over-
flow is integrated and we have

G (pn) generates G’(p_lm +1) and the second overflow bit forms G, n41),

with
L(G/(pfl,nJrl)) = L(Gpm) +1
and
L(Gpnin) = 1.
If p=1, then

G(1,n) generates S +1 and the second overflow bit forms Gy y,11).

Case 3

If the overflow of the operation 30,, + 1 generates a two-bit overflow which is
not complementary to G(,—1,,+1), originating from G/, ), and each of the two
bits forms a new suffix of generator, then

G(pn) generates G,—1n41), and the two bites overflow forms G p11n11)[|Gpnt1)

with
L(Gpnt) = L(Gp-1011)) = 1.
If p=1, then

G (p.n) generates S,1q and the two bites overflow forms G(2+1)||G1,n41)-

Case 4

If the overflow of the operation 30,, + 1 generates a two-bit overflow which is
not complementary to G ,—1 n+1), originating from G/, ), and the two overflow
bits form a single new suffix of generator, then

G (pn) generates G(,—1,,+1) and the two bites overflow forms G, n41),

with
L(G(p,n-i-l)) == 2
If p=1, then

G (pn) generates S,41 and the two bites overflow forms Gy ,11).
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Case 5

If the overflow of the operation 30,, + 1 generates a one-bit overflow which is
not complementary to G(,—1,+1), originating from G/ ), then the overflow is
integrated and we have

G (pn) generates G(,—1n41) and the one-bit overflow forms G, ,41),

with
L<G(p—1,n+l)) =1
If p=1, then
G(1,n) generates Sy, and the one-bit overflow forms Gy ;41).
Case 6

If the overflow of the operation 30,, + 1 generates a one-bit overflow which
is complementary to G'(,—1n+1), originating from G, ), then the overflow is
integrated and we have

Gpm) generates G, 1,11,
with
L<G/(p—1,n+l)) = L(G(p,n)) + 1.
If p=1, then
G (1,n) generates S, ;.
We conclude that the canonical binary decomposition of O, is uniquely and
deterministically generated by the decomposition of O,,. Thus, the canonical
decomposition is dynamically compatible with the odd Syracuse map.

9.5 Lemma - Dynamic Transformation of the Canonical
Decomposition
Let O,, be any term of the odd Syracuse sequence, O,, € 2N+ 1. If O, is not a

singularity, then, by the canonical decomposition established in Section 9.4.3,
its binary structure admits the unique decomposition

On = GonllGeo-1ml - 1GemlGamllSn,  p>1,

where S, is a suffix of the singularity and, for every i € {1,...,p}, G is a
suffix of the generator of the suffix of singularity. Under one iteration of the
odd Syracuse map, the decomposition evolves dynamically according to the
following rules.
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1. Transformation of S,

The suffix of singularity S, generates the successive zero bits at the least
significant positions of 30,, + 1. These zeros are removed by the division by

v2(30,+1
2 2( n )7

thereby producing the suffix S,,; in the binary decomposition of O, ;.

2. Transformation of the Internal suffixes of Generator

For every 2 < i < p — 1, the suffix G(i,n) generates the suffix immediately
below it at the next iteration:

Gin) — Gl-1n41)-
For the suffix of generator immediately adjacent to the singularity,
G(l,n) — Sn+1-

The corresponding arithmetic operation can be written as fi(G(m)) = 3G (in)+
d;. For i = 1, di € {1,2}, so that fi(Gun) = 3G + di generates S,41,
except when the resulting overflow is complementary to S, 1, in which case
the complementary configuration produces S, ;.
For
2<1<p,

we have d; € {0,1,2}, and f;(G(in)) = 3G + d; generates G (i1 pn41).-

3. Transformation of the Most Significant Generator Suffix

The most significant suffix G, ) is the only block whose transformation can
modify the number of generator suffixes in the decomposition. Its transforma-
tion depends on the overflow produced by the operation 30, + 1 and on the
complementarity of this overflow with the block immediately following it. For
p > 1, the relevant target block is G',—1n41)-

For p = 1, the relevant target is S, 4. The operation on G|, ) has the form
[o(Gpmy) = 3G pa + dp, d, € {0,1,2}. Six structurally distinct overflow
configurations may occur.

Case 1 - Two-bit complementary overflow. If the two-bit overflow is

completely complementary to G,—1 n+1), then the overflow is integrated with

that block and G, ) — G/(p—l,n-i-l)'
Forp=1,Gan — S,

31



Case 2 - Partially complementary two-bit overflow. If the opera-
tion produces a two-bit overflow and only the bit immediately adjacent to
G (p—1,n+1) 1s complementary to it, then the complementary bit is integrated
with G (1 n+1), while the remaining overflow bit forms a new generator suffix:
Gy — Gontnl|Glpminin):

Forp =1, Gumy — Gamin5h41-

Case 3 - Non-complementary two-bit overflow forming two new gen-
erator suffixes. If the two-bit overflow is not complementary to G ,—1n+1),
and each overflow bit forms a new generator suffix, then

Gpn) — Geni)||Gp-1n+1), With the two overflow bits generating the
two new generator suffixes.

For p = 1, they generate G2 ,11)||G(1,n41) above Spq1.

Case 4 - Non-complementary two-bit overflow forming one new gen-
erator suffix. If the two-bit overflow is not complementary to G,—1n+1),
but the two overflow bits form a single generator suffix, then

G(p,n) — G(p,n+1)||G(p—1,n+1)a

where the new suffix satisfies L(Gp11)) = 2.
For p = 1, the new suffix is G ,41) of length 2, immediately preceding

St

Case 5 - Non-complementary one-bit overflow. If the operation pro-
duces a one-bit overflow which is not complementary to G(,—1,41), then the
overflow forms a new generator suffix: G,y — Gt |G p-1n+1)-
Forp=1,Gu, — G(l,n+1)HSn+1- L(G(pm)) + 1.
Forp=1, Gun — Snt1.

Case 6 - One-bit complementary overflow. If the one-bit overflow is
complementary to G,_i 1), then the overflow is integrated with that block
and Gy — G/(p—l,n-‘rl)‘

Forp=1,Gan — S,

Consequently, the canonical decomposition of O,y is obtained determinis-
tically from the canonical decomposition of O,,. In particular, the transforma-
tion of all blocks Gy ), - .., G1,),Sn is completely determined by the binary
operation and the overflow-complementarity relation at the most significant
generator. Therefore, the canonical decomposition is dynamically compatible
with the odd Syracuse map.
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9.5.1 Exhaustivity and Pairwise Disjointness of the Six Overflow
Configurations

We now prove that the six overflow configurations described in Lemma 9.5 are
exhaustive and pairwise disjoint.

Let O,, be an odd Syracuse term that is not a singularity, with canonical
decomposition

On = GomlGp-1mll - IGamllSn,  p=1.

The transformation of the most significant generator suffix G, ,) deter-
mines the only part of the decomposition whose structure is not already fixed
by the dynamic relations

Gin)y — Gl—1n41) 2<i<p-—1,

and G(l,n) — Sn_H.

For p > 1, let T},41 = G(p—1,nt1), Whereas for p =1, let T),; 1 = S,41.

Thus, T}, 41 denotes the block generated directly by G,y in the canonical
decomposition generated at the next iteration.

According to Section 9.1, the overflow generated by the operation acting
on G,n) contains either one or two bits. Hence, L(w,) € {1,2}, where w,
denotes the overflow.

According to the formal definition of overflow complementarity established
in Section 9.4.2, an overflow may be integrated into the target block T,
according to the structural continuation of that block within its correspond-
ing generator or singularity structure. The number of overflow bits that can
be integrated is uniquely determined. Therefore, we define the extension
depth e(w,,T,,+1) as the number of consecutive overflow bits, starting from
the bit immediately adjacent to 7},.1, that can be integrated into 7}, by the
complementarity relation established in Section 9.4.2.

Since L(wy,) € {1,2}, the possible values of the extension depth are

L(w,) | e(wn, Tni)

1 0,1
2 0,1,2.

The six configurations of Section 9.4.3.3 are obtained from these possibili-
ties.

Case 1: Two-bit overflow with complete complementarity

Suppose that L(w,) = 2 and e(wy,, T11) = 2.

Then both overflow bits can be integrated into the target block T,,,; ac-
cording to the complementarity relation in Section 9.4.2. Consequently, the
complete overflow extends T}, 1.
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For p>1, G(p,n) — Gl(p—l,n+l)7
Forp=1,Gan — S,
This is exactly Case 1.

with L(G{,_, ,41) = L(G(p,n)) +2.

Case 2: Two-bit overflow with partial complementarity

Suppose that L(w,) =2 and e(wy,, T,11) = 1.

By the definition of partial complementarity, only the overflow bit immedi-
ately adjacent to T,,,; can be integrated into that block. The second overflow
bit therefore remains outside the extended target block and forms one new
generator suffix.

Forp > 1, G(p,n) — G(p7n+1)HG/(
1 and L(G(p7n+1)) =1.

For p =1, G(l,n) — G(l,n+1)HS;L+1> with L(G(17n+1)) =1.

This is exactly Case 2.

, where L(G/ )= L(Gpn))+

p—1,n+1) (p—1,n+1)

Case 3: Two-bit overflow with no complementarity and two genera-
tor suffixes

Suppose that L(w,) =2 and e(wy,, Th4+1) = 0.

Then, according to the definition of complementarity established in Sec-
tion 9.4.2; neither overflow bit can be integrated into T}, 1.

The complete two-bit overflow therefore remains outside the target block.
By the existence and uniqueness of the canonical decomposition established
in Sections 9.4.3.1 and 9.4.3.2, these two remaining bits must be represented
according to the canonical decomposition at the generator level.

One possible canonical representation is that each overflow bit constitutes
an individual suffix of a generator. In that case, the two bits produce two new
generator suffixes of length one.

For p>1, G(p,n) — G(p7n+1)||G(p_17n+1), with

L(G(p,n—i-l)) = ]-7 L(G(p—l,n—‘rl)) - ]-7

where the two new one-bit generator suffixes are induced by the two overflow
bits.
For p =1, G(l,n) — G(2,n+1)||G(1,n+1)”sn+17 with

L(G(Z,nJrl)) = L(G(Lnﬂ)) =1

This is Case 3.
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Case 4: Two-bit overflow with no complementarity and one single
generator suffix

Again suppose that L(w,) =2 and e(w,, T,4+1) = 0.

Thus, as in Case 3, neither overflow bit can be integrated into 7, ;. How-
ever, the canonical decomposition of the remaining two-bit structure may in-
stead consist of a single generator suffix of length two.

For p > 1, G(pyn) — G(p,n+1)HG(p,1’n+1), with L(G(perl)) = 2.

For p =1, G(l,n) — G(Ln+1)HSn+1, with L<G(1,n+1)) = 2.

Thus Cases 3 and 4 have the same overflow length and the same extension
depth, but they differ in the canonical structural representation of the two
non-complementary overflow bits.

This is exactly Case 4.

Case 5: One-bit overflow with no complementarity

Suppose that L(w,) =1 and e(wy,, T,+1) = 0.

The unique overflow bit cannot be integrated into 7;,.1. It therefore re-
mains outside the target block and forms one new generator suffix.

For p > 1, G(p’n) — G(p7n+1)||G(p,1’n+1), with L(G(p7n+1)) =1.

For p =1, G(l,n) — G(l,n+1)||sn+1, with L(G(LnJrl) =1.

This is exactly Case 5.

Case 6: One-bit overflow with complementarity

Suppose that L(w,) =1 and e(wy,, T,11) = 1.

Then the unique overflow bit provides the structural continuation required
to extend 7)1, according to the complementarity relation established in Sec-
tion 9.4.2.

For p > 1, G(p,n) — G/(p_17n+1),

Forp=1,Gan — S,

This is exactly Case 6.

Exhaustivity

We now prove that every possible transformation of G/, ) belongs to one of
these six configurations.

Since L(wy,) € {1,2}, there are two possibilities.

If L(w,) = 1, then, by definition, e(w,, T,,+1) € {0,1}.

The value e = 0 gives Case 5, while e = 1 gives Case 6.

Thus every one-bit overflow belongs to either Case 5 or Case 6.
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If instead L(w,) = 2, then e(w,, Th+1) € {0,1,2}.

The value e = 2 gives Case 1, and e = 1 gives Case 2.

The only remaining possibility is e = 0.

In this situation, neither overflow bit is complementary to the target block,
so both bits remain outside T},; 1. The canonical decomposition established in
Section 9.4.2 then determines their structural representation. Since the total
available length is two, the only possible length partitions are 2 = 14+ 1 or
2 = 2, corresponding respectively to Cases 3 and 4.

Therefore, every possible overflow transformation belongs to at least one
of the six cases. Hence the six configurations are exhaustive.

Pairwise Disjointness

We now prove that the six configurations are pairwise disjoint.

First, Cases 1-4 are characterized by L(w,) = 2, whereas Cases 5-6 are
characterized by L(w,) = 1.

Therefore, {1,2,3,4} N {5,6} = @.

Among the two-bit overflow configurations, the extension depth is uniquely
determined by the complementarity criterion established in Section 9.4.2. Hence:
e=2 <= CQCasel,e=1 <= C(Case2,ande=0 <= Case 3 or Case 4.

Therefore, Case 1 is disjoint from Cases 2—4, and Case 2 is disjoint from
Cases 3-4.

Cases 3 and 4 require a separate distinction because both satisfy L(w,) =
2, e(wWn, Trny1) = 0.

They differ only in the canonical structural decomposition of the two re-
maining overflow bits: Case 3 corresponds to two one-bit generator suffixes,
whereas Case 4 corresponds to one two-bit generator suffix.

By the uniqueness of the canonical decomposition proved in Section 9.4.3.1,
a given binary structure cannot simultaneously possess two distinct canonical
decompositions. Therefore, Cases 3 and 4 are mutually exclusive.

Finally, for one-bit overflow, e = 0 characterizes Case 5, whereas e = 1
characterizes Case 6. Hence Cases 5 and 6 are mutually exclusive.

Consequently, no two of the six configurations can occur simultaneously.
The six cases are therefore pairwise disjoint.

We conclude that the six configurations constitute a complete and non-
overlapping classification of the possible transformations of the most sig-
nificant generator suffix G, ) under one iteration of the odd Syracuse map.
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9.6 Growth and Decrease of the function P

According to Lemma 9.5, for any term O,, of the odd Syracuse sequence, if O,
is not a singularity, then O,, can be represented by the unique decomposition

On =G llGo1wll - 1Gen|GamllSe,  p>1.

We define the function assigning to every odd Syracuse term O, of the
sequence starting from O

the number of Suffixes of the Generators of the Suffix of Singularity con-
tained in the decomposition of O,:

P(0O,,) = the number of blocks G(in) in the decomposition of O,

with P(O,) € N.

We have O, 11 = [, <G(p7n)||G(p_17n)|| e HG(QJL)HG(L'”)) and six cases arise.

Case 1 The operation f, produces a two-bit overflow, both bits being com-
plementary to G(,—1,,+1) When p > 1, and complementary to S,+; when p = 1.
This yields

Ony1 = G/(pfl,nJrl)HG(P—Qvn-l-l)H T HG(2,n+1)HG(1,n+1)HSn+1

for p > 1,

where G/(p—l,n +1) is the result of the complementarity operation between
the overflow bits and G (1 n41).

For p= 17 On+1 = ;H—la

where 5], is the result of the complementarity operation between the
overflow bits and S, ;.

Therefore, P(O,+1) = P(O,) — 1.

Case 2 The operation f, produces a two-bit overflow, but only the bit im-
mediately to the left of G, 1) is complementary, or the bit immediately to
the left of S,41 when p = 1.

Then
Ont1 = G(P7n+1)||Gl(pfl,n+1)|| T ||G(2,n+1)HG(Ln+1)||Sn+1
for p > 1,
where G'(pfl’n +1) 18 the result of the complementarity operation between

the overflow bit and G,—1n41)-
For b= 17 On+1 = G(l,n—{-l)HS;H—l?
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where S ., is the result of the complementarity operation between the
overflow bit and S,,;.

Therefore, P(O,4+1) = P(O,).
Case 3

The operation f, produces a two-bit overflow that is not complementary to
G(p-1n+1) for p > 1, and to S,41 in the case p = 1. In addition, the two
overflow bits each form a new suffix of a generator of the suffix of singularity.
Thus, we have

Ont1 = Giprior) || Gpnsn) || Gio—inen) |- || Gemsy) || Gapsny || Sngrs 0> 1,

and 0,11 = G(2,n+1) H G(l,n+1) H Sht1, p=1
Therefore, P(O,41) = P(O,,) + 1.

Case 4

The operation f, produces a two-bit overflow that is not complementary to
G (p-1,n+1) in the case p > 1, or to S, in the case p = 1, but the two overflow
bits form only one new suffix of a generator of the suffix of singularity.

Thus,

Oni1 =Geny | Gocrniny | | Ganeny | Gameyy | Snvr, > 1,

or Opi1 = Gant1) || Sntis p = 1., Therefore, P(O,+1) = P(O,).

Case 5

The operation f, produces a one-bit overflow that is not complementary to
Gp-1,n41) for p> 1, or to S,4; for p=1.
Thus,

Ont1 = Gpps) | G(P-1n+1) -l G2nt1) [ Gnt1) | Sn+1, p>1,

and Opi1 = Gt || Sna,s p = 1., Therefore, P(O,+1) = P(O,).
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Case 6

The operation f,, produces a one-bit overflow that is complementary to G'(p_1 n41)
for p > 1, or to S, for p=1.
Thus,

Oni1 = Gip_ininy | Gpozminy |-+ | Gaminy I| Gameny | Snp, 2> 1,
where G’( P—1n+1) 18 the result of the complementarity between the overflow bit
and G(P—l,n-i—l)'

Or, in the case p = 1, Opq1 = 541,

where 5], is the result of the complementarity between the overflow bit
and S,1.

Therefore, P(O,+1) = P(O,) — 1.

Hence, from the study of these six possible cases, we deduce that after
each operation of the Odd Syracuse sequence, the number of generators of the
suffix of singularity may decrease, increase, or remain unchanged. Whenever
a decrease occurs, it is always equal to —1; whenever an increase occurs, it is
always equal to +1.

Lemma 9.7

Let Oy be a term of the odd Syracuse sequence that is not a singularity that
contains P(Op) > 1 suffixes of generators of the suffix of singularity.

If the number of suffixes of generators of the suffix of singularity reaches
for the first time a value P(O;) at the term Os, such that

Vie {0,1,...,s — 1}, P(O;) > P(Oy),
then P(Os-1) = P(Os) + 1.
And if the number of suffixes of generators of the suffix of singularity
reaches for the first time a value P(Q,) at the term O, such that

Vie{0,1,....g—1},  P(O) < P(O,),
then P(O,_,) = P(O,) — 1.

Lemma 9.8

The Collatz conjecture holds if and only if every Odd Syracuse term O, €
2N + 1 is either a singularity, that is, the number of suffixes of the generators
of suffixe of the singularity is: P(O,) = 0. Or, O,, is eventually transformed,
after a finite number of iterations, into a singularity. Formally, this can be
written as P(O0,) >0 = 3Ji>0 : P(O,) =0.
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9.8.1 Remark

Lemma 9.8 is directly derived from Theorem 5.11.4 in our work [1]

10 The Function P as an Eventual Lyapunov Func-
tion

The function P is an eventual Lyapunov function if and only if VO, € 2N +
1, then P(O,) >0 == 3k > 1 such that P(O,1x) < P(O,).

Let Oy be a term of the odd Syracuse sequence that is not a singularity
such that P(Op) = 1., we will prove that

P(Oy) =1=3i >0; P(O;) =0, in other words, O; is a singularity.

Proof

According to Lemma 9.5, we have

Oo = GpollGop-10]l - |G GaollSo with p = 1.

Hence, O[) = G(l,O)HSO'

According to Lemma 7, G(1 o) generates S; if there is no overflow comple-
mentary to S. If the overflow is complementary to Si, then G(;1 o) generates 5.

However, according to Section 9.1, the overflow of the operation

Jo(G0)) = O1 with fo(G0)) = 3G 1,0y + do, do € {1,2},

produces the two possible overflows (1), or (10),.

We observe that for the overflow (10)s,if the bit (0)s is complementary to
S1, then since S is a suffix of singularity consisting of alternating bits {0, 1}
all (10)y binary pattern is complimentary, in other words:

fo(Go) = 51 = P(O1) = 0.

Therefore O, is a singularity.
Thus we shall study the cases where fo(G(1,0)) produces a non-complementary
overflow.

10.1 Property

G(1,0) is a suffix of the generator of the suffix of singularity, and the generator of
the suffix of singularity has two variants: ((011100)“01), if the most significant
bit of Sy is equal to 1, ((000111)“00), if the least significant bit of Sy is equal
to 0.
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10.2 Property
The most significant bit MISB of G, o) is always equal to 1.

10.3 Property
L(G(l,[))) =

1 (mod 2) = the most significant bit of S} is equal to 1
L(G@1,0) =0 (mod 2) = the most significant bit of S; is equal to 0.

10.4 Property

The two variants of the generator of the suffix of singularity have a periodicity
of 6 bits.

10.5 Possible values of L(G (i ))

a- If the most significant bit of Sy is equal to 1, then G ) is a suffix of the
generator ((011100)“01),,, and since G(1) must end with a bit equal to 1
(Property 10.2), we have the following possible cases:

L(Gup) =1

L(G(l,O)) =95 + 6@, 1€ N

L(G(l,O)) =6+ 62, 1 € N hence L<G(1,0)) = 62, 1 € N*
L(G(l’o)) =7+ 62, 1 € N hence L<G(1,O)) =1+ 62, 1€ N*

10.6 Parity of the most significant bit of S; generated by
G0

We know that L(G,0)) = L(S1) According to Lemma, 7.
Note carefully that S # fo(G1,0)) in the case where there is a complemen-

tary overflow.
Since 57 is composed of alternating bits with period 2, we have:

o If L(G,0)) =1, then S; ends with a 1.
o If L(G(1,0)> =95 + 6Z, 1€ N,

and since the period of the generator suffix of singularity is a multiple
of the period of Sy, then for L(G(1,9)) = 5, we have S; = (10101),,
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therefore S; ends with a 1.
Hence L(G(1,0)) = 5 + 61, i € N, implies that S; ends with a 1.

If

L(G(l,())) = 61, 1 € N,

First, if L(G(1,)) = 6, then S; = (010101),.
Therefore S; ends with a 0.
Hence L(G1,0)) = 61, i € N* implies that S; ends with a 0.

It

L(G(LO)) =1+ 61, 1 € N,

FiI‘St, if L(G(LO)) = 1, then Sl = (1)2,
thus S; ends with a 1.
Hence L(G(1,9)) = 1 + 64, i € N* implies that S; ends with a 1.

b- If the most significant bit of Sy is equal to 0, then Gy o) is a suffix of the

generator ((000111)“00),, and since G 1,9y must end with a 1 (Property 10.2),
we have the following possible cases:

L<G(1,O)) = 3 + 61, 1 €N
L<G(1,O)) =4 + 6@, 1€ N

L<G(1,0)) =95 + 6@, 1€ N.

10.7 Parity of the most significant bit of S| generated by
G0
We know that

L(G(1,0)) = L(S1) according to Lemma, 7.
Note carefully that S; # f(G(1,0))

In the case where there is a complementary overflow, and since .S} is com-

posed of alternating bits with a period of 2 bits, then:
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o If L(G0)) = 3 + 61, i € N then S; ends with a 1.
o If L(Gp) =4+ 64, i € N then S; ends with a 0.

o If L(Gn)) =5+ 61, i € N then S; ends with a 1.

10.8 Proof that the odd Syracuse sequence reaches a sin-
gularity when P(Oy) =1

10.8.1 L(Gg) = 1

If L(G(I,O)) =1 then we have G(LO) = (].)2
Since L(G(1,)) = 1, then G(10) = (1)2, therefore G(19) can only be the
suffix of the generator ((011100)“01)s.
We have Oy = fi1(G(1,0)) = 3G 1,10y + 2 according to Section 5.1.
Therefore
O1=2-(1)24 (1)2 +2 = (10)2 + (11) = (101)s, which is a singularity.
We have

S = (1)2,

The overflow is (10), which is complementary to Sy, and forms S} = (101)s,
which is a singularity.

10.8.2 L(G)) > 1

Let A = (apag_1 ... azay)z be a binary structure undergoing the operation
3A +d, d € {0,1,2}. we will determine the iteration undergone by the
binary structure B = (aj, ax_1 ... j+1a5)2, j > 1, because in Section 5.1

we proved a special case where O,, = m || S, and O,;1 = f,.(m)
with f,(m) =3m +d, de{l,2}.

Case 1
A undergoes the operation 3A + d, d=0.

Tk+1 Tk Tk—1 ... Ty rji—1 .. T T
+ Qg Qp—1 ... Q; aj—1 .. Q2 aq
+ ap  Ag—1 ... A Qj_q . as a; O
= bk+2 bk+1 bk bk—l R bj bj_l R b2 b1
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Therefore there is only one pseudo-carry: r, = 0.

Let 7; be the first carry obtained during the operation 3A + 0, with ¢ < j.
We know that r; is obtained during the addition r;_1 4+ a;_1 + a;_o,

and since r; is the first carry obtained, then r;_; = 0.

Therefore, the only way to obtain r; = 1 is that a;_; = a;_o = 1.

Conclusion

For there to be a carry r;, with ¢ < j, during the operation 3A 4 0, there must
exist two or more consecutive bits equal to 1, namely

ai—1 = aj—3 =1, 1< 7.

If i = j

Then we have the first carry r; = r; =1 and a;_1 = aj_o = 1. Since a;_; =1
and r; = 1 imply that r;;1 = 1, then by transferring the two values r; = 1
and aj_; = 1, we form the two pseudo-carries r; = 0 and 7,41 = 1.

Therefore B undergoes the operation 3B + 2, where the term (+2) repre-
sents the pseudo-carry 7,41 = 1.

Now we will determine the propagation conditions of the last carry resulting
from the last two consecutive bits equal to 1, and forming either r; or 7,4
during the operation 34 + 0.

Let the last carry produced be r;, by the addition r;_1 + a;_1 + a;_o, with
ri_1 =0 and Ai—1 = Qj_g = 1, with 7 < j

According to Section 2.3.1 in our fifth work [3], the binary structure
(aj,l Aj—g ... Qip1 a;)2 must not contain two or more consecutive bits equal
to 0 to alow the propagation of ;.

But since a;_1, a;_o are the last consecutive bits equal to 1, then the binary
structure (aj_l j_2 ... Qi41 ai)g must not contain two or more consecutive bits
equal to 1.

Therefore this structure must be exactly an alternation of bits from the set
{0,1}, with a; = 0.

Hence, if (aj_1 a;j_2 ... a;+1a;)2 is an alternation of bits, then r; = 1, and
we have two cases.

a) : aj_; =0 Then we have r; = 1, and it is the only pseudo-carry in the
operation undergone by B, and it represents the term (41) in the operation

3B + 1.
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b) : aj—1 = 1 We transfer the values a;_; = 1 and r; = 1 to form
r; =0 and 7;1; = 1 which will be the two pseudo-carries of the operation un-
dergone by B, namely 3B + 2, and the term (+2) represents the pseudo-carry
Tj4+1 = 1.

Case 2

A undergoes the operation 3A + d, with d = 1, thus, there is a single pseudo-
carry, namely 7 = 1. We have two cases:

e Either this is 7 that propagates and induces 7;.

e Or r; is stopped because a; = 0, or because there exist two or more
consecutive bits equal to 0: ay,a,1 with j —1 > 2 > 1.

If this is r; that propagates and induces r;, then a; = 1, and furthermore
the binary structure (aj_; a;_2 --- a2 aj) must not contain two or more
consecutive bits equal to 0. In this case, there are two possibilities:

o If a;_y =0, then r; = 1, is the only pseudo-carry, and B undergoes the
operation 3B + 1.

o If a;_; = 1, then the two values a;_; = 1 and r; = 1 are transferred to
form the two pseudo-carries r; = 0 and 7,41 = 1, and B undergoes the
operation 35 + 2.

If r, is stopped, then we have:

e If ry is stopped because a; = 0, then we define the structure

A= ((lk -1+ A3 CL2)2

which undergoes the operation 34" + 0, and we apply the rule already
defined in Case 1 to deduce the operation undergone by

B = (ak Qp—1 *** Qj41 aj)g.
e If ry is stopped by the existence of a, = a,,1 = 0, j—1>x>1,
Then we define the binary structure A’ = (ag ar_1 * -+ Gzy3az12)2

which undergoes the operation 34" + 0, and we apply the rule already
defined in Case 1 to deduce the operation undergone by

B = (ak Af—1 *+* Gj41 (Ij)g.
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Case 3: A undergoes the operation 3A + d, with d = 2

Therefore, there are two pseudo-carries given by 7 = 1 and r; = 0.
There are two cases:

e cither this is ry that propagates and induces r;,

e or 75 is stopped by the fact that a; = as = 0, or by the existence of two
or more consecutive bits equal to 0, a,,a,.1, with j —1 > x > 2.

If this is ry that propagates and induces r;, then there is at least one of
the bits a1, ay equal to 1, and the binary structure (a;_ia;_s...asa;)s also
contains no sequence of two or more consecutive bits equal to 0. In this case
there are two possibilities:

o if aj_; = 0, Then the only pseudo-carry is r; = 1, and therefore B
undergoes the operation 3B + 1.

e if a;_; = 1, Then the two values r; = 1 and a;_; = 1 are transferred to
form the two pseudo-carries r;j;; = 1 and ; = 0, and B undergoes the
operation 3B + 2.

If ry is stopped, then:

e if a; = ay = 0, We define the structure A’ = (ay ay_1 ...aqas)s, which
undergoes the operation 3A" + 0, and we apply the rule already defined
in Case 1 to determine the operation undergone by

B = (ak Qpe—1 - .- aj+1aj)2.

e if ry is stopped by the existence of a, = a1 = 0, with j — 1 > & > 2,
Then we define the binary structure A" = (agag_1...Gaz—2a,_3)2, and
we apply the rule already defined in Case 1 to A’, which undergoes the
operation 3A’ + 0, in order to determine the operation undergone by

B = (ak arp—1 ... aj+1aj)2.

10.8.3
Here we will use Properties 10.1, 10.2, 10.3, 10.4, 10.5, 10.6, 10.7 and the
rules established in Section 10.8.2 to continue the proof that
POy)=1=3i>0:P(O;)=0
for the case where L(G(1,9)) > 1,

because in Section 10.8.1 we proved that if Oy = G(1,0)||So and L(G1,0)) =
1, then 3 > 0: P(O;) = 0.
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Case 1 Gy, is a suffix of the generator ((011100)“01)s.
If L(Ga)) = 5+ 61, 1 € N, then, according to Section 10.6, S; ends
with an MSB equal to 1.
Furthermore, we may write G (o) in the form ((100011)~10001)s.
According to Section 5.1, G(; 9y undergoes the operation 3Gy ) + 2,
But in order to determine the overflow of the iteration

O1 = fo(Gu) =3Ga,0) + 2,

It is sufficient to determine it from the operation undergone by the MSB of
G(1,0) to determine this operation undergone by the MSB of G4 ¢y, we apply the
rule established in Section 10.8.2 to the binary structure G/ o) which undergoes
the operation 3Gy ) + 2.

We have the MSB of G(1) is always (1), and it is always preceded by
two consecutive bits equal to 0. Therefore, the MSB of G(; o) undergoes the
operation 3(1) + 0 = (11),.

Hence, the overflow (1); of fo(G0) = Oi is not complementary to S,
whose MSB is equal to 1.

Therefore, O1 = G(1,1)||S1, which gives (P(O1) = 1) A (L(G,1)) = 1).

Thus O; falls under the case studied in Section 10.8.1, and therefore

(P(O1) = 1) A (L(G1 ) = 1) = P(02) =0,

Hence O, is a singularity.

Case L(G(1)) = 6i, i € N*

If L(Gn,0)) = 61, v € N*, then according to Section 10.6 the MSB of \5; is
0. Furthermore, we have G(1 ) = ((110001)“’110001)2.

According to Section 5.1, G(; 9y undergoes the operation 3G ;o) + 2.

To determine the overflow produced by the operation fo(Gag) = O1 =
3G 1,0) + 2, it is sufficient to deduce it from the operation undergone by the
MSB of G(1,09). To determine this operation, we apply the rule established in
Section 10.8.2 to the binary structure G, ), which undergoes the operation
3G(170) + 2.

The MSB of G, is always equal to (1),, and it is always preceded by
(100)3. Therefore, there is no carry that can propagate to reach the MSB of
G,0). However, since the bit immediately preceding this MSB is equal to 1,
the MSB undergoes the operation 3 - (1), + 1.

Since 3 - (1)2 + 1 = (100),, the overflow of the iteration fo(G(1,0)) = O; is
(10)2, which is not complementary to S; because the MSB of S is 0. Therefore,
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(10)2 = GG,

and hence P(O,) = 2.

Moreover, L(G(1,1)) = 1, which implies that the MSB of S, is 1.

Note that Oy = G2,1)||G(1,1)]|:S1 is not a case conforming to Case 1, where
G(1,0) is a suffix of the generator ((011100)~01),,

because G 1,1y = (0)s.

Therefore, it is a suffix of the generator ((000111)“00)s,

and furthermore, P(O;) # 1.

According to Section 5.1, G(2,1)||G(1,1) undergoes the operation 3(G(271) ||G(171))+

To determine the overflow of the operation f; (G(Q,l)HG(Ll)) = 0,,

We deduce it from the operation undergone by the MSB of G5 1y. Accord-
ing to the rule established in Section 10.8.2, this operation is 3(1)s + 0, since
the MSB of G(3,1) is preceded by two consecutive bits equal to 0, We have:

3 (1) = (11)s.
Therefore, the overflow of f1(G(21)||G(1,1)) is (1)2, which is not complemen-
tary to G2) = (1)a.
Hence, 02 = G(Q,Q)HG(LQ)HSQ,
with G(Q’Q) = (1)2, G(LQ) = (1)2, SQ = (1)2
Thus, Oy = (111),, which gives

30, +1

O3 = 92(302+1)

without using the reduced odd Syracuse operation by binary structure, we
obtain

O3 = (1011)s. herefore,

O, = 5355 = (10001),. hence,

O; = % = (1101)5, and we observe that

P(O5) =1 and L(G(175)) = 1.

Therefore, O5 conforms to the case of Section 10.8.1, hence,

(P(O5) = 1) A (L(G(175)) = 1) = P(O6) =0,

which means that Qg is a singularity, we therefore conclude that

L(G(I,O)) - 6@, Z € N*,

with G(1,0) being a suffix of the generator ((011100)“01)s,
implies that Og is a singularity.
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o If
L(G(LO)) =1+6¢ 1€N*

then according to Section 10.6, the MSB of S is equal to 1. Furthermore,
we have G0y = ((111000)“1110001),.

We know from Section 5.1 that G(; o) undergoes the operation 3G/ o) +2,
But in order to determine the overflow of the operation fo(G1,0)) = O1,

It is sufficient to deduce it from the operation undergone by the MSB
of G(1,0. To determine this operation, we apply the rule established
in Section 10.8.2 to the binary structure G, ), which undergoes the
operation 3G ) + 2

The MSB of G(19) is always equal to (1)s,, and it is always preceded by
two consecutive bits equal to 1. Therefore, there is a carry that reaches
the MSB of G(1,) according to the rule established in Section 10.8.2.
Since the bit preceding the MSB is (1), we conclude that the MSB
undergoes the operation 3(1)s + 2 = (101)s.

Therefore, the overflow of the operation fo(G1,9)) = Oy is (10)s,, and it
is complementary (both bits) to S, since S; has an MSB equal to (1)s.

Therefore O, is a singularity. Hence, L(G(19)) = 14 6i, @€ N,
with G 1 o) being a suffix of a singularity-suflix generator ((011100)“01),,

implies that O, is a singularity.

Conclusion for Case 1 If P(Oy) = 1, with G(1) being a suffix of the
singularity-suffix generator ((011100)“01)s,

Then the odd Syracuse sequence reaches a term O;, ¢ > 0, such that O;
is a singularity.

Case 2

G(1,0) is a suffix of the generator ((000111)“00),.

If L(G1,0)) =34 6i, i€ N, then according to Section 10.7, the MSB of
Sy is equal to 1, furthermore, G,y = ((100011)¥100)

According to Section 5.1, G(; 9y undergoes the operation 3G ) + 1,

But in order to determine the overflow of the operation fo(G1,0)) = Oy, it
is sufficient to determine it from the operation undergone by the MSB of G4 ).
To determine this operation, we apply the rule established in Section 10.8.2
to the binary structure G, o), which undergoes the operation 3G/ ) + 1.
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The MSB of Gy 0 is always equal to (1)2, and it is always preceded by two
consecutive bits equal to 0. Therefore, there is no carry that can propagate
and reach the MSB of G(; ). Since the bit preceding the MSB is 0, the MSB
undergoes the operation 3(1)s + 0 = (11)s.

Hence, the overflow is (1), and it is not complementary to Si, since the
MSB of Sl is (1)2

Therefore, O = G1,1) || S1,

with G(l,l) = (1)2.

Thus G,1) is a suffix of the generator ((011100)“01),

and since L(G 1)) = 1,, O; falls under Case 1 of Section 10.8.1.

Therefore, we conclude that

(P(O:1) =1) and (L(G(1,1)) = 1) implies P(O,) = 0,

that is, O, is a singularity.

If

L(G(1,0)> =44+61, 1€N,
then according to Section 10.7, the MSB of 5] is equal to 0. Furthermore,

According to Section 5.1 G1,9) undergoes the operation,

fO(G(l,O)) =0 = 3G(170) + 1.

However, in order to determine the overflow of the operation fo(G,0)) =
Oy, it is sufficient to determine it from the operation undergone by the MSB
of G(1,0), and to determine this operation we apply the rule established in
Section 10.8.2 to the binary structure G o), which undergoes the operation

3G(1,0) + 1.

The MSB of G, is always equal to (1),, and it is always preceded by
(100)3. Therefore, there is no carry that can propagate to reach the MSB of
G(1,0)- However, since the bit immediately preceding this MSB is equal to (1),
the MSB of G(1,0) undergoes the operation 3 - (1), + 1 = (100),.

Therefore, the overflow of the operation fo(G(1,0)) = O;

is (10)2, and it is not complementary to S; since the MSB of S is (0)s.
Hence,

(10)2 = G2,1)||G @1y, and therefore

P(O,) =2.
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Moreover, L(G(1,1)) = 1, which implies that the MSB of .S, is (1),.

Note that O; = G(2,1)||G(1,1)||:S1 is not a case conforming to Case 1, where
G(1,0) is a suffix of the generator ((011100)~01),,

because for Oy, G(1,1) is a suffix of the generator ((000111)~00)s,.

Furthermore, P(O;) # 1.

According to Section 5.1, G(2,1)||G 1,1y undergoes the operation fi(G21)||G1,1)) =
(GenlGay) +1=0;.

To determine the overflow produced during this operation, we deduce it
from the operation undergone by the MSB of G (). According to the rule
established in Section 10.8.2, this operation is 3 - (1)3 4 0,

since the MSB of Gy is always preceded by two consecutive bits equal
to 0., we have 3 - (1) = (11)a,

therefore the overflow of fi(G(2,1)||G(1,1)) is (1)2, which is not complemen-
tary to G 2) = (1)a.

Hence, 02 = G(ZQ)HG(LQ)HSQ,

with G(272) = (1)2, G(Lg) = (1)27 SQ = (1)2

Therefore, Oy = (111),, which gives

O3 = 52855 = (1011) = G23)|G 3 [19s.

Then we obtain

305+ 1
Os = Sraery = (10001)2 = G || G || S
Then we obtain
30, +1
05 = Svgomy = (11002 = Gags) || S5

We observe that P(Os) = 1 and L(G(15)) = 1, therefore Os satisfies the
case of Section 10.8.1, hence (P(O5) = 1) and (L(Gu5) = 1) = P(Os) =0
that is, Og is a singularity. Therefore, we conclude that L(G 1)) = 446i, i€
N with G0y being a suffix of the generator ((000111)~00),

implies that Og is a singularity.

o If

L(G(l,o)) = 5 + 61, 1 €N

then, according to Section 10.7, the MSB of S is (1)2. Furthermore, we
have G/(1,0) = ((111000)<11100),

We know from Section 5.1 that G, ) undergoes the operation 3G ) + 1
but to determine the overflow of the operation fy(G(1,0)) = O1
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It is sufficient to deduce it from the operation undergone by the MSB of
G(1,0), and to determine this operation, we will apply the rule established in
Section 10.8.2 to the binary structure G ; o) undergoing the iteration 3Gy ) +1.

We have: the MSB of G4 o) is always equal to (1),, and it is always preceded
by (11)s, therefore there is a carry that will propagate and reach the MSB of
G(1,0), and furthermore the bit preceding the MSB is equal to (1),, therefore
the MSB undergoes the operation 3 - (1)s + 2.

We have 3 - (1)2 + 2 = (101) therefore the overflow of the operation
fo(G1,0)) = Oy is (10)9, which is complementary (both bits) to Sy since the
MSB of Sy is (1)s.

Therefore, we conclude that O; is a singularity.

Thus, L(G1,)) = 5+6i, @€ N with G being a suffix of the generator
((000111)¥00)s

implies that O, is a singularity.

Conclusion for Case 2

If P(Oy) = 1 with G(1) being a suffix of the generator of the suffix of the
singularity ((000111)~00),

then the odd Syracuse sequence will reach a term O;, ¢ > 0, such that O;
is a singularity.

Conclusion for Section 10

Let Oy be a term of the odd Syracuse sequence that is not a singularity such
that P(Og) = 1. Then the sequence will reach a term O; with ¢ > 0 such that
O; is a singularity; equivalently,

P(Oy) =1 = 3i > 0 such that P(O;) = 0.

10.9 Proof that the function P is decreasing for P(Qy) > 1

We will use an induction proof to demonstrate that

P(Oo)>1:>32>OP(OZ)<P(Oo>
starting from the fact that we have already proved in Section 10.8 that
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and for this we must identify the crucial properties that enabled the proof
presented in Section 10.8 and attempt to prove that these properties remain
valid even when P(Oy) > 1.

10.9.1 Periodicity of the generators of the suffix of singularity

Let A and B be two infinite binary structures such that
B:3A+d, dE{O,l,Q},A:(akak_l ...agal)Q,
which gives A =37, a;2"". and B = (b by_1 ... baby)o,

which gives

B=) b2""
i=1
We have d =1 = r; = 1, and this is the only pseudo-carry. d =0 = r; =

implies that there is one pseudo-carry. d = 2
implies that r; =0, ry =,
And this is the two pseudo-carries.

Tka1 Tk Tke—1 ... To T
+ Qg Qp—1 ... Q2 aqp
+ Qg Ar—1 ce Qo aq 0
= big2 b1 b b1 ... by by

We have 3A+d=A+2A+d.
The addition is performed bit by bit and is governed by the following rule:
2rgs1 + b = agp + agp_1 + 7g.
To determine A from B and the operation B = 3A+d, we rewrite the local
equation modulo 2,
ar = by D ag_1 ®rr  (mod 2)

and the next carry rg4q is

{ak +ap_1+ 71K — ka
Tk+1 = 9

The computation of the bit a, depends only on a local state triplet

Ey = (ag-1,7%)
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since a1 € {0,1} and 7 € {0, 1,2} (read the following remark to under-
stand why 7, = 2 is possible),

therefore there exist 6 possibilities for this dynamical system at each step
k.

Ek = {<070>’ (07 1)7 (Ov 2)’ (170)7 (17 1)? (1’ 2)}

at each iteration k& — k + 1, the system receives an incoming information
(bx) (which is periodic with period t), and transitions to a new state

Ey1 = (ag, re41)

10.9.1.1 Arguments for the 3t-periodicity of A

e since B is periodic with period ¢, then the incoming information by re-
peats exactly every t steps, that is by, = by

e if we consider the state of the system at indices that are multiples of the
period, that is, the sequence of states Ey, Ey, For, E, . ..

1. Pigeonhole Principle: the state space E is finite (6 states), if one
observes the sequence of states E,,; for m=20,1,2,3,...
One applies a shifted transition by a linear operator, the division by 3.

2- Modulo 3

The transition mapping on the p-adic states induces a permutation; more
precisely, the action of shifting by ¢ bits on the carry structure corresponds to
a multiplication by 2! (modulo 3).

3- Since 2' (modulo 3) can take only two values {1,2}, the maximal mul-
tiplicative order of this operation is 3
(related to the field extension or to the cycle of residues modulo 3).

If we follow the evolution of the state Ej,

1. At step t, the state E; has absorbed one complete period of B, and the
accumulated carry has undergone a phase shift.

2. At step 2t, the phase shift is doubled.
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3. At step 3t, the phase shift is multiplied by
2% = (29 =8"=1"=1 (mod 3)
for t always even,

the carry returns exactly to its initial state.

We have therefore rigorously proved that Fy 3 = E.

Conclusion

Since the state Eyi3; = (ag_143t, Tk+3¢) 18 identical to the state Ey = (ar_1,7%),

and since the incoming information B is identical, b3, = b, then the
automaton will produce exactly the same outputs from this point onward;
consequently, a3 = ag, VEk € N*, that is, the bits in the binary structure
A repeat every 3t bits, therefore (the binary period of A divides 3t).

10.9.1.2 Remark

The value r;, = 2 does not appear during the forward carry propagation (the
computation of B from A), but it appears when studying the inverse process
(the computation of A from B), using the local equation obtained by isolating
the bit ay:

ak+ak_1+rk:27‘k+1+bk

In this inverse automaton, the system must infer the bit a; from the infor-
mation it receives.

If the information B contains a sequence of zeros (generated by a large sub-
traction resulting from a particular pattern choice), the binary reconstruction
algorithm is forced to assign the value 2 to the internal carry variable in order
to mathematically compensate for the phase shift produced by the preceding
blocks of bits.

This is why, in the theoretical phase space of the automaton (which covers
all possible reconstruction trajectories), the state rp = 2 exists and must be
taken into account.

10.9.2 Overflows Generated According to the Operation
undergone by the MSB

Let Oy be a term of the odd Syracuse sequence that is not a singularity.
According to Lemma 9.5, the binary structure of Oy can be decomposed as
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Oy = GpollGop-1oll - G0l GaolSo, with p > 1.
We know that the overflow of the operation

O1 = fo(GuollGproll - 1GeollGao)

can be deduced from the operation undergone by the MSB of G, 9). There-
fore we have:

(a) If the MSB undergoes the operation 3 - (1)y + 0 with MSB = (1),
then the overflow is (1)q sinc 3(1)y + 0 = (11)s,.

(b) If the MSB undergoes the operation 3- (1), + 1, then the overflow is (10)
since 3(1)2 + 1 = (100)s,.

(c) If the MSB undergoes the operation 3-(1)s+2, then the overflow is (10),
since 3(1)s + 2 = (101)s.

10.9.2.1 Number of Successive Iterations with decreasing,
constant and increasing P

It was established empirically using two Delphi programs PDecayAnalyzer and
PGrowthAnalyzer that are provided with this preprint as supplementary ma-
terial that over the test interval Oy € [1,99999] with O, odd,

The maximum number of successive iterations with the function P decreas-
ing is 9.

And the maximum number of successive iterations with constant P is 14.

Now we will formally prove that the number of successive iterations of the
odd Syracuse sequence with increasing P is 2 for any Oy € 2N + 1
where O is not a singularity.

Proof For P to increase, according to Section 9.6 there must be a two-bit
overflow and the overflow must be completely non-complementary.
Furthermore, each overflow bit forms a new suffix of a generator of the suffix
of singularity, and according to Section 10.9.2.1 this corresponds to cases (b)
and (c).
That is, the MSB of G,y of Oy witch is always equal to (1), undergoes
the operation 3 - (1)2 + 1 or 3- (1) + 2.

56



a)

Assume that the MSB of Oy undergoes the operation 3-(1),+1 which generates
an overflow of (10) since 3(1)y + 1 = (100),.

Therefore, the three most significant bits of O; are (100)s.

According to the rule established in Section 10.8.2, the MSB of O; will
undergo the operation 3- (1), 4+ 0 because it is preceded by two successive bits
equal to zero, and therefore the overflow will be (1)y, which means that there
cannot be another iteration in which the function P is increasing.

b)

Now assume that the MSB of Oy undergoes the operation 3 - (1)s 4+ 2 which
generates an overflow of (10) since 3(1) + 2 = (101)s.

Therefore, the three most significant bits of O; are (101)s.

According to the rule established in Section 10.8.2, the MSB of O; may
undergo the operation 3 - (1), + 1

If the other bits of O; that are located to the right of the three most
significant bits of O, namely (101),, reach two or more consecutive bits equal
to 1 before reaching two or more consecutive bits equal to 0.

This means that there is a possibility that the MSB of O; undergoes the
operation 3- (1) + 1 and produces the overflow (10)y, which makes it possible
to have another iteration of the odd Syracuse sequence with increasing P.
However, if this second iteration allows P to increase for the second consecutive
time, then it will be the last one because, according to part (a), the iteration
that generates O, will produce an overflow of (1)s.

Therefore, the function P can be successively increasing for at most two
iterations.

Example
Op = 1|1]|11||1]]01]|]1 with P(Oqy) =5

O, = 1//0]|1||L[|11][0[|01 with P(O;) = 6
O; = 1/[0fo[[0f|L][1]|0L][1 with P(Oz) =17

Os = 11]0[[1]]0][1]|0[]01 with P(O3) = 6
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10.9.3 Well-Founded Lexicographic Termination and the
Eventual Decrease of P

The binary structural formulation developed in this work naturally leads to
a termination problem. Every odd Syracuse term that is not a singularity
admits a unique canonical decomposition O, = Gn) |G =10 - [|Gan || Sn,
where S, is a suffix of singularity, and the G;,) are suffixes of generators of
the suffix of the singularity. The structural objective is to show that these
generators are eventually absorbed into the singularity, and that their number
decreases to zero. The binary singularity corresponds to P = 0 and therefore
plays the role of a terminal structural configuration.

However, the function P, which counts the number of suffixes of generators,
cannot be assumed to decrease at every odd Syracuse iteration. The analysis
of the six possible overflow-complementarity cases gives

A complementary overflow may eliminate one generator and produce
P(O,:1) = P(O,) — 1,

whereas a non-complementary overflow may preserve the number of generators
or create a new generator, giving respectively P(O,+1) = P(O,) or P(O,4+1) =
P(0O,,) + 1. Thus, P is not a one-step monotone ranking function.

Nevertheless, the increase of P is strongly constrained. In particular, the
binary analysis of the most significant generator shows that P cannot increase
during more than two consecutive odd Syracuse iterations. A first increase
produces a specific overflow configuration, and the structure generated by this
overflow constrains the following transition; after at most a second consecutive
increase, the next overflow cannot produce another increase. Hence,

P(Onys) > P(Opi1) > P(O,)

is the longest possible strictly increasing consecutive pattern.

This property, however, does not by itself exclude arbitrarily long sequences
involving alternating increases decreases and stationary transitions. Conse-
quently, proving global attraction requires a stronger argument than one-step
monotonicity. The relevant question is whether an infinite sequence of odd
Syracuse iterations can avoid a strict reduction of structural complexity, and
producing a drift to infinity, or a cycle. This is naturally formulated as a
termination problem.

(Ml(on)> MQ(ON)7 R MT(OH))a
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then
M(On-‘rl) Lex M<On)

would provide a well-founded descent, since the lexicographic order on a finite
product of well-founded orders is itself well founded.

The role of P in such a measure is fundamental but need not be sufficient
by itself. The first decomposition describes the hierarchical organization of
the global binary attractor, while the transition of the most significant gener-
ator is controlled by the overflow produced by its binary operation and by the
generator induced at the next level. The overflow is determined by the opera-
tion undergone by the most significant bit of G, ), and its complementarity
with the induced structural block determines whether P increases, decreases
or stayes inchanged.

Therefore, the role of the well-founded lexicographic framework is to pro-
vide a mathematical mechanism capable of containing the non-monotone be-
havior of P. If an appropriate well-founded ranking measure can be con-
structed, then an infinite trajectory that indefinitely avoids the singularity
would be impossible. Since P = 0 is precisely the binary singularity and the
singularity is the proposed global structural attractor, termination would im-
ply global structural attraction, Consequently, establishing such a well-founded
measure would provide the required bridge between the local overflow dynam-
ics and the global structural attraction of the binary singularity.
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