
Preprint. Under review.

On the Impossibility of Unbiased and Length-Invariant Policy
Optimization with Outcome Rewards

Fei Ding∗

Alibaba Group
Yongkang Zhang
Alibaba Group

Yuhao Liao
Tsinghua University

Zijian Zeng
Tsinghua University

Huiming Yang
Tsinghua University

Abstract

Group Relative Policy Optimization (GRPO) is the dominant reinforcement
learning algorithm for training reasoning capabilities in large language
models, notably adopted by DeepSeek-R1. The recent improvement Dr.
GRPO (COLM 2025) identifies the response-level length bias caused by
per-trajectory length normalization in GRPO and proposes removing this
normalization, claiming the resulting optimizer is “unbiased.” We show
that this claim is incomplete. Specifically, we establish an impossibility
theorem: under the standard outcome reward + GRPO setting, no length-
based weighting scheme can simultaneously achieve the following two
properties. (P1) Gradient unbiasedness: the gradient estimator is an unbiased
estimate of the true policy gradient. (P2) Length invariance: each trajectory’s
effective contribution to the gradient is independent of its token length.
GRPO approximately satisfies P2 but violates P1; Dr. GRPO satisfies P1
but violates P2. We characterize the complete tradeoff spectrum via the
parametric family fα(L) = Lα−1, where α = 0 recovers GRPO, α = 1
recovers Dr. GRPO, and provide quantitative analysis showing that Dr.
GRPO’s length bias can cause longer trajectories to dominate gradient
updates by a factor proportional to the length ratio. Our results reveal that
neither algorithm is universally “done right”; they occupy opposite ends of
a fundamental and unavoidable tradeoff.

GRPO (α=0, f =1/L)

Short wrong × L = 200 Per-token penalty: 0.5
200

Long wrong · · ·×L = 6000 Per-token penalty: 0.5
6000

30× penalty gap ⇒ Model biased toward long errors

P1 Unbiased × P2 Length-inv. ✓

Cannot
have both

×

Dr. GRPO (α=1, f =1)

Short correct ✓ L = 200 Contrib: 200×0.5=100

Long wrong · · ·× L = 6000 Contrib: 6000×0.5

30× long-error contrib ⇒ Long traj. dominates gradient

P1 Unbiased ✓ P2 Length-inv. ×

Figure 1: Complete unbiasedness is impossible.

1 Introduction

Reinforcement learning (RL) has become a core technique for improving reasoning capa-
bilities of large language models (LLMs). DeepSeek-R1-Zero (DeepSeek-AI et al., 2026)
demonstrated an important finding: without supervised fine-tuning, directly applying
RL to a base LLM can elicit complex reasoning behaviors, including chain-of-thought and
self-reflection. The core algorithm of this training paradigm is Group Relative Policy Op-
timization (GRPO) (Shao et al., 2024). GRPO is a critic-free RL algorithm that estimates
advantages by comparing multiple responses sampled for the same prompt.
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A salient empirical observation during GRPO training is the persistent growth of response
length (DeepSeek-AI et al., 2026; Zeng et al., 2025; Hu et al., 2025). Liu et al. (2025) critically
examined this phenomenon and identified two sources of optimization bias in GRPO. The
first is response-level length bias caused by per-trajectory length normalization 1

|oi |
, and the

second is question-level difficulty bias caused by standard deviation normalization. They
proposed Dr. GRPO, removing both normalization terms, claiming to restore an “unbiased”
optimization objective. Dr. GRPO has been widely adopted by the community and achieved
state-of-the-art results on mathematical reasoning benchmarks at the time.

In this paper, we challenge the completeness of this claim. We confirm that Dr. GRPO’s
gradient estimator is indeed an unbiased estimate of the policy gradient (as they rigorously
proved in their Appendix A). However, we show that removing the length normalization
term 1

|oi |
introduces another form of bias: length bias in the optimization dynamics. This bias

causes longer trajectories to contribute disproportionately more to gradient updates. More
fundamentally, we establish the following impossibility result:

Main Result (Informal). Under the outcome reward + GRPO setting, no length-
based weighting scheme can simultaneously achieve gradient unbiasedness and
length invariance. GRPO and Dr. GRPO represent the two extremes of this
unavoidable tradeoff.

Our contributions are as follows:

• We formalize two desirable properties of group-based RL optimizers, namely gradient
unbiasedness (P1) and length invariance (P2), and prove they are mutually exclusive under
outcome rewards (theorem 6).

• We characterize the tradeoff spectrum via the parametric family fα(L) = Lα−1 (α ∈ [0, 1]),
where α = 0 corresponds to GRPO and α = 1 corresponds to Dr. GRPO (theorem 8).

• We provide quantitative analysis showing that Dr. GRPO’s length bias can be severe: at
length ratio r, the longer trajectory captures r

1+r of the gradient signal (theorem 9).

2 Preliminaries

Token-level MDP. Language model generation is modeled as a token-level Markov Deci-
sion Process M = (S ,A, r, pQ). At step t, the state st = [q, o1, . . . , ot−1] is the concatenation
of the prompt and previously generated tokens. The policy πθ(·|st) selects the next token ot
from the vocabulary A. Generation terminates upon producing an end-of-sequence token
or exhausting the token budget. The objective is to maximize the expected return:

J(πθ) = Eq∼pQ

[
Eo∼πθ(·|q) [R(q, o)]

]
, (1)

where R(q, o) = ∑
|o|
t=1 r(st, ot) is the trajectory return. Under the standard outcome reward

setting for reasoning tasks (DeepSeek-AI et al., 2026), a scalar reward is assigned at the end
of generation: R(q, o) = 1 if o contains the correct answer, and 0 otherwise.

Policy gradient. The Monte Carlo policy gradient (Williams, 1992; Sutton & Barto, 2018)
of Eq. (1) is:

∇θ J(πθ) = Eq,o∼πθ

[ |o|

∑
t=1

∇θ log πθ(ot|q, o<t) · A(ot|q, o<t)

]
, (2)

where A(ot|q, o<t) = R(q, o)− B(q, o<t) is the advantage and B is any baseline indepen-
dent of ot (Sutton & Barto, 2018). Under outcome rewards, the advantage is identical for all
tokens in a trajectory since the return does not depend on t.

Group-relative baseline. Both GRPO and Dr. GRPO sample G responses {o1, . . . , oG}
for each prompt and use the group mean as the baseline: B = mean(R), where R =
{R(q, o1), . . . , R(q, oG)}. The advantage for all tokens in trajectory oi is:

Ãi = R(q, oi)− mean(R). (3)
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GRPO (Shao et al., 2024). GRPO maximizes the following surrogate objective (omitting
the clipping mechanism as it does not affect our analysis):

JGRPO(θ) =
1
G

G

∑
i=1

1
|oi|

|oi |

∑
t=1

πθ(oi,t|q, oi,<t)

πθold
(oi,t|q, oi,<t)

· Ãi
std(R)

. (4)

Dr. GRPO (Liu et al., 2025). Dr. GRPO removes the per-trajectory length normalization
1
|oi |

and the standard deviation normalization std(R):

JDr.GRPO(θ) =
1
G

G

∑
i=1

|oi |

∑
t=1

πθ(oi,t|q, oi,<t)

πθold
(oi,t|q, oi,<t)

· Ãi. (5)

Liu et al. (2025) proved in their Appendix A that the gradient of Eq. (5) recovers the unbiased
Monte Carlo policy gradient with a group-relative baseline. Furthermore, the advantage Ãi
is equivalent to REINFORCE Leave-One-Out (RLOO) (Kool et al., 2019; Ahmadian et al.,
2024) up to a constant factor.
Remark 1. Dr. GRPO’s advantage estimator is equivalent to RLOO (Ahmadian et al., 2024)
up to a constant factor; see Liu et al. (2025) Appendix A. Therefore our analysis also applies
to RLOO, but we focus on Dr. GRPO since it explicitly claims to resolve the length bias issue.

Unified framework. To unify the analysis of both methods, we introduce a weighted
gradient estimator parameterized by a weighting function f : N → R+:

ĝ f =
1
G

G

∑
i=1

f (|oi|) · Ãi ·
|oi |

∑
t=1

∇θ log πθ(oi,t|q, oi,<t). (6)

GRPO corresponds to f (L) = 1/L and Dr. GRPO corresponds to f (L) = 1 (both omitting
the std(R) factor since it is a question-level scalar orthogonal to length bias analysis).

3 Main Result: Impossibility Theorem

Notation and setup. Consider the length-weighted gradient estimator

ĝ f =
1
G

G

∑
i=1

f (Li) Ãi Si, (7)

where

Li := |oi|, Si :=
Li

∑
t=1

∇θ log πθ(oi,t | q, oi,<t), (8)

with the group mean baseline

Ãi := Ri −
1
G

G

∑
j=1

Rj. (9)

In what follows, Π denotes the policy class under consideration. We assume all expectations
below exist and that within-group trajectories are conditionally i.i.d. given the prompt and
the current policy.
Assumption 2 (Fixed-length realizability). There exists a set of lengths L ⊆ N such that
for every L ∈ L, the policy class Π contains a policy π(L) under which, given the prompt,
the trajectory length equals L almost surely, while the token content retains non-degenerate
randomness.
Assumption 3 (Update scale functional). Fix an update scale functional

ρ : Rd → R+,
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used to measure the magnitude of a single-trajectory score sum. We only require ρ to be
positively homogeneous of degree one for non-negative scalars, i.e., for all α ≥ 0 and all
v ∈ Rd,

ρ(αv) = αρ(v). (10)
Typical examples include vector norms or the non-negative projection magnitude along a
fixed direction.
Definition 4 (Trajectory-level correctness P1). The estimator ĝ f satisfies trajectory-level
correctness over the policy class Π if there exists a constant c > 0, independent of the
trajectory length distribution, such that for every policy π ∈ Π,

Eπ [ĝ f ] = c∇θ J(π). (11)

Definition 5 (Length neutrality P2). Let

Γπ,ρ(L; a) := Eπ

[
ρ(S)

∣∣ L(τ) = L, Ã(τ) = a
]

, (12)

where a denotes a fixed effective training signal, i.e., a realized value of the group-relative
advantage.

The estimator ĝ f satisfies length neutrality under the scale functional ρ if for every policy
π ∈ Π, every realizable length L, and every fixed a,

f (L) Γπ,ρ(L; a) (13)

is independent of L.
Theorem 6 (Structural conflict at the policy-class level). Under the outcome-level reward and
group mean baseline setting, consider a weight function depending only on length,

f : N → R+.

Suppose Assumptions 2 and 3 hold.

If there exist a policy π⋆ ∈ Π, an effective training signal value a⋆, and two distinct lengths
L1, L2 ∈ L such that

Γπ⋆ ,ρ(L1; a⋆) ̸= Γπ⋆ ,ρ(L2; a⋆), (14)

then no such f can simultaneously satisfy P1 (trajectory-level correctness) and P2 (length neutrality)
over the policy class Π.

Proof. We show that P1 and P2 impose mutually contradictory constraints on f .

Step 1: If P1 holds over the policy class Π, then f (L) must be a constant function.

Pick any L0 ∈ L. By Assumption 2, there exists a policy π(L0) ∈ Π under which the
trajectory length equals L0 almost surely given the prompt, while the token content remains
random. Under this policy, for all i,

Li = L0, (15)
so the estimator can be written as

ĝ f = f (L0) ·
1
G

G

∑
i=1

ÃiSi. (16)

Expanding the baseline,

Ãi = Ri −
1
G

G

∑
j=1

Rj =

(
1 − 1

G

)
Ri −

1
G ∑

j ̸=i
Rj. (17)

Therefore,

E
π(L0) [ÃiSi] =

(
1 − 1

G

)
E

π(L0) [RiSi]−
1
G ∑

j ̸=i
E

π(L0) [RjSi]. (18)

4



Preprint. Under review.

For j ̸= i, since within-group trajectories are conditionally i.i.d., Rj and Si are independent;
moreover, by the score function identity,

E
π(L0) [Si] = 0. (19)

Hence,
E

π(L0) [RjSi] = E
π(L0) [Rj]E

π(L0) [Si] = 0. (20)

Thus,

E
π(L0) [ÃiSi] =

(
1 − 1

G

)
E

π(L0) [RiSi]. (21)

By the REINFORCE identity,

E
π(L0) [RiSi] = ∇θ J(π(L0)), (22)

yielding

E
π(L0) [ĝ f ] = f (L0)

G − 1
G

∇θ J(π(L0)). (23)

If P1 holds over the policy class Π, there exists a length-independent constant c > 0 such
that

E
π(L0) [ĝ f ] = c∇θ J(π(L0)). (24)

Therefore,

f (L0)
G − 1

G
= c. (25)

Since L0 is arbitrary in L, f (L) must be the same for all L ∈ L. That is, there exists a constant
c0 > 0 such that

f (L) ≡ c0, ∀L ∈ L. (26)

Step 2: If P2 holds, then under the theorem’s assumptions f cannot be a constant function.

By Definition 5, if the estimator ĝ f satisfies length neutrality P2 under the scale functional
ρ, then for every policy π ∈ Π and every effective training signal value a for which the
conditional expectation is defined, there exists a constant Cπ,a depending only on (π, a) and
not on the length L, such that for all realizable lengths L ∈ L,

f (L) Γπ,ρ(L; a) = Cπ,a. (27)

Now fix the policy π⋆ ∈ Π, the effective training signal value a⋆, and the two distinct
lengths L1, L2 ∈ L from the theorem’s assumptions, satisfying

Γπ⋆ ,ρ(L1; a⋆) ̸= Γπ⋆ ,ρ(L2; a⋆). (28)

We show that f cannot be a constant function.

Suppose for contradiction that f is constant, i.e., there exists a constant c0 > 0 such that

f (L) ≡ c0, ∀L ∈ L. (29)

Substituting (29) into (27) with π = π⋆ and a = a⋆, we obtain for all realizable lengths
L ∈ L,

c0 Γπ⋆ ,ρ(L; a⋆) = Cπ⋆ ,a⋆ . (30)

In particular, for L1 and L2,
c0 Γπ⋆ ,ρ(L1; a⋆) = Cπ⋆ ,a⋆ , (31)

and
c0 Γπ⋆ ,ρ(L2; a⋆) = Cπ⋆ ,a⋆ . (32)

Since c0 > 0, these two equations imply

Γπ⋆ ,ρ(L1; a⋆) = Γπ⋆ ,ρ(L2; a⋆), (33)
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contradicting (28).

Therefore, under the theorem’s assumptions, any weight function f satisfying P2 cannot be
a constant function.

Step 3: Contradiction.

Step 1 shows: if P1 holds over the policy class Π, then f (L) must be a constant function.
Step 2 shows: if P2 holds and there exists a policy for which Γπ,ρ(L; a) varies non-trivially
with length, then f (L) cannot be a constant function.

These are contradictory. Therefore, under the theorem’s assumptions, no weight function f
depending only on length can simultaneously satisfy P1 and P2 over the policy class Π.

Illustrative example. Consider two trajectories for the same prompt with lengths Ls ≪ Lℓ,
compared under the same effective training signal. If under some pre-specified scale
functional ρ, the longer trajectory has a larger typical score-sum magnitude, i.e.,

Γπ,ρ(Lℓ; a) > Γπ,ρ(Ls; a),

then constant weights preserve this length-induced scale disparity, while any length com-
pensation attempting to eliminate this disparity must deviate from constant weights. This
example serves only to illustrate the structural conflict in the theorem and does not form
part of the proof.

Scope of the theorem. Theorem 6 does not claim that a specific functional form (e.g.,
1/L) is necessarily optimal; it merely states: when the typical score-sum magnitude under
fixed effective training signal varies non-trivially with length, no unified weight function
depending only on length can simultaneously satisfy P1 and P2.

Furthermore, the theorem only excludes weight functions that depend solely on length;
more general estimator designs, such as weighting schemes that depend on token position,
context, score geometry, or finer-grained credit assignment, are not within the scope of this
exclusion.

Remark 7 (Essence of the conflict). P1 requires that a uniform length weight does not
alter the original trajectory-level policy gradient objective; P2 requires that this weight
compensates for the non-trivial variation of score-sum magnitude with length. When P1
constrains f (L) to be a constant function while P2 demands it to vary with length, the two
become structurally irreconcilable.

3.1 Examples

For ease of understanding, we provide toy cases in sections A and B, analyzing how GRPO’s
length bias manifests as correct responses tending to be shorter and incorrect responses
tending to be longer, while Dr. GRPO’s length bias manifests as both correct and incorrect
responses tending to be longer.

4 Corollaries and Analysis

4.1 Tradeoff Spectrum

Corollary 8 (Parametric Tradeoff Family). Consider the parametric family fα(L) = Lα−1,
α ∈ [0, 1]:

• α = 0: f0(L) = 1/L — GRPO. Approximately satisfies P2 (length invariant) but violates P1
(biased gradient).

• α = 1: f1(L) = 1 — Dr. GRPO. Satisfies P1 (unbiased gradient) but violates P2 (length
biased).

• α ∈ (0, 1): intermediate tradeoff. Partially biased gradient, partially length-dependent.

6
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Gradient estimation bias is proportional to |α − 1| and length bias is proportional to α, establishing
an inverse relationship.

fig. 2 visualizes this tradeoff.

× Impossible

GRPO (α=0)

Dr. GRPO (α=1)

α=0.5

Pareto frontier

Length bias −→
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Figure 2: The impossibility tradeoff. The origin (zero bias on both axes) is unreachable.
GRPO (α = 0) and Dr. GRPO (α = 1) occupy opposite ends of the Pareto frontier parameter-
ized by fα(L) = Lα−1.

4.2 Quantifying Dr. GRPO’s Length Bias

Corollary 9 (Dr. GRPO’s length bias). Under Dr. GRPO ( f (L) = 1) with G = 2 and binary
outcome reward, let o1 and o2 be two trajectories with lengths L1 and L2. Their advantages satisfy
|Ã1| = |Ã2| = 0.5. The effective gradient weight of trajectory oi is:

wi =
Li

L1 + L2
. (34)

For length ratio r = Lmax/Lmin, the longer trajectory captures:

wlong =
r

1 + r
(35)

of the total gradient magnitude, approaching 100% as r → ∞. Under GRPO ( f (L) = 1/L),
w1 = w2 = 0.5, independent of length.

Proof. With G = 2 and binary reward, exactly one trajectory is correct (R = 1) and one
incorrect (R = 0), giving mean(R) = 0.5 and |Ã1| = |Ã2| = 0.5. Under Dr. GRPO, the
gradient contribution magnitude of oi is proportional to f (|oi|) · |Ãi| · |oi| = 1 · 0.5 · Li.
The share is wi = Li/(L1 + L2). Under GRPO, the contribution is (1/Li) · 0.5 · Li = 0.5,
independent of length.

Example 10 (Extreme case). Let G = 2, o1 correct (R = 1, length 10 tokens), o2 incorrect
(R = 0, length 10,000 tokens). The advantages are Ã1 = +0.5, Ã2 = −0.5. Under Dr. GRPO,
o2’s gradient contribution is 10,000 × 0.5 = 5,000, while o1’s is only 10 × 0.5 = 5. The longer
trajectory captures 5000

5005 = 99.9% of the gradient signal, nearly completely drowning out
the reinforcement of the correct answer. Under GRPO, both contribute 50%. A step-by-step
derivation of this example (including gradient decomposition and its effect on parameter
updates) is given in section B.

table 1 shows the severity of this effect at various length ratios.
Example 11 (Practical relevance). Liu et al. (2025) reported in their Table 5 that DeepSeek-R1-
Zero produces correct answers averaging 4,965 tokens and incorrect answers averaging 8,206
tokens (a ratio of approximately 1:1.65). Under Dr. GRPO with G = 2, the incorrect (longer)
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Table 1: Gradient weight shares of Dr. GRPO vs. GRPO at different length ratios (G = 2,
binary reward). Under GRPO, both trajectories always receive equal weight.

Length ratio r wlong (Dr. GRPO) wshort (Dr. GRPO) wlong (GRPO) wshort (GRPO)

1:1 50.0% 50.0% 50.0% 50.0%
2:1 66.7% 33.3% 50.0% 50.0%
5:1 83.3% 16.7% 50.0% 50.0%

10:1 90.9% 9.1% 50.0% 50.0%
50:1 98.0% 2.0% 50.0% 50.0%

100:1 99.0% 1.0% 50.0% 50.0%

trajectory would capture approximately 8206
4965+8206 ≈ 62.3% of the gradient, deviating 24.6

percentage points from the balanced 50%. While this proportion may appear moderate for
a single update, the bias accumulates over hundreds of training iterations, systematically
favoring longer responses.

4.3 Quantifying GRPO’s Gradient Bias

For completeness, we also characterize the gradient bias introduced by GRPO.

Corollary 12 (GRPO’s gradient bias). Under GRPO ( f (L) = 1/L), the gradient estimator
satisfies:

E[ĝ1/L]−∇θ J = E

[
1
G ∑

i
Ãi

(
1
|oi|

− 1
)
∇θ log πθ(oi|q)

]
. (36)

This bias is non-zero when the trajectory length |oi| is correlated with the score function
∇θ log πθ(oi|q). This is generally always the case since the policy determines when the EOS
token is generated.

Proof. By direct computation: E[ĝ1/L] = E
[

1
G ∑i Ãi

1
|oi |

∇θ log πθ(oi|q)
]

and ∇θ J =

E
[

1
G ∑i Ãi∇θ log πθ(oi|q)

]
. The difference follows directly by linearity. Since |oi| is de-

termined by when πθ generates the EOS token, |oi| and ∇θ log πθ(oi|q) are dependent,
making the bias generally non-zero.

4.4 Extension to General Group Size

Corollary 13 (General G + binary reward). For group size G with binary reward, if K out of G
responses are correct, the advantages are Ãcorrect = 1 − K/G and Ãincorrect = −K/G. Under Dr.
GRPO, the effective weight of trajectory oi is still proportional to |oi| · |Ãi|. The length bias exists
for all G: longer trajectories always contribute more to the gradient, regardless of their correctness:

wi =
|oi| · |Ãi|

∑G
j=1 |oj| · |Ãj|

. (37)

5 Discussion

“Done Right” is a misnomer. Dr. GRPO (Liu et al., 2025), titled “Understanding R1-
Zero-Like Training: A Critical Perspective,” positions its contribution as fixing GRPO’s
optimization biases. The phrase “GRPO Done Right” implies a single correct formulation.
Our impossibility theorem (theorem 6) shows this is not the case: GRPO and Dr. GRPO
navigate different points on the inherent tradeoff between gradient unbiasedness and length
invariance. Calling one of them “done right” obscures the fact that both make legitimate
but different tradeoff choices.
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When does the tradeoff matter? The practical importance of the tradeoff depends on the
variance of response lengths. When all responses to a given prompt have similar lengths
(e.g., simple arithmetic), the difference between α = 0 and α = 1 is negligible. When
response lengths vary substantially, the choice of α materially affects training dynamics.
This situation is typical in reasoning tasks: correct solutions may be concise while incorrect
attempts tend to be verbose (DeepSeek-AI et al., 2026).

Practical guidance. While we do not propose a specific algorithm, our analysis suggests:
(i) When response length variance is high, a smaller α (closer to GRPO) may be preferable
to prevent longer trajectories from dominating the gradient. (ii) When gradient bias is the
primary concern (e.g., early in training when the policy changes rapidly), a larger α (closer
to Dr. GRPO) provides more accurate gradient estimates. (iii) The optimal α may vary across
training phases, suggesting that a curriculum approach could be beneficial.

Implications for training dynamics. A practical implication of theorem 9 deserves atten-
tion: when long correct responses receive L times more reinforcement signal than short
correct responses, the policy may gradually shift toward generating longer outputs. The
complete causal chain from gradient dominance to behavioral change also involves clipping,
learning rate, and multi-step optimization, which lie beyond the scope of our single-step
analysis. However, the systematic asymmetry in gradient signals provides a necessary
condition for this trend. Conversely, under GRPO (α = 0), a 10-token short correct response
and a 10,000-token long correct response receive the same total reinforcement signal. This
provides no incentive at the gradient level to favor longer or shorter outputs.

Relationship to other biases. Our analysis complements Yang et al. (2026). The latter
studies a different bias in GRPO: difficulty bias. This bias refers to the group-relative ad-
vantage estimator systematically underestimating advantages for difficult prompts and
overestimating them for easy prompts. The length bias we identify is orthogonal, arising
from within-group length variation rather than between-group difficulty variation. The
standard deviation normalization in GRPO contributes to difficulty bias (Liu et al., 2025);
our impossibility result is independent of whether std(R) normalization is used.

Limitations. Our impossibility result is specific to the outcome reward setting, where each
trajectory is assigned a scalar reward broadcast to all tokens. Under process reward (Schulman
et al., 2018), different tokens receive different advantage estimates and the problem structure
changes. The advantage is no longer constant across tokens, and the ∑t aggregation is
no longer simply |oi| · Ãi. Extending the impossibility analysis to process rewards is an
interesting future direction. Furthermore, our analysis focuses on single-step gradient
estimators. The interaction between length bias and multi-step optimization dynamics (e.g.,
through PPO-style clipping) warrants further investigation.

6 Conclusion

We have established a fundamental impossibility result for group-based policy optimization
under outcome rewards: gradient unbiasedness and length invariance cannot coexist. This
reveals that GRPO and Dr. GRPO are not in a “biased” vs. “correct” relationship, but instead
represent two principled tradeoff choices on the Pareto frontier. We hope this clarification
helps the community make more informed algorithmic decisions, recognizing that the
appropriate operating point depends on the specific characteristics of the training setting,
especially the distribution of response lengths.
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A Intuitive Examples of Asymmetric Length Behavior from GRPO’s
Length Normalization

This section illustrates through simple examples that in GRPO, dividing by the length |oi|
for each response leads to the following asymmetric phenomenon:

• Incorrect answers are more likely to grow longer (penalties are diluted);

• Correct answers do not obviously grow longer and may even be slightly suppressed.

A.1 Why Incorrect Answers Tend to Grow Longer (Penalty Dilution)

Consider two incorrect answers for the same question:

• Short incorrect answer: length 100;

• Long incorrect answer: length 1000;

Assume both have the same advantage (both negative, e.g., −0.5). In GRPO, the per-token
weight is “advantage divided by length,” so:

• Short incorrect answer: approximately −0.005 per token;

• Long incorrect answer: approximately −0.0005 per token.

We observe:

The per-token penalty for the long incorrect answer is only one-tenth that of the short
one.

This means:

• If the model generates a shorter incorrect answer, it receives stronger per-token
suppression;

• If the model generates a longer incorrect answer, the error is “spread out” and
becomes harder to suppress.

Therefore, during training, the model is more likely to retain “verbose but incorrect” answers
rather than “brief but incorrect” ones, manifesting as:

Incorrect answers gradually grow longer.

A.2 Why Correct Answers Do Not Obviously Grow Longer

Similarly, consider two correct answers:

• Short correct answer: length 100;

• Long correct answer: length 1000;

Assume both have the same advantage (both positive, e.g., +0.5). In GRPO:

11

https://arxiv.org/abs/2601.08521
https://hkust-nlp.notion.site/simplerl-reason


Preprint. Under review.

• Short correct answer: approximately +0.005 per token;
• Long correct answer: approximately +0.0005 per token.

We observe:

The per-token reward for the long correct answer is smaller.

This means:

• Each token in the short correct answer is strongly reinforced;
• The long correct answer, while correct overall, receives weaker per-token reinforce-

ment.

Therefore, increasing length does not bring stronger learning signals but instead “dilutes”
existing rewards. The result is:

Correct answers are not noticeably pushed to grow longer; the advantage of long answers
is even weakened.

A.3 Summary

Through the above examples, we can see that length normalization produces the following
asymmetric effects:

• For incorrect answers: the longer the response, the weaker the per-token penalty ⇒
more likely to grow longer;

• For correct answers: the longer the response, the weaker the per-token reward ⇒
no obvious tendency to grow longer.

Therefore, length normalization in GRPO primarily manifests as a “lengthening effect” on
incorrect answers, rather than a symmetric lengthening of all answers.

B Detailed Derivation of the Dr. GRPO Extreme Example

We provide a step-by-step derivation for theorem 10 (G = 2, |o1| = 10, |o2| = 10,000) to
illustrate how Dr. GRPO’s length bias manifests in gradient updates.

Setup. Let o1 be the correct response (R(q, o1) = 1, length |o1| = 10 tokens) and o2 be the
incorrect response (R(q, o2) = 0, length |o2| = 10,000 tokens).

Step 1: Compute advantages.

mean(R) =
1 + 0

2
= 0.5, (38)

Ã1 = 1 − 0.5 = +0.5 (correct trajectory: reinforce), (39)

Ã2 = 0 − 0.5 = −0.5 (incorrect trajectory: penalize). (40)

Step 2: Dr. GRPO objective. Early in training, πθ ≈ πθold
, the importance ratio ρi,t ≈ 1,

and clipping does not activate:

JDr.GRPO =
1
2

[
10

∑
t=1

Ã1 +
10000

∑
t=1

Ã2

]
(41)

=
1
2
[10 × (+0.5) + 10,000 × (−0.5)] (42)

=
1
2
[5 − 5,000] = −2,497.5. (43)
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Step 3: Gradient decomposition. The gradient decomposes into contributions from both
trajectories:

∇θ JDr.GRPO =
1
2

(+0.5)
10

∑
t=1

∇θ log πθ(o1,t|·)︸ ︷︷ ︸
from o1: 10 terms

+ (−0.5)
10000

∑
t=1

∇θ log πθ(o2,t|·)︸ ︷︷ ︸
from o2: 10,000 terms

 . (44)

Step 4: Gradient magnitude analysis. Let g denote the typical per-token gradient norm
E[∥∇θ log πθ(ot|·)∥]. The expected gradient magnitude from each trajectory is:

∥gradient from o1∥ ≈ 0.5 × 10 × g = 5g, (45)
∥gradient from o2∥ ≈ 0.5 × 10,000 × g = 5,000g. (46)

The ratio is 5g : 5,000g = 1 : 1,000. The incorrect long trajectory dominates 5000
5005 = 99.9% of

the gradient.

Step 5: Asymmetric effect on learning. This gradient dominance creates a systematic
asymmetry:

Signal type Source # Tokens Gradient magnitude

Reinforce correct answer o1 10 5g
Penalize this specific incorrect answer o2 10,000 5,000g

The parameter update is almost entirely determined by o2. The signal reinforcing the correct
short answer (o1) accounts for only 0.1% of the total gradient.

Step 6: Comparison with GRPO. Under GRPO ( f (L) = 1/L), the same example gives:

∥gradient from o1∥ ≈ 1
10

× 0.5 × 10 × g = 0.5g, (47)

∥gradient from o2∥ ≈ 1
10000

× 0.5 × 10,000 × g = 0.5g. (48)

The ratio is 0.5g : 0.5g = 1 : 1. Both trajectories contribute equally regardless of the length
difference.

Step 7: Reversed scenario. Now consider the opposite case: o1 is a long correct response
(|o1| = 10,000) and o2 is a short incorrect response (|o2| = 10). Under Dr. GRPO, the correct
trajectory captures 10000

10010 = 99.9% of the gradient, providing 10,000 × 0.5 × g = 5,000g
of reinforcement signal to the long correct pattern, while the penalty signal for the short
incorrect answer is only 5g, which is negligible. This strongly reinforces the long response
pattern, creating an incentive at the gradient level to favor longer outputs.

Summary. In both scenarios (long correct/short incorrect and short correct/long incorrect),
the longer trajectory dominates the gradient under Dr. GRPO. When the long trajectory is
correct, its reasoning pattern is strongly reinforced; when the long trajectory is incorrect, the
reinforcement of the short correct answer is drowned out. Both effects create a systematic
gradient-level preference for longer responses.

C Analysis at Non-Extreme Length Ratios

A natural concern is that the extreme example in section B (length ratio 1,000:1) may
exaggerate the practical importance of length bias. In this appendix, we systematically
analyze how the bias behaves across the full range of length ratios, including the moderate
ratios commonly encountered in practice.
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C.1 Gradient Weight as a Function of Length Ratio

By theorem 9, under Dr. GRPO (G = 2, binary reward), the longer trajectory’s gradient
weight is wlong = r/(1 + r), where r = Llong/Lshort. table 2 provides a fine-grained
breakdown from 1:1 to 100:1 ratios.

Table 2: Gradient weight shares under Dr. GRPO across the full range of length ratios (G = 2,
binary reward). Correct trajectory length fixed at Lcorrect = 100 tokens; incorrect trajectory
length varies.
Lincorrect Ratio r wcorrect (Dr. GRPO) wincorrect (Dr. GRPO) Deviation from 50% GRPO

50 0.5 66.7% 33.3% 16.7 pp 50/50
100 1.0 50.0% 50.0% 0 pp 50/50
150 1.5 40.0% 60.0% 10.0 pp 50/50
200 2.0 33.3% 66.7% 16.7 pp 50/50
300 3.0 25.0% 75.0% 25.0 pp 50/50
500 5.0 16.7% 83.3% 33.3 pp 50/50
800 8.0 11.1% 88.9% 38.9 pp 50/50

1,000 10.0 9.1% 90.9% 40.9 pp 50/50
2,000 20.0 4.8% 95.2% 45.2 pp 50/50

Even at a moderate 2:1 ratio (e.g., 100 vs. 200 tokens), the longer trajectory already captures
66.7% of the gradient, creating a 2× imbalance. At 5:1 (100 vs. 500 tokens, well within the
range observed in practice), the longer trajectory captures 83.3%.

fig. 3 visualizes how the gradient weight share varies continuously with the length ratio,
and fig. 4 shows the weight breakdown when pairing a fixed 100-token correct trajectory
with incorrect trajectories of varying lengths.
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Figure 3: Gradient weight share vs. length ratio (G = 2, binary reward). Under Dr. GRPO,
the long trajectory’s weight increases monotonically with r, approaching 100% as r → ∞.
Under GRPO, both trajectories always receive exactly 50%, regardless of r.

C.2 Concrete Scenario Analysis

We analyze five representative scenarios to illustrate how the bias manifests in different
training contexts:

Key observation. Even the “slightly longer incorrect” case (100 vs. 150 tokens, ratio 1.5:1)
produces a 10 percentage point deviation from the balanced 50/50 allocation. The bias is
exactly zero only when lengths are equal, consistent with our impossibility theorem.
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Figure 4: Dr. GRPO gradient weight breakdown: correct trajectory fixed at 100 tokens vs.
incorrect trajectories of varying lengths (G = 2, binary reward). As the incorrect trajectory
grows longer, it increasingly dominates the gradient. At 500 tokens (5× ratio), the incorrect
trajectory captures 83.3% of the gradient.

Table 3: Gradient weights under Dr. GRPO for representative training scenarios (G = 2,
binary reward). Bias > 0 indicates the correct trajectory dominates; bias < 0 indicates the
incorrect trajectory dominates.

Scenario Lcorrect Lincorrect wcorrect wincorrect Net bias

Long correct + short incorrect 1,000 100 90.9% 9.1% +0.818
Short correct + long incorrect 100 1,000 9.1% 90.9% −0.818
Equal length 500 500 50.0% 50.0% 0
Slightly longer correct 150 100 60.0% 40.0% +0.200
Slightly longer incorrect 100 150 40.0% 60.0% −0.200

C.3 Why Moderate Ratios Still Matter

One might argue that a 60/40 allocation (ratio 1.5:1) is tolerable for a single gradient step.
We identify three reasons why even moderate ratios are practically significant:

(1) Cumulative effect. Each training step has its own length ratio drawn from the policy’s
output distribution. Even if the per-step bias is moderate (e.g., 60/40 allocation), the
bias is directionally consistent. In LLM reasoning training, incorrect responses tend to be
longer than correct ones (as documented in Liu et al. (2025) Table 5: correct 4,965 tokens vs.
incorrect 8,206 tokens). Over hundreds of training steps, this unidirectional bias accumulates,
systematically underweighting the reinforcement signal for correct answers.

(2) Positive feedback loop. When the policy shifts toward generating longer responses
(due to length bias), the length ratios in subsequent rollouts increase, further amplifying the
bias. For example, the policy may start generating 200-token incorrect responses (ratio 2:1,
weight 66.7%), and once the bias pushes it toward longer outputs, future incorrect responses
may grow to 500 tokens (ratio 5:1, weight 83.3%). This forms a self-reinforcing cycle.

(3) Interaction with binary reward. Under binary outcome rewards, training batches
typically contain a mix of prompts with different correct/incorrect compositions. For
difficult prompts, only one out of G responses may be correct. That sole correct response
tends to be short (quickly finding the answer), while the G − 1 incorrect responses are long
(trying multiple approaches, hitting the maximum length). The length bias systematically
underweights the correct signal precisely when it is most valuable.
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C.4 Length Bias Ratio: A Formal Metric

We define the Length Bias Ratio (LBR) to quantify how much each trajectory deviates from
the ideal uniform weight:
Definition 14 (Length Bias Ratio). For trajectory oi among G trajectories under Dr. GRPO
with equal advantage magnitudes:

LBR(oi) =
|oi|

1
G ∑G

j=1 |oj|
=

G · |oi|
∑G

j=1 |oj|
. (49)

LBR = 1 indicates no length bias (the trajectory receives its “fair share” of gradient weight).
LBR > 1 indicates over-representation; LBR < 1 indicates under-representation. Under
GRPO ( f (L) = 1/L), LBR = 1 for all trajectories.

Table 4: Length Bias Ratio for selected length pairs under Dr. GRPO (G = 2).
|o1| |o2| LBR(o2)/LBR(o1) Interpretation

100 100 1.0× Balanced
100 200 2.0× o2 receives 2× more weight
100 500 5.0× o2 receives 5× more weight
100 1,000 10.0× o2 receives 10× more weight

50 500 10.0× o2 receives 10× more weight

LBR grows linearly with the length ratio, with no diminishing returns or saturation. This is
a direct consequence of Dr. GRPO’s f (L) = 1 weighting: removing the 1/|oi| normalization
makes gradient contributions strictly proportional to trajectory length.
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