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Abstract

In this article we study periodic orbits of an electron attracted by a
proton subject to Lorentz, electric, and Euler forces where each of them
is allowed to depend periodically on time. This setup is motivated by the
elliptic restricted three-body-problem where the Lorentz force corresponds
to Coriolis force, the Coulomb force is replaced by the gravitational force,
and the electric force of an external source is a combination of centrifugal
forces and gravitational forces of other bodies. This is a singular version of
a Euler-Hamilton system as discussed in [FW26b]. The singularity is due
to collisions of the electron with the proton, respectively of two masses.
Due to the possibility of collisions this problem has to be regularized.

We show how periodic collisional solutions of this problem can be
detected variationally in a non-local Lagrangian setup as well as in a non-
local Hamiltonian setup.
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1 Introduction

In 1609 the emperor of the Holy Roman Empire of the German Nation Rudolf IT
received a dedication of a rather special book. In it the author claimed that
he had taken the God of War captive. This author was Johannes Kepler and
the book was the Astronomia Nova [Kep09]' in which Kepler showed that the
orbit of Mars is an ellipse. In fact, Mars was the Roman god of war and in the
Astronomia Nova Kepler overcame the Aristotelian Worldview that on heaven
everything is moving on perfect circles.

MARS AND FLOER THEORY. Studying periodic orbits in the vicinity of Mars
also leads to new structures in Floer theory which we describe in this paper. In
view of the high eccentricity of Mars the system consisting of sun, Mars and a
satellite cannot well be described by the circular restricted? three body problem,
but has to be attacked by the elliptic restricted three body problem. Because
of the eccentric movement of Mars, the Coriolis force in the elliptic restricted
three body problem is not constant, but depends periodically on time.

A basic system where the Coriolis force is time-dependent is a merry-go-round
which accelerates and decelerates. How such systems can be described using
time-dependent symplectic forms was the subject of the recent work [FW26b].
Like the Lorentz force of a magnetic field, the Coriolis force depends linearly
on the velocity and therefore can be modeled by twisting the standard sym-
plectic form on the cotangent bundle. In the case where the magnetic field is
time-dependent, a new force shows up, the Euler force, which in contrast to the
Lorentz force depends on the choice of time-dependent primitive of the time-
dependent symplectic form.

In the case of a satellite around Mars a new issue shows up and these are colli-
sions with Mars. Although one does not want to put a satellite on a collisional
orbit with Mars, to obtain the global picture of periodic orbits one has to take
into account these collisional orbits as well. In fact, considering a homotopy
periodic orbits appear in families and such families can go through collisions.

VARIATIONAL APPROACH TO COLLISIONAL ORBITS. For global theories like
Floer theory the crucial ingredient is a variational approach to periodic orbits.
In order to obtain a variational approach as well to collisional orbits, we ap-
ply in this paper the new regularization technique of Barutello, Ortega, and
Verzini [BOV21] of blowing up the loop space, see also [Fra25], to the case of
time-dependent magnetic fields.

To treat these kind of problems we develop a general setup which we re-

fer to as twisted Zeeman systems.® A Stark-Zeeman system, as introduced
in [CFvK17], describes the motion of an electron attracted by a proton and sub-

1 Deutsche Ubersetzung [Kep37]. English translation [Kep92].

2 “Restricted” means that the satellite is considered massless and does not attract the sun
and mars, but on the other hand is attracted by sun and Mars.

3 A planar twisted Zeeman system describes the motion of an electron in the plane
attracted by a proton in a time-dependent magnetic field which admits a primitive depending
twisted periodically on time. Such a magnetic field is necessarily time periodic, see Remark 2.2.



ject to a magnetic and electric field. In a twisted Zeeman system the mag-
netic field is allowed to depend on time and, in contrast to a time-independent
case, the dynamics also depends on the choice of the time-dependent primitive
of the time-dependent symplectic form. While the magnetic field is assumed to
depend periodically on time, the time-dependence of the primitive is not nec-
essarily periodic, but is allowed to be twisted-periodic. The additional freedom
of allowing this twist makes it possible to incorporate the electric field in the
twist as well, as observed in [FW26b, §3.3]. Therefore the contribution of Stark,
i.e. the electric field, is not needed any more, so that every Stark-Zeeman system
can be re-interpreted as a twisted Zeeman system.

Blowing up the loop space requires a reparametrization of the loop which
depends on the loop. Therefore in the regularized system the symplectic form
on the loop space becomes non-local. In the present article we introduce a La-
grangian and a Hamiltonian action functional which are related by a non-local
Legendre transformation, see also [FW21, CFV23], and show that the critical
points correspond to periodic solutions of twisted Zeeman systems allowing col-
lisions of the electron with the proton. In part IT [FW26d] we then show that
the linearized L2-gradient flow equation of the non-local Hamiltonian action
functional for this non-local symplectic form is a Fredholm operator by showing
that its Hessian field almost extends by applying our general Fredholm result
from the recent article [FW26c].

1.1 Main results

We twist the Lagrangian of the Kepler problem with a 1-form on the plane C
depending periodically on time 6,17 = ;. The physical interpretation of this
1-form is the following. The exterior derivative with respect to space gives rise
to a time-dependent magnetic field df;,. The time derivative 6, of the 1-form
gives rise to a force known as Euler force which can for example be felt on
an accelerating merry-go-round [FW26b]. We, more generally, consider 1-forms
which are only twisted-periodic in time, and not periodic. This additional twist
allows to model electric forces as well [FW26b, §3.3]. In this introduction, for
simplicity of exposition, we do not consider this additional twist and also do not
consider the case where the 1-form is defined on open subsets of the plane.

Periodic orbits of this problem can be detected variationally as the critical
points of the classical Lagrangian action functional on loop space

1
S:LCX R, g / (31l + 1 Ol ) .
0 |g:|
Since we have to exclude collisions with the singularity of the Kepler potential
—1/]g:| at the origin, this functional is only defined on loops that avoid the
origin, i.e. loops in C* := C\ {0}. In order to also allow collisional solutions
variationally we regularize this functional. For that purpose we consider a non-
local map @: LC* — LC*. This map Q re-parametrizes the complex squaring
map by a circle diffeomorphism 7, : S} — S! which depends on the loop z itself
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Figure 1: Regularization B on blow-up of loop space LC*

and is therefore not local. The map Q was discovered by Barutello, Ortega, and
Verzini [BOV21]. It is not smooth in the usual sense, but scale-smooth in the
sense of Hofer-Wysocki-Zehnder [FW26a]. Pulling back the functional S under
Q we obtain the following sum of three terms B = K —U + M : LC* — R where

1
B&) = 2P + oz + [ Ol ()

Here t, is the inverse of 7. and (-,-) is the L%-inner product with associated

norm ||-|| and ¥ is the pull-back of § by the complex squaring map. Because the

map Q is non-local, the periodic orbits pulled back by @ do not satisfy a second

order ODE (2.8) any more, but a second order delay differential equation, the

DDE (4.46) which actually characterizes the critical points of B.

The functional B naturally smoothly extends, via the formula provided by

O*S as illustrated in Figure 1, to the space L*C = LC \ {0}, i.e. the loop is
allowed to cross the origin, the only thing that is forbidden is that the loop stays
for all times at the origin. Times where the loop crosses the origin are inter-
preted as collision times. After the extension, critical points of the functional
consist of two kinds, namely non-collisional solutions (Section 4.3), i.e. solutions
which never cross the origin, and solutions admitting collisions (Section 4.4), i.e.
solutions which cross the origin.
Non-collisional critical points are in 1-to-1 correspondence with critical points
of S, i.e. periodic orbits of a particle subject to firstly Newton’s, respectively
Coulomb’s, force secondly a time-dependent Lorentz, respectively Coriolis, force
as well as thirdly the Euler force. If the 1-form is even allowed to be only twisted-
periodic in time, we can twist the 1-form with an additional electric potential
and therefore the particle can be subject additionally to an electric force.

In Section 4.5 we explain what precisely collisional solutions are on the g-side
and show the following.



Theorem A. Collisional critical points z of B are in 1-to-1 correspond to clas-
sical collisional solutions q.

Theorem A is proved in Theorem 4.15 by constructing a parcial inverse map
Z to Q which is illustrated in Figure 1.

The second contribution of this paper is that, in Section 5, we provide as
well a Hamiltonian formulation of the regularized solutions. For this purpose we
apply a non-local Legendre transformation to the non-local functional B which
is motivated by [FW21]. The functional we obtain is given by

A=iy(A+70) —H: T*L*C =R,  T*LXC=L*C x LC.

The ingredients on the right hand side of A are the following. Firstly there is the
canonical vector field V = 9; along T*£*C, namely V(z,1) = (#/,n’). Secondly
A is a 1-form on T*L*C obtained by integrating the Liouville form A on T*C.
Thirdly, in contrast to A, the 1-from © on £L*C is non-local. If z € L*C, then
for a tangent vector £ € T,L*C = LC we define

1
625 ::/ 19tz(‘r)|z(7-)€(7—) dr.
0

In particular, the last term M of B is given by M(z) = ©,2’. The base point
projection and a canonical injection are given by
m: T*L*C — LXC L: LXC = T*L*C

(z,m) — z z (2,1 (L)

'JZ/)
The non-local Hamiltonian H: T*£*C — R can be thought of as the non-
local Legendre transform of the first two terms IC — U of B and reads

Al 1

8l [l

Our second main result is the following.

H(z,m)

Theorem B. There is a bijection given by

Crit A 1:1 CritB .

Proof. Section 5.5. O

The critical points of A are solutions of the following second order delay
equation.

Theorem C. Suppose that (z,n) € LXC x LC is a critical point of A. Then
(z,m) is a solution of the following problem

/ 1
2 = 15
e

2_
0 = HZ\LH“SZ + grad M(z)




where the L?-gradient of M is of the following form. Writing the 1-form ¥; =
a} dx + a? dy in the form of a pair a; = (a},a?) € R? there is the formula

2z, ‘ |2

z 7.
(grad M) T ”4/ I 2012 dp - (s (o)]5, > 2000 d ||Z||2atz(7')|zf

2z v .
s [ il o do = (rotan ) i
o=T

for each time T € S' and abbreviating z, := (7).
Proof. Theorem 5.13 and Lemma 4.3. O

In Appendix B we show that the exterior derivative of the non-local 1-
form A + 7*0© is a weak symplectic form on T*L*C. This uses an abstract
result on weak symplectic forms in Appendix A which is of independent interest.
Hence the critical point equation in Theorem C can be interpreted as the Euler-
Hamilton equation of H with respect to the 1-form A + 7*© as in [FW26D].
This is explained in Theorem 5.13.

The 1-form O only exists for time-dependent 1-forms ¢ which are periodic
in time. However, the weak symplectic form on T*L£*C still makes sense in the
twisted-periodic case and remains a weak symplectic form, as discussed as well
in Appendix B.

Notation. Working with functions on function spaces easily triggers ex-
cesses of parentheses, which harms legibility. Therefore we often write variables
either as subscripts M, or in the form M]|,, as opposed to M(z). For time-
dependence subscript has priority, for example if ¢ — ¢(¢) is a loop then 6|4, ¢,
denotes a time-dependent 1-form at time ¢ and at the spatial point ¢(t) evalu-
ated on the velocity vector ¢(t). Let ||| and (-,-) be the L?(S!, R?) norm and
inner product. There are two circles, the quotient circle S = R/Z and the unit
circle St € C. A map f: R — X with f;41 = f; Vt € R is called periodic, no-
tation f: S' — X. While, as is common, ODE abbreviates ordinary differential
equation, DDE stands for delay differential equation.

Acknowledgements. UF acknowledges support by DFG grant FR 2637/5-1.



2 Twisted Zeeman system

Let 0 € Q C C be an open subset containing the origin. Without 0 we write
0% =0\ {0} ¢ C~R"

We freely identify C with R? using whichever is convenient. For ¢ €  we write

. 2 ~ . . 0 -1 PR
Coq +ig2 ~(q1,q2) € R” Lp(C) 20~ j:= <1 0 > c L(RY). (2.2)

For brevity we often write i. If i is in front of an element of R? it means jo. By
(-,*) we denote the Euclidean inner product on R?, by |-| the induced norm.

Definition 2.1 (twisted-periodic). A twisted-periodic 1-form 6 = {6;}:cr
is a real smooth family of 1-forms on £, notation

0, = Aj dgy + A7 dge, A}, A7 Q =R, (2.3)
with 6 twisted-periodic in the sense that a) the time-derivative is periodic
a) ét+1 = ét, b) 975_),.1 = 9,5 + df, (24)

and b) there is a smooth function f: Q — R satisfying the above, cf. [FW26b,
§5], called a twist function of § = {6,}. In the periodic case f = 0. As a
consequence the exterior derivative is periodic, in symbols df;y; = df,. The
coefficients of the twisted 1-form 6 yield a vector field along 9 of the form

L (24),
At‘q = (At1|(Q17Q2)7At2|(Q1,Q2))’ Appr =" Ay, (2'5)

called a vector potential.

Remark 2.2. Magnetic fields are described by closed 2-forms o, where closed-
ness do = 0 encodes the fact that there are no magnetic charges; see e.g. [Webl7,
§2.4.1]. For a twisted-periodic 1-form 6 the 2-form

Ot .= d0t =d (A% dql + A? dqg) = (31Af - (’92A%) dql A dQQ
—_—

=:rot Ay=:B; =:wo

(2.6)
is time-periodic oy := df; = df;11 = 0441 and closed do, = ddf; = 0.

2.1 Classical Lagrangian functional &

Definition 2.3. Let 6 be a twisted-periodic 1-form (2.4) and f a twist function.
Define the classical Lagrangian action functional on the free loop space
L7 = C®(SH Q%) of Q% := 0\ {0} by

S=8p0: O SR

! S ) (2.7)
q'—>/ (% |qt|2+ﬁ+9t|qt%)dt—f@0) = / L¢ (gs, dv) dt — f(go)
0 J0



where LY: TQ* — R is the function, called Lagrangian, defined by
2
LY (q,v) = Lol” + ﬁ + 6|qv.

Remark 2.4 (twist term and integration interval, [FW26b, Rmk. 3.4]). (i) Since
we integrate over [0, 1], we subtract specifically the twist term f(go) in (2.7) in
order to get as critical points the periodic solutions of the (A, ¢)-equation (2.8).
(ii) If 6, is twisted-periodic, and not periodic, then LY is not periodic in
time. Thus the integral (2.7) is not over the circle S! = R/Z, but over the
interval [0, 1]; see [FW26b, Rmk. 3.4] which shows that integration f: 1 leads
to the same value S(q) in (2.7) for any integer k € Z.
(iii) If O;41 = 0; is periodic, then there is no twist term (f = 0) and any
integration interval [r,7 + 1] for 7 € R leads to the same value S(q) in (2.7).*

Remark 2.5 (classical critical point ODE). By [FW26b, Prop. 3.7], the critical
points of the functional S are solutions of the (A, ¢)-equation with ¢(q) = —ﬁ

Crit S = {q € L0 |G = —Bilojod — Adlg — #} By =10t Aly.  (2.8)

The critical points g are called classical or physical solutions. A solution to
this ODE describes the motion ¢ — ¢(t) of an electron attracted by a proton
at the origin and subject to a magnetic field. The origin is a singularity of
the potential ¢ and ¢(t) approaching 0 is called a collision. In the classical
description the origin is a forbidden locus.

3 Loop space blow-up

3.1 Complex squaring and twisted loop spaces
Standard notions on the Euclidean plane R? ~ C

It is convenient to identify R? with C via (z,y) — x + iy = 2. We recall how
standard notions look like on each side. The complex side lends itself for shorter
formulas and quicker calculations.

On R? three natural players are the Euclidean inner product, the counter-
clockwise quarter rotation, and the natural symplectic form. They are defined by

. (22)
<27C>0 = x§+y77, = Jo, w0(27C) = xﬁ_yfa

for z = (z,y) and ¢ = (§,n). The three are compatible in the sense that

wo(+, ) :== (o, ->0 or, equivalently (-, ~>0 = wo(+, Jo)- (3.9)
As jojo = —1 and j§ = —jo is skew-symmetric, the previous identity tells that
wO(.jO'v.jO') :wo('7')7 <j0'7j0'>0 = <'a'>07

are both invariant under jy. In natural coordinates wg = dx A dy.

4 schematically f:Jrl 0y = frl 0t+f1r+1 0; = frl Oc+ [y Ot1 = fol 0¢ as 0;41 = 0, is periodic



Remark 3.1. On C the three natural players appear as follows®
ZC = <27 §>0 + iWO(Z, C)? Re(zc) = <Z7 <>0 ) Im(gc) = OJQ(Z, C)? (310)
and

i2¢ = (joz,C) o + iwo (joz, )
= WO(Zv C) -1 <Z7 <>0

for z = x+iy and ( = £+1in and where Z := x —1iy is the complex conjugate. On
the complex side multiplication by 7 corresponds on the real plane to applying
the rotation matrix jo. Note that Re(iz¢) = Im(z¢) and Im(iz¢() = —Re(z().
Observe that = (2+2)/2 and y = (2 —Z)/2i. The one-forms dz = dz+idy and

dz = dx — v dy reproduce dx = % and dy = % There are the identities

dz Ndz = (do +idy) A (de —idy) = 2ide Ady, — 2z2=a2>+y* = |2|%,

where |-| is the Euclidean norm on R2.

Complex squaring map and sign involution i

In polar coordinates z = re®? on C* := C\ {0} the complex squaring map
is ¢: CX — CX, re’® =z = 22 =127, Let 0 € Q C C be an open subset
containing the origin. Without 0 we write

3= Q) = {z€C |20}, (3)=Q% =)\ {0},

where the pre-image 3 is open since ¢ is continuous. While 3* does not contain
the origin, its closure does. For later use we define

3:=¢ Q) =3*u{0}ccC. (3.11)
A useful observation is that 3 is invariant under the sign involution
i: 3% = 3%, 2z —2 (3.12)
indeed z € 3% < —z € 3% as 22 = (—2)2. Hence the complex squaring map
§:3X£>QX7 z > 22, soi=g, (3.13)
is a double cover and invariant under sign involution. By linearization
Ti: T3 = T3, (2,8~ (—2z =f). (3.14)

Remark 3.2 (square root of complex numbers). A non-zero complex num-
ber z = re’® has two square roots \/re'?/? and \/re!(?/2+m) = | frei®/2eim —
—/re'?/2. Thus, the square root is only well defined modulo sign. We need to
take square roots in order to define the inverse Z of the rescale-square map Q
later on in (3.27), as illustrated by Figure 2. This is why in (3.16) we will divide
by the sign involution and work on the quotient space.

5 Of course, on the left hand sides z stands for = 4 iy and on the right hand sides for (z, y).

10



Twisted loop spaces and sign involution I

Considering twisted loop space allows for defining square roots. The open sub-
sets 3 C C\ {0} and 3 = 3* U {0} are defined by (3.11).

Definition 3.3 (regularization loop space £*3). (i) Both the *loop spaces
Li3:={z€ C®R,3) |VteR: z(t+1) = %2(t)},

for 3 from (3.11) are invariant under sign involution
I=-Idy: L43 — L13, 20 —2z, Idy, := Idcs, (3.15)

because the target 3 is by (3.12). For simplicity we call the elements of both
spaces still loops. The intersection of both spaces consists of the zero loop, the
unique fixed point of I, in symbols £.3NL_3 = {0} = FixI. Taking away the
zero loop z = 0 we get the pointed Tloop spaces

Li3:=L£:3\{0}, L£130L73-0.

These are disjoint and the sign involution I acts freely on each one of them, so
on their union. We introduce the quotient spaces (indicated by a bar)

£33

LE3 = i L*3:=L{3UL3, (3.16)

and call their union £*3 regularization loop space.

The elements of quotient space £* 3 are still called loops and denoted by z.
We keep in mind that, in fact, each element has two representatives +z and our
constructions must be independent of choosing z or —z. The elements ¢, of the
set 271(0) are called collision times or simply collisions.

(ii) The elements z of £*3 that have no collisions, in symbols 271(0) = 0,
form the non-collisional part of regularization loop space, notation

L3 =L,3°UL_3"
with £13* defined as earlier, just with 3% = 3\ {0} in place of 3.
Remark 3.4 (tangent bundles). Both tangent bundles
TLL3:={(2,8) € C*(R,3xC) |Vt € R: (2741,&+1) = £(2r, &)} (3.17)
are invariant under sign involution
TI=—1do: TLi3 = TLL3, (2,6) s (—2,—€)

because the target 3 x C is, see (3.12). The intersection of both tangent bundles
consists of the zero element (0,0), the unique fixed point of T'I. Taking away
the fiber over the zero loop we get the two tangent bundles®

TLYX3:={Z=(2,6) € TLL3: ||z £0}, 7L 30TL°3 =0,

6 The uppercase greek letter Z is called “Xi”.

11



To put it differently
TLY3=LY3x L,C, TL*3=L*3x L_C.

These are disjoint and the sign involution T acts freely on each one of them,
so on their union. We unite the two quotient spaces (indicated by bars)

TLX3

TZiS = T

TL*3:=TL{3UTLY3.
The elements of TL£* 3 are still denoted by
== (2,6) € L3 x £4C (3.18)

actually representing 4(z, ). This concludes Remark 3.4.

Canonical vector field on loop space and induced flow

The canonical vector field is generated by time derivative
vi L3 TLY3, 2z (2,7) (3.19)

For the principal part we use the same notation v(z) = z’. Note that both v is
well defined on quotients, indeed v(—2) = (—z,—2') = —(z,2') = —v(2).
The flow induced by v on £*3 is time shift, in symbols
¢$Z = TxZ, (QS;Z)T = Zr4rs (320)

where (r,2)(r) = z(7 + r) for every time 7 € R. Given & € T.L*3, pick a
smooth map h: R — £*3 with h(0) = z and h’'(0) = £. Then

(d(bmzf).,. = (d% =0 (b:/(h(s))).,- = dis s=0 h<s)7+r = §T+r~

3.2 Rescale-square map Q and inverse Z (non-collisional)

In this section we consider loops avoiding the origin (no collisions). The con-
structions do not depend on choosing z or —z. We construct two maps Q and
its inverse Z, as illustrated by Figure 2.

Remark 3.5. Pick z € £3”, so there are no collisions z~1(0) = (), see Figure 2.
We call the variable 7 of z: S! — 3%, equivalently z: R — 3* with z;,1 = *+2,,
regularized time. Classical time we call the values of the map ¢,: S — S}

_ Jo 1=(s)I” ds

VT e R: t.(7): LE

Classical time has the following obvious properties

t(r) = T >0 € C™®, t,.=t., t.(0)=0, t.(1)=1, (3.22)

12



extension regularized classical

R R R
B;_Wg*s BX.=10"S SW
. . )
L*3 5 L3 T Y
z
+2z g, =207,

2(r) = q? 0 1y yq(r) 1 q(t)

Figure 2: Pull-back of classical action gives a formula Q*S on L£3* (loops avoiding
0) that makes sense on the larger space £*3 (all loops except zero loop = 0) on
which B := Q*S has extra critical points (rescaled classical collision trajectories)

for every real p # 0. Moreover, classical time is indeed equivariant with respect
to the Z-action Z x R — R, (k,7) — 7 + k, in symbols t.(7 + k) = t.(7) + k.
As the map t.: S — S} is continuous and strictly monotone increasing (as z
avoids the origin), it has a continuous strictly monotone increasing inverse”

o=t St =St () (3.23)

called regularized time. Since z avoids the origin 7, is continuous. Indeed

. — 1 ll=1? 0 _ _
7.(t) = T~ ReaE 0, 7.€C® 7,(00=0, 7.(1)=1, (3.24)

and 7,, = 7, Vp > 0. In particular, both ¢, and 7, are smooth diffeomorphisms
of S'. This is due to the fact that z avoids the origin. This concludes Remark 3.5.

Definition 3.6. The rescale-square operation is defined by
Q: L3 - LAX, 20 q=2"0m,=cozor., Yp#0:Qpz) =p*Q(z).
Remark 3.7. By definition of g, and the chain rule we get the identity
0:(1) = 2:(ra (1) 7 (7:(0) 72 (0) 2

In equality 2 below we change the variable to o := 7,(t), then use (3.22) to get

i 2 e [ IO g 2 gy [TEX ) 00

3.24) 2 (1,
2[|z[? z((T2 (tt)))) (3.25)

1”(??T<n o (3.26)
(3.22) 4 Z'(0)]* |z A2
IHI/vaﬂznnzdo—MHl<,>

7 see e.g. [Forll, §12 Satz 1]
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Lemma 3.8 (well defined bijection). For z € £3* the image Q(z) lies in £LQ*.
The map Q: L3 — LO* is a bijection with inverse (3.27).

Proof. Pick z € £3*, in particular z: S' — 3%. Since z and 7, are smooth, so
is their composition ¢,. Non-vanishing of z implies non-vanishing of ¢,. To see
that ¢, is 1-periodic note that ¢.(1) = 22 o 7.(1) = 2(1)? = (£2(0))? = 2(0)? =
22 0t,(0) = q.(0). This shows that Q(z) = ¢, € LQ* = C>(S}, Q\ {0}).

Surjective. Given g € £LQ*, define 1/,/q € LC* and Z(q) € L3 by

Z2(q) =z =q  oryyg  LVa= [t 1/at)7], (3.27)

where 71, 5 = t1/ 4 '+ S} — S} is the inverse of the map t;, gz associated
by (3.21) to the loop 1/,/q in C*. For 7 € R we calculate the identities

=5

T 2 T — Tl/\/E(T) ds
act. Jylzg*(@)ldo_ Jglaemyya(@)ldo_ Jo T/ valr
Zq( ) 1 - 1 ds (3.28)
f0|zq )| do f0|qo7'1/ﬁ(0)|da o /vl
=71/ya(7)
using change of variables s(0) = 71, (), equivalently o(s) =t /;(s), hence
(3.22) |1 )2 .
dr =ty yq(s)ds "= e ds = pifiede ds
With this result we obtain that
def. © def. z
(QoZ(a)(t) =" 2% o7, () =" qomyyq0 T2, () =qt).
—— \_t N
Zq z to, 1

q q

Injective. For z € £3” set ¢, := Q(z) := 22 o 7,. Then for t € R we get

/ / /TZ(t) 1 |z(0)]?do _ 7. (t)
la=(s)] |ZOTZ |2 o =@ =] |22

by change of variables o = 7,(s) using (3.24). Pick ¢t = 1 to obtain

1
1 1
——dt = —. (3.29)
/0 lg= ()] 1]
Therefore we get for t € R the formula
| L (329 Jo o 48 . 21,
£ = |\Z||2/ D TN G20 g (3.30)
A5 Ay o
With this result we obtain
def. Z 1 def. g
ZoQ(z ="q.2 0 ="z0 T, © z(7).
( Q( ))(T) q Tl/\/qi(T) T Tl/\/tTZ( ) = 2(7)
qz by oz e
This proves Lemma 3.8. U
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Proposition 3.9 (extendable formula). For S in (2.7) and z € L3 it holds

1 1
S(Q(2)) = 2|lI[I"|1* + T +/0 (§0)t.(o)|=() 2 (0) do — f(25)  (3.31)

as illustrated by Figure 2. The functional Q*S has the same value on *z.

Note. Formula (3.31) makes sense even if z takes on the value 0, even along
intervals, as long as ||z|| # 0, i.e. as long as z is not constantly zero.

Proof. Set q, :== Q(z) = o zoT,. By definition (2.7) of S we have

1
1
S(g.) = blg-I? + /[ a0 / 4~ Fa(0)

. 1
= B [ a - G,
[0,1] (Edl
Here equality two is by (3.26) and (3.29). We compute the last two summands

/ 026 — £(:(0))
[0,1]
1
- / Bl = (£) dt — F(4:(0))

1
2 2!
ETEE / B (o) |-2 22, (0) dor — F(:R)
0 (3.32)

A 1
; 2/ gtz(g)‘zz(g)zgz(/, do — f(Zg)
0
1
=2 [ b (oleye (@t i), &+ i), do— )
0
1
= 2/ 0. (0)]2,2 ((xm' —yy), +i(zy — y:v’)a)da — f(zd)
0
6 !
L2 / (AL (o) =2 (@0 = ), + A ()2 () + "), )do — [(:5)
0

1
2 [ (@Al Le + A L) o'+ (0] e —yAL L) ) do = ()

1
= [ 6Ol do - 113) E M)
0
where we identified C ~ R? via z = x + iy — (z,y). Equality 2 is by (3.25)
in combination with variable substitution ¢ = 7,(t) and the identity ¢ = ¢, (o)
which uses the inverse function 7,(t) = t;1(t). Equality 3 uses that t.(7) is
given by (3.22). Equality 6 uses that 6 is of the form (2.3). Equality 8 is by
definition (3.13) of ¢ and of the pull-back by <. The result we denote by M(z).

M has the same value on +2z: By (3.32) it suffices to show ¢, = ¢_,. Indeed ¢, =
22ot, b= (-2)2%0t_,"'=q_, fort, =t_, see (3.21). Alternatively, inspect
the right hand side of equality 3 in (3.32). This proves Proposition 3.9. O
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4 Non-local Lagrangian mechanics

4.1 Magnetic functional M

Fix a twisted-periodic 1-form 6 and a twist function f on Q C C; see (2.4).
Formula (3.31) for the pull-back of the classical action functional motivates

Definition 4.1 (magnetic functional). Define the magnetic functional by

1
M: L3 =R, =z '—>/ (0.l 2ndT — F(25), f(20) = ()l (4.33)
0

with reparametrization t,: SI — S} defined by (3.21) and ¢(z) = 22. For

M written as L?-inner product see (4.39). That M(z) = M(—z) one reads off
immediately from formula (3.32)7. Remark 2.4 explains the integration interval.

Remark 4.2 (pull-back ¢ := ¢*#). The pull-back of 6 from the open subset
Q C C with coordinates ¢ = q; + ig2 to 3 = ¢~ 1(Q) C C with coordinates
2z = x + iy under the map 2z — ¢(z) := 2?2 is a smooth real family of 1-forms

Yy = 6.0, = al dz + a? dy, al,a?: 3 =R, a; = (a},a?). (4.34)
Analogous to (2.6) we get d¥; = (rot a;) wg. Note that ¢ is twisted-periodic

Dip1= "1 = "0, = by
V1= ¢ 01 =< (0, +df) =9y + dF, F:=¢f=fogq.

To compute the pull-back under the squaring map ¢ we write
@ +ig =q=2"=(z+iy)’) = 2% — y* + 2iaxy.
Thus the components are ¢; = 22 — y? and ¢» = 2zy. Hence
dq1 = 2xdx — 2ydy, dqs = 2ydx + 2xdy.

Recall from (2.3) that we wrote 6; in the form 64|, = A}|,dg1 + A?|,dge for
q € 9. Calculation shows that the pull-back under ¢ is of the form

19t|z L= (§*9>t |z
= Ajlo() (2wde — 2ydy) + Af| () (2yda + 2zdy)
= (ZxA,HZz + 2yAf|Zz) dr + (2fo|Zz - 2yA%|Zz) dy.
By (4.34) the components a’|, of ¥ and the A7|.> of 0 are related by

a%|2 = 25”‘4}‘22 + 29A§|z2 = 2(2, A¢|.2),

, (4.35)
azl, = 20A7|.2 — 2yA} |2 = 2wo(z, Ayl2).

Pointwise at z = (z,y), using the previous two formulas, we calculate

rot a|, = (8,02 — dyal). = 4|2|* (8,42 — 9,A}).2 = 4zzr0t Ayl.>.  (4.36)
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In particular, we see that rot a;|o = 0 vanishes at the origin singularity at all
times. The second equality requires a bit of work. Hence

(d0y). = (rotar) (jor,-)o = 4|2|" (ot Al:2) (o, ) - (4.37)
In complex notation there are the identities
22A]. = 2w — iy) (A} +iAD)]e = all. +iad. =al  (438)
Step two uses (4.35); similarly 22A;|.> = @,|.. This concludes Remark 4.2.

By (4.33) and (4.34) the magnetic term translates to an inner product

1
M) = [ (aho e+ 02 o0t ) dr = £(R) = G ]oo) = S (:E) (439)
0
for z € £*3. The task at hand is to calculate the derivative dM(z).
4.1.1 L32-gradient
Lemma 4.3 (L2-gradient of M). At z € £*3 for any time T we have

2z, | |2

P
(grad M|,) ” ”4/ fo |zp| dp -, (0)] 2y, 2 zg)o d ||Z||2atz(r)|zf

2z ! .
s [ ol 2o do = (rota L) o
g

=7

Proof. We use the representation (4.39) of M as L?-inner product to calculate
the L2-gradient of M at a loop z. Given a smooth vector field £ € T,L£* 3 along

z, pick a smooth path of loops € — 2. with zg = z and d%’o ze = &. Then

2 [T 2(z,6) (7
(dH]:6)r = L] _ t(ze)r = o / (201E0)o do — 2228 / 22 do. (4.40)
l12[1% Jo 2]l 0
Another preparation for the main calculation is to determine the difference

<a1|zlv£1>0 - <a0|20750> (§* ) |Z1§1 - (§*9)0|2050

= (1"¢"0)1] -2, (—=60) — ("0)ol=0&0
= ("0 |z0§0— ("0)ol=00 (4.41)
( “0o + ¢ df)|zo§0 - ( )O‘zofo
= d(s" f)lz00-
Fquality 2 is only for the twisted case, skip it in the untwisted case. Equality 2
uses ¢* = i*¢*, by (3.13), and (21,&1) = —(20,&) by the twist hypothesis.

Equality 3 uses Ti(—z0, —&0) = —(—20, —&0), by (3.14). Equality 4 is by twisted-
periodicity of 6 and linearity of pull-back. Equality 5 uses that pull-back and d
commute and, moreover, two terms cancel each other.
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The principal calculation is as follows

(grad M|, &) = dM|.§ = M(z:)

%szo<at25|z5,zé>— — of°<< =(0))

(g, ls?) +a |, €) = d(s )]z

<di| 0@t lzes 2 )+ (@i]z1,€1)0 = (@o|zg, E0)o — ((@r. =), &) — d(s™ f)]=0&0
(ac. |- (dt]:€) + dae.|.€, ) — (ar.|.(t.) + da. .2, €)

= (.| (dt].€) ') = (ar.]-(t=), &) + (dar.|! — da.|.)2, ).

5

Identity 5 uses integration by parts. Identity 6 is by the chain and product
rules, the underlined terms cancel due to (4.41). Identity 7 moves da to the
other side of the inner product where it arrives as transpose da”.

Now we are in position to identify the three resulting summands with the
summands in Lemma 4.3. Both second summands are equal by formula (3.22)
for (t,)’. Abbreviating a = a._|, both final summands correspond, since

(da)” — da = (81(11 31a2> — <81a1 62(11) = —(rota) jo.

Ohay  Osay Oraz  Osan

It remains to calculate the first summand
1
(@ (dt|zf)’z/> = /0 <atz('r)‘z7 (dt|zf)nz-lr>0 dr
2 1
T . ,

N ”Z|2/ f() <ZU’€U>OdJ. <atz(7')|z7-727'>0 dT

_ ||Z||4 / fo |Zo'| d0<at (T)|ZT7 7_>

2 1 1
||z|2/ <Z'rv§‘r>0/ <dtz(a)|zo,,Z;>0do'd7—

7=0 =T

256 [F e a
_ ||z||4 /0 f[) |Z0'| d0'<atz(7)|z,,2’_lr>0 dr

||

Identity 1 spells out the L2-inner product. Identity 2 inserts formula (4.40) for
dt.£ and pulls real factors out of the integral. In identity three we interchanged
the order of integration using Fubini’s theorem. Take the L2-inner product of
the identity in Lemma 4.3 with £ to see equality. This proves Lemma 4.3. [

In (C.101) we calculate dM, equivalently grad M, applying Cartan’s formula
from finite dimensions formally on the loop space.® This yields the same formula
as the rigorously proved Lemma 4.3 above.

8 The final summand in Lemma 4.3 arises from the final summand in (C.101), via the
identity —(dy. ()|, (24, 1) = — (10t @y, (r)|=, ) Gozh, €} in (4.37).
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4.2 Lagrangian action functional B

Formula (3.31) for BX := Q*S: £3” — R makes sense on the larger space £* 3
that consists of all smooth loops in 3 not identically zero. This motivates

Definition 4.4. The non-local Lagrangian action functional is defined by

B: £*3 5 R
1 o
z»—>2||z‘|2||Z/H2+ - +/ (s 9)t2(7)|ZTz’TdT—f(z§). (4.42)
— | 2]] 0
(=) —U(z) M(z) = ©.2' (5.79), (C.94)

Here 6 is a twisted-periodic 1-form with twist function f along Q, see (2.3), and
¢: C D 3 — £ is the complex squaring map (3.13).

4.2.1 L2-gradient

Definition 4.5. The L2-gradient of the action functional B = K —U + M
with respect to the standard L?-inner product at a loop z € £* 3 is determined
by (grad B(z), &) = dB|.¢ for every € with (z,€) € LI3 x L+C; see (3.18). Thus

grad B(z) = grad K(2) — gradU(z) + grad M(z) (4.43)

where KC, U, M are defined in (4.42). Points where the differential, equivalently
the gradient, of a function vanishes are called critical points.

With the chain and product rule we calculate
dK|.€ 1 = &, K(z +€8)
= dtlo2(z etz +e) () et 2 + et
4112112 (2, €) + 41211 (', €)
= 4[2'||? (2,€) + 4420 — 4|2|1* (=", €)

where the last equality (integration by parts) holds since z is sufficiently regular,
i.e. has at least two weak derivatives and since the boundary term vanishes®

<Z/Ia£|>0 - <Z(/)a§0>0 = <j::(/)7 :L(]>0 - <26’§0>0 = ((i1)2 - 1) <267§0>0 =0.
Vanishing is independent of choosing (z, &) or —(z, ). Furthermore, we calculate

2(z,¢)

lzl1*

dU|.€ = L] Uz +e€) = %‘O<z+€§,z—|—5§>_1 =

From these differentials one immediately reads off the L2-gradients
2z

=l

The magnetic gradient is much more subtle. We calculated it in Lemma 4.3.

grad K(2) = 4]|2'||*2 — 4| 22", gradl(z) (4.44)

9 The derivative of (2741, &r4+1) = £(2r,&7) in (3.17) at 7 = 0 tells (2], &]) = (£2, £&)).
The identity (z741,&r+1) = £(27,&7) in (3.17) at 7 = 0 tells (21,£1) = (20, £&0).
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Lemma 4.6 (L?-gradient of B). At z € L*3 the L*-gradient is of the form

2z
grad B|, = 4[|2'||?z — 4||z||*2” — T + grad M|,
2z
= 4l|2/[*2 — 4]l 2||*2" ~
I]1*

2Z 1 - 9 ) , ‘Z|2 ) (4-45)
- W 0 fo ‘ZIJ‘ dp~ <atz(U)|ZU7ZO'>O do — ||Z||2atz‘z

2z ! . .
+ W/ (atz(g)|zg,zf,>0 do — (rot atz|z) joz'.
g

=T

Proof. (4.43), (4.44), and Lemma 4.3. O

4.2.2 Critical points — finitely many collision times

As the identity dB|, = (grad B(z),-) determines the gradient, an equation for
the critical points of B is obtained by setting (4.45) equal zero, then solve for z”.

Theorem 4.7 (regularized critical point DDE). The critical points of the non-
local action B: L*3 — R in (4.42) are the solutions of the delay equation

. 2|2 1 1
(r) = =(r) <||||z||||2 - 2||z|6) T g B MI)()

e~ 51515 ~ 3 [, 1P ol 2o
= Z\T — — z p az(7 zg,zao ag
1212 2]2[6  2[z[6 J, J0 ' (%)

1 /1 , ,
+ 5o [ @)z 200 do
2)|z[1* J- @)

B 1ot @y (r)|o(r)
- 'az‘r|z-r_ JOZ(T)
4l OO NEE

(4.46)

for smooth loops z Z 0 in 3. In symbols, the set of critical points is given by
CritB:={z¢€ L*3|gradB|, = 0} = {z € L3 solving (4.46)}.
The elements z € Crit B are called regularized collision solutions.’?

Proof. Divide (4.45) by 4| z||?, resolve for 2. O
Lemma 4.8. For z € Crit B regularization collision times form a finite set
T.:={r €[0,1): 2(1:) =0} ={m1,..., 7}
enumerated increasingly 7; < Tj+1. Hence [0,1)\ T, is a union of N intervals'!

OD\T =T U ULy, Zj := (75, Tj+1)),  TN41i=T1

10 away from collisions, they correspond to classical/physical solutions, i.e. of the ODE (2.8)

11 In case 71 = 0 the formal final interval (7x,71) abbreviates (7x,1). In case 71 > 0 the
formal final interval (t)y, 1) abbreviates (7n,1) U [0, 71).
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Furthermore, at collisions velocities are non-zero while accelerations vanish
V1, € T, = 2 1(0): 2 (1) # 0, 2" (14) = 0.
Proof. We define three maps pointwise at 7 € S*, namely a € LR by

1 . 1.
P O S Vol o G e o) | [l 24)odo

‘= e 201 A
the map b € LC by b(1) := —m Z(T)at, ()|s(r), and the map ¢ € LiR by
e(r) == —W iBy.7|... Because z solves the regularized DDE (4.46), it is as

well a solution of the second order linear homogeneous ODE with continuous
coefficient functions 2z’ (7) = a(7)z(7) + b(7)z(7) + ¢(7)2’(7). This implies that

2(1e) #0, V1. €T,.

Suppose by contradiction that z is a solution of the second order ODE with
initial condition z(7.) = 2/(7.) = 0. Hence z = 0 and z € £*3. Contradiction.
So T is a discrete subset of the compact space S', hence finite.

That z(7.) =0 = 2"(7.) = 0 follows from the critical point equation (4.46)
together with rot a;|o = 0 by (4.36). This proves Lemma 4.8. O

4.3 Non-collisional regularized solutions — Crit B~

We show that those solutions z of the regularized critical point DDE (4.46)
which actually avoid the singularity at the origin, in symbols z € (Crit B)NL3*,
correspond simultaneously to physical solutions, i.e. solutions of the ODE (2.8),
namely via the map z — Q(z) =: ¢ € LOQ*. Abstractly this is clear, since
solutions of (2.8) are critical points of the classical functional S: £LQ* — R
and the restriction BX: £3* — R of the regularized functional B: £*3 —
R coincides with the pull-back S o Q: £3° — R, as illustrated by Figure 2.
Although clear, it is not obvious by looking at the equations (4.46) and (2.8).
Hence in this section we show this explicitly. In doing so we find in an
intermediate step a second order DDE for g which will help us in the subsequent
Section 4.4 to see how solutions of the regularized DDE (4.46) in the complement
of £3* in L*3 correspond to collisional solutions of the classical ODE (2.8).

Proposition 4.9. Let z € L3 solve the regularized critical point DDE (4.46).
Then q := z? o 7., Definition 3.6, solves the classical critical point ODE (2.8).
Proof. The proof has two steps.

Step 1. If z € L3” is a solution of the regularized critical point DDE (4.46),

then q := Q(z) := 2% o 7, is a solution of the 2"¢ order intermediate DDE
Gt + Bilqe)jodr + As(qr)
. 1 1o,
%HQHQ —Jo \Zj\ - fo s(As

. . 1, 2
anQS>0 ds — % |Qt|2 + ft <As

qt

40rs)o ds (4.47)
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Proof of Step 1. We need to calculate the first two derivatives of Q(z): St —
0*. It is convenient to abbreviate and use complex notation

q:=q; = 9Q(2), q=q +ig, q: = q(t), G = q1t + g2,

Hence G := @; = z? o 7,. The derivative ¢ is given by (3.25) and the derivative
of 7,(t) by (3.24). So, following [Fra25, §5], the second derivative is of the form

2 4
— 2”2“4 ZI/ o Tz(t)| — 2”2” Tz(t) 1 |q~t|2
Zr, () %7, () Zrs (1) 7=() Zr,(t) fit Zr,(t) 2

for every t € S'. To calculate |¢|> = ¢,¢: we used (3.25) and its complex
conjugate form. Continuing the calculation of §;, we change first the order of
the two summands, then in equality 2 we replace er/z(t) by (4.46), hence

-2 2 11
G(t) = — |G| n (Ell& 4)|=[*= Zr.(t)
2q, 2q} Zr,(t)
2 |Qt| 2
=- + =112 = — =
2o @ - o
1 S N
FARIE / Jo 201" dp (@1, (02, 25)0 do
-~ JO N———
321] (0)‘ ‘2
2
L[ |2r.0)]
+— Ui ()] 20 20 )0 dO — =2
G Joenr. m<a/;,( )‘m (r>() ao QQtZTZ(t) t‘z,.z(t)

/
. (t)
ZTZ (t)

3 |Qt| |
= || - = ds
2q; o 1gsl

-/,1)71 o o
i/ s-Re (2:714, : .(['*"”_)> [2[[*ds
qt Js=t,(0)=0 21 z|? 20 Zs

1 .
- 27@||Z||2 (I“Ot at|zrz(t)> ¢

1 /-/;(l)l ( (sZg ) || z||2ds .
+— Re (22, A, - —— — — Ayl .2
G oo AE) Al
, thrz(t)
- *||Z|| 427 (1)%r. (1) (1Ot Aglg,) i
—_———
=Bi(qt)
4 |Qt| 2
. n——/g— —/ (Adlq,rdo)o ds
2q, 2(]t|| || ?
1 1
+ = Qt <A |q5»qs>0 ds — At|Qt (qt)]Oqt

Equality 2 also uses that ¢,(7,(t)) = ¢ by (3.23).
Equality 3: There are seven summands. Summand one remains unchanged. In
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summand two replace | z||?|[2’[|? by 1l|d||* according to (3.26). In summand
three replace 1/z[|* by (3.29). In summand four we replaced the [;-term
according to (3.21). Then we changed the integration variable to s(o) :=t, (o).
The substitution of the inner product, of z/, and of do is explained next in
summand five. In summand five we rewrote the inner product in the R? picture
in terms of the real part (3.10) in the C picture and we substituted the vector
potential according to (4.38) with dots (time derivative). Then we changed the
integration variable to s := t,(0): We replaced do with the help of (3.24) and
z! according to (3.25). Now many factors annulate in pairs and (in equality
4) we go back to the R? picture and inner product. In summand six we also
used (4.38) for time derivatives and that g = 232 (t)- To the final summand seven

the following happened: We used that zT ) = - We replaced the rotational

according to (4.36) and zT;m according to (3.25). Now certain factors annulate
in pairs. Equality 4 writes down the cleaned up result. This proves Step 1. [

Step 2. If g € LO* is a solution of the intermediate DDE (4.47), then it is
also a solution of the classical ODE (2.8).

Proof of Step 2. Given a solution ¢ € £LO* of (2.8), we define

g, .= B Bulaide ¥ Aula) oy g (4.48)
qi

By definition of 8 and since |qt|2 = Giqs, using (4.47) in equality 2, we obtain

Belal” = @ ("t + Bilg,igr + At|Qt)

1
2 142 - / / s dsdo ds =1 [@ol? + / (Adlydo)o ds. (449)
t

independent of ¢

As the right hand side of (4.49) is real, so is 3, in symbols 8; € R, V¢t € R.
Differentiate (4.49) to get the first equality, the definition of 8 gives the second

2(qt; G)o Be + |Qt\ By
= — (G, Gr)o — (Alg,s de)o
—(d, Bear)o + (dr. Be(ar)jode)o + (de, Ar(ar))o — (Atlg,, de)o
= —Bt(qt; Gt )o-
Equality three uses that 3 is real and that, since B is real and by (3.9), the

term (¢, Bi(q¢)jode)o = Be(qr)wolde, jojodt) = —Bi(ar)wo(ge, ¢) = 0 vanishes.

. 2
By rearrangement \q|2 B = -3{(q,q)p, thus % =-3 f’r;“g' . A solution of this first

order ODE is of the form In || = —21n lg]> + ¢ = —In|q|* + ¢ for some constant
¢ € R. Equivalently 8 = # for p = +e°. Definition (4.48) of 8 shows that ¢

solves the second order ODE
i = 1% — Be(@)ig — Ai(q). (4.50)

q|
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To prove y = —1, thus proving Step 2, combine g = |3 and (4.49) to get

= e - /lq, /

independent of ¢

qs» q's>0 ds.

1
qbaQS Ods_*lc‘h' / <As
s=t

Integrate this equation and in equality 2 change the order of integration to get
B Lods v
ol o=y ||||—/——/ Ao o ds
o lal jqo] ~ J Sl
—*/ |2 dt+/ (Alg.,ds)o dsdt
t=0 J s=t (451)
_/ / <A |¢Zs3qs 0 d5+/ / A |qsaqs>0 dtds
0 |qt‘ 0 t=0
_ /1 at
o lal’

Thus p = —1 and this proves Step 2.

|[ro

Step 1 and Step 2 together conclude the proof of Proposition 4.9. O

4.4 Collisional regularized solutions — Crit B

First we extend the reparametrization map ¢, to collisional loops z € £* 3 with
finitely many collisions of non-zero speed each. While such extension is useful
later on, in this sections we focus on critical points z of B; cf. Lemma 4.8.

The goal is to show that applying the rescale-square operation Q to z € Crit B
yields a continuous map ¢, := 22 o7,: S! = Q which, away from classical
collision times T, := ¢;'(0), is smooth and solves the classical ODE (2.8).
As a byproduct we get that at all collision times the collision velocity is equal
|2/(7.)| = 1/v/2||z||* as seen in (4.58) since u; = —1. (Later on, in (4.67), we
show that actually the collision acceleration |z”(7.)| = 0 vanishes.)

4.4.1 Collisional reparametrization map ¢,

Lemma 4.10. Let z € £*3 be a loop with finite regularization collision
times set T, := z71(0) and 2/(7.) # 0 V7. € T.. Then the following is true.

(i) The map t.: St — S} defined (as in the non-collisional case) by

Iy 12(0)|? do

Izll>

vr e R: t.(1) =

is smooth and a strictly increasing homeomorphism with t,(0) = 0.
(ii) The inverse homeomorphism T, :=t;1: S} — Sk is smoothly diﬁerentiable

away from collision times t.(T.) where 7.(t) = 5 (le(t)) — lz(ﬂZ(\l o > 0.
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Proof. That t, maps S! = R/Z to S' is true, because t,(1+1) = t,(1)+1 V1 € R,
which follows from fOTH = fol + flTH and since 2,41 = 2, is periodic. Clearly ¢,
is smooth and its derivative is of the form (4.52) which also shows that collision
times precisely coincide with critical points of ¢, in symbols T, = Critt,. The
proof completes in two bullets.

e The critical points of ¢, are inflection points of ., more precisely
V. €T,  t(m)=tl(r) =0, "' (14) > 0. (4.53)
To see this we compute the following derivatives

t//('r) _ 2<Z(T|)7—ﬁ;(7')>0’ t///(’r) —9 |Z/(T)‘2+<Z(T),Z”(T)>

=11 ’

for 7 € R. At any collision z(7,) =0, as |z} | = m # 0, we conclude that

’ _ " _ " _ 2|Z,(T*) ?
* - ) * - b * - 2 .
t. (1) =0 t7 (1) =0 7 (74) e >0

e By (4.52) and (4.53) the continuous map t, is strictly monotonically in-
creasing. So, since t,(0) = 0 and (1) = 1, as in the regular case of Remark 3.5,
the map ¢, has a continuous inverse 7, := ¢t;1: S} — S! strictly monotonically
increasing. Thus 7, is still a homeomorphism of the circle, but in contrast to
the regular case 7, is not everywhere differentiable. Away from the finite set
t,(T,) it is still smoothly differentiable, the derivative still given by (3.24). O

4.4.2 Collisional rescale-square map Q

Proposition 4.11 (Q on CritB). A solution z € L*3 to the regularized
DDE (4.46), equivalently z € Crit B, yields a W12-map

. =09(2)=2%07,:S' - Q (4.54)
smoothly differentiable away from classical collision times t; :=t,(7;). Set
Ty = ¢;'(0) = t(To) = {ti, - I}, L= 1(Z)) = (4, tj)-

Restricted to non-collision times q,: S'\T,, — Q solves the classical ODE (2.8).
Furthermore, at all collision times of z the collision velocity is equal

1
V2

Proof. Pick z € Crit B. Lemma 4.10 applies by Lemma 4.8. That the compo-
sition ¢, = 22 o 7, is continuous and smoothly differentiable away from t,(7)
holds since ¢, has these properties, see Lemma 4.10, and z is smooth anyway.
Since t, fixes both 0 and 1, and it is strictly monotonically increasing the order
T < --- < Ty is inherited by the images t; < --- < tn.

It remains to show that ¢ := g, lies in W2 and restricted to any of the
collision free intervals I; solves the classical ODE (2.8). This takes three steps.

VzeCritB V. €T, =z 0): |2 ()]
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STEP 1. The same argument as in the regular case—in the proof of Proposi-
tion 4.9 replace t € S* by t € I;—shows a) that ¢.| 1, solves the intermediate
DDE (4.47) and b) that there exists p; € R such that

qt
To see this note the following. a) The DDE (4 47) still makes sense since 1/q; is
finite for ¢ € I; and so is the mean value fo Ta < 00, by (3.29). b) Since g # 0

the function 5 in (4.48) is well defined and so is (4.50), respectively (4.55), and
the argument to get there.

STEP 2. We show that p; = —1 in (4.55) for any j. To see this pick t € I;, then

Gr =

(4.55) /. . .
pi ="l G <Qt + By(qr)ig + At((h))

447) gt - |G|
- 2 (4.56)

el (1112 = fi 2 = g s(Adla.s o ds + [ (Al do ds)

—0,ast—tjort—tj11

The limit is zero as the first three summands in the bracket are constants and
summand four remains finite as ¢ goes to t; or t;41. By definition of ¢. we get

el - el 325 |22 (= ()] - 4ll=)1* |2/ (= ()
2 2|2(r. (1))

Hence, if we take in (4.56) the limit ¢ — ¢, respectively t — t;41, we obtain

2 2
i = =22 |2 (T (E)) = =2[lll* [ (m ()] - (4.58)
Since this is true for all j, the right hand side is actually equal to p;41 viewed
as the left boundary limit of I; 11 = (¢j41,¢;4+2). This means that all the y; are
equal to the same real number, say u. Now (4.55) tells that
Gr = 29 — By(qu)ig — Ai(qr), Yt €S\ t(T2).

g |®

=2l|z| [/ (r. ()7 (4.57)

As in the regular case (4.51), using in addition that ¢,(7,) is a finite set, in-
tegration implies that u = —1. Hence, by (4.58), it holds |2/(7.)| = 1/v/2|z||?
whenever 7, € 271(0). This proves Step 2.

STEP 3. Since ¢ is continuous it is L?. To see that ¢ := q. € W12(S1, Q) it
remains to show finiteness of

T |
[z gt [0 a2 g [ o < o

Equality 1 is by (4.57) with ¢; replaced by sz (- Equality 2 is by variable

2
substitution o := 7,(t), thus dt = \z”Z!‘n zd7. Finiteness is true since 2z is smooth

and its domain S! is compact. This proves Step 3 and Proposition 4.11. O
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4.5 Correspondence of regularized and classical collisions

4.5.1 Classical collision spaces and main theorem

Definition 4.12 (A Q). The classical collision loop space A9 consists
of all loops ¢ € W2(S, Q) such that
(i) there are at most finitely many collision times T, := ¢=1(0) = {t1,...,tn};

12

(ii) there exist (unique) *# continuous maps

o Sf = Sg,  eiSi =R, BiS;—»C, Blr, =0,
which away from collisions are solution angle and energy, more precisely

q ) 1 .
OZ\SI\TQ = m, e|Sl\Tq = %|q|2 - mv ﬁ|s1\Tq = dylql- (4.59)

Definition 4.13 (CollS). The space of classical periodic collision orbits
Coll S consists of all classical collision loops ¢ € A Q such that

(iii) away from collision times ¢: S'\ T, — Q satisfies the classical ODE (2.8).

Remark 4.14 (Motivation for (4.59)). If one of the first two conditions (4.59)
fails, then already in the Kepler problem the correspondence with critical points
of the regularized functional will not be true. In the Kepler problem collisional
orbits are just rays. By continuity of a, after collision the particle will stay on
the same ray. Moreover, in the Kepler problem the energy is constant on each
ray, by continuity of the energy it will be globally constant.

Without the continuity assumption on « and e one could consider rays,
parametrized according to the Kepler equation, which after collision jump to
another ray or change the energy.

Theorem 4.15 (bijection). The rescale-square map Q in (4.54) is a bijection
between Crit B and Coll S.

4.5.2 Regularized collision spaces

Definition 4.16 (L

n2)- Define the regularized collision loop space by

LX,3:= {z €L*3|Vr e 2710): |2

Tx

:mandzgzo}.

The elements are called regularized collision loops. Each has finitely many
zeroes: first derivatives at zeroes of z have same length and S! is compact.

Lemma 4.17. CritBC £X,,3 C L*3.

coll

Proof. Proposition 4.11 and Lemma 4.8. O

12 Since the set of collision times is finite, the functions a = aq and e = eq are uniquely
determined by continuity of q.
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Figure 3: Correspondence 1:1 of regularized and classical collision orbits

4.5.3 Extending Q

The following proposition served us to identify the proper conditions to define

the space A Q to accommodate the critical point equation on the g-side.

Proposition 4.18 (Q). The rescale-square map Q defined on Crit B by (4.54)
extends to L) }3 and takes values in A Q, as illustrated by Figure 3.

coll

Proof. Pick z € ZCXOHS and abbreviate ¢ = ¢, where ¢, := 2207,: S' = Q. The
zero sets T, := 2z~ 1(0) and T}, := ¢~'(0) are, respectively, called regularized and
classical collision times. By Lemma 4.10 the map ¢,: S! — S* defined by (3.21)
is still smooth, but if collisions exist only a homeomorphism S' — S!, since
the inverse homeomorphism 7, has a derivative (3.24) with singularities at the
classical collision times Tj. The relation (4.57) is still valid on the finitely many
intervals S\ 75,.

Note that ¢ is periodic and Ty is finite: As in Lemma 3.8 one checks that
q.(1) = ¢.(0) is 1-periodic. Since ¢ = z? o 7, and 7, is a bijection the zeroes of
g are in bijection to those of z, but 27! is a finite set.

Step 1. Existence of e,.

Proof. Since z is smooth and vanishes together with its second derivative at
7. € T2, in symbols 2! = 0, by Taylor’s theorem there exists a smooth function
¢: R — C such that for every 7 the following formula for z holds

& =2 (7= 7) + (7= n)

4.60
2= 20 + 3G (1 —7m)? + (- ) (460

Away from collisions, for t € S\ T}, we define e, as follows, then in equality 3
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we use (4.57) to get

eq(t) - = %|Qt Tae]

ﬁ (lge| - 1G> = 2)

a7 (4l o 2)

| 2

||

2
Al 2 4 B () = )P + € (e 0) = )P -2
- 2
2|24, (72(8) = ) + Cragoy (7:(8) — 72)7)
5 Az P+ (ra(t) = 7)% — 2

2(7=(t) = 7?27, [ + (7=(t) — 7) 40
24 (r(t) = 7)?m — 2
2(7=(t) = )22, [+ (72(8) — 72) 400
Wt
1+ (72(t) — 74)20¢|2[|*
Equality 4 uses (4.60). Equality 5 abbreviates two continuous maps R — R by

[~

= 4||Z||4<6<Z’T*,sz(t)>o +2(7=(t) = 7 )(2n Crydo

+9(7:(t) — T*)2 |<7-z(t) |2 +6(72(t) — T*)3<<7—z(t)7 Cvl-z(t)>0

ol
72 (t)

6 =402, Gy + 2(m2(t) — )2 ¢y -

Equality 6 uses that 4|z[|*|2] [ = 2 since z € £,3. Equation 7 in the e,

.
calculation above extends continuously to t.. This proves Step 1. O

+ (72(t) = m)*

and

Step 2. Existence of ay.
Proof. Away from collisions, for t € S' \ T, g, we define oy as follows

¢ _ 2w

m =
3 2 (z’T* (72(t) = 7)) + Cro oy (72 (t) — 7:.<)3)2

aq(t) : =

2
Z"z(‘)}

2

(m() —m)? 20z P+ () - 7)%,

= 2 Z./,_* + C‘rz(t) (Tz(t) - T*)2)2
217 + (72(t) — 74)%6:

29



Equation 2 is by definition of q. Equation 3 uses (4.60). In equation 4 for
the denominator we used the previous definition of §;. Equality 5 uses that
4)|z[|*|2L > = 2 since z € L) ;3. The right hand side extends continuously to
t.. This proves Step 2. O

Step 3. Existence of j,.

Proof. Away from collisions, for t € S' \ T, we define 3, as follows

ZTZ .
Bul0) s = ol gty =12 | (022 ) .00

Zr, (t)

> ’ 5 5!

3 2 ||z]]° Pry () *T2(t) TR () Fr, (t)
= |ZTZ(t)| N - : 52

21, (t)

|* Zra(t)

2 - (1=72)*2i 2Im(ZCr) (1= 7)Im(Z.C) (7= 7.)*Im(C ¢7)

(r—7.)2 22 422, Cr (172 )2+ Cr (T—70)

2 2Im(2.¢r) + (7 — 7)Im(Z,¢7) + (7 — 7.)*Im(G¢7)
- BT ) R e R
Equation 2 is by definition of ¢q. Equality 3 is by the quotient rule and (3.24).
In equality 4 we replace z and 2’ according to (4.60), multiply out and observe
that the terms linear in 7 — 7, cancel and so do those of fifth power. To simplify
we used that (a+1ib) — (a—ib) = 2ib = 2iIm(a+1ib). The right hand side extends
continuously to t,.. This proves Step 3. O

Iz

l 20 (T — Ty)

Step 4. Given z € L3, let ¢ := Q(z) := 22 o 7,, then

! 1
1
o dt = ——. 4.61
= oy
Proof. The open intervals I; = (t;,t;4+1) between collision times, Proposi-

tion 4.11, cover S*\ T}. The corresponding intervals Z; = (7, 7j41) are given in
Lemma 4.8 where 7; = 7(t;). Then

1 N N , N I )‘2
IR PR N P S N PR3 1 Jz()]Fdr _ 1
/0 g dt = Z/z lgs| dt = Z/I [zo07 (t)]2 dt = Z/z ()2 =017 — [=01*"
j=1"4j j=1v4j j=1"4+i

Equality 3 is change of variables 7 = 7,(¢) with (3.24). This proves Step 4. O

Step 5. The map ¢: S! — 9 is of Sobolev class W12,

Proof. Note that ¢ = 22 o7, is continuous since z is smooth and 7, is a homeo-
morphism by Lemma 4.10. As ¢ is continuous, it suffices to show that ¢ is in L2.
Using the definition of e, and Step 4 we compute

1 1 1
. 4.61
lil?=2 | eqyde+2 [ L2V 2 [ e )dt+ 25
0 o lal 0 Tl

As e, is C° by Step 1, the right hand side is finite. This proves Step 5. O

This proves Proposition 4.18. O
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Corollary 4.19. The rescale-square map Q in (4.54) is well defined as a map
Q: Crit B — Coll S.
Proof. Lemma 4.17, Proposition 4.11, Proposition 4.18. O
In view of Corollary 4.19, in order to prove Theorem 4.15 it suffices to
construct an inverse map, notation Z: CollS — Crit B.
4.5.4 Inverse map Z
Definition 4.20 (Z). For a classical periodic collision orbit ¢ € CollS define

Z(@) =z =t oryyg  UVEI= [t 1/val,
where 1/ 7g: S! — S} is to be defined yet in Corollary 4.24 below. Taking

square root is well defined on the quotient space £* 3, see Remark 3.2.

The goal of Subsection 4.5.4 is to show that z, € Crit B.

Rescaling of collisional loops 1/,/q

Lemma 4.21. Let g € A} Q. Then the integral fol ﬁ dt is finite.

coll

Proof. Since ¢ € W12 we have that ¢ € L2, hence the following integral (ob-
tained by integrating the restriction of e,)

1 1
1 1)14012
17 4t = 514l —/ eq(t) dt
0 0
is finite since the function e,: S! — R is continuous. O

In analogy with the non-collisional case (3.27), although ¢ — 1/¢(t)2 is not
defined at collision times, hence it is only a ’loop’ up to finitely many points,
integration still makes sense and leads to a strictly monotone increasing function.
Indeed we still rescale time according to this 'loop’, notation 1/,/q, by defining

t ]

IN T 4t
1

fO ‘qls‘ dS

for every t € R. It is well defined on S* = R/Z since, by integral properties, the
map ty,, ; takes 0 to 0 and 1 to 1. Also ty, /4 Strictly monotone increases: the

ti g St =S, te (4.62)

integrand is > 0, even oo at the finitely many collisions, and fol ﬁ ds < o0.
Lemma 4.22. Suppose that ¢ € A, Q, notation g, = rie'™t, has a collision at

timet =0, i.e. go = 0. Then for every € > 0 there exists . > 0 such that

(BV2—2)3ts <r < (3V2+e)itd

v

fort € [—0g,0¢].
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Proof. By definition of the energy in polar coordinates q; = rele, et = qy,
we have the energy equation 372 + 17292 — L =e.

Since rp = 0 and r > 0, there exists dg > 0 such that 74 > 0 for every
t € [0,00]. Thus, solving for 7 we obtain the ODE

7":\/752\/26+%—7’2192:\/26+%—|6|2.

As e and 8 are continuous, for every € € (0,2), we can further choose . > 0

small enough such that
€ €
—— <2 — B < —
Tt Tt

whenever ¢ € [0, d:]. So from the above inequality, on [0, d.] we get the inequality

[2=¢ <7< [ 2+te
For a > 0 the ODE R = % on [0, 00) with Ry = 0 has the solution R¢ = (%at)%.

VR
The theory of sub- and super-solutions for RY*~° and RY?*< tells that

(3V2—¢)8t3 = RY? = <r, <R/ = (3V2 1 o)its

whenever ¢ € [0, .]; see e.g. [Tes12, Le. 1.2].
A similar estimate holds for negative times where 7, < 0 so that, maybe

after shrinking € > 0, we can assume that the previous inequalities hold for
t € [<0¢,dc]. This proves Lemma 4.22. O

Proposition 4.23. Let ¢ € A Q. Then t1 q: St — S} is continuous.

coll

Proof of Proposition 4.23. Away from collisions, namely for ¢ € S*\ 7, the map
t1/./q 1s differentiable at ¢, hence continuous. Indeed the derivative is given by

1

_ / _ 1
= m Thus Tl/\/a(T) = |q07'1/\/a(7')’ . ||a||Ll (463)

t1/q (t)
It remains to discuss continuity of ¢;, 57 at collision times. After shifting time
we can assume without loss of generality that the collision occurs at time 0.
We next show continuity of f(t) := fot ﬁ ds at zero from the right. This means
that for every € > 0 there exists p. > 0 such that f(¢) < e whenever ¢ € [0, uc].

By Lemma 4.22 there exists § > 0 such that r, > (%)%t% > t3 whenever
t € [0,0]. Hence if ¢ € [0, §] we estimate

Wi
U
V)

I
w
®»

Wl

tq t
= [ 24 -
f@t) SS/O s

0o Ts

Choosing p. = (£/3)3 completes the proof of continuity from the right. Conti-
nuity from the left follows similarly. This proves Proposition 4.23. O
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Corollary 4.24 (inverse). Let ¢ € A Q. Thenty, ;5 in (4.62) has an inverse

Tl/ﬁ:tl/ﬁilig}rﬁgi, T'—>7'1/\/§(T)
which is strictly monotone increasing, too.

Proof. As t1,, s is strictly monotone increasing, C° by Proposition 4.23, it ad-
mits an inverse with the same properties; see footnote to (3.23). O

Loops q: Speed |z;| at collisions — equal non-zero speed

Lemma 4.25. Pick a collision loop q € A Q. Set zq := q% o1/ q- Then

1
1 1

12z :/ dt = (4.64)
U [EA

Proof. Variable substitution o(s) =t1, z(s) and (4.63) for t’l/ﬁ(s) yield
1 s(1)=1 ds 1
lal = [ laenya@lde = [ el =
N i P AN P H
and this proves Lemma 4.25. O

Lemma 4.26 (first derivative). Pick a collision loop q € A Q and set zg :=
q% 011/ sq- Then all collisions T of zq happen at equal speed

_ . 1 (4.64) 1
Vi €2;0(0): lim |2 (1) = —=—— =

— gl
T V2|12 V2

Proof. At any non-collision time 7, simplifying f(¢)g(t) =: (fg):, we have

; cF (7 2 =

)] = |Tna) TvaT 2 et | SETPS

! z 2|q|* o
2qT1/\/a(T)

<\/eq [+ 1) 1
Tl/ﬂ("-)

|2

mi/va(™) (4.65)

w

V2 [l

Equality 2, also 3, uses that |\/| = 1/|-| on C. Equality 2 also uses the energy
identity (4.59) resolved for || and (4.63) for 7, ;. In equality 3 the common
factor |¢|2 in nominator and denominator cancels and the remaining |¢|2 we
multiply with the sum under the square root. We replaced ||%||L1 by (4.64).

In the limit as time 7 approximates a collision time 7,, while the energy is

bounded ¢ approaches zero, hence
eqo T/ q(T)" lgo Tl/\/a('r)} %0 (4.66)

and this proves Lemma 4.26. ]
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Solutions q: Second derivative z;’ vanishes at collisions

Lemma 4.27 (second derivative). If ¢ € CollS and z, := gz o T/ /g then

lim z;/(1) =0

T—>Tx
at any collision time T,.

Proof. Let T be a non-collision time. We simplify notation f(t)g(t) =: (fg):.
For z; use the first line in (4.65) to get equality one

vy d Gy Tyva(m) ) 2 d dl !
2(r) = — L 212 1211
dT 202 d q2
9y, a(r) 71//a(T)
3 . 1
L4 (doma - @Fomyg)_
=T1 \T,[m")
111 . ,_/—1 3
= 5”5”111 ((/T\ valT) ‘(/'7\ \T,('T)‘ ) H;HL] ((/,)TI,\,T/(T)
=71, \,7('”)
—_—
. 1 1 - 1
+4r, 503, L val (1) 971/ /2(7) ‘qﬂ,’\m(ﬂ‘ : H;HL‘) (4.67)
5 1 . 1
= 508 (L _ldl @)% + 3lal” o?)
1 v T1/va(7)
(2 8 =qq2 ﬁﬁ
6 1111112 . ey — 1 H _ 1
SHLE (- B, Gedaez- Al ge?
bd. S! ximgq  (4.68) bd. S' x imq —0
1
~ T a2 + a14? +eqq2>
—~— Tl/ﬁ(r)
=0 =530
% 0.

Equality 2 uses (4.63) for 7, v@- Equality 3 replaces the complex absolute value
lq| by ¢'/%(g)*/?, then we cancel factor one with the denominator. Equality 4 is
by the chain rule and (4.63) for 71/, 7. Equality 5 just summarized in simplified
notation. Equality 6 is the key step, here we bring in the energy function
eq from (4.59) and we use that ¢ solves the classical ODE (2.8) replacing §
accordingly. As a consequence a marvelous elimination of the two singular
potential terms takes place.

Both maps B and A are continuous on S! x im q, hence bounded. The
product eqq% tends to zero, because energy e,: S' — R is continuous, hence
bounded, and ¢ collides with the origin, hence is zero, at collision times.

Furthermore, we profit from the additional factor || = |g| in ( J(]q)qq%

34



compared to (4.65), to obtain zero in the limit

1
= (| /200 + Z1ar? |q')mﬁ(7>
2
=2 ( eqlal + 1) 1971/ a(r)] (4.68)

Tl/\/ﬁ(7—>

PN §
)(Joq)qw
7’1/\/6(7')

T—Tx
—0
T—>Tx

5*1, by (4.66)
T—>Tx
— 0

Equality 1 uses that the rotation jy ~ 4 is an isometry, that |g| = |g|, that
IVl = /'] on C. Tt also uses the energy identity (4.59) resolved for ¢. In
equality 2 we multiply out. This concludes the proof of Lemma 4.27. O

Lemma 4.28 (C?). Let g € CollS. Then z, := 7 o T1/.q s of class C?.

Proof. By Lemma 4.27, it suffices to show that the first derivative of z, is
continuous at collisions.

The map 7+ |2 (7)| is continuous, by (4.65), and at each collision time we have
|zg ()| = %”q_lﬂp =: ¢, > 0, by Lemma 4.26. Hence there exists g > 0
such that for each collision time 7, there is the bound |z (7. +¢)| > ¢,/2 > 0
whenever € € (—&g,€p). In particular, there exists a well defined angle function
¢: (—e0,€0) — Sg such that

Z(Te F6) = |2(7e + )| - $(e)

whenever € € (—¢p,€0) and it remains to check that ¢ is continuous at zero.
Since z4(7:) = 0, by Taylor’s theorem, there exists r. € [0, 1] such that z, (7. +
€) = 2,(7« + r-€). This and the previous displayed equation yield equality one

_ z(Tte)
]

B q* o7y /q(Te +¢)
|20 (T +1e - €)]

g% 011/ sq(Ts +©)]
|20 (T + 72 - €)]

3

aq% oty q(Te +6)-

1 1
= Qg2 07'1/\/5(7'* +€)

Equality 3 holds by definition (4.59) of a. Equality 4 uses the fact that ¢ and «
take values in S{. C C, hence the real quotient factor must be 1. Taking the limit
¢ — 0 in the above equation and using that 71, s is continuous by Corollary 4.24

and a4 is continuous by assumption, we deduce ¢(0) = aq% o7i/,/(7<). Hence
at collision times ¢ is continuous since « is. This proves Lemma 4.28. O
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Lemma 4.29. Let g € A Q. Then Lemma 4.10 applies to z, and

coll
1 _-1.ql Ql 2 .ql Ql 3 . gl gl
th_Tzq IO Yy, Tl/\/a—tzq.bl_%b” Tz—tl/\/qu.b\f — ;. (469)

Proof. Identity 1 holds by Lemma 4.10. Identity 2 holds by the computa-
tion (3.28). Identity 3 holds by the computation (3.30) with (3.29) replaced
by (4.61) which applies since z € Crit B C L |3 by Lemma 4.17. O

coll
Image of Z lies in CritBB

Lemma 4.30 (energy identity). Any classical collisional ¢ € CollS satisfies

1

1
colt) = B0IP = IHes = [ stdilycdo ds+ [ (Adly o ds
S

=t

at every time t and where at non-collision times eq(t) = 3|¢:|* — Iq—lt‘ by (4.59).

Proof. At a non-collisional time ¢ we differentiate the energy

Leg®) = & (3@l = &7) = (G do + 2o
= <qt7 7Bt|llti(jt - At“h>0
= —(dt, Alg,)o

where equality two is by the classical ODE (2.8) and equality three by orthog-
onality ¢; L ig;. By definition of the L? and L' norms we get equality one

1 1
a2 Z11y,, = Lig 2 L =
il =130 = [ (3aP = i) ds = [ egts)as
t
é/ 1-eq4(s)ds
t—1
t ! A

= S'eq(5)|t—1 -‘r/ 8 (ds, Aslq.)o ds

t—1
] 0 1 1 .
=eq(t) + </ —|—/ —/ )S<qsaA3|QS>0d8

t—-1  Jo t

~ 1

1
= eq(t) +/ (H - 1)<st—1, As—l qs_1>0 ds +/ B} <st’ As
t 0

g.)0 ds

-1
— / S <(jS Ar*‘"[—. >() (']S.
Jt

Equality 2 is by periodicity of eq.13 Equality 3 is by integration by parts and
the previous displayed identity for the energy derivative. Equality 4 uses again
periodicity e, (t — 1) = e, (t) and additivity of the integral. Equality 5 shifts the
integration interval by 1, so s becomes s — 1. Then we use periodicity gs—1 = ¢s
and, by (2.5), also A, 1 = A,. Then the two grayed out summands cancel and
we get equality 6 which proves Lemma 4.30. O

13 schematically fol es = fg es—&—ftl es = fot es—l-fto_l es41 = ftt_l €s as es+1 = e is periodic
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Proposition 4.31. Let g € CollS. Then z, := q% ot/ g € Crit B.

Proof. Pick g € CollS and abbreviate z = 2z, := q% °Ti/ g S! — 3 which is
C? by Lemma 4.28. We represented z” at time 7 via equality (4.67)g in terms
of ¢ and ¢ at time 7'1/\/6( 7). While Ury) o) = , in order to express ¢ in terms
of z and 2z’ observe first that

ZrZr

(4.63) 1
st Il = T

|q7—1/\/§(7—)| = ZrZr, T{/\/g( 7)

Use identity two and the definition of z = z; to get equality 2 of what follows

. , . . _
, (4:65) Gri) (o) M) a(T) 2 Ynya(n) 2% 9mya(n)®r
- Z

1/2 22 IZII2 T~ 2lz|)2
207 EEREIE]
Equivalently
2% 1 2 ek
Gr1 a(r) = 212l i Thus 5l¢r,; () |” = 2l2ll \:L\Q . (10)

Use the previous identity at time ¢ := 71 (1), in which case 7 = (11, 7) "' (t) =
(t.)7(t) = 7.(¢) by (4.69), in equality 2 of what follows

1 1
Sal = [ P ar 22t [
0 0

1
= 2||II[12"]I*.

A,/ "_)

: o [N L
R [
P o =P @

Equality 3 is by variable substitution t = ¢,(7), to dt = t(7) dr, apply (4.52).
By (4.67) we obtain equality one

1 C N L oL 1
2= LA (< BlyGod)a? — Alggo? + eqa?)
a 71/ (T)

|[ro

e (ot Al Godha - AL+ e - 10

1 1
- / 5(Aslq.,ds)o ds +/ (Aslq.,ds)o dS) (4.69)
0 s=T1/ /7(7) T1/yq(T) = tx(7)

—z,T0t @ 27 ZrZr Qp ()] 2|2
’”“Z'Z*(QH u?” )zz e KA
8%r 2|2l 2|l ) B H

[k 'Zﬁ'Qd’J Re (5ma. ol 212172 ) 2 o

2HZH4 EE 9z, (@)= EE
/ Re ( o=, 2P ) 2”4

2HZH4 ts orl/f(r) T 2 Ro ||Z||2
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4 rotay (il ., 2P & T

P R PRI P E R

1
Zr o 2 . /
- 2pf2dp - (. (o) 2L )0 do
ST . &5 Ve (@)=
1

/HQ

Zr

—_ ' ., 2 )0 do.
g |, ol 2o do

But this is the regularized critical point DDE (4.46) for z. To conclude the
proof of Proposition 4.31 it remains to explain equalities 2, 3, and 4.

Equality 2 uses (4.64), that B = rot A by definition (2.8), that q% rescaled is z
at 7, then we substitute the energy e, according to Lemma 4.30.
Equality 3 uses that 71/ 4(7) = t.(7) according to (4.69). Summand one: we
replace rot A according to (4.36) and ¢ according to (4.70)1, for jo we write 4,
and ¢ rescaled is 2. Summand two: replace A according to the dotted version
of (4.38) and g rescaled by 22 at 7. Summand three: use (4.71). Summand four:
use (4.64). Summands five and six: variable substitution s = t. (o), replace A
using the dotted version of (4.38), rewrite the inner product in the R? picture in
terms of the real part (3.10) in the C picture, replace g for s = t.(0) = 71, 4(0)
according to (4.70);.
Now a lot of factors annulate in pairs and (in equality 4) we go back to the R?
picture and inner product. This proves the critical point equation (4.46) for z.,
Since 2 € C?, bootstrapping (4.46) we see that z is smooth. This proves
Proposition 4.31. O

4.5.5 Proof of Main Theorem 4.15 (bijection)

Pick z € Crit B and ¢ € CollS. Then with the definitions ¢, := Q(z) := 2% o7,
and z4 := Z(q) := g2 o T1//q We obtain

Q(Z(q)) = 7, 0Tz, =4O TGO T,

and .
Z(Q(Z)) :qf 071/\/(17:207'207'1/\/(]7.

This yields the following two equivalences

(4.69),

QoZ=1id & id=7, 407, = Lt orzq(iid),

q

ZoQ=1id = id:TZOTl/\/qj(ZLS))Stl/@OTl/E(iid).

The right hand side of the first equivalence holds true (eq. 3) by (4.69);. The
right hand side of the second equivalence holds true (eq. 3) by Corollary 4.24 for
g~ which indeed lies in A X, 9 by Proposition 4.18. This proves Theorem 4.15.

coll
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5 Non-local Hamiltonian mechanics — periodic

Throughout Section 5 we specialize to periodic 1-forms

0= {et}tESly 9t+1 = 9t7 f = 0.

The reason is that in this case there exists a non-local magnetic potential, more
precisely a magnetic 1-form © on loop space, which induces the magnetic func-
tion M, see (4.1), and whose exterior derivative, since it is automatically closed,
induces a twisted symplectic form Qg on the cotangent bundle of loop space.

5.1 Cotangent bundle of twisted loop space
Considering twisted loop space allows for defining square roots, see Remark 3.2.

The open subsets 3% C C\ {0} and 3 = 3* U {0} are defined by (3.11).

Definition 5.1 (cotangent bundle of regularization loop space L£* 3).
Both cotangent bundles

T°Ly3 :={(2,m) € C¥(R,3 x C) | VT € R: (2r41,0r41) = £ (27,77) },
are invariant under the I-induced, see (3.15), sign involution
1 = _Id2: T*['iB — T*EiSa (Za 77) = _(Za 77)7 Id/w‘ = Idif’"*

because the target 3 x C is, see (3.12). The intersection of both cotangent
bundles consists of the zero element (0,0), the unique fixed point of 7%, in
symbols T*£L,3NT*L_3 = {(0,0)} = FixT*I. Taking away the fiber over the
zero loop we get the two cotangent bundles
T LY3:={(2,m) € T*LL3: |z| # 0}, T*LE3NTLX3=0.
To put it differently
T*Ly3=L3x L.C, T*L*3=L"3x L_C.

These are disjoint and the sign involution T*I acts freely on each one of them,
so on their union. The base point projection, defined by

m: T*LY3 = L33, (z,n) & 2, moT*I =Tom,

is equivariant with respect to the sign involutions 7*I and T in (3.15). We
introduce the two quotient spaces (indicated by a bar)
L33 x Ly C
T*1 ’
For £*3 see (3.16). The elements of quotient space T*L* 3 are still denoted
by (z,7n) keeping in mind that each element has two representatives +(z,7) and
our constructions must be independent of choosing (z,1) or —(z,n). The base
point projection descends to quotient spaces, still denoted by
7 T*L*3 = L73, (2,m) = 2. (5.73)

This concludes Definition 5.1.

L3 = T°L*3:=T"LI3UT L*3. (5.72)
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Remark 5.2 (tangent spaces). At ”Upsilon” T = (z,7) the tangent spaces

TYT*L53 = LiC? = {T = (3,7) € C°(R,C?) |Vr € R: T,py = £7T,}
are disjoint and invariant under sign involution d7*I|y = —Id which acts freely
on each of them. We introduce the two quotient spaces (indicated by a bar)

L£,C?

TyT*L}3:= LiC* = SR

TTT*ZXB = TTT*Z_T_S U TTT*ZEB)

The elements of quotient space TxT*L*3 = L,C? U L_C? are still denoted
by T = (2,M) keeping in mind that each element has two representatives +7T
and our constructions must be independent of choosing T or —7.

The linearization of the projection m(z,n) = z in (5.73) acts by

d7‘(‘|(z’n)2 T(Z’n)T*ZX5 — TZZXB, (,’2,77) — Z. (5.74)

Remark 5.3 (sign involution on tangent bundle). The tangent map of 11 =
—Idy: T*L*3 — T*L* 3 acts on the tangent bundle TT*L*3 as TT*I = —1d4.

5.1.1 Canonical vector field and induced flow

The canonical vector field is generated by time derivative
V:T*L*3 = TT*L*3, T (T,Y). (5.75)

For the principal part we use the same notation V(Y) = Y’. Note that V is well
defined on quotients, indeed V(=T) = (=71, (=Y)’) = (T 1) =-V(Y).

Remark 5.4 (induced flows and Lie derivative). The flow induced by V = 9,
on T*L£*3 > T is time shift ®,T = r,T := T(- + r) whenever 7 € R. Given
T e TyT*L* 3, analogous as for the flow ¢"v on £*3 in (3.20), one shows that
(d®3,]. T) =T, ,,. The base point projection (5.73) relates the two flows

mo®}, = ¢, om. (5.76)

Indeed 7o @(27,0r) = T(2r4r, rtr) = 2r4r = G 27 = ¢ 0 T(2r, 7).
Pull-back under base point projection intertwines the two Lie derivatives
Lym* = dilr —0 (®,) ™
=t |y (o)) (5.77)
= 7*L,.

Here the first and the last equality are by definition of the Lie derivative. Equal-

ity two is by (5.76) and *-functoriality (®,)*n* = (7 o ®},)* = (¢}, o m)* =
7*(¢},)* and since 7* does not depend on r. This concludes Remark 5.4.
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5.1.2 Canonical 1-form A and symplectic form (2

Let A = ndz be the canonical 1-form on the cotangent bundle of 3* C C. The
canonical 1-form on 7*L* 3 is defined by assigning to an element T = (Z,1)
of the tangent space to T*L*3 at a point T = (z,7n) the real value

1 1
AxT = A (2,1) ::/ () dr = (n, 2y, A= / Adr,
0 Jo
cf Definition A.1. Note that A is invariant under sign involution. Indeed
(T*I)*A (T, 1) = Age gy TT*IY = Ay (=) = (=, —2) = (n, 2) = A(Y, T).

We evaluate A on the canonical vector field V along T*L*3, see (3.19). At any
point T = (z,n) € T*L* 3, for later use in (5.84), we compute

1
(ivA)y = Ay Y’ = / ne(2L) dr = (n, ')
0

Definition 5.5 (canonical symplectic form). At a point T = (z,7) € T*L*3
and for tangent vectors T/ = (27,7)/) € TyT*L*3 for j = 1,2 we define and
compute the canonical symplectic form € on T*L£* 3 as follows

1
QT(Yl,TQ)::dAT(Y17'f2)é/ A\ (T, T2) dr
) 0 (5.78)
= | (@@t 220 - 2,200 dr = 1,2 — 7,2

Here equality 2 uses (A.88), and (-, -) is the L?-inner product, d\ = dnAdz, and
(-,)o is the Euclidean inner product (3.10) on C ~ R2. Similarly as for A one
checks that ., is invariant under sign involution, namely (7%1)*Qcan = Qcan-

5.1.3 Exact twisted symplectic form Qg

Definition 5.6 (non-local magnetic 1-form). Let ¢ = ¢*6 be a periodic 1-form
on 3 as in (3.11). Define the reparametrization ¢, : S} — S} by formula (4.52).
We get a 1-form on loop space L3, cf (C.91), defined for (z,£) € TL*3 by

1
0.£ =0%T¢ ::/S V|2 ;:/ Dy (7)), & dr. (5.79)
1 0

Pull-back © by the base point projection 7 in (5.73), then insert the canonical
vector field V' from (5.75), see also v in (3.19), to recover the magnetic functional
M in (4.33): At T = (z,m) € T*L*3, for use in (5.84), we compute

=0

(i O)r = O rydrlx Y "IV 0,2 = i,0, "= M(2).
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Lemma 5.7 (twisted non-local symplectic form). For d© in (C.99) the 2-forms
Do :=0+4+7"dO=d(A+7"0), Q:=dA

are weak™ symplectic forms on T*L* 3 where d is defined by (A.88).

Proof. Since dd = 0, cf. Remark A.3, Corollary A.6 applies. O

5.2 Hamiltonian vector field Xﬁ@ and Lorentz force Zg

Definition 5.8. On the cotangent bundle T*L£* 3, see (5.72), the mechanic
(kinetic plus potential energy) Hamiltonian is defined by

H:T*L*3 R () = e ()

1 z_ 1 _ Inl> _
(zm) =5 00" — EZp = sEE e
N e s’

K*(z,n) U*(z)

The non-local Hamiltonian vector field is determined and abbreviated by
dH = Qo(-, Xo) = Q-+, Xo) +dO(dr, X;1®),  Xe = Xjl°.

This guarantees uniqueness, but not necessarily existence since we only have a
weak symplectic form; cf. Remark A.5. The next lemma guarantees existence.

Lemma 5.9 (Non-local Hamiltonian vector field). At (z,7) € T*L*3 we have

n 0
X@(Z777) = 4Hi“2 <|'r]|||2|—8 Z) + 4Hi”2 (ZZ ) . (580)

The non-local Lorentz force Z, € L(T,L*3) is uniquely determined'® by

(Z.m,7) = —dO.(n,"). (5.81)

Proof. The Hamiltonian vector field of H for the untwisted symplectic form 2
is at a point Y = (z,7n) given by

2 2 o 0 O\EN) = gnye :
A =-0H =il Fn e

Pick Y € TyT*L* 3, by (5.78) and then by definition of Xy and of Xg, we get
(X5, V) = (X, Y?) = iyix,Q
= —iydH
= iyixe Qo (5.82)
=Q(Xeo,Y) + dO(m.Xo, 7))
= (X8, V') — (X5, V?) + dO(Xg, V').

14 see Remark A.5
15 Formula (C.99) shows that d© is a continuous bilinear form on L?, hence by the Riesz
representation theorem it determines an isomorphism.
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The last but one identity uses Qg := Q + 7*dO, the last one (5.78) and the
linearized projection 7, = dr in (5.74). For vectors of the form Y = (0,)?)
the displayed formula yields that —(X}, V?) = —(Xd,V?) for every Y?. Thus

XL =X = 174 S0 in the displayed formula two terms cancel and it reduces to

(5.81)

(A3~ A2, V") = ~dO(X, V') = ~dO (571, V")

for every Y. Thus the difference is a vertical vector field, the Lorentz force

Xl _ Xl 0
o = Wl = (8~ 38 e = e ()

In (C.99) we calculate dO©. The proof of Lemma 5.9 is complete. O

5.3 Euler vector field y{}@

Let © be defined by (5.79). The base-point projection 7 intertwines the upstair
and the downstair Lie derivative by (5.77).

Definition 5.10. The non-local Euler vector field )g is determined by
iyoQo =7"L,0 (= Lyr 0).
Lemma 5.11. At (z,) € T*L*3 the Euler vector field is time-wise given by
Yel:(7) = a1tz (_4|Z |2(1'9 | ) : (5.83)
ol Vi.(m)lz-

Proof of Lemma 5.11. Pick X = (X', X?) € T(, ,yT*L* 3, then by definition of
Yo and similar to the last two lines of (5.82), we obtain

’i;\gLvﬂ'*@ = ixiyeQ@
= Q(y@, X) + d@(ﬂ*y@, W*X)
= V8, X") — (Yo, X%) +dO0(Vs, X?).
Now at a point T = (z,7) the left hand side evaluates to

) N 577) ;. . 3 5.74
(ixLym*©)y "7 (ixn*L,0) ) * (L,0), iy drlr & "2V (L,0).27

where equality 3 is by definition of pull-back. So the earlier computation yields
<y(%)a Xl) - <yé> X2> + d@(yé, Xl) = (LVG‘Z)Xl'

For vectors of the form X = (0, X?) this implies —(J§, X?) = 0 for every X2,
thus V& = 0. Hence (Y3, X!) = (L,0|,)X!, equivalently

1 1
(C.98) 20l
| 0Bl @ A emhoar = = [ i ol 2 () ar

This proves Lemma 5.11. U
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5.4 Action A%e and Euler-Hamilton equation

Definition 5.12. Motivated by [FW26b, §4], we define the perturbed sym-
plectic action functional on 7% L£* 3 as follows'0 A = A%° =iy (A + 7°0) —
H. More precisely, the action is of the form

A: T L3 5 R

T =(2,n) = AxY + 0.2 = H(z,n) (5.84)

= (1+02,7) ~ 4l + i = Az ).
We compute dA using Cartan’s formula in equation two
dA =diy (A +770) — dH
=Ly (A+7"0) —ipd (A+770) +ix, Qo
= LyA+ Lym™O —iyQe + i1, Qo
= Lym"O —iyQe + ixe Qo
=1y Qe — ivQeo + ix, Qo
= i(Xe+Yo-V) o

Equation two is by definition of Xg. Equation four uses that LyA = 0 by
rotation invariance of A. Equation five is Definition 5.10 of the Euler vector
field. This, together with the formulas (5.80) for Xo and (5.83) for Ve, proves
the first two displayed formulas in the next lemma.

Theorem 5.13 (critical points of A). The critical points of the action functional
A are the solutions of the delay Euler-Hamilton equation

V=Xo+ Vo.
The delay Euler-Hamilton equation for (z,m) € T*L*3 is of the form

Z/ 1 n 1 ( 0 )
_ I o) . . 5.85
() =t ('”,'ﬁ) T\ 2 - 4]0 Do o). (58)

Along the image of the canonical injection (1.1), i.e. n = 4||z||?2’, it holds that

: (5:83) (C-100)
W (Zzn_4‘zo|219tz('r)|z7) Z.z +y2|

Equivalently to (5.85) the delay Euler-Hamilton equation is the first order DDE

grad M|,.

/ 1
Z = T35
e

_ I8
W= o fo |20 do - (a5

1
. 2 . .
+ ﬁ/ <at (o )‘zaa o'>0 do — H§|H2 at2|z - (I“Ot atz‘z) ]OZ/-
o=T

Proof. The formula for grad M in Lemma 4.3 proves (5.86), so Theorem 5.13.
U

s Z)o ds (5.86)

A(Y) = Ay V(T) + O (rydr|x V(T) — H(T)
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5.5 Euler-Hamilton and Lagrange solutions correspond

In this section we prove Theorem B from the introduction. We need to show
that there is a 1-to-1 correspondence between the critical point equation (5.85)
of A in Theorem 5.13 and the critical point equation (4.46) of B in Theorem 4.7.

Euler-Hamilton implies Lagrange

Lemma 5.14. If (z,7) solves the first order Euler-Hamilton DDE (5.85), then
the base part z solves the reqularized second order Lagrangian DDE (4.46).

Proof. Suppose (z,n) solves (5.85). Differentiate component one with respect
to time 7 and then, in equality 2, substitute 1’ according to component two, use
in addition that n = 4[/z||?2’ by component one

" _ 1 77, i) HZIHQZ B 2z grad/\/l|z
Af=I? =07 2=)° ~ 4l=]?

This proves (4.46), hence Lemma 5.14. O

Lagrange implies Euler-Hamilton

Here we need to inject appropriately a Lagrange solution z to the Hamiltonian
side which requires a pair. We define the injection by

Uz) = (2,m:), s o= 4|22

Lemma 5.15. If z solves the regularized second order Lagrangian DDE (4.46),
then (z,m,) solves the first order Euler-Hamilton DDE (5.85).

Proof. Suppose z solves (4.46). First component of (5.85): Indeed 2’ = ﬁnz
by definition of 7,. Second component: Differentiate 7, and then, in equality 2,
replace 2" according to (4.46), using in addition that 2z’ = ﬁnz to get

- | gz =122 dM
/ WE o [ 4[] z grad M|,
n, = 4]]z[|%2" = 42| - +

? [|2]12 2|26 4|22

which is exactly the second component of (5.85). This proves Lemma 5.15. [

5.6 Lagrangian action dominates Hamiltonian action

Lemma 5.16 (Lagrangian domination). There are the identities

1 n 2
B(z) = A(z,n —l—HQz P ———

1 9 2
= Alzn) + 5[40 2" =l i
for every pair of loops (z,m) € T*L*3.
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Proof. By definition (5.84) of A, just multiplying out the inner product we get

2
n
Alzy) H2||z||z -
204l
T Y
=(n,2) - + +0.2" + - (2]|]z]|2" - , 2||z]|2"
EERAEE 2 e 2~ 35
=l + o 0
— B(2)

where the last step is by definition (4.42) of B. This proves Lemma 5.16. O
Corollary 5.17 (equal values on critical points). Both functionals coincide
B(z) = A(z,n:),  m2 =427 2,
on critical points: solutions z of (4.46), equivalently, zeroes (z,1,) of (5.85).
Proof. Lemma 5.16 and Section 5.5. O
In terms of the projection 7 and injection ¢ in (1.1) the corollary tells that
B=Aou, Bom=A,

along critical points of B, respectively of A.

5.6.1 The diffeomorphism L
By (4.42) with M(z) = ©,2, see (5.1.3), and (-,-), := 4| 2/|*(-,-) we have
_ 1
B=K-U+M:L*3 >R, z+ %(z’,z')er W +0,7.
The functional defined by

L=L2TL*3 R, (2,638, + T2 ”2 0.7 (5.87)

naturally extends B(z) = L(z, z’) in the same way as the classical action Si,(q) =
L1,(q,q) is extended by a corresponding functional £y (g, v).
In the classical case a fiberwise strictly convex Lagrange function L on the

tangent bundle determines a function H on the cotangent bundle: resolve p :=
dyL(r,0) for v and substitute the obtained v = v(p) in the Legendre identity

(p,0) = L(r,0) + H(r,p).

Returning to the non-local situation where the manifold is loop space and (z, &)
and (z,7n) are pairs of loops, an analogous approach yields

n = deL(z,&) = 4|27, £= deeL(z,€) = 4|=” > 0.
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The non-local Hamiltonian function is then defined by

H@(Zan) = <na€> - ‘Ce(zaf)

and with (-,-)* := IH{H"’ (-,-) given by the formula

HO . T*L*3 =R

. 1
(Z,U)H <77>77> 7W762’Z/: l\}H" (%”77”274) -0.7.

1

2
Given the functional £ in (5.87), define the non-local analogue of the diffeo-

morphism introduced in [AS15, p. 1891], in the local context, by the formula

L: TL*3 = T*L"3
(2,6) = (2, deL(2, 2" +£)) = (2,m)

where
ni=deL(z,2' +&) =1

Note that since the inverse is given by

A+

L~ (z,n) = (z ML\ - z) =: (2,€),

the solutions (z,7) of the Euler-Hamilton equations (5.85) are zeroes of L™1.

As in the ODE case [AS15], also in the present delay equation situation both
functionals are related through the maps 1(z) = (z,4]|z]|?2') and 7(z,n) = =
in (1.1), Lemma 5.16, in the form

Bom(z,n) = A(z,n) +U*(z,m), U (z,m) == (z) = nll* 11

for every (z,m) € T*L£* 3. Observe that the map 4* > 0 vanishes precisely along
the critical points.
With the non-negative functional U defined and given by

U(z,8) :=U o L(2,6) = 5 (£,€), 20
the functionals A and B are related by the formula

AoL(z,€) = B(z) —U(z,€)
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A Twisted symplectic forms

Let N be a manifold, either of finite dimension n or a Banach manifold, see
e.g. [Lan01]. The elements of the cotangent bundle T* N are the pairs z = (¢, p)
where ¢ € N and p € Ty N. The foot-point projection to the base is the map
w: T*N — N, z = (¢,p) — q. The derivative is a linear map dr|,: T,T*N —
TyN. The kernel V, := ker dn|, is called the vertical subspace of T,T*N. There
is the canonical identification

;N = Vigp) CTiqpT*N, v %|t:0 (¢, p+tv) =(0,v).

Definition A.1. The canonical 1-form at a point z = (¢,p) € T*N applied to
tangent vector ¢ € T,T*N is defined by foot-point evaluation A,( := p(dn|.().

Definition A.2 (exterior derivative). For a 1-form A and a 2-form w one defines

dNX,)Y) : =d(A\Y)X —d(AX)Y — \[X,Y]
dw(X,Y,Z) : = dw(Y, 2)X — d(w(X,2))Y +d(w(X,Y))Z (A.88)
_w([Xv YLZ) +w([Xv Z],Y) - w([Y, Z],X)
for vector fields X,Y, Z along N; see e.g. [Lan01, V Prop. 3.2]. The d’s on the

right hand side denote the differential of a function, evaluated on a vector field.
A form is called closed if its exterior derivative vanishes.

Remark A.3. Pull-back commutes with d and dd = 0; see e.g. [Lan01, V §3].
Lemma A.4. For z = (q,p) € T*N letv € V, 2 TyN and ( € T,T*N, then

d\(v,¢) = v (dr|.Q) .

Proof. Since the question is local we can assume without loss of generality that
N is an open subset of a vector space W. Then the cotangent bundle T*N — N
can be trivialized so that T*N = N x W* and TT*N = N x W* x W x W*.
Then we have z = (¢,p) and v = (q,p;0,v) and ¢ = (¢q,p;&,n). Now we
extend these vector fields constantly as follows 7 = (g, p; 0, v) and ¢ = (q,D;&,m).
Set 2 = (¢,p). The local flows of the vector fields 7 and ¢ are then given by
¢5(0,9) = (4D + tv) and ¢F(q, ) = (§+ 5, P + sn)-
In particular, the flows of ¢ and ¥ commute, thus [f ,7] = 0. By Definition A.2
dA(v,Q)]. = d(AQ)|.v — d(AD)|.¢ — (A\[7,(])].- We calculate each summand.
Summand one already represents the desired result

A = 2|, o MoprCone) = 2 |—o (04 1) pr)C = 06 = w(dn].C).
Equality 2 is by Definition A.1 of the canonical 1-form A. It also uses that the
extension vector field ¢ = (£,n) = ¢ is constant, hence so is the result under the
linearized projection, namely dn|( p1rv)¢ = & Thus the r-derivative only hits
the first map and we get v€ which is equality 3. But v is the local representative
of v and £ the one of dr|.¢. This is equality 4.

Summand two is zero, because A\;v = p(dn|z(0,v)) = p(0) = 0. Summand three
is zero since [P, (] = 0. This proves Lemma A.4. O
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Remark A.5 (weak symplectic form). A weak symplectic form is a closed
2-form which is non-degenerate in the sense that for any tangent vector there
exists another vector in the same tangent space such that plugging in these
two vectors in the 2-form has a non-zero value. In infinite dimension this does
not imply that a weak symplectic form gives rise to an isomorphism between
tangent and cotangent space. In finite dimension a weak symplectic form is a
symplectic form.

Corollary A.6. Let o be a closed 2-form on N. Then w, := d\+ 70 is a
weak symplectic form on T*N.

Proof. Given that dw, = dd\ + n*do = 0, by Remark A.3, it remains to show
non-degeneracy. Let z = (q,p) € T*N. There are two cases.
Case 1. Suppose ¢ € T.T*N is such that dn|.{ # 0 is non-zero.

To 0 # dr|.¢ € T, N there exists, by the Hahn-Banach Theorem, see e.g. [Lan01,
IProp. 2.3], a dual vector v € TyN >~V := ker dm|, with non-zero pairing

0 # v(dr].C) = dA(v. C) = AN, ) + o (drl.v, dr].C) = w, (1, C)

where equality one is Lemma A.4 and equality two adds zero since v € ker dm|,.
Case 2. Suppose v € T,T*N is non-zero and dr|,v = 0.

Since v € V, ~ T;N is non-zero there exists a dual vector {, € T, N with non-
zero pairing v(§p) # 0. Since dr|, is surjective there exists ( € T, T*N such
that dr|,( = &. By Lemma A.4 and since dr|,v = 0 we obtain

0 # v(&o) = v(dn|.C) = dA(v,¢) = dA(v,¢) + o(dr|.v, dr|.() =: wo (v, ().
This proves Corollary A.6. O

B Non-exact magnetic 2-form X

In the case where a 1-form family, say ¥; = ¢*0,, is twisted-periodic, and not
periodic, we do not have a 1-form © on loop space £* 3, so dO© as in (C.99) is
not available to describe a magnetic 2-form. However, the key property of a
magnetic 2-form is closedness. Therefore we use the right hand side of (C.99)
as definition of a 2-form ¥ and then show d¥ = 0 by hand.

Definition B.1 (Magnetic 2-form of 9). For z € £*3 and X,Y € T,L* 3 set

¥.(X,Y)

1 ; ~ (B.89)
D= / (dﬁtz|z (X,Y) + (dt].X)0.|.Y — (dt|zY)?9tz|zX> dr.
0 T

Note that dv; and 9, are both periodic in ¢ by (2.4). Hence the S'-output

of t,: S — S} is well received and, furthermore, integration f:“ leads to the
same value independent of r € R.
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Theorem B.2. It holds d¥ = 0 and Qs := Qcan + P*Y is a weak symplectic
form on the cotangent bundle T*L* 3, said twisted weak symplectic.

Proof. By Corollary A.6 it suffices to prove d¥ = 0. To ease presentation we
change our usual loop notation z to 3. Let 3 € £*3 and X,Y, Z € T,L£* 3. Since
our manifold is an open subset of a vector space, namely 3 C C, therefore we
constantly extend the tangent vectors at 3 to tangent vectors at any 3 € £* 3,
namely we set time-wise X;(7) := X (7). In particular, commutators vanish and
the two formulas (A.88) simplify to

ANX,Y) 1 = d(AY)X — d(AX)Y

WX, Y, 2): = (¥, 2)X —d(X, Z)Y +diw(x, )z,

To shorten formulas we abbreviate z := (X(3))-, y := Y., and z := Z,. To avoid
parentheses we shall write d(x, y) as d¥;zy. We proceed similar to (C.99), but
during equality two below we omit the step using the letter D. Notice that X
defined by (B.89) has three summands which in equality two are treated one
after the other, visualized by three integrals. Using repeatedly (B.90) we get

d> (XY, 2) P2V 4=y, 2) X — d(S(X, 2))Y + d(S(X,Y))Z

1
(B.89) / (s (@91, ],02) 1 dby [y=(dt, X)
0
—d, ((]l)j»j l;22) — dlété l;z2(dt;Y)
+d. (dVy,|;zy) + dﬁta |3xy(dt5Z))dT

1
+/ ( i, |2 - dx (dt],Y) + (d8],Y) - do(Dr, |,2) + (di],Y) - 0r, ]2 - (di], X)
0

— Dy, |52 - dy (dt[; X) — (dt];X) - dy (D, [;2) — (dt[;X) - Dy,
+ 01, |y - dg (], X) + (dt],X) - do (B, |,y) + (di],X) -y, |y - <(w>)d7

52 - (dt];Y)

1
—|—/ ( — V¢, 3y - dx (dt]|; Z2) — (dt|;Z) - du (94, 5y) — (dt];2) -0y, |5y - (dE]; X)
0
+ Oy, [ya - dy (dt|; 2) + (dt; Z) - dy(De, |x) + (dt];2) - Oy, |52 - (dt];Y)
— Dy, [y - dz(dt];Y) — (dt];Y) - da(Dy, ;) — (dt[;Y) -0y [y (dz‘\jZ))dT
=0.
Equality three: The sum of the cyan terms is dd0; |,(x, v, z) by (B.90), hence
it vanishes since for the finite dimensional exterior derivative dd = 0. The gray
terms cancel pairwise. Since the loop space exterior derivative satisfies dd = 0 by
Remark A.4, the six red terms cancel pair-wise. For instance, the two terms with
common factor ¥, |;z combine, by (B.90), as follows (dx (dt|;Y") — (dy (dt|;X) =

ddt|;(X,Y) =0. Again by (B.90) the remaining 9 black terms cancel triple-wise
dVy, |5 (z,y) — do (9, |5y) + dy (V¢,|;#) = 0. This proves Theorem B.2. O
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C Periodic magnetic 1-forms on loop spaces

This section lives in an abstract setting were M is a manifold of finite dimension,
not necessarily a subset 3 of the plane. Furthermore, we consider general cir-
cle reparametrizations 7., and 7., not necessarily the Barutello-Ortega-Verzini
reparametrizations ¢, and 7.

Note. Outside of Appendix C the letters T" and T have a different meaning.

Definition C.1 (time reparametrization). A smooth map from loop space
LM :={z€ C®R,M) | ¥t € R: z(t + 1) = 2(t)} to the group of orientation
preserving circle diffeomorphisms

T: LM — Diff S', 2= T(2) =T,
is called a time reparametrization. The inverse time reparametrization is
the map 7: LM — Diff; S, 2 — (T,) ! = T..

A periodic 1-form on a manifold M, notation ¢ = {¥;};cs1, is a one-
parameter-family of 1-forms on M such that 9,11 = 9, for every ¢t € R.

Definition C.2 (magnetic 1-form on loop space). A periodic 1-form ¥ on a
manifold M and a time reparametrization T' of loop space LM induce on LM a
1-form © as follows. At a loop z the magnetic 1-form is on a tangent vector
EeT, LM, ie. avector field along z, defined by

1
625 = @E,T& = /S1 19TZ|Z£ ::A 19TZ(T)|ZT§T dr. (091)

To write the second integral we lift T,: SL — S} to a map, still denoted by
T,: R — R, which is equivariant with respect to the Z-action on R given by
Z xR —R, (k,7) — 7+ k and such that T,(0) = 0, in symbols

T.(t+k)=T,(1)+ k, T.(0) =0. (C.92)

Since ¥ is periodic O is well defined, independent of the choice of integration
interval as long as it covers one period; cf. Remark 2.4.

Remark C.3 (canonical vector field on loop space). Along loop space there is
a canonical vector field defined by time derivative v(z) := 2/, cf. (3.19). The
flow on LM of the canonical vector field v = 0, is time shift, in symbols

(612)r = 2rtr, (d(bng)q— =&rtr (C.93)
for every time 7 € R and where z € LM and & € T,LM; cf. (3.20).
Definition C.4 (magnetic functional). To a periodic 1-form ¥ on M and a time
reparametrization 1" of loop space LM we associate a magnetic functional by
evaluating the associated magnetic 1-form ©”7 along the canonical vector field

1
M:=i,0"T: LM R, 2w / I, |2 :z/ 1, ()= 2r dr. (C.94)
st 0

The definition is (C.91) and it is well defined by Lemma ?7.
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Differential of magnetic functional

Motivated by Cartan’s formula in finite dimension the differential of the mag-
netic functional M at (z,£) € TLM should be given by the difference

(d/\/l)zfz ((/i,,(—)>:£ = (Lue)zg - (Zude)zg

We prove this identity in case of the main player in this article, the magnetic
functional M defined in (4.33) via the Barutello-Ortega-Verzini reparametriza-
tion T, = t, in (3.21) and the pull-back ¥ = ¢*§. To get there we calculate the
Lie and exterior derivatives of the more general magnetic 1-form © in (C.91).

Lie derivative — Euler force

Lemma C.5. The Lie, or fisherman, derivative is defined and given by

1
LBl = ],y @6l = [ ((@T12), - £7.)) Il dr

(C.96) d
dr

Tyr(2)(T—r) ER

r=0

at any loop z € LM .
Proof. Let z € LM and & € T,LM. As a preparation we compute!”

1
(01°6). € 1= Oy 8,16 = [ Dryolevs ot o
0 (C.95)

2

r+1
- / CEVPCRNS] P S8
T

Equality 1 uses (C.93) in definition (C.91). Equality 2 is by change of variables

(o) :=0+r.

Since the expression 4| _ Ty (. is an element of Tr, Diff ;' = C>(S',R),

evaluated at 7 € S! it becomes a real number. For » € R Leibniz yields
%|r20 TO;<Z) <T - T) = ( % |r:0 T¢E(Z))T + %irzo TZ(T B T) (C 96)

= (dT|.2"), — LT.(r) eR. .

Differentiating equality 2 in (C.95) we obtain equality 1 in what follows
p o N AC)IS

r+1

L 4

= dar r:o/ ﬁT{;‘a;(:)(T*T)‘Z(T)gT dr
T

) v (C.97)
=07, (1)1 — V1, 0) 2060 + /O dloeo 97y o (o) lo(n&r dT

< 1 .
é 191‘,2050 — 7_90|z0£0 + / ﬂTz(T)|Z(T) ((dT|zzl)T - %Tz (T)) ET dr.
0

17 Actually, by the footnote to Remark 2.4 (iii) we’d get 2 fol ﬁy‘(ér(‘z)ﬁ_rﬂ% &r dr in the

periodic case. But formula (C.97) arising from Z could be useful in the twisted-periodic case.
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Equality 2 is by the Leibniz integral rule and (C.96). Equality 3 is by (C.92),
by periodicity z1 = 29 and & = &y, and by the chain rule. Now use periodicity
%1 — 99 = 0. This proves Lemma C.5. O

Example C.6 (identity reparametrization). For the constant reparametrization
T =idg € Diff;S! the value of (C.96) is 0 — -L7 = —1. So by Lemma C.5

1
Ly@|z = —/0 IE,TZ(.,-)|ZT dr.

Example C.7 (BOV-reparametrization — Euler force). Let ¥y = ¢*6;. Consider
the Barutello-Ortega-Verzini reparametrization T, = ¢, in (4.52) where z €
L£73. Plug the formula (4.40) for (dt|.€), and (4.52) for ¢/, into (C.96) to obtain

2

1 i 2(z,2") [T |z~
d _ / ) 2 T
e ey A e E I AL =
2 2 2 2 2
S
- g
EE EE =IP
_ P
=P

Equality 2 uses that [ 2(z,,2,)ds = [ L |2, ds = |2]* — |2|*. For s =1
the difference vanishes since z; = +zy. Twisted-periodicity of ; with function
f implies such for ¥; with function F :=¢*f = f o¢. Hence Lemma C.5 yields

1
P 2 . 2 . 3
LV@|Z = _ﬁ\/o‘ ﬁtz(T)‘zT dr = 4Hi\|2 <_4‘ZO‘219tz(7)‘z77 > = <y(29|(z,n)7'> (0'98)
V(z,m) € T*L*3. Step 2 uses that R? ~ (R?)*, step 3 is the Euler force (5.83).

Exterior derivative — Lorentz force

Let &,n € T.LM. In order to apply formula (A.88) involving commutators, we
extend the tangent vectors & and 7 to vector fields defined in a neighborhood of
z in LM which we denote by the same letters £ and 7). By definition (A.88) we
get equality one

1

= /0 (Dg (19Tz(~)|z,77-)T — Dy (’9Tz(-)|zv§')7 - ﬂTz(7)|zT [5,77]T)d7'

5 1

= /O (da (Or.yl=m), = dy (I1oy|=.6) . = o |2, (€)= (C.99)
+ 01 )=, (AT126), 7 = Do), (AT o), & ) dr

2 /0 (d'ﬁTZ () |27— (57': n‘r) + 19Tz () |27— ((dLM)TnT - (dT|ZT/)T €T))d7—.

The letter D indicates differentiation with respect to all variables, spatial d and
time 0;. Equality 2 unpacks D. Equality 3 is by (A.88) for d and A = J7.

93



Remark C.8 (Lorentz force). On a finite dimensional manifold M let g be a
Riemannian metric and o a family of closed 2-forms depending on a parameter
t € R, e.g. a family of exact forms o; = dv;. Then at any point ¢ € M a g-anti-
symmetric linear map Z;|,: T,M — T, M is defined by the 1-form identity

QQ(Zt|qU7 ) = _Uth(U’ )

equivalently (Z;|,v)’ = —i,o4|, where b: T,M — T; M is the metric isomor-
phism £ — g,(¢,-) and f the inverse. This is the Lorentz force, it is given by

Zilqv = _(iv0t|q)ﬁ~

Euclidean space. On M = R3, given a 1-form 6, let A be the dual vector
field, cf. (2.3), then the magnetic vector field is given by B = rot A. In terms
of differential forms this corresponds to o = df and o and B are related via the
Hodge x-operator by o = «B*; see e.g. [Web17]. In this context the Lorentz force
on a particle of electric charge c € R at a point r(t) at time ¢, namely cZ|,.)7(t),
is of the familiar cross product form cr*(t) x Bl (. This ends Remark C.8.

Example C.9 (identity reparametrization). For the constant reparametrization

T = idg: € Diff ;S term dT'|, = 0 vanishes in (C.99). The identity

1 1
/0 (2-8)r,mr)odr = (2.6,m) O —(d@). (£, m) “=” / —dV- ., (&,70) dr

V¢, n determines the non-local Lorentz force Z,. The equality of Integrands
((Z.8)r,)0 = =dVU;|., (&, ), the latter is (Z;]..&r, Do, tells (Z2.£), = Z.|.. &

Example C.10 (BOV-reparametrization — Lorentz force). Let ¥; = ¢*6;. For
the Barutello-Ortega-Verzini reparametrization T, = ¢, in (4.52) the Lorentz
force at z € £*3 is the linear map Z,: T,L*3 — T,L£* 3 determined by

<Zz<7 £> = _d@z(Ca ’g)

for all £,¢ € T.L*3 where dO is given by (C.99).'® In particular for ¢ = 2’
computation (C.101) below, read backwards, yields equality one in what follows

(grad M|, ) = (L,0), - —(dO), (7', ")
(V34 2.7, (C.100)
e gy 20

[[ro

Equality 2 uses the relation (C.98) between Lie derivative and Euler force Yo
as well as the above definition of the Lorentz force Z. Equality 3 is by (C.98)
again. This concludes Example C.10.

18 Note. In the twisted-periodic, and not periodic, case let’s take the same formula (B.89)
to define a 2-form, say 3. In doing so all we loose is exactness. Define Z as above.
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Difference of Lie and exterior derivative — dM

Proposition C.11. For z € LM and £ € T,LM there is the identity
(L,©).€ - (d@)Z(zl>£) = (L,©):¢ 7((](%)):(2/.{)
1
= / 19TZ(T)|Z-,— ( (([T‘:£>,» :; - (%Tz“—)) g‘r) *([171',;(T)‘:, (»’J;-,{T) dr.
0

Proof. Lemma C.5 and (C.99); the two underlined terms add to zero. O

Corollary C.12. For the BOV-reparametrization t, in (3.21) and ¥, = ¢*0,
Cartan’s formula L, = i,d + di, holds for © along loop space L} 3; see (3.16).

Example C.13 (BOV-reparametrization and ¥; = ¢*6;). In the setting of the
Barutello-Ortega-Verzini reparametrization in Section 3 replace LM by L£*3
and T, by ¢, from (3.21). In this case the magnetic functional M = 7,0 is
given by (4.33). For loops z € £*3 and tangent vector fields £ € T,L* 3, we
compute by Proposition (C.11) the difference in equality one

(LV@)Zf - (d@)z(z',f) ‘<4\%\:( 1|20 2’.)/ <ru‘:f) T 2:3/-5>
1

1

:/0 (dt|z5) 1925 () |z7 ;—_ (d({r (7 )) ﬁt (T)|ZT§T dﬁtz(‘r)‘zf (Z;—agr)dT

2

||Z|2/ fo -0 Z{T?é.ﬂ'>do- 1915 T)|Z7-Z7—d7-

2(z,8) [t ., : .
_A g>/ Jo \,z(,\zdrf-z),ﬂ(ﬂ\:‘,:/l_(lT
Jo =

4

1 o1 5 . -1
f&g/v#mymawf/dmmu@m»m
- JO J0

Equality 2 inserts the formulas for (dt|.£), and %tZ(T). We grayed out the
terms which will not be modified in equality 3 below in which we actually only
modify summand one: We change the order of integration and then interchange
the names of the variables 7 and o in order to obtain

1
3 2 L

Z ||z||2/ <fa:7— Vi (o) |20 25 dg.ZTng>dT
MH/Jdeamﬁuam

1
9 ;
_W/O |Z'r| ﬁtz(‘r)|zT§'rd7—_/0 d'lgtz(f)|z7. (Z'/mg-r)dT
2 (dM) & (grad M|, &).

(C.101)

Equality 4 is by Lemma 4.3. This proves Cartan’s formula in the setting of the
present article. This concludes Example C.13 and proves Corollary C.12.
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