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Preface

Preface

n Part I, we explored two subjects: Nested Radicals and Algebraic

Identities in Chapter 1 and Innovative Approaches to Explore

Polynomial Equation Solving: Trigonometric and Hyperbolic Insights in
Chapters 2. As we enter Part II, we will delve into two new subjects: Extension of
Fundamental Trigonometric and Hyperbolic Functions, and Unraveling the
Mystery of the Riemann Hypothesis: Toward a Complete Proof, starting with
Chapter 3 and Chapter 4.

In this Part II, we present our work as a narrative of self-discovery, letting ideas
unfold naturally with the journey of insight. The book is intended for readers who
love mathematics and are comfortable with fundamental concepts. It is available
free of charge on Series Math Study (www.seriesmathstudy.com).

In modern mathematics, elementary functions of a single variable form the
foundation of our analytical tools. When graphed on a two dimensional coordinate
plane, each function produces a characteristic curve. Extending these functions into
three dimensions does not fundamentally change their nature; the resulting
surfaces are simply extrusions of the original curves. Although combinations of one
variable elementary functions can theoretically represent any shape in the
universel!, expressing complex structures in this way is extremely difficult and
often impractical.

In the natural world, many complex curved surfaces are not to be easily or
adequately described using traditional three dimensional coordinates. This
limitation motivates the extension of elementary mathematics into three
dimensions, where basic functions are defined with two variables. A set of new
elementary two variable functions in a certain aspect can greatly simplify the
representation of complex geometries, provided these functions are systematically
studied and understood.

Trigonometric and hyperbolic functions illustrate both the strengths and the
limitations of our current framework. Their familiar forms, namely sine, cosine,
tangent, and their hyperbolic counterparts, are deeply embedded in mathematics,


http://www.seriesmathstudy.com/

Preface

physics, and engineering. These functions have become standardized, each serving
a distinct and essential role. Collectively, they form a mature and saturated
framework: for most purposes, the existing elementary functions are sufficient, and
there is extremely difficult with little motivation to introduce entirely new ones.

A more feasible approach is to extend familiar one variable functions into two
variable forms, creating a new layer built upon existing elementary functions. In
this approach, we easily maintain conceptual continuity and avoid unnecessary
complexity, all while opening the door to fresh mathematical possibilities.

This book introduces such extensions in Chapter 3, generalizing classical
trigonometric and hyperbolic functions and elevating them to a broader conceptual
level. These new forms allow dynamic behavior that was previously inaccessible
due to computational complexity, opening the door to reshaping classical functions
and exploring entirely new families of elementary functions.

How do we develop these extended functions? Trigonometric functions are
traditionally defined using the wunit circle and right-angled triangles, while
hyperbolic functions arise from the geometry of the hyperbola. Both families can
also be expressed in terms of the exponential constant e through Euler’s formula,
which provides a unified algebraic framework. By replacing the exponential
constant e with a variable y, we obtain functions capable of representing not only
traditional curves in the plane but also genuinely two variable objects in space.

This extension creates a richer mathematical framework for studying natural curved
surfaces. Classical trigonometric functions such as sin(x) and cos(x) produce
identical cross sections when plotted in three dimensions, yielding surfaces that
replicate the same curve for every value of y. In contrast, the new two variable
trigonometric functions generate curves that vary with y, producing surfaces that
differ across the domain and giving rise to distinct geometric objects rather than
simple extrusions.

Through this approach, we establish a broader collection of elementary functions
capable of describing three dimensional structures in a unified and dynamic way.
This expanded viewpoint deepens our understanding of trigonometry and geometry
and lays the groundwork for future developments in pure mathematics. By
embracing these extended functions, we gain access to a wider spectrum of natural
shapes and mathematical behaviors, opening promising new directions for
exploration and innovation.

In Chapter 4, we present the proof of the Riemann Hypothesis, one of the most
intriguing and significant problems in mathematics. We explore known findings and
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properties of the Riemann zeta function, “rewrite” the zeta functional equation, and
present a proof of the Riemann Hypothesis using an elementary algebraic
approach. In Section 4-4, we demonstrate that all possible nontrivial zeros
lie in the narrow bands 6.28318534... < Im(s) < 6.28983598... or
-6.28983598... < Im(s) < -6.28318534... for 0 < Re(s) < 1 and Re(s) * "-.
However, none of them serve as solutions to {(s) = 0 because their
imaginary parts are below the first nontrivial zero. This approach aims to
clarify the assertion that all nontrivial zeros of the zeta function lie on the vertical
line where the real part is 1/2.

Though we offer this book at a free of charge, unless you wish to acquire a physical
copy, in which case you will need to cover the printing and paper costs through
Amazon. We assume no liability in connection with its contents.

A few words from the authors: We express our gratitude for the support received
from our parents. A special thanks to Tue Vu's three daughters, Thao Vu, Thanh-Tu
Vu, and Mai-Tran Vu, who dedicated their spare time to reviewing the book.

While this book may contain variations in writing style influenced by cultural
factors, as well as possible errors such as incorrect results, typos, or other
imperfections, we sincerely welcome constructive feedback and contributions from
readers to improve the overall quality. Your valuable input is greatly appreciated.
Our contact emails are sms@seriesmathstudy.com and tuevu2003@gmail.com. If
you wish to support our books and efforts, we gratefully accept donations without
refunds in any form through the provided PayPal link,

https://www.paypal.com/donate/?hosted_button_id=87LZ956NGUMQQ.
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Chapter 3

Chapter 3

Extension of Fundamental Trigonometric Functions
and Hyperbolic Functions

Section 3-1. Background and Motivation for Two Variable Elementary
Functions

We have known since Leonhard Euler introduced the formula
e=cos| x|+isin( x| (3.1)

in his 1748 publication, De Formulis Exponentialibus ac Logarithmis'®, that it
brought about a profound revolution not only in mathematics but also in related
fields such as physics, chemistry, and engineering. Formula (3.1) later became
known as Euler's identity, which has a close connection with the trigonometric
functions sine and cosine, as well as the exponential function e over the complex
number i. It not only extended the definition of trigonometric functions beyond the
measurement of triangle angles to numerical analysis but also enabled the
representation of angles using complex numbers, laying the foundation for modern
analysis and complex algebra in pure mathematics.

On a deeper level, the complex number /i forms a crucial bridge between
trigonometric and hyperbolic functions, unifying them within a single analytic
framework. Hyperbolic functions themselves trace back to the independent work of
Vincenzo Riccati and Johann Heinrich Lambert in the 1760s. Traditionally, both
trigonometric and hyperbolic functions have been treated as elementary single
variable functions and visualized in two and three dimensional space. Yet even in
3D, these functions remain fundamentally one dimensional, unable to express the
richer curvilinear structures that appear throughout nature.



Chapter 3

Much of pure mathematics has already uncovered its most immediate and
“obvious” laws. Without expanding our foundational assumptions, the discovery of
new elementary functions risks stagnation. For centuries, we have relied on single
variable frameworks; however, functions such as cos(x) merely generate a one
dimensional curve that, when extended into 3D, becomes a simple extruded
surface rather than a naturally evolving spatial form. To move beyond these
limitations, we propose extending elementary functions to two variables, x and v,
creating new "“atomic” functions that inherently curve and evolve within three
dimensional space. These functions are not mere extensions of existing forms; they
introduce fundamentally new geometric behaviors that cannot be captured by
traditional single-variable systems.

Godel’'s Incompleteness Theorem reminds us that any formal system contains
truths that cannot be proven within its own boundaries. This insight compels us to
seek new conceptual structures rather than remain confined to existing ones. Just
as a child transitions from crawling on a flat surface to standing and perceiving the
full volume of a room, mathematics must transition from one variable “crawling” to
two variable “standing” in order to access a broader landscape of possibilities.

Modern computational tools now make it feasible to construct and explore such two
variable elementary functions while preserving their distinct identities. Building on
Euler’s identity as a foundational guide, we aim to generalize classical functions
from a single variable x to the pair (x,y). Although this endeavor may challenge
established conventions, any new mathematical branch must remain coherent with
existing knowledge. Our immediate goal is therefore the rigorous development of
fundamental two variable elementary functions that can serve as the basis for this
expanded framework.

In the following sections, we review both the trigonometric and hyperbolic
functions. We introduce notation for several extended functions and then examine
their properties in detail, accompanied by graphs that illustrate their behavior.

Section 3-2. Review Trigonometric Functions!®!

In this section, we briefly review the fundamental trigonometric functions by
showing how their familiar formulas can be derived using Euler’s identity.

We start by replacing x with -x in (3.1), and obtain

e "=cos|x)—isin(x), (3.2)
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Next, we show that the trigonometric functions, and their corresponding domains
and ranges, can be derived by adding and subtracting equations (3.1) and (3.2).

a. Cosine Function
Adding (3.1) and (3.2) gives

e +e "=2cos(x).
Solving for cos(x) from the expression yields

cos(x):%(eix+e_ix). (3.3)

The domain and range of the cosine function are:
« Domain: x € (-0, ®©) or x € R

« Range: -1 < cos(x) < 1 or cos(x) € [-1, 1].

b. Sine Function
Similarly, by subtracting (3.2) from (3.1), we obtain

sin(x)zzl—i(eix—eix) (3.4)

The domain and range are:
« Domain: x € (-0, ©) or x € R

« Range: -1 < sin(x) < 1 orsin(x) € [-1, 1].

c. Tangent Function
The tangent function is defined as the ratio of sin(x) to cos(x):

. i‘(eix_e—ix)

tan(x): Sln(x) _ 21
cos (x| l(eix_'_e—ix)

2



1 eix_efix
iy ix *

l' eix+ef

The domain and range are:

* Domain: XE//?,X#%HTI( and ke Z

* Range: -0 < tan(x) < oo.

d. Cotangent Function
The cotangent function is defined as

The domain and range are
e Domain: xe R ,x#nk and ke Z

+ Range: -0 < cot(x) < oo.

e. Secant Function
The secant function is defined as

1 2
SEC(X): = ix —ix
cos(x)] e*+e

e Domain: xeR ,x#n/2+nk and ke Z

 Range: |sec(x)| = 1.

e. Cosecant Function
The cosecant function is defined as

Chapter 3

(3.5

(3.3a)



1 __ 2i
sin(x] e*—e”

csc(x)=

ix

e Domain: xeR ,x#nk and ke Z

 Range: |csc(x)| = 1.

Section 3-3. Review Hyperbolic Functions

Chapter 3

(3.4a)

We follow an approach analogous to that of Section 3-2 to derive the hyperbolic

functions in this section.

Substituting x with ix in (3.1) and using the identities cos(ix) = cosh(x) and sin(ix)

= isinh(x), we obtain

e *=cosh(x)—sinh(x).

Replacing x with -x in (3.7) gives

e*=cosh(x)+sinh|(x).

a. Hyperbolic Cosine Function
Adding (3.7) and (3.8) gives

cosh(x)Z%(eX+ex).

The domain and range of the hyperbolic cosine are:

e Domain: x € R

« Range: 1 < cosh(x) < oo.

b. Hyperbolic Sine Function

Similarly, by subtracting (3.8) from (3.7), we obtain the hyperbolic sine:

sinh (x)zzl(ex—e_").

(3.7)

(3.10)
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e Domain: x € R

 Range: -o0 < sinh(x) < co.

c. Hyperbolic Tangent Function
The hyperbolic tangent is defined as

sinh x| %(ex_eX)
tanh (x)= cosh (x) - l(e"+e_x)

_e-e (3.11)

X

e +e”

« Domain: xeR
« Range: -1 < tanh(x) < 1.

d. Hyperbolic Cotangent Function
The hyperbolic cotangent is defined as the ratio of cosh(x) to sinh(x):

Letwe
cosh(x) 2
coth (x)=— =
Slnh(X) 1(ex_efx)
2
—etre (3.12)
e —e

The domain and range of the hyperbolic cotangent are:

e Domain: xeR ,x#0

* Range: coth(x) < -1 or coth(x) > 1.

e. Hyperbolic Secant Function

The hyperbolic secant is defined as
1____ 2 (3.94)

h{x)= = .
sech ] cosh(x] e +e™*
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The domain and range of the hyperbolic cosecant are:
* Domain: xeR

« Range: 0 < sech(x) = 1.

f. Hyperbolic Cosecant Function
The hyperbolic cosecant is defined as

csch(x)= 1 _ ; 2 —. (3.10a)

sinh(x] e*—e

The domain and range of the hyperbolic cosecant are:
e Domain: xeR ,x#0

 Range: |csch(x)| > 0.

Section 3-4. Notations of Extended Trigonometric Functions

We introduce new bivariable trigonometric and hyperbolic functions as extensions
of traditional trigonometric and hyperbolic geometry. We propose a framework for
analyzing enhanced trigonometric and hyperbolic functions. Our exploration
encompasses their domains, properties, identities, and inverses within the contexts
of trigonometry and geometry. By integrating these extensions with modern
computational advancements, we aim to provide a more comprehensive
understanding of trigonometry and hyperbolic geometry, evolving from a curve in
2D to a surface in 3D.

The logarithmic constant e plays a fundamental role in all trigonometric and
hyperbolic functions. For instance, the definitions of trigonometric functions like
cos(x) and hyperbolic functions like cosh(x) inherently rely on e, as demonstrated
in the formulas (3.3) and (3.9). We observe that the functions ¢ and e are
present in all trigonometric and hyperbolic functions where the base e remains
constant and unchanging. However, what if we generalize the exponential function,
allowing the base to vary? When we desire the base e to be variable, we represent
it as a variable y. Throughout this chapter, the notations and definitions for the
extended forms of trigonometric and hyperbolic functions are presented as follows:

7
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Table 1 — Notations for Extended Trigonometric & Hyperbolic Functions
Extended Trigonometric Functions Extended Hyperbolic Functions
]- ix —ix 1 X —X
1. cos(x,y)52—(y +y ) 7. cosh(x,y)EE(y ty )
. _ 1 ix —ix . _ 1 X —X
2. sinlx, y)=5-(y"~y™ 8. sinh (x,y)=2 [y =y
3. tan(x,y)z_l—% 9. tanh(x,y)ny_y_x
L y'+y yty
4. cot(x,y)Ei-yl.x-|-—y_l.X 10. COth(X,Y)ny+y_x
y -y y -y
5. sec(x’y)E = 2 — 11. SECh(X,y)E " 2 —
Yy +y yty
6. csc(x,y|= iXZi_I.X 12. csch(x,y)= x2 x
y -y y -y

By introducing these new bivariable notations, we define sin(x,y), cos(X,y),
tan(x,y), cot(x,y), sec(x,y) and csc(x,y) as extended trigonometric functions or
trigonometric-like functions, while sinh(x,y), cosh(x,y), tanh(x,y), coth(x,y),
sech(x,y) and csch(x,y) are termed extended hyperbolic functions or hyperbolic-like
functions. The terms 'extended trigonometric functions' and 'trigonometric-like
functions' will be used interchangeably in this book.

It is natural to question whether the newly introduced extended functions from (1)
to (11) behave analogously to that of the trigonometric functions and hyperbolic
functions.

We will demonstrate in the next sections that each of these bivariable functions
maintains a connection to similar conventional notation of the trigonometric or
hyperbolic function. We also exhibit unique characteristics, including distinct
domains, ranges, inverse, periodicity and other properties.

Remark 3.4.1.

* Extend notations: We greatly respect the foundational work of earlier
mathematicians in establishing standard notations. In this book, we reuse the
symbols of the trigonometric and hyperbolic functions. This adaptation serves
only to provide a natural and intuitive extension within the context of our

8
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work.

Real values: Although these notations (definitions) involve the imaginary
unit i, the extended trigonometric functions such as sin(x,y), cos(x,y),
tan(x,y), cot(x,y), sec(x,y) and csc(x,y) are real values for all real x and y.

Principal branch: A/l the extended expressions in Table 1 assume the use of
the principal branch of the complex exponential function. This ensures the
proper behavior of the function and that the values of the extended
trigonometric functions remain real for real x and y.

Complex exponentials: Note that y* and y™, where y is real base, are
complex exponentials defined using the principal branch of the complex
exponential function.

Transition between trigonometric and hyperbolic functions: We use
the imaginary unit i to transition between trigonometric and hyperbolic
functions. While the imaginary unit facilitates the transformation, the values
of both trigonometric and hyperbolic functions remain real when the
argument x is real.

Convention: Throughout this book, whenever a solution x of a trigonometric
equation depends on an integer kez, we denote it by x«. That is, any solution
of the form, for instance

_[1+2K)m

ke Z
2/In y|

will be understood and written as x«(y) or

_(1+2k)m

— ke ”Z.
T oy

We will use the notation xx to refer to these solutions in later sections.

The symbols "=” and "=” may appear interchangeably, although they
traditionally carry different meanings. The sign “"=" denotes ordinary equality,
while “=" is often used for identities or statements true for all values of the
variables. Since many texts do not strictly enforce this distinction, we follow
the common convention of using both symbols in contexts where the
meaning is clear from the expression itself.

9
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Section 3-5. Foundations of the Extended Cosine Function cos(X,y)

We will follow the same procedure as shown Section 3-2 to derive the extended
cosine function cos(x,y). Let x and y > 0 be real numbers. By replacing x with
xIn(y) in (3.1), we have:

e™"™'=cos(xIn y )+isin(xIny) (3.13)

Using e™™'=e" =y" therefore, we obtain the extended Euler formula with the base
y in y* as

y*=cos(xIn y)+isin(xIn y) (3.14)

Replacing x with -x into (3.14) gives a general form of Euler’s function in terms of x
and y:

y “=cos(xIny)—isin(xIny) (3.15)

3-5-1. Definition and Theorem

Definition. The extended cosine function, denoted as cos(X,y), is defined by

%(yfuy‘“‘) forx,y €R with y>0. (3.16)

cos(x, y)=

Theorem 1. The extended cosine function satisfies the relation

cos(x, y|= 1 (yi"+y_ix):cos(xln y), forrealx, yand y>0. (3.17)

2

Proof
By adding (3.14) and (3.15), we have:
y*+y*=2cos(x1n y)

=cos(xIny)=={y"+y ).

N |

10



Chapter 3

Combining the above outcome with definition (3.16) gives

cos(x,y)==[y"+y "|=cos(xIn y).

2

3-5-2. Basic Properties of cos(x,y)

This section uses knowledge of the elementary trigonometric functions to
determine the maxima, minima, and zeros and other properties of cos(x,y) without
using calculus tools.

1. Domain: x € (-00, ), y > 0.
2. Range: -1 < cos(x,y) = cos(xlny) < 1.

3. Function type: Symmetry in x: cos(x,y) is even for all y > 0. Symmetry in y:
The function is neither even nor odd in vy.

Proof
3. We consider two cases:

a. Symmetry in x: We have cos(-x,y) = cos[(-x)(In(y))] = cos(xIn(y)) = cos(X,y).
Therefore, the function is even in x for all y > 0.

b. Symmetry in y: Since In(y) is defined only for y > 0, cos(x, -y) is undefined
because In(-y) is not real. The function is neither even nor odd in y.

Note:

In(y)=0, for y>1
In(y)<0, for 0<y<1

4. Maxima, Minima and Zeros of cos(Xx,y) with Respect to x
Theorem 2. The maxima, minima and zeros of cos(x,y) with respect to x are:

a. Maxima
_2nmk

x—m,kEZ. (318)

11
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b. Minima
_nli+2k) 4o > (3.19)
In y|
c. Zeros
 Form 1:
g E1rdkin o o (3.20)
2[In y|
e Form 2:
(1+2k)m
=" ke”Z. 21
X 2|1H y| s (3 )
Proof

a. Maxima in x

The maxima of the function cos(x,y)=cos(xIny) with respect to x occur when xIny
equals 7k and keZz, since cos(0) achieves its maximum value 1 at those points.
Solving xIny = 2nk for x in terms of y and k gives the general solution

_2nK ez

“inyl’

b. Minima in x
The function cos(xlny) reaches its minimum when xlny = n + 2nk (because
cos(xlny) = -1). Solving for x in terms of y and k yields

n(1+2k)
X=——7—7—
In y|

, keZ.
c. Zeros of cos(x,y) on x-axis

The zeros of cos(x,y) on x-axis occur when cos(x,y)=cos(xlny)=0. There are two
equivalent ways to express the solutions:

* Form 1:
Start with the identity

12
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cos(xlny)=cos(i%+2nk),k€Z.

Solving for x gives the general solution

(+1+4k)m

x= ke Z.
2[In y|
* Form 2:
Alternatively, use the fact that the zeros of cosine occur every m units starting
at m/2:

Cos(xlny):cos(%ﬂrk),kez.

Thus, solving for x gives

_(1+2Kk)m
~ 2yl ’

ke Z.
Remark 3.4.5.

* If we remove the absolute value, then we can adjust the sign of k to ensure
the compensation of the sign of xIny.

* As we introduce the convention early, the solution of form (3.21) can be

written as
X](:M, ke Z
2 |1n y|

5. Periodicity!*! and Wavelength!®! of cos(x,y) with Respect to x

5A. Periodicity in x

Theorem 3. For each fixed y > 0, the period of cos(x,y) with respect to x is given
by

271
Tx(y)=|1n(y)‘- (3.22)

13
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Proof
Assume Ty(y) = Ty is the period of cos(x,y) with respect to x. Then Ty must satisfies
the equation

cos(x+TX,y)=cos(x,y)
2cos(x+T ) cos(xlny+2nk), keZ
=(x+T )In(y)=xIny+2mk
)

=T, In(y|=2mnk

Solving for T« in terms of y and k gives

2k
T = , keZ.

Recall that the period cos(ax) is 2n/|a|, for any a. Hence, the period of the function
cos(x,y) = cos(In(y) x) is

T (y)=2"K  kez.

In{y)’

We complete the proof.

5B. Wavelength of cos(x,y) in x (for fixed y > 0)
Theorem 4 (Wavelength in x). For cos(x,y) = cos(xlny), the wavelength D«(y)
between two consecutive extrema or between two consecutive zeros in X is

a) Maxima:
_2m
DX(y>_|lny| (3-23)
b) Minima:
_ 2
DX(y>_|lny| (3-24>

14
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Cc) Zeros:

21 (3.25)

D =
x(Y> |lny|

Proof
a) Wavelength between two consecutive maxima:

From formula (3.18), the critical points for maxima are

21K ez

““linyl’

Therefore, the wavelength between two consecutive maxima is

DX(Y):an_Xk

_2nlk+1) 2mk
Inyl  |Iny|

“iny|”

b) Wavelength between two consecutive minima:
From formula (3.19), the critical points for minima are

_nm(1+2k)

= keZ.
Tyl

Hence, the wavelength between two consecutive minima is
D, (y)= X=X
_m(1+2(k+1)) m(1+2k
In | In ]

_ 21
In y|~

c) Wavelength between two consecutive zeros of cos(x,y) within one full cycle:
15
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From formula (3.20), the critical points are given by

_(1+4k)n

= ke Z .
X 2(lny| ’

Then the wavelength between two consecutive zeros of cos(x,y) is determined by
Dx(y):Xk+1_Xk
_n(1+4(k+1)) m(1+4k)

2[In y| 2[In y|

_ 21
In y|*

Thus, the wavelength between two consecutive maxima, minima, or zeros is
identical, each equals to Dx = 2xn/|Iny]|.

Remark 3.4.6.

* Observe that for each specific value of y (a 'slice' of y), the period of the
function cos(x,y) in x remains constant. However, when the value of y varies,
the period of cos(x,y) also varies; it remains periodic with a repeating cycle
because its natural characteristic still belongs to the cosine function, resulting
in a non-constant overall period for cos(x,y).

* Recall that if f(x+Tx) = f(x), then T, is a period of f, and T does not require |
T«|. Indeed, we can define if f(x-T,) = f(x), then T, is a period of f. It follows
that if T is a period, then -T, is also a period. Formula (3.22) uses |Iny| to
ensure the period is positive. That’s why we use the absolute sign in formula
(3.22).

* Note that period tells us how long one cycle takes (repetition in time);
wavelength tells us how far the wave travels during one cycle (repetition in
space).

Example
Given the function cos(x,y), determine the following for slices aty = Y2and y = 3
with respect to x:

16
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a. The wavelength between two consecutive maxima.
b. The wavelength between two consecutive minima.

c. The wavelength between two consecutive zeros within one full cycle.

Solution
1. Sliceaty =2

a. From part(a) of Theorem 4, we have the critical points for maxima:

_ 2k _ 2k :27Tk
“In(y)| n(1/2)] Inf2)’

keZ.

Therefore, the wavelength between two consecutive maxima is

Dx(y):Xk+1_Xk
_ 27
In y]

27
In(2)°

D,(y)

b. Similarly, from part (b) of Theorem 4, the critical points for minima in x-axis are

. _m(1+2k) _ m(1+2k]
o Iny]| ~ In2

,keZ.

And the wavelength between two consecutive minima is

Dx(y):Xk+l_Xk

_2m

Dx()’)—m

27
In(2)°

c. From part (c) of Theorem 4, the critical points are

17
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X_n(1+2k)_7r(1+2k) ez
“ |Iny] 2 '

And the wavelength between two consecutive zeros of cos(Xx,y) is

D,(y)=rt

2. Sliceaty =3
a. From part (a) of Theorem 4, the critical points for maxima are

_ 2mk _ 2mk _ 2mk

T R I TE

The wavelength between two consecutive maxima is
Dx(y):Xk+1_Xk

_2n(k+1)_ 2k
B In (3] In (3]

b. The critical points for minima in x are

. _n(1+2k)  m(1+2k]
* ny]  In3

,keZ.

The wavelength between two consecutive minima is
Dx(y):xk+1_xk

_m(1+2(k+1)) m(1+2k
B In3 In3

18
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c. The critical points for zeros are

N _n(1+2k)  m(1+2Kk)
““Jlny]  In3

,keZ.

The wavelength between two zeros of cos(x,y) in x is
Dx(y):Xk+1_xk
Cm(1+2(k+1)) (142K

In3 In3

6. Maxima, Minima and Zeros of cos(x,y) with Respect to y
6A. Maxima iny
Theorem 5. The maxima of cos(x,y) in y are given by

y=e""N x%0,kez. (3.26)

Proof
The maxima of cos(x,y) in y occur when cos(x,y)=cos(xIny|=1. Because cos(xIny +
2nk) = cos(xIlny) and kezZ, it follows that

xlny,=2nk, ke Z .

2k
]

=Iny, = , x#0,keZ.

Solving for y« gives
21k

ykZeW, x#0,ke”Z.

6B. Minima iny
Theorem 6. The minima of cos(x,y) iny are

y, ="My s0 ke Z (3.27)
19
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Proof

The minima of cos(x,y) in y occur when cos(x,y)=cos(xlny|=—1. Because
cos(xlny+2nk) = cos(xlny), it follows that

xlny,=n+2mnk, ke Z .
2111)@2%, x#0,ke”Z.

Applying the exponential function to both sides yields

yk:e"[““)/lx‘, x#0,keZ.

6C. Zeros of cos(x,y) in y, for fixed x
Theorem 7. For fixed x, the zeros of cos(x,y) respect to y are given by in two
equivalent forms:

* Form 1:
y=e =N 0 kez (3.28)
* Form 2:
y=e 122N v ke Z (3.29]
Proof

For fixed x, the zeros of cos(x,y) occur when cos(x,y)=cos(xIny)=0. There are two
equivalent forms to express the solutions:

e Form 1:

xlnyk:i%+2nk, ke Z.

Solving for y« in terms of x and k gives

yk:en(il+4k]/2\x|, X#O,kEZ.
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e Form 2:

xlnyk:%Hrk, kezZ

Solving for y« gives

yk:en(1+2k]/2\x|’ X#O,kEZ.

7. Periodicity and Wavelength (Distance) with Respect to y
7A. Periodicity iny
Theorem 8. For fixed X, the period of cos(x,y) with respect to y is given by

2nk

—|, K )
Ty(x,y)—(e -1y, x#0,keZ, (3.30)

Proof
Assuming T,(x,y) = T, is the period of cos(x,y) in y. Then T, must satisfies the

equation

:Cos(xln(y+Ty))zcos(xln y) (Use cos(x,y) = cos(xIny))
>xIn(y+T,)=xlny+2nk , keZ  (Use cos(xIny) = cos(xIny+2mk)
y+T .
= xIn " L=2mk (Move y terms to the left side of =)
:>ln(y+Ty):2nk
y [
N y+Ty — 2k /x|

Solving for T, in terms of |x]|, y and k gives

Ty(x,y)zy(eznk/‘xl—l), keZ.

Since T,(X,y) depends on X, y and k in y, this means that T(x,y) is not a constant
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period for each slice x but rather a function of repeating itself for values of k after a
different shift for different values of y. We conclude that the function cos(x,y) is
still repetitive in terms of x and y, but the repetition is not uniform across
the entire domain vy.

7B. Wavelength between Two Consecutive Maxima with Respect to y
Theorem 8. The wavelength (distance) between two consecutive maxima in v,
denoted D,(x), of cos(Xx,y) is

D, (x)=e"* M M_1) x20, keZ. (3.31)

Proof
From (3.26), we obtain the maxima in terms of k:

_ 2nk/|x|

yy=e , x#0, keZ

The wavelength between two consecutive maxima in y is given by

D, (%)=Y= Y
:eZH(k+l)/|x\_e2nk/\x|
2nk/|x\(82n/\x|_1).

=e

7C. Wavelength between Two Consecutive Minima in y (for fixed x)
Theorem 9. For fixed x, the wavelength between two consecutive minima of
cos(x,y) iny is

D, (x)=e 2 M2 W_1) x 20, keZ . (3.32)

y

Proof
Use (3.27) to obtain the minima in terms of k:
yk:e"mz"’/"“, x#0,keZ

The wavelength of cos(x,y) in y between two consecutive minima is
Dy(x):.yk+l_yk'
22
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Substituting y« and y«+: into the expression D,(x) gives

Dy (X):en(l+2(k+1)'/\x|_en(l+2k}/|x\

:en{1+2k)/|x\(62n/|x|_1).

7D. Wavelength between Two Consecutive Zeros of cos(x,y) iny
Theorem 10. For fixed x, the wavelength between two consecutive zeros of
cos(x,y) in y within one full cycle is

Form 1:
_  mlx1+4k)/2[x| /x|
D, (x)=er=trthl 2k g2n /i _q) (3.33)
Form 2:
D, (x)=e "2 2N _1] x20,keZ (3.34)
Proof
Form 1:

For fixed x # 0 and by applying (3.28), the zeros of cos(x,y) are
yk:en(¢1+4k)/2\x|’ X#O,kEZ

The wavelength between two consecutive zeros of cos(x,y) in y is given by

Dy(x):yk+1_yk‘

Substituting y« and y«+: into the expression Dy(x) gives

Dy(x) :en(i1+4['k+1))/2|x|_en(i1+4k)/2|x\

:en(¢1+4k)/2\x|(e2n/|x\_ 1>.

Form 2:
Using (3.29) gives
ykze”(“zk)/z‘xl, x#0,keZ.
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The wavelength between two consecutive zeros of cos(x,y) in vy is

Dy(x):yk+1_yk

Substituting y« and y«+: in the expression D, gives

1+2(k+1)) /2 (1+2k)/2
Dy(x)—e"( J72ll _ prlis Ix]

:en(1+2k)/2\xl(en/\x\_ 1).

Example
Given the function cos(x,y), determine the following for slices at x = 2 with respect
toy:

a. The distance (wavelength) between two consecutive maxima.
b. The distance between two consecutive minima.
c. The distance between two consecutive zeros of cos(x,y) within one full cycle.

Additionally, verify whether the distances between two consecutive maxima,
between two consecutive minima, and between two consecutive zeros within one
full cycle are the same for each of slice.

Solution
1. Sliceat x = 12

a. According to formula (3.31), the wavelength between two consecutive maxima in
y is
D (X):eZHk/M(eZH/M_l).

y

Substituting x = %2 in the expression D,(x) gives

=e4"k(e4”—1), keZ.

b. Similarly, based on formula (3.32), the distance between two consecutive
minima is
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Dy(X):en[1+2k)/|x\(e2n/|x\_1)'

Substituting x = 2 gives

:e2n(1+2ki(e4n_1)’ ke Z .

c. Based on Form 1 of Theorem 10, the distance between two consecutive zeros
within one full cycle is

Dy(X) — en(i1+4k]/2\x|(eZn/\x|_l)

— en(ﬁi1+4k)(e4n_1)’ ke Z .

The results from parts (a), (b), and (c) show that the distances between two
consecutive maxima, between two consecutive minima, and between two
consecutive zeros within one full cycle at x = %2 are not identical.

3-5-3. Graph of cos(x,y)

The 3D plot of cos(x,y) is shown in Figures 3.1a and 3.1b. Since cos(x,y) =
cos(xlny), its behavior follows that of the cosine function. The graph appears to
have local maxima and minima but no saddle points. In addition, the range of
cos(x,y) liesin [-1, 1] for all x € R.
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3D Surface of z = cos(x,y)
Graph: cos(x,y) for x in (-4n,4n)

Graph: cos(x,y) for x in (-n,n)
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Figure 3.1a shows graphs of COS(X,y)E%(y“‘w"*) on different domains
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Figure 3.1b shows overall behavior of cos(x,y)zl(yix+y_i")
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3-5-4. Local Behavior of cos(x,y) via Calculus

A. Critical Points: Local Maxima, Minima and Saddle Points (Review)

We use the Hessian discriminant® to determine the critical points of the function
f(x,y) as follows:

i. First Derivative Test (finding critical points): Calculate the first partial derivatives,
f, and f,. Then set both derivatives equal to zero (fx = 0 and f, = 0), and solve the
resulting system to obtain all ordered pairs (Xx,y) where both derivatives vanish.
Also, identify any points where fx and f, are undefined.

ii. Second Derivative Test (classify the critical point (xo, Yo)):
D(Xo,Yo0) = fu(Xo,Y0) fyy(Xo,Y0) = (fxy(Xo,Y0))?.

*> If D > 0 and fu(Xo,Yo) < 0, then (Xo,Yo) is a local maximum of f.
*> If D > 0 and fuw(Xo,Yo) > 0, then (Xo,Yo) is a local minimum of f.
*> If D < 0, then (Xo,Yo) is a saddle point of f.

*> If D = 0, the test is inconclusive (no conclusion).

B. Find Local Maxima, Local Minima and Saddle Points of cos(x,y)
We will find the critical points of f(x, y) = cos(x, y) on the domain y > 0, then
classify them as maxima, minima, or saddle points.

(i). First partial derivatives
We have

fxzj—xcos(xlny):—sin(xlny)-lny

fy:%cos(xlny):—sin(xlny)'x'%Z—KSiH(XmY)

(ii). Critical points
The critical points occur when both partial derivatives are zero:

sin(xIny)]=0 =(@) xlny=nk,for keZ

=0 i 1 ‘1 =0
e Bt it s

(© x=0

X . .
=0=>— Iny)=0 Iny)=0
E =>ysm(x ny) :>xsm(x ny) ﬁ[sin(xlny):0:> (d xIny=nk ,forkeZ
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The results can be summarized in three cases:

« Case 1l: Aty =1, itis true for all real x. Therefore, it provides a set of critical
points along the line yo = 1, meaning that every point of the form (x, 1) is
considered a critical point.

« Case 2: At x = 0, it is true for all real y > 0. Then every point of the form (0,
y) is a critical point.

« Case 3: At xlny=km, fory>0 and ke Z, it provides a full set of the critical
points along xIny=kmn. Notice that the result indicates the set also covers in
Case 1 and Case 2 (when k = 0).

Thus, the full set of critical points is given by the family of the curves

xIny=kn, y>0, keZ.

(iii). Second order partial derivatives
fXXZ—cos(xlny)-lnzy

X .
| xeolny) oy onlsng) gniyinyiocnlainy
vy 2 Bl 2

y y

fxy:—i'lnycos(xlny)—lsin(xlny)
y y

(iv). Calculate discriminant D
At critical curve defined by Xolny, = nk for yo > 0, then sin(nk) = 0, and we have:

D(XO’yo):(f”)(fyy)_(fxy)z

X,sin(mk)—x,’ cos(mk] _( 1 ’
Yo Yo Yo

:(—Cos(nk)lnzyo)( > —ﬁlnyocos(nk)——sin(nk)

(using the substitution sin(nk) = 0)

:(—cos(n k)lnzyo)(M)—(—x—Zln yocos(nk))2

Yo
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2 2
:X—O21n2y0cosz(n k)—x—ozlnzyocos2(n k)
Yo Yo

=0.

Since D(Xo,Yo) = 0, the Second Derivative Test is inconclusive, and it does not
classify the local extrema of f(x,y) = cos(xIny). Along the critical curves Xolnyo = 7k,
we have

f(Xo,Y0) = cos(nk) = (-1)~
Thus,

« if k is even (k=2k"), f(xo,Yo) = +1, so f attains a local maximum along Xolnyo
= 2nk, k'eZ.

« ifkisodd (k =2k’ +1), f(Xo,Y0) = -1, so f attains a local minimum along Xolnyo
= n(2k'+1), k'eZz.

No saddle points exist, as around each critical point, f(Xo,yo) does not demonstrate
opposing directional behavior. Rather, perturbations of xolny, cause f(xo,yo) to shift
uniformly away from £1.

Remark 3.4.2. Furthermore, if we regard saddle points as analogous to inflection
points, then the inflection points of the function cos(x), for instance, are situated at
X = pi/2 + nk, where keZ. Consequently, there exist points that are similar to
saddle points where cos(xIn(y)) = 0, particularly at xIn(y) = pi/2 + nk, keZ. This
outcome indicates the existence of geometric lines of inflections to generalize the
equation f(xo,y0) = cos(xoln(ys)) = 0.

(v). Summary of all types of critical points of cos(x,y)
» Critical points: All (Xo,Y0) with Xolnyo = ik, y > 0, keZ.

* Local maxima: Xolny, = 2nk, keZ.
* Local minima: Xolnyo, = n(2k+1), keZ.

* Saddle points: None (which is based on the saddle definition. However, there
exist lines of inflections which are the multiple analogues of the zero-
crossings.)
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Remark 3.4.3. For f(x,y) = cos(xIny), local extrema coincide with global extrema,
and they are simply 1 and -1, occurring infinitely often.

Remark 3.4.4. Although the Second Derivative Test cannot determine the local
extrema of the function f(x,y), we can still identify them based on the critical points
and the nature properties of the cosine function. We will further examine these
points and the characteristics of the function f(x,y) in the coming sections.

3-5-5. Brief Overview Example from Calculus

In calculus, when we differentiate or integrate sin(xy) with respect to x or y, the
procedure is the same as for the single-variable sine function, except that we treat
the other variable as a constant. For example:

1. iCos(x,y)Z%COS(xlny):—ln(y)sin(xlny)

dx
2. icos(x,y)zicos(xlny):—isin(xlny)
dy dy y

3. fcos(x,y)dx=f cos(xlny)dx:#)sin(xlnyHC
nty

4. fCos(x,y)dy=fcos(xlny)dy= 2y (cos(xlny)+xsin(xlny))+C

x+1

We offer only a brief overview example from calculus, and we do not discuss the
multivariable calculus in detail here, as that is a separate topic.

If the reader is interested in how we obtain the result in #4, the derivation is given
below.

Let u = In(y), y = e, dy = e"du. By substitution, the given integral becomes
f cos(x,y)dy:f cos(xlny)dy:f cos(xu)e'du

u

By applying the formula”! [ cos(a-u)e"du=——/cos(au)+asin(au)) and substituting

a+l1
back u = In(y) and e" = y, we obtain
f cos(xIny)dy= Zy . (cos(xln y)+xsin(x1In y))+C
X+
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3-5-6. Summary of cos(x,y)

We have introduced a novel function cos(x,y), which extends the classical cosine
function with one variable into a two variable context. Formula (3.17) defines the
extended cosine function with two arguments as cos(x,y) = cos(xlny). The function
cos(x,y) has domain x € (-c0,00) with y > 0, and range [-1,1], therefore, its entire
graph exists only on one side of the x-axis. Since cos(0) = 1, there is a constant
peak at a height of 1 running along this x-axis where y = 1 or along the y-axis
where x = 0. It has a constant period with respect to x for each fixed y and a non-
constant period with respect to y for each fixed x. The function represents a cosine-
like surface in 3D in which it has local extrema and no saddle points. It is clear that
when y equals e, the function cos(x, e) is equal to cos(x). While retaining
similarities to the traditional cosine function, this extended cosine function has well-
defined derivatives and integrals, and operates in three dimensional space,
resulting in a surface characterized by its unique interplay between the variables x
and vy.

Note: From now on, we will use the phrases "new two variable function" and
"extended two variable function" interchangeably throughout the text. For example,
this means that “new cos(x,y)” and “extended cos(x,y)” or “new cosine” and
“extended cosine” will be used interchangeably.

Section 3-6. Foundations of the Extended Function sin(x, y)

We will follow the same procedure as shown Section 3-5 to define definition and
derive the properties of the extended function sin(x,y).

3-6-1. Definition and Theorem of sin(x,y)
Definition. The extended sine function, denoted as sin(x,y), is defined by

1 (y™*=y™™] forx,yeR and y>0. (3.35)

sin(x,y)EE

Theorem 11. The extended sine function sin(x,y) satisfies the relation

sin(x,y)E%(yix—y_”)zsin(xln y) forrealx,y and y>0. (3.36)
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Proof
By subtracting (3.14) from (3.13), we have
y*—y *=2isin(xIn y)

ix

2sin(xlny)=%(y —y_ix).

Combining this result with definition (3.35) yields

. 1 ix —ix .
sm(x,y)EE(y —y ")=sin(xIny).

3-6-2. Basic Properties of sin(x, y)
1. Domain: x € (-00, ), y > 0.
2. Range: -1 < sin(x, y) = sin(xlny) < 1.

3. Function type: Symmetry in x: sin(x, y) is even for all y > 0. Symmetry in y:
The function is neither even nor odd invy.

Proof
3. We consider two cases:

a. Symmetry in x: We have sin(-x,y) = sin[(-x)(In(y))] = -sin(xIn(y)) = -sin(x,y).
Therefore, the function is odd in x for all y > 0.

b. Symmetry in y: Since In(y) is defined only for y > 0, the function sin(x, -y) is
undefined because In(-y) is not real. The function is neither even nor odd iny.

4. Maxima, Minima and Zeros of sin(x,y) with Respect to x

4A. Maxima of sin(x,y) in x

Theorem 12, For fixed y, the maxima of sin(x,y) with respect to x are given by
_nm(1+4k)

2y ke z . (3.37)
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Proof

For fixed y, the maxima of sin(x,y) in x occur when sin(x,y)=sin(xIny)=1. It follows
that

sin(xlny)zsin(%+2nk),k€Z

:xlny:%+2nk, keZ

Solving for x in terms of y and k gives

:n(1+4k)

, keZ.
2[In y|

4B. Minima of sin(x,y) in x
Theorem 13. For fixed y, the minima of sin(x,y) with respect to x are given by

n(—1+4k)

ke Z. 3.38
2[lny| < ( )

X=

Proof

For fixed y, the minima of sin(x,y) in x occur when sin(x,y)=sin(xIny)]=—1. It follows
that

xlny=—%+2nk, keZ

Solving for x in terms of y yields

n(—1+4k)

ke Z.
2|1ny|

X=

4C. Zeros of sin(x,y) in x
Theorem 14. For fixed y, the zeros of sin(x,y) are given by

~ Tk ez, (3.39)

X= b
In y|
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Proof
The zeros of sin(x,y) in x occur when sin(x,y)=sin(xIny)=0. Because sin(xIny+2nk) =
sin(xIny) and keZzZ, it follows that

e Form 1:

2mk
xlny= , keZ.

n+2mk

Solving for x gives

2k

|In y|
X= ke Z .

n(2k+1)
In y|

b

* Form 2:
The solutions expressed in Form 1 for integer k can be combined into a

simplified form so that that it represents the zeros at every integer multiple

of n:

x="K ez,
lIn y|

5. Periodicity in x
Theorem 15. For fixed y > 0, the period of sin(x,y) with respect to x is given by

21 (3.42)

“finly)

T (y) , y>0,y#1,keZ.

Proof
Assume Tx(y) is the period of sin(x,y) in x. Then T(y) must satisfies the equation

sin(x+T,(y),y)=sin(x, y)
=sin((x+T,(y))In(y])=sin(xIn y]
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=(x+T, (y))In(y)]=xIny+2nk, keZ.

Solving for T(y) gives

_2nk
L=ty

, y>0,y#1,keZ.

Observe that for each specific value of y (a 'slice' of y), the period T.(y) of
the function sin(x,y) in x remains constant. However, when the value of y
varies, the period Tx(y) of sin(x,y) also varies. Despite this variation, the function
retains its periodic nature, with a repeating cycle, due to its underlying
characteristic as an elementary sine function. As a result, the overall period of
sin(x,y) is still repetitive and non-constant. Thus, the sin(x,y) is non-
constant period in x and is not uniform across the entire domain vy.

6. Periodicity iny
Theorem 16. For each fixed x, the period of sin(x,y) with respect to y is given by

_ nk /x|
T,(x,y)=yle™M-1), keZ. (3.43)

Proof
Assume T, (or T,(x,y)) is the period of sin(x,y) in y. Then T, must satisfies the
equation

n(xIn y]

sin(x, y+T,)=sin(x,y)
:>sm(x1n y+Ty)
)=

>xIn(y+T |=xIny+2nk, keZ.
+T
2xln(y )=2nk
y
( y+T, ):2nk
Yy
:>y+T e2nk/\x|'
y
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Solving for T, in terms of |x|, y and k gives

— nk/|x
Ty(x,y)—y(e2 ks —1), x#0, keZ.

Since Ty(X,y) depends on X, y and k in y, the period of sin(x,y) with respect to y is
not a constant. The function sin(x,y) is still repetitive in terms of x and vy,
but the function is not uniform across the entire domains x and y.

7. Wavelength with respect to x

Theorem 17. For fixed y > 0, the wavelength D«(y) between two consecutive
maxima, between two consecutive minima, or between two consecutive zeros of
sin(x,y) in x are:

a) Maxima:
_ 2
DX(y>_|lny| (3-44>
b) Minima:
_ 2
D (y)= iy (3.45)
c) Zeros of sin(x,y):
_2m
Dx()’)—uny' (3-46)

Proof
a) Wavelength between two consecutive maxima:

From (3.37), the critical points for maxima are

_m(1+4k]

= ke Z.
oyl

The wavelength (distance) between two consecutive maxima is
Dx(y):Xk+1_Xk
_m(1+4(k+1)) m(1+4k)

2/In y| 2In y|
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_2m
In y|°

b) Distance between two consecutive minima:
From formula (3.38), the critical points for minima are

_m(—1+4k)

= , keZ.
k 2|In| y

The wavelength between two consecutive minima is
Dx(y):Xk+1_Xk

_n(—1+4(k+1)) m(-1+4k)
2y 2[In y|

_ 21
In y|’

c) Wavelength between two zeros of sin(x,y) within one full cycle:
From formula (3.39), the critical points are

_2mk

—K kez.
Tyl

The wavelength between two consecutive zeros of sin(x,y) in x is
DX(Y):Xk+1_Xk
_2mlk+1)] 2nmk
Inyl  |Iny|

_2m
IIn y|~

Thus, the wavelengths between consecutive maxima, between consecutive minima,
and between consecutive zeros of sin(x,y) are identical, each being D«(y) = 2n/|

Iny].
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8. Maxima, Minima and Zeros of sin(x,y) with Respect y
Theorem 18. For fixed x, the maxima, minima or zeros of sin(x,y) with respect to
y are:

a. Maximainy
n(1+4k)

y=e M | x#0,kezZ. (3.47)
b. Minima iny
n(—1+4Kk)

y=e M x#0,kezZ. (3.48)

c. Zeros of sin(x,y) iny

2k
IxI

e
y= n(1+2k) x#0,keZ. (349)

I

e s

Or we can express it in a simplified form

mk

y=el x#0,keZ. (3.50)

Proof
a. Maxima of sin(x,y) iny

The maxima of sin(x,y) in y occur when sin(x,y)=sin(xIny)=1. It follows that
xlny:%+2nk, kez

n(1+4k)

, x#0, ke Z.
4x|

:lny:

Applying the exponential function to both sides yields

n(1+4k)

y=e ‘M | x20,keZ.

b. Minima of sin(x,y) iny

The minima of sin(x,y) with respect to y occur when sin(x,y)=sin(xlny)=—1. It
follows that
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xlny=—%+2nk,kEZ

n(—1+4k)

, Xx#0,keZ.
4|x|

=>Ilny=

Applying the exponential function to both sides gives

m(—1+4k)

y=e 4l , x#0,ke”Z.

c. Zeros of sin(x,y) iny
The zeros of sin(x,y) in y occur when sin(x, y)=sin(x1lny)=0. It follows that

2k
xlny=
n+2nk.

Solving for y in terms of x gives

2mk
Ix|

The solutions can be combined in a simplified form:

nk

y:e‘ ! x#0, ke Z.

9. Wavelength with Respect to y
Theorem 19. For fixed x, the distance or wavelength, denoted D,(x), between two
consecutive maxima, minima, or y-intercepts of sin(x,y) is defined as follows:

a) Wavelength between two consecutive maxima
n(1+4k)

_ Ix| /|l
D,(x)=e M (e"M-1),x#0,keZ. (3.51)

b) Wavelength between two consecutive minima
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— m(1+2k) /x| 7/ |x]
Dy(x)—e tr2kls (ez / —1),x¢0,keZ. (3.52)

c) Wavelength between two consecutive zeros within one full cycle
2k

eW(eZTI/‘XI_ 1)

D, (x)=| or , x#0,keZ. (3.53)

m(1+2k)
e [x| (e2n/\x|_1)

Proof
a. From (3.47), the maxima points in terms of k are

n(1+4k)

y.=e M x#0,keZ.

The distance between two consecutive maxima is determined by

Dy(x):yk+l_yk

n(1+4(k+1)) n(1+4k)
4|xl —e 4]

=e

m(1+4k)
—e 4|x] (en/lxl_l).

b. From (3.48) the minima points in terms of k are

n(—1+4k)

y.=e ‘M x#0,keZ.

The distance between two consecutive minima is determined by

Dy(x):)’ku(x)_}’k(x)

n(—1+4(k+1)) n(—1+4k)
4] —e 4]

=e

n(—1+4k)
—e 4|x| (en/|x\_1)

c. From formula (3.49), the zeros of sin(x,y) in terms of k are
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V= n(1+2k) x#0,keZ.

Therefore, the distance between consecutive zeros of sin(x,y) is determined by

Dy(x):)’ku(x)_Yk(X)

2m(k+1) 2k
|x|

e
= n(1+2(k+1)) nl1+2k), k€Z
e x| —e Ix]

2k

e x| (eZH/M_l)
w(1+2K) , ke”Z.

e x| (e2n/|x\_1)

Based on the results (a), (b) and (c), we can observe that the distances D,(x) are
not identical. It indicates that sin(x,y) has a non-constant period in vy.

Example
Given the function sin(x,y), consider the slice at x = 2 iny.

a. What is the distance between two consecutive maxima?
b. What is the spacing between two consecutive minima?
c. What is the distance between two consecutive zeros within one full cycle.

d. Determine the period of the sin(x,y).

Solution
Sliceatx =2

a. According to the part (a) of Theorem 19, the distance T,(x) between two
consecutive maxima in y is

n(1+4k)

Ty(x)ze 41x| (en/|x\_ 1)

n(1+4k)

—e ° ("?-1), keZ.
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b. From part (b) of Theorem 19, the distance between the two consecutive minima
is

Ty<x):en[’1+2k)/\x|(ezn/|x\_ 1)

:en[1+2k)/2(en_1), ke Z.

c. From part (c) of Theorem 19, the distance between two zeros of sin(x,y) within
one full cycle is

2nk
e |x\ (e2n/|x\_1)

Ty(x): or

m(1+2k)
e [ (EZH/\X|_1)

e"k(e"—l)

= or , keZ.

n(1+2k)

e 2 (e"-1)

d. The period of sin(x,y) iny is
Ty(x,y)zy(e"k—l), keZ.

The results from parts (a), (b), and (c) show that the distances between two
consecutive maxima, between two consecutive minima, and between two
consecutive zeros of sin(x,y) within one full cycle at x = 2 are not identical.

3-6-3. Graph of sin(x,y)

The 3D graph of sin(x,y) is shown in Figure 3.2. It behaves like sine function since
sin(x,y) can be expressed as sin(xlny). Its general form is similar to that of
cos(x,y), but it exhibits a saddle point at (0,1).
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3D Surface of z = sin(x,y)

0.8
0.6
0.4

0.2

05

se-?

soeh
[=]
2,
y

3 n 0.8
] = . %0

- . . ]. ix —ix .
Figure 3.2 provides the surface plots of sm(x,y)EZ(y -y ) on several domains.

3-6-4. Local Maxima, Minima and Saddle Points of sin(x,y) via Calculus

We will find the extrema and saddle points of f(x,y) = sin(x,y).
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First partial derivatives

fX:%sin(xlny)zcos(xlny]-lny

d .
fyzasm(xlny):%cos(xlny)

Critical points
Setting fx = 0 and f, = 0:

cos(xIny)=0 =(a) xIny=n/2+nk ,for ke Z

~0 1 ‘lnv=0
f. :cos(xn)’) ny :[ Iny=0 =(b) y=1

(© x=0

X
=0=>= Iny)=0 In y)=0
fy ﬁycos(x ny}=0=xcos{xlny) :[cos(xlny):(): (d) xIny=n/2+nk, forke Z

The solutions from (a), (b), (c¢) and (d) can be summarized in four cases:

« Case 1: At x = 0 as resulted from (c), and y = 1, as obtained from (b), the
point (Xo,Yo) = (0,1) satisfies both f, = 0 and f, = 0; therefore, the point (0,1)
is a critical point.

« Case 2: At x = 0 for any y > 0, it provides a set of the critical points along
the line xo = 0.

« Case 3: At y = 1 for any x, it provides a set of the critical points along the
line yo = 1.
« Case 4: At points (Xo,Yo) satisfying cos(xlny) = 0, we derive the set of critical
points. This set is given by the family of curves
XoIny,=n/2+nk, for keZ.

(Note that this set also covers in Case 2 and Case 3 for when k = 0.)

Second order partial derivatives
=—sin(xIny)-In’y

_ xcos(xIn y)+x’sin(x1In y)
fyy=- 2

y

fxy:icos(xlny)—ilnysin(xlny)
y y

44



Chapter 3

Calculate Discriminant D
» At critical point (xo,y0) = (0,1):

D(O’ 1):(fXX)(fyy)_(fxy)2

— In1)+0°sin(0In 1 2
:(—sin(Olnl)lnzl)( 0cos(0ln ijo sin(01n ))— %cos(Olnl)—%lnlsin(Olnl)

=(0)-{0)—(1-0)"=-1
Since D(0,1) = -1 < 0, itis a saddle point.

» At critical curves defined by xolnyo = n/2 + ik, for k € Z and yo, > 0:

D(XO’yo):(fXX)(fyy)_(fxy)z

2 . 1
:(_Sin(xolnyo)'ln2yo)-(_ XOCOS(XolnyO);'jo sin (X, nyo)) -
0

0 0

2
(icos(xolnyo)—?ln yosin(xoln yo))

2 . 2
2(—sin(x01ny0)-lﬂzyo)‘(_XO Sm(xglnh))_(X_Ozlnz}’osmz(xoln}’o))
Yo Yo
on 2 .2 on 2 .2
=—In (yo)sm (xolnyo)——zln (yo)sm (xolnyo)
Yo Yo
=0

Since D(Xo,Y0) = 0, the Second Derivative Test is inconclusive. However, near
a critical curve xolnyo = w2 + 7k, it indicates that the critical points are local
maxima when k is even, namely

XoIny,=n/2+2nk, for ke Z,

and the critical points are local minima when k is odd:
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xolny0:37n+2nk, for ke Z.

Summary of critical points sin(x,y)
* Local maxima: All (Xo,Yo) With Xolnyo = w2 + 2nk, k € Z; f(Xo,Yo0) = 1

* Local minima: All (Xo,Yo) With Xolnyo, = 3w/2 + 2nk, k € Z; f(Xo,Yo0) = -1

* Saddle point: (0, 1); f(0,1) = sin(0,1) = 0. It is important to observe that
analogous saddle points occur when sin(xlny) = 0 or xIlny = nk, k € Z. Please
refer to Remark 3.4.2.

3-6-5. Summary of sin(x,y)

Definition (3.35) defines the new sine function with two variables, and we
demonstrate that this definition is equivalent to the function sin(xlny), which has
domain x € (-00,00) with y>0, and range [-1,1]. The sine graph looks like the
cosine graph after it has been shifted along the logarithmic scale of the y-axis. The
function sin(x,y) has local extrema similar to cos(x,y), but unlike cos(x,y), it has a
saddle point at sin(0,1) = 0. It is clear that when y equals e, the function sin(x, e)
is equal to sin(x). For each slice of y, the function exhibits a constant period with
respect to x. However, as y varies in y, the overall period of the function becomes
non-constant. The function sin(x,y) represents a sine-like surface in three
dimensions, as it originates from the elementary sine function. It exhibits repetitive
behavior in terms of x and y, though its pattern is not uniform across the entire x-y
domain. Along individual x-direction or y-direction, the function possess all the key
characteristics and properties of the fundamental sine function in that direction. In
general, the interaction between x and y could alter the overall behavior of the
function sin(x,y), even though it retains some key characteristics of sine in the
individual directions.

3-6-6. Application

When a multivariable function is deep understood in one standard form, we can use
it as a powerful model for studying many other function of the same structural
type. In below example, we use known properties of sin(xIny), for instance its
periodicity and maxima in y to study f(x,y) = sin(xy). We can transfer this
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knowledge to function sin(xy) by recognizing how the inner expression transforms
the coordinate directions. A change of variables like y— €' converts multiplicative
behavior in the standard function into additive behavior in the new one, allowing
properties such as periods, extrema, and oscillation patterns to be obtained without
repeating calculus.

Example.
Find the periodicity and maxima of f(x,y) = sin(xy) in y.

Solution

We use the properties of the function sin(xIny) in the left column to determine the
periodicity and maxima of the function sin(xy). The findings are presented in the
right column of the table below:

f(x, y) = sin(xiny) fi(x, y) = sin(xy)
Variables: X, y Change variables: x, e’
Period in y-axis: Period in y-axis: If T is a period of fi(X,
21k then e" = T,(x). It implies that
_ Xl . ) Y)I Y
Ty(x)—(e 1)y, x#0,keZ T:1n(Ty(x)).
Local maxima: xqlnyo, = 2nk, keZz. Local maxima: x,lne”=2nk,keZ. It

implies that xoyo = 2nk, keZ.

Example. Express the following function in the standard form:

flx,y)=sin[2(1+x*y?)]

Solution
Multiplying out the argument and applying the identity sin(a+b) = sin(a)cos(b) +
sin(b)cos(a) to the given function yields

f(x,y)=sin(2)cos(2x* y?)+sin(2x* y*)cos(2)

=sin(2)cos(2x2,y2)+sin(2x2,y2)cos(2).

The given example illustrates that even complicated functions can be rewritten in a
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standard form, making them easier to handle. In particular, it allows us to study
them more effectively as functions of x or y, for example. This implies that by
establishing a standard form for our functions, we can rewrite complicated
expressions in a unified and manageable way. This allows us to analyze and control
their behavior using the properties of the standard form.

Section 3-7. Foundations of the Extended Tangent Function tan(x,y)

We use this section to define definition and derive the theorems and properties of
the function tan(x,y).

3-7-1. Definition and Theorem

Definition. For any real numbers X, y, the extended tangent function, denoted as
tan(x,y), is defined by

tan(x,y)zl(%), (3.60)

where y* + y* # 0, and y > 0.

Theorem 21. The extended tangent function satisfies the relation

tan(x,y)zl(%)ztan(xln y), (3.61)
L\y +y

where x, y are real withy > 0, and xIn(y) # n/2 + kn | k € Z.

Proof
Definition (3.2) gives
sin(xIny) sin(x,y)

t Iny)= =
an xIn y) cos(xIny) cos(x,y)
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Corollary 22
The function tan(x,y) is defined as

tan(x, y)=

1 ix —ix
:E(J’ -y )

%(yi"+y‘ix)

ix i x

_ 1y =y
iy 4y )

=tan|(x, y).

The proof is complete.

sin(x,y)
cos(x,

It results from the proof of Theorem 21.

3-7-2. Basic Properties of tan(x,y)
1. Domain: x,ye R, y >0, xIn(y) # n/2 + kn | k € Z.

2. Range: -o0 < tan(x,y) = tan(xlny) < co.

3. Function type: We consider two cases:
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for x, ye/R with y>0 and xIny #0.

Chapter 3

(3.62)

3. Function type: Symmetry in x: The function is odd in x for all y > 0; symmetry
in y: The function is neither even nor odd in y.

a. Symmetry in x: tan(-x,y) = tan(-xlny) =-tan(xlny) = -tan(x,y). Therefore, the
function is odd in x.

b. Symmetry in y: Since In(y) only defined for y>0, the function is neither even or
odd invy.
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4. Zeros of tan(x,y) with Respect to xand y
4A. Zeros of tan(x,y) in x
Theorem 23. For fixed y > 0, the zeros of tan(x,y) in x are given by

.= nk
“inyl’

y>0,y£1,x, # (%+k),keZ. (3.63)

o
In y|

Proof

The zeros of tan(x,y) in x occur when tan(x, y)=tan(xIlny)=0. Because tan(xIny+mk)
= tan(xlny) fory > 0 and k € Z, it follows that

xlny=nk, y>0,keZ

Solving for x in terms of k and y gives

Tk
y=1r

= >0,y#1,ke”Z,
Iny’ Y Y

from which we complete the proof. Notice that we can use the absolute value of
In(y) for convenience, as it helps distinguish the value of x, whether positive or
negative, when 0 < y < 1, while k is a positive integer in the set of Z.

x=TK y>0,y¢1,x¢ln

iy’ In ]

(l+k),keZ.
2

4B. Zeros of tan(x,y) iny

Theorem 24. For fixed x > 0, the zeros of tan(x,y) in y are given by

mk

y ze"d, x#0,ke”Z. 3.64
k

Proof

Using the proof of Theorem 23, we follow the same step-by-step procedure as
before, but instead of solving for x, we now solve for y in terms of x. This
completes the proof.
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5. Periodicity of tan(x,y) in x and y

5A. Periodicity in x (for fixed y > 0)

Theorem 25. For fixed y > 0, the period of tan(x,y) is given by T,(y)=nk/[lny| fory
+#1,and k € Z.

Proof

The function tan(x, y) has a period in x if there exists a period T«(y) = T« such that
tan(x+T,, y)=tan(x, y),

from which it follows that
tan((x+TX)lny)ztan(xlny), y>0,
:(x+TX)lny=xlny+nk, y>0, ke Z,

2Txlny:nk, y>0,k€Z. (*)

Solving for T« from equation (*) gives

X:ﬁ, y>0,y#1,keZ.

Since Tx(y) is a constant in x for each fixed y, but it is not a constant as a function
of y. We conclude that tan(x,y) is periodic in x, but the period depends on .

5B. Periodicity in y (for fixed x)

Theorem 26. For fixed x, the period of tan(x,y) is given by

Ty(X,}’)Z}’(enk/x—l), for x # 0 and k € Z.

Proof

The function tan(x, y) has a period in vy if there exists a period T,(x) = T, such that
tan(x,y+T,|=tan(x,y),

from which we have
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tan (x In (y+Ty))=tan (xIn y)

>xIn(y+T |=xIny+nk, keZ

+T
:ln(y y) n_k’ x#0,ke”Z
y X

A
y

="' x#0,keZ.

Solving for T, gives

— _ nk/x
Ty:Ty(x,y)—y(e / —1), x#0,keZ,

from which T, depends on X, y and k. This leads to our conclusion that for each

fixed value of x, the period of tan(x,y) with respect to y is not constant, because it
depends on y.

3-7-3. Graph of tan(x,y)

The plot of tan(x,y) is shown in Figure 3.3. Since the extended function tan(x,y)
can be expressed as tan(xlny), its graph is expected to reflect the characteristics of
the circular tangent function. The graph appears to have no local maxima or
minima. Further analysis of this function will be conducted in the next sections.
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3D Surface of z = tan(x,y)
Graph: tan(x,y) for x in (-2n,2n)

Chapter 3
Graph: tan(x,y) for x in (-n/2,n/2)
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Figure 3.3 shows the graph of tan(x,y)ET(

%) on different domains.
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3-7-4. Local Maxima, Minima and Saddle Points of tan(x,y) via Calculus
Function: f(x,y) = tan(x,y) = tan(xIny)
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Domain: X, y € R with y > 0 and cos(xIiny) # 0 or

xlny¢n(k+%), keZ.

First derivatives
f.=sec’(xIny|lny

fy:seCZ(xlny)i

Critical points
Setting f, = 0 and f, = 0: The critical points occur when

=uU=SsecC (XIn ny=u=y=
f,=0=sec’(xIny)lny=0=y=1

and

fy:O=>sec2(xlny)£=O:x:0.
y

The result indicates that only (xo,y0) = (0,1) is a critical point of tan(x,y).

Second derivatives
f..=2sec’(xIny)tan(xIny)In’y,

2
fyy:25ec2(xlny)tan(xlny)%—secz(xlny)é,

xlny

fxy:2sec2(xlny)tan(xlny) +SeC2(XIDY)%-

At (Xo,Yo) = (0,1), we have fix = 0, f,, = 0, fxy = 1, therefore, the Hessian
determinant is

D = fudfyy - (fxy)2 =-1<0,
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from which it confirms a saddle point at (0,1). Since tan(x,y) is undefined as
cos(xlny) = 0, these curves are vertical asymptote in the xy-plane. Near these
curves, tan(x,y) takes arbitrarily large positive and negative values, so no local
maxima or minima occur there.

Summary of critical points of tan(x,y)
« Critical points: only (0,1).

« Saddle point: (0,1).

+ Local maxima/minima: None; the function has no local maxima or minima
due to its unbounded behavior near the asymptotes xIny = n(k+1/2).

3-7-5. Summary of tan(x,y)
Definition (3.60) defines the new tangent function with two variables, and we

demonstrate that the function tan(x, y) is equivalent to tan(xIny). Its domain is X, y
€ R withy > 0 and xIn(y) # n/2 + kn, k € Z, and its range is (-c0,00). It is evident
that when y is equal to e, tan(x,e) corresponds to tan(x). The function exhibits a
constant period for each slice of y in x. However, as y changes, the overall period of

tan(x,y) is a non-constant in both x and y. The function tan(x,y) does not possess
any local extrema; however, it features a single saddle point located at (0,1). This
function depicts a tangent-like surface in three dimensional space, as it is derived
from the fundamental tangent function. It exhibits repetitive behavior, though its
pattern is not uniform across the entire x-y domain. Similar patterns of the

function sin(x,y) or cos(x,y), along individual axis, the function tan(x,y) possess all
the properties of the elementary tangent function in that direction.

Section 3-8. Foundations of the Extended Cotangent Function
cot(x,y)

This section covers definition, theorems and properties of the extended cotangent

function cot(x, y).

3-8-1. Definition and Theorem
Definition. For any real numbers X, y, the extended cotangent function, denoted
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cot(x,y], is defined by

COt(X’Y)Ei(ﬁ

where y* - y™ # 0, and y > 0.

Theorem 27. The extended cotangent function satisfies the relation

y.+7y_.x)=cot(xln y),

cot(x,y)Ei( L
y -y

where x, y are real, y > 0, and xIn(y)#kn | keZ.

Proof
By definition (3.6), we have:

cos(xIny) cos(x,y]

sin(xlny) sin(X,y)

cot(xIny)=

%(y“‘w_“)

from which Theorem 27 follows.

Corollary 28
The function cot(x,y) is defined as

cos(x, )

cot(x,y)= ey
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Proof
It results from the proof of Theorem 27.

3-8-2. Basic Properties of cot(x,y)
1. Domain: x,ye R, y > 0, xIn(y) # kn | k € Z.
2. Range: -co < cot(Xx,y) = cot(xlny) < oo,

3. Function type: cot(x,y) iseven for0 <y <1, and odd fory > 1.

Proof
3. We consider two cases:

a. Symmetry in x: cot(-x,y) = cot(-xlny) =-cot(xlny) = -cot(x,y). Therefore,
cot(x,y) is odd in x.

b. Symmetry in y: Since In(y) only defined for y>0, cot(x,y) is neither even or
odd iny.

4. Zeros of cot(x,y) with Respect to x and y
4A. Zeros of cot(x,y) in x
Theorem 29. For fixed y, the zeros of cot(x,y) in x are given by

_mk

X=T y>0,y#1,keZ. (3.68)
y

Proof
The zeros of cot(x,y) in x occur when cot(x,y) = cot(xlny) = 0. Because cos(xlny +
nk) = cos(xIlny) and k € Z, it follows that

xIny=nk, for y>0, and ke Z

Solving for x in terms of y gives

mk
=

=, >0,y#1,ke”Z,
Iny y y
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which we complete the proofs. Notice that we can use the absolute value of In(y)
for convenience, as it helps distinguish the value of x, whether positive or negative,
when 0 <y < 1, while k is a positive integer in the set of Z.

Tk

X:m, y>0,y¢1,k€Z.
y

4B. Zeros of cot(x,y) iny
Theorem 30. For fixed X, the zeros of cot(x,y) in y are given by

y=eM x#0,keZ. (3.69)

Proof

Using the proof of Theorem 29, we follow the same step-by-step procedure as
before, but instead of solving for x, we now solve for y in terms of x. This
completes the proof.

5. Periodicity of cot(x,y) in the X and Y Directions
5A. Periodicity in x
Theorem 31. For fixed y > 0, the period of cot(x,y) with respect to x is given by

nk
T (y)=—t
x(.y) |1Dy| fOF Yy # land k e Z.

Proof
The function cot(x,y) has a period in x if there exists a period T« such that

cot(x+TX,y):cot(x,y).

Therefore, we have:
cot((x+TX)1ny):cot(xlny), y>0,
= (x+T,|lIny=xIny+nk, y>0, keZ,

=>T ,Iny=nk, y>0,keZ.
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Solving for T, gives

T.=T, (x,y)= y>0,y#1,keZ.

mk
In y|’

5B. Periodicity iny
Theorem 32. The period of cot(x,y) with respect to y is given by

Ty(x,y):y(e"k/x—l), x#0,ke”Z.

Proof
The function cot(x,y) has a period in vy if there exists a period T,(x) = T, such that

cot(x,y+Ty):cot(x,y).

This replies that

Cot(xln y+T, ) cot(xIny)

:>x1n(y+Ty):xlny+nk kez

+T
(y )”7 x#0 . keZ

T
Sy 0 ke Z . (*)
Yy

Solving for T, from equation (*) gives

TyETy(x)zy(e"k/x—l), x#0,keZ.

6. Reciprocal Tangent Function
Theorem 33. The extended cotangent function is the reciprocal of the extended
tangent function and is expressed as

1

ook (3.70)

cot(x, y|=
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where tan(x,y) is defined and nonzero.

Proof
From definition (3.67) and sin(x,y) # 0, we have
cos(x,y) 1 _ 1

t ’ = = - ’
€0 (X Y) sin(x,y) sin(x,y) tan(x,y)

cos(x, y)

where tan(x,y) # O.

3-8-3. Graph of cot(x,y)

The 3D plot of cot(x,y) is illustrated in Figure 3.4. Since the extended cotangent
function cot(x,y) can be expressed as cot(xlny), its behavior follows that of the
cotangent function.

3D Surface of z = cot(x,y)
Graph: cot(x,y) for x in (-2n,2n) Graph: cot(x,y) for x in (-n/2,n/2)
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Figure 3.4 shows the graph of cot(x,y] ;

:l( yix+y7ix

= ,.X) on different domains.
y =y

3-8-4. Summary of cot(x,y)

The definition provided in (3.65) introduces the extended cotangent function with
two variables. The function cot(x,y) is equivalent to cot(xlny), and serves as the
reciprocal of the tangent function tan(x,y). Its domain is xe(-00,00) with y > 0 and
xlny # kmn, keZ, and its range is (-o0,00). When y equals e, the function cot(x, e) is
equal to cot(x). The function maintains a constant period for each slice of y with
respect to x, while exhibiting a non-constant period with respect to y. The function
cot(x,y) has no local extrema or saddle points and can be visualized as a
cotangent-like surface in three dimensional space, as it originates from the
fundamental cotangent function. Although it demonstrates repetitive behavior, its
pattern is not uniform throughout the entire x-y domain. Along each individual axis,
cot(x,y) retains the characteristics and properties of the elementary cotangent
function in that specific direction. However, in both x and y directions, the interplay
between x and y via xIny can influence the overall behavior of cot(x,y), even as it
retains some key characteristics of the cotangent in each individual direction.
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Section 3-9. Overviews of the Extended Secant and Cosecant
Functions

3-9-1. Extended Secant Function - sec(Xx,y)

The extended secant function, denoted as sec(x,y), is the reciprocal of the
extended cosine function. It's expressed as

sec(x,y)Z;, (3.71)
cos(x, y]
for real x, y and y > 0 and cos(x,y) # O.
The alternative form of sec(x,y) is
sec(x,y)=— 2 —. (3.72)
y ty

The extended secant function has a similar characteristics and properties of the
extended cosine function cos(x,y) but it is undefined at points where cos(x,y)=0.
We do not go into its details and other properties here and leave that to the
readers to explore further.

3-9-2. Extended Cosecant Function - csc(x,y)

The extended cosecant function, denoted as csc(x,y), is the reciprocal of the
extended sine function sin(x,y). It is defined as

esclx, yl=——, (3.73)
sm(x,y)
for real x, y with y > 0 and sin(x,y) # 0.
The alternative form of csc(x,y) is expressed as
csclx, y)=— 21 —. (3.74)
y -y
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The extended cosecant function has a similar characteristics and properties of the
extended sine function sin(x,y) but it is undefined at points where sin(x,y)=0. We
do not go into its details and other properties here and leave that to the readers to
explore further.

In the next sections, we proceed to establish the hyperbolic functions of
two variables through a series of definitions, theorems and properties.

To define cosh(x,y), sinh(x,y), tanh(x,y), coth(x,y), sech(x,y) and csch(h), we
begin with the following identities, valid for real numbers x, y and y> 0:

y*=cosh(xIn y)—sinh(x1n y| (3.80)

and

y *=cosh(xIn y)+sinh(xIn y). (3.81)

Formula (3.80) is derived by substituting x with xIn(y) in (3.7) and using e"V=y",
while formula (3.81) results from substituting x with -x in (3.80).

Section 3-10. Foundations of the Extended Hyperbolic Cosine
Function cosh(x,y)
3-10-1. Definition and Theorem

Definition. The extended hyperbolic cosine function, denoted as cosh(x,y), is
defined by

cosh(x, y)==(y*+y™*) forx,y €R and y>0. (3.82)

N | =

Theorem 34. The extended hyperbolic cosine function satisfies the relation

(y*+y™*)=cosh(xIn y)for real x, y and y>0. (3.83)

N | =

cosh(x, y)=
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Proof
By adding (3.80) and (3.81), we have

y*+y *=2cosh(x1In y|

Solve for cosh() from the equation, we obtain

cosh (x In y):%(yx+yx).

Combining the result with definition (3.82) gives

(yx+y_x):cosh(x Iny).

N | —

cosh(x, y)=

3-10-2. Basic Properties of cosh(Xx,y)
1. Domain: x € (-0, ), y > 0.
2. Range: 1 < cosh(x,y) < oo.

3. Function type: cosh(x,y) is an even in x; the function is neither even nor odd in
y.

Proof
3. We have cosh(-x,y) = cosh(-xlny) = cosh(xlny) = cosh(x,y). Therefore, the
function cosh(x,y) is even in x.

4. Maxima, Minima and Zeros of cosh(x,y) with Respect to x
Theorem 35. The maxima, minima and zeros of cosh(x,y) with respect to x can be
determined as follows:

(a) Maxima: None
(b) Minima: (x,y) = (0,Yo)

(c) Zeros: None

Proof
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To find the critical points and determine if there are any extrema, we use the first
and second derivatives as follows:

i. First derivative
d(cosh(x,y)) _ d(cosh(xln y))
d x B dx

=In(y)sinh(x1n y)

Fory >0andy # 1,

sinh (xIny)=0=>x=0,

from which it indicates that cosh(x,y) has a critical point at xo = 0 and cosh(0,y,) =
1.

ii. Second derivative
d*(cosh (x, y))
d x*

=[In(y)sinh(xIn y)] =In*(y)cosh(xIn y).

Since In?(y)cosh(xlny) > 0 for all x, y > 0 and y # 1, this shows that cosh(x,y) is
always concave up. Thus, we conclude that

(a) Minima: cosh(x,y) has a local minimum at (x,y) = (0,y) fory > 0, and
(b) Maxima: cosh(x,y) has no local maximum with respect to x.

(c) Zeros of cosh(x,y) in x
Since cosh(xIn(y)) > 1 for all x and y>0, there is no zeros with respect to x.

5. Periodicity in x
Theorem 36. For each fixed y > 0 with y # 1, cosh(x,y) has no real period but
exhibits a non-constant complex period in x, given by

2mik
T (y)= Iy’ (3.84)

Proof
Let Tx = T«(y). Assume Ty is the period of cosh(x,y) in x. Then Tx must satisfies the
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equation

cosh(x+TX,y):cosh(x,y)

:>c05h( x+T,) ) cosh(x1n y|
:>Cosh( (x+T,) ):cosh xIny+2mik), whereiiscomplex unit,k€.Z .
=(x+T, )In(y)=xIn y+2mik
=T In(y)=2mik (*)

Solving for T« from equation (*) in terms of y and k gives

T :M, keZ .

* Inly]

We conclude that T« has no real period but exhibits a non-constant period in the
complex plane.

Let’s verify that Tx = i2nk/In(y):

cosh (x+T,, y)=cosh((x+T,]In (Y))

By substituting the value of Ty, we get

= cosh ((xﬁn”le’;) In (y))

=cosh (xIn(y)+2mik)
=cosh(xln(y))

=cosh|(x, y).

Thus, we demonstrate cosh(x + Ty, y) = cosh(x,y), where T« is (3.84).
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We conclude that cosh(x,y) has no real period but exhibits a non-constant complex
period in X.

Remark 3.4.8. For clarity and correctness, periodicity should be analyzed only on
the real domain; complex-domain periodicity lies outside the intended scope. We
include the complex-domain formula for algebraic completeness or theoretical
study, but we do not analyze or interpret periodicity in the complex plane.

6. Extrema and Zeros of cosh(x,y) with Respect to y

A. Extrema of cosh(x,y) iny

To find the critical points and determine if there are any extrema, we use the first
and second derivatives along the y-axis as follows:

i. First derivative
d(cosh(x,)’)) _ d(COSh(Xlny)) :ﬁsinh(xln y)
dy dy y

For y > 0 with fixed x, we set

X
—sinh(xIn y)=0.
5 (xIny)

Solving for y from the equation gives

y = 1.

Thus, y = 1 is the critical point for real x. For fixed x, the derivative d/dy(cosh(x,y)
changes sign from negative to positive as y passes through y = 1. Therefore, (x, 1)
is a local minimum of cosh(x,y).

B. Zeros of cosh(x,y) with Respectto Y
Theorem 37. The function cosh(x,y) has no real zeros in y but exhibits complex
zeros, given by

(k+%)in/x

y=e forke Z .
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Proof
a. We observe that cosh(x,y) = cosh(xIn(y)) > O for all x and y > 0. Therefore, the

function cosh(x,y) has no real zeros.
b. The equation cosh(x,y) = 0 has complex roots in y.

First method
By definition (3.82), we have:

%(yx+yx)=0
y+1=0
y2x:_1:efin

=e!"2 forke Z . (*)

Solving for y from equation (*) gives

(k+%)iﬂ/x

y=e forke Z .

Second method
cosh(xln(y)):O

:COSh(%+nik) forke Z
axln(y):%ﬂrik

:1nbﬁ:%;(k+%)

(k+l)ni/x
2

=>y=e , keZ

7. Periodicity iny
Theorem 38. The function cosh(x,y) has no real period but exhibits a non-constant
period in complex form in vy, given by
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i2nk
— |x] )
Ty(x,y)—(e 1)y, x#0,keZ, (3.85)

Proof
Let T, = T, (X, y). Assume T, is the period of cosh(x,y) in y. Then T, must satisfies
the equation

cosh(x, y+T,)=cosh(x,y)
=>cosh(xln(y+Ty)):cosh(xln y)

:>xln( y) xIny+i2mnk for some integer k.

:>xln( )—12nk

( +T, ) i2mk
|x]

y+T i2mk/|x (*)

=2 JY—p

y

Solving for T, from equation (*) in terms of |x|, y and k gives

Ty=Ty(x,y):y(eiz"k/lxl—l), keZ.

Since T, from (3.85) depends on i, X, y and k along the y-axis, we conclude that
cosh(x,y) has no real period but exhibits a non-constant period in complex form in
y. Please refer to Remark 3.4.8 to stay within the intended scope of our analysis.

3-10-3. Graph of cosh(x,y)

The 3D plot of cosh(x,y) is shown in Figure 3.5. The function cosh(x,y) retains the
same behavior as cosh(x) for each value of vy, its surface exhibits the same
curvature along the x-axis as the standard hyperbolic cosine. In essence, the shape
is non-negative and is locally flat along the two intersecting lines of absolute
minima.

69



Chapter 3

3D Surface of z = cosh(x,y)

Graph: cosh(x,y) for x in (-2,2) Graph: cosh(x,y) for x in (-1,1)

4- 2
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Figure 3.5 shows the graph of Cosh(x,y)E%(yx+y_x).

3-10-4. Local Maxima, Minima and Saddle Points of cosh(Xx,y) via Calculus
First partial derivatives

fX:;l_XCOSh(xlny)=Sinh(X1HY)'1ny

f zicosh(xlny)zisinh(xlny)
Yody y

Critical points
Setting fx = 0 and f, = 0:

sinh(xIny)=0 =(a) xIlny=ink ,for ke Z

=0=sinh(x1 ‘Iny=0=>
f. sin (x ny) ny { Iny=0 L) y=1

(o) x=0

X
=0=sinh(xIny)=0=xsinh(xIn y]=0
fy =>y51n (X ny) = XxSsin (X ny) :[Sinh(xlny)zOﬁ (@ xln y=ink, forke Z

The solutions from (a), (b), (c) and (d) can be summarized in three cases:
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+ Casel: Atx=0foranyy > 0, it gives fx = 0 and f, = 0, and therefore (0,yo)
is a set of the critical points along the positive y-axis or the line xo=0.

« Case 2: Aty = 1 for any xeR, it gives fx = 0 and f, = 0, and therefore (Xo,1)
is a set of the critical point along the line yo = 1.

« Case 3: At points (xo,Yo) satisfying sinh(xolny,) = 0, we obtain the complete
set of critical points. This set is given by the family of the curves
x,Iny,=ink, for ke Z.

Remark 3.4.7. This set also covers in Case 1 and Case 2 when k = 0. The
equation yields only complex form when k # 0. Since complex points do not
correspond to real critical points of a real-valued function, this case has no
maxima or minima. We continue the analysis only for algebraic completeness
or theoretical study.

Second order partial derivatives
f..=cosh(xIlny)-In’y
_ x“cosh(x1n y)—xsinh(x1n y|

fyy_ 2

y

fxy=§cosh(xln y)ln(y)+%sinh(xlny)

Calculate Discriminant D
« It is sufficient to consider Case 3, as the other Case 1 and Case 2 are special
instances of it. At critical curves defined by xlny = ink, for k € Z and y > 0,
we have:

D(xos Yo = Fu (F ) = {F

2 _ .
=(cosh(x01n yo)'ln2y0)-( xycosh (x,In yo)y 2xosmh(xoln }’o)) B
0

2
(ﬁcosh(xolnyo)ln(y0)+yisinh(x01n yo))

Yo 0
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Substituting sinh(ink) = 0 into the expression gives

> cosh | x,1 2
D(XO’yo):(COSh(Xolnyo)‘lnzyo)-(XO COS ()2(0 DYO))_(X_OZ
Yo Yo

In’y, coshz(xo In yo)

2 2
:X—Ozln2(y0)cosh2(xoln yo)—x—ozlnz(yo)coshz(xoln yo)
Yo Yo

=0. (The test is inconclusive.)

Behavior at infinity
« Fory > 0 withy # 1, we consider two cases:

o If0<y<1,theniIn(y) <0, and we have

lim cosh(x, y)= lim cosh(x1n y|=+oo.

X=>too Xt

o Ify > 1, thenIn(y) > 0, and we have

lim cosh(x,y)= lim cosh(xIn y|=+o.

« Fory =1, then

lim cosh(x,y)= lim cosh(xIn y|=1.

X=>+o0 X+t

Since D(Xo,Yo0) = 0, the Second Derivative Test is inconclusive. However, at a set of
the critical points, x,Iny,=ink, for ke Z, it gives cosh(xolny,) = 1. Since cosh(x,y) >
1 everywhere on its domain, the real critical points (0,yo) and (xo,1) for k = 0
are not only local minima but also global minima. Moreover, cosh(x,y) has no
saddle points, because all critical points (where cosh(xo,yo) = 1) correspond to the
local minima and none correspond to local maxima.

Note

In(y)=0 for y>1
In(y)<0 for 0<y<1

Summary of critical points of cosh(x,y)
« Critical points: (0,y0), (X0, 1)
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* Local maxima: None
+ Set of local minima: (0,yo), (Xo, 1)

+ Saddle point: None

3-10-5. Summary of cosh(x,y)

Formula (3.17) defines the new hyperbolic cosine function with two arguments as
cosh(x,y) = cosh(xIny). Its domain is x € (-c0, ®) and y > 0, and its range is [1,
). The function cosh(x,y) has no real period but exhibits a non-constant period in
complex form. It is clear that when y equals e, cosh(x, e) is equal to cosh(x). The
function cosh(x,y) represents a hyperbolic cosine-like surface in 3D, characterized
by a complete cross of local/global minima: the vertical line (0,y) for y > 0 and the
horizontal line (x,1) for all x € R.

Section 3-11. Foundations of the Extended Hyperbolic Sine Function
sinh(x,y)

3-11-1. Definition and Theorem

Definition. The extended hyperbolic sine function, denoted as sinh(x,y), is defined
by

(y*—y™*] forx,y € Rand y>0. (3.86)

sinh(x,y)E%

Theorem 39. The extended hyperbolic sine function satisfies the relation

sinh(x, y)==(y*—y *]=sinh(xIn y) for real x, y and y>0. (3.87)

N | —

Proof
By subtracting (3.80) and (3.81), we have

y*—y *=2sinh(x1n y),

from which we get
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ly*=y7).

N | —

sinh (x1n y|=

Combining the above result with definition (3.86) gives

sinh (x, y)=sinh (xIn y).

3-11-2. Basic Properties of sinh(x,y)

1. Domain: x € (-0, ), y > 0.

2. Range: - < sinh(x,y) < co.

3. Function type: sinh(x,y) is odd in x for all y>0.

Proof
3. We have: sinh(-X,y) = sinh(-xlny) = -sinh(xlny) = -sinh(x,y). The function
sinh(x,y) is odd in x for all y > 0.

4. Maxima, Minima and Zeros of sinh(x,y) with Respect to x
Theorem 40. The maxima, minima and zeros of sinh(x,y) with respect to the x-
axis can be determined as follows:

(a) Maxima: No local maxima.
(b) Minima: No local minima.

(c) Zeros: (0,y), y > 0.

Proof
To find the critical points and determine if there are any extrema, we use the first
and second derivatives as follows:

i. First derivative

isinh(x,y)zisinh(xln y)=In(y)cosh(x1n y)
d x dx

« For 0 < y < 1, then d/dx(sinh(x,y)) < 0 for all x, the function is strictly
decreasing in X, no extrema occur.
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« Fory > 1, then d/dx(sinh(x,y)) > 0 for all x, the function is strictly increasing
in X, no extrema occur.

« Fory =1, then d/dx(sinh(x,y)) = 0 for all x. So, at x = 0 is an inflection point
along the x-axis.

Thus, since there are no extrema, we do not need to consider the second derivative
and can conclude that

(a) Maxima in x: None

(b) Minima in x: None

(c) Zeros of sinh(x,y) in x
The zeros of sinh(x,y) in x occur when

sinh(x1In y)=0 for fixed y > 0.

The equation has real solutions only when xIny = 0, which gives x = 0 ory = 1. At
x = 0, sinh(0,y) = 0forrealy >0, and aty = 1, sinh(x, 1) = 0 for all real x. The
equation also has complex solutions, namely

_inmk

X Iny

,y#1,keZ.

5. Behavior of sinh(x,y)
* O<y<1: lim Sinh(x,y)= lim Sinh(xlny):ioo

X=>+oo

. y>1: lim sinh(x,y)zlim sinh(xlny)zioo

lim sinh(x,y)= lim sinh(x1ny)=0

i y = 1: X =+ oo X=>+oo

. y=o0' lim sinh(x,y): lim sinh(x1n y]=F oo

6. Periodicity in x
Theorem 41. For each fixed y > 0 with y # 1, sinh(x,y) has no real period but
exhibits a non-constant complex period in x, given by
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T.(y)= ; (3.88)

Proof
1. Let Tx = Tx(y). Assume T is the period of cosh(x,y) in x. Then Tx must satisfies
the equation

sinh (x+Tx,y)=SiDh (x,)

=>sinh( x+T,) ) sinh (x1In y)
2sinh( x+T,) )zsmh xIny+2mik), whereiiscomplex unit, k€ Z .
=(x+T, )In(y)=xIn y+2mik
=T ln(y):2mk

Solving for T« in terms of y and k gives

_2mik
x(y)—ln(y)

. keZ.

Thus, cosh(x,y) has no real period in x but exhibits a period in complex form.

2. Let’s verify that Ty = i2ak/In(y):
sinh(x+Tx,y)zsinh(xln(y))

By substituting the value of T« in the above expression, we get

— sinh ((m%)ln (y))

=sinh(x1n(y)+2nik)

=sinh(xln(y))

=sinh(x, y).
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Thus, we conclude that sinh(x + Ty, y) = sinh(X,y), where Ty is i2nk/In(y).

7. Zeros of sinh(x,y) iny
Theorem 42. The zeros of sinh(x,y) in y are given by

y=e"* x#0,keZ.

Proof
a. First method
By definition (3.82), it gives the equation

%(yx—y”)=0,

from which it follows that
y?=1=0

2x1ny:ei2nk

=e

=2xIlny=i2nk.

Solving for y gives

y=e"™* x#0,keZ.

b. Second method
sinh(xln(y))ZO

=sinh(ink) forke Z,

from which it follows that

xIn(y)=ink.

Solving for y from the equation, we obtain

y=e"""* x#0,keZ.
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8. Periodicity iny
Theorem 43. For each fixed x > 0, sinh(x,y) has no real period but exhibits a non-
constant complex period in y, given by

i2nk

— [x| )
Ty(x,y)—(e -1)y, x#0,keZ. (3.89)

Proof
Let T, = Ty(X, y). Assume T, is the period of sinh(x,y) in y. Then T, must satisfies the
following equation

sinh (x, y+T,)=sinh(x, y)
2sinh(xln(y+Ty))—smh xIn y)

=>xln(y+ y) xIlny+i2mnk for some integer k.

+
2xln(y ) i2nk
y
(}""T ):12nk
|x]
N Y+Ty:eiznk/|x\ (*)
y

Solving for T, from equation (*) gives

Ty(x,y):y(eiznk/lx‘—l), ke Z.

Since T, from (3.89) depends on i, X, y and k in y, we conclude that sinh(x,y) has
no real period but exhibits a non-constant period in complex form iny.

3-11-3. Graph of sinh(x,y)

The 3D graph of sinh(x,y) is shown in Figure 3.6. Since the function sinh(x,y) can
be expressed as sinh(xlny), it retains the same behavior as sinh(x) for each value
of y, its surface exhibits the same curvature along the x-axis as the standard
hyperbolic sine. Its 3D graph is a surface crossing the plane f(x,y) = 0 along two
perpendicular lines x = 0 and y =1, with a saddle at (0,1), and exponential growth
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in the four surrounding regions.

3D Surface of z = sinh(x,y)

Graph: sinh(x,y) for x in (-4,4) Graph: sinh(x,y) for x in (-2,2)
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Figure 3.6 shows the graph of the function sinh(x,y)E%(y”y_x).

3-11-4. Local Maxima, Minima and Saddle Points of sinh(x,y) via Calculus
First partial derivatives

fx:j_xsinh(xlny)=005h("1“3’)'1“y

d .
fyzﬂsmh(xlny):§cosh(xlny)

Critical points
Setting fx = 0 and f, = 0:

_ _im .
f =0 cosh(xIny)-In y=0= cosh(xIn y|=0 =(@xIny=""+ink , for ke Z
Iny=0 =>b) y=1

(© x=0

fy:O:xcosh(xlny)=02 cosh(xIn y)=0= (d) Xlny:%H'nk,forkEZ

The solutions from (a), (b), (c¢) and (d) can be summarized in four cases:
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Case 1: At xo = 0 and yo = 1, the point satisfies fx = 0 and f, = 0. Therefore,
(0,1) is a critical point.

Case 2: At xo = 0 forany yo > 0 and yo # 1, it gives fx = 0 and f, = In(yo) #
0. Hence, (0,yo0) is not a critical point (unless yo = 1).

Case 3: At yo = 1 for any x0eR and xo # 0, it gives f
Therefore, (Xo,1) is not a critical point.

0 and f, = xo # O.

Case 4: At points (xo,Yo) satisfying cosh(xelnys) = 0, we obtain the complete
set of critical points in the complex form. This set is given by the family of the
curves

xolny(,:%ﬂnk, for ke Z.

Note: We continue the analysis of Case 4 only for theoretical study. Please
refer to Remark 3.4.7.

Second order partial derivatives

f
f

f

=sinh(xIny)-In’y

_ x’sinh(xIn y)—xcosh(xIn y|
yy— 2

y

Xy:§sinh(xlny)ln(y)+%cosh(xlny)

Calculate Discriminant D

Atx =0,y =1, we have

fxx:Sinh(O].n 1)_11,121:0

D(O’ 1):(fXX)(fyy)_(fxy)2

2 .
=(sinh(01n1)-1n21)-(0 sinh(01n1)—cosh(01In 1)) _

12

2
(%sinh(Oln 1)1n(1)+%cosh(01n 1))
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Since D(0,1) = -1 < 0, we conclude (0,1) is a saddle point of cosh(x,y).

* Please refer to Remark 3.4.7. At critical curves defined by Xolnyo = in/2 + ink,
for k € Z and yo, > 0, we have:

D(xs Yo =(Fu(F )= (F,

xésinh(xolnyo)—COSh(xoln yO)) _
Yo

:(sinh(xolnyo)-lnzyo)-( >

Yo 0

2
(ﬁsinh(xoln yo)ln(y0)+yicosh(xoln yo))

Substituting cosh(in/2 + ink) = 0 into the expression gives

2 . h 1
D(XO’YO):(SiHh(XolnyO)-lnzyo).(X" 51ny(>§0 nyo))_(
0

2
X—02ln2yosinh2(x0 In yo))

Yo

2 2
=X—021n2(y0)sinh2(x0 In yo)—X—OZIHZ(yO)sinhz(xo In yo)

Yo Yo

=0.
Since D(Xo,Yo) = 0, the Second Derivative Test is inconclusive.

Summary of critical points of sinh(x,y)
* Critical point: (0,1)

 Real local maxima: None
« Real local minima: None

* Saddle point: (0,1)

3-11-5. Summary of sinh(x,y)

Formula (3.86) defines the extended hyperbolic sine function with two arguments
as sinh(x,y) = sinh(xlny). The function is defined on the domain x € (-, ) and y
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> 0, with a range of (-co, o). It has no real period but exhibits non-constant
complex periods. The function sinh(x,y) represents a hyperbolic sine-like surface in
3D. It is an odd in x and has no local extrema, possessing only a saddle point at
(0,1). It is clear that when y equals e, the function sinh(x, e) is equal to sinh(x).

Section 3-12. Foundations of the Extended Hyperbolic Tangent
Function tanh(x,y)

3-12-1. Definition and Theorem

Definition. The extended hyperbolic tangent function, denoted as tanh(x,y), is
defined by

tanh(x,y)E% forx,y € Rand y>0. (3.90)
y+y

Theorem 44. The extended hyperbolic tangent function satisfies the relation

X —X

tanh(x, y)= XY =tanh(xIn y) forreal x, y and y > 0. (3.91)

X —X

y+y

Proof
By adding (3.80) and (3.81), we have

y*+y *=2cosh(x1n y)

By subtracting (3.81) from (3.80), we have
y*—y *=2sinh(x1n y)

Taking the ratio of the two expressions:

y*—y* _2sinh(xIn y]

= =tanh(x1
y+y* 2cosh(xIn y) anh (xIn y)

Combining the above result with definition (3.90) gives
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tanh (x, y)=tanh (x1n y).

3-10-2. Basic Properties of tanh(x,y)
1. Domain: x € (-0, ), y > 0.
2. Range: -1 < tanh(x,y) < 1.

Proof
Let t = xIny, we have

—t t t —t —t

. . e . e . . e—e . e

lim tanh(t)th —=Ilim —=+1. and lim tanh(t)th —=lim ——=-1.
t=>+00 t2+0 @ +¢e t>+0 @ t>—o t2—o0 @ +¢e t=>—o00 e

t
e —

3. Function type: tanh(x,y) is an odd in x; the function is neither even nor odd in
Y.

Proof

We have tanh(-x,y) = tanh(-xlny) = -tanh(xlny) = -tanh(x,y). Therefore, the
function tanh(x,y) is odd in x. Since In(y) only defined for y > 0, this does not
create even/odd symmetry in vy.

4. Maxima, Minima and Zeros of tanh(x,y) with Respect to x
Theorem 45. The maxima, minima and zeros of tanh(x,y) with respect to x can be
determined as follows:

(a) Maxima: None
(b) Minima: None

(c) Zeros: x =0forally >0

Proof
To find the critical points and determine if there are any extrema, we use the first
and second derivatives as follows:

First derivative
d d Iny
—tanh(x, y/]=—tanh(xIny|=————
dx Xyl dx [xln y) cosh’(x1n y)
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Analysis for fixed y

For fixed y # 1:
o If 0<y<1, then In(y) < 0, and since cosh?(xIny) > 0, we have

d/dx[tanh(x,y)] < 0 for all x. The function is strictly decreasing in x, no
extrema occur.

o If y>1, then In(y) > 0, and again cosh?(xIlny) > 0, so

d/dx[tanh(x,y)] > O for all x. The function is strictly increasing in x, no
extrema occur.

Fory = 1, then In(y) = 0, therefore d/dx[tanh(x,1) = O for all x. In this case,
tanh(x,1) = 0, so every point (x,1) is a critical point, but the function is
constant along the entire line y = 1 and does not attain a maximum or
minimum.

Remark 3.4.9. At this point, we observe two facts: 1. In the full two variable
world, (0,1) is the only critical point, and it is saddle point. 2. Along the one
dimensional slice y = 1, (x,1) is a critical point for every x, because the
function becomes constant there. Clearly, this is one of those moments where
multivariable calculus shows its richer structure namely the behavior of a
function along a slice can be dramatically different from its behavior in the
full space.

Summary

(a) Maxima: None
(b) Minima: None.

(c) Zeros of tanh(x,y) in x occur when tanh(x,y) = 0, which is equivalent
to tanh(xIny)=0 or xIn(y) = 0. The equation gives two possibilities:

m x=0
= lny=0>y=1

As we examine tanh(x,y) in X, we determine that the sole zero occurs at x =
0 forany y > 0.

5. Periodicity in x
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Theorem 46. For each fixed y > 0 with y # 1, tanh(x,y) has no real period but
exhibits a non-constant complex period, given by

(3.92)

Proof
Let Tx = Tx(y). Assume Ty is the period of tanh(x,y) in x. Then Tx must satisfies the
equation

tanh (x+T,, y)=tanh(x, y)
:tanh((x+Tx)ln(y)):tanh(xln y)

= tanh (( ( x+T,) =tanh(xIn y+ink), where iiscomplex unit,k€ 2Z .

y))=
=(x+T,)In(y)
|=i

=T In(y

xIny+imik

Solving for Ty in terms of y and k gives

7=k ez

* In(y)’

We conclude that tanh(x,y) has no real period in x but contains a non-constant
period in complex form.

6. Extrema and Zeros of tanh(x,y) with Respect to y
6A. Extrema of tanh(x,y) iny

First derivative
X

d d
—tanh(x, y/]=——tanh(xIn y)=
dy (x,y) dy (xIny) y cosh®(x1n y)

Analysis for fixed x
« Fory > 0 with x # 0, then

X >0.

y cosh®(x1n y)
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We conclude tanh(x,y) is strictly increasing in y when x > 0 and is decreasing
when x < 0. Therefore, no extrema occur in this case.

e Fory > 0 with x = 0, then d/dy(tanh(0,y)) = 0 for all y > 0. In this case,
tanh(0,y) = 0, so every point (0,y) is a critical point, but the function is
constant along the entire line x = 0 and does not attain a maximum or
minimum.

Summary of extrema of tanh(x,y) iny
(a) Maxima: None

(b) Minima: None

6B. Zeros of tanh(x,y) iny
The zeros of tanh(x,y) occur when tanh(x,y) = 0, from which it follows that
tanh(xIny)=0 or xIn(y) = 0. The equation gives two possibilities:
° X = 0

. Iny=0=>y=1

As we examine tanh(x,y) in y, we determine that the sole zero occurs at y = 1 for
all x.

7. Periodicity iny
Theorem 47. For fixed x, the function tanh(x,y) has no real period but exhibits a
non-constant complex period, given by

ink

()
Ty(x,y)—(e -1y, x#0,keZ, (3.93)

Proof
Let T, = Ty(X, y). Assume T, is the period of tanh(x,y) in y. Then T, must satisfies
the equation

tanh (x, y+T,)=tanh(x, y)
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= tanh (x In (y+Ty))=tanh (xIn y)

=>xln( y) xIny+imk for some integer k.

:>xln( ) imk

|
- y+Ty :eink/|x\
y

Solving for T, in terms of |x|, y and k gives

_ _ ik /|x|
Ty—Ty(x,y)—y(e / —l), keZ.

Since T,(x,y) from (3.93) depends on i, X, y and k in y, we conclude that tanh(x,y)
has no real period in y but exhibits a non-constant period in complex form.

3-12-3. Graph of tanh(x,y)

The 3D graph of tanh(x,y) is shown in Figure 3.7. The function tanh(x,y) retains
the same behavior as tanh(x) for each value of vy, its surface exhibits the same
curvature along the x-axis as the standard hyperbolic tangent. There are no cliffs,
no singularities, no vertical walls. The surface rises one side and sinks in other side.
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3D Surface of z = tanh(x,y)

Graph: tanh(x,y) for x in (-2,2) Graph: tanh(x,y) for x in (-1,1)
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Figure 3.7 shows the graph of tanh(x,y)EyX:y_x-
yty

3-12-4. Local Maxima, Minima and Saddle Points of tanh(x,y) via Calculus
First partial derivatives
fx=j—xtanh(xlny)=sech2(xlny)-lny

d
fyzatanh(xlny)=§sech2(xlny)

Critical points
Setting fx = 0 and f, = 0: Since sech(xlny) > 1 for y > 0 and all x, we have

f.=0=Inysech’(xIny|=lny=0=y=1

and
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fy=0=v£sech2(xlny)lnyZO:XZO or y=1
y

The solutions can be summarized in two cases:

e Casel: Atx=0fory > 0withy # 1, it gives fx # 0 and f, = 0, and therefore
(0,y0) with yo # 1 is not a set of the critical points along the positive y-axis.

« Case 2: Aty =1andx =0, it gives f, = 0 and f, = 0, and therefore (0,1) is a
critical point.

Thus, only (0,1) is a critical point of tanh(x,y).

Second order partial derivatives
fo= 25ech2(xlny)tanh(xlny)an(y)zfXX(O,l)ZO

xx—
2

f ——izsechz(xlny)—z—xzsechz(xlny)tanh(xlny)ﬁfyy((),l)zo
y y

yy—

fxy=§sech2(xlny)—%sechz(xlny)tanh(xln yl=f,,[01)=1

Calculate Discriminant D(0,1)
D(0’1>:(f”)(fyy)_(fxy)2
=(0J(0)-1’
=—1

Since D(0,1) = -1 < 0, the critical point (0,1) is a saddle point of tanh(x,y).

Behavior of tanh(x,y)
« Fory > 0 withy # 1, we consider two cases:

o If0<y<1,thenin(y) <0, and we have

lim tanh(x,y)= lim tanh(—x]|ln y|)= lim {—tanh(x|Iny|)}=F1

X>+o0 X>+oo X>*o0

o Ify > 1, thenIn(y) > 0, and we have
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lim tanh(x,y)= lim tanh(x[ln y|)=%1

« Fory =1, then

lim tanh(x,1)= lim tanh(x|ln1|)=0.

X =+ 00 X=>+o0o

Summary of critical points of tanh(x,y)
* Local maxima: None

 Local minima: None

+ Saddle point: (0,1)

3-10-5. Summary of tanh(x,y)

Formula (3.90) defines the new hyperbolic tangent function with two arguments as
tanh(x,y) = tanh(xlny). The function is defined on the domain x € (-c0, @) and y >
0, with a range of (-1,1). It has no real period, though its complex extension
exhibits a non-constant complex period behavior. In three dimensions, the function
represents a hyperbolic tangent-like surface. It is an odd in x and has no local
extrema, possessing only a saddle point at (0,1). The graph has no cliffs,
singularities, and vertical walls. It is clear that when y equals e, the function
tanh(x, e) is equal to tanh(x).

Section 3-13. Foundations of the Extended Hyperbolic Cotangent
Function coth(x,y)

3-13-1. Definition and Theorem

Definition. The extended hyperbolic cotangent function, denoted as coth(x,y), is
defined by

coth(x, y) =LY (3.94)
Y-y

forx,y e R, xIny # 0, andy > 0.
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Theorem 48. The extended hyperbolic cotangent function satisfies the relation

coth(x, y)= yry =coth(xIn y) forreal x, y with xIny # 0 and y > 0.

X X

y -y

Proof
By subtracting (3.81) from (3.80), we have

y*—y *=2cosh(x1In y|

By adding (3.80) and (3.81), we have
y*+y *=2sinh(x1n y|

Taking the ratio of the two expressions:

y*+y " _2cosh (xIn y) — coth (xIn y)

Y=y ~ 2sinh (xIny)

Combining the result with definition (3.94) gives
coth(x, y)=coth(x1n y).

3-13-2. Basic Properties of coth(x,y)
1. Domain: x € (-0, ), y > 0, xIn(y) # 0.
2. Range: -1 < coth(x,y) < 1.

Proof
Let u = xlny, we have

u —u u

€ te = lim e—u:+1 and lim Coth(u)= lim

lim coth(u)=lim

_ u _
u->+oo u>+0 @ —e u=>+o0 @ u=>—o0 u>—0 @ —e

e'+e

(3.95)

3. Function type: coth(x,y) is an odd in x; the function is neither even nor odd in

y.
Proof
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We have coth(-x,y) = coth(-xIlny) = -coth(xlny) = -coth(x,y). Therefore, the
function coth(x,y) is odd in x. Since In(y) only defined for y > 0, the function is
neither even nor odd in vy.

4. Maxima, Minima and Zeros of coth(x,y) with Respect to x
Theorem 45. The maxima, minima and zeros of coth(x,y) with respect to x can be
determined as follows:

(a) Maxima: None
(b) Minima: None

(c) Zeros: x =0

Proof
We examine the followings:

First derivative

d d Iny
—coth(x, y)J=—coth(xIny)=—————
dx ) d x xIny) sinh®(xIn y)

Analysis for fixed y
» For fixed y withy # 1 and x # 0:

o If 0<y<1, then In(y) < 0, and since sinh?(xIny) > 0, we have

d/dx[coth(x,y)] > 0 for all x. The function is strictly increasing in x, no
extrema occur.

o If y>1, then In(y) > 0, and again sinh?(xIny) > 0, so

d/dx[coth(x,y)] < O for all x. The function is strictly decreasing in X, no
extrema occur.

« Fory = 1orx =0, coth(x,y) is undefined, no extrema occur in this case.

Summary of extrema of coth(x,y) in x
a) Maxima: None

b) Minima: None.
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c) Zeros of coth(x,y) in x: Since coth(xIlny) is not defined at any point with
xlny = 0 and cosh(xlny) is always positive, there are no zeros in x.

5. Periodicity in x
Theorem 46. For each fixed y > 0 with y # 1, coth(x,y) has no real period but
exhibits a non-constant complex period, given by

T (y)=-2K (3.96)

Proof
Let Tx = Tx(y). Assume Ty is the period of coth(x,y) in x. Then T« must satisfies the
equation

coth (x+T,,y)=coth(x, y)
=>C0th((x+Tx)ln(y))=coth(xln y)
:«COth( (x+T) ) coth(xIn y+ink), whereiiscomplex unit,k€.Z .
xIny+imik

=(x+T,)Inly

=T, In(y

)=
J=i

Solving for Tk in terms of y and k gives
ik
In(y]

We conclude that coth(x,y) has no real period in x but exhibits a non-constant
complex period.

T =

X

, keZ.

6. Extrema and Zeros of coth(x,y) with Respect to y
6A. Extrema of coth(x,y) iny
First derivative

d d X
——coth(x, y)J=——-coth(xIn y)=—
dy x.y) dy (xIny) y sinh’(x In y|

Analysis for fixed x
e Fory>0withx#+0andy # 1:
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o Since sinh?(xlny) > 0, we have d/dy[coth(x,y)] > 0 for all x < 0. The
function is strictly increasing in x, no extrema occur.

o d/dx[coth(x,y)] < O for all x > 0. The function is strictly decreasing in X,
no extrema occur.

« Fory = 1orx =0, coth(x,y) is undefined, no extrema occur in this case.

Summary
(a) Maxima: None

(b) Minima: None

6B. Zeros of coth(x,y) iny
Since coth(xlny) is not defined at any point with xIny = 0 and cosh(xlny) is always
positive, there are no zeros in .

7. Periodicity iny
Theorem 47. The function coth(x,y) has no real period but exhibits a non-constant
complex period in y, given by

ink

()
Ty(x,y)—(e -1)y, x#0,keZ, (3.97)

Proof
Let Ty = Ty(Xx,y). Assume T, is the period of coth(x,y) in y. Then T, must satisfies the
equation

coth(x,y+T, )=coth(x,y)
2C0th(xln(y+T ))Zcoth(xlny)

:>xln( y)lenyﬂnk for some integer k.

AT
e[

- y+Ty :eink/lx\

y
Solving for T, in terms of |x|, y and k gives

:xln(
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_ ink/|x|
Ty(x,y)—y(e / —1), keZ.

3-13-3. Graph of coth(x,y)

The 3D graph of coth(x,y) is shown in Figure 3.8. Since the function coth(x,y)
retains the same behavior as coth(x) for each value of y, its surface exhibits the
same curvature along the x-axis as the standard hyperbolic cotangent. The graph
features a vertical chasm at y = 1, flanked by two mirror-like sheets on either side.
Each sheet ascends to +o00 on one side of the chasm while descending to —oco on
the opposite side. Additionally, away from the chasm, the sheets level out into
expansive horizontal plains at heights of 1 and —1. The level curves depict
exponential arcs (xIny=c —» y=e“%, constant c) that radiate outward from the x-axis.

3D Surface of z = coth(x,y)

Graph: coth(x,y) for x in (-3,3) Graph: coth(x,y) for x in (-2,2

(g ') 07

y -y

3-13-4. Local Maxima, Minima and Saddle Points of coth(x,y) via Calculus
First partial derivatives

For xIny # 0 and y > 0, we have

d d Iny
=—ocoth(x,y)=—-coth(xIny|=———+——

d d
=—coth(x, y)=—coth(xIn y)=————
fy dy %yl dy [xIny] ysinh’(x1n y|
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Critical points
Setting fx = 0and f, = 0: As xIny # 0 and y > O for all x, we have

f,.=0=>Iny=0=y=1 forall x#0
and
f,=0=x=0 forall y>0.
Notice that cosh(x,y) is undefined aty = 1.

The solutions can be summarized in two cases:

« Case 1: At xo = 0 for yo > O, it gives fyx = o0 and f, = oo, and therefore (0,Yyo)
with yo # 1 is not a set of the critical points.

« Case 2: Aty = 1, it gives fx = 0 and f, = oo, and therefore (xo,1) is not a set
of the critical points.

Since coth(x,y) has no critical points, the second-derivative test is unnecessary,
and the function has no local extrema or saddle points.

Summary of critical points of coth(x,y)
1. Critical points: None

2. Maxima: None
3. Minima: None
4. Saddle: None

Behavior of coth(x,y)
« If0<y<1,thenliIn(y) <0, and we have

lim coth(x,y)= lim coth(—x|ln y|)= lim {—coth(x[lny|)]=F1

X +o00 X +o00 X>+o0

« Ify > 1, thenlIn(y) > 0, and we have

lim coth(x, y)= lim coth(x|ln y|)==+1

* Fory =1, then
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lim coth (x, y)=1im coth (x In y)=l=O
y=>1 y>1 %Y

« Forx =0, then

lim coth (x, y)=1lim coth (x In y)ZéZO

x=20 x>0

3-13-5. Summary of coth(x,y)

Formula (3.94) defines the new hyperbolic cotangent function with two arguments
as coth(x,y) = coth(xlny). Its domain is x € (-o0, o) and y > 0 with xIlny # 0, and
its range is (-1,1). It has no period in real domain but exhibits a non-constant
period in complex form. The function represents a hyperbolic cotangent-like surface
in 3D. It is an odd in x and has no local extrema or saddle points. It is clear that
when y equals e, the function coth(x, e) is equal to coth(x).

Section 3-14. Overviews of the Extended Hyperbolic Secant and
Cosecant Functions

3-14-1. Extended Hyperbolic Secant Function - sech(x,y)

The extended hyperbolic secant function, denoted as sech(x,y), is the reciprocal of
the extended hyperbolic cosine function. It's expressed as

1

———, forrealx,yandy > 0. (3.98)
cosh (x, y|

sech(x, y|=

The alternative form of sech(x,y) is

2

——. (3.99)
y+y

sech(x, y|=

The function sech(x,y) has a similar characteristics and properties of cosh(x,y). We
do not go into its details and other properties here and leave that to the readers to
explore further.
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3-14-2. Extended Hyperbolic Cosecant Function - csch(x,y)

The extended hyperbolic cosecant function, denoted as csch(x,y), is the reciprocal
of the extended hyperbolic sine function. It is defined as

1

csch(x, y)=————, (3.100)
sinh (x, y|
for real x, y with y > 0 and sinh(x,y) # 0 or xlny # 0.
The alternative form of csch(x,y) is expressed as
esch(x, y)=— 2 —. (3.101)
y -y

The extended hyperbolic function has a similar characteristics and properties of
sinh(x,y) but it is undefined at points where sinh(x,y)=0 or xlny = 0. We do not go
into its details and other properties here and leave that to the readers to explore
further.

Section 3-15. Relationships between Extended Trigonometric
Functions and Elementary Trigonometric Functions

We introduced a family of extended trigonometric functions with two variables
constructed from the trigonometric functions with one variable in the previous
sections. Each extended trigonometric function is defined as a composition of two
simpler functions. For example, we may take an outer (wrapper) function such as
cos(x,y) and an inner function such as x/n(y) so that the resulting extended
function is cos(xIny). These extended trigonometric functions inherit many of the
familiar properties of the trigonometric functions. In particular, their identities and
relationships behave analogously, although we focus in this section only on the
identities that are essential for our development.

3-15-1. Goal and Introduction of Basic Identities

Our next goal is to develop the inverse functions of those extended trigonometric
functions. Before doing this task, we need to transform the inner function /n(y) into
the hyperbolic or trigonometric function so that it helps us to do conversion
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between trigonometric functions and hyperbolic functions later. We know In(y)
relates to two inverse hyperbolic functions: sinh™ or arcsinh and cosh™ or arccosh.
The inverse hyperbolic sine and cosh are defined:

sinh™(u)=In(u+Vu’+1), —co<u<oo (3.102)
and
Coshfl(u)zm(uﬂ/uz—l), 1<u<oo (3.103)

Let y be real and if we set y=u+Ju’+1 forallu, then solve for u in terms of y gives

‘—1
u=L—. (3.104)
2y
Similarly, by setting y=u+vu’—1 for |u|>=1, we obtain
2
u=2*L, (3.105)
2y
Therefore, the above analysis gives us the following identities:
’+1
2_q cosh_lyz— fory>1
lnyzsinh_ly—,yz() OR Iny= Y (3.106)
2y Lyl
—cosh " ~—— forO<y<1
2y
and
_ 2+ 1 y +1
2_4 —cosh 1y2 1<y<0 ) cosh O<y<1
sinh 1y2— = , f or sinh_lyz—_z g/ (3.107)
Y Jeosh LS =1 cosh [ -2+ <-1
2y 2y

Note that in case we consider the negative y, we rewrite the inverse of the
hyperbolic sine function of (3.106) as
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2
sinh_l(y—_l)Z[ Iny y>0 (3.108)
2y ~In(—y] y<0

3-15-2. Relationships and Identities

By integrating the findings from the preceding analysis with the definitions of the
newly introduced functions, we establish several fundamental relationships between
the extended trigonometric functions and the basic trigonometric functions as
outlined below:

2 2
1. sin(x, y)— 1 (y -y X):sin(xsinh_l%):sin(xcosh_l%)zsin(xlny) (3.109)

ix *lyz_]- 71y2+1
2. cos(x, y)— (y +y )zcos xsinh™ #—— |=cos| x cosh T

2y ) )Zcos(xln y)  (3.110)

ix —ix 2 2
3. tan(x, Y):}—(%)Ztan(x sinh ' 1 )Ztan (x COSh1yz—+1

— )ztan(xlny) (3.111)
i 11X X 2y y

ix 2 2
4. cot(x,y)=i % :cot(xsinh_lu):cot(xcosh_lu):cot(xlny). (3.112)
yo-y 2y 2y

Similarly, the relationships between extended hyperbolic functions and hyperbolic
functions are:

2 2
5. sinh(x, y):%yx—%y_xzsinh(x sinh_l%)zsinh(x cosh_l%)zsinh(xln y)  (3.113)
2 2
6. cosh(x, y):%y"+%yxzcosh(x sinhl%):cosh(x coshl%):cosh(xln y) (3.114)
2
7. tanh(x, y)—y —y —tanh(xsmh - 1)—tanh(xcosh_lu)ztanh(xlny) (3.115)
y+y " 2y 2y
2 2
8. coth(x, y)—y ty —coth(xsmh 1y _1)=coth(xcosh_lu)=coth(xlny). (3.116)
Y-y 2y 2y

3-15-3. Relationship via Power and Inverse
By adding formulas (3.113) and (3.114) and solve for y*, we derive the identity:
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2 2
)/chosh(><sillh1y2 ! )+sinh(xsinh1y2—1>, for y>0 and xeR. (3.117)
y y
or
+1 “+1
y*:cosh(xcosh_]yz—)+sinh(xcosh_]y2—), for y>1 and xeR. (3.118)
y y

(See formula (3.107) fory >1.)

We notice that y raised to the power of x can be expressed in terms of both as a
sinh function and a cosh function, which are the periodic functions since the period
of sinh or cosh is 2ni. This realization leads us to infer that any number can be
expressed in hyperbolic form, implying that every number has a complex
period!

3-15-4. Euler’s Identity in Two Variables
By substituting sinh™(y? - 1)/(2y) = In(y) into (3.117), we get
y*=cosh(xIn y|+sinh(xIny| fory>0 and x€R (3.117a)
=cosh(x,y)+sinh(x,y) fory>0 and xER.

Substituting x for ix in (3.117a), and using the relations sinh(ix) = isin(x) &
cosh(ix) = cos(x), yields a two variables of Euler’s identity:

y'*=cos(x1In y)+isin(x1n y) for y>0 and xeR. (3.117b)

An alternative method to quickly obtain formula (3.117b) involves substituting x
with xIny in (3.1) and applying €™ = f. Furthermore, this formula can be expressed
using the newly extended trigonometric functions:

y'*=cos(x,y)+isin(x, y) for y>0 and x€R. (3.117¢)

Example. Show that

r =

S T~ ¥ ") i e * ")
i'" =cos i sin
3 3
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Solution
Substitutingy = iin (3.117a) gives

i*=cosh| x -2~ |+sinh | x- 2~
2 2

:cos(ﬂ)ﬂ'sm(ﬂ) (3.117d)
2 2

Substituting x by i in the above expression yields

& fraad T
i —CDE( 5 ]+;'5111( S ] (3.117e)

—-n/2

Let x = i, and by applying i'=e

i Te ¥'- L me T
I =cCos 3 + 1 &1l .

Corollaries of Euler’s Identity in Two Variables

[please refer to Remark 3.4.2.], we obtain

]

We introduce some beautiful formulas that are derived from Euler’s identity
(3.117a).

Corollary 29. For x, y, a and b are real witha, b > 0,

aX+by:aX/2by/2cosh(glna—%lnb), (3.117f)
ax—byzaX/zby/zsinh(glna—%lnb), (3.117g)
and
X_ 1Y
tanh( X Ina—L1nb |=2 b . (3.117h)
2 2 a‘+b’
Proof

1. Substituting y by a in (3.117a) gives

102



Chapter 3

a*=cosh(xIna)+sinh(xIna)

By replacing y with b and x with y in (3.117a), we obtain
b”=cosh(yInb)+sinh(yInb)

Adding two expressions together gives

a*+b’=cosh(xIna)+cosh(yInb|+sinh(xIna)+sinh(yInb)

:2cosh(X1nL2ylnb)cosh(M%Zsinh(w)cosh(w)

=2cosh lna— Inb || COSh( lna+ylnb)+smh( lna+%lnb)]

)exp( lna+ylnb)
lna——lnb)exp In| X/Zby/z))

x/Zby/Z
=2cosh( lna——lnb)( )

=aX/2by/2cosh(§lna— Y n b)

2. We follow a similar procedure to obtain formula (3.117g).

3. Dividing expression (3.117f) by expression (3.117g) gives formula (3.117h).

Note

(i). Base on Fermat’s Last Theorem, we state that the equation

a"+b"=a"/2b"/2cosh(gln%) (3.1171)

has no solutions in positive integers a, b, c when n > 2, where
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(ii). Is is possible to use formula (3.117i) as a short way to prove Fermat's Last

Theorem?

Corollary 30. For x, a and b are real numbers with a, b > 0,

tanh_l(a —b ):xtanh_l(ﬂ) for a#—>b.

a‘+b" a+b

Proof

For a, b > 0 and by substituting y = x in (3.117h), we have
a=b _ ol Xima—X1nb =tanh | X1n( 2 -
ax+bx—tanh(21na 2lnb)—tanh(2ln(b)) (i)

Recall that the inverse hyperbolic tangent is defined as

1, 1+x

tanhflxzaln for—1<x<1.

—X

Let u = (1+x)/(1-x), solving for x in terms of u yields

_u—1
u+l’

from which it follows that

u—1

tanh_l(
u+l

)Z%lnu for u>0.

Replacing u with a/b gives

-1fa=b\_1 [a _ ..
tanh (a+b)_21n(b) for a#—b. (ii)
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Combining result (i) with result (ii) gives

X

a —b =tanh(xtanh1(g)) for a#—b. (iii)
a+b

a‘+b"

Taking artanh of both sides of (iii) gives a beautiful identity,

tanhl(a i )zxtanhl(ﬂ), for a#—b.
a‘+b" a+b

3-15-5. Imaginary Angle (ix) Formulas

The relationships between extended trigonometric functions and extended
hyperbolic functions through imaginary angle ix are present as follows:

1. sin(ix, y)zlz(yx—y_x):isinh (x,y) (3.119)
2. cos(ix, y):;—(yx+yx):cosh(x,y) (3.120)
X —X 2
3. tan(ix, y)Zi(yx_yX )Zitanh(xsinh_lg)zz'tanh(x,y) (3.121)
yi+y 2y
X —-X 2
4. cot(ix, y):—i(yx+y_x )z—icoth(x sinhlg):—icoth(x,y) (3.122)
y -y 2y
5. sinh(ix, y)=isin(x, y] (3.123)
6. cosh(ix,y|=icos(x,y] (3.124)
7. tanh(ix, y)=itan(x, y) (3.125)
8. coth(ix,y|=—icot(x,y] (3.126)
Proof

It is straightforward to prove the above identities by applying the identities: sin(ix)
= isinh(x), cos(ix) = cosh(x), tan(ix) = itanh(x) and cot(ix) = -icoth(x).
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3-15-6. Imaginary Angle (iy) Formulas

For y > 0, the relationships between extended trigonometric functions and
extended hyperbolic functions through imaginary angle iy are:

1. sin(x,iy)Z%(yixe"X/Z—yixe”X/z)zcosh(g—X)sin(x,y)+isinh(n2—x)cos(x,y) (3.127)

2 2
= cosh | %X | sin [ x sinh ™' £=L |+ 7 sinh [ 22 | cos | x sinn ' =L (3.128)
2 2y 2 2y

2. cos(x,iy):;—(y”e_”X/2+y_ixe"X/2):cosh(712—)()cos(x,y)—isinh(%)sin(x,y) (3.129)
2 2
= cosh | X | cos [ x sinh™' L= | i sinh | 22 | sin | x sinn~* L-=2 (3.130)
2 2y 2 2y
1 ix —mx/2 —ix _mx/2 tal’l(x,y)'*itanh(%
3. tan(xyiy):?(yixe—nx/2:y—ix enx/Z): (3131)
yoe Y 1—itan(x,y)tanh(%)
‘~1 T X
tan(xsinh_lyz—)ﬂtanh >
- (3.132)
1—itan(xsinh_1y _l)tanh(ﬂ)
2y 2
ix —mx/2 —ix _mx/2 COt(X,y)COth(T[_;)_i
4. COt(X’iy):i yix e—nx/2iy—ixenx/2): (3133)
Y€ Y COth(T[—ZX)+iCOt(X,y)
-1 y2—1 TX\| .
cot | x sinh v coth — —i
- J : (3.134)
coth(ﬂ)ﬂ'cot(xsinh_ly—_l)
2 2y
5. sinh(x,iy):cos(%)sinh(x,y)+isin(%)cosh(x,y) (3.135)
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6. cosh(x,iy)zcos(%) cosh (x, y)+1sm(n2 )smh(x y) (3.136)

i tan (%) +tanh (x, y)

7. tanh(x,iy)= (3.137)

1+itan| X tanh (x, y)
2

—lcot(%)coth

8. coth(x,iy|= (3.138)
coth (x )—1cot( X)

2
Proof

1. Formulas (3.127)/(3.128): By replacing y with iy into (3.35), we have:
1 . ix . —ix
iy =liy)™)

sin(x,iy)zzl

%(yixiix_yixiix)

_ 1 ix —mx/2 —ix _nmx/2

=5 e™’?] (because i'=e™"'?)

On other hand, expressing sin(x,iy) in terms of xlny gives

sin(x,iy)zsin(xln(iy)) for y>0.

=sin(x(%+lny)) (because ln(i):% )
=sin in—x+xln
:sin(MTX)COS(X1ny)+sin(xlny)cos(inTX)
(Applying sin(a+b)= sina sinb+cosa cosb, and
sin(ix)=isinh(x); cos(ix=icosh(x))

:isinh(%)cos(x,y)+cosh(%)sin(x,y),
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which leads to formula (3.127). By applying (3.117), the results are derived in
(3.128), thus concluding the proof.

Example. Find sin(1/2, 3i)
Solution. By substituting x = Y2 and y = 3 in formula (3.127), we obtain

Sin(%ﬁi):%((ﬁ)m—(?»i)“2)%0.69157+0.74087i,

and

sin(%,Bi)zcosh(%)sin(%1n3)+isinh(%)cos(%ln3)%0.69157+0.74087i.

Both results indicate that

L((Si‘)i/z—(Si)fi/z):cosh T gin| 2103 |+isinh % |cos( L1n3 ,
2 4 2 4 2

i )

where the real and imaginary parts can be computed explicitly.

In the similar manner used in #1, we derive other formulas:

* 2. Formulas (3.129)/(3.130): Applying cos(a+b) = cos(a)cos(b) -
sin(a)sin(b) gives the results (3.129) and (3.130).

* 3. Formulas (3.131)/(3.132): Applying tan(a+b) = [tan(a)+tan(b)] /
[1+tan(a)tan(b)] and tan(ix) = itanh(x) give results (3.131) and (3.132).

°* 4. Formulas (3.133)/(3.134): By applying cot(a+b) = [cot(a)cot(b)-1] /
[cot(a)+cot(b)] and cot(ix) = -icoth(x), which lead results (3.133) and
(3.134).

5. Formula (3.135): By replacing y with iy in (3.86), we have:
sinh(x,iy)=sinh(xln(iy))
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=sinh (—+xlny)

( )cosh xlny)+smh(xlny)cosh( ZX)

=cos(%)sinh(x,y)+isin(%)cosh(x,y)

6. Formula (3.136): By replacing y with iy in (3.82), we have:
Cosh(x,iy):cosh(xln(iy))

:cosh(in—x+xln y)

2

—cosh( > )cosh(xln y)+sinh(xIn y)smh(”éx)
=cos(%)cosh(x,y)+isin(%)sinh(x,y)

7. Formula (3.137): By replacing y with iy into (3.90), we have:
tanh(x,iy):tanh(xln(iy))

=tanh(%+xln y)

tanh( 5 )+tanh(xln y)

1+tanh( 5 )tanh(xln y)

itan(%)ﬂanh(x,y)

1+1tan(n2 )tanh(x y)

8. Formula (3.138): By replacing y with iy in (3.94), we have:
Coth(x,iy)zcoth(xln(iy))
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=coth (%+xln y)

coth(%)coth(xln y)+1

coth(me)H:oth(xlny)

1—icot(%)coth(x,y)

coth(x,y)—icot(%)

Remark 3.4.10.
a. Find i'=e7?
By substituting x= n/2 in the Euler’s identity, e"*=cosx+isinx, we obtain

in/2__.
e =1

<:>(ei"/2+i2"k):i keZ.

Raising both sides to the power i gives

(ein/2+i2nk)i:efn/272nk, keZ.

.0
1 =

For the principal value, take k = 0,

.0 -n/2
1 =e 5

b. The right-hand expressions of the formulas from (3.131) to (3.134), (3.137) and
(3.138) can be expressed in terms of the real part and the imaginary part,
respectively.

3-15-6. Imaginary Angles (ix) and (iy) Formulas

The relationships between extended trigonometric functions and extended
hyperbolic functions through imaginary angle ix and iy are:
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1 sin(ix,iy)zzi[(iy)x—(iy)_x]:—sin(nzx)cosh(x y)ﬂcos(”z )smh(x v)

2 Cos(ix,iy):;—((iy)x+(iy)X):Cos(];x)cosh(x y)ﬂsm("z )smh(x y)

3. tan(ix,iy)=i

4. cotlix,iy|=

5. sinh(ix,iy):—sinh(%)cos(x,y)+icosh(%)sin(x,y)

6. cosh(ix,iy)zcosh(%)cos(x,y)—isinh(%)sin(x,y)

7. tanh(ix,iy)=

8. coth(ix,iy|=

Proof

Formula (3.139): Substituting x and y with ix and iy in (3.35) gives

sinlix,iy)=

iy]'=liy

R itanh(x, y)—tan (%)

iyl +liy” 1+itanh(x,y)tan(%)

R i+coth(x,y) cot(%)

1_( y) +liy

liy)=liy]” icot(%)—coth(x,)’)

itan(x,y)—tanh(%)

1—itan(x,y)tanh(%)

i cot(x, y)coth( 5 )+1

icot(x,y)+coth(%)

Slliel ~(iy]]
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On the other hand, we have sin(x,y) = sin(xIny). Replacing x and with with ix and
iy into this expression, we have:

sin(ix,iy)=sin[ixIn(iy)]

=sin[ix(Ini)+y)]

[
[
i ix[ o )|
~sinfixiny 2]

:sin(ixlny)cos(%)—sin(%)cos(ixln y)

=isinh(x1In y) cos( )—sm(%)cosh xIn y|

=—sin(n2x)cosh X,y +1cos( ) sinh(x, y|

Formula (3.140): Applying the substitutions x = ix and y = iy in (3.16) yields
cos(ix,iy)Z%[(ie)_x+(iy)x].

On the other hand, we have cos(x,y) = cos(xlny). Replacing x and with with ix and

iy into this expression, we have:
cos(ix,iy|=cos[ixIn(iy]]

=cos[ix(In(i)+y]]

o)
|

=cos leny——)

—cos(lxlny)cos( 5 )+s1n(nzx)sin(ixlny)
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=cosh(xlny)cos(%)ﬂsin(%)sinh(xln y)

=cos(%)cosh(x,y)+isin(%)sinh(x,y)

Formula (3.141): Substituting x and y with ix and iy in (3.60) gives

anlix,i :lM
tan(ix,iy) AP

By simplifying further, we deduce that

-X

liy)=liy)

tan(ix,iy)=i el

On the other hand, we also have:

tan(ix,iy):tan(ixln(iy))
:tan(ixl%rﬂnyl)
:tan(ixlny—%)

tan (i xIn y)—tan(%)

1+tan(ixlny)tan(%)

itanh(x,y)—tan(%)

b

1+itanh(x,y)tan(%)

which we complete the proof. Furthermore, by multiplying both the numerator and
denominator of the right-hand expression of (3.133) by (1+itanh(x,y) tan(nx/2)),
we can express the formula in terms of its real and imaginary parts as follows:
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(itanh(xln y)—tan(%))(l—itanh(xln y)tan(%))

tanhz(xlny)tanz(%)+1

tan(ix,iy):

tan(%)(tath(Xlny)—l)Htanh(xln y)(tan2(%)+1)
= (3.141a)
tanh®(xIn y)tanz(%)+1

tan(%)(tamhz(x,y)—1)+itanh(x,y)(tan2(%)+l)
= (3.141b)
tanhz(x,y]tanz(%)+1

Exercise. Applying formula (3.141a) shows that

tanhz(xlny)+tan2(%) tanh(xlny)(tanz(%)+1)

ln[tan(ixln(iy))]zlln +i\m+tan
tanhz(xlny)tanz(%)+1 tan(%)(tanh%xlny)—l)

1

for positive real x and vy.

Hint: Applying formula (3.141a) together with the identity

ln(a+ib):%ln(az+b2)+itanl(g),

where a and b are real. Depending on the signs of a and b, the argument may need
to be corrected by adding or subtract m. For example, since tanh?(xIny)-1<0 for all
x,y > 0, we add m; if the given exercise lets x < 0, we instead add -n. For a
systematic approach to determining the correct argument, see the definition
Arg(a+ib) = atan2(b,a).

Remark 3.4.11. The mathematical meaning of the results from the above
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exercise, as well as from other newly extended functions such as from (3.139) to
(3.146), is that the formulas provide a powerful tool from real analysis for
separating a complex function into its real and imaginary parts, thereby revealing
the underlying structure of the function.

Formula (3.142): In the similar manner of (3.141) and by applying the identities
cot(ix)= -icoth(x) and cot(a+b)=(cota cotb - 1)/(cota + cotb), we derive formula
(3.142). Moreover, the expression on the right side of (3.142) can be written in
terms of its real and imaginary parts by multiplying both the numerator and
denominator by (icot(nx/2)+coth(xIny)) as demonstrated below:

i+coth(xlny)cot(%) lCOt( 5 )+coth(xlny)

Cot(ix,iy):
icot(%)—coth(xlny) 1cot( 5 )+coth(xlny)

:Cot( 5 )(1 coth (xlny))—zcoth(xlny)(1+cot2(%)) e
Cotz(xlny)+coth2(%)

COt( > )(1 coth’(x, y))—icoth(x, y)(1+cot2(%))

= (3.142b)
cotz(x,y)+coth2(%)

Formula (3.143): Applying the substitutions x = ix and y = iy in (3.87) gives
sinh(ix,iy)=sinh[ixIn(i y)]

:sinh[ixln(y)—ﬂ]

=sinh(ixlny)cosh(n2x)—s nh( 5 )cosh(lxlny)
=isin(xlny)cosh(n2x)—s nh( 5 )cos(xlny)
=—sinh(%)cos(x,y)+icosh(%)sin(x,y)
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Formula (3.144): Making the substitutions x = ix and y = iy in (3.83) gives
cosh(ix,iy)=cosh[ixIn(iy]]

:coshlixln(y)—%]
:cosh(ixlny)cosh(%)—sinh(%)sinh(ixlny)
=cos(xlny)cosh(%)—isinh(%)sin(xlny)
=cosh(%)cos(x,y)—isinh(%)sin(x,y)

Formula (3.145): Applying the substitutions x = ix and y = iy in (3.91) gives

tanh(ix,iy)=tanh[ixIn(iy)]

=tanh[ixln(y)—%]

tanh(ixlny)—tanh(%)

1—tanh(ixIn y)tanh(%)

itan(xlny)—tanh(%)

1—itan(xIn y)tanh(%)

itan(x,y)—tanh(%)

l—itan(x,y)tanh(%)

Formula (3.146): Substituting x and y with ix and iy in (3.95) gives
coth(ix,iy)=coth[ixIn(iy]]
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:coth[ixln(y)—%]

coth (i xIn y)coth(%)—l

coth(ixlny)—coth(%)

—icot(xIn y)coth(%)—l

—icot(xlny)—coth(%)

icot(x,y)coth(%)+1

TXx

icot(x,y)+coth(7)

Example. Evaluate cot(i/3,4i)
Solution. By substituting x = 1/3 and y = 4 into (3.142) and (3.142a), we obtain:

. . 1/3 . -1/3
Cot(é,m):% ((?:))1/;((1.1))1/3 ~—0.903666—i1.107633
1 —I\1

and

cot E 1—coth? Zln2 —icoth glr12 1+cot’ n
(i ‘ ) 6 3 3 6
cot 5,14 =

~—0.903666—i1.107633
cotz(éln 2)+coth2(%)

It follows that

14 (1) _cot(%)(1—c0th2(§ln2))—ic0th(§ln 2)(1+c0t2(%))

. \1/3 . \-1/37
14" [i4) cotz(%)+coth2(§ln2)

~ | =

b
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9.31/291/3 (44/3_1)
4473 94341 —1 4473 943417

where the real and imaginary parts can be evaluated explicitly in closed form.

Section 3-16. Fundamental Inverse Functions

In this section, we delve into discovering the inverse functions of the extended
trigonometric and hyperbolic functions. The notations for these inverse functions
are defined in Table 2 below.

Table 2—-Notations for Inverse Extended Trig & Hyperbolic Functions
Inverse Extended Trigonometric Functions Inverse Extended Hyperbolic Functions
Function Inverse Function Function Inverse Function
1. cos(X, y) arccos(x, y) or cos'(x, y) 7. cosh(x, y) arcosh(x, y) or cosh*(x, y)
2. sin(x, y) arcsin(x, y) or cos(x, y) 8. sinh(x, y) arsinh(x, y) or sinh}(x, y)
3. tan(x, y) arctan(x, y) or tan*(x, y) 9. tanh(x, y) |artanh(x, y) or tanh'(x, y)
4. cot(x, y) arccot(x, y) or cot™(x, y) 10. coth(x, y) |arcoth(x, y) or coth(x, y)
5. sec(X, y) arcsec(x, y) or sec’(x, y) 11. sech(x, y) |arsech(x, y) or sech(x, y)
6. csc(x, y) arccsc(x, y) or sec’'(x, y) 12. csch(x, y) |arcsch(x, y) or csch™'(x, y)

In addition, the notation x,y is identical xIn(y), namely

x,y=xIn(y). (*notation*)

We use this notation in finding the inverse functions.

3-16-1. Inverse Extended Hyperbolic Functions

A. Inverse Extended Hyperbolic Cosine Function - arcosh(x,y)
Definition. The function arcosh(x,y) (also written cosh™(x,y)) is defined as the
inverse of the extended hyperbolic cosine function cosh(x,y). We write

f(x,y|=arcosh(x,y)=cosh'(x, y). (3.147)
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The domain and range are:
* Domain: X,y € R, xIn(y) € [1,0) and y > O,

* Range: arcosh(x, y) € R or -oo < arcosh(x, y) < co.

Note: Since cosh(x,y) = cosh(xlny), its inverse inherits the standard domain and
range associated with the inverse hyperbolic cosine function.

Theorem 48. The inverse of the extended hyperbolic cosine function is

arcosh(x, y)=1In (x In(y)+Vx*In*(y)— 1)=cosh_1 (xIny)=cosh™(x, y) (3.148)

for x, y € R, xIn(y) € [1,0) and y > 0.

Proof
Definition (3.147) gives

f=arcosh (x, y)=cosh™(x, y],

from which it follows that

(x,y)Exln(y)=cosh(f)=«xln(y)=%(ef+ef)

Rearranging terms yields a quadratic equation in e":

el —2xInye'+1=0.

By solving the equation for ¢/, we obtain

el=xIny+V(xlnyf—1 forxin(y)>1andy > 0.

By taking logarithm of both sides and choosing the positive branch, we obtain

f:ln(xln(y)+m)-
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By substituting f with arcosh(x,y) gives

arcosh(x, y):1n(xln(y)+vlenz(y)—l):coshfl(x,y) for x, y € [1,00) and y > 0.

Note: When y equals e, this reduces to usual inverse hyperbolic cosine, namely

cosh™'(x,e)=cosh™' x=In[x+Vx*—1] for x>1.

B. Inverse Extended Hyperbolic Sine Function — arsinh(x,y)
Definition. The function arsinh(x,y) (also written sinh’!(x,y)) is defined as the
inverse of the extended hyperbolic sine function sinh(x,y). We write

f(x,y)=arsinh(x, y)=sinh '(x,y) forallx,y €/ and y>0. (3.149)

The domain and range are:
* Domain: x,ye Randy > 0,

* Range: arsinh(x,y) € R or -0 < arsinh(x,y) < co.

Theorem 49. The inverse of the extended hyperbolic sine function satisfies the
relation

arsinh(x, y)=1In (x In(y)+Vx’ lnz(y)+1)=sinh71 (xIn y)=sinh™'(x, y), (3.150)

forx, y e Randy > 0.

Proof
Definition (3.149) gives

f =arsinh (x, y)=sinh ' (x, y),

from which it follows that

(X, y)=xIn{y|=sinh f] = xIn(y)=>[e' e /]
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Rearranging the terms yields a quadratic equation in e:

e’’—2x1In Ayef—1=O

Solving for e" from the quadratic equation gives

el=xlny+V(xIny/+1 forx,yeRandy > 0.

By taking logarithm of both sides and choosing the positive branch, we obtain

f:ln(xln(y)+\/m)-

Substituting f with arsinh(x,y) gives

arsinh(x, y):ln(xln(y)+\/lenz(y)+1)=sinh_1(x,y) for x, y e Randy > 0.

Note: When y equals e, it gives

arsinh(x,e) = arcsinh(x) =sinh ™' (x)=In[x+Vx*+1] for x € R .

C. Inverse Extended Hyperbolic Tangent Function - artanh(x,y)
Definition. The function artanh(x,y) (also written tanh!(x,y)) is defined as the
inverse of the extended hyperbolic tanh function. We write

f(x,y)=artanh(x,y)=tanh™'(x,y) forall xIn(y) €(—1,1) and y>0. (3.151)
The domain and range are:
* Domain: xln(y) € (-1, 1) and y > 0,

* Range: artanh(x,y) € R or -0 < artanh(x,y) < co.

Note: Since tanh(x,y) = tanh(xlny), its inverse inherits the standard domain and
range associated with the inverse hyperbolic tangent function.
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Theorem 49. The inverse of the extended hyperbolic tangent function satisfies the

relation

1+xIny

artanh(x,y) = % In (1 “xiny

)=tanh_1(x In y)=tanh™'(x, y)

for -1 < xIn(y) < 1andy > 0.

Proof
Definition (3.149) gives

f=artanh(x,y)=tanh_1(xln(y))=>xln(y)=tanh(f),

from which it follows that

f_ -f 2f
Xln()’):ef e,f :ezf 1 = xln(y)e2f+xln(y):ezf—1.
e'+e e'+1

Solving for e* from the equation gives

of _1+xIny
1-xIny

Taking logarithm of both sides and solving for f:

1 1+xIny
=—In[{———|,xInye(-1,1) and y > 0.
=3 n(l—xlny)’xny (=1,1) andy

By substituting f with artanh(x,y), we obtain

1+xIny

artanh(x,y) = % In ( I —xIny

)ztanhl(x,y), xIny€e(—1,1) andy > 0.

(3.151)

Remark 3.4.12. Through the analysis of the functions cosh(x,y), sinh(x,y) and
tanh(x,y), we see that their inverse functions retain the standard properties of the
corresponding hyperbolic functions, differing only in their domains and ranges.
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Similarly, any additional extended hyperbolic functions will exhibit the same
fundamental characteristics as the classical hyperbolic functions.

Next, we only outline a summary of the theorems and formulas for each
inverse extended hyperbolic function, along with related trigonometric
functions.

D. Inverse Extended Hyperbolic Cotangent Function - arcoth(x,y)
Theorem 50. The inverse of the extended hyperbolic cotangent function is

xIn(y)+1

1
arcoth(x,y) = 5 In (x In(y)—1

):coth_l(xln y) (3.152)

for y > 0 with -0 < xIn(y) < -1 or 1 < xIn(y) < co.

Proof
The proof proceeds similarly to #4 (Theorem 49).

E. Inverse Extended Hyperbolic Secant Function - arsech(x,y)
Theorem 51. The inverse of the extended hyperbolic secant function is

1+vV1—x"In’(y)

xIlny

arsech(x,y):m( ):sech_l(xln(y)):sech_l(x,y), (3.153)

for0 <xIn(y)<1,y>0,x#0ory # 1.

Proof
Let f be the inverse hyperbolic secant function. Then we have

2 2¢

elve !’ eT41’

f=sech™'(x,y)=sech™'(xIny)=xIn(y|=sech(f)=

from which we obtain the quadratic equation in f:

xln(y)e2f—2ef+xln(y)=0
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Solving for €' from the equation and then taking logarithm of both sides gives

f=ln( 1+\/1—x21n2(y))

xIn(y]

Replacing f with sech™(x,y) gives

1+\/1—x21n2(y)),

sech '(x,y)=In
xln(y)
where

y>0, xIn(y]#0 ~ Jy>0,x#0 ory#1
1-x’In*(y)=0 IxIn(y)| <1 '

F. Inverse Extended Hyperbolic Cosecant Function — arcsch(x,y)
Theorem 52. The inverse of the extended hyperbolic cosecant function is

1 + 1
XlIly lenz(y)

arcsch (x, y)=In +1|=csch™'(xIn(y)]=csch™*(x, y) (3.154)

forx,ye Rwithy >0, x#0ory # 1.

Proof
The proof proceeds similarly to #5.

3-16-2. Inverse Extended Trigonometric Functions

Since the extended functions with two variables are based on the classical
trigonometric functions, their domains and ranges coincide with those of the
corresponding classical functions. The same applies to the inverses of the extended
trigonometric functions. In the sections that follow, we express these inverse
functions in exponential and logarithmic form. Although written in complex
notation, each formula agrees with the usual real inverse trigonometric function
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when restricted to the real axis and interpreted on the principal branch of the
logarithm.

A. Inverse Extended Sine Function - arcsin(x,y)
Theorem 53. The inverse of the extended sine function is

arcsin(x, y):Tlln( ixlny+y l—lenzy):sinfl(xln y)=sin""(x, y) (3.155)

for -1 < xIn(y) <1 and y > 0. Notice that when restricted to real arguments in the
classical domain, it coincides with the usual real inverse trigonometric function. This
is because the logarithmic representation is interpreted on the principal branch.

Proof
Let f be the inverse of the extended sine function. Then we have

f=sin"'(x,y)=sin"'(xIn y) :xln(y):sin(f):%(eif_e—if),

from which we obtain the quadratic equation in e":

ezjf—Zixln(y)eif—lzo

Solving for e from the equation gives

eif=ixln(y)i\/1—x21n2(y)

Taking logarithm of both sides and choosing the positive branch (+) gives

f:%ln(ixln(y)im)’

where
y>0 - |y>0
x’In’(y)—1=0 IxIn(y)|=1.

By substituting f with sin"}(x,y), we complete the proof.
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B. Inverse Extended Cosine Function - arccos(x,y)
Theorem 54. The inverse of the extended cosine function is

arccos(x, y):iiln( xIn y+ivli—x’ lnzy)zcosfl(xln y)=cos '(x, y] (3.156)

for -1 <xIn(y) <1andy > 0.

Proof
The proof is in a similar manner to #1.

C. Inverse Extended Tangent Function - arctan(x,y)
Theorem 55. The inverse of the extended tangent function is

arctan (x, y):%ln(

i—xIny

o1 1
xIny )—tan (xIny)=tan"'(x, y) (3.157)

for x, y € R withy > 0.

Proof
Let f be the inverse of the extended sine function. Then we have

if  —if Q21

f=tan '(x,y)=tan '(xIny] :xln(y)ztan(f)zi(eif+e_if>=l_(eZif_l_l),

from which we obtain the quadratic equation in e':
i(eZif+1)xln(y):e2if—l
2if

Solving for e“" from the equation gives

o2l — 1+ixln(y) _i—xln(y)
1—ix1n(y) i+x1n(y)'

By taking logarithm of both sides, we obtain
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f=i.ln(Ln(y))

2i i+xIn(y)

By substituting f with tan™!(x,y), we complete the proof.

D. Inverse Extended Cotangent Function - arccot(x,y)
Theorem 56. The inverse of the extended cotangent function is

arccot(x,y)=%ln(%)=cot_l(xln y)=cot ' (x, y] (3.158)

for x, y € Rwithy > 0.

Proof
The proof is similar to that of #3.

E. Inverse Extended Secant Function — arcsec(x,y)
Theorem 57. The inverse of the extended secant function is given by

arcsec(x,y):illn(xliwﬂw 1){21;—2()1)):sec1(x1n y)=sec '(x, y) (3.159)

for x, y € R with y > 0, |xIn(y)| = 1. Notice that |xIn(y)|= 1 implies both x#0 or
y+1.

Proof
Let f be the inverse of sec(x,y). Then we have

f=sec(x, yl=sec”(xIn )= xIn[y|=sec(f|=—*—,
e +te

from which we obtain the quadratic equation in e:

xIn(y)e’’—2¢e'"+x1n(y)=0.
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Solving for e from the equation gives

eif:+(1+\/1—x2ln2(y)): 11 vi1o— L

Taking logarithm of both sides, we obtain

1 1 [
f_iln(xln(y)H 1 lenz(y))'

Replacing f with sec(x,y) completes the proof.

F. Inverse Extended Cosecant Function - arccsc(x,y)
Theorem 58. The inverse of the extended cosecant function is given by

1

1- +
x’In’(y] xIny

=csc '(x,y)=csc(x, y) (3.160)

arcesc (x, y)=%ln

for x, y € R with y> 0, |xIn(y)| = 1.

Proof
The proof is similar to that of #5.

Remark 3.4.13. The functions and their inverses (if they exist) exhibit symmetry
about the bisector of the initial angle or the function f(x) = x. It means that the
graph of f! is obtained by reflecting the graph of f across the line y = x. If both
equations holds for all x in the appropriate domains, then f and f! are indeed
inverses. Similarly, for all extended trigonometric and hyperbolic functions
with two variables, the symmetry extends to their inverse counterparts
over the function f(x,y) = xIn(y). To verify that f and f* are true inverses, we
must check two fundamental identities: f(f'(u)) = u and f*(f(u)) = u. Let’s take an
example, f(x,y) = sin(x,y) and g(x,y) = sin'(x,y). Let u = xIny, which is bisector.
Indeed, we have:

f(g_l(u))zsin(x,y)osin_l(x,y)zsin(xln y)osin'(x1In y)zsin(sin_l(xln y)):xlny,

g '(f(u))=sin""(x, y)osin(x, y)=sin"'(xIn y)osin(xIn y)=sin"(sin(xIn y))=xIny.
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Section 3-17. Identities of Extended Trig & Hyperbolic Functions

Since the extended functions are the trigonometric functions and hyperbolic
functions, all identities of the trig & hyperbolic functions continue to hold true when
applied to them. We demonstrate some basic identities of them in this section.

3-17-1. Pythagorean identities in x

cos’(x, y)+sin’(x, y|=1 (3.162)

cos(2x, y)=cos*(x, y)—sin’(x, y)=1—2sin’(x, y)=2cos’ (x, y)—1 (3.163)

cosh?(x, y)—sinh*(x, y)=1 (3.164)

cosh (2 x, y)=sinh*(x, y)+cosh®(x, y]=2sinh*(x, y)+1=2cosh’(x, y)—1 (3.165)
3-17-2. Angle sums and differences in x

cosh (x,£x,,y|=cosh(x,, y|cosh(x,, y)+sinh(x,, y|sinh(x,, y| (3.166)

sinh (x,*£x,,y)=sinh(x,, y)cosh|(x,, y)£sinh(x,, y|cosh(x,, y) (3.167)

All trigonometric relationships apply consistently to x. Our next exploration focuses
exclusively on the relationships governed by the variable vy.

3-17-3. Angle sums and differences in y

In the following, we demonstrate some identities of the angle sums and differences
iny. For x, yi, and y. are real, we obtain:

cosh(x,y1)+cosh(x,y2)22cosh(%,yl-yz)cosh(g,&)ZZCOSh(x,\/yl-yz)cosh(x,\/%) (3.168)
2

Yo

|

cosh(x,yl)—cosh(x,yZ)ZZSinh(g,yl-yz)sinh(g,%):%inh(x,v"yl'yz)sinh(x,vﬁ) (3.169)
2 2

sinh(x,y1)+sinh(x,y2)=251nh(§,y1-yz)cosh(g,&)ZZSinh(x,\/yl'yz)cosh(x,\/%) (3.170)
2

2
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2cosh(%,yl-yz)sinh(g,ﬂ)ZZCOSh(x,\/yl-yz)sinh(x,\/%) (3.171)
2

sinh(x,yl-yz)
cosh(x,yl)COSh(X,YZ)

sinh x,ﬁ
Yo

cosh(x,yl)COSh(X,)’z)

sinh(x,yl-yz)

coth(x, y,|+coth(x, y,)=

coth(x,yl)—coth(x,)/g):

Proof
1. Formula (3.168)

We have:

sinh(x,yl)siﬂh(X,)’z)

sinh x,&
Yo

sinh(x,yl)siﬂh(X,J’z)

cosh(x, y,)+cosh(x, y,]=cosh(xIn y,|+cosh(xIn y,)

or

2. Formula (3169)

It follows the similar proof to that of formula (3.168).

=2cosh(
2

X X
=2cosh(51n(y1-y2))cosh(§ln )

X x Jy
:2COSh(E,y1'YQ)COSh(E,y—1

xIny,—xlny,

xlny,+xlny, yz)cosh(

)oryl*y2>0andyz¢0.

(3.172)

(3.173)

(3.174)

(3.175)

=2cosh(x,\/y1-y2)cosh(x,\/%) , for yixy>> 0 and y, # 0.
2
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3. Formula (3.170)
We have:

sinh(x,y1)+sinh(x,y2)=sinh(xln y1)+sinh(xlny2)

:Zsinh(xlnyl-;xlnyz)Cosh(xlnyl—xlnyZ)

2

Yo

o X X y
_2smh(51n(yl-ln yz))cosh(iln(—l))

=251nh(§,y1'y2)cosh(§,%) , foryisy. >0andy, # 0

2

or

:Zsinh(x,v"yl'yz)cosh(x,\ﬂ

) , foryixy, > 0 and y. # 0.

2

4. Formula (3.171)

It uses a proof that is similar to the one for formula (3.170).

5. Formula (3.172)
We have

tanh(x,y1)+tanh(x,y2)=tanh(xln y1)+tanh(xln yz)

B sinh(xln yl) N sinh(xln yz)

B cosh(xln yl) Cosh(xln yz)

B sinh(xln yl)cosh(xln y2)+sinh(xln y2)cosh(xln yl)

cosh(xln yl)cosh(xln yz)

sinh(xlny1+xlny2)

- cosh(xIny,)cosh(xIn y,|

B sinh(xln(yl'yz))
~ cosh(xIny,|cosh(xIny,)
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_ sinh(x,yl'yz)
cosh(x,yl)COSh(X,h)

6. Formulas (3.173), (3.174) and (3.175)
It follows the similar proof to that of formula (3.172).

Even though there are still many relations to look into, we will stop our exploration
of this Section 3-17 here. We are introducing our readers to the extended
trigonometric functions that involve three variables, along with their inverse
functions.

Section 3-18. Extended trigonometric and hyperbolic functions with
three variables

This section has been edited by Tracy Vu, Tiffany Vu and Trista Vu. The project
presents the results obtained within a work in progress. We want to publish all the
unfinished findings here. There are undoubted mistakes in this section that we have
yet to identify. They may come either from mistakes made by the author during the
development of the formulas or from inaccuracies introduced when converting the
author’s original notations.

We have devised formulas for extending trigonometric and hyperbolic functions to
encompass three variables. The motivation behind this endeavor is to explore the
variations in the extended trigonometric and hyperbolic functions with two
variables. Below, we provide the definitions and a summary of these newly
discovered formulas.

3-18-1. Definitions of the extended hyperbolic functions with three
variables

For real values of x, y, and z with y > 0, the definitions of sinh(x,y,z), cosh(x,y,z),
tanh(x,y,z), coth(x,y,z), csch(x,y,z) and sech(z,y,z) are defined as

sinh x, y,2)=>(y*~2-y7), (3.176)
Cosh(x,y,z):%( X+zy_x), (3.177)
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tanh(x,y,z):%, y'+z-y *#0,
COth(X,y,Z):%, y'—z-y *#0,
2 X —X
CSCh(X):m, y —z-y %0,
and
\ 2 X =
S@Ch(X)—ﬁ, y +tz-y #0.
y tz'y

Chapter 3
(3.178)

(3.179)

(3.176 a)

(3.177 a)

Note: The original notations for the sinh and cosh formulas used by the author are

defined as

sinha,b(x):%(ax—b-a_x). and Cosha,b(x):%(a’%b-a_x).

3-18-2. Relations of the extended functions between two variables and

three variables

The extended hyperbolic functions with three variables are expressed in terms of

two variables:

sinh(x,y,z):;—{(1+z)sinh(x,y)+(1—Z)COSh(X:)’)}’
Cosh(x,y,z):%{(1+z)cosh(x,y)+(1—z)sinh(x,y)},
1+z
tanhu,y,z>:<1+z>tanh(x,y>+<1—z):(E)ta“h(x’””
(T+2)+(z=1]tanh[x, y) (TZ )_tanh<x,y>
Coth(x,y)— 1_'__2
coth(x, y,z|= (1 Z) )

1-z
1+(1+z )coth(x,y)

(1+z)coth(x, y)+(z—1)

(1+z)+(1—z)coth(x, y)
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_(Ztll )th(x’ym _ (3.185)

2
h(x)= 3.180
cschlx] (1+z)sinh(x, y)+(1—z)cosh(x,y)’ ( a)
and
2
hix)= 3.181
sech(x) (1+z)cosh(x, y|+(1—z)sinh(x, y)’ ( )
Proof
1. Formula (3.180): We use formula (3.117a) to prove formula (3.180) as
follows:
sinh(x,y,z)= %(yx—ly_x)
%[cosh(x y)+sinh(x, y|— (cosh(x,y)—sinh(x,y))]
Z%[(l z)cosh(x,y)+(1+z)sinh(x,y)]

2. Formula (3.181):

cosh(x,y,z)Z%(yX+Z y_x)

[cosh(x y)+sinh(x, y)+z(cosh(x y)— sinh(x,y))]

I\Jlb—‘ I\JlH

[(1+z)cosh(x y)+ (1—z)sinh(x,y)]

3. Formulas (3.182) to (3.185): Proceeding in the same manner as above yields
formulas (3.182) to (3.185).
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Example. Prove that

tanh(x,y,z)Z—Smh(X’y’Z) : (3.186)
cosh(x,y,z)

Solution

By definition (3.178), we have

tanh|x, y,z)=4 "2 Y
ytzy

_%(yX—Z'yX)

1 X —X
Syezy7)

_sinh(x,y,z]
cosh(x,y,z)

coshlx, vy,
By proceeding in the same manner, we obtain coth(x,y,Z)=M

- , from which it
sinh(x, y,z)
follows that
1

tanh(x,y,z)=——F— . 3.187

anhx, y,z] coth(x,y,z) ( )
Example. For real x, y > 0 and z > 0, show that

Vzcosh| tanh ™[ =2 4 xin y |= L (y 42y, (3.188)

1+z 2

Solution

The given expression must satisfy the following conditions:

—00< X <00
—00< X<00 —2Z >0
1+z
1—2z —00< X <00
—1< <1 2
1+z = —>0 = y>0
1+z
y>0 0 z>0
z=0 y=>
z=0
z#—1
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Formula (3.181) gives

Cosh(x,y,z)Z%[(z+1)cosh(x1n y)+(1—z)sinh(x In y)}

1—z

_z+l 2z
== {cosh(xlny)+(1+Z

Let a be a real number and suppose

1—-z
Z+1—tanh(a),

from which it follows that

a:tanh_l( 1_2).

1+z

By squaring both sides of (*), we have

(1-z)
(1+z)2

2
—tanh?(a )= cosh’(a)—1

cosh’(a)

Solving for cosh(a) in terms of z yields

1+z
hla)|=—=
Cos (0() 272

)sinh(xlny)}

Chapter 3

(3.1884a)

*)

(**)

(3.188b)

By substituting (1—z)/(1+z)=tanh(a) in (3.194a), we have:

cosh(x,y,z):%[cosh(xln y)+tanh (a)sinh(x1n y)]

_ z+1
2cosh(a

z+1

= 2%l osh(a+x]
2COSh(O{)cos (a+xIny)
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By substituting expression cosh(a) from (3.194b) and a from (**) in the above
expression, we obtain

1—z

_ -1
Cosh(x,y,z)—\/zcosh(tanh (—z+1 )+xln y)

for x e R, y > 0, z > 0. The combination of the result with definition (3.177)
completes the proof.

Exercise. For real x, y > 0 and z > 0, show that

VZ

cosh(x,y,z):\/gcosh +cosh™ 1*z +xIny =+/zcosh| cosh™ if +xlny|.
Z\TZ 2

Example. For real x, y > 0 and z # 0, show that

%(z-y"+y"):%cosh(x,y,%)

Solution

l(Z'yx+y”)=i yx+ly”
2 27 z

3-18-3. Alternative definitions of the extended hyperbolic functions with
three variables

For real values of X, y, and z with y > 0, the alternative definitions of sinh(x,y,z),
cosh(x,y,z), tanh(x,y,z), coth(x,y,z), csch(x,y,z) and sech(x,y,z) are defined as
follows:

sinh(x,y,z)szsinh(tanh1( 11+

Z)+xlny),for all x,y,zwithy>0,z>0. (3.189)
z
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Cosh(x,y,z):x/gcosh(tanh_l(%)+xln y),for allx,y,zwithy>0,z>0. (3.190)

z

tanh(x,y,z):tanh(tanh1(%)+xln y),for all x, y, zwithy >0,z >0. (3.191)
z

1-z

1+ )+x1ny), X,y,z€ER withy >0,z >0, sinh(x,y,z);éO (3.192)
z

coth(x,y,z)zcoth(tanh_l(

cschlx,y,z)= 1 , X,y,ZER withy >0,z > 0, sinh(x,y,z)#0 (3.189a)
Vzsinh( tanh ™ 1=z ) e
Yy
1+z
sech(x,y,z)= 1 , X,y,2€ER withy >0,z >0, (3.190a)
Vzcosh| tanh ™Y =2 }xIn
Yy
1+z
Proof

1. Formula (3.189):
By formula (3.180), it follows that

sinh(x,y,2)2;—{(1+z)sinh(xlny)+(1—z)cosh(xlny)}
= ﬂsin xIn +£cos XxIn *
—ﬁ[(m) h{xIny) (M) h{x1 y)] (*)

Let « be a real number and suppose that

1-z
2z

sinh (o )=

Applying cosh®(a)—sinh*(a)=1 to solve for cosh(a), we get

cosh(a):+£ for z <1, according to sinh(a) > 0,
2z
or
1+z . .
cosh(a)=—=—= for z>1, according to sinh(a) < 0.
2z
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By using tanh(a)=sinh(a)/ cosh(a), we obtain
(The sign of sinh(a) is the same with tanh(a). )

tanh(a)zl;,
1+z
from which it follows that

O(:tanhl( 1=z .
1+z

|

(1—z)/2Vz=sinha and a=tanh '[(1—z)/(1+z]],

a. By substituting (1+z)/2vVz=cosha,

we have
sinh(x, y,z)=vz(sinh(xIn y)cosh a+sinha cosh(x1In y)]

=+/zsinh(a+x1n y)
. 11—z

= zsmh(tanh (—)+xlny),
1+z

where X, y and z are real numbers with

—0 < X <00
y1>_0 —0 < X <00
—1<—2<1 > y>0
1+z
z>0.
z#—1
z=>0

b. Furthermore, by replacing a with sinh?, we obtain
(3.1894a)

sinh(x,y,z:):\/;sinh(sinh](1_Z>+xlny),
2Vz

where X, y, z are real numbers with

—00 < X <00
y1>—0Z —00< X <0
—00 < < 00 = y>0
2Vz 20,
z#0
z=0
\
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c. And by replacing a with cosh™, we get the following results:
Casel1l (z<1):

sinh(x,y,z):\/gsinh(+cosh1(;%)+xln y), (3.189b)
z

where x, y, z are real numbers with

—00< X <00
10 freenc

15T< = y>0
ZZ;éZO 0<z<1.
z>0

Case2 (z>1):
sinh(x,y,z):ﬁsinh(—cosh1(#)+xlny), (3.189¢)
z

where X, vy, z are real numbers with -oo < x < o0,y >0, and z > 1.

2. Formula (3.190):
Similarly, by formula (3.181), it follows that

cosh(x,y,z):%[(1+z)cosh(x,y)+(1—Z)SiHh(X:Y)}

:&[(;*—é)cosh(xlny)+(%)sinh(xlny)]

Let a be a real number and suppose

1-z
24z’

sinh(a)=

from which it follows that
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cosh(cf):+ﬂ for z<1, according to sinh(0)>0,
2z
1+z . .
cosh(o)]=——= for z>1, according to sinh(o)<0.
2z

By using tanh(a)=sinh(a)/ cosh(a), we obtain

1-z
hial=
tan (a) 177

from which it follows that

a=tanh_1( 1_2).
1+z

Chapter 3

By substituting (1+z)/2Vz=cosha, (1—z)/2vVz=sinha and a=tanh '[(1—z)/(1+z]], we

have
cosh(x,y,z)=vz{cosh(xIn y)cosh a+sinhasinh(x1In y)}]

=vzcosh(a+xIny]
~1[1—z
= zcosh(tanh (—)+xlny),
1+z

where X, y and z are real numbers with

—0 < X <00
y1>_0 —00< X <0
—1<—2<1 = y>0
1+z
z > 0.
z#—1
z=>0

In addition, by replacing a with sinh™*, we obtain

cosh(x,y,z):vgcosh(sinh]( ;_g )+xln y),
VZ

X

= zcosh(ln Y )

Ny
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where X, y, z are real numbers with

—00 < X <00
y1>_OZ —o00 < X <00
—00 < < 0 = >0
2z ’
z>0.
z#0
z>0

By replacing a with cosh™, we get the following results:

Casel (z<1):
1 1+z
cosh(x,y,z)=vzcosh|+cosh™'| —= |+xIny |, (3.189b)
2Vz
where X, y, z are real numbers with
—0< X<
y>0 —0<x<
1+z y>0
1<——=«<
2\/2 ® ~ z>0
z#0 z<1.
z=>0
(3.189c¢)

Case2 (z>1):
1 14z

h(x,y,z)=vVzcosh|—cosh™'[=—= |+xIny|,

cosh (x y z)=vzcos ( Cos (2\/2) xny)

where X, y, z are real numbers with -oco < x < o0,y >0, and z > 1.

3. Other formulas: By applying formulas (3.186) and (3.187), we easily derive
formulas (3.191) and (3.192). Use definitions (3.176a) and (3.177a), we prove

that
1 1
h 3 b = b
) and sec (X y Z) COSh(X,y,Z)

h =
¢ (x,y,z) sinh(x,y,z

from which it follows that formulas (3.189a) and (3.190a) can be derived from
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formulas (3.189) and (3.190).

Exercise. Verify that

1 =— 2 —, (3.189d)
ﬁsinh(tanh_l(l;z)+xlny) ¢-ze
1+z
1 S— (3.189¢)

. x+ —-x?
ﬁcosh(tanh_1(¥)+xlny) eree
1+z

where X, y, and z are real numbers withy, z > 0 and z # -1.

3-18-4. Inverse extended hyperbolic functions with three variables

The inverse functions of sinh(x,y,z), cosh(x,y,z), tanh(x,y,z) and coth(x,y,z) are
defined as:

Sinh1(X,y,Z):1H(arCSinh(y§y)+\/arcsinh2(yzzy)+1) (3.193)
:sinh_l(sinh_l(%)) (3.193a)
cosh™'(x,y, z)=1n(arccosh(%)+\/arccoshz(%)1) (3.194)
=cosh_1(cosh_1(y+%)) (3.194a)
1_
tanh(xlny)+1+
1+tanh™' z
1-z
1—tanh (x In y)( )
. 1 1+Z
tanh (x,y,z)ziln (3.195)
tanh(xlny)+1:
1—tanh™' . z
1—tanh(x1 _~
anh (x ny)(1+z )
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=tanh '| tanh '

tanh (

xlny)+1_
1+z

1—tanh(x1In y)(

1+z

3

(3.1954a)

coth(xlny)—(i_:zz)

coth™*

1+(1
1+z

—Z

)Coth(xln y)

+1

coth_l(x,y,z)Z;—ln

coth™!

Coth(xlny)—(l_z)

1+z

=coth '| coth™!

1+(1
1+z

coth (x In y)—(

—Z

)coth(xln y)

1-z
1+z

1+ 1=
(1+z

Z

)Coth(xln y)

(3.196)

(3.196 a)

Proof
1. Formula (3.193):

By taking arsinh both sides of (3.176), we have

(x,y,z)zarsinhl%(yx—zy_x)]

(*)

Let f be the inverse of the extended hyperbolic sine function. Then we have

(**)

f =arsinh(x,y,z)=sinh '(x, y,z),

from which it follows that

(x,y,z)zsinh(f)Z%(ef—e_f)

Solving for f in terms of (x,y,z) gives
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ef:(x,y,z)ﬂ/(x,y,z)z—l

Taking logarithm of both sides gives

f:]'n[(x’y’z)+“(X’y’Z)Z_]‘:I (***)

Substituting expression (*) in (***) then combining the result with (*) gives

sinh](x,y,z):hl(arsinh<%(yx—zyX))+\»arsinhz(%(’yx—zyX))—l)

:smhl(smhl(gyx_zyx))).

2. Formula (3.194): Proceeding in the same manner as #1 yields formula
(3.194).

3. Formula (3.195):
Let f be the inverse of the extended hyperbolic tangent (tanh(x,y,z)). Then we have
f=tanh'(x,y,z], (*)
from which it follows that

_ _ef—eff_ezf—l
(X:yyz)_tanh(f)_ ef+e_f - €2f+1

Solving for e* for the above equation gives

o2 = 1+(x,y,z
1—(x,y,z)

Taking logarithm of both sides gives
f:;m(w) )

2 \1-(x,y,z)
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Rewriting formula (3.182) in terms of tanh(xIny) and (1-z)/(1+z) gives

—Z
+Z

tanh(xlny)+11

tanh(x,y,z)=

1—tanh(x1In y)( 11:;)

Applying artanh of both sides gives

tanh(xlny)+E
(x,y,7)=tanh”" L ()

1-2z
1—tanh(x1
tan (x ny)(1+z)

Substituting expression (**) in (*) and then combining with (*) yields

tanh(xlny)+i;z

1+tanh ' B
1-z
l—tanh(xlny)(—)
-1 _ 1 1+z _ 1
tanh (x,y,z)—zln - —Eln
tanh(xlny)+1TZ
1—tanh™ z

1—z
1—tanh(x1 _—
anh(xIn y)( 1+Z)

1+tanh "

z
tanh(x, y)+——
anh(x, y) o

1=z
1—tanh(x, y)| ——
anhx y'(1+z

|

Chapter 3

1—tanh™’

z
tanh +—
anhlx,y| 1+z

1-z
1—tanh(x, y)|—
anh(x y)( o

Expressing the formula in terms of inverse hyperbolic tangent gives

z
tanh(xIny |+ ——
anh(xIny) T2

tanh~'(x,y,z)=tanh™'| tanh~" =tanh ‘| tanh "

1—z
1—tanh(x1
an (x ny)(1+z)

tanh(x, y)+

|

1+z

l—tanh(x,y)(

4. Formula (3.195): Proceeding similarly to #3 yields formula (3.195).
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3-18-5. Extended trigonometric functions with three variables

We present the extended hyperbolic functions with three variables. More generally,
extended hyperbolic functions can be defined for any number of variables, provided
that each variable is associated with a distinct operation within the extended
function.

The extended trigonometric functions with three variables are not derived in this
section. Instead, their extended formulas are listed in the table below as exercises
for the reader to complete this chapter.

Definitions of extended trigonometric functions with three variables
. ]. ix —ix —
sm(x,y,l)zz(y —zy ) sin(x,y,z):\/Esin(xlny—itanh1 11+§))
_1( ix —ix) \ 11—z
COS(X,)’,Z)—E y *zvy cos(x,y,z):\GCOS xIn y—itanh n
z
_1ytozy™ _ (12
tan(x,y,z)—, X e tan(x,y,z)—tan xIny—itanh | —
1 y +Z'y 1+z
] ix+ P P - .
Cot(X,y,Z)Zl% cot(x,y,z):cot(xlny—itanh 1(1 Z))
y —zy 1+z
_ 2i _ 1
CSC(X:y:Z)_ﬁ CSC(X;y,Z)—
yoory \/Esin(xlny—itanh_l(l_z))
1+z
1
sec(x,y,z)]=——"— sec(x,y,z)=
+7- — _
yorey \/zcos(xlny—itanhl(1 Z))
1+z
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Chapter 4

Unraveling the Mystery of the Riemann Hypothesis:
Toward a Complete Proof

his chapter is dedicated to rigorously demonstrating the Riemann Hypothesis

(RH) through purely elementary algebraic methods, namely an endeavor that

has become one of our most exciting undertakings. The Riemann Hypothesis,
one of the most significant unsolved problems in pure mathematics, posits that all
nontrivial zeros of the Riemann zeta function are complex numbers with a real part
equal to 2. This profound conjecture is deeply connected to the distribution of
prime numbers and intersects with numerous fields, including quantum mechanics
and physics. Moreover, the Riemann Hypothesis has intrinsic ties to special
functions such as the Gamma, Zeta, L, and Bessel functions, making it a
cornerstone of modern mathematical research.

The Riemann zeta function itself is a fundamental object in number theory and
complex analysis. Initially introduced by Leonhard Euler in the 18th century in the
context of real numbers, the function was later extended to the complex plane by
Bernhard Riemann in his groundbreaking 1859 paper. Its zeros, particularly those
on the right half of the complex plane, hold a pivotal connection to the distribution
of prime numbers. These zeros are classified into two categories: trivial and
nontrivial. The trivial zeros lie outside the critical strip, positioned at the negative
even integers on the real axis. The nontrivial zeros, in contrast, occur within the
critical strip, where the real part lies between 0 and 1. The Riemann Hypothesis
conjectures that all nontrivial zeros reside precisely on the critical line, where the
real part equals 2. Despite the simplicity of its statement, the underlying reasons
for this behavior remain a profound mystery.

The chapter is organized into four sections to systematically address the Riemann
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Hypothesis and its implications. In Section 4-1, we review the definition and
fundamental properties of the Riemann zeta function, establishing the groundwork
for subsequent discussions. Section 4-2 presents a first proof of the Riemann
Hypothesis, leveraging a rewritten form of the Riemann functional equation.
Building upon this, Section 4-3 introduces a second proof using a simplified version
of the rewritten Riemann functional equation. Finally, Section 4-4 compiles our
findings and offers a final proof and comprehensive conclusion on the correctness
of the Riemann Hypothesis. While working to prove the Riemann Hypothesis in this
section, we encountered a contextual constant, such as an expression that, within
this framework, behaves like a constant. We temporarily designate it as a
“saturation constant” due to its critical role in determining the location of the last
possible nontrivial zero. Based on our analysis, we confirm that no nontrivial zeros
exist beyond this point.

Section 4-1. Definition and Properties of Riemann Zeta Function

This section provides an overview of the definitions, properties and several known
facts of the Riemann zeta function which are credited to the foundational
contributions of various mathematicians.

4-1-1. Definition of Riemann Zeta Function
The Riemann zeta function is denoted C and is defined for complex values of s by
the infinite series!*!!;

b=

1_ +—+i+l+ for Re(s) > 1. (4.1)
k® 3° 4°

This sum was originally studied by Euler for real numbers. It was later extended to
complex numbers by Riemann, who provided its most important properties and the
functional equation in his famous 1859 paper.

4-1-2. Alternative Form of Riemann Zeta Function

The Riemann zeta function can be expressed as an alternative series, known as the
Dirichlet eta function, for complex values of s using an alternative infinite seriest*?!:
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{s)= 1 i (_l)k_l for Re(s) > 0. (4.2)
1_21—5 =1 ks

4-1-3. Riemann Zeta Function with Euler Product Formula

The Riemann zeta function can be expressed in the following product which extends
all over prime numbers p:

Z(s)ziiz H (1—%)1: H 1 — for Re(s) > 1. (4.3)

pprime 1L — P

This product is called the Euler product of the zeta function!®*!, The Euler product
not only establishes a connection between the Riemann zeta function with the
series of prime numbers but also implies that the function has no zeros for Re(s) >
1.

4-1-4. Integral Form of Riemann Zeta Function
The Riemann zeta function can be expressed in the integral form,

1

t* ‘e 'dt forRes>1, (4.4)
r(s)

[s)=

© 38

where I'(s) represents the Gamma function, which is defined as

I'(s)=)t e "dt. 4.5]

O =38

The integral formula extend the definition of the series for Riemann zeta function
involving the Gamma function.

4-1-5. Riemann Zeta Functional Equation

Since the series for the zeta function converges only for Re(s) > 1, Riemann
utilized the integral representation in Section 4-1-4 to extend series (4.1) in the

151



Chapter 4

entire complex plane C by analytic continuation in which the Riemann zeta function
is satisfied the functional equation**!

Z(s)=25n51sin(§)r(1—s)z(1—s) (4.6)

for all s € C except a simple pole at s = 1.

Equation (4.6) holds significant importance in the realm of analytic continuation. Its
fundamental property is the central to modern number theory. It establishes a
profound symmetry within the function, connecting its values at a complex number
s to those at 1—s. This step is crucial as it enables mathematicians to study the
Riemann zeta function across all complex values, including those within the 'critical
strip' where the non-trivial zeros are located. Additionally, it serves to link the
'trivial zeros' at the negative even integers (-2,—4,-6,...) to the pole of the Gamma
function. Essentially, it unifies the trivial and non-trivial zeros of the function,
offering a comprehensive view of its zero distribution. Moreover, it provides the
means to the extension of the Riemann zeta function to the entire complex plane,
unveiling the profound relationship between its values and its zeros, which are
intricately connected to the distribution of prime numbers. In contemporary times,
the Riemann zeta function is recognized as a meromorphic function, a concept that
was significantly advanced in the early 20th century through the contributions of
Finnish mathematician Rolf Nevanlinnat*®l, Overall, equation (4.6) is fundamental to
the study of the Riemann zeta function and is essential for understanding the
distribution of its =zeros, particularly concerning the Riemann Hypothesis.

Conversely, the non-trivial zeros are exclusively found in the {(s) and {(1-s)
functions, where the gamma function enables us to define the zeta function for all
other complex nhumbers, except of a simple pole at s#1.

We notice that the other factors 2°n’ 'sin(ns/2) cannot yield non-trivial
zeros within the critical strip (O<Re(s)<1), which we demonstrate in the
following proof.

Proof
The product factors 2° n°* sin(wns/2) have no nontrivial zeros:
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3. sin(ns/2) has trivial zeros and no nontrivial zeros in the critical strip. Indeed,

we have

a. Trivial Zeros:

sin(%s)ZOﬁ%S:nnﬂsZZn, neZ.

b. No Nontrivial Zeros:

Lets = x + iy, with 0 < x < 1. Then

el o ol

We are looking for x and y such that

sin(%(xﬂ'y)):Ofor 0<x<1/2.

This happens only if both real and imaginary parts vanish:

sin (5) cosh (ﬂ):o
2 2
smh(u)cos(ﬂ):o
2 2

But we have

* sin(%)ZOOHIyifx=O and Cosh(%)>0forally
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* sinh(%)ZOOHIyify=0 and COS(%):OOHIyifX:L

Therefore, we see that both real and imaginary parts cannot be vanish because x
cannot be both 0 and 1 simultaneously. Note that x = 0 or x= 1 is not in the

interval (0, 1/2). Thus, we conclude that none of the factors 2°n’ 'sin(ms/2]
vanish within the critical strip defined by 0<x<1.

4-1-6. Properties of Riemann Zeta Function (Known Facts)

We outline the significant results and properties related to the Riemann zeta
function that mathematicians have explored over the years. We then assign these
properties specific names to facilitate easy referencing purpose throughout this
chapter.

Zeta zero property: The zeros of the Riemann zeta function are classified into
trivial zeros and nontrivial zeros. The trivial zeros are found on the left half-
plane at s = -2n for positive integer n while the nontrivial zeros has been

conjectured in the form of 1/2+it for real r!*"].

. Zeta conjugate and symmetry property: ((s) can be extended to a

meromorphic function on the entire complex plane, having a simple pole at s=

1. It satisfies the complex conjugate identity, {(s)=¢(5)=¢(s)=¢(s), which
demonstrates {(s) exhibits a symmetry with respect to the conjugate pairs!®l,

This follows that if s is a nontrivial zero then so is 5 [see Appendix 4-A-2],
indicating symmetry with respect to the real axis. ((s) also satisfies
relational equation (4.6), which shows that {(s) and {(1-s) are related, indicating
symmetry about the real line Re(s) = 1/2. Indeed, if {(so) = 0 (assuming S,
exists), then ¢{(1-s,) = 0; established results show that nontrivial zeros

occur in quadruples: s Sp,1—5;, and 1-5;.

Riemann xi function: Edmund Landau made significant contributions to the
study of the Riemann zeta function and its analytic properties. Among these
contributions is his use of the Riemann xi function, a reformulation that
streamlines the analysis of the zeta function’s zeros and makes its inherent
symmetries more transparent. The xi function is defined by
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= sls=ar (el (46a)

and it satisfies the functional equation &(s)=&(1-s).

From this definition, one sees that £(s) has no zeros in the half-planes Re(s)>1
or Re(s<0, since ¢(s) has no zeros there and the remaining factors introduce no

additional zeros. Moreover, the identity &(s)=¢&(5), inherits the same symmetry
structure as the Riemann zeta function. In particular, its zeros are symmetric
with respect to both the real axis!*®! and the critical line Re(s)=1/2, reflecting the
deep analytic symmetries underlying the zeta function itself.

. Critical strip property: In 1896, Jacques Hadamard and Charles-Jean de la

Vallée Poussin®®® independently proved that all nontrivial zeros of the Riemann
zeta function lie within the critical strip where 0 < Re(s) < 1, after the
demonstrating there are no nontrivial zeros of the Riemann zeta function for
Re(s) = 1.

Critical line zero property: In 1914, Hardy proved that there are infinitely
many zeros of the Riemann zeta function on the critical line Re(s) = %2 1,

Special Values: By (4.6), we easily derive some special values:

. =1
[=1)=—7
. __1
Zl0)=-1
¢ Z(1)=00

« Other specific values: ¢(2)=r’/6 (Euler), {(4)=n"/90 22

We have outlined some essential properties of the Riemann zeta function and have

inevitably left out much of the extensive history context and the significant

contributions of other mathematicians. For our objectives, we focus on the essential

properties and pivotal contributions that enable us to present a comprehensive
understanding of the Riemann zeta function, allowing us to explore into its
mysteries.
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4-1-7. Riemann Hypothesis

The Riemann hypothesis, introduced by the German mathematician Bernhard
Riemann in his paper titled On the Number of Primes Less Than a Given Quantity,
published in August 1859, conjectures that the Riemann zeta function {(s) equals
zero when the real part of s is 2. In other words, all nontrivial zeros of the
Riemann zeta function lie on the critical line where the real part of s is V2 %3], The
Riemann Hypothesis is one of the seven "Millennium Prize Problems" established by
the Clay Mathematics Institute in 2000 *¥, It remains unsolved and mystery at the
time of writing this book and continues to be a central topic in mathematical
research. Even though we know that there are infinitely many nontrivial zeros of
the Riemann zeta function on the critical line Re(s) = Y2, the Riemann Hypothesis
remains an open question regarding whether all nontrivial zeros lie exactly on Re(s)
= ¥ or if there are zeros elsewhere in the critical strip.

Key Points on Zeros of the Riemann Zeta Function

To summarize, the Riemann zeta function is defined for all complex numbers (C)
except at s = 1. The solutions to the equation {(s) = 0 are categorized into trivial
zeros and nontrivial zeros. The trivial zeros occur when s is a negative even integer.
The nontrivial zeros are proven to lie within the critical strip 0 < Re(s) < 1. All
nontrivial zeros are of the form ¢ * iT, where o and T are real. One important
property is the symmetry of the nontrivial zeros, which appear in conjugate pairs.

In other words, s and the complex conjugate 5 are symmetrically placed about the
real axis where Im(s) = 0. Hardy™" proved that there are infinitely many nontrivial
zeros on the critical line where Re(s) = V2. However, it remains undetermined
whether all nontrivial zeros lie on this critical line. In 2000, the Clay Mathematics
Institute proposed the Riemann Hypothesis, which conjectures that all nontrivial
zeros of the Riemann zeta function have a real part of 2. This hypothesis still
requires a formal mathematical proof.

Up to this point, we have known the key properties of the Riemann zeta function,
including the well-established result that no nontrivial zeros exist outside the
critical strip. In the following sections, our analysis will only concentrate on the
domain 0 < Re(s) < 1, where we want to prove that there are no nontrivial zeros
exist anywhere else in the critical strip except the critical line Re(s) = .
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Section 4-2. Unraveling the Mystery of Riemann Hypothesis
(First Strategy)

In this section we attempt to unravel the mystery of the Riemann Hypothesis by
revising the Riemann zeta functional equation to include only the zeta functions,
excluding the Gamma function. We demonstrate that the nontrivial zeros with each
of its real part are located on Re(s) = 2. We then examine the variations of the
real part of s and apply the Zeta conjugate and symmetry property to show
that a pair of the Riemann zeta functions alone cannot have nontrivial zeros in the
intervals (0, 2) or (2, 0). This leads to the proof that all nontrivial zeros lie exactly
on the critical line Re(s) = Y2, and there are no zeros elsewhere in the critical strip.

4-2-1. Rewrite the Riemann Zeta Functional Equation

Setting aside of the trivial zeros, the Riemann zeta function has a set of four
symmetrical nontrivial zeros, while the relational equation (4.6) involves a pair of
zeta functions, namely ((s) and ((1-s). This structure indicates a contradiction with
the existence of four simultaneous nontrivial zeros. Consequently, we are led to
seek an alternative form of equation (4.6) so that it contains four zeta functions, or
two pair of zeta functions. We need to rewrite equation (4.6) to another form
without gamma function, ensuring it exclusively involved the zeta and other
elementary functions. This is a key point that our aim increases the occurrence of
the zeta function within the domain 0 < Re(s) < 1. Replacing s with -s in (4.6)
gives

Z(—s):—Z_Sn_S_lsin(%s)F(l +s) (1 +s). (4.7)

By multiplying (4.6) with (4.7) and simplifying, which gives

Z(s)Z(—s):—nzsiHZ(%)F(l—s)F(l+s)Z(1+s)Z(1—s). m

On the other hand, we have the Euler’s reflection formula,

_m
ssinms

F(S)F(—s)z
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By multiplying both its sides with s®> and applying the Gamma recurrence identity,

I'(1+s)=sI'(s), the Euler’s reflection formula can be rewritten as

r(s+1)r(1—s)=—2.
S1n 7S

By substituting the last expression in (4.8) and simplifying, we obtain a rewritten
form of the zeta functional equation as

¢l5)¢l-5)=— 5 an e 1+slc(1-s.

> (4.9)

We will utilize (4.9) to determine the real part of nontrivial zeros. For clarity in the
subsequent subsections, we will express (4.9) as being equivalent to one of the
following equations.

¢151¢ = sleos| %2 = sin( 22 ¢ laasiclns 494
Zs)z(s)cos("?S)%sm(%S)z(m)zus)=o 49b)

Equation (4.9a) or (4.9b) is the analytic continuation in the entire complex plane C,
and it has simple poles -1, 0, 1, and simple zeros (known as trivial zeros) for all
integers. To summarize these known results, we utilize Table I below to analyze the
trivial zeros, nontrivial zeros and poles of all the functions in equation (4.9b) as
follows.

Table I
Function Trivial zeros Nontrivial zeros Poles
U(s) S = 2,476, Yes s=1
(negative even integers)
=24.6,...
I(-s) $=246,.. Yes s=-1
(positive even integers)
COS(%) Odd integers No No
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; s=0 No No
Si“(%n) Even integers No NG
=-1,-3,-5,....
C(1+s) S / ’ /4 Y _
(negative odd integers) s s=0
=1,3,5,....
C(l- S) S 1~r=y _
(positive odd integers) Yes s=0

In particular, we note that at s = -1, 0, 1, and by applying ((-1) = -1/12, ((0) =
-2, ((2) = m2/6, equation (4.9a) gives some special limits of the following
expressions:

@) tm [sit-seos{ 2] == o[22 Jtnvsiti-si=( - | -sin{ 2] jeorzi=

27

s>0

(b) hm[ssm(%s)z(us)cu—s)]=—znz<s>z(—s>cos(%S):-znqo)z(o)ms(o;:_

(c) lim[Z(S)Z(—S)COS(H—S)}:—ZLsin(”TS)g(“S)Z(l_s):_(zl

s>1 2 Tt

ol
SNe——
—_

wn

-

=
—

NS
~ —
~————

~
N
~
(@]
[l
N
NE

(d) Substitute {(-1) = -1/12 in (@) and (c) above gives

i - i etcen[ 7 =5

4-2-2. Riemann Zeta Functional Equation in Complex Form

Let ¢ and t be real numbers. Substituting s=o+it in (4.9) gives

G+1'T)7I

Z(G+iT)Z(—G—iT)Z—i(GH'T)tan(( 5 )z(1+a+ir)z(1—o—ir). (4.104a)

Equation (4.10a) can be expressed in terms of the cosine and sine functions
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Z(G+ir)Z(—a—ir)cos( (‘”;T)" ):—“;T sin( (GJ’;T)” )Z(1+G+ir)Z(1—G—ir). (4.10b)

Equation (4.10a) or (4.10b) unveils an intriguing aspect regarding the locations of
the nontrivial zeros of the zeta functions when we analyze the variations of Re(s) of
s. In the following sections, we use this functional equation to provide significant
understanding of the impact on Re(s) of s of each zeta function and its
corresponding factor it holds in the critical strip. It is sufficient to analyze three
separate scenarios of Re(s):

i. Re(s) = o = Y2 - In this scenario, we illustrate that the Riemann zeta
function possesses nontrivial zeros at this value.

ii. 0 < Re(s) = o < ¥ - In this scenario, we indicate that no zeta functions
within (4.10a) or (4.10b) exhibit nontrivial zeros.

iii. Y2 < Re(s) =0 < 1 - Similar to (ii), no zeta functions display nontrivial zeros.

These three scenarios demonstrate the positions of the nontrivial zeros of the zeta
functions in (4.10a) or (4.10b). As a result, the conclusions drawn from this
examination can also be used to support the Riemann Hypothesis.

4-2-3. Nontrivial Zeros on the Critical Line Re(s) =1/2
First Method

We seek to determine ¢ in equation (4.10a) such that the expression is symmetric
with respect to real axis and is consistent with conjugate symmetry. There are two
possible cases to consider:

(1) Case 1: The real part of S=9*IT appearing in {(o+it) on the left-hand side of

(4.10a) is equal to the real part of 1-s appearing in {(1-o—it) on the right-hand
side. This follows that

(2) Case 2: The real part of -s appearing in {(—o—it) on the left-hand side of
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(4.10) is equal to the real part of 1+s appearing in {(1+a+it) on the right-hand side.
This condition yields

—o=1+0 = o=

N | —

Both cases lead to the same conclusion: o = 2. Substituting this value in (4.10a)
gives

Z(%HT)Z(—%—ir)cos((%ﬂ'r)%):—%(%ﬂ'r)sin((%ﬂ'r)%)Z(%HT)Z(%—H) (4.11)
which is equivalent to

Z(%HT)Z(—%—I'T)Cos((%+ir)g)+i(%H'T)sin((%+ir)%)((%+ir){(%—ir):0 (4.12)

We emphasize that equation (4.11) states that both sides are equal for all values of

T; equivalently, equation (4.12) is always equal to zero for all values of r. This
situation can arise only under two possible scenarios:

i. None of the specific functions in (4.12) are equal to zero. In this case, it is

always true because functional equation (4.11) is true for all real 7 in the entire
complex plane € by analytic continuation, but this scenario does not indicate
which zeta function in (4.11) has nontrivial zeros.

ii. At least one of the functions on the left-hand of (4.11) and one of the functions
on the right-hand of (4.11) is equal to zero. Since we know ((s) has infinite
nontrivial zeros on Re(s) = Y2 by Property (v) in Section 4-1-6, there must exist

certain real =7, for k € N such that {(1/2+it,)=0 and ¢(1/2—it,)=0. To prove for
this assertion, we provide the analysis possible zeros of each member function
in (4.11), as shown in the following table:

Table II
Left-hand of Right-hand of
equation (4.11) equation (4.11)
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Function:
1. 1 . 1 . \m)l 1 o (1. \T] (3. 1 .
Z(E"'”k) Z(‘E‘”k) COS(( 2+l’[k) > ) EHT" sm(( 2+1Tk) 5 Z(Eﬂrk) Z(E_”k)
Nontrivial Yes No No No No No Yes
zeros (1*)| because because because because
Re(s)e(0,1) | Re(s)¢#(0,1) Re(s)#(0,1)| Re(s)e(0,1)
Trivial No No No No No No No
zeros (2*)| because because because because
Re(s) > -1 | Re(s) > -1 Re(s)>-1 | Re(s) > -1
Notes:

+> Nontrivial zeros (1*): By applying Property (iv) (Critical strip property) in Section 4-1-6, all
nontrivial zeros of the Riemann zeta function lie within the critical strip where 0 < Re(s) < 1.

+> Trivial zeros (2*): By applying Property (i) (Zeta zero property) in Section 4-1-6, The trivial
zeros of the Riemann zeta function are found on the left half-plane at s = -2n for positive integers

n.

The results from Table II show that

Z(—%—irk);éo,

cos l+iT n
2 K2

—l+irk;é0,
2

#0,

E);éo,

sin l+iI
2 K2

and

#0.
2

Z(§+iTk

It follows that the left-hand side of equation (4.11) equals zero if

Z(lﬂrk):O for certain real t, and kEN.
2
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By applying Property (ii) (Zeta conjugate and symmetry) in Section 4-1-6, it follows
that

Z(——irk)zo, (4.12b)

from which it makes the right-hand side of equation (4.11) also equals to zero and

vice versa. Thus, we conclude in this scenario (ii) that both s=1/2+it, and s=1/2—it,
represent the roots of the Riemann zeta equation, {(s) = 0. Note that the Property
(i) still holds since Re(s) = 1/2 (or on the critical line), two pairs of zeta functions
reduce to one pair because they are identical.

Second Method

Another approach that we can derive Z(%Hrk):O and Z(%—irk)zo by setting both

sides of (4.11) equal to zero at r=r, for k € IN. Then solve for s, ensuring that the

value r, must satisfy both sides and make them equal to zero. To proceed, we have

1. The left-hand side of equation (4.11) is

Z(%H’Tk)Z(—%—irk)cos((%ﬂrk)%):& (*)

Since Z(—%—irk #0 and COS((%H'T,()%)#O, according to Table II, equation (*) gives
Z(%+irk)=0.

2. The right-hand side of equation (4.11) is:
—i(%ﬂ'rl{)sin((%HTJ%)Z(%HH)Z(%—I'Tk)ZO. (+%)
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#0, according to Table 1II,

#0, and Z(%Hﬂ

. . 1. . (1, \m
Again, since (§+1Tk)¢0, Sm((iﬂrk)i

equation (**) gives

Z(%—irk)zo.

Hence, we find Z(%Hrk):o and Z(%—irk)zo for real T« It follows that both S=%+irk

and s:%—irk must be the roots of the Riemann zeta equation, {(s) = 0,

corresponding to the Zeta conjugate and symmetry property. This result aligns
with Property (iv) (the “critical line zero” property) in Section 4-1-6, which refers to
Hardy’s theorem establishing that the Riemann zeta function has infinitely many
zeros on the critical line Re(s) = 1/2.

However, at this point, we still do not determine whether all nontrivial
zeros of {(s) have a real part of 2. To finalize the demonstration, we need
to examine the variations of the real part of s where 0 < Re(s) < 2 and 2
< Re(s) < 1, and prove that all zeta functions in (4.10a) have no nontrivial
zeros in these two intervals.

We use equation (4.6) to show the nontrivial zeros on Re(s) = 1/2 [See Appendix
4-A-1], but this approach does not provide substantial support for the proof due to
the lack of a corresponding pair of zeta functions, as we will observe in the next
section when examining their real parts within the intervals 0 < Re(s) < Y2 or 2 <
Re(s) < 1. Now, we propose an ideal relational equation involving four distinct
zeta functions (Zi, Z,, Zs, Z4) or two pairs of zeta functions so that their nontrivial

zeros always travel in a quartet of Sg Se1-Sy and 1-5,. In this ideal relational
equation, the quartet is not contained with one function, but is instead distributed
across the group. Does there exist a mathematical identity“*?? where:

* Z; vanishes at sy,
e Z> vanishes at S,
* Zs vanishes at 1-so,

« Z,vanishes at 1-5, ?
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Next, we examine all relational identities involving the four zeta function
evaluations we analyze all relational equations connecting to four values of {(s),
4(5,), 1-so and ¢(1-5;) and determine whether any such identity®'29 can hold only
when each of these functions vanishes. If such a relation exists, then its solutions
necessarily correspond to nontrivial zeros of the zeta function, making it a direct
criterion for identifying candidates relevant to the Riemann Hypothesis.

4-2-4. Examining Zeros Off the Critical Line
Case 1: No Zeta Functions Within (4.10) Have Nontrivial Zerosfor0 < o < 12

We examine the behavior of each function in equation (4.10a) for Re(s) in the
interval (0, '2) to determine whether it has zeros.

(a) {(o+iT): For 0 < 0 < V2, ((o+iT) is anticipated to have nontrivial zeros. We
will shortly return to this point to demonstrate that {(o+iT) alone, without
having {(o-iT), does not have nontrivial zeros in this region.

(b) {(-o+iT): For 0 < 0 < V2, the real part of {(-o+iT) lies within -2 < -0 < 0,
indicating that ¢{(-o+iT) has no nontrivial zeros.

(c) cos((o + iT)n/2): It has no zero for 0 < 0 < Y.
(d) (o + iT): It has no zero for 0 < 0 < Y.
(e) sin((o + iT)n/2): It has no zero for 0 < 0 < Y.

(f) ¢(1+0o+iT): For 0 < 0 < 2, the real part of {(1+0+iT) falls within 1 < 14+0 <
3/2, indicating that {(1+0+iT) has no nontrivial zeros.

(g) {(1-0-iT): For 0 < 0 < -, the real part of {(1-0-iT) falls within /2 < 1-0 < 1,
and {(1-o0-iT) is anticipated to have nontrivial zeros.

By combining the results from (a) to (g), we find none of them having nontrivial
zeros except (a) that {(o+iT) has nontrivial zeros for 0 < 0 < %2, and (g) that
((1—0—iT) has nontrivial zeros for 2 < 1-0 < 1. However, no nontrivial zeros can
satisfy equation (4.10a); it is limited to merely two zeta functions while suggesting
four. These nontrivial zeros cannot be established for a pair of both {(s) and ((1-s)
when we are investigating the range 0 < ¢ < 2, as their real parts exist in separate
intervals, specifically, 0 < 0 < %2 and 2 < 1- 0 < 1. The simultaneous presence of
all four zeros (or two pairs) cannot be reliably integrated within the framework of
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equation (4.10a) due to the absence of zeros from one pair of zeta functions in the
conjugate forms o-it and 1-o+it (as shown in {(4.12a) and (4.12b)} or
(4.12c) where four distinct zeta functions vanish at s,, 5,,1-s, and 1-5;, ,
for example). These results do not follow Property (ii) (Zeta conjugate and
symmetry) in Section 4-1-6 in which if one nontrivial zero is located on a certain
interval in the critical region, there will always be a set of nontrivial zeros that is its
mirror image across the real axis and the critical line on that same interval (see
Key Note [3*]). Consequently, no zeta functions in the functional equation
(4.10a) have nontrivial zeros for 0 < 0 <1/2.

Key Note [3*]

We will come back this matter in Section 4-4 by providing a robust proof that
¢(o+it) and {(1-0-iT) cannot both be zero simultaneously, whether 0 < o < Y2 or %2
< 1-0 < 1, because of the nonexistent of such zeros. We proceed to demonstrate
our approach in examining the distribution of nontrivial zeros found on four zeta
functions within the context of the zeta functional equation.

Case 2: No Zeta Functions Within (4.10) Have Nontrivial Zerosfor1/2 <0< 1

Similarly, we examine and analyze the behavior of each function in equation
(4.10a) for Re(s) in the interval (2, 1) to determine whether it has zeros.

¢ (a) ((o+iT): For 2 < 0 < 1, {(o+iT) is expected to have nontrivial zeros.

¢ (b) ((-o+iT): For 2 < 0 < 1, the real part of {(-o+iT) lies within -1 < -0 <
-4, and {(-o+iT) has no nontrivial zeros.

¢ (c) cos((o + iT)n/2): It has no zero for 2 < 0 < 1.
¢ (d) (o+it): It has no zero for 2 < 0 < 1.
¢ (e) sin((o + im)n/2): It has no zero for Y2 < 0 < 1.

® (f) {(1+o0+iT): For 2 < 0 < 1, the real part of {(1+0+iT) falls within 3/2 <
1+0 < 2, indicating that {(1+0+iT) has no nontrivial zeros.

¢ (g) ((1-0-iT): For Y2 < 0 < 1, the real part of {(1-0-iT) lies within 0 < 1-0 <
2, and {(1-0-iT) is anticipated to have nontrivial zeros.

By combining the results from (a) to (g), we expect that only {(o+iT) has nontrivial
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zeros for 2 < 0 < 1, and {(1—-0—iT) has nontrivial zeros for 0 < 1-0 < V2. Similar
to Case 1, these nontrivial zeros cannot be established for both (a) and (g) because
they do not conform to (4.12c) and Property (ii) (Zeta conjugate and symmetry) in
Section 4-1-6 due to the absence of zeros from one pair of zeta functions in the
conjugate forms. Thus, none of the zeta functions in equation (4.10a) have
nontrivial zeros for 2 < Re(s) < 1.

4-2-5, Conclusion

The analysis results derived from both Case 1 and Case 2 indicate that none of the
zeta functions in the functional equation (4.10a) have nontrivial zeros for the
intervals 0 < Re(s) < Y2 or V2 < Re(s) < 1 because they do not conform to Property
(ii) (Zeta conjugate and symmetry) in Section 4-1-6. We conclude that all nontrivial
zeros occur when Re(s) = 2 as shown in Section 4-2-3, and no nontrivial zeros are
found off the critical line.

Section 4-3. Unraveling the Mystery of Riemann Hypothesis
Using Alternative Form (Second Strategy)

We provide the second proof of Riemann Hypothesis using a simpler zeta functional
equation, which does not involve the trigonometric tangent function. In this second
strategy, the proof process remains similar to that in Section 4-2, but it employs a
modified version of the zeta functional equation. The purpose of this strategy is to
examine how nontrivial zeros influence the critical region and its surrounding areas,
particularly whether there exists a value of s that satisfies all four ¢ functions
defined in the alternative form of the zeta relational equation. This alternative form
can be derived as follows:

> Replacing s by s-1 in (4.9) gives

z(s—l)zu—s>=—s—1tan((s—””)as)z(z—s)

27 2
:%cot(%)((s)(@—s) (4-13)

» Multiplying equations (4.9) and (4.13) and simplifying give the new form of
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the zeta functional equation

S):s(l—s)

e Z(1+s)7(2—s). (4.14)

{ls—1)Z(-

Equation (4.14) without tangent function is similar to equation (4.9), but much
simpler. It suggests that the zeta function must incorporate trigonometric function
such as tangent, cosine, or sine. This inclusion is a crucial for the zeta function to
have trivial zeros at negative even integers.

To proceed, substituting s=g+jr, where o and T are real, in (4.14) gives

z(—1+a+ir)z(—a—ir):4 ~(o+it)(1—o—it)l(1+0+it)(2—0—iT]. (4.15)
Tt
Or it is equivalent to
z(—1+a+ir)z(—a—ir)—4 ~(o+it)(1—0—it){(1+0+iT){(2—0—iT)=0. (4.16)
Tt

Next, we want to determine o such that the nontrivial zeros of the zeta functions in
equation (4.15) or (4.16) have a symmetric about the real axis and respect to
conjugate pairs. There are two possible scenarios that can be happened:

» First scenario: The real part of s in {(—1+o+it) from the left-hand (4.15) is

equal to the real part of s in {(2—o—it) from the right-hand of (4.15), which
implies that

—1+0=2-0 = o:%

By substituting ¢ = 3/2 in (4.16), which gives

e O P

> Second scenario: The real part of s in the {(—o—it) from the left-hand (4.15)
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is equal to the real part of s in {(1+o+it) from the right-hand of (4.15), which
implies that

—o=1+40 = og=—=—.

Similarly, substituting ¢ = -2 in (4.16) gives
3 . 1 . 1 1 . \(3 . 1 . 5 .\
Z(—§+1T)Z(§—IT)—4n2(—§+1T)(E—lT)Z(§+1T)Z(E—IT)—O (4.18)

Again, the functional equations (4.17) and (4.18) provide profound understanding
of how the zeta function contributes the nontrivial zeros on the critical strip. Recall
that the {(s) has no nontrivial zeros for s = 0 or s = 1. We only consider the real
part of s within the interval (0, 1). Next, we examine the distinct cases of Re(s) in
order to illustrate the nontrivial zeros of the zeta functions from functional
equations (4.16), (4.17) and (4.18).

Casel: 0=3/2
Equation (4.17) shows that only the functions {(2+it) and {(Y2-it) form conjugate
pair that contributes nontrivial zeros. The equation also demonstrates that if

((2+it)=0 then {('2-it)=0 and vice versa at =7, for k € IN. The functions {(-3/2-
it) and ¢(5/2+it) have no nontrivial zeros for real t because their real parts lie
outside the interval (0,1). The factors (3/2+it) and (-'2-it) do not have zeros for
real T.

Case 2: 3/2<0<2
We examine the nontrivial zeros of the functions and factors in (4.16) for the real
part of s of the interval (3/2, 2) as shown in Table III below.

Table III
If 3/2 < 0 < 2 then Functions and Factors of Equation (4.16)

o< -1+0<1 = |(a) ((-1+0+iT) is expected to have nontrivial zeros for
Re(s) € (0,1).

-2 <-0<-3/2 = |(b) {(-0-iT) has no nontrivial zeros for Re(s) ¢ (0,1).
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3/2<0<?2 = |(c) (o+iT) has no zeros.

-1<1-0<-Y%2 = |(d) (1-0-iT) has no zeros.

5/2 < 1+0<3 = [(e){(1+0+iT) has no nontrivial zeros for Re(s) ¢ (0,1).

0<2-0< % = |(f) {(2-0-iT) is anticipated to have nontrivial zeros for Re(s)
€ (0,1).

Similar to Case 1 of Section 4-2-4, we see that only (a) and (f) are anticipated to
have nontrivial zeros due to the absence of zeros from one pair of zeta functions in
the conjugate form -1+4+0-itT and 2-o+iT, which do not conform to (4.12c) and
Property (ii) (Zeta conjugate and symmetry) in Section 4-1-6. Therefore, we
conclude that no nontrivial zeros exist in the interval, 3/2 < 0 < 2.

Case3: =2

Table IV

If o = 2 then Functions and Factors of Equation (4.17)

-l1+0 =21 = (@) ¢(-1+0o+iT) has no nontrivial zeros for Re(s) ¢ (0,1).

-0 < -2 = (b) {(-o-iT) has no nontrivial zeros for Re(s) ¢ (0,1).

o=2 = (c) (o+iT) has no zeros.

1-0< -1 = (d) (1-0-iT) has no zeros.

1+0 =3 = (e) {(1+0+iT) has no nontrivial zeros for Re(s) ¢ (0,1).

2-0<0 = (f) {(2-0-iT) has no nontrivial zeros for Re(s) ¢ (0,1).
There are no nontrivial zeros to be found for o > 2. Notice that Re(s) can be 1 or 0
as shown in (a) or (f). However, it has been known that there are no nontrivial
zeros for s = 1 or s = 0 because of Property iv (Critical Strip) in Section 4-1-6.

Case4: 1<0<3/2

Table V
If 0 < 3/2 then \Functions and Factors of Equation (4.17)
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0< -14+0 < V2

(a) {(-1+o0+iT) is anticipated to have nontrivial zeros for
Re(s) € (0,1).

-3/2 <-0< -1 (b) {(-o-iT) has no nontrivial zeros for Re(s) ¢ (0,1).
1<o0<3/2 (c) (o+iT) has no zeros.

-l <1-0<0 (d) (1-0-iT) has no zeros.

2<1+0<5/2 (e) {(1+0+iT) has no nontrivial zeros for Re(s) ¢ (0,1).

h<2-0<1

(f) ((2-0-iT) is expected to have nontrivial zeros for
Re(s) € (0,1).

Similar to Case 1 of Section 4-2-4, only (a) and (f) are anticipated to have
nontrivial zeros due to the absence of zeros from one pair of zeta functions in the
conjugate form -1+0-iT and 2-0+it, which do not conform to (4.12c) and Property
(ii) (Zeta conjugate and symmetry) in Section 4-1-6. Therefore, the nontrivial
zeros cannot be established for both (a) and (f). Hence, it follows that there are no
nontrivial zeros for 1 < o < 3/2.

Caseb5: 0=so0=1

Table VI

If0 < o =<1 then

Functions and Factors of Equation (4.17)

-1<-140<0

(a) {(-1+0+iT1) has no nontrivial zeros for Re(s) ¢ (0,1).

-1<-0<0 (b) {(-o-iT) has no nontrivial zeros for Re(s) ¢ (0,1).

0<o=1 (¢) (o+iT) has no zeros.

0<1l-0=-1 (d) (1-0-iT) has no zeros.

1 <146 <2 (e) C(l-'i-O'+IT) has no nontrivial zeros for Re(s) ¢ (0,1),
and a simple pole at o = 0.

1<92-6<2 (f) {(2-0-iT) has no nontrivial zeros for Re(s) ¢ (0,1),

and a simple pole at 0 = 1.

There are no nontrivial zeros exist for 0 < o < 1.
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Table VII

If -2 < 0 < 0 then

Functions and Factors of Equation (4.17)

-3/2 < -1+0< -1

(a) {(-1+0+iT1) has no nontrivial zeros for Re(s) ¢ (0,1).

(b) {(-o-iT) is anticipated to have nontrivial zeros for

- 1
O<-o<¥ Re(s) € (0,1).
-2 <0<0 (c) (o+iT) has no zeros.
1<1-0< 3/2 (d) (1-0-iT) has no zeros.

nh<1l1+o0<1

(e) ((1+0+iT) is anticipated to have nontrivial zeros for
Re(s) € (0,1).

2<2-0<5/2

(f) {(2-0-iT) has no nontrivial zeros for Re(s) ¢ (0,1).

Similar to Case 1 of Section 4-2-4, we see that (b) and (e) cannot establish the
nontrivial zeros due to the absence of zeros from one pair of zeta functions in the
conjugate form -o+it and 1+0-iT, which do not conform to (4.12c) and Property
(i) (Zeta conjugate and symmetry) in Section 4-1-6. Hence, there are no
nontrivial zeros exist for -2 < 0 < 0.

Case 7: 0 = -1

Equation (4.18) shows that only {(2+it) and (('2-it) contribute nontrivial zeros on

the critical line at =1, for k € IN while other functions and factors do not have
nontrivial zeros for all real T.

Case 8: o0 < -1/

Table VIII

If o0 < -1/2 then

Functions and Factors of Equation (4.17)

-1+40 < -3/2 (a) {(-1+0o+iT1) has no nontrivial zeros for Re(s) ¢ (0,1).

5> s (b) C(-o-iT) is anticipated to have nontrivial zeros for
Re(s) € (0,1).

o< -% (¢) (o+iT) has no zeros.

1-0 > 3/2 (d) (1-0-iT) has no zeros.
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140 < N (e) {(1+o+iT) is anticipated to have nontrivial zeros for
Re(s) € (0,1).
2-0 > 5/2 = (f) {(2-0-iT) has no nontrivial zeros for Re(s) ¢ (0,1).

Similar to Case 1 of Section 4-2-4, we see that (b) and (e) cannot establish the
nontrivial zeros due to the absence of zeros from one pair of zeta functions in the
conjugate form -o+it and 1+4+0-iT, which do not conform to (4.12c) and Property
(i) (Zeta conjugate and symmetry) in Section 4-1-6. Hence, there are no
nontrivial zeros exist for 0 < -'4.

Based on the results obtained from Case 1 to Case 8, the zeta function has
nontrivial zeros only when either 0 = 3/2 as described in equation (4.17) or 0 = -
as described in equation (4.18). The shift (by replacing s by 1-s) affects only the
domain, causing the critical points to shift accordingly. Our analysis from these two
equations (4.17) and (4.18) shows no nontrivial zeros are found off the critical line.

Section 4-4. Proof of Riemann Hypothesis - No Nontrivial Zeros
Off the Critical Line

This section plays a key role in proving the Riemann Hypothesis. We show that for
0 < 0 < 1ando # ', all possible nontrivial zeros to the zeta equation {(s) = 0
have imaginary part in 6.28318534...<71<7,~6.28983598... in upper half-plane, and
therefore by conjugate symmetry there is a corresponding possible nontrivial zeros
with imaginary part in —6.28983598...~1,<1<—6.28318534... in lower half-plane.

We start with equation (4.6) that contains product factors such as 2%, =°' and
sin(ns/2), which do not yield any nontrivial zeros except ¢(s) and ((1-s). Now we
consider all zeta functions that produce zeros on one side as a ratio {(s)/¢(1-s), and
examine its magnitude |{(s)/{(1-s)|. The concept is to utilize the magnitude of the
ratio |{(s)/((1-s)| to equal 1 when |[{(s)|] and |{(1-s)| approach |[0+i0|. We
establish a theorem that helps to identify s as a possible nontrivial zero if the
absolute value of [{(s)/({(1-s)| intersects with |G(s)| = 1. We discover that either
((s) or {(1-s) with Re(s) # 2 cannot have nontrivial zero, they do not satisfy zeta
functional equation (4.6). In conjunction with this research, we uncover a constant
number, 6.289835..., which relates to the boundary limit of nontrivial zeros. It is
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astonishing to us that any other nontrivial zeros with an imaginary part, where
O<Re(s)<1 and excluding Re(s) = %2, cannot exceed this constant.

Briefly, what will we delivery in this section?

. . : gls) :
Examining the Function (1=s) and Its Relation
* Derivative of ‘ dls| z‘ Z(GHT_) | RespecttoT
Z[1-s)| ~ |¢[1-0—it)|

¢|o+it)

° H i
Behavior of T ‘Z(l—o—ir) ForO<o<1

* Graphs of |{(s)/C(1-s)]| and |G(s)| = 1

s
{(1-s]

* Intersecting Points of |{(s)/{(1-s)| and |G(s)|=1

* Existence of lim

s¥s,

for O<Re(so)<1

* Saturation Constant

* Conclusion: Riemann Hypothesis Is True

Assumptions
1. First Nontrivial Zero of the Riemann Zeta Function
It is widely supported by extensive numerical computations that the first
nontrivial zero lies at so=1/2+i14.134725.... While this value is not yet
formally proven, it is treated here as a foundational premise.

2. Validity of Numerical Methods
In addressing transcendental equations where closed-form solutions are
unavailable, numerical methods are assumed to provide reliable and valid
approximations. This approach aligns with standard practices in both
theoretical and applied mathematics.

3. Role of Graphical Representations
Graphs derived from closed-form expressions, such as those expressed in
elementary functions, are considered rigorous and can serve as formal
proofs. In contrast, numerical graphs, which depend on approximations from
numerical computations, are utilized primarily for exploratory analysis and
hypothesis formation and do not constitute formal proofs.

4. Numerical Method
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It's important to note that the process of finding intersection points may
involve solving transcendental equations, which typically lack closed-form
solutions. In pure mathematics, such equations are often addressed using
numerical methods. These methods, including the bisection method, Newton-
Raphson method, and secant method, are widely accepted for approximating
solutions to transcendental equations.

5. Notations Use in this Section
° Let s = o+iT be a complex variable, where o and T real.

°© 59 = 0p+iTo denote a nontrivial zero of the zeta function, where o, and To
real.

4-4-1. Examining the Function {(s)/{(1-s) and Its Relation

Let s = o+iT, where o, T € R. Equation (4.6) gives the ratio

Z(Zl(i)s)=2sns‘1sin(%)r(1—s) (4.19)
_ " (2%7);(5). (4.20)

(Use the reflection gamma [see Appendix 4-A-3].)

Taking the magnitude of both sides of equation (4.19), which gives

25| 2

s (4.21)

We break down equation (4.21) into two distinct functions, examining each one
independently. Let’s call the term

IF(o+it)= 2“+”n“+”_1sin(M)F(l—a—ir) (4.22)
= sin(w)‘ Ir(1—o—it)| (4.22q)
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o+it—1 __o+irt
_ % T _ (4.22b)
cos(n(a;r))l“(aﬂr)
Then this term is also equal to the ratio
|F(G+ir)|=’Z(G—+”_) | (4.23)
Z(l—a—lr)

The benefit of this method is that the findings derived from one function can
provide insights or be utilized for the other, and vice versa. Next, we take derivative
of (4.23) to explore whether equation (4.23) displays local extrema, along with its
increasing or decreasing trends, for values of Re(s) within the range (0, 1).

Notes:

* Equation (4.21) has a simple pole at s = 1 [see Appendix 4-A-4]. This
equation is also true when |((1-s)| = 0, a special case when s is on the
critical line where Re(s) = 1/2.

* The function |{(s)| is not analytic because the absolute value operation is not
complex differentiable. However, it is a real-valued function on the oT-plane,
so plotting it as a surface or a heatmap or a line plot (fixed o or 1) is valid for
analysis and visualization purposes.

* The plot does not depict the complex function as a single 3D surface in the
complex plane but instead shows the magnitude over the (o,T) domain, which
helps visualize features like zeros, poles (if extended), and growth behavior.
For instance, the graphs of (4.22a), (4.22b) and (4.23) are expected to be
identical.

’ {o+it)
{(1-o0—it

4-4-1-A. Derivative of ‘ Z(Zl(i)s) )‘ Respectto T

Examining the derivative of |{(c + iT)/{(1-0 -iT)| respect to 1. We have:
|20+ir|=20’
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o+irfl‘_ o—1

T,

Cos(n(aﬂ'r))

2

|
cos(n—s)‘z =\/cosz(n—0)+sinh2(ﬂ).
2 2 2

By substituting the above expressions in (4.22b) gives

g—1 o
- 2 7 (4.24)

\/COSZ(%G)+SiHh2(%) M (o+it)|

Use the identity %\F(Gﬂr)\ = —|r(o+it)|-3(¥(o+it)) [see Appendix 4-A-7], and take

Z(G+ir)
Z(l—a—ir)

|F<a+n>|=]

derivative of (4.24) respect to T, which give

d | ¢lo+it) |_d 2° '
dt|{(1-o—it)| dt 5
cosz(n—)+sinh2(ﬂ) M (o+it)
2 2
2sinh(%)eosh(%)-%
‘F(G+iy)|—\/COSZ(%G)+Sinh2(%)‘F(G+iT)l‘:f(lp(0+i’[))
2\/cos2(ﬂ)+sinh2(ﬂ)
2 2
= g0k =(4.25)

‘F(G+ir]2|

(COSZ(%G)+Sinh2(%)

After obtaining a common denominator and simplifying the gamma functions in
both the numerator and denominator of (4.25), we deduce that

[nsinh(nr)—4(c052(%0)+sinh2(%)

4| cos’ o +sinh? nt v
2 2

Factor out 2°!/4 = 223 and move the negative sign inside the parentheses, result in

3(¥(o+it))

Z(G+ir)
{(1—o—it)

d
dt

_ o—1_o

|F(a+ir)\
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da
drt

Z(G+ir)
{(1-o—it)

o3 o [4(C052(n—;)+5inh2(%))3(lp(g"‘iT))—iTsinh(n T)]

. — (4.26)
(cosz(n—)ﬂinhz(ﬂ)
2 2

M (o+it)
4-4-1-B. Behavior of -4 |-4*1)_
dt |Z(1-0—it)

forO0<o<1

We study the behavior of (4.26) for 0 < 0 < 1. It consists of three cases.

(a) Casel1l: o =12
By substituting o = 2 in (4.31) gives

- 1/2[4(%+Sinhz(%))S(W(%Hr))—nsinh(nr)]

d Z(G+ir) —»
dt 1—0—i o:l_ 3/2
<l i) 2 (l+sinh2(ﬂ) F(l+ir)
2 2 2
|:2 cosh(r)ii(‘P(%ﬂ'r) —msinh (7t 7)
:2—5/2 1/2

(4.27)

3/2

(l+sinh2(ﬂ)
2 2

Substituting S(‘P(%Hr)):%tanh(m) in (4.27) yields

F(l+ir)
2

lzcosh<no)gtanh<na)—nsmh(m>]

(%+sinh2(%0) F(%Ha)
5572 172 [n sinh (7 T)—nsinh(n T)]

3/2 :
1, ginn?( 2T rli+ic
2 2 2

~5/2 _1/2
=2

3/2
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Z(G+ir)

—| has a local extreme
(1—0—11)

The result leads to conclude that the function

point(s) at o = 1/2 for all relevant values of ; .
(b)Case2: 0 >1/2

We use the identity,

(@ lori))=y —L—,

to examine the vary of the digamma function as ¢ varies. When o > 2, we have

: < T S T
J(Plo+it))= < forall t> 0.
(#lo+i) kZ:;)(G+k)2+r2 =0 (1/2+k)+1° P

Therefore, it follows that

S(‘P(G+ir))<3(‘l’(%+ir)) (4.28)

Since Case 1 establishes that

4(C052(n70)+sinh2(%)) 3((1/2+it))—nsinh(n1)=0

for 0 = V2, and this result is combined with inequality (4.28), it follows that the
numerator of the right-hand side of (4.26) must be less than 0, namely

4(cosz(%a)+sinh2(%)) 3 (¥ (o+it))—msinh(n1)<0, forall >0,

which gives

{lo+it)
{[1-o—it)

d < 0, forall 7>0.
dT o>%
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Thus, for ¢ > 1/2, the derivative ilm < 0 for all T > 0, the function
dt|{(1-o—it)
‘Z(G—HT_) is strictly decreasing on this interval.
{(1—o—it]

(c)Case3: 0<o <1/2
Similarly, for 0 < o < 1/2, we have

c T c T
= , forall t>0,
S(Flovit) g (o+k)*+ >§o(1/2+k)2+T2 oratte

from which it follows that

S(‘P(o+ir))>3(‘}’(%+ir)).

Therefore, the numerator of the right-hand side of (4.26) must be positive, namely

4(c052(%0)+sinh2(%)) 3 (‘P(a+i T))—n sinh (7 7)>0, fort>0,

which gives

{o+it)

d | _¢lo+it)
{[1-o—it)

> 0 forallt>0.
dt

1
0<o<=
2

lo+it)
Thus, as o increases from 0 to 2, the derivative d_m eold > 0 for all T > 0.
2
L . {o+it) | . . . .
It implies that the function m is strictly increasing for all relevant values of
T>0.
Summary

180



Chapter 4

* For 0 < 0 < ¥, iZ(G—HT_) > 0, the function Z(G—HT,) strictly decreases,
dt|Z(1-o—it] {(1-o—it]
.| Uo+it
and lim |—/———— = 00,
T Z(l_O_lT)0<c<1/2
* For o = iZ(G—HT_) = 0, the function M has a local extreme
dt|{(1—o—it) {(1—o—it)
point.
* For o > V>, —ﬂ < 0, the function Z(G—HT,) strictly increases, and
T|¢(1—-0o—iT) {(1—-o—it)
lim |20 |
T o0 Z(l_G_H) 0>1/2

Furthermore, we observe that the sign of the derivative changes from positive to

Z(G+ir)

Z(l—cilT) has a local

negative as o passes through 1/2, then the function

Co+it)
Zl o—it)

maximum o = %2. Overall, the function is strictly monotonic

1 s
for0<o<1,0# V2, 7> 0.

Next, we plot the graphs of [{(s)/{(1-s)| and |G(s)| = 1 for specific values of o
within the interval (0, 1). Since [((s)/{(1-s)| increases on (0, 1/2) and decreases
on (1/2, 1), the curve |{(s)/¢(1-s)]| intersects |G(s)| only once within (O,
1), except at 0 = 1/2. As o varies from 0 to 1/2 or from 1/2 to 1, these curves
illustrate how |{(s)/((1-s)| approaches a 'saturation point' as ¢ approaches 1/2
(critical line). We identify key points on the |{(s)/{(1-s)| graph and predict a
potential limiting value it may reach as o approaches this boundary.

4-4-1-C. Graphs of |{(s)/{(1-s)| and |G(s)| = 1

The graphs of |{(s)/¢{(1-s)| for c = 0, 1/4, 1/3, 0.49, 1/2, 0.51, 2/3, 3/4, and 1
alongside the graph of |G(s)| = 1 are shown in Figure 1.
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Plot of |F(o, T)|=|{(c+iT)/{(1 —o+iT)| and |G(o, T)| =1

— |20 +iT)/Z(1 —iT)|
[C(1/4 +iT)/C(3/4 —iT)|
— (213 +iT)/Q(2/3 = iT)|
3.0 1 T El —— [2(0.49 + iT)/(51/100 — iT)|
T — (12 +iT)C(1/2 - iT)|
o =34 —— |¢(0.51 +it)/{(49/100 — iT)|
2.5 1 8(2/3 +i0)/g(1/3 ~ iT))|
G=23 TA — |2(3/4 +iT)/T(1/4 = iT)|
1Z(1 +i1)/2(0 —iT)|
5 204 B == [Gls)] =1
> ot
2 6 = 1/2 (solid line)
3 151 ; G(s)] = 1 (dashed line)
1.0
0.5 -
I.
Intersection points between|
¢(s)/¢(1-s)| and |G(s)[=1
0.0 1 ag=0- fort >0
qfBl BN 4=Fd =0 D 1 P B 4 5 8 7 8 @
T (Imaginary Part)
. {|o+it)
Figure 1: The graph of m foro=0, 1/4, 1/3, 0.49,
—0—IT

1/2, 0.51, 2/3, 3/4, and 1 alongside of |G(s)|=1.

Source Code Note: To view the graphs locally, visit the online version [see
Appendix 4-B-1]. Readers can download the source code and run it locally using
Python and scientific libraries Plotly, SciPy, NumPy and Matplotlib.

Properties of the Graph of|{(s)/{(1-s)]|
Through the graph as o varies from 0 to 1, we recognize the following key points:

1. The function |{(s)/C(1-s)| shown in Figure 1 is an even function of T, and its
magnitude in the upper half plane is the reciprocal of its magnitude in the
lower half plane. It's suffice to consider the right-half plane for T > 0 because
of this existing inversion symmetry.
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2. The function |{(s)/{(1-s)| intersects with the function |G(s)| = 1 at the points
Twhere 6 <1< 7.

3. When o approaches "2 (for instance, o = 0.49), the graph of |{(s)/{(1-s)|
gradually transforms into a linear form. The graph becomes a line at the point
where o = 2, resulting in |((1/2-iT)/{(1/2-iT)| = 1 for T > 0. At this stage, we
observe the variable T and its right-hand expression of (4.24) disappear,
making it impossible to derive the value of T. It appears that T must approach
an unknown maximum value, but the challenge lies in figure out to determine
T under this scenario.

4, As T - oo, the ratio |{(s)/({(1-s)| tends to zero when o < 1/2, and tends to
infinity when o > 1/2.

Below, we provide the proof for statements #1, #3 and #4. The proof of the
remaining one will be addressed in Sections 4-4-3 and 4-4-4.

Proof
1. Replacing o and T with - o0 and - Tin (4.22a) gives

|F(—o—it) = 2Unolsin(M) IF(1+o+it)

2

Use [sin(nt(—o—it)/2)|=[sin(~n(o+it)/2)|=[sin(r(o+it)/2)| and |[[lo—it)|=|I(o+it)
substitution, we get
. (n(a+ir))
SIN| ———
2
This result follows that

S(Flo+t))=3(F(-o—1]).

» and by

2—0' 7_[—0'—1

IF(1+0—it)

We conclude that |{(s)/((1-s)]| is an even function of T.

3. The right expression of (4.24) is disappeared when o = V2. Indeed, we have

20717_[6 B \/;

JC"SZ("?“)*“““(%)\F<a+n>\ &J(Z)h(ﬂ
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V2

and Cos(%)=7 to the above expression gives

_ Vn
1, . 2fmt T
24/=+sinh”| —
\/7 2 o (2) coshmt
1

\/1+25inh2 nt 1
2 coshmt

1

(comimel| L

coshmt

T
coshmt

Applying ‘ (l+1r)

=1,

which indicates the variable T and its expression from the right-hand side of (4.24)
disappear.

4. Since |((s)/C(1-s)| > O for all T, and |{(s)/{(1-s)]| is decreasing for 0 < o0 <1/2
due to its negative derivative, it follows that im [gls)7¢(1=5]=0, a5 the function
asymptotically approaches the T-axis. And|((s)/{(1-s)]| is increasing for o > 2 due
to its positive derivative, which implies 1m [gls) 7 g(1—s]=c0

Note. Observing the function |{(s)/{(1-s)| in Figure 1, and noting that its derivative
is strictly monotonic for 0<o<1 except at 0=1/2, it seems that |{(s)| alone cannot
have zeros within this interval, as there are no zeros or singularities behavior or
present.

Closed-Forms of |{(s)/{(1-s)| for Some o
We use the identity

I'(n+1+it)|= 7” HVT +k* for positive integer n>1
smh nr k=1

to find some closed-form of |{(s)/((1-s)| for specific 6. At o = 0, we have
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C T
M (1+i7)|= P — (4.29)
Applying I'(x+1) = xI(x) to the left expression of (4.29) gives
L i
[P lit]|= ——— (4.30)
Ato = 0:
Substituting I' from (4. 30) in (4.25) gives
—lT
21/1+smh
TSthT[T
2\/C0$h2(%)‘ d
2 7sinh 25 cosh =5
2 2
which can be simplified as
i) |_ Ltanh(ﬂ). (4.31)
C(1—-it)| V2m 2
Ato = 1:
Substituting I from (4.29) in (4.25) gives
T

‘Z 1+l’[

\/cosz(n)+smh ( ) IC(1+i7)
2 2
_ n
{/sinh? s “ i
2 sinhmt

(Use the identity sinh(nt) = 2sinh(nt/2)cosh(nt/2), rewrite the denominator)
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\/sinhz(ﬂ)- ik
2 L T

2 sinh L% cosh X
Sin 2COS 2

which arrives at the simplified form

Z 1+1T — /2% coth L (4.31a)
—lT T 2
At o = 2:
We have
|F(2+IT — L P41
sinh 7 T

Substituting the above expression in (4.25) gives
{(2+i1) |_

‘ _ 27
{(-1-it)] sh(ﬂ)' | T (24)
2 sinhmt

By applying identity sinh(mt)=2sinh(mt/2)cosh(nt/2) and then simplifying, we obtain

72— tanh(%)
‘ it) =(2m ]| — =L, (4.32)
{[—1+it) t(%+1)
At o = 3:
Proceeding in the same manner as above yields
Z(3- COth(%)
lT 5/2
‘Z —2+i1) T(TZ+1)(TZ+4) ( )

If we continue to let 0 = m+1, the resulting expressions depend on whether m is
odd or even:
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Cmeit) = when m is odd, (4.34)
—m+it
and
‘—ZZ((m-'-l_:.”)) =2 when m is even. (4.35)
—m+iT

Below, we present the graphs showing the magnitudes of {(s), {(s)/{(1-s) and the

critical line in 2D and 3D as follows: Figure 2 presents the 3D graph of |{(s)/{(1-s),
Figure 3 displays the 3D graph of |{(s)|, with the critical line (in red) highlighted,

and Figure 4 shows the 2D graph of |{(s)|. [See source code, Appendix 4-B-1].

3D Graph of |{(s)/{(1-s)| (Magnitude Truncated at 5)

15(s)/T(1-s)]
5

4.5
4
3.5
3
25

2

(g1e pajeouniy) [(s-1)2/(5)21

1.5

1

0.5

Figure 2 - illustrates the 3D Graph of |{(s)/{(1-s)].
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Graphs of | (o + ir)| and the Critical Line

18(c + IM)|

5

4.5
5

4
4 3.5

3

3
= 2.5
a
4

= 2 2

o o 1.5
> /.%
0.5 = 1
-,
o
- {1
® < Se =1 1 02
N (=]
i - ‘S L * |€{o + iT)| Surface

T (Imaginary part)

Critical Line o=1,/2

Figure 3 - illustrates the 3D graph of |{(s)|, with the critical line (red) indicating
points where all nontrivial zeros are lied on.

Plot of |2(1/2 + iT)|

4
\ ﬂ ﬂ 1
=
+
]
=
s ||
|
D LELELE BLELELELE ILELELELE DL L LELELELE BLELALELE ILELELELEN BLELELLE UL IIIIIIIIIIII!"'I""IIIIIIIIIIII
—-40-35-30-25-20-15-10-5 0 5 10 15 20 25 30 35
Im(1/2 +iT1)
Figure 4 - illustrates the 2D graph of |{(s)|, displaying the locations of the
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nontrivial zeros along the line Re(s) = 1/2.

Next, we examine the values of T to determine how far it extends, by analyzing the
intersections between |{(s)/{(1-s)| and |G(s)| through solving the relevant
equations for T. Finally, we summarize the overall behavior of the graphs and
discuss the implications for the Riemann Hypothesis.

{s)
g1-s)
As so is assumed nontrivial zeros, we aim to prove that lim|{(s)/{(1-s||=1 for s
approaching so within the critical strip.

4-4-2. Existence of lim ‘=1 for O<Re(so)<1

Ss,

s)
gl1-s)
On the critical line, using the fact that the Riemann zeta function satisfies the

4-4-2-A. Evaluating lim

s=s,

‘=1 at Re(s) = V2 (on the Critical Line)

conjugate symmetry {(s)=¢(5), we obtain
oo\ (1 V(1 .
Z(§+1r)—6(2+1r)—6(2 11).
It follows immediately that
{ (%H T)
{ (%—ir)
Result (4.36) shows that the left-hand side of (4.21) equals 1. This implies that the
right-hand side of (4.21) also equals 1 because equation (4.21) is a meromorphic

continuation. To validate this independently, we then prove separately that the
right-hand side of (4.11) equals 1, without relying on result (4.36). Indeed, we

have
r(5-)

= 1 forallt>0. (4.36)

1/2 —-1/2| .
=2""n si

(n(1/2+iﬂ)

2

21/2+irn_irl/ZSin(n(]— /22"'1 T))F(%—iT)
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=21/2n1/2\/%+sinh2(%) F(%—ir)

1/2
-1/2 Tt Tt
=7 \/cosh | —
( 2 )(coshnr)

=1 forallt>0. (4.37)

We highlight this result!*” because equation (4.21) represents a meromorphic
continuation, ensuring that the two separate functions (4.22) and (4.23) also
produce the same value for all T > 0. We will apply this property in the upcoming
sections.

If so = 0o+iTo is a nontrivial zero of the zeta function on the critical line, then
((1/2+i10) = 0 + i0 and ¢(1/2-iTo) = 0 + i0. Substituting into (4.36), we derive the
following important property:

Z(%+i’[0) B
Z(%_iTo)

(We will rewrite 0/0 form in terms of the limit form.)

(4.38)

0+i-0‘
0—i-0

This indeterminate form, |0+i0|/|0-i0|, indeed exists and equals to 1 along the
critical line. It uniquely characterizes the behavior of the zeta function on Re(s) =
1/2.

Important Clarification:
* The expression 0/0 itself, as a standalone algebraic quantity, is not defined in
standard arithmetic.

* Its significance lies in the context of limits and analytic continuation, where it
signals the need for further analysis rather than an actual number.

* The concept of assigning a value to |0+i0|/|0-i0| at a certain point of view is
invalid in the Riemann zeta function unless within a limit process that yields a
specific value.
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Rewriting (4.38) in terms of the limit form as a formal way gives

Z(%+iTJ
l—:lim
Z(E_”O)

4-4-2-B. Evaluating lim

S¥s,

A+iA
A—iA

=1. (4.39)

s
{(1-s]

‘:1 for 0 < Re(so) < 1 and Re(so) # V2 (Off the

Critical Line)
Since so is nontrivial zero off the critical line, we present three methods to prove

gs)

=

that lim

$¥s,

1°* Method
Using the Laurent series expansion?”! for the Riemann zeta function about s = 0
gives

k

0 _1k ;
Z(1+s):%+; (l)(—,ys (4.40)

where y is the Euler constant and yi Yy Yys.. are the Stieltjes constants. The
constraint Re(s)> 0 is removed because {(s) is meromorphic with a simple pole at s
= 1.

We aim to derive formula series for {(1-s) and {(s). Replacing s with -s into (4.40)
gives

:_%J,z YiS (4.40q)

Replacing s with s-1 in (4.40) gives
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(e e
:Si1+§) -1 Y"(;!l) [1-s) [note: (s-1) = -(1-s)]
_ 1 - Vk(l_s)k
__I?§+g%__?7__ (4.40b)

i> Observing that if 0< Re(s) <1, then -1< Re(-s)<0 or O0<Re(1-s)<1. It follows
that every term in expressions (40a) and (40b) has the same sign and coefficient

within the critical strip. Now, let s near so so that {(so) = 0, then ((1-s0) = 0
(functional equation), and take the absolute of the ratio:

£ k
( ) 11 "'Z Yk(ll{' 5)

lim Cls =lim > k:;) -
ss, Z(I—S) ss, _l+z YkS
s = k!

3

_11 by in'ﬂ+vJ§|S)+vJ;'S)+“
=lim |——> : AR = 1. (4.41)
5?5 _1+Y+Y1S+Y2S +YsS

S it 2! 3!

The limit exists and equals 1 for the following reasons:

* Both {(s0) = 0 and ((1-s0) = 0 share the same nontrivial zero, each with
the same multiplicity.

* The coefficients in the numerator associated with (1-s0) and in the
denominator associated with s¢* are identical.

ii> If Re(s) > 1, then Re(1-s)< 0. It follows that every term in the numerator and
denominator of (4.41) has same coefficient but does not have same sign for the
terms at the odd power in the numerator. We conclude

s
Z(1—s]

#1. (4.41q)

lim

ss,
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iili> If Re(s) < 0, then Re(1-s) > 1. This case is analogous to (ii) but it does not
have the same sign for terms at the odd power in the denominator. We conclude

{s)
Z(1—s]

lim #1.

ss,

TS,

The result of (4.41) also implies'*” \F(so)|:2S“ns°‘1sin(7)r(1—so): 1 because

of (4.21).

2" Method (and 3™ Method, reference only)

Assume so is a simple nontrivial zero of the zeta function. It follows that {(so) = 0
and ('(so) # 0. Then, as s approaches s,, we can write Taylor expansions for {(s)
and {(1-s) [see Appendix 4-A-5]:

* ({(s) = ci(s-so) and by symmetry, we also have

* ((1-s) = c5(1-s-(1-s0)),

where c¢; and ¢, are constants that can be determined by the derivative of the
functions at so,. Note that the Taylor series converges absolutely only when
Re(s)>1. Since the indeterminate form exists in (4.25), therefore, the ratio:

N ¢ (s—sq)
cz(l—s—(l—so))

% . (reference only; valid for Re(s)>1.)
2

lim =

ss,

Since both constants c; and c; are finite and nonzero, their ratio is finite. Due to the
existing symmetry of the zero in the zeta function, we expect |c:| = |cz|. Indeed,
we know |{(s)/{(1-s)| is even function of T (see the proof of statement #1 of
Properties of the Graph of|{(s)/{(1-s)|), hence, Im(ci(s-So)) = Im(c2(1-s-(1-
So))). This holds if only if c; = c,. Thus,

{ls)
Z(1—s]

=1.

lim

S5,
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The preceding analysis (1°* Method) leads to the following theorem.

4-4-2-C. Indeterminate Ratio Theorem
Let so be nontrivial zero of the Riemann zeta function. If s, exists off the
critical line, where O<Re(s)<1 and Re(s) # 1/2, then

lim

Ss,

=1. (4.42)

Proof
Please see the proof as shown in 1°* Method of Section 4-4-2-B.

s)
g1
important role to identify nontrivial zeros where solutions may exist, thereby
reducing the probability of discovering solutions throughout the entire complex
plane when Re(so) lies within the critical strip. Based on this fact, we arrive another
theorem for determination and localization of the nontrivial zero.

The existence of lim =1, where 0 < Re(sy) < 1, Re(sop) = 0, holds an

Ss,

4-4-2-D. Candidate Nontrivial Zero Theorem
Let s=o+it for real o and 1. A pair (o,7) with 0<o<1 can potentially correspond to a
nontrivial zero of {(s) if it meets the following conditions:
(@) sosatisfies the zeta functional relational equation (4.6)
Z(G+ir)
(b) {1—o—it)
(c) so is considered a nontrivial zero if {(s,)=0.

=1 for O<o<1

Proof

This theorem searches for the locations of nontrivial zeros of {(s) in the complex
plane for 0 < o < 1. It distinguishes between possible and actual nontrivial zeros of
¢(s):

1. Conditions (a) and (b) are necessary for (0,7) to be a possible zero of Z(s) in
the critical strip, according to Indeterminate Ratio Theorem.

2. Condition (c) is a verification step. If {(sg) = 0atsp =0+ iTors = o -iT,
then sq is a nontrivial zero of {(s). Notice that finding candidate solutions is
only part of the job. As always, the final step is verification against the zeta
equation.
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We note that, for each o in the interval (0, 1), there may be multiple intersects
between |{(s)/{(1-s)| and |G(s)| = 1. For example, s = so = 2, there are infinite
nontrivial zeros on the critical line. Additionally, when s is off the critical line, there
may also be infinitely many intersections between |{(s)/{(1-s)| and |G(s)| =

within the critical strip, where 0<o<1/2 or 1/2<0<1. Fortunately, the derivative
of |{(s)/¢(1-s)| exists and we have proved this ratio is strictly increasing
for 0 < 0 < 1/2 and decreasing for 1/2 < o < 1. This ensures that there is
only one intersection between the functions |{(s)/{(1-s)| and |G(s)| = 1
for every o # 1/2 within the interval (0, 1). This leads us to solve the
transcendental function for the unique 1, a candidate solution of {(s).

Next, we examine the values of T to determine how far it extends, by analyzing the
intersection points between [{(s)/{(1-s)| and |G(s)|] = 1 through solving the
transcendental equations for T. Finally, we summarize the overall behavior of the
graphs and discuss the implications for the Riemann Hypothesis.

4-4-3. Intersecting Points of |{(s)/{(1-s)| and |G(s)| = 1

According to the Part(a) of Section 4-4-2-D, “Possible Nontrivial Zero Theorem”, the
possible nontrivial zeros satisfy the equation:
| (o+iT)

TH_o_i7 =1 (4.43)

and therefore any solution of (4.43) must also satisfy
20’—17_[(7

Jeos (52 s [ i

where the expression containing I is the expression appearing on the right-hand
side of (4.24).

=1, (4.44)

Both equations (4.43) and (4.44) are the transcendental equations and T can be
only solved by numerically. As o varies from 0 to 1, equation (4.43) (or
equivalently, equation (4.44)) yields infinite number of intersection points T. Some
of these points may represent nontrivial zeros if they satisfy the zeta equation {(s)
= 0.
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Next, we determine 1 for particular values of o that lead to a closed-form of
function |{(s)/{(1-s)|, and then compute T for other values of o as illustrated in
Figure 1.

1. Particular values of o
(a)o=0
At o0 = 0, we have:

Zls) |_| glin) |_« (_)
‘5(1_5) _‘Z(l—ir) o tanh 5 (See formula (4.31))
Therefore, the intersection point between Z(Zl(l—ri)r) and |G(s)| = 1 is given by

The transcendental equation can be solved by numerically, yielding

T~+6.28318534.... (4.46)
(b)o=1
Substituting the result from (4.31a) in equation (4.43) gives
\/2—” coth(z—n):1=>2nc0th(2—n)—rzo. (4.47)
T T T

The equation has a numerical solution at approximately

T~+6.28318534 .... (4.47 a)

Readers may be surprised by the same results of (a) and (b) since their equations
are identical. Indeed, we express coth() in terms of tanh() in equation (4.45) and
rearrange the terms, resulting to equation (4.47). This indicates that it is sufficient
to examine o in either (0,%2) or (¥2,1) since one of these is a reflection of the other,
a known property called the reflection symmetry of the zeta function across the

196



Chapter 4
critical line.

2. Other values of o
Numerical solutions of T for equation |((s)/{(1-s)| - 1 = 0 are presented in Table
IX for other values of o.

Table IX - Intersect Points

o T
1/5 ~ 6.2874412551730...
1/4 =~ 6.2881729195707...
1/3 x 6.2890968133855...
0.49 ~ 6.28983332770809...
2/3 ~ 6.2890968133855...
3/4 X 6.2881729195707...
4/5 x 6.2874412551730.

[See Appendix 4-B-2]

We observe the same values of T for c = 1/5 and 4/5, o0 = 1/4 and 3/4, and o0 =
1/3 and 2/3, respectively. This consistency aligns with the well-known reflection
symmetry of the zeta function across the critical line. When o = 0.49, which is
close to the real line 1/2, the value of T to be approaching a contextual constant,
which we call it a “saturation constant.”

4-4-4. Saturation Constant

We intend to utilize the term "saturation constant" in Chemistry to refer to a
{o+it)
{(1-o—it)
into a straight line. This situation may arise as o approaches 1/2. In Section 4-4-1-
{lo+it)
{(1—o—it)
by the change in sign of its derivative from positive to negative as o passes through

1/2. In this case,
Z(1/2+it)
‘5(1/2—”)

saturation number that signifies the transformation of the function curve

B, we demonstrated that has a local maximum at o = 1/2, as evidenced

)
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a constant, indicating that the equation is independent of 7. This result is also
found the same on the right-hand side of (4.24). Therefore, the equation provides
no information to determine, as T and its associated expression have been
eliminated.

The statement #3 from section “Properties of the Graph of|{(s)/{(1-s)|” predicts a
saturation point as o approaches 2. We know the existence of this point because
the graphs presented in Figure 1 indicate that there exists a value of T, which must
be a specific humber that serves as the last point for the curve of the function
Z(1/2+it)
7(1/2—it)
to be represented by any mathematical expression. How can we determine this
number?

to transform into a straight line. This particular number does not appear

Assuming there exists a very small epsilon ¢ such that a corresponding real value T
exists to satisfy equation (4.43)

By choosing, for instance, € = 0.00001, then 0 = 1-¢ = 1/2-0.00001 = 0.49999
and 2 + € = 0.50001. This ensures that T exists in the following equation and can
be solved using a high-precision numerical method:

limli(%—sﬂT) —‘Z(%ﬂé—ﬂ)

Likewise, the same result can be obtained from alternative equation (4.44), namely

]:o. (4.48)

207171_0
\/cosz(n—a)ﬂinhz(ﬂ)\F(G+ir)\
2 2

Therefore, squaring both sides and moving all terms to one side, we get

=1
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Ir(o+it)—2%"2n*=0. (4.49)

lCOSZ(n—G)+SiHh2(E)
2 2

Let o0 = 2 - €. Similarly, by choosing a small € such that a corresponding real value
T exists, we ensure that T appears in the following equation and can be solved:

e (1275 1]

Both equations (4.48) and (4.50) are of the transcendental equations that usually
do not have closed-form solutions. By using an existing high-precision numerical
method implemented Python libraries [see Appendix 4-B-3], we find that

IP(1/2—e+it) =271’ *=0. (4.50)

T=1,~ 6.289835988836902779665090100821853... (Saturation Constant) ~ (4.51)

The results from (4.47a) and (4.51) indicate that for 0 <o < 1 and o # 2, the set
of possible nontrivial zeros of the Riemann zeta function lies between
T~6.28318534... and T=1,~6.289835988..., a narrow band of 0.00665. According
to “4-4-2-D. Candidate Nontrivial Zero Theorem”, no pairs within this set satisfy the

criteria in Part (c), because the final possible zero at 1=1,%6.289835988... |ies below

the first actual nontrivial zero at 7,=14.134725141.... This means that there is no
nontrivial zero off the critical line to be discovered beyond this point. Since
|¢(s)/C(1-s)]| is an even function of T, the other half of the domain yields a similar
result. The 3D graph shown in Figure 5 illustrates |{(s)/{(1-s)|, highlighting the
saturation point (red circle) and the first nontrivial zero (yellow circle) on this
surface, respectively.
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3D Graph of |{(s)/E(1-s)| (Magnitude Truncated at 5)
\Z(S)fs’i(l's)l

4.5

2(s)/Z(1-s)| (Truncated at 5)

1
2 D)
= S (e PO
5 = 14s)/T(1-s)| Surface

@ [Z(0.499+6.285)/{(0.501-6.28|
1€(0.5+14.13j)/8(0.5-14.13j)|

Figure 5 - illustrates the saturation point (in red circle) and the first nontrivial zero
(in yellow circle) on the surface of |{(s)/{(1-s)| [see Appendix 4-B-1].

Thus, we conclude that all possible nontrivial zeros off the critical line lie within the
bands 6.28318534...<1<71.~6.28983598... or —6.28983598...~#1,<1<—6.28318534..., and none
of them provide as solutions to the Riemann zeta function because their imaginary
parts are below the first non-trivial zeros. This also implies that there is no
nontrivial zero off the critical line to be discovered beyond the points
T=1,~6.289835988... or 1=1,~#—6.289835988... as illustrated in Figure 6. As noted in
the Key Note [3*] of Section 4-3, we now return to this matter to present a clear
and rigorous proof that neither {(o+iT) nor {(1-0-iT) can simultaneously be zero,
nor can either ¢ have nontrivial zeros when Re(s) lies within the intervals (0, ¥2) or
(2, 1). The Key Note is valid, as there is no such nontrivial zero off the critical line
existed for which {(so) = 0, implying that zeta(1-so) = 0 (0o # 1/2)!
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Im(s)}4
I
For 0 < o<1, o # %, the blue areas denote -|- -~~~ - 21.0220396...=1
. . . I (Second non-trivial zero)
all possible non-trivial zeros to lie in the I
bands 6.28318534... < 1= 6.28983598... | _ _ _ _ _ : 14.1347251... =T
or '528983598 =T= —628318534. | {F|r5t non-‘triui’al zerD}
However, no non-trivial zeros exist in - .
these areas because their imaginary [ '_'“ Non-trivial zeros
parts are below the first non-trivial : “— 6.28983598. = T
zero (1=14.1347251....) : mSmuration point)
[ Te— | |
I' ) -“6 28318534
| ] : - =T
| | I | | Rels) N
2 -1 0 11/2 ' (pole) 2
v \ | 6.28318534.. =1
~_/ . — —:‘" (Saturation point)
\.\..' o . | _h
Trivial zeros —
: T -6.28983598..=T1
|
—» I
- |
ForO<o<l, o=, thl.i ?fellow art-eas [P I | 141347951 -1
denote that no non-trivial zeros lie — I
in the bands |t| > 6.28983598... :*"""x )
or|t| <6.28318534.... [ ""“——G:E (Critical line)
1

Figure 6 - All nontrivial zeros of {(c + it) lie on the critical line (0=14).

4-4-5. Conclusion

We discover that the mystery of the rewritten zeta functional equation, which
involves four zeta functions, indicates that nontrivial zeros do not exist if
Re(s) of the zeta functions are not the same within the intervals (0, Y2) or
("2, 1) due to the absence of zeros from one pair of zeta functions in the
conjugate forms.

We derive that all possible nontrivial zeros to the zeta equation {(s) = 0 for O
<0< 1and o # % lie in the bands 6.28318534...< Im(s) <t1,~6.28983598... or
—6.28983598...~1,< Im(s) <—6.28318534.... However, no non-trivial zeros exist in
the blue areas as illustrated in Figure 6 because their imaginary parts are
below the first nontrivial zero (14.1347251). It follows that no other
nontrivial zeros off the critical line are to be discovered for 7>6.289835988...,

T<—6.289835988..., or —6.28318534<1<6.28318534 .... Thus, all nontrivial zeros of
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the zeta function lie on the critical line.

We summarize the facts that
> the trivial zeros are located on the left half-plane at s = -2n for positive
integers n. (Known fact)

> infinitely many zeros lie on the critical line Re(s) = Y2. (Known fact)

» the first nontrivial zero of {(s) = 0iss = V2 + iT, where T = 14.134725141....
(Known fact)

> for 0 < 0 <1 and o # Y, all possible nontrivial zeros lie in the narrow bands

6.28318534... < T <1,~6.28983598... or 1,#/—6.28983598... < T <—6.28318534.... None of

them provide as solutions to {(s) = 0 because their imaginary parts are below
the first nontrivial zero.

> the nontrivial zeros cannot lie in the critical strip 0 < Re(s) < 1 but are
located solely at Re(s) = Va.

The Riemann conjecture has been confirmed as correct.

Non-trivial zeros

To seek the moon beneath the lake is vain,
No truth beneath its mirrored gleam.
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Appendix 4-A: Miscellaneous Proofs

[4-A-1]

Zeta Function Has Nontrivial Zeros for o = Re(s) = /2
To find solutions of equation (4.6), we establish a system of two simultaneous
equations by setting both its sides to zero:

Z[s)=0 (4.6a)

25715_1sin(%)F(l—s)Z(l—s):O (4.6b)

Equation (4.6a) is anticipated to have the nontrivial zeros for 0 < Re(s) < 1,
according to Table I. We observe that no nontrivial zeros for 0 < Re(s) < 1 are
found from 2%, n°*, sin(ws/2), and (1-s) in equation (4.6b) except for {(1-s).
On the other hand, we know that ((s) has infinite nontrivial zeros on Re(s) =

2 by Hardy’s prooft?!l, Hence, let s=o+it,, where o and T, are real, and Kk is
integer. By substituting s into (4.6a) and (4.6b), we obtain

{(o+t,)=0 (4.6¢)

2"*‘kn"*fk‘ls,in(M I'(1-o+t,)C[1—0+t,)=0 (4.6d)

2

A solution to equations (4.6c) and (4.6d) exists if that solution satisfies both
equations and shares the same conjugate form, such that o from (4.6c)
equals to 1-0 from (4.6d), namely

ozl—aﬁa:%. (46¢€)

By substituting o = 2 into (4.6c) and (4.6d), we obtain
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z(%nrk):o (4.6f)

l+irk l+irk
22" 2 sin(%(%ﬂ'Ik))F(%—iTk)Z(——irk):O (46¢)

We see that the conjugate forms, Z(%Hrk) from (4.6f) and Z(%—iTk) from

(4.6g), do exist for Re(s) = o = Y2 and for certain real ¢,. By applying
Property (ii) (Zeta conjugate and symmetry) in Section 4-1-6, it follows that
s=1/2+it, and s=1/2—ir, are the nontrivial zeros of the zeta functions in (4.6f)
and (4.69).

[4-A-2]

Zeta conjugate and symmetry property
The zeta functional equation (4.6) satisfies the complex conjugate identity,

(s)=(5)=1(s)={(s) for all s # 1. It follows that

a. If ¢(s)=a+ib, where a and b are real numbers, then

{(s)={(3)=a+ib=a—ib.

b. If s is a nontrivial zero then so is s. It is equivalent to if {(s) = 0 then

¢(5)=¢(s)=0=0.

It means the set of all nontrivial zeros is symmetric about the real axis,
indicating that these zeros appear in conjugate pairs. In fact, the complex

conjugate identity, ((5):@, is a fundamental property of the Riemann zeta
function. This is often referred to as the Schwarz Reflection Principle 2°1?%1 or
the Conjugate Property. We prove this fundamental property as follows:

The Riemann zeta function is defined for Re(s) > 1,
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Let s = a + ib, where a and b are real numbers. Then s=a—ib. Therefore,

_$

a—ib *
k=1 k

Z(§)=i

=1

==

=

Now, let’s take the complex conjugate of {(5):

[l
M
Q
5
=

‘ —
=
=
=

-3 L

i=1 k*(cos(bInk)—isin(bInk))

- 1
=2 =

=1 k*(cos(bInk)+isin (b Ink))
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Thus, we demonstrate the property {(s)=¢(s) for Re(s) > 1. Recall that the
Schwarz Reflection Principle [*°!1%%] states that if a function f is analytic on a
domain symmetric about the real axis and takes real values on a segment of
the real axis, then it satisfies

f(3)=f(s).

Since the analytic continuation of {(s) is real for real s > 1 and analytic on C \
{1}, applying the principle gives

¢(3)=¢(s) = ¢(3)=¢(s),
which extends the identity to alls € € \ {1}.

Summary:

1. For Re(s) > 1, the identity {(s)={(s) follows directly from the series
definition.

2. The analytic continuation of {(s) and the Schwarz Reflection Principle!?*
(261 allow us to extend this property to the entire domain of {(s) in the
complex plane for all s # 1.

[4-A-3]

A

I'(s)sin(ms)” From

We prove (4.20) by using the reflection gamma r(1-s)=
(4.19), we have:

Zs) :2snslsin("5)p(1-s)

¢[1-s] 2
=2 ns‘lsiﬂ(%)m
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[4-A-4]

The validation of the pole depends on the position of the gamma function
within the expression. For instance, the ratio involving the zeta function and
the gamma function in the following expression is valid at the pole s = 1:

) =lim{25n51sin(n7s)i(1—s)}

s>1 F(l—S) s>1

=2-1-1-(—l) (%0) = -1/2)

gls) _ ¢(0.999)
r'(1-s) I(1-0.999

Numerical computation confirms that ):0.99999..., supporting

the consistency of the formulation.

At this result, we can appreciate the elegance of the zeta functional equation,
which can accommodate all values of s due to its rich analytic characteristics
in the complex plane.

[4-A-5]
The zeta functional equation exhibits conjugate symmetry, which stems
from the identity ¢(s)={(s). So, the statement that if s = o+it is a zero of

((s), then s = o—iT is also a zero. This is robust. In contrast, the
statement that if ¢(s) = 0 then ((1-s) = 0 relies solely the zeta
functional equation (4.6). Any zero of ((s) belongs to a quartet

automatically, namely s, 5, 1-s, 1— 5, based on the symmetries of the
zeta function.
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If the zero is not simple, then near s = sq, {(s) has a nontrivial zero of order
m and ((s) has a nontrivial zero of order n, where m and n are integer. We
can write

{(s) = ci(s-so)™ and {(1-s) = c2(1-s-(1-s0))" near s = so, where c; and ¢
are constants.

Therefore, the ratio

N cl(s—so)m
cﬂl—s—(l—sﬁy

lim

ss,

By the symmetry and the continuous of |{(s)/¢(1-s)|, the orders of zero must
be the same multiplicity, namely m = n:

¢ls) |
Z(1—s]

cl(s——sof
cﬂl—s—(l—sﬁy

¢y

lim

ss,

¢y

At this point, we are back to the case where the zero is considered as a
simple, and we find its magnitude is equal to 1.

3" Method. We provide another simple prove as follows: Since s, and 1-sg
are the nontrivial zeros the zeta function within 0<Re(s)<1, we have {(so) = a
+ ia and {(1-s0) = b+ib, where a and b approach 0. For u be real number and
assuming that b = pa, then, as s — s, the ratio

gls) | :‘1"
{(1-s) I

a+ia
ula+ia)

a+tia

beib|  m

a=>0

lim

S=s,

a=>0,b>0

We also know |{(s)/{(1-s)| is even function of T (see the proof of statement
#1 of Properties of the Graph of|{(s)/{(1-s)|), hence, Im(a+ia)) =
Im(p(a+ia)). This holds if only if y=1.
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[4-A-6]
The expression,
0+i0 A+iA 0
= =1 - =
o-to‘ ha0 |[A—iA ornot =1,

has the potential mislead readers, as it is typically considered undefined in
standard mathematical contexts. However, in certain specialized equations,
such as especially within the analysis of the zeta functional equation, this
indeterminate form can arise naturally and often yields results that align with
well-known mathematical constants. We emphasize here that such
expressions are not to be disregarded entirely. Instead, their existence should
be acknowledged explicitly, as they can carry meaningful mathematical
significance in certain analytical frameworks.

[4-A-7]

We have

In ‘F (s)|=iR (ln r (S))

Differentiate both sides with respectto T

d
EF(SH:SR F’(S)i
I (s)| r(s)
=R(i¥(s))
=—3(v(s)

209



Appendix 4-B: Graphs & Python Source Code

Appendix 4-B: Graphs & Python Source Code

[4-B-1]

1. The Python source code (chapter3.zip) used to generate Figures 1-5 is
available for download at https://seriesmathstudy.com/sms/part2 download,
allowing you to run and explore each graph locally. We use the following versions of
Python and math scientific libraries: Python 3.13.7, Plotly 6.3.1, mpmath 1.3.0,
numpy 2.3.3, scipy 1.16.2 and tqgdm 4.67.1.

2. Figure 1 (file name: chapter4_graph_figurel.py)

Source Code:
import numpy as np
from scipy.special import zeta
import matplotlib.pyplot as plt
from fractions import Fraction
# Plot the ratio |{(s)/C(1-s)| in 2D
def plot_ratio_zetas():
max_height = 3.5
start = -10
end = 10
num_points = 300
step=1
# Define and plot |G(s)| = 1
def plot_line(ax):
t = np.linspace(start, end, num_points)
g = np.full_like(t, 1)
ax.plot(t, g, label="$|G(s)| = 1 $', color="red’, linestyle="--")
ax.legend()
# Define and plot [C(s)/C(1-s)]|
def plot_abs_ratio_zetas(str_real_part, ax):
# Define variables for displaying the labels

sigma = "g"
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tau = "1"

# Convert to number

real_part = eval(str_real_part)

# Generate a range of imaginary values (t)

t = np.linspace(start, end, num_points)

# Define complex number
s =real_part + 1j * t
# Compute the absolute value of the zeta function
# abs_zeta = [|C(val)/{(1-val)| for val in s]
# Plot T for T < max_height
abs_zeta = [
max_height
if abs(zeta(val)/zeta(1-val)) > max_height
else abs(zeta(val)/zeta(1-val)) for val in s
]
# Plot |{(val)/C(1-val)|

ax.plot(t, abs_zeta, label=fr'$|\zeta({(str_real_part)} + i{tau})/\zeta({convert_fraction(str_real_part)} -
i{tau})|$")

ax.set_title(fr'Plot of $|F({sigma},{tau})| = |\zeta({sigma} + i{tau})/\zeta(1-{sigma} + i{tau})|$ and
$|G({sigma},{tau})| =1 %"

ax.set_xlabel(fr'${tau}$ (Imaginary Part)')
ax.set_ylabel('Output Value')
# Set the tick locations for the T-axis to be integers from 0 to 10
ax.set_xticks(np.arange(start, end, step))
# Set the tick locations for the y-axis to be integers
ax.set_yticks(np.arange(0, max_height, 0.5))
ax.grid(True)
ax.legend()
# Create the figure and axes objects
fig, ax = plt.subplots(figsize=(8, 7))
# Plot |{(s)/C(1-s)|
plot_abs_ratio_zetas("0", ax) #0=0
plot_abs_ratio_zetas("1/4", ax) #o0=1/4
plot_abs_ratio_zetas("1/3", ax) #o0=1/3
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plot_abs_ratio_zetas("0.49", ax) # o = 0.49
plot_abs_ratio_zetas("1/2", ax) #o0=1/2
plot_abs_ratio_zetas("0.51", ax) # 0 =0.51
plot_abs_ratio_zetas("2/3", ax) #o0=2/3
plot_abs_ratio_zetas("3/4", ax) #o0=3/4
plot_abs_ratio_zetas("1", ax) #o0=1

# Plot |G(s)| =1

plot_line(ax)

plt.show()

def convert_fraction(str_):
# Convert the string to a Fraction object
str_fraction = Fraction(str_)
# Perform the calculation, resulting in a new Fraction object
result_frac = 1 - str_fraction
# Convert the result back to a string
return str(result_frac)

plot_ratio_zetas()

3. Figure 2 (file name: chapter4_graph_figure2.py)

Source Code:
import numpy as np
from scipy.special import gamma, zeta
import plotly.graph_objects as go
from tqdm import tqdm
# Plot the ratio |{(s)/C(1-s)| in 3D
def plot_abs_ratio_zetas():
# Define {(s)/{(1-s) complex function. Input: s - complex number
def ratio_complex_function(s):
try:
return zeta(s)/zeta(1-s)
except ValueError:

return np.nan # If s = 1, return NaN.
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# Create a grid of complex numbers

real_min, real_max = -1, 5

imag_min, imag_max = -25, 25

grid_points_o, grid_points_t = 500, 500

real_grid = np.linspace(real_min, real_max, grid_points_o)
imag_grid = np.linspace(imag_min, imag_max, grid_points_T)

s_grid = real_grid[np.newaxis, :] + 1j * imag_grid[:, np.newaxis]

# Compute the {(s)/{(1-s) function values over the grid
print("Computing the values of [{(s)/C(1-s)]...")
zeta_values = np.zeros_like(s_grid, dtype=np.complex128)
for i in tgqdm(range(grid_points_T)):

for j in range(grid_points_o):

zeta_valuesli, j] = ratio_complex_function(s_grid[i, j])

# Take magnitude of {(s)/C(1-s)

magnitude = np.abs(zeta_values)

# Truncate magnitude values greater than 5

truncated_magnitude = np.where(magnitude > 5, 5, magnitude)

# Create the Plotly 3D surface figure, critical point and first nontrivial zero
fig = go.Figure(data=[go.Surface(

x = real_grid,

y = imag_grid,

z

truncated_magnitude,
colorscale = 'Plasma’,
name="'|{(s)/¢(1-s)| Surface',
colorbar = dict(title="|¢(s)/{(1-s)|"),
showlegend=False

)1

# Update layout
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fig.update_layout(

title=dict(
text="<b><i>3D Graph of |{(s)/{(1-s)| (Magnitude Truncated at 5)</i></b>",
font=dict(size=16, family="'Verdana', color="'black"),
x=0.5, # 0: left, 0.5: center, 1: right
y=0.9

)

scene=dict(
xaxis_title = 'o (Real part)’,
yaxis_title = 't (Imaginary part)',

'1€(s)/C(1-s)| (Truncated at 5)',

zaxis_title
)
legend=dict(
x=0.6,
y=0 # Vertical position (0 = bottom, 1 = top)
)
width = 700,
height = 600,

# Display the ratio [{(s)/C(1-s)|, critical point and first nontrivial zero.

fig.show()

# Or save the figure as a local HTML file, and display it in the browser.
# fig.write_html("ratio_zetas_plot.html", auto_open=True)

# print("Plot saved to plot_abs_ratio_zetas.html")

4. Figure 3 (file name: chapter4_graph_figure3.py)

Source Code:
import numpy as np
import plotly.graph_objects as go

from mpmath import zeta, mp

def plot_abs_zeta():
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# Set precision for mpmath
mp.dps = 15
# Define grid (avoid sigma = 1 to prevent zeta(1) pole)
sigma_vals = np.linspace(0, 0.9999, 100)
T_vals = np.linspace(0, 50, 100)
# Initialize empty array for zeta magnitudes
zeta_vals = np.zeros((len(t_vals), len(sigma_vals)))
# Compute |zeta(sigma + i*T)| with truncation and error handling
for i, T in enumerate(T_vals):
for j, sigma in enumerate(sigma_vals):
try:
s = complex(sigma, T)
value = abs(zeta(s))
zeta_vals[i, j] = min(value, 5) # Truncate height to max 5
except ValueError:
zeta_vals[i, j] = np.nan # Handle poleats =1
# Create meshgrid for plotting
sigma_grid, T_grid = np.meshgrid(sigma_vals, T_vals)
# Create 3D surface plot
fig = go.Figure(data=[go.Surface(
x=sigma_grid,
y=T_grid,
z=zeta_vals,
colorscale="Viridis', # Magma, Plasma, Cividis, Viridis, Inferno
name='|{(0 + iT)| Surface’,
showlegend=True,
colorbar=dict(
title="|¢(o + iT)|’,
x=0.8 # Moves the colorbar farther to the left
)
)

# Add critical line at o = 0.5

critical_sigma = 0.5
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critical_t = T_vals
critical_z =[]
# Find the column index closest to 0 = 0.5
j_critical = np.argmin(np.abs(sigma_vals - critical_sigma))
for i in range(len(t_vals)):
z = zeta_vals[i, j_critical]
critical_z.append(z if not np.isnan(z) else 0)
fig.add_trace(go.Scatter3d(
x=[critical_sigma] * len(critical_T),
y=critical_T,
z=critical_z,
mode='lines',
line=dict(color="red', width=4),
name="Critical Line 0=1/2',
showlegend=True
)
# Update layout
fig.update_layout(
title=dict(
text="<b><i>Graphs of |{(o + iT)| and the Critical Line</i></b>",
font=dict(size=16, family="'Verdana', color="'black"),
x=0.5, # 0: left, 0.5: center, 1: right
y=0.9
)
scene=dict(
xaxis_title='oc (Real part)’,
yaxis_title='T (Imaginary part)’,
zaxis_title="'|{(o + iT)|"
)
legend=dict(
x=0.66,

y=0 # Vertical position (0 = bottom, 1 = top)
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fig.show()
plot_abs_zeta()

5. Figure 4 (file name: chapter4_graph_figure4.py)

Source Code:

import numpy as np

from scipy.special import zeta

import matplotlib.pyplot as plt

from matplotlib.ticker import MultipleLocator

def plot_zeta_2d():
# Set the real part of the complex number
real_part = 1/2
T = np.linspace(-40, 40, 1000)
s=real_part+ 1j*7
abs_zeta = [abs(zeta(val)) for val in s]
# Create a figure and axes
fig, ax = plt.subplots(figsize=(8, 6))
# Plot abs_zeta
ax.plot(T, abs_zeta)
# Set the major and minor tick locations
ax.xaxis.set_major_locator(MultipleLocator(5))
ax.xaxis.set_minor_locator(MultipleLocator(1))
ax.yaxis.set_major_locator(MultipleLocator(4))
ax.yaxis.set_minor_locator(MultipleLocator(0.25))
# Set gridlines, styling major and minor
ax.grid(which="'major’, color="'gray', linestyle="'-")
ax.grid(which="minor', color='lightgray', linestyle="--', linewidth=0.5)
ax.set_ylim(0, 4) # Set the T-axis limits to 0 and 4
# Add a title and labels
ax.set_title(fr'Plot of $|\zeta(1/2 + iT)|$")
ax.set_xlabel(fr'$Im(1/2 + iT)$")
ax.set_ylabel(fr'$|\zeta(1/2 + i1)|$")
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plt.grid(True)
plt.show()
plot_zeta_2d()

6. Figure 5 (file name: chapter4 _graph_figure5.py)

Source Code:
import numpy as np
from scipy.special import gamma, zeta
import plotly.graph_objects as go
from tgdm import tgdm
# Plot the ratio [((s)/C(1-s)|, the saturation point and the first nontrivial zero in 3D
def plot_abs_ratio_zetas_and_2_points():
# Define {(s)/C(1-s) complex function. Input: s - complex nhumber
def ratio_complex_function(s):
try:
return zeta(s)/zeta(1-s)
except ValueError:
return np.nan # If s = 1, return NaN.
# Create a grid of complex numbers
real_min, real_max = -1, 5
imag_min, imag_max = -25, 25
grid_points_g, grid_points_1 = 500, 500
real_grid = np.linspace(real_min, real_max, grid_points_ag)
imag_grid = np.linspace(imag_min, imag_max, grid_points_T)
s_grid = real_grid[np.newaxis, :] + 1j * imag_grid[:, np.newaxis]
# Compute the {(s)/{(1-s) function values over the grid
print("Computing the values of |{(s)/¢(1-s)]|...")
zeta_values = np.zeros_like(s_grid, dtype=np.complex128)
for i in tgqdm(range(grid_points_T)):
for j in range(grid_points_o):
zeta_values[i, j] = ratio_complex_function(s_grid[i, j])
# Take magnitude of {(s)/C(1-s)

magnitude = np.abs(zeta_values)
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# Truncate magnitude values greater than 5

truncated_magnitude = np.where(magnitude > 5, 5, magnitude)

# Highlight the critical point (saturation constant) at c = 0.499 and T = 6.28
_0 =[0.499]

_T = [6.28]

critical_point = 0.499+6.28j

_z = [abs(zeta(critical_point)/zeta(1-critical_point))]
# Create a separate trace for the single, large point

highlight_critical_point = go.Scatter3d(

X = _gq,
y=_T,
z=_2z,

mode = 'markers’,
marker=dict(
size = 12,
color = 'red', # Use a contrasting color
symbol = ‘circle’
)
name="'[¢(0.499+6.28j)/¢(0.501-6.28j)|"' # Label for the legend
)
# Show the first nontrivial zero at c = 0.5 and T = 14.1347
o_1st_zero = [0.5]

[14.1347]

T_1st_zero
s_1st_zero = 0.5 + 14.1347j
z_1st_zero = [abs(zeta(s_1st_zero)/zeta(1-s_1st_zero))]
# Create a blue circle presenting for the first nontrivial zero
show_1st_zero = go.Scatter3d(

X = 0_1st_zero,

y = T_1st_zero,

z = z_1st_zero,

mode="markers',

marker=dict(

size = 12,

color = 'yellow',
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symbol = 'circle’
)
name = '|{(0.5+14.13j)/¢(0.5-14.13j)|" # Label for the legend
)
# Create the Plotly 3D surface figure, critical point and first nontrivial zero
fig = go.Figure(data=[go.Surface(

x = real_grid,

y = imag_grid,

z = truncated_magnitude,
colorscale = 'Viridis',
name="'|{(s)/{(1-s)| Surface',
colorbar = dict(title="|q(s)/C(1-s)|"),
showlegend=True
), highlight_critical_point, show_1st_zero])
# Update layout
fig.update_layout(
title=dict(
text="<b><i>3D Graph of |{(s)/{(1-s)| (Magnitude Truncated at 5)</i></b>",
font=dict(size=16, family='Verdana', color="black"),
x=0.5, # 0: left, 0.5: center, 1: right
y=0.9
)i
scene=dict(

xaxis_title = 'o (Real part)’,

yaxis_title = 't (Imaginary part)',
zaxis_title = '|{(s)/¢(1-s)| (Truncated at 5)',
)
legend=dict(
x=0.66,

y=0 # Vertical position (0 = bottom, 1 = top)

)
width = 800,
height = 800,
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# Display the ratio [{(s)/C(1-s)]|, critical point and first nontrivial zero.
fig.show()

# Or save the figure as a local HTML file, and display it in the browser.
# fig.write_html("ratio_zetas_plot.html", auto_open=True)

# print("Plot saved to plot_abs_ratio_zetas.html")

[4-B-2]

We present both the source code for solving equation and its corresponding output
to demonstrate the numerical solution and provide clear evidence of the results.
See chapter4.zip. Link: https://seriesmathstudy.com/sms/part2 download.

Source Code (file name: chapter4_solve_equation.py)
import mpmath
mpmath.mp.dps = 20 # Set the desired precision
def find_root(o, initial_guess=1.0):
# Find root of the equation:|zeta(o + iT) / zeta(1 - (o +iT))|-1=0
def equation(T):
s = mpmath.mpc(ag, -T)
ratio = abs(mpmath.zeta(o + T * 1j))/abs(mpmath.zeta(1 - s))
return ratio - 1
try:
# Ultilize findroot with default hybrd. Other methods: newton, secant, muller, deb
root = mpmath.findroot(equation, initial_guess, verbose=False)
check_value = equation(root)
print(f"For o={ao}, T={root}. Check: equation({root})={check_value}")
except (mpmath.NoConvergence, ValueError) as e:
print(f"Failed to find root for c={o}: {e}")
# Solutions of |zeta(o + iT) / zeta(1 - (0 +iT))| -1 =0foro =0, 1/5, 1/4, etc.
find_root(0)
find_root(1/5)
find_root(1/4)
find_root(1/3)
find_root(0.49)
find_root(0.51)
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find_root(2/3)
find_root(3/4)
find_root(4/5)
find_root(1)

Output

For 0=0, T=6.2831853407982434122. Check: equation(6.2831853407982434122)=0.0

For 0=0.2, T=6.2874412551730266978. Check: equation(6.2874412551730266978)=1.6940658945086e-21
For 0=0.25, T=6.2881729195707257949. Check: equation(6.2881729195707257949)=0.0

For 0=0.3333333333333333, 7=6.2890968133855667714. Check: equation(6.2890968133855667714)=0.0
For 0=0.49, T=6.2898333277089574802. Check: equation(6.2898333277089574802)=0.0

For 0=0.51, T=6.2898333277089574802. Check: equation(6.2898333277089574802)=0.0

For 0=0.6666666666666666, T=6.2890968133855667719. Check: equation(6.2890968133855667719)=0.0
For 0=0.75, T=6.2881729195707257949. Check: equation(6.2881729195707257949)=0.0

For 0=0.8, T=6.2874412551730266969. Check: equation(6.2874412551730266969)=0.0

For 0=1, T=6.2831853407982434122. Check: equation(6.2831853407982434122)=0.0

[4-B-3]

We present both the source code and its corresponding output to demonstrate the
numerical solution and provide clear evidence of the results.

Source Code (file name: chapter4_saturation_num.py)
from mpmath import mp, mpc, mpf, zeta, gamma, findroot, pi, cos, sinh

# Set the desired precision (150 decimal places)
mp.dps = 150

# Define a symbolic math equation 1:|¢(s)/{(1-s)| -1 =0
def equation_1(o, T):

# Convert the string to a high-precision mpf object

o_ = mpf(o)

# Perform the subtraction
one_minus_o = mpf(1) - o_

# Convert the high-precision result back to a string

one_minus_o_str = str(one_minus_o)
return abs(zeta(mpc(o_, 1)))/abs(zeta(mpc(one_minus_o_str, -1))) - 1.0

222



Appendix 4-B: Graphs & Python Source Code

# Fix g, solve for T
def solve_for_1(0):
# Fix o, solve for T
initial_guess = mpf("2.0")
root = findroot(lambda 1: equation_1(o, T), initial_guess)
print(f"t = {root}")

# Displaying the critical number T with high-precision result

def print_result_based_on_zetas():
print("Solving for T from the equation: |{(s)/{(1-s)| - 1 = 0")
solve_for_1("0.49999") #5 decimals, 0 = ¥2 — €. Let € = 0.00001
solve_for_1("0.4999999999") #10 decimals, € = 0.0000000001
solve_for_1("0.49999999999999999999") #20 decimals, € = 0.000000000000001
solve_for_1("0.499999999999999999999999999999") #30 decimals
solve_for_1("0.4999999999999999999999999999999999999999") #40 decimals
solve_for_1("0.49999999999999999999999999999999999999999999999999") #50 decimals
solve_for_1("0.499999999999999999999999999999999999999999999999999999999999") #60 decimals

# Define symbolic alternative equation 2:
# (cos(pi*o/2)~2 + sinh(pi*t/2)~2)*|gamma(oc +i*1)|*2 - 2~ (20-2) * pi*r20=0
# WARNING: Squaring gamma(x) here is for illustrative purposes only.
# Gamma grows super-exponentially — avoid this in production code to prevent overflow.
def equation_2(o_, 1):
# Convert the string to a high-precision mpf object
o = mpf(o_)
exl = (mpf(2)**(2*0-2))*(pi**mpf(2*c)) # 2~N(20-2) * pi~20
ex2 = cos(pi*a/mpf(2))**mpf(2) + sinh(pi*T/mpf(2))**mpf(2) # (cos(pi*c/2)"2 + sinh(pi*T/2)"2)
expression = ex2*abs(gamma(o + T*1j))**mpf(2)
return expression - ex1

# Fix o, solve for T
def solve_for_1_2(0):
# Fix g, solve for T
initial_guess = mpf("5")
root = findroot(lambda 1: equation_2(o, T), initial_guess)
print(f"t = {root}")

# Displaying the critical number T with high-precision result

def print_result_based _on_gamma():
print("Solving for T from the alternative equation:")
print(" (cos(pi*c/2)"2 + sinh(pi*1/2)"2)*|gamma(o +i*1)| "2 - 2~ (20-2) * pi~20 = 0")
solve_for_1_2("0.49999") #5 decimals, o0 = 2 — €. Let € = 0.00001
solve_for_1_2("0.4999999999") #10 decimals, € = 0.0000000001
solve_for_1._2("0.49999999999999999999") #20 decimals, € = 0.000000000000001
solve_for_1_2("0.499999999999999999999999999999") #30 decimals
solve_for_1_2("0.4999999999999999999999999999999999999999") #40 decimals
solve_for_1_2("0.49999999999999999999999999999999999999999999999999") #50 decimals
solve_for_1_2("0.499999999999999999999999999999999999999999999999999999999999") #60 decimals
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# Solve for T based on the ratio: |{(s)/{(1-s)| -1 =0
print_result_based_on_zetas()

# Solve for T based on the equation involved the gamma function:
# (cos(pi*a/2)"N2 + sinh(pi*T/2)~2)*|gamma(o +i*T)| "2 - 27~(20-2) * pi~N20 = 0
print_result_based _on_gamma()

Output - highlights the sensitivity of the numerical method to input precision and
demonstrates that higher input granularity can lead to more accurate computational
results. We conducted a numerical experiment to observe how input precision
affects the accuracy of computed results. The desired precision is set to mp.dps =
150 decimal places, the routine increases the number of decimal digits in the input
to evaluate the accuracy of the output. For example, inputs such as o = 0.49,
0.499, 0.4999, and so on are used. As the input precision increases, the output
converges toward a stable value with greater accuracy. Below are the outputs
generated by the program, starting o = 0.49999 with 5 decimals:

Solving for T from the equation: |{(s)/{(1-s)| -1 =0

T = 6.28983598883424165137173737407605741520851469359815511866732475589775254465077296978
T = 6.28983598883690277966482398799251808917835020619868972677349901975624904273757111421
T = 6.28983598883690277966509010082185339665831028406449619228296591160273238246346271869
T = 6.28983598883690277966509010082185339665831294519278954535776551241619583026290399796
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199397
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199423
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199423

Solving for T from the alternative equation:
(cos(pi*a/2)"~2 + sinh(pi*1/2)"2)*|gamma(o +i*T)| "2 - 2~ (20-2) * pi~20 = 0

T = 6.28983598883424165137173737407605741520851469359815511866732475589775254465077296978
T = 6.28983598883690277966482398799251808917835020619868972677349901975624904273757111421
T = 6.28983598883690277966509010082185339665831028406449619228296591160273238246346271869
T = 6.28983598883690277966509010082185339665831294519278954535776551241619583026290399796
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199397
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199423
T = 6.28983598883690277966509010082185339665831294519278954535776553902747876379365199423

Notes
« The alternative equation suffers from slow convergence and reduced floating-
point precision due to the large values of I and sinh. Small changes in o can
trigger large output variations, making root-finding numerically unstable.
« FEquation (4.50) introduces squared gamma term. Use with care, such as
large T values may cause numerical overflow. Prefer log(|I(o +iT)|) or scaled
forms when implementing.
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Appendix 4-C: Miscellaneous Results

This Appendix 4-C presents the proofs of different results and new
beautiful formulas associated with the zeta function.

[4-C-1]

Handbook of Mathematical Functions!?® and Wikipedia!**!

IC(n+1+it)= 7” H\/T +k* for positive integer n>1

smh nr k=1
1 .
ri=+
(311

\F(1+ir>l=\%

[4-C-2]
Using results [4-C-1] and applying the method of induction, we derive

_2"7["1\/sinz(%n)+sinh2(%)|l“(1—n+ir) ,

which is also the general formula for (4.34) and (4.35), with integer n.

n—it)
Z( 1 n+it)

(4.52)

Since expression (4.52) no longer contains the product symbol, we can
treat n as a real number. Let n = x and t = y, where x and y are real
numbers. Then, equation (4.52) can be rewritten as follows:

X—iy )‘ 2"nx‘1\/sin2(”2 )+smh( )\F(l x+iyl. (4.53)

Z( 1 X+iy

By applying the Gamma reflection formula, equation (4.53) can be
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rewritten in the form

7_131 2xn"1\/sin2(ﬂ)+sinhz(ﬂ)
(1—-x+iy) 2 2

) ZXHX\/sinz(%)ﬂinhz(%)

sin[nt(x—iy)]|(x—iy)

n
sin[(x—iy)]I"(x—iy]

We also have

|sin[7(x—iy]]|=|sin(m x)cosh(m y)—isinh(m y)cos(m x|

=\/sin2(n x)cosh®(m y)+sinh®(n y)cos®(n x)

:\/sinz(n x)+sinh®(m y).

Putting it all together gives

—iy] ‘_ (2 n)x\/sinz(%)ﬂinhz(g—y)

z1 x+iyll \sin®(nx)+sinh’ (7 y)| (x—iy)|

(2n)x sinz(%)ﬂinhz(%)

TIrlx—iy]l | sin’(mx)+sinn’(ny] (4.54)

The expression inside the square root on the right-hand side of (4.54)
can be deduced to a simpler form

sinz(nx)+sinh2(71y)):4smh ( 2y)+4cos (%) (4.55)

cofmx ), .o ofmy
—— |+sinh”| ==
sm(z)sm(z

Proof
Let s = x+iy, we have
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\sin(n s)|

. s
SIN| —

=2

TS
COS| —

=205 X cosh? ™Y +6in? "X sinh? LY.
\/COS 5 COS > sin 5 Sin B

:2\/1+sinh2ﬂ—sinzﬂ.
2 2

The result leads us to the expression

sin® (7 x)+sinh*(m y) y 2 TTX

) :2\/1+sinh2%—sin

2 TTX 12Ty
sin ( > )+smh 5
Squaring both sides of the equation gives

sin’(7 x)+sinh’(7 y)
SinZ(%)+Sinh2(%

):4(1+sinh2n2y—sin2nx),

2

which leads to result (4.55).

Therefore, expression (4.54) can be rewritten in the simplified form
¢x—iy) ‘: iy
1—x+i '
¢=x+iy) \/cosz(%)ﬂinhZ(%)‘F(x—iy)|

(4.56)

Notes:

* The conjugate form obtained by replacing y with —y into (4.56) is:
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{(x+iy) ‘: 2t

‘Z(l—x—iy,) \COSZ(%)+SiHhZ<%)‘F(X-H.y)‘

(4.57)

* The Gamma function has the asymptotic expression,

[P (xetiyll~v2rly e,

* Substituting this result into (4.53) gives

expression for

the asymptotic

‘i‘ 2**1/2nx‘1/2|y|1/2Xelyl"/z\/sinz(%)ﬂinhz(nz—y). (4.58)

Z 1 x+1y)

[4-C-3]

We now present several elegant formulas that, to the best of our
knowledge, have not appeared previously in the literature. We begin by

recalling that

{[s=1)¢(=s)=

Moving all zeta functions to one side gives

¢ls—1] ¢(=s) _sli-s
{(s+1) ¢(2=s] 4n® °

Substituting s = Y2 +it in the above expression yields

(a5 oo

Z(%—ir) Z(%Hr) 4’

which can be simplified as
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Taking the square root of both sides yields a beautiful formula,

1
Z(_T”) V1447

= (4.60)
Z(§+ir) arm
2
Substituting s = 3/2 +it into (4.59) gives
Z(%+iT) 16712Z(—%+ir)
= (4.61)

Z(%—ir) (4T2+1’81—3)Z(%—ir)

Taking the modulus of both sides of (4.61) gives another beautiful
formula, namely

3.
Z(—§+IT)
-1 167" +40c%+9. (4.61a)
5 161
Z(E—IT>

By substituting s = 2, 4, 6, ... into (4.59), we obtain the indeterminate
forms:
45¢17)

6
8n

2, z(—4)z(1)=—3€(5), 7(-6)¢(1)=

4’

e

Then the general formula for integer n is given by:
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(—1)"'Z(2n+1)(2n)!

¢(1)¢(=2n)= TR TR (4.62)
27

Interestingly, we arrive at results that exhibit the indeterminate form
0/0, such as:

o=4)__ 36(5) ¢=6)_ 15 ¢l7) fl=8)_ 14¢lo)

¢-2) w=*¢3)  ¢l-4) 27%¢s)”  Cl-6)  w*l7)

(—4)_ n"q(5)

Z8) 10579 (4:63)

Furthermore, we notice that the right-hand side of (4.62) is the popular
result of -Z’(n)'**!, which leads us to conclude that

¢'(-2n)=-¢(1)¢(-2n), for n=>1. (4.64)

Note. This represents the author's personal viewpoint:

The equation of the Riemann zeta function (4.6), (4.13) or (4.14)
holds a unique significance in mathematics. It brings together
both minimal and maximal values, which alternate in their roles of
support and balance. The placement of the zeta function, namely
whether in the numerator or denominator of the functional
equation, gives rise to features such as singularities and poles.
These, in turn, act as essential components that make the
functional equation analytic and complete, ensuring its path is
continuous and smooth. One could argue that this equation
encapsulates all mathematical constants within its framework.

The results involving the indeterminate form 0/0 in (4.38) and
(4.42) differ significantly from those in (4.63), due to the fact that
the real parts with Im(s)=0 found in (4.63) lie outside the critical
strip. Therefore, the indeterminate form 0/0 arising from the ratio

lim [¢[s)/¢(1=s) is not equal to 1, as demonstrated in (4.41a).

Ss,

Through formulas (4.62), (4.63) and (4.64), it appears that the
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indeterminate forms 0/0 and Oxoco seem to unfold into multiple
layers of structure. Within these layers, expressions such as
¢(—4)/¢(—2), ¢((—8)/C(—6), and others, tend to converge to distinct
values. We also observe that constants like Catalan's constant,
¢(3), ¢(5), and others often emerge from the indeterminate form
0/0. This suggests that within these layers, or perhaps within the
form 0/0 itself, there may exist a constant that has yet to be
discovered. This constant may underlie known values such as
¢(3), ¢(5), and potentially even the nontrivial zeros of the
Riemann zeta function, in the sense that they could be expressed
in terms of it. This unknown constant, similar to the critical
number Ts introduced in Section 4-4, may not appear in any
currently known mathematical expression.

One might say that zero ({(—2), ¢((—4), ...) and infinity (¢(1)) are
the two mysterious figures inhabiting the miniature universe of
the zeta functional equation. Their connection seems intentionally
designed with remarkable order and amazement, a genuine work
of art in mathematical ingenuity.

All possible nontrivial zeros on the imaginary part include the real
number 6.28 which is indeed a very close numerical
approximation to the circumference of a unit circle.
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As a result, the book is offered at no cost, unless you desire to obtain a
physical copy, in which event you will be responsible for the printing and
paper expenses through Amazon.

Below are the author’s reflections recorded at various times in his notebook.
We present them here as a reconstruction of his original thought process.
Some viewpoints may appear more than once, as certain ideas naturally
resurfaced during the course of his development.

» Just as a skyscraper requires a deeper and broader foundation, a basic
mathematical function must be developed with greater breadth and
depth to extend its reach. In Chapter 3, we introduce the fundamental
structures underlying two-variable trigonometric and hyperbolic
functions. These constructions may provide the groundwork for more
advanced multivariable extensions. A nature direction for further
development is to expand this foundation into a comprehensive calculus
framework built upon these two-variable elementary functions, much as
traditional calculus was developed from single-variable functions. We
are confident that anyone familiar with standard calculus will be able to
contribute to this effort. This undertaking will likely span many years,
during which numerous definitions, theorems, and formulas will be
examined, refined, and optimized. Through this process, we aim to
achieve a more accurate understanding of the natural phenomena that
shape the three dimensional world around us. Moreover, single-variable
functions obscure structural features that only two-variable functions
can reveal. For example, these extended bivariable functions expose
natural curvature along the y-axis, behavior that remains hidden in the
one dimensional case. This broader perspective opens the door to new
insights and potentially significant discoveries.

» Mathematicians have established the fundamental single variable
trigonometric functions on the two dimensional plane, which form the
basis of modern mathematics. We continue their works by introducing
trigonometric functions of two variables, extending the single variable
case into three dimensional space. We analyze the basic properties of
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these two variable functions in detail. It's worth noting that single
variable trigonometric functions are actually a subset of the two
variable ones. We view these two variable functions as both essential
and foundational, since they will help us study other similar functions in
three dimensional space. This development may pave the way for a
deeper exploration of trigonometric functions in higher dimensions,
potentially establishing them as inherently elementary functions for two
variables in future mathematical frameworks. Once a function
approaches to a unique of the object, more restrictions are appeared
and applicable. It has no differ with more population in the city, the
more rules and policies are required and applicable to them. Therefore,
these enhanced functions may serve as tools to broaden our thinking
and deepen our insights into the symbolic curvilinear objects around
us. Our study proposes a framework for initially analyzing these
enhanced functions and exploring their applications in trigonometry-
geometry and beyond, opening up a wide new mathematical landscape,
ready to be explored and applied.

We introduce the extended trigonometric function with two variables
x,y=(xIn(y)), which serves as a generalization of Euler’s identity,
hyperbolic cosine or sine function to two variables. Furthermore, we
can keep applying the approach outlined in Chapter 3 to create a
specific set of other standard functions based on x, y defined by an
alternative function (not xlIn(y)), provided each of them produces the
appropriate atomic function. This new collection of functions would be
constructed upon our extended functions to enable the generation
manageable transcendental functions that we can regulate. Think of
this layer as yet another enhancement of our extended layer. In our
view, there is much of interest that we discover at this point.

In 1957, Kolmogorov and Arnold!! showed that single variable functions
are sufficient to represent any continuous multivariable function. In
principle, this means that truly fundamental two variable functions are
not strictly necessary for describing the mathematical structure of the
universe. In practice, however, expressing complex shapes or
phenomena using only one-variable functions is extremely difficult. This
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motivates the idea of introducing an intermediate “layer” built from a
new family of two variable functions, namely functions constructed on
top of the existing single variable ones. As we see in this Chapter 3, the
very simple two variable functions may uncover geometric or structural
patterns that remain hidden when we restrict ourselves to one variable
building blocks. Here is the intuition behind this idea. Consider the one
variable function f(u)=tan(u). Now embed this function into two-
variable setting by defining F(x,y)=tan(xy). Although F is defined on the
two dimensional xy-plane, it effectively depends on only one
combination of the inputs, because if we introduce the substitution
u=xy, then F(x,y)=tan(xy)=tan(u)=f(u) (abstraction). What changes,
however, is the geometry of the graph. The graph of f(u) is a curve in
the uf(u)-plane, while the graph of F(x,y) is a surface in three
dimensional xyz-space. In this higher dimensional setting, new
geometric patterns and structures appear, such as the way values
repeat along curves xy, which do not show up in the usual graph of
f(u). In this sense, examining the same function through additional
variables can reveal further geometric properties of its behavior.
Establishing intermediate layer(s) is therefore necessary. Once this
new layer(s) has been thoroughly studied, exploring deeper levels of
the problem becomes much less complicated, and our work on other
objects in space becomes more systematic.

By introducing a third variable, z, as outlined at the end of Chapter 3,
we examine how its variation, from negative infinity to positive infinity
or vice versa, affects the other two variables. This allows us to explore
how the relationships between trigonometric and hyperbolic functions
extend naturally into three variables, including their inverse forms. In
this three-variable setting, the extended hyperbolic functions continue
to produce real valued outputs, whereas the corresponding extended
trigonometric functions yield exclusively complex values. Theoretically,
this method of extending basic functions can be generalized to
construct functions of n variables. Unlike parameters, n-variable
functions exhibit a rigorous interdependence among variables within a
single multivariable equation.
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» In Chapter 4, demonstrating the Riemann Hypothesis (RH) through
pure mathematics poses significant challenges. We determine that
there is no nontrivial zero off the critical line to be discovered beyond

the point 1=1,~6.289835988.... This point is not only a local maximum
(extremum) of |{(s)/C(1-s)|, but also marks the boundary where the
curve |((s)/{(1-s)| transitions into a straight line; beyond this point, |
((s)/((1-s)| behaves linearly rather than as a curve. We still do not
fully understand whether the “saturation constant” involved are related
to the values of the known nontrivial zeros or to other known
mathematical constants. Based on our current understanding, we
believe the proof as shown in Section 4-4 is correct. If our proof of the
Riemann Hypothesis is found to be flawed because the limit |{(s)/{(1-
s)| = 1 as s approaches s, within the critical strip, we accept that
possibility with a mathematically sound justification and appreciate the
scrutiny such a problem deserves. Notice that the Riemann zeta
functional equation is a meromorphic identity. Then both sides of the
equation represent the same underlying function across the complex
plane. Consequently, if we plot the left side and the right side
independently, the resulting graphs are identical.

> Readers may find the new relationships among zeta identities,
presented in Appendix 4-C, of particular interest. Especially, the linear
first-order ODE (4.64) gives its solutions (or "“exponential decay
function”) containing odd zeta values which connect zero (negative
even zeta values) and infinity (pole) mathematically.

» Again, this book may contain errors or oversights resulting from
misunderstanding or typographical mistakes. We are consistently
enthusiastic about learning throughout our lives, especially from
constructive criticism, as it will assist us in making essential
improvements.

— Tue Vu
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