PARTIAL DIFFERENTIAL EQUATIONS ARISING FROM THE CHAIN RULE FOR DIRECT
DEPENDENCIES

EDIGLES GUEDES

ABSTRACT. This paper presents two partial differential equations obtained from the chain rule for functions
with direct dependencies among the variables. For a function V = V(x,y,z) with continuous and non-zero
partial and total derivatives, we demonstrate that the equation

dvdveov dvdvev dvVdVvev dvVdvdVv

dydzax+dxdzay+dxdyaz7dxdydz
holds.
Next, we prove that the two-variable analogue for V = V(x,y)
vy avev _avav
dy ox dx 9y dx dy’
also holds.
The proofs utilize the chain rule and relationships between differential ratios, culminating in the verifi-
cation of the fundamental identity.

But of that day and hour knoweth no man, no, not the angels of heaven, but my Father
only.

Matthew 24:36 (KJV)

1. INTRODUCTION

In this paper, we will explore the chain rule for differentiation with direct dependencies and arrive at the
two partial differential equations. The first one is

4VAVaV avavov avavav _avavav
dy dz ox dx dz 9y dx dy dz  dx dy dz~

for V dependent on the variables x, y and z, that is, V = V(x, y, z). The second one is

avov dvev _avav
dy ox dx 9y  dx dy
for V dependent on the variables x and y, namely, V = V(x, y).

2. THEOREMS

Theorem 1. If V = f(x,y,2z) is a continuous function of three variables x,y,z, with continuous partial
derivatives oV /dx, dV /dy, dV /dz and the total derivatives dV /dx, dV /dy, dV/dz are known, continuous
and nonzero, then the following partial differential equation

dvdveVv dvdVoV dVdVov dVdvdVv

2.1 ——t—————+ ———= .
(2.1) dy dz ox dx dz 9y dx dy 9z dx dy dz

holds.
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Proof. Denote the partial derivatives by
eV v v
-~ ox’ oy’ 9z

dy dz . . s .
Let p = I and g = e Then, using the chain rule [I] e substituting the variables above,

dv._ 9V oVdy 9dVdz
— =t — =+ —
dx ox oJdydx oz dx

becomes

dv
— =A+Bp+Cq.

(2.2) =

dz dz di

d 1
For the total derivative with respect to y, we utilize £ = ; an o I dy =q- 1%
the chain rule and substituting the variables above,
dv _ 9V  avdx 9V dz
dy a9y oxdy oazdy
becomes
dv 1 A+Bp+C 1dVv
(2.3) Y o _giatycl_Aatrbpreqg 1dv
dy p P p p dx
d 1 d dyd
For the total derivative with respect to z, we apply &2 and & _SYEX p-t
dz ¢ dz dxdz q
the chain rule and substituting the variables above,
dv. oV 9Vdx oVdy
—_ — —— ——
dz 9z odxdz 9ydz

becomes
(2.4) WV cpalypp_ArBptCq_1dV
dz q q q q dx
From and we obtain the simple relations
dv. dv 1 dv._dv 1
dy T P dz dx ¢

Now compute the left-hand side of (2.1 .
dv dv dv dv dv dv

LHS= ——A+ ——B+——C
dy dz dx dz dx dy

o e @) ) @) )
(5 (o1

The right-hand side of (2.1)) is

1 1 1 1
o0 ot = AV VAV _dV 4V 1) (aV 1y _avy) o
dx dy dz dx \dxp dx g dx / pq
Thus the equality LHS = RHS, from and , is equivalent to
2 3
() Gots) ()
dx ) \pq q o dx / pq
A B o dv 1
— — + J—
pa’q p dxpg

Multiply (2.7) by pq yields

dv
A+Bp+Cq= di
X

= %; thus, employing

= %; and, again, using
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This is exactly the chain rule expression of (2.2)). And the proof is complete. O

Theorem 2. If V = f(x,y) is a continuous function of two variables x and y, with continuous partial deriva-
tives dV /dx and dV /9y and the total derivatives dV /dx, dV /dy are known, continuous and nonzero, then

the following partial differential equation

dvov dveoVv dvdVv

(2.8) _——t——=——
dy ox dx 9y dx dy

holds.

Proof. By the chain rule for total derivatives [I], we find
dv eV avdy

—_— = — 4+ —
99 dx oJx 9y dx
(2.9) dv._ oV 9Vdx
— = —+— .
dy o9y oxdy

d .
Let p = %. Because the total derivatives are nonzero and the curves are regular, we have % = %. Denote

A= %, B= %. Then l) becomes

dv

i :A“er
(2.10) {C(‘i"—B+A

dy — P

Now compute the left-hand side of (2.8)

dvov dVaov A A? A?
(2.11) ——+——=(B+=)A+(A+Bp)B= AB+ — + AB + B*p = 2AB+ — + B?p.
dy ox dx oy p p p
The right-hand side of (2.8]) is
dv dv A A? A?
(2.12) —-—=(A+Bp)(B+= ) =AB+— +B*p + AB = 2AB+ — + B*p.
dx dy P p P

The expressions and are identical, hence
dvov avov _dvdy
dy ox dx 9y dx dy’
which is exactly . This completes the proof. (|

3. EXERCISE

Exercise 3. Prove that

AVAVAV oy dvAVAVoy dVAVAVov  dvdvdvov _ dvdvdvdy
dy dz dt ox dx dz dt 9y dx dy dt 9z dx dy dz ot  dx dy dz dt’

for similar conditions of Theorem 2.1.
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