
Geometric Scaling Laws in Block DecomposiƟons of the Dirichlet Eta FuncƟon 

This paper presents a block-structured decomposiƟon of the Dirichlet eta funcƟon 

𝜂(𝑠) = ෌ (−1
ஶ

௡ୀଵ
)௡ିଵ𝑛ି௦, where 𝑠 = 𝜎 + 𝑖𝑡, based on an exponenƟal parƟƟoning of the summaƟon 

index into intervals of the form 𝑁௞ ∼ 2𝑒ଶ௞గ/௧. The series is reorganized into finite segments, which are 
analyzed as dynamically scaling components with approxipmately geometric decay behavior. 

A raƟo structure between successive block contribuƟons is derived, leading to an approximate exponenƟal 
scaling law of the form 𝑅௞(𝑠) ∼ 𝑒ିଶగఙ/௧. This allows the eta funcƟon to be expressed as a coupled system 
of real and imaginary components, each defined over parƟƟoned summaƟon blocks. 

Using this decomposiƟon, a real–imaginary interacƟon structure is introduced, where intersecƟon-type 
condiƟons between the real and imaginary parts are studied through a determinant-based formulaƟon. 
The resulƟng system suggests a structured relaƟonship between block interacƟons and phase behavior in 
the complex plane. 

The framework provides a new perspecƟve on the analyƟc structure of 𝜂(𝑠)through interval scaling, phase 
coupling, and approximate geometric recursion. In parƟcular, the model highlights a special role of the 
parameter 𝜎 = 1/2within the interacƟon structure, emerging from symmetry consideraƟons in the 
decomposed representaƟon. 

This work is exploratory in nature and aims to develop a structured analyƟcal model for studying oscillatory 
behavior in alternaƟng Dirichlet series via block decomposiƟon techniques. 
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Theorem 

 All intersecƟon points of ℵ௦,ோ௘~ and ℵ௦,ூ௠௚~ funcƟons are not Zeros.However all Zeros are 
intersecƟon points of ℵ௦,ோ௘ and ℵ௦,ூ௠௚funcƟons. 



𝑍 ⊆ 𝑃௜௖(𝑃௜௖ = intersection points , Z = Zeros) 
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𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 𝜗௓ = 0 = 𝑧𝑒𝑡𝑎 𝑍𝑒𝑟𝑜𝑠 

 

 
 There are three types of intersecƟons such as upper,middle and lower intersecƟons. 

 

𝑤ℎ𝑒𝑛 𝜎 = 0, 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒 𝑑𝑢𝑒 𝑡𝑜 𝑑𝑒𝑛𝑜𝑚𝑎𝑡𝑜𝑟 = 0 

 

 



𝑤ℎ𝑒𝑛 𝜎 =
1

2
, 𝑚𝑖𝑑𝑑𝑙𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑧𝑒𝑟𝑜𝑠 



𝑤ℎ𝑒𝑛 𝜎 = 1, 𝑙𝑜𝑤𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑧𝑒𝑟𝑜𝑠(𝑏𝑢𝑡 𝑛𝑜𝑡 𝑍𝑒𝑟𝑜𝑠 𝑑𝑢𝑒 𝑡𝑜 1 − 2ଵି௦) 

𝑠𝑜 𝜎 =
1

2
 𝑖𝑠 𝑜𝑛𝑙𝑦 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑧𝑒𝑡𝑎 𝑧𝑒𝑟𝑜𝑠 



 

𝜗௓ =

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ
⎦
⎥
⎥
⎥
⎤

−

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

⎦
⎥
⎥
⎥
⎤

 

𝜗௓ = 0 

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ
⎦
⎥
⎥
⎥
⎤

−

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

⎦
⎥
⎥
⎥
⎤

= 0 

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ
⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ

× ෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

⎦
⎥
⎥
⎥
⎤

 

ଵ ଶ 

ଶ ଶ ଵ ଵ ଵ ଵ ଶ ଶ 

ଵ

ଵ

ଶ

ଶ
 

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

 

෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మౡಘ

೟ ቟

௡ୀଵ

 

෍ (−1)௡ିଵ𝑛ିఙ cos[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡ

೟ ቟ାଵ

 

෍ (−1)௡ିଵ𝑛ିఙ sin[𝑡 ln 𝑛]

ଶ቞௘
మ(ౡశభ)ಘ

೟ ቟

௡ୀଶ቞௘
మౡಘ

೟ ቟ାଵ

 



ଵ ଶ

ଵ ଶ 

𝑜𝑛𝑙𝑦 𝜎 =
1

2
, 1 2

𝑤ℎ𝑒𝑛 𝜎 <
1

2
, 1 2

𝑤ℎ𝑒𝑛 𝜎 >
1

2
, 1 2 

𝑠𝑜 𝜎 =
1

2
 𝑖𝑠 𝑜𝑛𝑙𝑦 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑧𝑒𝑡𝑎 𝑧𝑒𝑟𝑜𝑠 

So  Riemann Hypothesis is true. 
Zeros finder 
https://docs.google.com/spreadsheets/d/1UnMW4XQVQFoJppUQX8tuDLwa4V7TY3pL/
export?format=xlsx


