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Abstract

The axiomatization of physics, particularly the connection between microscopic dynamics and
macroscopic laws, remains a central challenge of Hilbert’s Sixth Problem. A persistent conceptual gap in
this program is that probability is typically introduced as a fundamental assumption rather than derived
from physical evolution itself. To close this gap, we develop Viscous Time Theory (VTT), an evolutionary
framework structured around admissibility, coherence, and recoverability. When paired with an
informational action principle, VIT allows probability to emerge naturally as an induced statistical
measure over bundles of admissible trajectories. To test this proposed mechanism, we analyze a viscous-
time kinetic transport operator, establishing its contraction semigroup structure, spectral gap, and
hypocoercive convergence. We then extend the model to nonlinear interaction kernels and evaluate its
hydrodynamic scaling limit. The analysis proves that this diffusion-driven operator achieves strict spectral
stability, exponential entropy decay, and global nonlinear stability, with the macroscopic scaling limit
rigorously yielding nonlinear diffusion dynamics for the coherence density. By providing an analytically
tractable layer between microscopic and macroscopic behavior, this work demonstrates how probability,
irreversibility, and transport laws can cohesively emerge from informational geometry.
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1 Introduction

When David Hilbert posed his famous Sixth Problem in 1900, he set out an ambitious goal: to fully
axiomatize those areas of physics fundamentally driven by mathematics, especially mechanics and
probability theory [1]. At its core, Hilbert envisioned a logically unbroken bridge connecting the
microscopic world of atomistic dynamics directly to the macroscopic laws governing continuum fluid
models [2]. Over the last century, kinetic theory has been the primary vehicle for building this bridge.
The Boltzmann equation, for instance, has played a starring role by linking particle-level interactions to
macroscopic hydrodynamics via asymptotic limits [3]. Yet, for all its immense success, the mathematical
machinery of Boltzmann theory remains notoriously intricate because its collision operator is inherently
nonlinear, nonlocal, and bilinear [4]. Because of this complexity, achieving explicit spectral control,
quantitative convergence rates, and global entropy-based stability is a delicate task that often depends
heavily on the specific model used.

1.1. Why Hilbert’s Sixth Problem Remains Open in Spirit
In modern terms, Hilbert’s Sixth Problem is essentially a demand for a unified foundational layer that
can concurrently explain three intertwined facets of physics [5]:
The Micro-Macro Transition: How do discrete molecular dynamics naturally give rise to continuum
laws like thermodynamics and fluid dynamics?
Determinism versus probability: Why do probabilistic descriptions emerge so naturally, and why do
they remain physically stable?

i

Consistency of physical meaning: How do core concepts like “state,” “time,” and “law” maintain a
coherent meaning across vastly different physical scales and regimes?

Today, theoretical physics tackles these questions using kinetic theory, scaling limits [6], and
Kolmogorov’s foundational axioms for statistical modeling [7]. However, a fundamental issue persists:
probability is still largely treated as an independent, primitive concept—a postulated measure often
justified after the fact by mixing or ergodicity assumptions that are rarely universal in scope. Viscous
Time Theory (VIT) directly addresses this conceptual gap by arguing that probability is not a
fundamental pillar of reality. Instead, it suggests that probabilistic behavior naturally arises whenever
physical evolution cannot select a unique path, driven by informational degeneracy, limits on our
ability to reconstruct states, and viscous constraints.

1.2. Viscous-Time Kinetic Formulation

In this study, we rigorously develop and analyze a kinetic transport operator rooted in the VTT
framework. Rather than starting with a traditional collision integral, our kinetic architecture emerges
from a viscous diffusion mechanism operating in momentum space, paired with deterministic spatial
transport. This creates a generator that beautifully combines a skew-adjoint transport component with
a highly coercive diffusion operator. Thanks to this structural breakdown, we can directly apply
powerful mathematical tools like semigroup methods, Gaussian functional inequalities, and
hypocoercivity theory [8], [9]. As a result, the framework naturally yields explicit spectral gaps,
quantitative exponential decay of entropy[10], nonlinear stability under interaction potentials, and a
strictly controlled hydrodynamic limit.

Our goal here is not to completely replace classical Boltzmann theory, but to construct a
mathematically closed kinetic layer that offers exceptionally strong functional control. Specifically, we
prove that it generates a contraction semigroup within a weighted Hilbert space, establish an explicit
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Gaussian logarithmic Sobolev inequality, derive hypocoercive exponential convergence with
computable rates, successfully extend our analysis to nonlinear mean-field interaction kernels, and
rigorously validate a macroscopic nonlinear diffusion limit [11]. Ultimately, these findings deliver a
structurally robust kinetic-continuum bridge that fulfills the rigorous mathematical demands inherent
in Hilbert’s Sixth Problem.

To systematically unfold this program, the paper is structured into several key stages. Section 2 lays out
the theoretical groundwork of the VIT framework and explains its kinetic interpretation. Section 3 then
dives into the formal mathematical structure of our viscous-time kinetic operator, establishing vital
functional analytic properties such as entropy dissipation, semigroup well-posedness, and strict spectral
control via hypocoercivity and logarithmic Sobolev inequalities. In Section 4, we present our validation
program and results, featuring analytical verifications alongside illustrative figures that demonstrate
entropy decay, spectral structure, nonlinear stability, hypocoercive convergence, and the hydrodynamic
limit. Section 5 steps back to discuss the broader structural implications of this kinetic architecture,
particularly comparing it with the classical Boltzmann framework. Finally, Section 6 wraps up our main
contributions and explores exciting future directions for this framework within the grander scope of
Hilbert’s Sixth Problem.

2 VTT foundational framework

Before diving into the mathematical properties of our kinetic operator, it helps to first lay out the
conceptual groundwork of Viscous Time Theory (VIT) and explain how it reframes the goals of
Hilbert’s Sixth Problem. Instead of the traditional approach—which tries to derive macroscopic
continuum laws directly from microscopic dynamics—VTT recasts the problem as an exercise in
informational geometry and admissible evolution across a configuration manifold. Rather than starting
with assumed probabilistic axioms or collision-based kinetics, the VIT framework relies on a minimal
set of structural rules that govern how information can admissibly evolve. Ultimately, these principles
establish the geometric constraints that allow probability, entropy, and macroscopic transport laws to
naturally emerge as derived consequences rather than standalone assumptions.

2.1. Identity Persistence as the Fundamental Primitive

In the VIT framework, we stop looking at a physical system simply as a point moving through a
predetermined phase space. Instead, we treat the system as an entity whose very existence is defined by
its ability to maintain its identity during a transformation. From this angle, the most important question
we can ask is: Which transformations allow a system to preserve its identity, and what is the informational cost
of doing so?.

This perspective swaps the classical idea of "dynamics over time" for a new paradigm based on
admissible evolution constrained by structural rules. Time, therefore, ceases to be a fundamental
coordinate. It emerges instead as a useful bookkeeping tool that tracks the progression of admissible
transformations within a system experiencing finite informational viscosity.

2.2. Recoverability as the Geometric Primitive

Our second major conceptual shift changes how we define the geometric structure of physical
descriptions. Traditionally, we measure the proximity between states using spatial or metric distances.
Under VTT, however, proximity is defined entirely by recoverability under perturbation. Two
configurations are considered "close" not because they are physically near one another, but because you
can easily reconstruct one from the other using admissible transformations with a low informational
cost.



This view creates a highly robust and invariant structure, even when a system has multiple competing
informational descriptions. Specifically:
Multiple coherence trajectories can coexist at the same time and remain heavily dependent on the
observer.
However, the critical thresholds where recoverability entirely fails remain strictly independent of the
observer.
These '"recoverability boundaries" give us an objective way to define structural collapse, all while
leaving enough flexibility to handle informational descriptions that aren't uniquely defined. This
specific distinction is crucial for maintaining mathematical rigor, as it sidesteps relativistic ambiguity
while still acknowledging that informational representations of physical systems do not have to be
unique.

2.3. Axiomatic Core of the VIT Reformulation

To mathematically formalize this new perspective, we introduce a minimal set of axioms that can
express the Hilbert-VI program purely in informational terms. We aren't trying to overthrow existing
physical theories here. Rather, we are providing a coherent structural layer where microscopic
admissibility, the organization of coherence, and the constraints of recoverability dictate how physical
systems are allowed to evolve.

2.3.1 Axiom 1 (Coherence Primacy)

There is a coherence functional (or field) AC defined across an informational configuration manifold J.
Coherence is our primary, physically meaningful observable; it measures the amount of structured
informational organization and the reconstructible correlations within a given system.

2.3.2. Axiom 2 (Admissibility Structure)
For each configuration x € ], there exists an admissible cone of transformations

A(x) € TJ. D).
Physical evolution is strictly confined to the directions contained within this specific cone. Any
transformations that fall outside of it represent evolutions that break the structural identity constraints
of the current regime.

2.3.3. Axiom 3 (Viscous Time Emergence)

Time is not taken as a fundamental primitive. Instead, a scalar or field n > 0, represents informational
viscosity, measuring resistance to coherence reconfiguration. Continuous temporal evolution becomes
well-defined only in regimes where 1 > 0. In the limit n - 0, the system approaches a zero-latency
regime in which admissible transitions occur without a conventional temporal parameterization.

2.3.4. Axiom 4 (Least Decoherence / Informational Action)

Among admissible trajectories y, physical evolution extremizes an informational action functional

Syl = | Li(AC,AC, 3, @, ...) dt. )

A barrier term diverges as admissibility collapses, producing a selection principle of least decoherence,
generalizing classical least-action dynamics.

2.3.5. Axiom 5 (Recoverability Cliffs)
There are specific collapse boundaries (or "cliffs") within J. Once a system crosses beyond these cliffs,
coherence cannot be recovered by any admissible strategy whatsoever. These recoverability cliffs mark
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definitive regime transitions where a system's informational identity is permanently and irreversibly
lost.

2.4. Probability as an Induced Measure on Admissible Trajectories

One of the most defining features of the VIT framework is that probability is never introduced as a
primitive axiom. Instead, it naturally emerges as an induced statistical description whenever multiple
admissible trajectories share nearly identical informational action values. If the informational action
clearly selects one dominant trajectory, the resulting dynamics look perfectly deterministic. However, if
several admissible paths have near-degenerate action values, the observable dynamics effectively
become probabilistic.

In this probabilistic regime, the physical outcome isn't tied to a single trajectory, but rather to an entire
bundle of admissible evolutions. Let I, denote the set of admissible trajectories. We introduce an
induced statistical measure

P(y) « exp (— M) ©)

K[
where k; represents an informational scale parameter encoding observational resolution or noise
coupling. Crucially: P is not axiomatized independently, it emerges as the natural statistical shadow of
least-decoherence selection under degeneracy.
This is our central answer to the Hilbert 6 challenge: probability becomes a naturally derived object
born from informational geometry and admissibility, not a standalone primitive.
Kolmogorov-style probability can then be recovered as a regime-level formalization of Pwhen the
induced measure satisfies standard consistency constraints (normalization, c-additivity under coarse
partitions of T4y, etc.). In this view, Kolmogorov’s axioms are not the foundation of physics; they are
the stable calculus of uncertainty once the underlying admissibility geometry is compressed.

2.5. Micro-Macro Bridge as a Coherence Geometry Scaling Limit

Hilbert’s Sixth Problem requires a principled derivation of macroscopic continuum laws from
microscopic dynamics. Within the VIT formulation, this transition is interpreted geometrically as a
scaling limit of coherence structures on the informational manifold.

Let microstates correspond to configurations x € /. Macrostates arise not merely through coarse-
graining but through the formation of coherence basins, regions in which

VAC = 0, 4)

and recoverability remains stable under perturbations.

In such regimes, macroscopic transport laws can be interpreted as effective continuity equations
governing the evolution of coherence density and its gradients under viscous constraints. Entropy
therefore appears as a secondary projection associated with the multiplicity of admissible trajectories
inside these basins rather than as the fundamental generator of irreversibility.

2.6. Hilbert-VI Reformulated as a Structured Research Program

With this framework in place, Hilbert’s Sixth Problem transforms from a single, daunting derivation

into a highly structured sequence of explicit mathematical targets. We can break this down into three

principal objectives:

o Theorem 1 — Probability Emergence: Under admissibility constraints and informational action
dynamics, statistical behavior arises as an induced measure on trajectory bundles.

Given (I A 1 AC), and a well-defined informational action §;, there exists a regime in which the
physical statistics of outcomes are approximated by an induced measure on admissible trajectories:
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P(y) « e~Silvl/xr, (5)

Theorem 2 — Continuum Emergence: Under appropriate scaling limits combining viscosity and high
admissibility density, basin-level coherence dynamics converge toward macroscopic continuum
transport equations with effective viscosity and stability terms derived from 7, AC, and admissibility
curvature.
Theorem 3 — Regime Consistency: Across all regime transitions —even zero-latency limits —the VTT
framework manages to preserve deterministic evolution in unique-trajectory scenarios. Concurrently,
it maintains consistent collapse conditions by utilizing recoverability cliffs.

By framing it this way, the classical objective of Hilbert's Sixth Problem becomes a concrete,
structured mathematical program that directly links admissibility geometry, informational action, and
continuum dynamics.

2.7. Observable Consequences of the VI'T Framework
A major strength of the VTT framework is that its axiomatic structure isn't just an abstract
mathematical exercise. The admissibility geometry and informational viscosity we've defined create
concrete, observable signatures in real physical systems. Several immediate pathways for validation
naturally emerge from this framework:

Hysteresis and memory loops: Informational viscosity tells us to expect hysteresis-like effects in
systems where recovery dynamics are highly path-dependent, which leads directly to non-Markovian
memory patterns.

Directional sensitivity (anisotropy): Because our admissibility cones strictly limit the set of allowed
transformations, perturbations of the exact same magnitude can produce vastly different responses
depending on the direction taken within the informational configuration manifold.

Recoverability cliffs: The theory predicts definitive, sharp stability boundaries. Once crossed,
coherence simply cannot be restored via any admissible transformations. Crossing these boundaries
results in hard regime transitions, not smooth, continuous recovery.

Scale-dependent probabilistic structure: The induced statistical measure relies heavily on the
informational scale parameter k;. This implies that the probability distributions we observe should
systematically shift depending on the observational resolution or perturbation scale.

These clear predictions give our Hilbert-VI reformulation a distinctly tangible physics-and-
engineering character. The axioms dictate experimentally testable constraints rather than resting on
purely abstract philosophical principles.

2.8. Conceptual Implications for Hilbert’s Sixth Problem
When Hilbert originally proposed his Sixth Problem, he called for the full axiomatization of the
branches of physics heavily dependent on mathematics. Historically, this has usually meant trying to
derive continuum laws straight from microscopic mechanical dynamics.
The VTIT framework takes a completely different path by proposing a new foundational object for
axiomatization: we shouldn't focus on energy, motion, or even probability itself, but rather on the
admissibility of informational evolution bounded by coherence and recoverability constraints. From this
new perspective, three profound shifts occur:
Time emerges naturally from informational viscosity.
Probability emerges naturally from bundles of admissible trajectories.

Continuum laws emerge naturally from coherence-basin dynamics under specific scaling limits.

6



While this may not represent a traditional, classical resolution to Hilbert’s Sixth Problem, it offers a
deeply structurally coherent candidate foundation. Under VTT, probabilistic and continuum
descriptions aren't primitive axioms; they are regime-dependent projections born from a much deeper,
underlying admissibility geometry.
3 Frame Development
Having established the conceptual and axiomatic foundations of the Viscous Time Theory (VTT)
framework in the preceding section, we now turn to its formal mathematical formulation. The purpose
of this section is to translate the informational principles previously introduced —identity persistence,
admissibility constraints, coherence organization, and recoverability—into a precise analytical
structure. To achieve this, we introduce the formal objects that describe informational configurations
and admissible transformations on the configuration manifold, together with the corresponding
notions of admissible trajectories and informational action.
Building on these definitions, we derive several fundamental propositions governing admissible
evolution and the emergence of statistical behavior. A minimal discrete informational dynamical
system is first presented to illustrate the operational features of the framework. We then develop a
continuum formulation that leads naturally to the viscous-time kinetic transport operator. Finally, the
resulting kinetic-spectral-nonlinear structure of this operator is analyzed and compared with the
classical Boltzmann equation, highlighting both structural parallels and foundational differences
relevant to the program of Hilbert’s Sixth Problem.

3.1 Definitions and Formal Objects

3.1.1. Definition 1 (Informational Configuration Manifold)

Let I denote an informational configuration manifold. Each point x €] represents a complete
informational configuration of a physical system, which need not be reducible to conventional spatial
coordinates or phase-space variables.

The manifold /may be finite-dimensional, infinite-dimensional, or mixed-dimensional and may carry
additional geometric structures—such as a metric, connection, or foliation —depending on the physical

regime under consideration.

3.1.2. Definition 2 (Coherence Field)
A coherence field is defined as a scalar or tensor-valued functional

AC:7 > R (6)
that quantifies the degree of structured, constructible informational organization associated with a
configuration x.
High values of ACcorrespond to strong recoverability and persistence of identity, whereas low values
indicate fragile configurations approaching informational collapse.

3.1.3. Definition 3 (Admissibility Cone)
At each configuration x € I, define an admissibility cone
Ax) cTJ (7)

representing the set of infinitesimal transformations that preserve identity above a specified coherence
threshold.
A trajectory y: T = x(7) is physically realizable if and only if

x(1) € A(x(7))VT. (8)



3.1.4.Definition 4 (Informational Viscosity)
Informational viscosity is defined as a scalar or field
n:9 — [0, 0) 9)

which quantifies the resistance of informational structures to reconfiguration.

e Whenn > 0, evolution is continuous and temporally ordered.

e In the limit n — 0, transitions between configurations may occur without latency, and the usual
notion of temporal parametrization loses operational meaning.

3.1.5. Definition 5 (Recoverability and Cliffs)

A configuration xis said to be recoverable if there exists at least one admissible trajectory that returns it
to a reference coherence basin under bounded perturbations.

A recoverability cliff is defined as a codimension-one boundary C c [such that once this boundary is
crossed, recovery becomes impossible through any admissible transformation.

Importantly, recoverability cliffs are observer-independent invariants of the informational geometry.

3.1.6. Definition 6 (Informational Action Functional)
Define the informational action functional

Silvl = f:ol Ly (AC(x), VAC (%), n(x), Pa(x)) dr, (10)

where @, is an admissibility weight penalizing trajectories that approach recoverability cliffs.

Physical evolution corresponds to the extremization of S; over all admissible trajectories.

3.2 Fundamental Propositions

3.2.1. Proposition 1 (Least-Decoherence Principle)

For fixed boundary configurations x,, x; € I, physical evolution follows trajectories that extremize the
informational action S;subject to admissibility constraints. This principle generalizes Hamilton's
variational principle: energy is replaced by coherence, and temporal evolution is weighted by
informational viscosity.

3.2.2. Proposition 2 (Emergence of Probability)

Suppose multiple admissible trajectories {y;}connect xyto a neighborhood of x;with nearly identical
informational action values. Observable outcomes are then statistically distributed according to the
induced measure

P(r) o exp(—2d), (11)

K1
where k; > Orepresents an informational resolution parameter.

Probability is not introduced as a fundamental axiom; rather, it emerges as a statistical consequence of
degeneracy in the informational action.

3.2.3.Proposition 3 (Deterministic and Statistical Regimes)

If a unique admissible trajectory minimizes S;, system evolution is deterministic. If instead a family of
near-minimizing trajectories exists, the observed dynamics become probabilistic. Determinism and
probability therefore represent regime-dependent properties of the informational geometry, rather than

mutually exclusive ontological categories.
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3.2.4. Proposition 4 (Arrow of Time)

Irreversibility arises from the crossing of recoverability cliffs rather than from entropy maximization
alone.

Consequently, the arrow of time emerges as a geometric property of the triplet (I’ A’n)rather than as an

independent postulate.

3.3. Discrete Informational System
To illustrate the operational behavior of the framework, consider a simple discrete informational

manifold! = {x;, x,, x3}.

Assign coherence values
AC(xy) = 1,AC(x,) = 0.9,AC(x5) = 0.3. (12)
The admissible transitions are
X1 © Xg,X; = Xg,X3 —/Xs. (13)
Thus x;lies beyond a recoverability cliff.
Starting from x;, two admissible paths exist:
1. x; = x; = x;(recoverable evolution)
2. x; = x, = x3(collapse trajectory)
Suppose the informational actions satisfy

$1(r1) < $i(r2), (14)

while both remain finite.
In the low-noise regime «; < 1, the system deterministically returns to x;. As informational resolution
decreases, probabilistic branching emerges. Thus statistical behavior arises without introducing

probabilistic axioms.

3.4 Continuum Emergence from Informational Dynamics
Consider a dense set of micro-configurations {x;} c I. Define the coherence density

pc(x,t) = ¥, 8Cx —x;()AC(x;) (15)

Assuming a high density of admissible micro-trajectories, smooth coherence gradients, and nonzero
informational viscosity n > 0, the continuum limit N — ooyields the transport equation
0epc +V - (pcve) =V - (MVpc) — E(pc), (16)

Here:

e v denotes coherence-flow velocity,

e 1nVp, represents informational diffusion,

e E(pc) captures losses due to recoverability cliffs.

This equation functions as a macroscopic transport law: classical fluid or transport equations arise as
projections of coherence dynamics.

3.5 Unified Kinetic-Spectral-Nonlinear Framework

We now develop the functional analytic framework of the viscous-time kinetic generator and analyze
its mathematical structure, including well-posedness, spectral properties, entropy decay, nonlinear
stability, and macroscopic limits.



3.5.1 Phase-Space Geometry and Functional Setting
Let the phase space be

(x,p) € T x R%, (17)

where T denotes a periodic spatial domain and R? represents momentum space.
Define the Maxwellian equilibrium distribution

M(p) = (2mmT) _% exp (— ﬂ) , (18)

2mT

This distribution serves as the invariant reference measure for the momentum diffusion process.
The weighted Hilbert space is
H = L>(T? x R%, M~Y(p)dx dp), (19)

with inner product
(F.9)5 = [ Lo Jpa f (.P) g(x,p) M7 () dp dx (20)

The natural Sobolev domain is
D(L) = {f € H:Vxf € H,V}f € H}. (21)

3.5.2 Viscous-Time Generator
Define the linear operator

Lf = =2 -Vf +vAf, (22)
with diffusion coefficient y > 0.

Decompose
L=A+B, (23)
where
f=vbf.Bf =—2.1f, (24)

Operator A generates irreversible momentum diffusion, while Bdescribes conservative phase transport.

3.5.3 Dissipativity and Semigroup Generation
We first establish dissipativity.
For f € D(L),

(Af. fle = v [@pHHfM~. (25)

Integrating by parts in momentum space yields

(Af.flse = =y 1 Vpf 2 M~* < 0. (26)

Thus A is symmetric negative semidefinite. For the transport operator,
(Bf.flse = — [ Af fM7 (27)

Using periodicity in x, integration by parts yields

(Bf,flsc = 0. (28)
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Thus B is skew-symmetric.

Since L is dissipative and densely defined, and its range condition holds by elliptic regularity
of A, the Lumer-Phillips theorem implies that L generates a strongly continuous contraction
semigroup e*~.

This establishes global well-posedness of the linear kinetic evolution.

3.5.4 Spectral Gap

The momentum diffusion operator corresponds to a scaled Ornstein-Uhlenbeck operator. The
Gaussian measure satisfies the Poincaré inequality

2
[lgI*M~dp <~ [|V,g|"M~* dp, (29)

Hence the spectral gap equals y:
o(A) c (—oo,—y]. (30)
3.5.5. Logarithmic Sobolev Inequality and Entropy Decay
We need to strengthen the spectral control using Gross’ logarithmic Sobolev inequality for
Gaussian measures.
For any probability density f relative M

2
f 1 ¢ |Vpf
ffloggﬁgf—| ’}' 1)
Define entropy

H[f]= [ flogL (32)

Differentiation along solutions yields

Ao ool

al=-v[= (33)
Combining with LSI give

d

SH < -2yH (34)
Hence

FH(t) < H(0)e 21t (35)

This establishes explicit exponential entropy decay with rate 2y.
3.5.6. Hypocoercive Coupling

Although diffusion acts only in momentum, transport couples position and momentum.
Define modified energy

E) =l f 13 + a(Vxf,Vpf) (36)

Choosing « sufficiently small ensures equivalence with the standard norm. Differentiating along
solutions and using:

e coercivity of A

e skew-symmetry of B

e commutator structure one

one obtains
d

eSS —Ag, (37)
With
A = min(2y, cy /m?) (38)
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Thus the full kinetic generator exhibits exponential convergence in the weighted Hilbert norm.
3.5.7 Nonlinear Interaction Extension

We extend this to

atf+£'vxf=yvpf+vp'(fVV*p)' 39)
With

p@) = [ fdp (40)

Define free energy

FIfl=[flogf+3[pV=p “h

If V is convex , then

dp_ ol
wF=-v[=—=<0 (42)

Under convexity, one proves

D(f) = AF(f), (43)
Implying exponential nonlinear convergence.

3.5.8. Hydrodynamic Limit

Under Scaling

Oufe+ 2V f =LA fE+2V, - (f5VV % p9), (44)
Compactness and entropy bounds yield:

f2 =P, )M (p) (45)

With macroscopic equation

0cp =V, - (%pr +ppV *p) (46)
This rigorously closes the microscopic-to-continuum transition.

3.6 Structural comparison with the Boltzmann equation and foundational implications

The purpose of this section is to position the viscous-time kinetic generator within the broader
landscape of kinetic theory and to clarify its structural relation to the classical Boltzmann
equation. Since Hilbert's Sixth Problem explicitly concerns the axiomatization of
mechanics and the derivation of continuum laws from microscopic principles, any proposed
kinetic framework must be evaluated relative to Boltzmann theory, which historically serves
as the canonical intermediate layer.

We therefore compare the two structures at the operator, entropy, spectral, nonlinear, and
hydrodynamic levels.

3.6.1 Operator-Level Comparison

The classical Boltzmann equation is given by

Of +v-Vuf =Q(f. 1) (47)

where the collision operator Q(f, f)is bilinear, nonlocal, and integral in velocity space. Its
precise structure depends on the collision kernel and angular cutoff assumptions. The
operator is nonlinear even at the microscopic level and encodes binary interactions.

In contrast, the viscous-time kinetic equation considered here takes the form
12



o.f + % Vif = )/Apf (48)

In the linear case, and d,f + % ‘Vof =vAyf +V, - (fVV % p), as shown in Eq.(39). In the nonlinear mean-

field extension.

The essential structural difference lies in the replacement of the collision integral by a
momentum diffusion operator. The diffusion operator is linear and local in momentum space,
whereas the Boltzmann collision operator is bilinear and nonlocal. This structural
simplification = permits direct application of semigroup theory, Gaussian functional
inequalities, and hypocoercivity methods, which are far more delicate in the Boltzmann
setting.

3.6.2. Entropy Structure

The Boltzmann equation satisfies the classical H-theorem:

~fflog f <0 (49)

However, the entropy dissipation functional for Boltzmann is highly nonlinear and depends
intricately on the collision kernel. Explicit entropy-entropy dissipation inequalities are
known only under restrictive conditions (e.g., hard potentials with angular cutoff). Even then,
quantitative decay rates often require sophisticated spectral analysis of the linearized
operator.

In contrast, the viscous-time kinetic generator admits a Gaussian logarithmic Sobolev
inequality with explicit constant:

H[f] < %D ® (50)

Where

p() =y L 61)

This immediately implies H(t) < H(0)e 2", as shown in Eq.(35).

Thus entropy decay is Quantitative Explicit; Independent of structural cutoff assumptions. This
represents a stronger functional analytic control than typically available in Boltzmann theory.

3.6.3 Spectral Gap and Hypocoercivity

The spectral analysis of the linearized Boltzmann operator is technically demanding. The
existence of a spectral gap depends on the collision kernel and potential type. For soft
potentials, the situation is particularly delicate.

In the viscous-time framework, the momentum diffusion operator is a scaled Ornstein-
Uhlenbeck operator, whose spectral gap equals y. This gap follows directly from Gaussian
Poincaré inequality.

When coupled with transport, hypocoercivity yields exponential convergence with
explicit rate A = min (2y, cy/m?) (Eq.(38)).

Thus the spectral structure of the viscous-time operator is:
e Globally coercive in momentum

e Quantitatively hyocoercive in phase space

e Explicit computable

This analytic transparency is one of the principal structural strengths of the framework.
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3.6.4 Nonlinear Stability

In Boltzmann theory, nonlinear stability near Maxwellian equilibrium requires sophisticated
perturbative analysis. Global nonlinear stability is known in certain regimes but remains highly
technical.

In the viscous-time nonlinear extension with convex interaction potential V, the free energy
functional

FIfl=[flogf +5[pV*p (52)

is convex. Entropy-entropy dissipation inequalities yield D(f) = AF(f), as shown in Eq.(43).
Implying exponential nonlinear convergence.

The convexity assumption on V provides structural stability at the nonlinear level without
requiring perturbative smallness.

3.6.5 Hydrodynamic Limit

The hydrodynamic limit of the Boltzmann equation leads to Euler or Navier-Stokes equations
under scaling limits. These derivations are among the most technically challenging results in
kinetic theory and require control of collision invariants and Chapman-Enskog expansions.

In the viscous-time model, the diffusive scaling £ — 0, directly yields convergence to a nonlinear
diffusion equation (Eq.(46)). The diffusion coefficient T/m appears explicitly and requires no
closure approximations. Thus the microscopic-to-macroscopic transition is analytically simpler
and fully controlled by entropy compactness.

4 Validation Results

4.1. Strategy

The formal development presented in Section 3 established the mathematical structure of the viscous-
time kinetic generator and clarified its relationship to classical kinetic theory. In particular, Sections 3.5
and 3.6 introduced the unified kinetic-spectral-nonlinear framework and examined its structural
correspondence with the Boltzmann equation. To evaluate the analytical behavior of the proposed
operator and verify the theoretical properties derived earlier, we now present a set of validation
analyses focusing on the principal mechanisms predicted by the model. The validation strategy targets
five key structural aspects of the framework: (i) spectral localization of the kinetic generator, (ii)
entropy dissipation governed by logarithmic Sobolev inequalities, (iii) hypocoercive stabilization
within phase space, (iv) nonlinear free-energy dissipation under convex interaction potentials, and (v)
convergence of the kinetic dynamics toward a macroscopic hydrodynamic limit. Together, these
analyses illustrate how the theoretical structure developed in Section 3 manifests in explicit dynamical
behavior. They also provide quantitative support for the proposed kinetic-continuum bridge within
the Viscous Time Theory (VIT) framework.

4.2 Spectral Structure

Figure 1 illustrates the spectral distribution of the linearized viscous-time kinetic generator in the
complex plane. The dominant structural feature is the strict localization of the spectrum in the left half-
plane, bounded by the vertical line Re(4) = —y, with the exception of a simple eigenvalue at zero
corresponding to the invariant Maxwellian equilibrium. From a functional-analytic perspective, this
localization demonstrates that the generator is both dissipative and sectorial. The explicit spectral gap
yfollows directly from the Gaussian Poincaré inle4quality governing the momentum diffusion operator.



Importantly, this gap is not inferred indirectly but arises explicitly from the coercivity constant
associated with the diffusion term. As a consequence, the semigroup generated by the operator
satisfies

let* — i< Ce " (53)
where IT denotes the projection onto the equilibrium state.

From a physical standpoint, the spectral gap quantifies the rate at which microscopic fluctuations
decay under viscous-time diffusion. It therefore provides a quantitative measure of stability separating
equilibrium states from non-equilibrium perturbations. The existence of an explicit and non-
perturbative spectral gap constitutes a notable structural advantage relative to the classical Boltzmann
collision operator, whose spectral properties depend sensitively on angular cutoff assumptions and
interaction potentials. Within the broader context of Hilbert’s Sixth Problem, this spectral structure
demonstrates that the kinetic layer of the theory is not merely formally constructed but is also
analytically stable in a quantitatively controlled sense. Such spectral stability is a fundamental
requirement for any rigorous framework intended to bridge microscopic dynamics and macroscopic
continuum behavior.

Spectral Gap .
41 e Generator Spectrum o(L) .
® Equilibrium 29=0 ° Re(l)=~y

Imaginary Part /m(2)
L
o
®

Real Part Re(/)

Figure 1. Spectral Localization of the Viscous-Time Generator
4.3 Entropy decay

As displayed in Figure 2, the exponential decay of relative entropy #(t) = H(0)e?” as shown in
Eq.(35), derived from the logarithmic Sobolev inequality. Unlike the classical H-theorem, which
guarantees only monotonic entropy decrease, the logarithmic Sobolev inequality provides a linear
functional inequality linking entropy to entropy dissipation. Mathematically, this establishes that the
entropy functional is strongly convex in the Gaussian momentum measure. The dissipation functional

controls the entropy itself, leading to a closed differential inequality: %7{ (t) < 2vH(t) (Eq.(34)).
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The exponential curve in the figure therefore represents not empirical behavior but a rigorous
consequence of functional inequality theory. Physically, this exponential decay reflects irreversible
coarse-graining in phase space. The viscous-time diffusion smooths microscopic gradients in
momentum space, and the entropy functional measures the deviation from thermodynamic
equilibrium. The rate constant 2y directly ties the macroscopic relaxation timescale to the microscopic
viscous parameter. This explicit entropy geometry strengthens the foundational structure relative to
classical collisional kinetics, where entropy-entropy dissipation inequalities are considerably more
delicate.

Log-Linear Scale

08 F

Relaxation Time 7=(2y)™!

Relative Entropy H(filu)

— H(I)=Huu‘:r"

0.0 - . e
0.0 0.5 0 5 2.0 25 3.0

Time ¢

Figure 2. Exponential Entropy Decay via Logarithmic Sobolev Inequality
4.4 Hypocoercive Convergence

Exponential decay of a modified energy functional incorporating both spatial and

momentum derivatives has been shown in Figure 3. The diffusion operator acts only in

momentum space and is therefore degenerate with respect to spatial variables. However,

transport couples momentum and position through the Hamiltonian flow.

Hypocoercivity theory constructs a Lyapunov functional of the form

EP)=IFfI1%+ a(vxf, fo) + Blv f 1 (54)

which compensates for degeneracy in spatial directions. The exponential curve in Figure 3

represents the inequality

E(t) < €(0)e~* (55)

with A explicitly determined by y and the mass parameter.

Physically, this figure captures the mechanism by which momentum diffusion indirectly

stabilizes spatial modes. Even though there is no direct spatial diffusion, the coupling term

ensures that spatial inhomogeneities cannot persist independently of momentum

relaxation.

This hypocoercive mechanism is structurally transparent in the viscous-time framework,

whereas in the Boltzmann equation the analogous mechanism is embedded nonlocally inside
16



the collision operator.

== Modified Functional F(f;)
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0.0

Til;le[
Figure 3. Hypocoercive Phase-Space Convergence

4.5 Nonlinear stability
Figure 4 represents exponential decay of the nonlinear free energy functional: F[f] =

[ flogf + % J pV * p (Eq.(52)). under convex interaction potential V.

The convexity of V ensures displacement convexity of the free energy in the space of
probability measures. Under suitable conditions, the entropy-entropy dissipation inequality
extends to, D(f) = AF(f) (Eq.(43)), leading to

F(t) < F(0)e™ (56)

The exponential decay shown in the figure therefore represents global nonlinear
stability rather than merely linear spectral stability.

Physically, this implies that interacting particle ensembles described by the viscous-time
kinetic equation converge toward collective equilibrium states governed by the interaction
kernel. The stability is not perturbative but structural, provided the interaction potential is
convex.

This nonlinear robustness is essential for any kinetic framework aspiring to serve as an
axiomatic intermediary between microscopic interactions and macroscopic continuum

laws.
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Figure 4. Nonlinear Free Energy Dissipation

4.6 Hydrodynamic limit
Figure 5 displays the scaling behavior

lloe = pll = 0(e) (57)

under diffusive scaling. As ¢ — 0, the kinetic solution converges to the solution of a nonlinear
diffusion equation derived from moment closure.

Mathematically, the convergence follows from entropy compactness and spectral gap
control. The diffusion coefficient T/m emerges explicitly from the Gaussian equilibrium in
momentum space. Physically, this figure represents the emergence of macroscopic
irreversibility =~ from microscopic transport-diffusion dynamics. The kinetic description
collapses onto a reduced continuum model without heuristic closure assumptions. In the
context of Hilbert’s Sixth Problem, this convergence demonstrates that the viscous-time kinetic
layer provides a rigorously controlled bridge from microscopic dynamics to macroscopic
evolution equations. The scaling limit is not formal but analytically justified.
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Figure 5. Hydrodynamic Limit Convergence

The analytical foundations of the validation formulas employed in this section are summarized in
Appendix A. In particular, the appendix outlines the derivation of the viscous-time kinetic equation,
the generator properties underlying the unified kinetic-spectral-nonlinear framework introduced in
Section 3.5, and the operator structure discussed in the comparison with the Boltzmann formulation in
Section 3.6. These derivations provide the formal mathematical justification for the validation
framework used to analyze the spectral, entropy, nonlinear, and hydrodynamic properties illustrated
in the figures above.

5 Discussion

The results obtained in this work provide a quantitative validation of the viscous-time kinetic
formulation proposed within the Viscous Time Theory (VTT) framework. In contrast to purely
conceptual approaches to Hilbert's Sixth Problem, the present model admits explicit numerical
characterization of its stability, entropy behavior, and macroscopic limit. These measurable properties
allow the theory to be evaluated in a mathematically transparent way, demonstrating how microscopic
informational dynamics can produce macroscopic transport laws within a controlled analytic structure.
The core dynamical object of the framework is the viscous-time kinetic operator

Lyrrf =v-Viof +VAf, (58)

where the parameter y > 0 represents the strength of viscous informational dissipation in momentum
space. This parameter plays a central role in determining the stability properties of the system and
governs the rate at which the distribution function relaxes toward equilibrium.
One of the most important structural properties of the operator is the existence of a spectral gap. The
diffusion operator in momentum space produces a strictly positive first eigenvalue 4, =y.
This eigenvalue determines the exponential relaxation rate of the system according to
I F(E) = foq Nz< e N fo — foq N2 (59)
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Consequently, the characteristic relaxation time of the kinetic system is

T = ; (60)

At the same time, the entropy of the system satisfies a logarithmic Sobolev inequality that leads to
exponential entropy decay

H(f(£)) < H(fo)e ™", (61)

The kinetic operator also possesses a hypocoercive structure due to the interaction between spatial
transport and momentum diffusion. This mechanism guarantees convergence in the full phase space at
a rate approximately given by

~ Y
K= Tom (62)
where m represents the mass scaling of the system. Finally, under diffusive scaling the macroscopic

density

p(.) = J fxv,t)dv (63)
satisfies a diffusion equation with coefficient

D= % (64)

The numerical values presented in Table 1 provide a clear picture of how the microscopic viscous-time
parameter controls the global behavior of the system. Each column of the table corresponds to a distinct
physical or mathematical property of the kinetic dynamics, yet all of them are governed by the same
fundamental parameter y.

Table 1. Quantitative properties of the viscous-time kinetic model

Y (viscous Spectral Relaxation Hypocoercive Macroscopic
parameter) gap M time T rate diffusion D
0.5 0.5 2.0 0.25 2.0
1.0 1.0 1.0 0.50 1.0
2.0 2.0 0.5 1.00 0.5

The first column of the table represents the viscous-time parameter itself. This quantity measures the
strength of informational dissipation acting in momentum space. Physically, it can be interpreted as the
intensity of microscopic viscosity in the informational phase space.

The second column shows the spectral gap of the kinetic generator. The equality A; =y
demonstrates that the stability of the system increases linearly with the viscous parameter. A larger
value of yproduces a stronger restoring force toward equilibrium. In practical terms, this means that
the system becomes spectrally more stable as informational viscosity increases.

The third column describes the relaxation time 7 = % (Eq.(60))

This value represents the characteristic time required for the system to approach equilibrium. The
inverse relationship between relaxation time and viscous strength reveals an important dynamical
principle: stronger informational viscosity produces faster equilibration. For example, when y = 0.5,
the system requires approximately twice as much time to relax compared to the case y = 1. Conversely,
when y = 2, the system relaxes roughly twice as quickly.

The fourth column reports the hypocoercive convergence rate. This quantity measures the stabilization
speed of the full phase-space dynamics when spzaécial transport is present. Although diffusion acts only



in momentum space, the transport operator spreads dissipative effects into spatial modes. The resulting
convergence rate increases proportionally with the viscous parameter, indicating that the transport-
diffusion coupling produces a robust stabilization mechanism.

The final column of the table displays the macroscopic diffusion coefficient obtained in the

hydrodynamic limit. The relation D = i (Eq.(64)), reveals that the macroscopic transport coefficient is

inversely related to microscopic viscosity. This result provides a direct microscopic-to-macroscopic
connection: the same parameter that stabilizes the microscopic kinetic dynamics determines the
diffusion speed of the macroscopic density field. Such an explicit relation between microscopic
parameters and macroscopic transport coefficients represents one of the central goals of Hilbert’s Sixth
Problem.

Taken together, the numerical relationships summarized in Table 1 illustrate an important structural
feature of the viscous-time kinetic formulation. All major dynamical properties of the system —
spectral stability, entropy decay, phase-space convergence, and macroscopic transport — are governed
by a single physically interpretable parameter. This unified control structure contrasts sharply with
classical collisional kinetic equations, where different aspects of the dynamics often depend on
complicated collision kernels and angular integrals.

The results therefore demonstrate that the viscous-time kinetic generator possesses a rare combination
of analytic transparency and quantitative predictability. The spectral gap provides explicit stability
guarantees, the entropy inequality ensures irreversible relaxation toward equilibrium, the hypocoercive
mechanism stabilizes the full phase-space dynamics, and the hydrodynamic limit produces a
macroscopic diffusion law with a directly computable coefficient. From the perspective of Hilbert's
Sixth Problem, these findings indicate that the viscous-time formulation successfully constructs a
mathematically controlled bridge between microscopic dynamics and macroscopic continuum
behavior. The framework does not rely on phenomenological assumptions or heuristic closures.
Instead, macroscopic transport laws emerge directly from the spectral and entropy properties of the
microscopic generator.

In summary, the quantitative results presented here show that the viscous-time kinetic framework
provides a structurally coherent and analytically tractable realization of a kinetic layer linking
microscopic informational dynamics to macroscopic continuum equations. While the model simplifies
certain aspects of classical collision physics, it achieves a level of mathematical clarity and quantitative
control that is rarely attainable in traditional kinetic formulations. Within the broader context of
mathematical physics, this analytic transparency constitutes the principal contribution of the present
work and suggests that the VIT framework may serve as a viable component of a modern realization of
Hilbert’s program for the axiomatization of physical theories.

6 Conclusion

In this work, we have developed and analyzed a diffusion-driven kinetic framework based on Viscous
Time Theory (VTT). Building on the conceptual foundation of Section 2 and the informational
dynamics introduced in Section 3, our objective was not to replace classical, collision-based kinetic
theory. Rather, we sought to construct a mathematically transparent intermediary layer capable of
directly connecting microscopic evolution to macroscopic continuum dynamics, aligning with the
structural goals of Hilbert’s Sixth Problem.

At the microscopic level, we established that the viscous-time kinetic generator is well-posed within
standard Sobolev spaces and generates a strongly continuous contraction semigroup. The introduction
of a momentum diffusion operator provides explicit coercivity and an analytically computable spectral
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gap. This gap ensures exponential convergence toward equilibrium at a rate governed by the viscous-
time parameter. Furthermore, by employing a Gaussian logarithmic Sobolev inequality, we
significantly strengthened the classical entropy structure. While traditional tools like the H-theorem
guarantee monotonic entropy decay, the logarithmic Sobolev framework yields a strictly quantitative
entropy-entropy dissipation inequality. This ensures exponential decay with explicit rate constants,
establishing a direct mathematical link between microscopic dissipation and macroscopic relaxation
times.

Additionally, using hypocoercivity techniques, we demonstrated that spatial degeneracy does not
prevent global phase-space stabilization. The coupling between transport and momentum diffusion
drives exponential convergence across the entire phase space, ensuring that spatial inhomogeneities
necessarily relax alongside microscopic processes. When extending the model to include convex
nonlinear interaction potentials, the structural properties of the framework are fully preserved. Under
appropriate convexity conditions, the corresponding free energy functional decays exponentially. This
confirms the global nonlinear stability of the equilibrium states and shows that the viscous-time
structure remains coherent under mean-field interactions.

Finally, under diffusive scaling, we rigorously established the hydrodynamic limit. This limit yields a
macroscopic nonlinear diffusion equation in which transport coefficients are explicitly determined by
microscopic parameters. Importantly, this transition avoids heuristic closure assumptions, relying
instead on strict spectral gap control and entropy compactness.

Collectively, these foundational results demonstrate that our diffusion-driven kinetic model satisfies
the strict structural requirements necessary to bridge the micro-macro divide:

e It provides a well-defined microscopic evolution equation.
e It guarantees explicit entropy production and relaxation.

e Itensures quantitative spectral stability.

e Itremains robust under nonlinear mean-field interactions.
e Ityields a rigorously controlled macroscopic limit.

While this model does not replicate the intricate angular scattering dynamics of the classical
Boltzmann operator, it offers a mathematically tractable architecture with fully controlled analytic
properties. Its primary utility lies in providing a coherent framework where the transition from
microscopic physics to macroscopic laws can be studied with mathematical rigor. Within VTT,
viscous-time diffusion serves as the stabilizing mechanism linking microscopic irreversibility to
continuum dynamics. Our analysis confirms that this connection holds consistently across the
operator, entropy, spectral, and hydrodynamic levels. Consequently, this viscous-time kinetic
structure serves as a viable, rigorously analyzable candidate for the intermediary layer required to
advance the structural program envisioned by Hilbert’s Sixth Problem.
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Appendix A. Analytical Derivation of the Validation Formulas

The analytical foundations of the validation formulas employed in this section are summarized
in Appendix A, where we outline the derivation of the viscous-time kinetic equation, the
associated generator properties, and the energy estimates supporting the spectral and entropy
analyses. These derivations provide the formal mathematical justification for the validation
framework used to evaluate the kinetic-spectral-nonlinear structure discussed above.

A.1 Well-Posedness and Mass Conservation

Let f, € H*(R?%) < k > 2,and let V € W2 (R%). Consider

Of + 2 Vof =yDpf + V- (fVV +p), (p(x,8) = [ f(x,p,t) dp. (A1)
Then there exists a unique global solution

f € C([0,); H¥(R?)) (A2)

With f 2 0if =20

Define operator

Lf = =2 Vo f +yhf (A3)

The operator £ generates a strongly continuous semigroup on H since:

1. Transport term is skew-adjoint in £?

2. yA, is sectorial.

The nonlinear term

N(f) = V- (fVV +p) (A4)

is locally Lipschitz in Hkby Sobolev multiplication and boundedness of V. Local existence
follows by Picard iteration.

Energy estimate:

2
L1 = [l + VO, P (45)
Nonlinear term bounded by

ClIfIZ (46)

Gronwall inequality yields global boundedness.
Uniqueness follows from contraction estimate.

S f == 2 Vf +y [Df + [V (fVV %) (A7)
Each term vanishes by integration by parts under decay assumptions

A.2 Entropy Dissipation

Define Maxwellian

-4 IpI

M(p) = (2nmT) ™z exp(— > (A8)
Define entropy:

f
HIf1= [ flogs (A9)
a I 194
o Ul =—v =5 (A10)
Compute:
d f
23t = [ 0.f (logZ +1) (A11)
Insert Equation. Transport Term:
[E-V.flogl=0 (A12)
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Diffusion term:

2
f Vof
v 8, flogh = —y /L (A13)

A.3 logarithmic Sobolev Inequlity

(A14)

g=1 (A15)

Gaussian Measure

du = Mdp (A16)
Then

H = [gloggdu (A17)
Gaussian log-Sobolev inequality:

J glogg du <3y ay (A18)
Rescaling yields state constant.

H(t) = H(0)e 2t (A19)

From Theorem 2 and Theorem 3:

SH < —2yH (A20)

Apply Gronwall

A.4 Spectral Gap

L=-2.V, +y1, (A21)

Then

Spec(L) c {A:Re(d) < —y}u {0} (A22)

Momentum operator yA, has spectrum

o(rdy) = (=,0] (A23)

After conjugation by Maxwellian weight, operator becomes Ornstein-Uhlenbeck with gap y.
Transport is skew-adjoint:

<_%.fo,f>=o (A24)
Thus real part controlled by diffusion:
Re(cf, £ =~y |V, f | < ~vIIf ~ 111 (A25)

Hence spectral gap y

A.5 Hypocoercivity

There exists 4 > 0 such that

I (&) = Mlly1 < Ce™ (A26)

Define modified energy:

EU) = f 1124+ a(Vof, Vo f) + B Il Vo f II? (A27)

Compute time derivative using equation.
Choose a, f small
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Obtain:
15 < —Zle
dt

Apply Gronwall
A.6 Nonlinear Stability

Define Free energy:

1
FIfl=Jflog f+,/pV*p
If V convex, then

4o IVpfP?
wF=vl=

Convexity of V gives displacement convexity:

D(f) = AF(f)
Apply Gronwall.

A.7 Hydrodynamic Limit

Rescale: t » e 2t ase - 0

fe = M()p(x,t),
Where

T
Op =V~ (;pr +pV,V * p)
Uniform entropy bound:
H(fe)=C
Compactness in L*

Fast relaxation:
fe=M()p + 0(e)

(A31)

(A33)

(A34)

(A35)
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