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Abstract: The exact form of the solution for the vector potential and magnetic field of a
rotating uniformly charged ball is explicitly found. Expressions for specific vector spherical
polynomials associated with the corresponding components of the potential are used to
represent the solution. Inside and outside a charged ball uniformly rotating around its axis, the
components of the potential and magnetic field are determined up to terms containing the sixth
power of the speed of light in the denominator. To do this, it was necessary to use spherical
coordinates and eight polynomials of each type. In addition, the solutions inside and outside
the ball were equated to each other on the surface of the ball, taking into account the symmetry
of the ball. The accuracy of the approach used can be increased, since it is determined only by
the number of polynomials used, whose contribution to solutions decreases rapidly as the
degree of the polynomials increases. To calculate the vector potential and magnetic field of a
rotating ball within the framework of special relativity, it is sufficient to substitute the
coordinates of the observation point, the invariant volumetric charge density, the angular
velocity of rotation and the radius of the ball into the formulas.
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1. Introduction

There are various methods for determining the magnetic field of moving charge
configurations. Thus, in [1], rotating charges create currents that are considered as currents in
coils with many turns. In [2-3], the Biot-Savart law is used to determine the magnetic field.
These approaches allow only first-order accuracy when determining terms containing the
square of the speed of light in the denominator. Calculations using retarded potentials allow
improving the accuracy [4], but the complexity of the calculations quickly increases as the
accuracy increases.

There are known works in which the electromagnetic field inside and outside a rotating

uniformly charged or conducting body is calculated in various ways [5-8]. In the case when
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there are arbitrarily directed currents in a spherical configuration, the solution of the Laplace
equation contains spherical harmonic functions [9]. In order to simplify the solution for the
magnetic field of rotating charge configurations, in [10-11] the magnetic field was calculated
using the electric potential and electric field strength. In [12], cylindrical and spherical
coordinates, as well as spherical polynomials, were used to determine the magnetic field of a
spherical system of chaotically moving particles.

One of the widely used methods for approximately solving differential equations in modern
engineering is the Finite Element Method (FEM). Some examples of using this method to
determine magnetic fields can be found in [13-15]. A comparison of the FEM with the
harmonic method is presented in [ 16], where it is indicated that in some situations, the harmonic
method provides a faster convergence rate for the vector potential and magnetic field
components than the finite element method.

In magnetostatics, a method of determining the magnetic field in the form of a gradient
from a scalar magnetic potential is often used. Thus, in [17] one can find a solution for the
magnetic field of a uniformly magnetized sphere, which is expressed through Legendre
polynomials. This method is suitable outside the body, as well as in the body's substance in the
case where there are no currents in this substance. Beginning with the classical work of Gauss
[18], the Earth's magnetic field is modeled in a similar way, and about 150 spherical harmonics
were used to study the small-scale magnetic field of the lithosphere in [19].

A more general approach, suitable for electric currents, involves the use of a vector
magnetic potential. This was used, for example, in [20], where formulas are presented that
relate the scalar magnetic potential to the vector magnetic potential.

The use of polynomials allows one to find a solution quite simply also in the case of rotating
charged bodies. In this case, in the solution of the Laplace equation for the vector magnetic
potential outside the rotating body generating a stationary magnetic field, as a rule, the
associated Legendre polynomials appear.

The purpose of this work is detailed derivation of specific formulas describing vector
magnetic potential and magnetic field inside and outside a uniformly charged rotating ball. In

the spherical coordinates r7,0,¢, the radial component A, of the vector potential
A:(Ar,AH,A ¢) turns out to depend on polynomials that are the product of sin& by the
associated Legendre polynomials of the first order in the form P”1 (cos «9). As for the component

A,, it turns out to depend on the products of cos& by Rf(cos 6’). However, solving the
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inhomogeneous Laplace equation inside the body leads to an unexpected peculiarity, which

lies in the fact that the component 4, contains the polynomial Z; (COS 6’) that does not coincide
with the polynomial PO1 (cos 0). The difference arises as a consequence of the fact that the
polynomial Z; (cos@) is not only one of the solutions of the Laplace equation for the

component 4, but also exactly agrees with the Lorentz factor of rotating charges, which must

be taken into account in the special theory of relativity.

Another purpose is not just to present the solution in a general form with undetermined
coefficients, as is the case in most papers, but also to describe a specific procedure for
determining such coefficients. For rotating ball, using a sufficient number of polynomials, it is
possible to obtain the values of vector potential and magnetic field at any given point with the
required accuracy. In this case, to determine the components of the field at an arbitrary point
with specified coordinates, it is sufficient to know only the invariant volume charge density,
the angular velocity of rotation, and the radius of the rotating ball. An essential part of the
method is the use of specific spherical polynomials containing associated Legendre
polynomials and harmonic functions as multipliers.

The results obtained may be relevant in those models of generation of the Earth's and
planets' magnetic fields, which assume spatial radial separation of charges in matter at high
temperatures and high pressure. The rotation of the positive and negative charges separated
from each other, together with the matter of the rotating planet, can serve as a source of the
observed magnetic field [21-26]. An additional effect occurs if tidal forces from the Sun or the
moons of the planets are taken into account [27].

Of particular interest is calculation of the magnetic field of those neutron stars that have an
electric charge like a proton [28-31], and at the same time rotate so fast that the velocity of the
surface of the stars becomes comparable to the speed of light. In this case, even those terms in
the formulas that contain ¢* and ¢® in the denominator cease to be small and require their own
accounting. From the relationship between the charge density, angular velocity, and radius of
the star with the observed magnetic field, one can obtain an estimate of the charge that such
stars could have. In addition, it becomes possible to calculate the energy and angular
momentum of the electromagnetic field of a neutron star with increased accuracy.

The formulas obtained for the magnetic field of the ball, given their simple appearance and
sufficiently high accuracy, can be used for calibration of magnetic field standards and sensors

in engineering and applied research. If necessary, these formulas can easily take into account



the magnetic permeability of the substance of the ball itself and the magnetic permeability of

the medium surrounding the ball.

2. Method
Let us assume that there is charged matter continuously distributed in a certain volume in

the Cartesian reference frame. Also we will assume that this matter is in stationary motion in
the planes parallel to the plane XOY , but it does not move in the direction of the axis OZ .
This is possible, for example, when the charged matter rotates about the axis OZ . Another
example is a body that is motionless as a whole, in which electric currents distributed over the
volume carry the charge in the planes parallel to the plane XOY .

For the sake of certainty, let us consider the first case, which corresponds to the rotation of
a spherical body uniformly charged throughout its entire volume. With a uniform rotation of
such a ball around its axis, the vector potential A is independent of time and satisfies the

following equation [32-33], which follows from Maxwell's equations:

. HMYP
AA=—pp,j=— zoqv. (1)
g,C

0

where AA is the vector Laplace operator acting on the vector potential A ; 1, = is the

2
0

vacuum magnetic permeability; u is the magnetic permeability; &, is the vacuum permittivity;

¢ is the speed of light; j=y,, v is the current density; y = ;2 is the Lorentz factor of

»
1=
C

motion of a charged element of matter at the observation point; p,, is the invariant charge

density of the element of matter; v is the velocity of motion of the element of matter. We will

further assume that x# =1 and both in the substance of the ball and in the space outside the ball

there are no magnetic moments of particles that could lead to the magnetization of matter and
to a change in the vector potential and magnetic field.

If equation (1) is considered in Cartesian coordinates, then the component A4_ of the vector
potential directed toward the axis OZ , according to [34], is equal to zero, 4. =0. This is due
to the condition that the velocity component v_ in (1) is equal to zero, since the elements of

charged matter move in planes perpendicular to the axis OZ .
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Based on the symmetry of the ball, the components of the vector potential should be

expressed in spherical three-dimensional coordinates »,0,¢ as A = (AF,AH,A ¢). Among all

possible solutions, we will limit ourselves to those in which the components 4, 4,, 4, of the

vector potential are independent of the angle ¢ of the observation point. In this case, all
solutions will be symmetrical with respect to the axis of the ball, which is associated with the
axis OZ of the Cartesian coordinate system and has its origin at the center of the ball.

Taking this into account, we can write the following for the vector potential:
A=Ar(r,t9)er+A6(r,6’)e6+A¢(r,6’)e¢, (2)

where e, e,, e 4 are unit vectors of the spherical coordinate system. In this case, the unit

r .. .. . . . .
vector e, =— 1is directed along the radial coordinate r; the radius-vector rz(x, y,z) is
r
directed from the center of the spherical reference frame to the point of observation; the unit

vector e, is directed parallel to the line of meridians (longitude line) in the direction opposite

to the axis OZ, that is, towards the South pole; the unit vector e, is directed parallel to the

4

line of parallels (latitude line) and counterclockwise, when viewed from the side of the axis

OZ . In (2) , the components of the vector potential A4, (r, 6’) , 4, (r, (9) and A4 ; (r, 6’) depend

only on the radial coordinate » and on the angle 6.

In general, the vector Laplace operator for a vector b with spherical components

b= (br,bg,b ¢) in spherical coordinates has the following form:

2b, o(b,sind ob
Ab=|Ab —r 2 (b )—22_ 2 le, +
r-  r-sinf 00 r-sin@ O¢

b 2 0b,  2cos@ Ob
+Ab, - L ? le, + 3
( * r’sin’@ r* 00 rsin’0 a¢]9 ©)

b, 2 0b. 2cos@ Ob,
+ Aby ————5—+—— +t—5— e,
resin” @ rsin@ 0¢ rsin” @ O0¢



Replacing the vector b = (b,,bg,b¢) in (3) with the vector A = (A,,,AQ,A¢) from (2), we

rewrite equation (1) in spherical coordinates as follows:

2A o(A4,sin@ A 0A
A4, ——5-— 22, (4ysin0) e, +| Ad,——5—5 +% ~le, +
r r sind 00 resin“@ r° 06

A P,, @rsin @
+(AA¢— e, =— % e,.
rosin” 6 5 o’ r’sin’ @
c

“4)

In (4), it was taken into account that the Lorentz factor on the right-hand side of (1) is

1

expressed by the formula y =

, and derivatives of the vector potential

2
C

components with respect to the angle ¢ are zero. The velocity components of a charged

element of the ball's matter in spherical coordinates have the form
V= (vr,vg,v¢) = (0, 0, wrsin 49) , where o= % is the angular velocity of the ball's rotation;

is the radial coordinate, specifying the distance from the origin at the center of the ball to the
element of matter; @ is the angle between the axis OZ of the Cartesian coordinate system and
the radius vector , specifying the position of the element of matter.

In spherical coordinates, for an arbitrary scalar function f = f(r,6,¢), the Laplacian of

this function for the case » = 0 has the form:

1 & ! 0 (sin@gjﬁL L_of ®))

A ==L )+ < .
V= 00\ %6 ) s 6 o

We will use (5) to represent the Laplacians A4,, A4, and A4, in (4). The components of

the magnetic induction vector can be calculated through the curl of the vector potential in

spherical coordinates using the formula
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B=VxA=——| L (4sin0)- 2 e, + -0 (r4.) e, +

rsind| 06 o¢p r|sin@ o¢ oOr ©)

1] o od,|
+; 5(1"149)—% e¢ = Brer +B6,e9 +B¢e¢.
3. Results
3.1 External vector potential
Similarly to (2), for the components of the external vector potential we have:
A,=A4,(r.0)e +4,(r0)e,+A4,(r0)e,. (7)

There is no charged matter outside the ball, therefore, on the right-hand side of (1) we

should assume g, =0, so that the equation for the vector potential takes the form AA, =0.

In spherical coordinates, taking into account the equality of the right-hand side of (4) to zero

for p,, =0, we obtain the following:

24 o|4,,siné A 0A,,
A, 2 (4,5in0) e+ Ay~ 2o
r r siné 06 r-sin“@ r- 06

AA Aoy 0
+ ————— |e,=0.
¢ 2sin%0 )7

®)

Let us now take into account the fact that according to (1) the component 4 _ of the vector

potential, directed towards the axis OZ and written in Cartesian coordinates, is equal to zero,

A, =0. We will use the fact that the components of an arbitrary vector in Cartesian

coordinates can be expressed in terms of components of the same vector in spherical
coordinates. We proceed from the relations between the unit vectors in Cartesian and spherical

coordinates:

e =sindcosge, +cosfcospe, —singe,.



e, =sindsinge, +cosfsinge, +cosgpe,.
e, =cosfe, —sinbe,. 9)
e, =sinfcosge, +sinfsinge +cosbe. .
e, =cosfcosge_ +cosfsinge —sinbe. .
e, =—singe_+cosge, . (10)
In Cartesian coordinates, the external vector potential is written as follows:
A, =4,e +4,e +4,.e. (11)

Let us equate A, in(7)to A, in(11) and use the expressions for the unit vectors e, , e,,
e, from (10). As a result, for the Cartesian components of the vector potential outside the

rotating charged ball, the following relations are obtained:

A, =4, sinbcosg+A,,cosfcosp—A,,sing.

A4,, =4, sinfsing+A4,,cosOsing+4,,cosg.
A, =A, cosO0—A, ,sinG. (12)

Hence, from (12) with the condition 4, =0 we obtain the relation
A, cos@—A4, ,sin0=0. (13)

In order for vector equation (8) to be satisfied, it is necessary that each parenthesis in (8)

vanishes. In view of (13), this leads to three equations



A ——— =0. 14
2 F’sin@ 06 (14
A 2 0(A4,,sin@
Ad ,——2 = 2|07 " -, 15
¢ sin’@ 60( cosd (15)
A
o¢ _
AA“’_rzsinzG_O' (16)

Relation (13) has led to the fact that in each equation in (14-16) there is only one of the

components of the external vector potential. Since the components 4., 4,, and 4, do not

mix with each other in the equations, this makes the solution of equations (14-16) noticeably
easier.

Let us substitute into (5) the components A4,.. A ,, A, instead of  and find the

00? og

Laplacians A4, , AA4,,, A4, 4 respectively, given that the components 4, .. 4, ,, 4, b do not

depend on the angle ¢. Then substituting A4, ., A4

000 A4, nto (14-16), we arrive at three

partial differential equations for the vector potential components:

? 04 24 o(4,,cosb
YO a )yt O gingPer | 20 2 ( )0, (17)
r or r-sinf 060 00 r r-sin@ 00

1o 1 o, o4, A, 2 0(A,sin®

S0 A+ lsing oo |- Ler = O LT g (18

o U oo) rzsinﬁéé?( ae] Zsin’ 0 00\ cosO (1%)
1¢° 1 o4 A
S Ay | sing e |-, 19
F o U od) rzsinﬁéé’( ae} rPsin’ 0 (1)

3.2 Calculation of component 4

In order to solve equation (17), we assume that a specific solution for the vector potential

component A, can be represented as follows:



A, =Nr)M®O). (20)

After substituting (20) into (17) and separating variables, we have:

r az[ ()]-2= 1 a(singaM(e)j+ 2 9(M(O)cosb)

N Y - Y
Nyt M(6)sin6 00 00 ) M@)sin6 00

e2y)

The left-hand side (21) depends only on 7, and the middle part of the equality depends only
on 4. In this connection, both parts of the equality, according to the standard procedure for

separating variables, are equated to some constant value ¢ .
This yields two equations for the functions N(r) and M (), expressed through the

parameter ¢ :

LN 0N _(E+2)N() _

0. 22
or* or r (22)

M)

sin @

2
aLgp)—cosé’

(£+2)M(0)sin0=0. (23)

Substituting into (22) a trial solution of the form N(r) ~ Cr", where C is some constant,

allows us to find two possible values of the exponent 7 by solving a quadratic equation. This

yields a solution to equation (22), expressed in terms of ¢ and two undetermined coefficients

C, and C,:

-1+ [1+4(¢+2) -1-f1+4(¢ +2)
N(r)=Cr 2 +C,r 2 . (24)

In order to find regular solutions for Zor in (20), it is necessary to obtain integer powers in

(24). To do this, we should set

+2=n(n+1), 1+4(¢+2)=2n+1. (25)
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n CZ n
Nn (”') = Cl,n r+ ’1‘;’1 s (26)

r

where 7 is an integer, and n>0; C,, and C, are constant coefficients depending on 7 .

Equation (23), taking into account (25), becomes dependent on 7 as a discrete parameter:

2
O’M(6) cos6 OM(©)

g o t(nE)M(@)=0. 27)

Individual solutions of equation (27) can be represented as M, (0)=C,,V,(0), where
V,(0) depend on cos@ and are vector spherical polynomials for 4, ., C,, are constant

coefficients associated with the corresponding polynomials V, (8) .

The first eight such vector spherical polynomials have the following form:
Vy(@)=cos@, V(O)=sin’@, V,(8)=sin’Ocosh.
V,(0) =sin® 6’(50032 0—1) , V,(6) =sin’ 90059(70052 0—3) .
V,(0) =sin’ 9(210054 0—14cos’ 6?+1) .
V.(8) =sin’ Ocos 0(330054 6 —30cos’ 49+5).

V.(0) =sin’ 9(429 cos’ @—495cos* @ +135cos’ 9—5). (28)
To obtain a polynomial V, (8), it is necessary to find a solution to equation (27) for a given
n . We can assume that each such solution depends on cos&. The polynomials in (28) are not
normalized and are given up to an arbitrary constant coefficient. This is due to the fact that

equation (27) is linear with respect to any constant coefficient multiplied by the polynomials

in (28), so that each such coefficient is cancelled out as a result.
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Assuming that the function M (€) in (27) depends only on cos &, we find

OM(6) OM(6) dcosO _ —sing oM (0)
00 dcosd 0 ocosf

2 2
aM©E) _ —cos@—aM(e) +sin’ 9—6 M(©)

06’ dcos b 9(cos «9)2 ' ()
Substituting (29) into (27) yields the equation
sinzﬁazM—(H)z+n(n+1)M(l9)=0. (30)
d(cos0)
Making the substitutions cos@=x, M (6)= M (cosf)=M(x) in (30), we obtain:
(1—x2)‘922§2(x)+n(n+1)M(x)=o. (31)

In (31) we replace the function in the form M (x) = (1 —-x )k S (x) , passing from M (x) to

the new function § (x) . For the derivatives of the function M (x) and equation (31) as a whole,

we find:

OM (x) = —2kx(1 —x )ki

ox

0*M (x) - 0’8 (x) ai(1-2) oS (x) k(1) S (x)+

ox’ ox’ ox
Hk(k-1)2 (1-x2) 7 8 (x).
2 1) 2
(1-2)° S(zx)—4kx6S(x)+ n(n+1)—2k+m S(x)=0.
ox ox I-x

(32)
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By definition, associated Legendre polynomials P (x) of degree n and order m are

n

expressed in terms of Legendre polynomials P, (x) using the formula [17]:

P (x)=(-1)"(1-x*) b (). (33)

The first eight Legendre polynomials are:

P =1, P=x, 132:%(3)3—1), @:%(5x3—3x), ﬂ:é(35x4—30x2+3).

P, =l(63x5—70x3+15x), P =i(231x6—315x4+105x2—5).
8 16
P =%(429x7 ~693x" +315x’ =35x). (34)

Legendre polynomials satisfy the Legendre equation [35]

(1-x)4 ng)—2xdpzi)(cx)+n(n+l)Pn(x)=O, (35)

and are found according to Rodrigues' formula [36]

1 d" n
() =5 (v -1) (36)

For the associated Legendre polynomials P” (x), the differential equation and Rodrigues'

formula for normalized solutions of this equation of the following form are valid [17]:

N4 B (x dr" (x e
(1-%°) dx2( ) oy dx( ){n(nﬂ)—lf“xz}ﬁn (x)=0. (37)
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P (x)= ) (1-2)" j;m (¥ -1 (38)

A comparison of equations (32) and (37) shows that for £ = % and for m =1 the equations

have the same form, and the solutions S, (x) in (32), up to the sign and constant coefficients,

are equal to the associated Legendre polynomials f;l (x) The first eight such associated

Legendre polynomials have the following form:

3

fgl(x):—g 1-x° (sz—l), Bf(x):—%x\/l—xz (7x2—3).

P (x)= —%5 1-x* (21x* —14x* +1), B! (x) :—%x\/l—xz (33x" —30x" +5).

P (x)= —% 1—x* (429x° —495x* +135x” -5). (39)

To calculate the polynomials Pn1 (x) in (39), one can use formulas (33) taking into account
(34), or use (38) when m=1.

In (31-32) a substitution in the form M (x) = (1 —x’ )k S(x) was used. Replacing S (x) with
polynomials P (x) at k = % , we obtain up to constant coefficients M, (x)=+1-x"P (x),

where Pn1 (x) are represented in (39). Making the substitution x=cosé@, we arrive at
M (6)=sindP (cos 9) . Since M, (0)=C,,V,(0), it turns out that the polynomials V), (9) in
(28) up to the sign and constant coefficients are expressed through the product of sin@ and the

associated Legendre polynomials P (x) at order m =1 and at x =cosé@. The only exception
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is the polynomial V(€)= cos & in (28), for which the relation M (€)= C;  V; =sin oP (cos 6)
is not satisfied.

The general solution for the component 4, can be represented as a sum of partial solutions

(20): A4, =) M, (O)N,(r). Substituting N,(r) (26) and M, (0)=C,,V,(0) into this
n=0

expression and taking into account V, (&) (28), we find 4, :

rn

o0 C
A, = ch,n 4 (0)[0,,,7 2 j (40)
n=0

where the constant coefficients C,,, C,, and C;, in order to distinguish them from each

other are given by two indices.
3.3 Calculation of component 4 ,

A specific solution for the component 4, in (18) can be expressed through the product of

two functions:
A, =G(r)H (). (41)

We substitute (41) into (18) and separate the variables:

2 .
r a—z[rG(r)]=—;.i(singaH(9)j+ 1 E[H(H)smﬁ}:l/l
G(r) or H(8)sin0 66 00 sin®@ H(0) 06| cosf

(42)

As a consequence of (42), two equations are obtained for the functions G(r), H(8), and

the parameter  :

2
. 0 Ggr) D) oG(r) B wG(r) 0.
or or r

(43)
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"H(0)

06’

oH () ,
06 (44)

sin” @cos” O 0

+sin @ cos 9(1 +sin’ 6’)

+(2 sin® @ —cos” @+ sin” @ cos’ 0)H(¢9) =0.

Regular solutions of equation (43) similarly to (26) are obtained at ¥ =n (n + 1) in the form:

n CS n
G,(r)=C,,r"+—, (45)

r

where 7 is an integer,and n>0; C,, and C,, are constant coefficients depending on 7.

Substitution y = n(n+1) into (44) leads to an equation in which the function H(8) will

depend on both the angle # and the parameter 7 :

0 H (0)

06’

UG
26 (46)
+[2 sin® @ —cos’ @+n(n+1)sin” 6 cos’ 9} H(0)=0.

sin’ @cos” O +sin6’cos9(1+sin2 0)

Solutions (46) depending on n can be represented as H,(0)=C, , W, (0), where W, (0) are
vector spherical polynomials for A4,,, C,, are constant coefficients associated with the

corresponding polynomials. W (8). The first eight such polynomials have the following form:

cos’ @+ C,, cos 6

W, (0) = ,  W(0)=sinOcos®,  W,(6)=sinOcos’ 6.

sin @
W,(0) = sin¢9cost9(SCos2 6’—1), W,(0) =sin 6 cos” t9(7cos2 0—3).

W,(6) =sin @ cos 0(210054 6—14cos’ 9+1) .

W, (0) =sin 6 cos’ 9(33 cos* @—30cos” 6+ 5) .

16



W.(0)= sin0c059(429 cos® & —495cos* @+135cos’ 0—5) . (47)

Assuming that the function H(€) is a function of cos@, the derivatives in equation (46)

and the equation itself can be expressed as follows:

OH(0) _ 2H(0) dcos0 __ _ OH(0)
00 ocos@ 06 dcos6
2 2
0 H(26?) =—C0s 6_6H(9) +sin’ 6’—8 H(9)2 .
06 ocosd a(cos 6?)
2
sin’ @ cos® GM—%in2 6 cosd OH (0)

a(cos 49)2 ocosf (48)

+[2 sin” @ —cos® @+ n(n+1)sin® & cos’ 6?} H(8)=0.

Let's make a change of variables in (48) in the form cos@=x and move from the function
H(0) to the function H(x):

x’ (l —x’ )2 82H§x) - 2x(1 -x ) OH (x)

Oox Oox

+[2—3x2+n(n+1)x2 (l—xz)}H(x):O.

(49)

Let us represent the function H(x) as H(x)=x"T(x). This gives the following in (49):

_GH(x) = px" ' T(x)+x” _OT(x) .
Ox %)
2 2
0 gch) =x? 867);(2x) +2px"! —a](;ix) +p(p—1)xp72T(x) .
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(1-+) FTW) 2(p-px’ -1) o7(x) .

ox’ X ox
_ 2\ 2 a2 (50)
. n(n+1)+p(p l)(l X )2 2pgl X )+2 3x () =0.
X <l—x)

Comparison of the last equation (50) and equation (37) for p =1 and for m =1 yields the
coincidence of the equations and the equality of the functions 7, (x)=P' (x) Consequently,
H,(x)=xP (x), where Pnl(x) are presented in (39). After substitution x =cosé, we have

H (cos8)=cosOP' (COS 9) - On the other hand, in (46) we had H,(0) =C, W, () . Therefore,

up to the sign and constant coefficients, we obtain an expression for the polynomials (47) in

the form W (6) =cosO P! (cos 0), that is, through the associated Legendre polynomials P" (x)

2
0+C 0
of orderm =1, in which x =cosé. However, the first polynomial W, (6’) =0 10 ©05

sin @
presented in (47) is not determined in this way.
The general solution for the component 4 , can be represented as the sum of specific
solutions (41): 4, =ZHn(6?) G,(r). Substituting G,(r) (45) and H, (0)=C,, W, (0) into
n=0

this expression, taking into account W, (0) (47), we find A4 ,:

= C
AOH = ZCG,IIVVH (0)((:’4,/1 r” + r::; ]’ (51)
n=0

where C, , C;, and C,, are constant coefficients.

3.4 Calculation of component A4,

To solve equation (19) for the vector potential component 4, ,, we assume that a specific

solution for the component 4,, can be represented as ;10 s =R(r)©(0). This leads to a

separation of variables in (19) and to two equations for R(») and ®(0):
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d 8—22[rR(r)]:—;.i{sin¢9a®(g)}+ _ 12 =n(n+1).
R(r) or ®(f)sinf 060 06 sin” @

) OR(r) s OR(r) n(n+1)R(r) _

or? or r 0. (52)
0’O(6) cosb 0O(H) { 1 }

+ + +1)— e0@)=0. 53
2o Tsne oo ") g 0@ (53)

Regular solutions of equations (52-53) depend on 7 . The solution of (52) is the expression

n CS n
R,(r)=C,r"+—=+, (54)

r

where 7 is aninteger, and n>0; C,, and C,, are constant coefficients depending on 7.

Denoting a specific solution of equation (53) as ©,(0) =G, , Z,(0) , where C, , are constant
coefficients associated with the corresponding polynomials Z (€), for vector spherical

polynomials Z, () we obtain the following:

ZO(6’)=;, Z,(0)=sind, Z,(0)=sinfcosb.
sinéd
Z.(0) :sinH(Scos2 9—1), Z,(0) :siné‘cos«9(7cos2 0—3).

Z,(0)= sin«9(2lcos4 6 —14cos’ 9+1), Z,(0)= sin«9cos(9(33cos4 6—-30cos’ 0+5).
Z.(6)=sin 9(429 cos® @—495cos”* @ +135cos’ 49—5). (55)

In (55) the first eight vector polynomials Z,(6) for computing 4, are presented.
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Assuming that the function ®(8) is a function of cos@ in the form O(6)=0O(cosb), we

calculate the derivatives in equation (53) and transform the equation itself:

20(0) _ 00(0) dcos0 __ ) 20(0)
00  OcosO 06 dcosO
2 2
0 ®(29) = —cos@—a®(9) +sin’ 9—8 ®(9)2 .
00 ocosd 8(0059)
2
sin208®—(9)2—2cosem+[n(n+l)— , 12 }@(9)=0. (56)
d(cos @) ocos @ sin

Denoting cos@ = x, we make a change of variables in (56), passing from () to O(x):

(1_ ) ) 0’0O(x) s 00(x) N
* ox* o ox

{n(n%rl)—l ! 2}@(@:0. (57)

A comparison of equation (57) and equation (37) shows that @ (x)= P! (x), where the
polynomials P’ (x) are given in (39). Therefore, for x =cos@ we have O, («9)=Pnl(cos «9).

Since © (0)=C,,Z (6), the polynomials Z, in (55), up to a sign and constant coefficients,

are the associated Legendre polynomials P (COS (9) , in which m=1.

1

1—x

In (55) at cos@ =x itis clear that Z (x)= —. In this case, substituting the polynomial

1 ) . - . .
Z, (x)z = into equation (37) instead of P, (x) at m=1 and at n=0 satisfies this

1—x

equation. It turns out that Z, (x) = is not equal to PO1 (x) =0 in (39), although for the

1
NI=x*

remaining polynomials at n>1 up to the sign and constant coefficient the equality holds
Z,(x)=P(x).

Summing up all possible specific solutions 4, s =O(O)R(r), taking into account R,(r)

(54) and the relation ©,(0) =C, ,Z,(0), where Z,(0) are presented in (55), we find 4,,:
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0 C .
4,,=Y.0,(0R (1N=).C,, Zn(é?)[CMr" +— ] (58)

0
n
n=0 n=0 r
where C, , C,,, G, are constant coefficients.

3.5 Expressions for external vector potential and external magnetic field
Considering that in (6) the components of the vector potential do not depend on the angle

¢, the following is obtained for the components of the external magnetic field:

B, =B, (r.0)e,+B,,(r.0)e,+B,,(r.0)e,=
1 0 ) 10 1| © 04,
= }"Sing%(AwSlne)er__6_(FAO¢)eH+;|:§(FA09)_ 70 }eg,.

r or

(59)

Let us substitute the polynomials V, (49) (28) into the expression A4, (40), using the first

n

eight polynomials:

> C C C
A, =>.C,V, (9)(01’,,% +—== j ~ chose(cm—z") j +C;,sin’ H(Cur + #}
n=0 r r r
) 2 Cz,z ) 2 3 C2,3
+C;,8in” Ocos 0| C,r° +—= |+ Cy;sin 9(500s 6?—1) Cr+—— |+
r
) 2 4 C24
+C; 4sin 0c0s0(7cos 6?—3) Co,r'+—— |+
r
) 4 2 5 C2,5
+C, ssin 9(21005 0 —14cos 49+1) Csr +r_<’ +
) 4 2 6 C26
+C; ¢sin 6’cos9(33cos 0 —30cos 0+5) Cer’ +—— |+
r
C
+C, ,sin’ 9(429 cos® @ —495cos”* @ +135cos’ 0—5)(@’7 ¥+ %]
r

(60)
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Similarly, we substitute polynomials W, (6’) (47) into the expression 4,, (51), and also

n

polynomials Zn(ﬁ) (55) into the expression A0¢ (58):

Q

: C
Cﬁ,OCOS 0+C, cos@(cﬂﬁ_i}_

sin @

=S¢, W, () {C”r +SS’;J
0

Cs, Cs,
+Cy,sinfcos 0| C, r+—- +C6zsm6’cos 0 C42r + +
r?

3
r

. ) C;
+C6’3sm6?cos¢9(500s 6—1) Cpr’ +—2

4
r

C
j+C64sm 0 cos’ ¢9(7cos2 6’—3)[C4’4r4 +ij+

7'5
5 CS,S

+C65s1n<9cosl9(2lcos 0 —14cos’ 9+1) C,sr +r_6 +
: 2 4 2 6 C5,6

+C, ¢sin@cos’ 0(33cos* 0 -30cos’ 0+5)| C, 7 +=2 )+

i 6 4 2 7 C57
+C6’7sm90056(429cos 0 —495co0s” 0 +135cos 0—5)[C4’7r +—8’j.
r

(61)

S C8n 1 C C
AO¢=ZC9MZ”(¢9) C,,r"+ o C(,,Osmg C,o+—2 ; L |+C,,sin 6| C, r+—2- > +

C C
+C, ,sin & cos H(Q N +%j+C9,3sin9(5 cos’ 9—1)£C7,3 r +%j+
r r
. 2 4 C8,4
+C9’4sm¢9¢0s49(7c0s 9—3) Cor+—— |+
r
: 4 2 5 C85
+C9’5S11’10(21C0S 0 —14cos 0+1) Cosr’+— |+
r
. 4 2 6 C8,6
+C9’651n¢9c056?(33cos 6 —-30cos 6?+5) Cer +r_7 +
i 6 4 2 7 Gy
+C9’7sm¢9(429cos 0 —495cos” 0 +135cos 9—5) Cri+—— |
r
(62)

From the relationship between Cartesian and spherical coordinates we obtain the relation

cos@ =2 . Since the charged ball rotates about the axis OZ , it follows from symmetry that
r
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when z replaced by —z the components of the vector potential in (60-62) must remain

2 2k

z z
unchanged. Only cos’ @ = — and other even powers of the form cos™ 6 =—; satisty this
r r

condition. Therefore, in (60-62) we should choose the corresponding coefficients equal to zero
in those terms that contain cosé .

All this gives the following:

C C
A,, = C,,sin’ '9(C1,1 r+ —rzz’l j+ C, ,sin’ 6’(5 cos’ 6’—1)(@3 P+ %j +
in2 4 2 5 Czs
+C,ssin 49(21c0s 0 —14cos 0+1)(C1,5r +—’j+ (63)

7"6

C
+C, ,sin’ 0(429 cos® 6 —495cos* O +135cos’ 6’—5)(C1,7r7 + %j
r

: C. C.
AagzC60C(§—0[C40+L0J+C6zsinﬁcoszQ[C“rz+%2j+
simfd \ T r ’ ’ r
. 2 2 4 C54
+C, 48in 6 cos 0(7cos 6’—3) Cogr’ +— |+ (64)
r

C
+C, ¢8in § cos” 49(33 cos’ @—30cos’ 6’+5)(C476r6 +L’6j.

7
7

1 Cg,() . C8,1
A, Coy——| Co+—= [+ Gy sin0| C r+— |+
sin @ r r

C
+C,,sin 9(5 cos’ 0 — 1)(C7,3 r+ %) +
r
(65)

6
r

C
+C9,Ssin¢9(2lcos49—14cos29+1)(C7’5r5+ﬁ]+
i 6 4 2 7. G,
+Cy; s1n¢9(429cos 0 —495cos” @+135cos 9—5)(C7,7r +_8’j_
r

We substitute (63-65) into (59) and after differentiation with respect to spherical

coordinates we determine components of external magnetic field B,

, B,y and B,;:

r
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C 2 C8,3
B, ~2C,,co80| C,, +—~ +4C93c059(5cos 0— 3) Coar +—= |+
P

rS
4 2 s Gs
+2C9’5c056’(63cos 6 —70cos 9+15) Csr +r—7’ + (66)

9
7

6 C87
+8C, , cos 0(429cos’ 0 —693cos* 0 +315cos’ 0-35)| C, 7+ |.

1 . Cg,l
B,y = =C;Coy———Cysinf| 2C; —— |-

T rsin P

5
7’

3C
~C, ,sin@(5cos” 0 - 1)(4C753 - AJ _

(67)
i 4 2 s G
—C9’531n9(21cos 6 —-14cos (9+1) 6C, 1" ——= |-
r
6 7C87
C97sm¢9(429cos 0—495cos* 6 +135cos” 6 - 5) 8C,,r' ——— |.
r
G 2C
~C40C60CO-S 4 2C3lsmt9cosﬁ(C“+ j*‘CslenHCOS 9(3(;42,,_ szj_
rsin 3 P
i 2 2 C23
_4C3’3sm<9cosz9(5cos 0—3)[C1’3r +_5’j+
r
4C
+C; ,sin O cos’ 9(7 cos” 9—3)(5(1"4,,3 _ 65,4]_
r
1 4 2 4 C
_2C3’551n90056?(63cos 6 —70cos 0+15)( s 7 j+
JrCﬁyt,)sinﬂcos2 9(33 cos*@—30cos* 0+ 5)(7C4,6’”5 j
8C37smt900s6’(429cos 6 —693cos* @+315cos’ 6 — 35 (C”r +—j
(68)

The expressions for the components of the vector potential in (63-65) and for the

components of the magnetic field in (66-68) can be simplified further. Indeed, the vector

potential and the magnetic field outside the ball cannot be directly proportional to the radial

coordinate r to avoid infinite values at large values of ». The corresponding coefficients in

the terms proportional to » must be zero. In addition, all terms in the components of the vector
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potential and magnetic field must depend on r, otherwise even at infinity there will be nonzero

terms depending only on the angle & . Consequently, the coefficients C,,, C,,, C,, and C,
for the external field must be zero. Taking this into account, we have:

isin2 0(50052 0—1)+

34
r

Aor ~ C2,1C3,1 %Sinz 0+ C2,3C3
+C2’5C3’5i6sin2 6’(21cos4 6 —14cos’ 9+1)+ 69)
r

+C,,C;, ig sin’ 9(429 cos’® @ —495cos* @ +135cos’ O — 5).
r

2
cos~ @ 1 . 5
A,y = Cs\Coo——+C5,C = sin@cos” 0+ C; ,C

: isi119(:0529(700329—3)+
rsiné

A4 s
r

+C5,6C6’6i7 sin 6 cos” 0(33 cos* @—30cos” O+ 5).
r

(70)

A,y ~Cyo Gy ; +Cy,Cy, iz sin @+ C; ,C, %sin 9(5 cos’ O — 1) +
rsin@ r r

+Cy 5C,y 5 i()sin0(2lcos4 60 —14cos* 0+ 1)+ (71)
r

+Cy,Cy ig sin 49(429 cos’ @ —495cos* O +135cos” 6 — 5).
r

B,, ~2C,,C,, % cos @ +4C,,C, , ls cos 0(5 cos’ 0 — 3) +
r r

ST
r

+2C; sC, lcos:9(63 cos* @—70cos” 49+15)+ (72)
+8Cy,C, ; i{) cos 6(429 cos® @—693cos* @+315cos” O — 35).
r
1 . I . )
B,, ~ G ,Cy, = sin @ +3C; ,C, , r—ssm 9(5 cos” 0 — 1) +
+5C,sC, « %sin 0(21cos* 0 —14cos’ 0+1)+ (73)
r

+7C ,Cy i() sin (9(429 cos® @—495cos’ @ +135cos” 6 - 5).
r
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B,, ~-2C, ,C;, 1 sinfcosd—-2C;,C, %sin Ocos” 0 —

3
r

—4C

2,3

G, %sin@cosH(S cos’ 0—3)—4C5’4C6’4 Lﬁsin O cos’ 9(7 cos’ 0—3)—
r r

-2C, C; 4 L7sin6700519(63cos4 0 —70cos’ 9+15)—
N

-6C.

5.6

Cos igsin 0 cos’ 0(33 cos* @ —30cos’ 0 +5)—
r

-8C, ,C;, igsinﬁcos 0(429cos® 0—693cos* 0 +315cos’ 0 —35).
r

(74)

3.6 Components of vector potential inside ball

Let's take a closer look at how the expression V:(O, 0, orsin 6?) for the velocity of a

charged element of matter is derived in spherical coordinates. The velocity v arises due to the
rotation of the ball around the axis OZ . The Cartesian coordinates of the rotating element of

matter are determined in terms of spherical coordinates by the expressions:
x=rsinfdcosg, y=rsinfsing, z=rcosf. (75)

When the ball rotates, the radial coordinate » and angle @ of an arbitrary particle of the
d
ball remain constant. If we denote the angular velocity of rotation as wzyf, then the

components of the velocity, taking into account (75), will be equal to:

v, =@ =—rsin0sin¢@ =-wy, Vv :Q = rsin&cos¢@ =wx, v, :% =0.
dt dt Yoodt dt dt
(76)
Using (76), we express the velocity through Cartesian unit vectors:
V= (vx,vy,vz ) =-—wrsindsinge +wrsinfcosge, . (77)

Similarly, in spherical coordinates, velocity can be represented in terms of spherical unit

vectors:
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V=(vr,v6,v¢)=vre,,+v€e0+v¢e (78)

6

Replacing the Cartesian unit vectors in (77) with unit vectors (9) and comparing with (78),

we find the velocity components in spherical coordinates:

v=(0,0,v,) = wrsinOe,. (79)

According to (79) the components of the velocity v, and v, are equal to zero, and the non-
zero component v, of the velocity at each point is directed along the unit vector e, that is,

along the parallels of the corresponding spherical surface.

The vector potential inside the ball is written similarly to (2):

&:@1AW4»:4inmq+44nm%+4Anm%. (80)

ir?>

Due to symmetry, in the case under consideration, the components of the vector potential

do not depend on the angle ¢.

From (4) follows the equation for the components of the vector potential inside the ball:

24, 0| 4,,sin@ A, 0A,
AA, =| A4, ——"~ 2% (4y5in0) e, +| Ad,———%5 +% e, +
r r siné 06 resin“@ r° 06

A @rsin O (81)
+(AAi¢——’¢]e¢ ____Pu c
2

2 -2 X ¢
r-sin” 6@ { ®* r*sin® @
L L
c

According to (1), the component of the vector potential in Cartesian coordinates directed

along the axis OZ must be equal to zero. This leads to relation (13), which will also be valid

for the components of the vector potential inside the ball in the following form:

A, cos@—A4,sm0=0. (82)
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Taking into account (82), three equations for the components of the vector potential follow

from (81):

24, 2 G(Air cos 6?)
A4, —————— =0. (83)
r r°sinf ol

A. 2 0 (A4,sinl
AAd,——2 4= = |1 =0 84
Y 4rsin?e it 86’( cos@ (84)
A, wrsin @
Myt = - (85)
rosin” 0 2 o’ r’sin’ @
g Jl——F—
C

Equations (83-84), as well as equation (85) with the zero right-hand side, have the same
form as equations (14-16). Therefore, for solutions of equations (83-84), as well as equation
(85) with the zero right-hand side, we can use previously found solutions of equations (14-16).

The general solutions of equations (14-16) are presented in (63-65). We replace the

coefficients C, , in (63-65) with coefficients D, , and write down the corresponding solutions

of equations (83-84), as well as equation (85) with the zero right-hand side:
D D
A, ~ D, sin’ 6’{DLl r+ %j +D, , sin’ 9(5 cos’ 0 — I)EDL3 r+ %j +
) 4 2 5 D2,5
+D; s sin 0(21(:03 6 —14cos 9-1—1) D, r +r_6 + (86)

8
r

D
+D, , sin’ 9(429 cos’ @ —495cos* §+135cos” 6 — 5)(DL7 r+ lj

2
cos” 0
Ay = Dy y—
"~ sind

D . D
(Dz;,o + Tsoj + D6,2 sin @ COS2 G(DM ,,2 + 7”53’2 j +

D
+D;, sin @ cos 0(7 cos’ 0—3)(D4’4 rt =2 j + (87)
r

7
r

D
+D; ; sin @ cos” 9(33 cos’ @—30cos’ 9+5)(D4’6r6 +i]‘
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1

DS,O . D8,1
Ai¢1 ~Dyy——| D,y +— |+ D,, sin @ D, r+—- |+
sin @ r r

D,
+D, sinH(S cos” 9_1)[1)773’,3 +#j+
r
(88)

r

D,
+D, sin6’(2lcos4 0—14cos’ 6’+1)(D7’5r5 +%J+

8

D,
+D, ,sin 0(429 cos® 0 - 495cos* 0 +135cos* 0 -5) [Dm r+ ﬁj
r

In (88) the quantity A4, is the general solution of equation (85) with the zero right-hand

side. Now we need to find a specific solution 4, of the equation with the non-zero right-hand
side in (85).
To determine A4, in (85) in spherical coordinates, we use expression (5), in which 4, ,

instead of s should be substituted taking into account that 4, and 4,,, do not depend on the

2

angle ¢ and therefore ’Zﬂ =0. For the quantity 4,,, according to (5) and (85), the following
equation follows:

10° 1 o . 04 4, @rsin @

——2(r 4¢2)+ ———|sind—2 |- 2= Fog

r or r-sinf 060 060

r*sin’ 0 o ) @ rsin’ 0 %)
&C Q,I—iz
c

To find a specific solution to the inhomogeneous equation (89), we will assume that 4,
is a function of the new variable p=rsin8, thatis 4, =4, ( ,0) . In this case, it will be
0A 04,4, Op 0A

—2 £ —ycosd—22
06 op 00 op
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0A. 0A.
i sin  —42 :i rsin@cos @ —22 | =
00 00 00 op

04, 0A., 0A.
= rcos’ 0—2= — rsin’ Qiﬂfsin@cosga_pi( , ] =

op op 00 op\ Op
5 GA[ 514 62A[¢2
=rcos’ @—22 —rsin® @—22 +r*sin @ cos’ O .
op 8,0 op
0A, 04 04,4,
2<1f1<1i¢2) Al¢2+ri=Ai¢2+riap A,y +rsind——
or or op or 8/)

0

OA. 04, 0A,
= ’¢26p+sm9 +rsm6’6p6( l¢2j=

0? 0| 0 0 04,
y(ﬁliﬁ):g[g(ﬁliﬂ)} aF[AIZ¢2+rsm6? p ]:

op or op or op\ Op
A,y 0’4,
=2sin0—2 +rsin’ 0 o
8,0 op

(90)

Taking into account (90), relation (89) is transformed into an equation for the function

A (P):

Ai¢2 +— ig2 _ ig2 - _ ) (91)

o0° o 2 2 2
P P op P 806’2 ’l—wf
c

To find the solution to equation (91), it is convenient to proceed as follows. We replace

A, 4, with the function g = g( p) and first consider the homogeneous equation that is part of

(91). This equation must correspond to some function g = g( p) :

vg, 1% _ g = 0. (92)
op’ pap P’
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Let us substitute a trial solution in the form g = p" into (92), assuming that g depends

: . _ _ 1
only on p. We obtain two admissible values for the exponent n,so g, = p and g, =— turn
o,

out to be two independent specific solutions of (92). Moreover, g =C,g,+C, g, , where C,

and C, are arbitrary constant coefficients, will be the general solution of (92).

Next, we substitute g = g( p) in (91) instead of 4, and since g depends only on p, we

i92°

replace the partial derivatives with ordinary derivatives:

" 1 i 10 COp
e o
w
02 1- ;O
C

To find a specific solution to equation (93), we use the variation of parameters method. To

do this, we replace the constant coefficients C, and C, with the functions C, ( p) and C, ( p)

, to be determined, in the form
_ _ 1
g=C3(p)gl+C4(p)g2=pC3(p)+;C4(p). %94)

The derivatives of the function g are equal to

g=C(p)g+C(p)g+Ci(p)g,+C,(p)2;.

14 d ! - ! - ! - —n ! - —n
g =%[C3(p)gl +Ci(P)Z |+ C(P)E +Ci(P)E+Ci(P)T+Ci(p)Tr . (99)
— ’ 92—
In (95), notations of the form C;(p)= M, g = dg, , gl = a8, _ d_g; are used.
dp dp dp dp

Substituting (94-95) into (93) yields:
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%[C;(p)g +c;<p)§z]+%[ca'(p>él +Cip)z: ]+

—n 1 —r g — 1 —, g
+G (P){gl +;g1 —p—;}+c4 (P){gz +;g2 —p—§}+

’ - ! - p a)p
+C3(p)g1+c4(p)g2:— = I
2 o p
gyC \[1——3
C
In (96) we assume that
g+—g -5 =0, gr—m-5-0

C(p)g +Ci(p)&, =0.

IOOqa)p

Ci(p)gi+Ci(p)gs == —.
50024/1—0) ;0
C

(96)

97

(98)

(99)

. _ _ 1 : :
Relations (97) are satisfied because g, =p and g, =— are two independent specific
Yo,

solutions of the homogeneous equation (92). Substituting g, =p, g =
dg 1 .

g, = 48 _ —— into (98-99) yields:
dp p

’ 1 !
pC (p)+;c4(p)=0.

' L, Pog @ P
C3(p)—?C4(p):— - o :
2
gyCy[1———
c
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9

(100)

(101)



Expressing C;(p) from (100) and substituting into (101), we arrive at a first-order

differential equation for determining C, ( p) and solution of this equation:

: dC;(p Po, @ P
Ci(p)= ;/() D —. (102)
26‘0021/1—0) ;D
C
P o p’
C3(p)=280qw - Cf +C;. (103)
0
From (100) and (102) it follows:
o (o) 4G (P) Po,@P’
1(p)= iy - —.
26,0, [1- 22
C
2 2
2 w p
CPO‘](H— 2¢* j\/ o’ p°
C =— 1- +C. . 104
4('0) 3g,0° c? ¢ (104)

From (94), (103-104) we find a specific solution to equation (93):

2
p (HCOPJ
2 2 0q 2 2 2
2
g_poq,D 1_a);o +C,p c \/_a) Yo, C6' (105)
Yo

- 28,0 c 3,0 p

Let's transform the bracket in the third term on the right-hand side into (105):

2 2 2 2

2 2
a)p:3a)p+1_a)p_

1+
2¢2 2¢2 ¢’

This yields in (105) the following:
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/2
@2 0 3
c2poq(l— f
C

3,0’ p

g=- +C5p+g. (106)
P

Taking into account the correspondence A4,,, and g in (91) and (93), and making the

ig2
substitution p =rsin@ in (106), for a specific solution of the inhomogeneous equation (89)

we find:

) ®* r*sin* 0 ¥

|l ¢
A =— — +C,rsinf + ——. (107)
3g,0°rsin@ rsin @

The complete solution of equation (85) will then be equal to the sum A4, =4, +4,,,.
Taking into account (88) and (107), we find:
cp [1- 0 sin?0)
1 Dy, o c? C
A,=A4,+A4,~D,,——| D, ,+—— |- 6+
v iR %0 sin@( Ty J 3¢, rsin@ rsin @
. D8,1 . . 2 3 D8,3
+D,,sinf D7’lr+r_2 +Csrsin€ + D, s1nl9(5c:os 49—1) D, ,r +r_4 +
. 4 2 5 D8,5
+D, 51nt9(21c0s 6 —14cos 9+1)(D7’5r +—6j+
r
: 6 4 2 7 D87
+D, , 31nt9(429cos 0 —495cos” @+135cos 9—5) D,r+——|
r
(108)

In the expressions for the components of the vector potential (86-87) and (108), the

>, r* etc. in the denominator should be equated

coefficients of those terms that contain >, r
to zero. This is necessary so that the components of the vector potential do not turn to infinity

inside the body at » = 0. Taking this into account, we have:
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A, ~ Dy, Dy, rsin’ 0+ D, ;D; ;7 sin® 0(5cos’ 0 1)+
+D, D, ;7 sin® 0(21cos’ @ —14cos” 0 +1)+ (109)
+D,,D, ,r" sin’ 9(429 cos® @—495cos”* @ +135co0s” - 5).

2

cos” @ D,, , . ,

Ay~ Dgg——| Do+ +D,,D,, r’sin@cos’ 6+
sind r

+D, D, , r*sin @ cos’ 6’(7(:052 0—3)+ (110)

+D, (D, 7° sin 6 cos’ 9(33 cos* @—30cos” 0+ 5).

. 3/2

) | ®* r’sin’® 0
c qu - cZ C
6

1 DSO
Ay = Doy ——1 Dy +— | 3 +t——+
“sin@\ "~ r 3,00 rsinf rsind

+D, D, rsin@+Csrsin@+ D, ,D, ,r’ sin @ (5 cos” O — 1) +

(111)

+D, (D, ;r’ sin 6’(2 lcos* @ —14cos’ 0 + 1) +
+D, D, , r sin 6(429 cos® @ —495cos* @ +135¢cos* O — 5).

In (110-111) the terms containing D,, and D, , were retained, which depend on the angle

@ but do not depend on r. Similar terms C,, and C,, in (64-65) in the components of the

vector potential outside the ball were equated to zero based on the fact that at infinity the vector

potential in any case vanishes. But inside the ball, due to the limited size of its dimensions, the

radial coordinate cannot be infinite. In this case, the terms containing D,, and D,, are

admissible.

3.7 Components of internal magnetic field induction vector

Based on formula (6) for the magnetic field induction in spherical coordinates, for the

components of the magnetic field inside a rotating ball, similar to (59), we have:

B, =B, (r.0)e. +B,(r,0)e,+B,,(r.0)e, =

1 0 . 10 1| o 04, (112)
= rsiné’%(Aw s1n49)er——a—(rAi¢)e9+—{5(rAm)— 0 }e(ﬁ.

r or r
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Substituting the components of the vector potential inside the ball (109-111) into (112) we

find the components of the internal magnetic field:

2.2 .2
- \/1 _@rsin’
¢ +2D,,D,,cos0+2Cscos 0 +

B =

r

£,@
+4D, D, , r* cos 6?(5 cos’ 0 — 3) +2D, Dy r' cos 6’(63 cos* @—70cos” 6+ 15) +
+8D,,D, , r° c030(429 cos’ @ —693cos* +315cos’ 9—35).

(113)
2.2 2.2
1 Pog sin@\/l—a) i im 0
B, ~-D, ,D,,———~ < ~2D,,D,,sin0—-2C,sin 0 -
" 7 rsind EyW S
—4D, D, , r*sin 0(5 cos’ 0 — 1) —6D, D, r*sin 9(210054 0 —14cos’ 0+ 1) -
8D, ,D, , r*sin 0429 cos’ 0 —495cos* 6 +135cos” - 5).
(114)
cos’ 0
B, ~D,,Ds, g 2D,,D,,sin@cos6+3D, D, rsinfcos’ 6 -
—4D, ;D , 1’ sin @ cos «9(5 cos’ 6 — 3) +5D, ,D; , r’ sin @ cos’ 49(7 cos’ 0 — 3) -
—2D, D, r*sinfcos 9(63 cos*@—70cos” O +1 5) +
+1D, (D; 1’ sin f cos’ 6’(33 cos* @ —30cos” & + 5) -
8D, , D, sin 0 cos (429 cos® 0 — 693 cos* O+ 315cos” 0 -35).
(115)

3.8 Clarification of components of vector potential and magnetic field induction vector
We transform 4, in (111), using the expansion of the following function in the form

2

. 32 . . . .
[1 ®* r* sin’ (9) | 3w’ r*sin’ 0 . 30 r*sin* 0 . @’ r®sin®@ 30 rtsin® 6

+
c’ 2¢2 8c* 16¢° 128¢*

(116)
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and then expressing 4,, only through sin&:

D, D 1 1 c’p C 0, 7sin @
A,y =D, Dy, ——+Dy,D, G P s
sin @

9.0 - N . .
rsind 3g,@’rsin@ rsinf  2g 0

+D, D, rsin@+Csrsin@+4D, D, ,r* sin@+8D, D, 1’ sin@+64D, D, , r’ sin 0 —

3 2.3
wr’sin” @
_Fo,OF S 7 = —5D,,D,,r’sin’ 0—28D, D, ;r’sin’ 432D, D, , r sin’ 0 —
C g() , ’ ’ ’ , ’

3.5 5
w’ r’sin’ @
_'0—0‘1 T +21D75D95r5 sin56?+792D77D97 r’sin’ @ —
e 5, 7,

@ r'sin’ O
A M= 429D,,D0,, ¥ sin’ .
cé&, T

(117)

Similarly, we express 4, in (71) only through sin&:

1 1 . 1 . 1 .
A,, = G Coy——+ (4G, —sin0+4C;,C,y s —sin6+8C, ;Cy s —sinf +
rsiné r r r

+64C; ,C, LS sin@-5C,C, L4 sin’ 0-28C, ;C, ié sin’ 0-432C ,C, , LS sin’ @ +
r r r r

1 .
,—sin’ .
> 8

r

121G, ,C, Lo+ 792C;,C, Linso- 429¢, ,C,

S 6 7.8
r r

(118)

On the surface of a rotating charged ball of radius a, the external and internal vector
potentials must coincide and transform into each other. In this connection, at an arbitrarily
chosen angle @ and at r = a, we equate the components of the external vector potential (69-
70) to the components of the internal vector potential (109-110), and also equate (117) and
(118). Considering terms with identical dependencies on sin@ and cos@, we obtain the

following equalities:

_ 3 _ 7 _ I _
C2,1C3,1 = D1,1D3,1a ; C2,3C3,3 = D1,3D3,3 a, C2,5C3,5 = Dl,5D3,5 a., D,,=0.
. s _ _ 5 _
C,,C,=D,;D;,a", Cs0Cs0 =D;5 D o5 C,C, =D,,D;, a7, D, ,=0.
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2
C.C.=D.D.&. C.C =D.D d C.C=D.D, -t
sabea =Ly s 5666~ Pacllssd > 8090~ Faoto0 T3
0

+C;.

(119)

1 1 1 1

Cs,1c9,1 —t 4C8,3C9,3 — 7 808,509,5 — 64C8,7CQ,7 B
a a a a

_ qu a

2e,0

+D, D, a+Csa+4D,,D,,a’ +8D, D,;a’ +64D, D, a’.

(120)

1 1 1
5C8’3C9’3 _4 + 28C8’5C9’5 _6 + 432C8,7C9,7 _8 =
a a a
P, OF (121)
B ;ZT * 5D7’3D9’3 a’+ 28D7,5D9,5 a’ + 432D7,7D9,7 a’.
0

1 1 Poy o a 5 7
21GCo s — + 792G ,C ; —=————F—+21D, Dy 5a° +792D, ,D, ; a. (122)
a a

8c’g,

5 15
qua) a

6

429C;,C, , = 8%
0

+429D,.D, , . (123)

From (120-123) we find the following:

5 15 311 5 13
9 9 [

T D,,D,, a", CisCos =D, 5D95a11 - 4a R ()a :

T T 1008c™s, 1456c’¢,

C,.Cp=t
8,779,7 54912C680 7,7779,7

poqwa7 Po, @ dd Po, @ a'
40c’s, 180c’s,  440c’c,

_ 7
C8,3C9,3 =D, ;D55 a" +

3 5 3 7 5 9
qua IOOqa)a qua) a IOOqa) a

26,0 10c’s,  70c's,  210c’s,

C,Cy, =D, D, a* +Csa’ + (124)
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Thus, the constant coefficients in the components of the external vector potential are
expressed through the coefficients in the components of the internal vector potential.

Let us now compare the components of magnetic field on the surface of the ball at r =a..

2.2 2.2
Analogously to (116), we expand \/ 1- @ rsin 0 in the form

2
c

,l @’ r*sin’ @ : @’ r*sin’@ @'r‘sin®@ @°rsin®é
c? 207 8c! 16¢°

0’ o'rt 0 r® @*r*cos’d w'rtcos’d 30°r®cos’d

~1— _ _
207 8c* 16¢° 202 4c° 16¢°
_ @' r*cos* @ _ 30° r° cos* O . @’ r®cos’ @
8c* 16¢° 16¢°

(125)

and then we substitute (125) into (113) and into (114). In this case, we express B, in (113)

only through cosé, and B,, in (114) only through sin&:

Bl.rz2D71D91c059+2C5c059+p0q 2 @A g6
19, Ey@ 2c &c 16¢

—12D, ,D, , r* cos @ +30D, ;D, s r* cos § —280D, ,D, , r° cos 6+

COS@(I (02 r2 604 r4 (06 réJ

@* r* cos’ @ 2.2 4 4
+20D. .D, r200839+p0q 1+w r 3o°r —140D. .D I’4COS3I9+
7,393 202860 202 804 7,5779,5
0
4 4 5
o r’cos’ @ 2.2
+2520D77D97r6COS30+126D75D95r400850_:00q i 1+3a)2r B
- o 8c'e,w 2¢

Py, @ 1’ cos’ 0

—5544D,.D, . ° cos’ §+3432D. D, , r° cos’ 6+ -
78, 7, 16¢°s,

(126)
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1 : . Py S0 2 .
B.,~-D,,D,,——-2D, D, ,sin0-2C,sin@ —————-16D,.D, ;" sinf -
© 7 rsin@ n Ey® T

—48D, D, ;r*sin@-512D, . D, , r’sin@+20D, D, , r’ sin’ 6 +

Py, @1’ sin’ 0

L T 168D, D, ;7 sin’ @ +3456D, D, , r°sin® §—126D, D, ;r*sin’ 6 +
C &, ’ ’ ' ' ' '
o r*sin’ o r’sin’ @
G20 T N T 6336D, D, rsin® 0+3432D, D, rsin’ 0+ 20 0 2
8c’g, T R léc’e,
(127)

Similarly, we express B, in (72) through powers of cos&, and also B, in (73) through

powers of sin@:

B, ~2C,,C,, 13c056? 12C; ,C. 1c036?+30C sC 1cos@ 280C ,Cy; — cos O+
r

93 5 9,5 7 9,7 9
r r r

+20C ,C. 1cos 0 - 140C sC. 1cos 0+2520C ,C. 1cos 0+

93 5 95 7 9,7 9
r r r

+126C; ;C. ! cos’ §—5544C, ,C. ! cos’ 0+3432C, ,C, , 19 cos’ 6.
r

957 97 9
r r

(128)

B, ~C C. 1sm9+12C ,C. 1sm9+4OC sC. 151nt9+448C ,C

—sinf—
9,1 3 93 5 95 7 9,7 9
r r r r

15C ,C. 1sm 0— 140C sC. 1sm 0— 3024C ,C 1s1n g+

935 957 979

+105C sC. 1sm 0+5544C ,C 1s1n 0— 3003C ,C 1s1n 0.

95 7 9,7 9 9.7 .9
r r r

(129)

Comparison of (126) and (128), (127) and (129), (74) and (115) at r=a gives the

relationships between the coefficients:

1 1 1 1

C8,1C9,1 E - 6C8,3C9,3 ; + 15C8,5C9,5 y - 140C&7C9,7 ? = D7,1D9,1 + Cs +

.\ Po, (1 ?add otdt o'al

- S e et j—6D7’3D9,3a2 +15D, D, ;a* 140D, ,D, , a°.
0
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1 1 1
C8,3C9,3 = 7C8,5C9,5 —+ 126C8,7C9,7 a_g =

5 7
a a

7,393 2

2 Poqwaz 1 o'a 3o'ad
40c’¢,

=D .D,.a +
2¢2 8c*

3 11 2 2
w a
C,sCy.s —44C3,7C9,7%=D7,5D9,5 gt P (1+3“’ a

© 1008¢*s, 2¢°
5 15
Po, 0 a
C:Co7 =D, 5D, a” +m :
1 1 1 1
C,,Cyy — +12C4,C, , —+40C, ;C, s — +448C, ,C, , — =
a a a a
=-2D, D, -2C; - f—"; ~16D,,D,,a* —48D, D, a*-512D, D, , a".
0
1 1 1

15C ;G ; — +140C; ;Cy s — +3024C; ,C , — =
a a a

2
wa
—-20D,,D,,a*— ’)20"7 168D, D, a* —3456D, D, , a".
0
| 1 Po, @ a’
105C; ,C, — ¥ 5544C ,C,, == —126D, ;D ;a* + ZCT —6336D, ,D, , a°.
0

5 15
15 Pog® a

91C8’7C9’7 = —104D7’7D9,7 a M .

3

D,,= 0, D,,= 0, C2,1C3,1 = D1,1D3,1a3 > C,Cor = _E D,,D,, a.

) 9

7 1
Cz,3C3,3 :D1,3D3,3 a, C,Cou= _ZD Dg,a, C2,5C3,5 :D1,5D3,5 a .

4,464

41

]—7D7,5D9’5 a*+126D, D, a".

j— 44D, .D, , a".

(130)



7
Cs6Cos =~ 5 D,(Dya”, C,7G7 =Dy ;Ds4 a’. (131)

In (130) the coefficients can be separated from each other:

Po o'a’ o'd oa
D, D, +Cy=——2"|1- - - ~
R zgoca( 3 15¢* 35¢°
o 5 o 4 4 0)3 2 2
73Dos =~ p0q2 1+2a)2a +G)Ci ) hsDos = a 2 1+9a) Zl :
s 40c’¢, Tc Tc 7 1008c’g, 11c
DD Pu (132)
P 54912¢%,
c o _Puod( 2wd o'd C.C = Pu (), g0
ST 7¢It ) BT 630cts, | 11 )
5 13
wa
Pog C,,=0. (133)

G Cps=———,
BT 8008c%,
By substituting the coefficients (132-133) into the relations (124), we can verify that these
relations are satisfied.
In order for the values of the coefficients in (119) to coincide with the values of the
coefficients found in (131), it is necessary to assume that

D,,=0, G,=0, D,,=0, C,=0, D=0, C,=0. (134

Taking into account (119) and (132-134), we can clarify the vector potential components

(109-111) and the magnetic field components (113-115) inside the rotating charged ball:
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B,

+

A, ~ DD, rsin* 0+ D,,D;,r’sin* §(5cos” 0—1) +

+D, Dy 51’ sin’ 9(21c0s4 0 —14cos’ 0 + 1) +

+D,,D, ,r" sin® 9(429 cos’ @—495cos’ @ +135cos’ 6 - 5).

2
cos 0
Ay = D5 Dy ——.
rsin @
& (1 o r sir12«9]3/2
0g |+ 2
Ai¢ ~ Dy Dy, 1 - 3 C + Cjé
T 7 rsing 3¢, rsind rsin@
_,DOqVSiIl9 l_a)zaz _a)4a4_a)6a6 B
26, 3¢ 15¢" 35¢°
Py, @1 sinH(S cos’ 6-1 o'a

40c’e,

)(1+2m2a2+

7¢*

7

}

,ooqa)3r5 sin¢9(2lcos4 6 —14cos’ 0+1)( 90> azj
+ 1+ -

1008¢’e, 11¢?
Py, @1 sin 0429 cos’® 6 —495cos* 0 +135cos’ 0 -5)
54912¢°, '
o h o’ r’sin’ 0
~IOOqCOS _072_,00(]0089 l_a)2a2_a)4a4_a)6a6
v £, £, 3¢ 15¢
,ooqa)r2 cos@(Scos2 9—3) 20 ad:  o'a’
> 1+ —+t— |t
10c’¢, Tc Tc

90’ a*

Py, @1 0050(63 cos* @ —70cos” 0+15)[

504c’e,

+
11¢?

j_

Po, ’r cos0(429 cos’ @ —693cos’ @+315cos’ 0—35)

6864c’s,
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j_

(135)

(136)

(137)

(138)



2.2 .2
poqsiné’\/l—w r-sin” @

5 o e +p0q sin @ l_a)za2 _a)4a4 _a)éa
i0 £, NG 3c? 15¢*  35¢°
Py, 01 sin6’(5cos2 9—1) 207 d>  w'ad

+ > 1+ —+— |-

10c’¢, Tc Tc
Py, sin6(21c054¢9—1400520+1) | 90 o
_ +
168cte, 11¢?
pO o’r 31n9(429cos 0 —495cos’ @ +135cos” - 5)
6864c°s, '

B,, ~-2D,,D;,sin@cos 0 —4D, D, ;’ sin O cos O (5cos” 0 -3) -

—2D, D, s r* sinfcos 9(63 cos*@—70cos’ O +1 5) -

—8D1’7D3,7 #® sin @ cos 0(429 cos® @—693cos* @+315cos* O — 35).

)

(139)

(140)

In the same way, taking into account (119) and (132-134), we can clarify the vector

potential components (69-71) and the magnetic field components (72-74) outside the ball:

3

A, ~DHD31 sin 6?+D13D33 sin 9(5cos 0— 1)

2 4
r r

11
+D, D, ;“sin’ 6(21cos* —14cos> 9 +1) +
r

15

+D,,D, , a_g sin’ 49(429 cos’ @ —495cos* O +135cos’ - 5).
r

2
cos @
Aoe ~ Ds 0D60 . .
rsin@

" rsind . 15C26‘0 r?

w’a’ sin@(5cos* -1 2,2

_ P - ( - ) 1+9a”21 +
630c 80 r l1e
,0 w’a" sin@
" 8008¢° g r°

(2100s49—14cos2 9+1).
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1 a)aS . o) 2 2 4
A, ~——| D,,D,,— P -+ C, 4 P04 Sn0f, A
T 3 @ Tc Tc

(141)

(142)

)

(143)



2 waS 2 2 4 4
Wl Vil icos@(l+2w @ ,24a j—

15, 1 7c? 7c*

2p, @’a’ ’a’
—%—4%(:056?(500529—3) 1+9a”21 + (144)

315c’g, r l1e

poqa)san 1

—6—70059(630054 6—70cos’ 6’+15).
4004c’g, r

waS 2 2 4 4
e 202 gl 14204 0@ ]
15c°¢, r Tc Tc
3 9 2 2
wa
—%—4%sine(5cos2e—1) 14204, (145)
210c’g, r llc
Sp a)5a13 1
0g

3 —7sin9(2100540—1400529+1).
8008c’¢, r

3 7
B0¢ z—2D1’1D31a—3siné’cost9—4D1 ,D; a—ssiné?cos 9(5cos2 49—3)—
T r T r
11

—2D, D, a—7sin 6 cos 9(63 cos* @—70cos’ 0 +1 5) — (146)
r

15

—8D,,D;, a—gsin90059(429 cos® @ —693cos* @ +315cos’ 9—35).
r

Note that in (143-145) there are terms with round brackets containing quantities of the type

20%d* w'd

7¢* 7 1!

etc. These quantities appeared as a result of taking into account the Lorentz

factor 7 in the inhomogeneous Laplace equation (81) and applying the procedure of comparing

the external and internal field components on the surface of the ball. As a result, the components
of the external magnetic field in (144-145) acquire an additional and nonlinear dependence on

2.2
a

the radius a of the ball and on the angular velocity @ of rotation. Quantities of the type —
c

also appeared in [4] when calculating the field components using retarded potentials, but for a

different reason. related to integration over the volume of the ball.
According to (136) and (142), the expressions for the component of the internal vector

potential 4, and for the component of the external vector potential 4 , are identical in form.
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However, the component 4,, in (136) at » =0 and at an angle € =0 tends to infinity, which
should not be the case for a ball. Therefore, in (119), it is necessary to choose D;; =0, C;,=0

. In this case, instead of (136) and (142), the following will be obtained:

A,=0, A,,=0. (147)
If we take into account (116) in (137), we get the following:
1 02p0q N C, N Do, 7sin 6 B

rsin@ 3g,@'rsin® rsind 2,0

. 3 .3
poqrsmé?( 0> d: w'adt a;6a6j Py, @1 sin’ O

Aup ~ D8,0D9,0

26,0 3¢ 15¢' 35c° 8¢,

P, @ 1’ sin’ 0 P, @’ r'sin’ @ P, or’ sin 49(5 cos’ 9—1) (1 s 20° a® . w'a’ J s
48", 128¢%, 40c’e, 7¢? 7c*
N Po, @7 sin@(Zlcos4 6 —14cos’ 49+1) (1+ 90° a° J_
1008¢c*s, 11c’
Po, @7 sin¢9(429cos6 0 —495cos* @ +135cos’ 0—5)
54912c°s, '

(148)

In (148) the component 4, at » =0 and at the angle 6 =0 turns to infinity, which is not

permissible for a ball. Consequently, the coefficients must satisfy the condition

C
D9,0—3—3+C6 =V. (149)

Substituting (149) into (137) and into (143) gives the following:
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c

. 3/2
p |1 ®* r*sin’ @
2 0 - 2
c qu ! ?

N 3¢,0°rsind 3¢, rsin@
_Poqf”Sin@(l_ o'd o'd o a(’J_
3¢*>  15¢* 35¢°
Py, OF sin9(5 cos’ @ —1) 202 d  o'd
- 40c%s, [H IERE j+
.\ Po, @1 sin&(Zlcos4 0—14cos’ 0+1)[1+ 90° a? J_
1008¢*s, 11¢?
Lo, @ sin0(429 cos® @ —495cos* @ +135cos” 6’—5)
54912¢%, '

ig

2e 0

(150)

5 .
Po, @@ sinf( . 20'a’ o'a’
A4~ 1+ + -

- 15¢°s, r* 7c’ 7ct
@’a’ sin@(5cos* -1 2,2

_ P : ( - ) 1+9wf +
630c”¢, r l1le

(151)

a)5a13 1
poq—s—ésint9(2lcos46’—1400520+1).
8008c’¢, r

Now note that all terms B,, in (140) contain cos@ as a factor. It is known that

COS(7T - 9) =—cos @ . It turns out that if on the globe we lay off an angle @ from the north pole

towards the equator and it turns out B, to be positive, then if we lay off the same angle 6

from the south pole towards the equator, getting an angle 7 —@, the value B, 4 will be negative.

A contradiction arises: when a charged ball rotates, currents arise from the moving charges

of the ball, which are all directed in one direction, determined by the angular velocity of

rotation. In this case, it should be expected that the component B, directed along the parallels

of the ball should also be symmetrical relative to the plane of the equator and have the same

sign everywhere. But according to (140), the signs of the component B, in the northern and

southern hemispheres are opposite. From the point of view of magnetic lines, the following

picture is obtained: in one of the hemispheres, the magnetic lines pass inside the ball, go outside

and then go to the equator, twisting relative to the axis OZ of rotation of the ball. After the
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magnetic field lines pass the equator, they begin to twist in the opposite direction, returning to
their original state inside the ball.

To avoid a contradiction, we must assume that B,, =0. This requires that the coefficients

D, ,, D

1,3°

D, and D, . be equal to zero. This leads to changes in (135), (140-141), (146) and

1,1°

gives the following:

=0. (152)

4, =0, A,=0.

2 {— @ sin? o)
Poq c? _,OOqi’SiH9 1_(02 a’ _a)4a4 _a)6 at B
3¢? 15¢*  35¢°

2
c qu

3g,’rsin 3¢, rsin@ 28,

Py, @1 sin 0(5 cos” 0 — 1) 20°d>  w'a
1+ + +

ig

40c’e, 7¢? 7ct
poqafr5 sin@(Zlcos“H—Mcos2 6?+1) . 9w a?
+ + —~
1008¢’e, 11c’
Po, @1 sin9(429cos6 0 —495cos* 6 +135cos’ 0—5)
54912c¢%, '
(153)
0.l @ r’sin’ 0
B ~quCOS _T_PoqCOSH l_a)zaz_a)4a4_a)6a6 ~
i EO EyW 3¢ 15¢"  35¢°
Py, @1 cosc9(50052 49—3) 20°a® o'a’
— > 1+ —+— |t
10c’¢, Tc Tc
+p0qa)3r4 cos@(63cos4t9—70c0s26’+15) 90 &>
504c’e, 11c?
Py, @ cost9(429cos6 0 —693cos* 0 +315cos’ 6?—35)
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5 ~_,00qsm _072+p0qsin0 l_a)zaz_a)4a4_a)6a6
0 E,0 £, 3¢ 15¢*  35¢°
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Lo, @1 sin0(429cos° 0 —495cos* 6 +135cos’ 49—5)
6864c°¢, '

+

+

B,, =0. (154)

5 .
Po, @A sin 6 [1 . 20°a’ . o*a’ ]

7 15, 1 7¢? 7ct
3 9 : 2
w’a’ sin@(5cos” 6-1 2,2
_ P - ( - ) 1+9“”2‘ + (155)
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5p,,0°a
Q;’T—ﬁine(ﬂcos“0—1400526’+1).
c'g, 1

=0. (156)

The solutions (153-154) for the vector potential and the magnetic field inside a rotating

charged ball are smooth and do not contain discontinuities and infinities. These solutions
contain functions such as siné, cos@, and associated Legendre polynomials qu (x), which

have continuous derivatives of any order. The same can be said about the solutions (155-156)

for the vector potential and the magnetic field outside the rotating charged ball.

4. Discussion
Our results can be compared with the results in [37], where the magnetic field of

axisymmetric current configurations was studied and cases where circular currents flowed in a
certain layer inside a stationary body were considered. In this case, it was found, similarly to

(153) and (155), that the main component of the vector potential is expressed in terms of the

sum of terms in the form 4, =Y F, () P! (cos @) where the functions F, (r) depend on the

radial coordinate » and on the degree n of the associated Legendre polynomials P! (cos 6’).

In 2], the following was found inside a rotating uniformly charged ball:

wcosO 2 wsin @ 2
Bir:%[az_%j’ Bw::uop()q3 [6;” _azJ_ (157)

(158)

4, =M( 3}
6

If we decompose the square root in (154) by the formula (125), then it becomes clear that

the expressions for B, and B,, coincide with expressions (157) in the first approximation,
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given that in (157) y, = % is the vacuum permeability. Similarly, if we decompose the
0

®* r*sin’ 0
2
c

3/2
expression [1 - j in (153) by the formula (116), then in (153) 4,, will coincide

with (158) in the first approximation. However, expressions (154) and (153) are much more

accurate, since they contain additional terms containing ¢’ in the denominator. In addition, in

1

\/l 3 @’ r*sin* @

[2], the Lorentz factor y = of moving charges was not taken into account

2
C

when calculating the field.
In order to verify the obtained solutions for the magnetic field induction B of a rotating
ball, we substitute these solutions into Maxwell's equation with a source in the form of a current

density j:

VxB=y,j. (159)
In spherical coordinates, equation (159), taking into account the relations g, = Lz ,
&,C
j:]/poqv, y = ! , V:(vr,vg,v¢):(0,0,a)rsinﬁ), can be written as follows:
\/ o’ r*sin’ @
1- 2
c

OB OB
VxB= 1 i(qusiné?)— 2 er+l _L—r—i(quj) e,+
00 o¢p sind 0¢ oOr

rsin@ v
1| 0 OB, 1 P,, @Fsin @ (160)
+_|:_(FB'9)__:|e¢:_27p0qV: = 2 2 . 2 €y
rior 00 &yC 5 ® r’sin” 0
&,C 1—072

Considering that the components of the magnetic field induction vector do not depend on

the angle ¢, three equations follow from (160):
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OB sin &
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¢ 2,24in% 0
. CZ\/ _ o’ r’sin
0

2
C

There is no charged matter outside the ball, g, =0, and for the external magnetic field

(161) is simplified:

0 0B,

£ (rBuy) -0, (162)

The corresponding components of the magnetic field induction inside the ball (154) and
outside the ball (156) exactly satisfy equations (161-162).
One of Maxwell's equations for the magnetic field B is that the divergence of this field at

any point in space is equal to zero. In spherical coordinates, it looks like this:

%a(rzBr)_'_ 1 6(Bgsin6’)+ 1 aB¢—O. (163)

V-B= =
r or rsin @ o0 rsin@ O¢

Equation (163) is satisfied both for the magnetic field induction components (154) inside
the ball and for the magnetic field induction components (156) outside the ball.

In curved space-time, the equation for the electromagnetic field tensor F,  has the
following form [32]:

VOV F,, =V, j,— Vv, j,+F, R —F, R’ +R

o uv uvain

F™, (164)

where j, =p,u,is the charge four-current with covariant index; p, is the invariant

charge density; u,, is the four-velocity with covariant index; R? ., 1s the Ricci tensor with mixed

indices; R, is the Riemann curvature tensor.
When deriving equation (164), it was assumed that, according to [38], for the signature

(+, -, —,—) of the metric for the curvature tensor and the Ricci tensor, the following relations

are satisfied:
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(165)

If we use the relations according to [39] for the curvature tensor and the Ricci tensor in the

form
un %) ) B e o
g"R, .5, =R “'”V_ax—ﬂ_WJrr"ﬂR“_rwrﬁ“’ R, =g"R, .. (166)
then the equation for the tensor F,, is written as:
VOV, F,, =N, j,—#V, j,—F, R +F, R’ +RWMF’”. (167)

The components of the tensor F,, in the Cartesian frame of reference are expressed in

terms of the components of the electric E and magnetic B fields as follows:

¢ (168)
E
-~ B 0 -B
C
EZ

c

In special relativity, space-time is not curved, so the tensors R”, and R, ,, are zeroed. In

U

this case, the covariant derivatives V  are transformed into partial derivatives 0, = P with
X

respect to four-dimensional coordinates x*. The four-velocity with covariant index becomes

equal to u, = (7/0, —}/V) , where y is the Lorentz factor, v is the velocity of a small element of

charge. Accordingly, the charge four-current with covariant index will be equal to

],u :quu,u :IOOq (7@‘7") :(7Cpoqa_j) ) (169)
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where j=yp, v is the current density.

All this, taking into account (168-169), leads to a simplification of equations (164) and
(167):

6080’Fyv :luoaij_ﬂoavj,u‘ (170)
- 1 ¢ . .
In (170), the operator 0°0, = _Zﬁ_A is the d'Alembert operator, and the operator A is
c

the Laplacian. With this in mind, it follows from (170):

2
(1R

AF#V CZ 6t2 lLlOavj,u_lLlanjv' (171)

Substituting (168) into (171), taking into account the relation j, = p,, ( ye, —7/V) , gives two

inhomogeneous wave equations, for electric field strength E and for magnetic field induction

B:
1 & 2o 8(]/V)
AE—— —E=—"2Vy+ —.
2o 2, V1 Hy Pog ot
1 °B .
AB_(;—2 or? :—/LJOVXJ:—ILJO,DOqVX(ﬂ/V)- (172)

In the case under consideration, the rotation of the charged body is constant, so that the

magnetic field B and the Lorentz factor y of the moving charges of the body are independent
of time. However, inside the body, y depends on the coordinates of the rotating charges, which

coincide with the coordinates of the observation point at which the magnetic field is being

searched. Therefore, the rotor operator also acts on the Lorentz factor y. Then the

inhomogeneous Laplace equation for the magnetic field follows from (172).:

ABz—,quOqu(yv). (173)
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Equation (173) is written in vector form and is therefore valid in any coordinate system.
In spherical coordinates, the Laplace vector operator AB is expressed by formula (3), where

instead of the spherical components of the vector b, the spherical components of the magnetic
field vector B should be substituted. To calculate the curl V ><( 7/v) , we use (6), where instead

of A we substitute the product yv :

Vx(rv)= 1 {i(ywsin&)—a(w")}er+1[LM—£(WV¢)]%+

rsind| 06 o4 rlsin0 04 o
1| o a(rv,)
+;|:5(V]/V6)— 00 }ew

(174)

Inside a rotating charged body, the velocity v has spherical components according to (79)

in the form v = (O, 0, v¢) = wrsinfe,, so that the components of velocity v, and v, in (174)

are zero. All this, taking into account (174), gives in (173) the following:

2B, 0|\ B,,sin0 0B,
AB,=| AB, ——~— 2% ( ’ )— 22, “ e, +
r r~sin@ 06 r-sin@ O¢
B. OB, OB,
+| AB,, ~——% +% v ch)sf “ e, +
resin@ r° 00 rsin"@ 0¢ (175)

B, OB, OB.
+ ABM_ 2 -l¢2 + 22- —+ %C-Oszg - €
resin“@ r°sinfd O0¢p r°sin" 6@ O¢

=~Hy Py ;_(7% Sin‘g)er""/uopo 12(7’7%)%-
“ rsin@ 060 “ror

Outside the body, where there is no current density j and the charge density p,, is zero,

according to (173), the following equation is obtained:
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2B o|B,,sind OB
AB,=|AB, ~ o2 (Bysin0) 2 “ le,
r r”sin@ 00 r-sin@ O¢
B 2 0B, 2cos@ OB
+|AB ,—— S 2 le, + 176
[ ““ psin’@ 90 r’sin’@ d¢ )’ (176)

B oB OB
+[AB 2] 2 or , 2€0S0 Ogje¢:

- + +
“ 1sin*@ rPsin@ o4 r’sin’0 0¢

In (175-176) it can be taken into account that for a uniformly rotating axisymmetric charged

body none of the components of the magnetic field depends on the angle ¢ . Substituting into

(175) the expression for the velocity component v, =w@rsiné and the expression for the

1 . .
Lorentz factor y = , we arrive at three equations for the components of
@’ r’sin” @
—
internal magnetic field:
2B, 2 9(B,sind) 1 0| wrsin’o
ABir_ 2 =_ﬂ0p0q

r r*sin@ 00

2

rsing 00 \/l ' r*sin’ 0
c

B, 2 0B, 10 @r’sinf
AB: ) 2 2 =/J0p0 AL
r’sin“@ r> 00 “ror @’ r*sin’ 0
12T
Bi¢
AB,, - 0. (177)

r*sin’ @

The right-hand side of the equations (177) contains the magnetic vacuum permeability

1
—.
c’g,

Hy=

It is easy to verify that, taking into account the expression for the Laplacian (5) in spherical
coordinates, the components of the external magnetic field (156) satisfy the vector equation

(176), and the components of the internal magnetic field (154) satisfy the equations (177).

56



5. Conclusions
Using the harmonic method to find solutions to equations for magnetic field of a rotating

uniformly charged ball rotating around its axis leads to solutions (153-156). These solutions
yield formulas for the components of the vector potential and the magnetic induction vector,
expressed in spherical coordinates.

In the course of the solution, the fact was used that the vector potential of an axisymmetric
rotating body does not depend on the angle ¢ of rotation. The use of symmetry considerations
when replacing z with —z in solutions makes it possible to exclude some of the undefined
constant coefficients and consider them equal to zero, which simplifies solutions. This is also
due to the fact that at infinity the potentials and fields should be zeroed, and in the center of the
rotating body they should not give infinity. Some of the coefficients can also be excluded based
on the condition that the external and internal components of the vector potential and the
magnetic field on the surface of the body must be equal to each other.

With this in mind, we calculated the components of the vector potential and the magnetic
field inside and outside a uniformly charged ball, rotating with a constant angular velocity,
with an accuracy of terms containing ¢° in the denominator. The calculation method allows us
to explicitly find the components of fields with any given accuracy, it is only necessary to use

a sufficient number of vector spherical polynomials ¥V, (6) (28), W (0) (47) and Z, (0) (55).
In this case, the polynomials V, (€) are expressed through the product sin & by the associated
Legendre polynomials Pn1 (cos 49), the polynomials W, (8) are expressed through the product
cosé by P)}(COS@), and the polynomials Z (6) are equal to Rj(cos 6’) up to a constant
coefficient.

The feature we found is that the polynomials VO(H), W,(0) and Z,(0) of degree 0 have
values that are not expressed through the polynomial POl (Cos 0). However, the polynomial
Z,(0) for uniformly rotating axisymmetric bodies turns out to be necessary, since it is present
in the component 4, of the vector potential inside the body, as indicated by the presence of

sin@ in the denominator of the first terms in (153). This suggests that when calculating the

vector potential, it is insufficient to use the associated Legendre polynomials Rj (cos 0) and

their products with sin@ and cos@. Instead, it is more appropriate to take into account the
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spherical polynomials ,1(0) , Wn(ﬁ) and Zn(¢9) as specific, independent vector polynomials

when solving problems with vector functions in curved coordinates.

It should be noted the limitations that were used in the presented method. The main
assumptions include the constancy of angular rotation of the ball around its axis and uniform
distribution of electric charge over the entire volume of the ball. In order to simplify
calculations, all possible solutions were limited to solutions in which the components

A,,A,,A, of the vector potential do not depend on the angle ¢ of the observation point and

are symmetrical with respect to the axis of rotation and the center of the ball.
The calculations also assumed that the magnetic permeability of the substance of the ball
itself and the magnetic permeability of the medium surrounding the ball are the same as in

vacuum, that is g =1. If necessary, the formulas obtained for the vector potential and the
magnetic field can be easily adjusted to take into account the values of the magnetic
permeability and magnetic susceptibility of the substance of the ball and the medium around
it.
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