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Abstract. We develop a hierarchical formulation for evaluating gravitational binding energy from the internal
organization of matter, volume conservation, and mass–energy equivalence. Rather than relying only on pairwise
interaction terms defined relative to infinity, the proposed estimator assigns an intrinsic energy scale to compact
configurations of matter. We then test whether the corresponding mass-equivalent contribution can reproduce the
effective dark mass inferred in galaxies.
We test this formulation using SPARC rotation-curve data together with independent GALEX and SDSS photomet-
ric observations. Stellar population mixtures are reconstructed from dynamical information alone, without using
photometric data as input, and are then used to predict integrated galaxy colors. The resulting colors show signif-
icant correlations with observations, indicating that the reconstructed populations encode non-trivial information
about stellar structure.
A systematic exploration of the estimator reveals structured regions of high-quality solutions in parameter space.
In particular, the results favor a hierarchical recursive interpretation in which class-level binding energies are
preserved, while the binding energy associated with the global aggregation of heterogeneous stellar classes may
contribute with an effective virial factor. The dynamical reconstruction varies only weakly across a broad range of
parameters, whereas the photometric constraints provide greater discrimination between candidate forms.
These results suggest that gravitational binding energy provides a physically motivated contribution to the effective
dark mass inferred in galaxies, while also explaining why dynamical information can encode stellar population
structure.

Keywords. Gravitational binding energy—Galaxy dynamics—Rotation curves—Dark matter—Stellar
populations—Galaxy photometry—Ultraviolet observations

1. Introduction

The origin of the dark mass component inferred from
galactic dynamics remains one of the central open
questions in astrophysics Courteau et al. (2014). Its
presence is robustly established through multiple in-
dependent observations, including rotation curves
and dynamical modeling (Rubin et al., 1980; Persic
et al., 1996), as well as gravitational lensing mea-
surements Clowe et al. (2006); Bartelmann (2010).
However, its physical nature remains unknown.

At the same time, gravitational theory, both New-
tonian and relativistic, has demonstrated remarkable
accuracy across a wide range of scales. This raises the
possibility that the observed discrepancy can be ac-
counted for without invoking exotic matter or modified
gravity, but by recognizing that gravitational potential
energy is not straightforward to define and evaluate as
an intrinsic contribution to the effective mass budget of
astrophysical systems.

In standard formulations, gravitational potential en-
ergy is defined relative to an arbitrary reference level,
typically taken at infinity. As a result, the expression
E = −GmM/d is well suited for describing reversible
orbital dynamics, but it does not directly provide an in-
trinsic energy associated with the formation or internal
organization of an extended many-body system.

More generally, the notion of potential energy
becomes ambiguous when applied to complex self-
gravitating systems. It quantifies the work required
to separate constituents to infinity, rather than the
energy associated with assembling matter into a bound
configuration. Related ambiguities have long been
recognized in classical mass renormalization Brillouin
(1965) and in geometrical definitions of mass in general
relativity Hawking (1968); Misner & Sharp (1964);
Hayward (1996).

In this work, we define gravitational binding energy
as an intrinsic energy associated with the assembly and
internal organization of matter. The construction com-
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pares distributed configurations to compact reference
states while conserving mass and the intrinsic volumes
of the constituents. This removes arbitrary reference
levels and provides a reproducible evaluation of gravi-
tational energy in heterogeneous systems.

This formulation naturally leads to a two-term
structure. The first term represents the binding con-
tribution of homogeneous stellar population classes,
while the second describes the global heterogeneous
aggregate. The recursive interpretation favors retaining
the class-level contribution with its natural compact-
sphere normalization, whereas the virial interpretation
of the heterogeneous global aggregate motivates a
reduction of the global contribution by a factor close to
one half.

The empirical relevance of this formulation is
tested using SPARC rotation-curve data together with
independent GALEX and SDSS photometry. Stellar
population mixtures are reconstructed from dynamical
information alone, without using photometric data as
input, and are then used to predict integrated galaxy
colors. This provides a stringent test of whether the
proposed binding-energy estimator encodes informa-
tion not only about the effective dark mass inferred
from dynamics, but also about the underlying stellar
population structure.

The formalism developed here therefore provides a
framework for investigating whether gravitational bind-
ing energy, evaluated hierarchically, can contribute to
the effective mass budget of galaxies and link galactic
dynamics to stellar population properties.

1.1 Useful gravitational potential energy

If we consider the Newtonian gravitational force
equation, F = GmM/d2, we obtain—by integrat-
ing from d to infinity—the potential energy formula
Ep = −GmM/d. While this formulation yields negative
potential energy which can be used for calculating
the motion of celestial bodies, it is unsuitable for
evaluating the total physical potential energy of a
system.

To determine a physically meaningful energy scale,
rather than a reference-dependent potential value, one
must compute the energy difference between two states
of the system—analogous to lifting a mass m from po-
sition d by a height h. In such a case:

∆Ep = Ep(d + h) − Ep(d) =
GmMh
d2 + dh

(1)

This expression represents the usable form of grav-
itational potential energy. The concept of absolute neg-
ative energy Ep is not directly interpretable in physical
terms.

However, this formulation becomes impractical for
systems involving two celestial bodies (e.g., planets,
stars, or galaxies), because the initial reference distance
d is undefined or ambiguous. To resolve this, we com-
pute the energy difference between a compact state—a
single solid spherical mass Mt = m + M—and a con-
figuration of two distinct spherical bodies, m and M,
separated by a distance d.

Let the two bodies have radii r and R, and volumes
v = 4πr3/3 and V = 4πR3/3, with corresponding densi-
ties m/v and M/V . The total volume of the single solid
sphere is Vt = V + v = 4π(R3 + r3)/3, and its radius
Rt = (R3 + r3)1/3. Assuming equal volumetric densi-
ties, m/v = M/V , that of the single compact ball will
be identical: m/v = M/V = Mt/Vt; if not, it assumes
an average density weighted by the contributions of m
and M.

The gravitational potential energy of a homoge-
neous solid sphere is given by:

Ep = −
3GM2

5R
(2)

The gravitational binding energy of the system
can be evaluated by comparing the initial state (a sin-
gle compact mass) and the final state (two separated
masses), the compact configuration being uniquely de-
fined by mass conservation and volume conservation,
ensuring that no additional physical interactions are
introduced beyond gravity. The difference between
these two states is then given by:

Ei = −
3GM2

t

5Rt
(3)

E f = −
3GM2

5R
−

3Gm2

5r
−

GMm
d

(4)

∆Ep = E f − Ei =

(
−

3GM2

5R
−

3Gm2

5r
−

GMm
d

)
+

3GM2
t

5Rt
(5)

This expression quantifies the energy change from
a compact configuration to a system of two separated
masses. It represents a redistribution of matter that pre-
serves the original component densities, thereby ensur-
ing that the transformation involves only gravitational
forces.

1.2 Mass-equivalent gravitational binding energy

Gravitational potential energy is central to astrophys-
ical dynamics, but its mass-equivalent contribution is
usually assumed to be too small to account for the dark
mass inferred in galaxies. The hierarchical formulation
developed here challenges this assumption, since the

2



corresponding gravitational binding-energy scale can
reach the galactic dark-mass regime.

A natural way to assess the physical relevance of
this energy is to express it through the mass–energy
equivalence relation E = mc2. In this framework, any
form of energy can be associated with an effective mass
contribution, providing a direct comparison scale with
baryonic mass.

More generally, it has long been recognized that
gravitational energy contributes to the effective mass
of a system and to the curvature of spacetime. This
idea appears in classical considerations of mass renor-
malization Brillouin (1965) and is formalized in gen-
eral relativity through quasi-local mass definitions such
as the Hawking mass Hawking (1968) and related con-
structions in spherically symmetric spacetimes Misner
& Sharp (1964); Hayward (1996). Together, these re-
sults support treating gravitational energy as part of the
effective mass budget of self-gravitating systems.

In this context, gravitational binding energy may
be interpreted as a physically meaningful component
of the total mass–energy budget. When expressed via
E = mc2, it defines an effective mass scale that can be
directly compared to observed mass components.

This perspective is also consistent with previous in-
vestigations suggesting that gravitational energy may
contribute to an effective mass component in galactic
systems Poupart (2014, 2025) and with numerical stud-
ies of gravitational self-interaction effects Deur et al.
(2020); Deur (2021, 2022).

Finally, since the equivalence of inertial and gravi-
tational mass has never been empirically violated MI-
CROSCOPE Collaboration (2022), it is consistent,
within current experimental limits, to treat gravita-
tional binding energy as fully equivalent to its mass
representation.

This effective mass interpretation is closely related
to the notion of intrinsic energy of a system. In general,
the energy stored within a bound configuration repre-
sents the amount of energy that can be released through
a transformation of the system, and therefore converted
into work or radiation.

In astrophysical contexts, such energy release is
primarily associated with dynamical processes involv-
ing the restructuring of matter, most notably during
collisions and mergers of gravitationally bound sys-
tems. These events provide a natural mechanism
through which gravitational binding energy can be lib-
erated and redistributed in the form of kinetic energy,
heat, or electromagnetic radiation.

This perspective reinforces the interpretation of
gravitational binding energy as a physically mean-
ingful and measurable quantity, directly connected to
observable energetic processes in the Universe.

1.3 The binding energy of celestial bodies

Table 1 contains the standard values for the celestial
bodies under consideration, except for the radii for the
globular cluster M80 and a representative galaxy. We
modeled the initial state as a solid sphere of mass M+m,
assuming solar density. The final state is the Sun at
distance d of a mass M of solar density. For the Sun-
M80 pair, the values used are R = 5.534217 · 1010,
Rt = 5.534221 · 1010 and for the Sun-galaxy pair, the
values used are R = 2.03985712710655 · 1012 and Rt =

2.03985712713359 · 1012. The rationale behind this
construction will be addressed in a subsequent section.
In either case, the radius is calculated using the relation
Rt = (R3 + r3)1/3.

Table 1. Physical parameters for celestial body pairs

System m (kg) M (kg) r (m)
Moon+Earth 7.35 · 1022 5.97 · 1024 1.74 · 106

Earth+Sun 5.97 · 1024 1.99 · 1030 6.38 · 106

Jupiter+Sun 1.90 · 1027 1.99 · 1030 6.99 · 107

Sun+M80 1.99 · 1030 9.99 · 1035 6.96 · 108

Sun+Galaxy 1.99 · 1030 5.00 · 1040 6.96 · 108

System R (m) d (m) Rt (m)
Moon+Earth 6.38 · 106 3.8 · 108 6.42 · 106

Earth+Sun 6.96 · 108 1.5 · 1011 6.96 · 108

Jupiter+Sun 6.96 · 108 7.8 · 1011 6.97 · 108

Sun+M80 5.53 · 1010 4.5 · 1017 5.53 · 1010

Sun+Galaxy 2.04 · 1012 5.0 · 1020 2.04 · 1012

Table 2 presents the gravitational potential energy dif-
ferences between current physical configurations and
their hypothetical fusion into a single mass. For scale,
the complete conversion of 1 kg of mass into energy
corresponds to 8.99 × 1016 J or about 21.5 megatons of
TNT. This is of the same order as the largest thermonu-
clear tests ever performed, and would correspond, in
an ideal deuterium–tritium fusion process, to approxi-
mately 105 kg of deuterium and 158 kg of tritium.

Based on this equivalence, the merger of the Moon
with the Earth would release energy equivalent to ap-
proximately 40 trillion hydrogen bombs. This binding
energy corresponds to a mass of about 40 billion metric
tons—a value that is far from negligible.

If we consider the energy released by merging the
Earth into the Sun, the resulting energy would corre-
spond to over 14 million billion metric tons. However,
this value is still less than the mass the Sun loses each
hour due to nuclear fusion. Depending on its spatial
distribution, this energy-equivalent mass could, in prin-
ciple, be measurable.
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Table 2. Gravitational potential energy differences and mass
equivalents

System Ei (J) E f (J)
Moon+Earth −2.2795 · 1032 −2.2413 · 1032

Earth+Sun −2.2751 · 1041 −2.2751 · 1041

Jupiter+Sun −2.2787 · 1041 −2.2751 · 1041

Sun+M80 −7.2141 · 1050 −7.2141 · 1050

Sun+Galaxy −4.9079 · 1058 −4.9079 · 1058

System ∆Ep (J) ∆Ep (kg) ∆Ep/m
Moon+Earth 3.8176 · 1030 4.2477 · 1013 5.8 · 10−10

Earth+Sun 1.3024 · 1036 1.4491 · 1019 2.4 · 10−6

Jupiter+Sun 3.5519 · 1038 3.9520 · 1021 2.1 · 10−6

Sun+M80 2.3949 · 1045 2.6647 · 1028 1.34 · 10−2

Sun+Galaxy 3.2540 · 1048 3.6206 · 1031 18.2

If we examine the ratio (∆Ep/c2)/m, representing
the binding-energy mass equivalent relative to the mass
of the smaller body, we find that it is negligible in most
cases—except at the galactic scale, where it approaches
the order of magnitude of the observed dark mass ratio.

This shows that the binding contribution behaves as
an endothermic binding energy, in a sense analogous to
nuclear binding near the iron peak. For example, split-
ting an 56Fe nucleus into two 28Si nuclei requires en-
ergy, since the total mass of the two fragments is larger
than the mass of the original nucleus. The bound state
therefore has a lower mass than the separated products.

There is, however, an important difference between
nuclear and gravitational binding. In the nuclear case,
mass remains strictly separable once the final nuclei are
specified. The mass of n isolated 28Si nuclei is simply
n M(28Si). Gravitational binding energy does not have
this property. The mass-equivalent contribution associ-
ated with gravitational binding cannot be uniquely as-
signed to individual particles or separated into indepen-
dent local masses. It is a global contribution associated
with the interacting configuration.

This feature is dictated by the structure of general
relativity. Unlike matter energy, gravitational field en-
ergy cannot be represented by a unique local density
that is independent of coordinates and observers. It is
instead characterized by global or quasi-local mass def-
initions, which depend on the gravitational system be-
ing probed Hawking (1968); Misner & Sharp (1964);
Hayward (1996).

In this operational sense, the mass-equivalent con-
tribution of gravitational binding is not separable into
individual particle masses, but belongs to the interact-
ing gravitational configuration.

Thus, an observer probing an isolated body of mass

m measures only that mass, whereas an observer prob-
ing a system of n interacting bodies of masses mi mea-
sures an effective gravitational source of the form:

∑
i

mi +
EB

c2

where EB denotes the binding-energy contribution of
the configuration. Here, the term “observer” should be
understood operationally, as a test body responding to
the gravitational field generated by either a single mass
or by a composite interacting system.

In the galactic case, this means that a star located
at radius r responds not only to the baryonic mass en-
closed within that radius, but also to the effective mass
associated with the gravitational binding energy of the
enclosed matter.

2. The binding energy of celestial systems

The first observation is that the interaction term
−GmM/d in ∆Ep becomes negligible compared to
internal self-energy terms in gravitational systems
characterized by large scale separation. This result
is intuitive from a physical standpoint, altering the
distance between two celestial bodies, such as the
Earth and the Moon, leads to minimal changes in
gravitational energy compared to the energy released
by their hypothetical fusion. This approximation holds
across all celestial systems.

To quantify this, we compare the interaction energy
to the dominant internal term:

GMm/d
GM2/R

=
m
M
·

R
d

(6)

For elementary astrophysical bodies such as planets
and stars, this ratio is typically very small due to both
mass hierarchy and spatial separation:

m
M
≪ 1 and

R
d
≪ 1 (7)

This property is not restricted to a particular scale
but reflects a general feature of gravitational structure
formation. Bound objects occupy a negligible volume
compared to the space that separates them.

This can be verified explicitly at galactic scale.
Even if all stars in a galaxy are hypothetically merged
into a single compact object under volume conserva-
tion, the resulting radius scales as N1/3 and remains
extremely small compared to interstellar distances. For
a Milky Way–type galaxy, one finds:

R
d
∼ 10−4 (8)
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In a hierarchical construction where composite
bodies are formed through successive mergers con-
serving density, both the effective radius and the
characteristic separation scale as N1/3. Therefore, the
ratio R/d remains small at every level of aggregation.

It is important to emphasize that the effective
binding-energy contribution used here is not obtained
by assigning a positive mass to the conventional pair-
wise potential term −GmM/d. On the contrary, this
term becomes negligible in the hierarchical astrophysi-
cal regime considered here. The dominant contribution
arises from the compact-reference self-energy terms
proportional to M2/R, which compare configurations of
different internal organization under mass and volume
conservation.

Accordingly, the interaction term −GmM/d can be
neglected to leading order in the energy balance. The
energy expression thus simplifies to:

∆Ep =
3G
5

(
M2

t

Rt
− αM

M2

R
− αm

m2

r

)
(9)

where αM and αm encode the internal mass distri-
bution of the bodies. For homogeneous solid spheres,
α = 1, but more generally α ∼ O(1) depends on the
density profile.

This implies that the spatial arrangement of bodies
relative to one another is subdominant for calculating
total gravitational binding energy. In this sense, the en-
ergy of the system must be treated as a global quan-
tity, not reducible to a simple sum of pairwise interac-
tions Landau & Lifshitz (1976). If we consider a sys-
tem of n masses mi with radii ri, merged sequentially,
we obtain the following expressions:

Mi =
∑
j≤i

m j, Ri =
(
R3

i−1 + r3
i

)1/3
(10)

∆Ei =
3G
5

 M2
i

Ri
−

M2
i−1

Ri−1
− αi

m2
i

ri

 , ∆Ep =
∑
i≤n

∆Ei

(11)

The relation R3
i = R3

i−1 + r3
i follows from volume

conservation. Individual stars may exhibit complex in-
ternal structures, which are encoded in the coefficients
αi, but these do not affect the final form of the total en-
ergy in the large-n limit.

Indeed, under mild statistical assumptions on the
distribution of αi, the sum

∑
i αim2

i /ri converges to-
ward an effective average value. As the number of
merged components increases, fluctuations average
out and the aggregated object behaves effectively as a

homogeneous configuration with a well-defined mean
coefficient ᾱ.

As shown in Section 2.2, the contribution of indi-
vidual stellar self-energies cancels exactly in the total
energy balance, and does not contribute to the final ex-
pression. The resulting expression depends only on the
total mass and radius of the aggregated configuration
and takes the form M2

n/Rn, up to an effective coefficient
of order unity. This is precisely the functional form
of the self-gravitational energy of a homogeneous solid
sphere, which therefore provides a consistent effective
representation of the aggregated system.

This emergence of an effective homogeneous de-
scription is a direct consequence of a law of large num-
bers, as microscopic structural differences are washed
out at large scales.

It is important to note that the order of mergers is ir-
relevant, as the gravitational field is conservative. This
is verified mathematically.

2.1 Proof of permutation invariance

Let σ be any permutation of {1, . . . , n}. Setting:

Mi ≡ Mi−1+mσ(i), R3
i ≡ R3

i−1+r3
σ(i), M0 = R0 = 0

(12)

we define:

∆Ei =
3G
5

 M2
i

Ri
−

M2
i−1

Ri−1
− ασ(i)

m2
σ(i)

rσ(i)

 (13)

The telescopic sum gives:

∆Ep =

n∑
i=1

∆Ei =
3G
5

 M2
n

Rn
−

n∑
i=1

ασ(i)

m2
σ(i)

rσ(i)

 (14)

Since the sum is invariant under permutation, we
obtain:

n∑
i=1

ασ(i)

m2
σ(i)

rσ(i)
=

n∑
i=1

αi
m2

i

ri
(15)

and therefore the final expression is independent of
σ, which proves that ∆Ep =

∑n
i=1 ∆Ei is invariant to the

order of mergers. ■
The fact that the compact ball conserving volumes

corresponds to the state of maximum total binding en-
ergy follows from the action-reaction principle and the
conservation of energy. This is the most compact state
that does not introduce additional repulsive forces, such
as degeneracy pressure or radiation pressure, beyond
those already present in the low-density state. One may
think of this compact ball as a configuration in which
all the stars of a galaxy are placed side by side, without
introducing additional non-gravitational forces.
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2.2 Simplified calculation with identical bodies

By assuming identical mass m, radius r, and internal
structure characterized by a single coefficient α for each
of the n bodies, the calculation simplifies considerably.
In this case, the cumulative mass at the ith merger step
is Mi = im, and the corresponding radius is:

Mi

Vi
=

m
v
⇒ Ri =

(
Mir3

m

)1/3

(16)

since Mi retains the same density as the original body
of mass m.

The change in gravitational binding energy at each
step is given by:

∆Ei =
3G
5

 M2
i

Ri
−

M2
i−1

Ri−1
− α

m2

r

 , ∆Ep =
∑
i≤n

∆Ei

(17)

Due to cancellation of intermediate terms, the tele-
scoping sum simplifies to:

∆Ep =
3G
5

(
M2

n

Rn
− αn

m2

r

)
(18)

Since Mn = nm, we find:

M2
n = n2m2 and Rn =

(
Mnr3

m

)1/3

= n1/3r (19)

Substituting into the equation:

∆Ep =
3G
5

(
n2m2

n1/3r
− α

nm2

r

)
=

3G
5

(
n5/3 − αn

) m2

r
(20)

It is important to note that the term proportional
to αn is asymptotically subdominant compared to the
leading collective contribution proportional to n5/3.
Indeed, for n ≫ 1 and α ∼ O(1), the ratio between
the subleading and leading contributions scales as
αn/n5/3 = αn−2/3 and therefore vanishes in the large-n
limit.

As a consequence, the contribution associated
with the internal binding energies of the elementary
bodies is negligible at leading order in the asymptotic
regime. The dominant behavior is governed by the
collective term M2

n/Rn, while the detailed internal
structure of the constituents contributes only through a
subleading correction. This expression shows that the
gravitational binding energy of the assembled system
depends principally on its global mass and effective ra-
dius. Equivalently, for fixed constituent number, larger
masses and smaller radii—that is, higher effective

component densities—increase the collective binding
energy.

The asymptotic expression obtained above corre-
sponds to the binding energy released during the assem-
bly of the n bodies into a single configuration. How-
ever, each individual body already possesses an intrin-
sic binding energy. Therefore, the total binding energy
of the system must include both the interaction energy
between the bodies and the intrinsic binding energy of
each component. Summing over all bodies, the internal
contribution is:

3G αn m2

5r
(21)

Adding this term to ∆Ep, we obtain the total bind-
ing energy:

Etot = ∆Ep +
3G αn m2

5r
(22)

Substituting the expression of ∆Ep, the terms
αn m2/r and −αn m2/r cancel exactly, yielding:

Etot =
3G
5

M2
n

Rn
(23)

The result is therefore protected in two distinct
ways. First, in the assembly energy ∆Ep, the internal-
structure term is already asymptotically subdominant
relative to the collective contribution, since its relative
weight scales as n−2/3. Second, in the total hierarchical
binding energy Etot, the same internal contribution can-
cels exactly once the binding energies of the elementary
bodies are restored.

This shows that the total binding energy of the ag-
gregated system is identical to that of a homogeneous
self-gravitating solid sphere of mass Mn and radius Rn.
The contribution associated with the internal structures
of the initial bodies is exactly compensated when the in-
trinsic binding energy of each component is included,
and the final system behaves as a single continuous ob-
ject whose energy depends only on its global properties.
■

2.3 Generalization to arbitrary distributions

The previous calculation can be generalized without as-
suming identical elementary bodies. Consider a sys-
tem composed of n bodies with individual masses mi,
radii ri, and internal-structure coefficients αi. At the ith
merger step, the cumulative mass and effective radius
are:

Mi =

i∑
j=1

m j, Ri =

 i∑
j=1

r3
j


1/3

(24)
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Equivalently, the radius evolves according to:

Ri =
(
R3

i−1 + r3
i

)1/3
(25)

The energy released at each assembly step is then:

∆Ei =
3G
5

 M2
i

Ri
−

M2
i−1

Ri−1
− αi

m2
i

ri

 (26)

Summing over all merger steps again gives a telescop-
ing series:

∆Ep =
3G
5


(∑n

i=1 mi

)2(∑n
i=1 r3

i

)1/3 −

n∑
i=1

αi
m2

i

ri

 (27)

Equation (27) is deterministic and does not assume
any particular distribution of masses, radii, or internal
structures. If the quantities (mi, ri, αi) are instead re-
garded as random variables drawn from a probability
distribution, the corresponding expectation value is:

E[∆Ep] =
3G
5

E

(∑n

i=1 mi

)2(∑n
i=1 r3

i

)1/3

 − E
 n∑

i=1

αi
m2

i

ri


 (28)

This expression is valid for any probability law for
which the relevant moments exist and for which r > 0.
In the simplest interpretation, the probability law de-
scribes a single statistically homogeneous population
of components, such as a unimodal or sufficiently nar-
row distribution of masses, radii, and internal-structure
coefficients. The distribution may then be normal, log-
normal, truncated normal, empirical, or derived from a
stellar mass function. No assumption of independence
between mi and ri is required at this stage.

If the distribution is multimodal, the same formal-
ism remains valid, but the modes should be interpreted
as distinct subpopulations rather than as a single ho-
mogeneous component class. In that case, it is gener-
ally preferable to decompose the system into subpop-
ulations with fixed asymptotic fractions and apply the
same moment calculation to the corresponding mixture
distribution, or equivalently to sum the contributions of
each subpopulation explicitly.

If the elementary bodies are independent and iden-
tically distributed, or more generally weakly correlated
with finite moments, the leading large-n behavior fol-
lows from:

n∑
i=1

mi ≃ n⟨m⟩,
n∑

i=1

r3
i ≃ n⟨r3⟩ (29)

Therefore:

E


(∑

i mi
)2(∑

i r3
i

)1/3

 ≃ n5/3 ⟨m⟩
2

⟨r3⟩1/3
(30)

Similarly, the internal contribution scales as:

E
 n∑

i=1

αi
m2

i

ri

 ≃ n
〈
α

m2

r

〉
(31)

Thus the asymptotic expression for the expected as-
sembly energy is:

E[∆Ep] ≃
3G
5

[
n5/3 ⟨m⟩

2

⟨r3⟩1/3
− n

〈
α

m2

r

〉]
(32)

The ratio of the internal-structure contribution to
the collective contribution is therefore:

n
〈
αm2/r

〉
n5/3⟨m⟩2/⟨r3⟩1/3

= n−2/3

〈
αm2/r

〉
⟨r3⟩1/3

⟨m⟩2
(33)

For finite moments and α ∼ O(1), this ratio vanishes as
n−2/3. Hence, the suppression of the internal-structure
term is not a consequence of the simplifying assump-
tion of identical bodies. It persists for arbitrary compo-
nent distributions satisfying the stated moment condi-
tions.

Finally, if the internal binding energies of the ini-
tial components are added back to the assembly energy,
Eq. (27) gives the exact cancellation:

Etot = ∆Ep +
3G
5

n∑
i=1

αi
m2

i

ri
=

3G
5

(∑n
i=1 mi

)2(∑n
i=1 r3

i

)1/3 (34)

Thus the same double protection remains in the
general case. The internal contribution is both asymp-
totically subdominant in the assembly energy and
exactly compensated in the final total binding energy.
Consequently, the leading gravitational energy of the
aggregated system is controlled by the global mass and
effective radius, not by the microscopic details of the
initial constituents. ■

2.4 Hierarchical calculation of binding energy

We have established in Sections 2.2 and 2.3 that the
leading binding energy of an aggregated system is gov-
erned by its total mass and effective radius. This result
can now be applied to stellar populations grouped into
classes within a galaxy.

For each stellar class i, let Mi, Vi, and Ri denote
respectively the total mass, total effective volume, and
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effective radius of the class. The effective radius is ob-
tained from the total volume of the stellar components
in that class. If vik denotes the volume of the kth star in
class i, then:

Vi =

Ni∑
k=1

vik ≃ Ni⟨v⟩i, Ri =

(
3Vi

4π

)1/3

(35)

Equivalently, if one introduces an effective density
ρi for the class, it should be understood as a derived
quantity:

ρi =
Mi

Vi
≃
⟨m⟩i
⟨v⟩i
, Ri =

(
3Mi

4πρi

)1/3

(36)

The previous equation (34) gives the internal bind-
ing energy of each stellar class. The total class-level
contribution is then obtained by summing over all
classes:

Esum =
3G
5

n∑
i=1

M2
i

Ri
(37)

and applying Equation (14) exactly as in Sec-
tion 2.2, with:

M =
n∑

i=1

Mi and R =

 n∑
i=1

R3
i

1/3

so that R is the radius of the aggregated solid sphere
obtained by volume conservation, gives:

∆Ep =

n∑
i=1

∆Ei =
3G
5

 M2

R
−

n∑
i=1

αi
M2

i

Ri

 (38)

This would lead to identifying the total energy with
the single term (3G/5) M2/R. However, empirically,
one finds:

3G
5

M2

R
<

3G
5

n∑
i=1

M2
i

Ri
(39)

which is experimentally verified using SPARC
galaxies, with discrepancies spanning approximately
1% to 10%.

Thus, if (3G/5)
∑n

i=1 M2
i /Ri correctly represents the

energy emitted as radiation during inelastic collisions,
that is, during the fusion of all stars of identical den-
sity and mass within each class, then the energy emitted
by the fusion of the remaining aggregated solid spheres
should be larger, not smaller.

Accordingly, the complete form of the estimator
should instead be:

Etot =
3G
5

n∑
i=1

M2
i

Ri
+ ∆Ep (40)

with ∆Ep > 0.

2.5 Correct Newtonian derivation

The previous difficulty comes from an incorrect con-
struction of the second aggregation step. In the first
step, stars of similar intrinsic density are merged into
homogeneous class-level compact spheres. In the sec-
ond step, these compact spheres were then treated as if
they could be merged again in the same way to obtain
the total released energy. However, in both cases the
Newtonian expression gives an energy difference be-
tween two states. It gives the energy of the compact
final state minus the energy already contained in the
smaller compact initial states.

The class-level spheres obtained from Equa-
tion (36) are therefore not quantities that must be
subtracted away from the final result. They are part
of the final hierarchical configuration. The real final
state is a global compact sphere made by aggregating
homogeneous class-level compact spheres. Its total
binding energy is therefore the sum of the binding
energies of these smaller compact spheres, given by
Equation (37), plus the aggregation energy of these
compact spheres inside the global object.

In principle, this second contribution could be cal-
culated by summing the (n2 − n)/2 gravitational rela-
tions between the class-level compact spheres. A sim-
pler Newtonian approximation is obtained by consid-
ering that many compact spheres are distributed with-
out a preferred ordering, so that one can pass to the
continuum limit. In this limit, the aggregation energy
has the same functional form as the binding energy of
a homogeneous compact sphere with total mass M and
volume-conserving radius R.

The final Newtonian hierarchical binding energy is
therefore:

Ep =
3G
5

 n∑
i=1

M2
i

Ri
+

M2

R

 (41)

Strictly speaking, each Newtonian aggregation step
contains a subtraction term of the form

∑
i m2

i /ri for the
stars. As shown in Section 2.2, this term is both asymp-
totically negligible and exactly cancelled when the in-
trinsic stellar binding energies are included in the total
energy budget. It therefore does not appear as an addi-
tional contribution in Equation (41).

The first term is the binding energy already stored
in the homogeneous class-level compact spheres. The
second term is the additional aggregation energy of
these compact spheres into the global compact config-
uration. Thus, the two-term structure follows from a
correct Newtonian accounting of the final hierarchical
state.

At first sight, the global aggregation term used in
the empirical evaluation below may appear to be a
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crude approximation, since the numerical implementa-
tion represents the stellar population with only eleven
classes. However, this term is not controlled by the
number of stellar classes used in the parametrization. It
represents the continuum-limit aggregation energy of
the compact class-level subsystems, and the calculation
may therefore be understood as the limit in which the
number of such subsystems becomes large.

It is worth noting that the Newtonian hierarchical
form derived in Equation (41) is the same two-term ex-
pression introduced in Poupart (2026).

We now use this result as a consistency test of the
proposed energy form. If the Newtonian hierarchical
construction captures the correct structure of the bind-
ing energy, then allowing the two contributions to vary
independently should not lead to an arbitrary parameter
dependence. Instead, the empirical exploration should
reveal whether the data favor the relative weights pre-
dicted by the model, or whether deviations from these
weights indicate that the formulation is incomplete. We
therefore consider the generalized estimator:

Ep =
3G
5

α n∑
i=1

M2
i

Ri
+ β

M2

R

 (42)

and study experimentally how variations in the param-
eters α and β affect the agreement with observational
data.

2.6 Recursive interpretation of the hierarchical energy

The Newtonian derivation above shows that the two-
term estimator is not obtained by erasing the interme-
diate levels of the construction. The class-level com-
pact spheres already contain binding energy, and the
global term represents the additional aggregation en-
ergy of these compact subsystems into the final volume-
conserving configuration.

This gives a direct recursive interpretation of the en-
ergy. Let S denote a system decomposed into subsys-
tems S i. If the subsystems have already been formed,
their binding energies are part of the energy content of
the final hierarchical state. They must therefore enter
the next level of the construction with unit weight. The
only new contribution at this level is the aggregation en-
ergy of the subsystems into the larger compact config-
uration. The recursive energy can therefore be written
as :

F(S ) =
∑

i

F(S i) + βB(S )

where

B(S ) =
3G
5

M2

R

The coefficient of the first term is fixed by the recur-
sive construction itself. Changing it would mean that
the binding energies already stored in the subsystems
are either partially erased or artificially amplified when
the next aggregation level is formed. No such operation
occurs in the Newtonian construction. For this reason,
the natural recursive value of the class-level coefficient
is α = 1.

For stellar population classes, each subsystem
S i has mass Mi, effective radius Ri, and class-level
binding-energy contribution:

F(S i) ≃
3G
5

M2
i

Ri

Substituting these class-level contributions into the re-
cursive expression gives:

F(S ) =
3G
5

 n∑
i=1

M2
i

Ri
+ β

M2

R


Thus, the recursive interpretation selects α = 1 as

the value required when class-level compact spheres are
treated as real subsystems whose binding energies are
retained in the final hierarchical state.

In this interpretation, the term proportional to α is
not a residual contribution from individual stellar self-
energies. These individual terms are negligible at large
N, scaling as N−2/3 relative to the collective class en-
ergy. Rather, the term:

n∑
i=1

M2
i

Ri

represents the binding energy of the stellar population
classes themselves as physically distinct hierarchical
subsystems. The parameter α therefore measures
whether these class-level contributions are retained in
the total effective energy. The recursive construction
retains them with unit weight, giving the natural value
α = 1.

2.7 Relativistic consistency bound

The preceding Newtonian derivation defines the energy
of compact reference configurations. This construction
is valid as long as the equivalent compact sphere can
be interpreted as a physically meaningful material
configuration. When the compactness becomes too
large, however, the equivalent radius approaches the
Schwarzschild radius and the Newtonian compact-
sphere estimate can no longer be interpreted literally.

For a self-gravitating solid sphere, the Newtonian
binding-energy scale is:

BE =
3G
5

M2

R
(43)
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which corresponds to an effective mass contribu-
tion:

MBE =
BE

c2 =
3G
5

M2

c2R
(44)

The ratio between this contribution and the total
mass is therefore:

MBE

M
=

3G
5

M
c2R

(45)

This ratio measures the relative importance of grav-
itational self-energy in the total energy budget. When it
becomes non-negligible, the assumptions of the weak-
field approximation break down, as gravitational en-
ergy itself contributes to the source of the field.

Rewriting this condition in terms of the Schwarzschild
radius RS = 2GM/c2, one finds that:

MBE

M
=

3
10

RS

R
(46)

so that the breakdown of the weak-field approxima-
tion occurs for R ≲ RS . In particular, when MBE/M ≳
3/10, the system enters a relativistic regime where this
approximation is no longer valid.

A more restrictive constraint can be obtained by
combining this expression with the Buchdahl bound,
which imposes R > 9 GM/(4c2) = 9 RS /8 under the
usual assumptions of a static, spherically symmetric,
isotropic fluid configuration. Substituting this lower
limit into (46):

MBE

M
=

3
10

RS

R
<

3
10

8
9
=

4
15

(47)

This shows that the Newtonian estimate cannot be
extrapolated arbitrarily, and that the transition to a
fully relativistic description necessarily occurs before
the gravitational self-energy becomes comparable to
the total mass. The Buchdahl bound therefore marks
the limit beyond which the weak-field approximation
breaks down and a general relativistic treatment is
required.

2.8 Recursive absorption and the black-hole limit

The relativistic consistency bound defines the domain
in which the compact reference configuration can be in-
terpreted as a material state, namely R > Rs. However,
it does not by itself determine whether the same energy-
accounting function can remain valid when the system
is considered as being absorbed sequentially by a black
hole. The relevant point is therefore not to assign inter-
nal structure to a black hole, but to determine whether

the functional form obtained in the Newtonian regime
remains stable under successive absorption events.

In the Newtonian regime, as long as the equiva-
lent compact radius satisfies R > Rs, the hierarchi-
cal construction gives a well-defined absorbed-energy
function. This applies in particular to the absorption of
external bodies by an already formed black hole, pro-
vided the calculation is performed outside the horizon.

If this function correctly describes one absorption
step, it should not cease to apply at the next step
merely because the black hole has absorbed one ad-
ditional component. After each absorption event, the
final object is again a black hole characterized only
by its global parameters. By the no-hair property,
the detailed composition and assembly history are no
longer observable degrees of freedom. Therefore, any
modification of the absorption law would have to arise
from a new global physical criterion, not from the
disappearance of internal substructure.

This is precisely what the recursive form expresses.
Let Bk denote the global compact contribution after k
absorbed subsystems:

Bk =
3G
5

M2
k

Rk

and let Fk denote the total effective energy after these
k subsystems have been included. If the recursive form
holds at step k:

Fk =

k∑
i=1

Fi + βBk

then adding one additional subsystem gives:

Fk+1 = Fk + Fclass
k+1 + β (Bk+1 − Bk)

Substituting the expression for Fk gives:

Fk+1 =

k∑
i=1

Fi + βBk + Fclass
k+1 + β (Bk+1 − Bk)

and therefore:

Fk+1 =

k+1∑
i=1

Fi + βBk+1

The recursive form is therefore stable under sequential
absorption. ■

The no-hair property supports this interpretation.
The class-level terms do not represent persistent ob-
servable structures inside the final black hole. They
represent energy contributions carried by the absorbed
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subsystems before they are incorporated into the global
mass–energy budget. Once absorption has occurred,
these contributions are no longer distinguishable as sep-
arate components, but the total energy balance still con-
tains them.

This shows that the recursive form is formally sta-
ble under sequential absorption and therefore provides
a natural continuation of the Newtonian energy-
accounting function toward a relativistic absorption
limit. The black-hole case is used here only as a
limiting test, since the final object need not retain the
absorbed stellar classes as separate structures, while
the total absorbed energy may still follow the same hi-
erarchical functional form. In this sense, the recursive
construction provides a coherent way to understand
why a non-zero class-level contribution can remain
compatible with a general-relativistic mass–energy
balance, and why the natural recursive value is α = 1.

2.9 Homogeneous aggregation and the virial factor

This provides a natural interpretation of why the two
terms in the estimator need not carry the same coeffi-
cient. The first term is obtained by aggregating objects
that belong to the same stellar class and therefore share
the same intrinsic density. Under volume conservation,
this operation produces an equivalent compact sphere
of the same density, with:

R3
i =

∑
j

r3
i j, Mi =

∑
j

mi j

In this case, the class-level contribution is naturally de-
scribed by the full compact-sphere binding term:

Bi =
3G
5

M2
i

Ri

This supports the recursive value α = 1, since the first
term represents the binding energy of homogeneous
class-level subsystems.

The global term has a different status. It combines
stellar classes with very different intrinsic densities into
a single effective radius defined by:

R3 =
∑

i

R3
i

The distinction between the two coefficients there-
fore reflects the difference between homogeneous ag-
gregation within stellar classes and heterogeneous ag-
gregation between classes.

This object should not be interpreted as a truly
homogeneous solid sphere of fixed density. It is in-
stead closer to an effective gravitational aggregate of

heterogeneous subsystems. For such a self-gravitating
aggregate, the relevant bound energy need not be the
full magnitude of the Newtonian potential term. If the
global configuration is interpreted as virialized, with
U = −B and 2K + U = 0, then the total mechanical
binding energy is:

|E| =
B
2
, B =

3G
5

M2

R

This provides a natural physical motivation for β ≃ 1/2.
Thus, the distinction between the two coefficients

is not arbitrary. The coefficient α applies to homo-
geneous compact class-level contributions, for which
the full binding term is retained, while β applies to the
global heterogeneous aggregation, where a virial fac-
tor can reduce the effective contribution by one half.
This gives a coherent interpretation of the empirically
favored form with α ≃ 1 and β ≃ 1/2.

3. Comparison of binding energy estimators

We now compare a family of gravitational binding-
energy estimators by testing their ability to reproduce
both the effective dark mass inferred from galactic
dynamics and the photometric ordering of galaxies.
The comparison follows the reconstruction strategy
introduced in Poupart (2026), in which stellar popu-
lations are reconstructed from dynamical constraints
alone, and the resulting predicted colors are compared
a posteriori with observations.

We consider a two-parameter family of estimators
of the form:

Ep(α, β) =
3G
5

α n∑
i=1

M2
i

Ri
+ β

M2

R

 (48)

where the first term represents the additive contribution
of the different stellar population classes, while the sec-
ond term represents the global compact configuration
obtained after volume-conserving aggregation. The pa-
rameters α and β therefore control the relative weights
assigned to the class-level binding-energy contribution
and the global binding-energy contribution. For each
stellar class i, the effective radius is defined by its total
mass Mi and intrinsic density ρi:

Ri =

(
3Mi

4πρi

)1/3

(49)

while the global radius is obtained from volume con-
servation:

R3 =

n∑
i=1

R3
i (50)
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The predicted effective dark mass is then defined
through mass–energy equivalence:

Mpred
dark =

Ep(α, β)
c2 (51)

The reconstruction is performed using the SPARC
database Lelli et al. (2016). For each galaxy, the only
dynamical inputs are the baryonic mass Mbar and the
effective dark mass Mdark inferred from the rotation
curve. No photometric information is used during the
reconstruction.

The reconstruction algorithm and its statistical
validation are described in detail in the companion
paper (Poupart, 2026). This includes the stellar popu-
lation basis, initial fractions and dispersions, stopping
criteria, no-search baselines, random-initialization
tests, search-strategy comparisons, gas-clumping tests,
and radial robustness checks. Here, the same frame-
work is used as a fixed diagnostic tool to compare the
family of binding-energy estimators parameterized by
(α, β).

The stellar population basis consists of compact
remnants and main-sequence stellar classes:

BH, NS, WD, RG, M, K, G, F, A, B, O.

Each component is assigned an initial mass fraction ϕ(0)
i

and an allowed dispersion σi. The fractions are normal-
ized so that:

n∑
i=1

ϕi = 1 (52)

During the reconstruction, each fraction is constrained
to remain within:

max
(
0, ϕ(0)

i − kσi

)
≤ ϕi ≤ min

(
1, ϕ(0)

i + kσi

)
(53)

with k = 3.
For each pair (α, β), the stellar fractions are opti-

mized using a greedy reconstruction algorithm. At each
iteration, candidate moves are generated by perturbing
one fraction at a time:

ϕi → ϕi + δi, δi ∈ {−λσi, +λσi} (54)

followed by renormalization of the full fraction vector.
Candidate moves that violate the admissible bounds are
rejected.

Each admissible move is evaluated by the relative
error:

E(ϕ) =

∣∣∣∣Mpred
dark(ϕ) − Mdark

∣∣∣∣
Mdark

(55)

The selected move is the one that minimizes the dy-
namical error among all admissible candidates. If no
improving move is found, the step size λ is reduced,
and the search continues until the minimum exploration
scale is reached.

A gas clumping parameter κ can also be introduced
as an additional degree of freedom. In that case, the
effective baryonic mass entering the binding-energy es-
timator is written:

Meff = Mbar(1 − κ) (56)

with κ ∈ [0, 1]. When no further improvement can be
obtained by changing the stellar fractions, the algorithm
scans κ and retains the value that minimizes the dynam-
ical error.

Once the stellar population has been reconstructed,
its integrated photometric properties are computed
using standard stellar population synthesis prescrip-
tions. The predicted colors are then compared with
GALEX Martin et al. (2005) and SDSS York et al.
(2000) observations for the color indices FUV–NUV,
NUV–r, g − r, and r − z.

The photometric agreement is quantified using
Pearson and Spearman correlations between predicted
and observed colors. Pearson coefficients measure
linear agreement, while Spearman coefficients measure
monotonic ordering. The dynamical agreement is
quantified directly from the relative error between the
predicted and observed effective dark masses.

The grid exploration over (α, β) therefore evaluates
two independent properties of each estimator: its abil-
ity to reproduce the effective dark mass inferred from
rotation curves, and its ability to recover the observed
photometric ordering of galaxies without using pho-
tometric information during the reconstruction. This
provides a direct test of whether a given binding-energy
estimator carries physically relevant information about
both the dynamical mass budget and the underlying
stellar population structure.

3.1 Photometric score exploration

The photometric score studied here is defined as the
product of the signed sums of the Pearson and Spear-
man significances over all colors (FUV-NUV, NUV-r,
g-r, r-z). The sums are constructed using the sign of
the correlation, yielding sumP for Pearson and sumS
for Spearman. The final score is defined as:

score = max(sumP, 0) ·max(sumS , 0) (57)

This construction neutralizes positive significances
when they are compensated by negative correlations.
Any negative score is set to zero.

12



The score is evaluated as a single global quantity
for each point of the (α, β) grid, combining the correla-
tion information obtained from all available photomet-
ric colors. Depending on the color index, the number of
galaxies entering the correlations ranges from approx-
imately N ≃ 120 to N ≃ 140, as determined by the
overlap between GALEX and SDSS datasets.

For visualization purposes, the scores displayed in
the grid maps are normalized to the interval [0, 1], with
1 corresponding to the best coarse-grid raw score, 878
at (α, β) = (1, 3). Unless explicitly stated otherwise, all
numerical scores reported below are raw scores.

The resulting exploration of the (α, β) parameter
space with ∆ = 0.1 is shown in Figures 1-4. The Fig-
ure 1 shows the normalized score over the parameter
space. The Figure 2 displays the local average contrast,
enhancing variations between neighboring cells. The
Figure 3 highlights the five maximum scores for each α
in light gray and the five maximum scores for each β in
dark gray, with overlaps shown in black. The Figure 4
represents a direction field indicating the orientation of
local increase in the score.
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Figure 1. Original normalized grid showing the photometric
score values across the (α, β) parameter space.

A prominent feature of these maps is the pres-
ence of two well-defined linear structures. The first
passes through (1, 5/2) with an approximate slope of
5/2, while the second passes through (1, 1/2) with an
approximate slope of 1/2. The nine highest-scoring
solutions (white symbols) lie along these two lines, a
property that remains valid when extending the anal-
ysis to the top one hundred configurations, with the
additional appearance of solutions along a more diffuse
structure in the upper-right region with a slope of
approximately 10. The highest-scoring configuration is
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Figure 2. Local photometric score difference map relative to
neighboring cells.

located at (1, 3), with most other top-ranked solutions
clustered around β = 2.5, except for the ninth-best
solution, which lies at (1, 1/2). It is clear that the
highest-scoring solutions are therefore grouped at the
intersection of these lines and the line α = 1.

Not only do the highest-scoring solutions cluster
along these lines, but they also follow a clear gradi-
ent on alpha. The fifty maximum scores are found at
α ≤ 2, the two hundred and fifty maximum scores at
α ≤ 3, and the five hundred maximum scores at α ≤ 4.

These same linear structures also contain some of
the worst-performing configurations, indicating that
they do not correspond to regions of uniformly high
score, but rather organize the full range of solutions
across the parameter space.

At first sight, these structures could be interpreted
as iso-energy lines. However, this interpretation is in-
correct. For a function of the form f (α, β) = αA + βB,
there exists only a single family of linear level sets.
Moreover, the observed structures do not share the
same thickness or distribution of high-scoring config-
urations, which further excludes a simple iso-energy
interpretation.

These lines therefore reflect the structure of the
photometric reconstruction quality produced by the al-
gorithm as a function of (α, β); they are not properties
of the estimator itself.

3.2 Dynamical score exploration

The dynamical score studied here is defined from the
relative error between the predicted and observed dy-
namical quantities. For each galaxy, a relative error ϵ is
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Figure 3. Regions selected among the top 5 photometric
score values per α (light gray) and per β (dark gray), with
overlap shown in black.

computed, and a global error is obtained by averaging
over the full sample of N = 174 galaxies.

This global error is then normalized over the (α, β)
grid, yielding a dimensionless quantity ϵnorm ∈ [0, 1].
The score is defined as its complement, score = 1 −
ϵnorm, so that higher values correspond to better agree-
ment with the observed dynamics.

The score is therefore evaluated as a single global
quantity for each point of the (α, β) grid with ∆ = 0.1.
Figures 5–8 are the same as those presented in the pre-
vious sections 3.1.

Figure 7 shows that the selection map of the five
highest-scoring solutions per α and per β reveals a
structure that is markedly different from the photomet-
ric case. The best-performing models tend to favor
configurations dominated by a single term, either the
α or the β contribution, rather than a balanced combi-
nation of both. When both terms are retained, the only
noticeable overlap region is confined to the lower-right
corner of the parameter space, near (0, 0).

However, in the local-contrast map shown in Fig-
ure 6, the same linear structures observed in the pho-
tometric maps reappear in the dynamical case. This
indicates that, although the global behavior is largely
governed by either α or β, these lines still organize
the variations in reconstruction quality across the pa-
rameter space. As in the photometric case, they con-
tain both high- and low-quality solutions, demonstrat-
ing that they do not correspond to uniformly optimal
regions but rather to underlying structural features of
the solution space. It is also worth noting that these
two lines are part of a broader family of rays emanating
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Figure 4. Ascent direction field indicating the local trend
toward higher photometric score values in parameter space.

from the origin.
Furthermore, the nine highest-scoring solutions,

shown as white symbols in Figure 5 and as black sym-
bols in Figure 6, are also located approximately along
these lines, but appear compressed along the vertical
direction and slightly offset downward. This reflects
the dominance of the α gradient, which partially masks
the signal associated with these structures. Neverthe-
less, this signal remains more pronounced than the
variations induced by the β gradient (see Figure 8).

3.3 Statistical significance and population grouping

The statistical differences between the photometry gen-
erated by the best parameter points, such as (α, β) =
(1, 1

2 ) and (α, β) = (1, 3), rarely exceed |∆σ| > 1 and
never reach |∆σ| > 2. This is expected when two rank-
ings are practically indistinguishable from random fluc-
tuations. Consequently, Pearson and Spearman correla-
tion coefficients alone do not allow one to decide which
of these parameter points is genuinely superior.

It is nevertheless possible to compare the stel-
lar populations inferred with (α, β) = (1, 1

2 ) to those
inferred with (α, β) = (1, 3) by using the available
GALEX and SDSS photometry. For each galaxy, a
local score function is computed between the predicted
and observed bands, allowing one to define an “op-
timal” value of β as the one producing the best local
score.

This local selection reveals a structure that is al-
most invisible in the global correlation coefficients. In
the subset of galaxies with sufficient photometric cov-
erage, the sample separates into two empirical groups.
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Figure 5. Original normalized grid showing the dynamical
score values across the (α, β) parameter space.

A total of 40 galaxies prefer β = 1
2 , while 101 galax-

ies prefer β = 3. This separation is not randomly dis-
tributed among morphological types. Early and inter-
mediate spiral galaxies, from S0 to Sc, almost always
select the high-β branch, with only 2 galaxies out of 51
in this range preferring β = 1

2 . In contrast, late-type and
dwarf systems, from Scd to BCD, contain 38 of the 40
galaxies associated with β = 1

2 . In this latter group, the
fraction of galaxies preferring β = 1

2 reaches approxi-
mately 42%, whereas it is only about 4% among earlier
and more regular morphologies.

This morphological correlation indicates that the
small differences between the two photometric so-
lutions are not purely random. The local preference
for β = 3 is mainly associated with more structured
spiral galaxies, where the baryonic distribution is more
concentrated and where the stellar and gaseous com-
ponents may play more differentiated roles. The local
preference for β = 1

2 appears preferentially in late-type,
irregular, or compact systems, which are often more
gas dominated and less morphologically organized.

The first remarkable observation is that none of the
40 galaxies with β = 1

2 requires gas clumping, whereas
53 of the 101 galaxies with β = 3 do. Applying an
exact test of independence to these two groups gives a
significance of approximately 6.4σ.

This correlation is not a trivial consequence of the
fitting procedure. In the present model, gas clumping
is introduced when the energy function E(Mbar) gener-
ates too much effective dark mass. The clumped frac-
tion of the gas is then removed from the effective bary-
onic contribution in order to reduce the generated mass.
However, for the same baryonic mass, β = 3 generates
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Figure 6. Local dynamical score difference map relative to
neighboring cells.

more effective dark mass than β = 1
2 . One would there-

fore naively expect galaxies requiring gas clumping to
avoid the larger value of β, not to prefer it. The ob-
served association between gas clumping and β = 3
is therefore directionally counter-intuitive, making the
correlation more significant rather than less significant.
It indicates that the local preference between β = 1

2 and
β = 3 is linked to the structure of the baryonic distri-
bution, even though this does not by itself justify two
different energy functions.

The second remarkable observation is that using the
locally optimal value of β, either 1

2 or 3, for each in-
dividual galaxy does not improve the global Pearson
or Spearman correlation coefficients over the full sam-
ple. This may seem paradoxical, but it follows naturally
from the difference between local and global optimiza-
tion. The optimal β is selected galaxy by galaxy from
a local photometric score, whereas Pearson and Spear-
man measure global properties of the complete popu-
lation. Pearson is mainly sensitive to the global linear
relation between two distributions, while Spearman is
sensitive to the relative rank ordering of all galaxies.
Neither quantity is guaranteed to improve when inde-
pendent local choices are made.

In particular, an improvement in the photometric
score of a single galaxy may be too small to change its
position in the global ordering. It may also modify the
local residuals without improving the rank structure of
the full sample. When two solutions are already nearly
degenerate, the residual differences between β = 1

2 and
β = 3 can behave like classification noise from the point
of view of a global ranking statistic. They may identify
the better solution for an individual galaxy while failing
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Figure 7. Regions selected among the top 5 dynamical score
values per α (light gray) and per β (dark gray), with overlap
shown in black.

to produce a coherent monotonic transformation of the
entire population. This limitation is especially impor-
tant for Spearman’s coefficient, since it depends on the
relative ordering of all galaxies rather than on the ab-
solute quality of each individual fit. An algorithm that
only has access to the current galaxy cannot, in general,
be expected to maximize a global rank-based criterion.

The conclusion is therefore deliberately conserva-
tive. The statistical differences between the two values
of β are insignificant at the level of individual photo-
metric ranking. These small differences nevertheless
correlate clearly with morphology and gas clumping.
However, they do not justify the introduction of two
distinct energetic regimes or two different energy func-
tions, since this usage does not improve the global Pear-
son or Spearman correlations. Consequently, the hy-
pothesis that a single real energy function, and there-
fore a single value of β, applies to all galaxies remains
fully justified, although not confirmed by the present
analysis.

3.4 Synthesis

The existence of similar structural patterns in both the
dynamical and photometric maps points to an underly-
ing organizing property of the reconstruction. In both
cases, the common object is the reconstructed stellar
population, but the two evaluated quantities are mathe-
matically very different.

For the dynamical score, the stellar population en-
ters through the gravitational binding-energy estimator,
which maps the mass fractions and intrinsic densities of
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Figure 8. Ascent direction field indicating the local trend
toward higher values in parameter space.

the stellar classes to an effective dark mass, compared
to the value inferred from SPARC rotation curves. For
the photometric score, the same reconstructed popula-
tion enters through its predicted colors, obtained from
the luminosity contribution of the different stellar com-
ponents and compared to observed GALEX and SDSS
colors.

There is no a priori reason why these two mappings
should produce the same structures in the (α, β) param-
eter space. One mapping depends on gravitational en-
ergy and density-dependent mass terms, while the other
depends on stellar luminosities and colors. The fact that
both reveal similar linear structures therefore cannot be
interpreted as a trivial consequence of the parametriza-
tion alone.

The most natural interpretation is that these struc-
tures reflect an underlying physical organization of the
stellar population mixtures themselves. In other words,
the same regions and directions in the (α, β) space cor-
respond to population configurations that are simulta-
neously meaningful for the dynamical reconstruction
and for the photometric prediction.

This does not imply that the structures are uni-
formly optimal. On the contrary, they contain both
good and poor solutions. The same behavior is
observed in both the photometric and dynamical anal-
yses. Even when these structures are partially masked
by dominant gradients in the dynamical maps, the
highest-scoring solutions systematically appear near
the extremities of the corresponding lines.

These structures should therefore be understood as
organizing features of the solution space, along which
the reconstruction explores a continuum of stellar pop-
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ulation configurations, spanning from poor to optimal
agreement. The same structures are recovered in both
photometric and dynamical analyses, even though the
two diagnostics depend on distinct mappings of the re-
constructed stellar populations. This consistency indi-
cates that the result is not a trivial numerical artifact,
but reflects underlying constraints imposed by the stel-
lar population distributions, which are captured in both
observables. In other words, these structures reflect the
underlying physical reality of both good and poor stel-
lar population reconstructions.

4. Candidate forms of the estimator

We now identify candidate values for the parameters
(α, β) based on the previous analysis.

A first guiding principle is that the binding-energy
formulation should ultimately admit a rigorous analyt-
ical derivation, for instance within a relativistic frame-
work. If such a derivation exists, it is natural to expect
that the coefficients α and β would take simple frac-
tional values, rather than arbitrary real numbers.

From the empirical exploration, the highest-scoring
photometric solution is found at (1, 3), and belongs to a
cluster of the eight highest-scoring configurations cen-
tered around (1, 5

2 ).
However, another distinct branch is revealed by the

ninth-best solution, located at (1, 1
2 ). Interestingly, this

second branch is favored by the dynamical analysis,
where the highest-scoring solutions is obtained at low
α and low β.

A detailed exploration of the parameter space at a
resolution of ∆ = 10−3 was not computationally fea-
sible with the resources available. Instead, a refined
exploration was performed over the restricted region
α ∈ [0, 3] and β ∈ [0, 6], which contains the main high-
quality structures identified in Figure 1.

This refined region was divided into 325 subgrids.
Each subgrid contained 25 × 25 sampled points, corre-
sponding to a local resolution of ∆ = 10−2. The refined
exploration therefore included a total of 325×25×25 =
203 125 sampled points.

The best raw score found in the refined-grid explo-
ration is 988 at (0.87, 2.02). Restricting the refined-
grid exploration to solutions with a raw score above
850, only 407 points satisfy this criterion, correspond-
ing to approximately 0.2% of the sampled configura-
tions. These points are further localized within 23 sub-
grids out of 325, i.e. approximately 7.1% of the ex-
plored regions.

Focusing on the two subgrids containing the
highest-scoring solutions, with raw scores of 988 and
984 respectively, the distribution of normalized scores

within these regions exhibits mean and standard de-
viation of 55% ± 24% and 57% ± 24%. The average
raw score of a randomly selected point within these
subgrids exceeds 540, which is substantially higher
than the score of 367 obtained for (α, β) = (1, 1) in our
previous study Poupart (2026).

However, this richness also complicates the identi-
fication of parameter values that could correspond to a
simple analytical form. Numerous linear substructures
appear within these regions, forming band-like patterns
in which the ordering of the scores does not follow
any clear trend. Within these bands, the distribution
of values appears irregular, with no simple fractional
values emerging, nor any clustering around a specific
preferred value.

Caution is required when interpreting such refine-
ments. The model relies on a discretized description of
stellar populations using eleven classes, each charac-
terized by a representative density specified with only
two significant digits. This limited precision inherently
constrains the meaningful accuracy of the parameters
(α, β), and prevents over-interpreting small deviations
from simple fractional values.

Taken together, the exact parameter values (1, 3)
and (1, 1

2 ), with raw scores of 878 and 779 respectively,
remain natural candidates, since they are also present
in the refined exploration and are surrounded by high-
scoring nearby configurations. The highest-scoring
solutions in the respective refined subgrids containing
these two values are found at (0.99, 0.51) with a raw
score of 866, and at (1, 3.02) with a raw score of 927,
respectively.

Among these, the point (1, 1
2 ) is of particular inter-

est. Although the best refined point in the local neigh-
borhood of (1, 1

2 ) reaches a raw score of 866, ranking
only fifth among the 23 selected high-score subgrids,
the exact fractional point (1, 1

2 ) satisfies several inde-
pendent criteria:

(A) The point (1, 1
2 ) lies within one of the two

main linear structures identified in the coarse-
resolution maps. It is also unique among the
25 highest-scoring points, being the only one
located on this structure, while the other 24 are
all located on the other main structure.

(B) It belongs to the line α = 1, along which the
highest-scoring solutions of the coarse grid are
concentrated.

(C) The recursive construction used in the model di-
rectly yields α = 1.

(D) It is located in a region favorable for minimizing
the dynamical error.
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(E) The highest-scoring point within its local subgrid
is (0.99, 0.51), i.e. very close to (1, 1

2 ), which is
itself the second-highest-scoring configuration.

(F) At the refined-grid level, the exact point (1, 1
2 )

lies at the intersection of four neighboring sub-
grids. Within these local rankings, it is ranked
1st, 2nd, 3rd, and 23rd out of 625 sampled points,
respectively.

(G) The value β = 1
2 admits a natural interpretation

within the virialized explanation.

These combined observations make (1, 1
2 ) a partic-

ularly well-supported and physically motivated candi-
date, despite not corresponding to the absolute maxi-
mum of the score.

As a result, it is not possible at this stage to con-
clusively determine which values of (α, β) correspond
to the underlying physical form. Representative exam-
ples of the corresponding photometric reconstructions
for selected parameter values are provided in Table 3.
For the dynamical reconstruction, 169–170 galaxies are
resolved across all tested (α, β) values, with relative er-
rors ∼ 0.028–0.033 and standard deviations ∼ 0.128–
0.139, indicating negligible variation between models,
in contrast with the photometric results.

5. Discussion

The formulation introduced in this work provides an
alternative way to evaluate gravitational binding energy
by removing the dependence on arbitrary reference lev-
els. By comparing a distributed configuration to a com-
pact state conserving volume, the resulting quantity can
be interpreted as an intrinsic energy associated with the
structure of matter.

One of the most notable outcomes of this approach
is the relative insignificance of the interaction term
−GmM/d in realistic astrophysical configurations.
When d ≫ R ≫ r, this term becomes negligible
compared to the internal contributions proportional to
M2/R. This suggests that, at large scales, gravitational
energy is primarily governed by the internal structure
of matter rather than by the spatial separation of its
components.

This result should not be interpreted as a contra-
diction with standard gravitational theory. In classical
mechanics, gravitational potential energy is primarily
defined within a dynamical framework, through the La-
grangian or Hamiltonian formalism. In this context,
the relevant quantity is the energy associated with re-
versible motion, that is, the work that can be exchanged
through changes in the configuration of bodies.

Table 3. Photometric correlation analysis for selected (α, β)
values.

α ≃ 1, β ≥ 2
Color N rP σP ρS σS

(α, β) = (1, 3)
FUV–NUV 136 0.463 5.68 0.512 6.38
r − z 129 0.425 5.02 0.485 5.82
g − r 128 0.716 9.51 0.633 8.01
NUV–r 119 0.735 9.52 0.697 8.81

(α, β) = (1, 3.02)
FUV–NUV 136 0.462 5.66 0.493 6.09
r − z 129 0.444 5.27 0.513 6.21
g − r 128 0.729 9.76 0.666 8.58
NUV–r 119 0.740 9.62 0.717 9.16

(α, β) = (0.87, 2.02)
FUV–NUV 136 0.472 5.81 0.518 6.46
r − z 129 0.434 5.14 0.514 6.22
g − r 128 0.758 10.35 0.700 9.19
NUV–r 119 0.764 10.11 0.714 9.12

α ≃ 1, β < 2
Color N rP σP ρS σS

(α, β) = (1, 1)
FUV–NUV 136 -0.214 2.50 -0.203 2.36
r − z 129 0.394 4.63 0.493 5.93
g − r 128 0.670 8.66 0.655 8.40
NUV–r 119 0.682 8.53 0.701 8.87

(α, β) = (1, 1
2 )

FUV–NUV 136 0.431 5.23 0.485 5.98
r − z 129 0.315 3.64 0.438 5.19
g − r 128 0.687 8.96 0.683 8.88
NUV–r 119 0.707 8.99 0.684 8.57

(α, β) = (0.99, 0.51)
FUV–NUV 136 0.402 4.85 0.521 6.50
r − z 129 0.412 4.85 0.504 6.09
g − r 128 0.697 9.13 0.681 8.84
NUV–r 119 0.715 9.13 0.707 8.98

By construction, this approach focuses on conser-
vative interactions and does not aim to describe the en-
ergy released during irreversible processes such as in-
elastic mergers or structural reconfigurations of matter.
The conventional expression −GmM/d is therefore well
suited for orbital dynamics, but it does not capture the
total energy that can be liberated when a system transi-
tions between different structural states.
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The formulation proposed in this work addresses
this complementary aspect by evaluating the energy dif-
ference between configurations that conserve mass and
volume but differ in their internal organization. In this
sense, it does not replace the classical description, but
extends it to account for the energy associated with the
assembly or disassembly of gravitationally bound sys-
tems.

The invariance properties demonstrated in this
work, both under permutations and hierarchical ag-
gregation, further support the interpretation of gravi-
tational binding energy as an intrinsic quantity. These
properties ensure that the total energy depends only on
the set of constituents and not on the specific assembly
path or grouping.

When expressed through the mass–energy equiva-
lence relation E = mc2, the evaluated binding energy
corresponds to an effective mass scale. As shown in
Table 2, this contribution remains negligible at small
scales but grows rapidly for larger systems. At galactic
scales, the magnitude of this effective mass becomes
comparable to the baryonic mass. This is the regime
where the effect is no longer a small correction.

This scaling behavior suggests a possible connec-
tion with the mass discrepancy observed in galaxies.
However, the extent to which gravitational binding en-
ergy alone can account for the full range of observa-
tional constraints remains an open question. In particu-
lar, beyond the rotation-curve agreement tested here, it
remains necessary to assess whether the spatial distri-
bution implied by this energy is consistent with gravi-
tational lensing and large-scale structure formation.

The empirical results are consistent with the hi-
erarchical Newtonian construction. The preference
for α close to unity indicates that the binding-energy
contributions of the stellar population classes are re-
tained with approximately their natural Newtonian
weight. These classes therefore behave as physically
meaningful hierarchical subsystems, rather than being
absorbed into a purely global homogeneous term.

This also clarifies the role of the global contribu-
tion. The class-level term is obtained by aggregating
objects of comparable intrinsic density into homoge-
neous compact subsystems, while the global term de-
scribes the subsequent aggregation of these heteroge-
neous subsystems into a larger volume-conserving con-
figuration. Since these subsystems may have very dif-
ferent intrinsic densities, the global term should not be
interpreted as the binding energy of a truly homoge-
neous solid sphere, but as an effective Newtonian con-
tinuum approximation to their mutual aggregation en-
ergy. In such a global aggregate, a virial-like factor
can reduce the effective contribution relative to the full
compact-sphere term, providing a possible interpreta-

tion of the empirical preference for β ≃ 1/2.
This preference should not be interpreted as a

definitive selection of the coefficients. The empirical
parameter space remains complex and highly struc-
tured. The best solutions are not concentrated around a
single isolated point, but are distributed along at least
two distinct structures in the (α, β) plane. These struc-
tures contain several acceptable candidates, including
forms close to (1, 1

2 ), (1, 3), and (1, 5
2 ).

Thus, the empirical results constrain a family of ad-
missible estimators rather than selecting a single final
expression. The value (1, 1

2 ) remains especially inter-
esting because it has a simple physical interpretation,
but the present analysis does not allow one to decide
uniquely between the different high-quality candidates.

A natural limitation of the present formulation
arises when approaching relativistic regimes. The
construction relies on a comparison between config-
urations that conserve volume and mass, implicitly
assuming that the internal structure of matter can be
described within a Newtonian framework. However,
the construction may formally lead to compact con-
figurations with radii smaller than the Schwarzschild
radius. Such configurations do not correspond to phys-
ical states within the present framework, as no static
configuration can exist in this regime. This indicates
that the formulation extrapolates beyond its domain of
validity, rather than revealing a physical property of
gravitational binding energy.

The relativistic limitation does not invalidate the
recursive absorption law itself. It limits the interpre-
tation of the compact reference radius as the radius
of a material configuration. The equation may be
constructed from Newtonian arguments only while the
equivalent compact configuration satisfies R > Rs, but
once the same function describes the energy absorbed
by a black hole for a small amount of external matter,
the no-hair property strongly constrains any possible
change of functional form.

Indeed, after each absorption event, the final ob-
ject is again a black hole characterized only by its
global parameters. It cannot distinguish whether the
absorbed contribution came from one additional small
component or from a larger collection of components.
Therefore, if the recursive energy-accounting function
is valid for the absorption of a small amount of mat-
ter by a black hole, the same functional form should
remain valid for successive absorptions, unless a new
global physical criterion is introduced. The break-
down concerns the interpretation of the intermediate
compact material state, not the functional form of the
absorbed-energy equation.

The recursive form is consistent with this reason-
ing. At each step of a sequential absorption process, the
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newly absorbed subsystem contributes its own class-
level energy, while the global term is updated to the
new total mass and effective radius. Once absorbed,
these contributions are no longer distinguishable as sep-
arate structures, but they remain part of the total mass–
energy balance.

Thus, the recursive estimator should not be inter-
preted as assigning internal structure to a black hole.
Rather, it provides an effective accounting of the en-
ergy carried by absorbed constituents before they cease
to be distinguishable. The black hole erases the ob-
servable substructure, but it does not provide a reason
for changing the functional dependence of the absorbed
energy from one absorption step to the next.

Although the black-hole aggregation argument
supports the compatibility of the Newtonian expression
with a relativistic mass–energy balance, it is not by
itself a relativistic derivation. If a complete analytical
derivation in general relativity can be obtained, it
may contain additional terms. However, in the weak-
field regime relevant to galaxies, such corrections
are expected to appear as higher-order contributions,
typically suppressed by powers of 1/c2, 1/c4, and so
on. The observational results obtained indicate that the
Newtonian terms already capture the dominant contri-
bution. A discrepancy of this magnitude is unlikely to
be explained by small higher-order relativistic correc-
tions alone, whereas the Newtonian terms identified
here already appear at the required scale.

The empirical search for the correct functional form
of energy is not new in physics. The concept of en-
ergy itself was not fixed from the beginning of me-
chanics, but emerged through a long process of clar-
ification in which different physical quantities had to
be distinguished. In the early development of mechan-
ics, the correct dependence of kinetic energy on ve-
locity was debated between proportionality to mv and
mv2. The experimental and theoretical work of Émi-
lie du Châtelet, published in 1740, played an important
role in supporting the quadratic dependence, which was
subsequently incorporated into the analytical formula-
tion of mechanics by d’Alembert in 1743, leading to
the modern expression 1

2 mv2. This historical example
illustrates both the evolving nature of the energy con-
cept and the role of empirical constraints in identifying
the correct functional form when the underlying theo-
retical structure is not yet fully established.

The present work follows a similar logic at a differ-
ent level. The proposed estimator is not selected solely
from dimensional arguments or formal simplicity, but is
tested by allowing the relative weights of its two terms
to vary. The purpose of the empirical exploration is
therefore to determine whether the data favor the rel-
ative weights predicted by the hierarchical Newtonian

construction, or whether deviations from these weights
indicate that the formulation is incomplete.

The results support the view that the functional
form is not arbitrary. The preferred region, especially
the vicinity of (α, β) = (1, 1

2 ), is supported by the recur-
sive interpretation of the class-level term, by the pos-
sible virial interpretation of the global heterogeneous
aggregate, and by the observational reconstruction
tests. Related structures appear in both dynamical and
photometric maps constrains the admissible forms of
the energy and indicates that the parameter dependence
is tied to the reconstructed stellar-population structure
rather than to a purely numerical artifact.

6. Conclusion

This work developed a hierarchical Newtonian evalua-
tion of gravitational binding energy in galactic systems.
The central result is that the relevant energy is not ex-
hausted by a single compact-sphere term. A correct ac-
counting retains the binding energy stored in homoge-
neous stellar population classes and adds the global ag-
gregation energy associated with combining these com-
pact subsystems into a larger volume-conserving con-
figuration.

This naturally leads to a two-term estimator. The
class-level contribution has a direct recursive interpre-
tation and favors α ≃ 1, while the global heterogeneous
aggregation term may admit an effective virial reduc-
tion, providing a possible interpretation of β ≃ 1/2.
The empirical exploration of the (α, β) parameter space
supports this structure, but does not select a unique an-
alytical form. Instead, the parameter-space landscape
contains several high-quality regions, including candi-
dates near (1, 5

2 ) and (1, 1
2 ).

The observational tests provide an independent
constraint on the formulation. Stellar populations re-
constructed from dynamical information alone produce
statistically significant correlations with GALEX and
SDSS colors. This shows that the reconstruction does
not merely reproduce an effective dark mass numeri-
cally, but also captures information related to stellar
population structure.

The transition to the relativistic regime can be
approached through a limiting absorption argument.
The Newtonian compact-reference construction is
valid only while the equivalent compact radius remains
outside the Schwarzschild limit. Beyond it, the com-
pact material state is no longer physically meaningful,
but the same energy-accounting function can still be
followed through sequential absorption by a black hole.

This provides a natural bridge between the New-
tonian construction and a relativistic mass–energy bal-
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ance. If the function correctly describes the energy
carried by a subsystem before absorption, the no-hair
property implies that the final black hole cannot re-
tain information about the internal decomposition of
the absorbed matter. The absorbed class-level contribu-
tions therefore cease to be observable as separate struc-
tures, but they remain part of the total mass–energy
budget. In this sense, black-hole absorption allows the
recursive energy form to be extended beyond the ma-
terial compact-sphere regime without requiring a full
general-relativistic reconstruction of the intermediate
compact state.

Taken together, these results support gravitational
binding energy, evaluated hierarchically, as a plausible
and testable contribution to the effective dark mass in-
ferred from galactic dynamics. Future observational
tests should examine whether the same energy func-
tion can be extended beyond rotation curves, includ-
ing gravitational lensing, galaxy groups, galaxy clus-
ters, cluster mergers, large-scale structure, and the in-
fluence of the turnaround distance on the inferred ef-
fective mass.

The present work does not establish a unique fi-
nal form for gravitational binding energy in astrophys-
ical systems, but it substantially narrows the range of
admissible forms. The combined mathematical, dy-
namical, and photometric evidence points toward a hi-
erarchical recursive estimator in which stellar popula-
tion classes retain their own binding-energy contribu-
tions, while the global term accounts for their subse-
quent aggregation into the final heterogeneous configu-
ration with an effective virial factor of one half.

Software Availability

The C++ program used to perform all numerical
calculations and generate the corresponding graphs
are freely available at dark-mass-generator.
sourceforge.io or at doi.org/10.6084/m9.
figshare.31894372.
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