SELECTED PAPERS: Tome IV
Mathematical Contributions

Abdelmajid Ben Hadj Salem

- v1.- April 2026 -
Abstract

This booklet is the tome IV of my Selected Papers. It is my mathematical contributions
in the field of the Number Theory during the last 12 years. The papers published are:
- The Complete Proof of the Beal’s conjecture.
- The Riemann Hypothesis Is True: The End of The Mystery.
- The Complete Proof of the conjecture ¢ < R
LogR)%
- The Inequality ZR% < R Is True.
- The Explicit abc Conjecture of Alan Barker Is True.
- Assuming ¢ < R?, The Explicit abc conjecture of Baker Is True, It Implies The abc

Conjecture Is True.



Abdelmajid BEN HADJ SALEM

Résidence Bousten 8, Av. Mosquée Raoudha, 1181 Soukra-Raoudha,
Tunisia.

E-mail: abenhadjsalem@gmail.com

© 2026 - Abdelmajid BEN HADJ SALEM



Figure 1: Photo of the Author

Dedication

To the memory of my Parents, to my wife
Wahida, my daughter Sinda, my son
Mohamed Mazen and my granddaughter
Rayhane.

To my Teachers and to my Friends.



Contents

1 A Complete Proof of Beal’s Conjecture 5

1.1 Introduction . ... ... ... ... ... ... e 6

12 TrivialCase . . ... . . ... e 7

121 Case T A =1==Cr=1. .00 .. 8

122 Case2 A1 >1=Cy>1 ... ... ... ..., 8

1.3 Preliminaries. . . . . . . . ... 8

1.3.1 Expressionsof theroots . . ... ... ... ... ... ... . ... 10

14 Preamble of the lgrooflof the Main Theorem . .. ............. 12
2

141 Case cos BT e 13

142 Casea >1, coszg = % ......................... 14

1.5 Hypothesis: {3 |a and b|4p}. ... .. . . .. .. ... 14

151 Caseb=2and3|a ...... ... ... 14

152 Caseb=4and3|a ......... . ... 15

153 Caseb=pand3|a ......... ... .. .. ... ... 15

154 Caseb|p= p=byp,p>1,b#2,b#4and3|a ....... 20

155 Caseb=2pand3|a ........ ... ... 23

15.6 Caseb=4pand3|a .......... .. .. .. .. .. ..... 23

157 Case3|aandb=2p/, b#2withp'|p ... ... ... ... .. 29

158 Case3|aandb=4p, b#4withp'|p .. ... ... . ... 32

159 Case3|aandb|4p . ... . 35

1.6 Hypothese: {3 |p and bl|4p} ... ... . 38

161 Caseb=2and3|p ... ... .. 38

162 Caseb=4and3|p ... ... 38

163 Case:b#2,b#4,b#3,b|pand3|p .. ... ... ... ... 38

164 Caseb=3and3|p .. ...« .. 42

1.65 Case3|pandb=p ... ... ... .. ... ... .. 42

1.6.6 Case3|pandb=4p . ... ... .. ... ... ... ... 43

167 Case3|pandb=2p ... ... . ... 43

168 Case3|pandb#3adivisorofp . ................. 43

169 Case3|pandb|4p . ... . . 52

1.7 Examples and Conclusion . . . . . ... ........... ... .... 64

1.71 Numerical Examples . . . . ... ... .. ... . ... . ... ... 64



Chapter 0

172 Conclusion . . ... .. ... ... e 66
2 The Riemann Hypothesis Is True: The End of The Mystery 68
21 Imtroduction . ... ... ... ... 69
2.1.1 The function zeta(s) . . .. ... ... ... 69
2.1.2 A Equivalent statement to the Riemann Hypothesis . . . . . . .. 70
2.2 Preliminaries of the proof that the zeros of the function eta(s) are on the
critical line R(s) =1/2 . . . . oo 71
23 Case 0 <R(s) <1/2 . o vt 72
24 Case R(s) =1/2 . o oo i 73
25 Casel/2<R(s) <1 .o v v it i 73
3 A Complete Proof of The Conjecture ¢ < rad'®3(abc) 77
3.1 Introduction and notations . . ... ... ... ... . ... . ... 77
3.2 The Proof of the conjecture ¢ < rad'®3(abc) . .. ... ... ... .... 78
321 Trivial cases: . . . . . . . ... e 78
3.2.2  We suppose p > rad*%(c) and p, > rad®®3(a) . ... ... ... 79
w
4 The Inequality gR% < R Is True 99
41 Introduction and notations . . . . . B T 99
4.2 The proof of the inequality gR% <RYO3 100
43 Examples . . . .. ... ... 101
431 Examplel. of EricReyssat . ... .................. 101
432 Example2. of Nitaj . . . . ... ... ... ... ... ... . 102
433 Example3.ofRalfBonse .. ..................... 102
44 Conclusion . . . ... ... .. L e 102
5 The Explicit abc Conjecture of Alan Barker Is True 104
5.1 The Proof of the explicit abc conjecture. . . . . ... ............ 105
52 Examples . . ... ... ... 106
521 Examplel. of EricReyssat . ... .................. 106
522 Example2. of Nitaj . . . . ... ... ... ... ... ... 106
523 Example3.. ... ... 106
53 Conclusion . . . .. ... .. 107
6 Assuming ¢ < R?, The Explicit abc conjecture of Baker Is True, It Implies
The abc Conjecture Is True 109
6.1 Introduction and notations . .. ... ... ... ... . ... . 0L 109
6.2 The Proof of The Explicit abc Conjecture of Alan Baker . . . ... .. .. 111
6.3 The Proof of the abc conjecture . . . ... ... ... ... . ... . ... 111
64 Examples. . .. ... ... ... 113
6.4.1 Example 1. of EricReyssat . . ... ................. 113
642 Example2. of Nitaj . . . .. ...................... 113
6.43 Example3. of RalfBonse . ... ................... 114
6.5 Conclusion . . . . .. ... L 114



Preface

This booklet is the tome IV of my Selected Papers. It is my mathematical contributions
in the field of the Number Theory during the last 12 years. The papers published are:
- The Complete Proof of the Beal’s conjecture.
- The Riemann Hypothesis Is True: The End of The Mystery.
- The Complete Proof of the conjecture ¢ < R63.
LogR)%“
- The Inequality gR(O% < R'® Is True.
- The Explicit abc Conjecture of Alan Barker Is True.
- Assuming ¢ < R?, The Explicit abc conjecture of Baker Is True, It Implies The abc

Conjecture Is True.

It is the final versions. I have used elementary mathematics that can be understood
by graduate and undergraduate students.

The first, second, third and last papers have been submitted to mathematics journals
to date.

Tunis, Abdelmajid
April 27, 2026 Ben Hadj Salem, Dipl.-Ing.
Ingénieur Général Géographe



Chapter 1

LA Complete Proof of Beal’s Conjecture

Abstract

In 1997, Andrew Beal announced the following conjecture: Let A,B,C,m,n, and | be
positive integers with m,n,1 > 2. If A™ + B" = C' then A, B, and C have a common factor.
We begin to construct the polynomial P(x) = (x — A™)(x — B")(x +C) = 23 —px +g¢
with p,q integers depending on A™, B" and C'. We resolve x> — px + g = 0 and we
obtain the three roots x1, x2, x3 as functions of p and a parameter 6. Since A™, B", —C!
are the only roots of x> — px + g = 0, we discuss the conditions that x1, x,, x3 are in-
tegers and have or do have not a common factor. Three numerical examples are given.

Résumé

En 1997, Andrew Beal [1] avait annoncé la conjecture suivante: Soient A, B,C, m, n, et
I des entiers positifs avec m,n,l > 2. Si A™ + B" = C! alors A, B, et C ont un facteur
commun. On commence par construire le polynéme

P(x) = (x — A™)(x — B")(x + C') = x® — px + g avec p, q des entiers qui dépendent
de A™,B" et C'. Nous résolvons x> — px + g = 0 et nous obtenons les trois racines
x1, X2, x3 comme fonctions de p, g et d'un parametre . Comme A", B", —C! sont les

seules racines de x> — px + ¢ = 0, nous discutons les conditions pourque x1, X2, x3
soient des entiers. Trois exemples numériques sont présentés.
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1.1 Introduction

In 1997, Andrew Beal [1] announced the following conjecture :

Conjecture 1.1.1. Let A, B, C, m,n, and | be positive integers with m,n,l > 2. If:

A"+ B" = (1.1.1)

then A, B, and C have a common factor.

The purpose of this paper is to give a complete proof of Beal’s conjecture. Our idea is
to construct a polynomial P(x) of order three having as roots A™, B" and —C' with the
condition (1.1.1). We obtain P(x) = x® — px + g where p,q are depending of A™, B"
and C'. Then we express A™, B", —C' the roots of P(x) = 0 in function of p and a

parameter 0 that depends of the A, B,C. The calculations give that A" = — €05 3

4p 0
3
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6 a
As A?™ is an integer, it follows that cos?*~ must be written as — where a,b are two
positive coprime integers. Beside the trivial cases, there are two main hypothesis to
study:
- the first hypothesisis: 3 |a and b |4p,
- the second hypothesisis: 3 | p and b | 4p.

We discuss the conditions of divisibility of p,a,b so that the expression of YU
an integer. Depending of each individual case, we obtain that A, B, C have or do have
not a common factor. Our proof of the conjecture contains many cases to study. there
are many cases where we use elementary number theory and some cases need more
research to obtain finally the solution.

The paper is organized as follows. In section 1, it is an introduction of the pa-
per. The trivial case, where A™ = B", is studied in section 2. The preliminar-
ies needed for the proof are given in section 3 where we consider the polynomial
P(x) = (x — A™)(x — B")(x + C!) = x3 — px + g. The section 4 is the preamble of
the proof of the main theorem. Section 5 treats the cases of the first hypothesis 3 | a
and b | 4p. We study the cases of the second hypothesis 3 | p and b | 4p in section 6.
Finally, we present three numerical examples and the conclusion in section 7.

In 1997, Andrew Beal [1] announced the following conjecture :
Conjecture 1.1.2. Let A, B, C,m,n, and | be positive integers with m,n,l > 2. If:
A" 4 B" = (! (1.1.2)

then A, B, and C have a common factor.

1.2 Trivial Case
We consider the trivial case when A™ = B". The equation (1.1.2) becomes:
2A™ = ! (1.2.1)

then2 | C' = 2| C = C = 21.C; with g > 1,21 C; and 2A™ = 29/C} = A™ =
20-1CH As1>2,9>1,then2 | A" = 2| A= A =2"A; withr > 1and 21 A;.
The equation (1.2.1),becomes:

2 x 2mAM = 24l (1.2.2)

As 2t Aj and 2 t C1, we obtain the first condition :

there exists two positive integersr, g withr.q > 1 so that|ql = mr 41 (1.2.3)

Then from (1.2.2):
m—cl (1.2.4)



Chapter 1 A Complete Proof of Beal’s Conjecture

121 Casel A1 =1—=C =1

Using the condition (1.2.3) above, we obtain 2.(2")" = (21)! and the Beal conjecture is
verified.

122 Case2 A1 >1=—0(C; >1
From the fundamental theorem of the arithmetic, we can write:
Ay=at.af, m<ap<---<ap= AP =a" .. " (1.2.5)
C :cll...cff, (<< < c]:>C§ :cll’gl...cl]ﬁ] (1.2.6)

where a; (respectively c;) are distinct positive prime numbers and «; (respectively f;)
are integers > 0.

From (1.2.4) and using the uniqueness of the factorization of A" and C!, we obtain
necessary:

I=]
a; = ¢, iZl,Z,...,I (1.2.7)
mo; = I‘BI

As one a; | A™ = a; | B" = 4; | B and in this case, the Beal conjecture is verified.

We suppose in the following that A > B".

1.3 Preliminaries
Letm,n,l € N* >2and A, B,C € IN* such:

A"+ B" = (1.3.1)
We call:

P(x) = (x — A")(x — B")(x + C) = x® — x2(A™ + B" — C!)
+x[A™B" — C}(A™ + B")] 4+ C' A" B" (1.3.2)

Using the equation (1.3.1), P(x) can be written as:

P(x) = x% + x[A"B" — (A™ + B")?] + A™B"(A™ + B") (1.3.3)

We introduce the notations:

p= (Am+Bn)2_AmBn:A2m+AmBn+BZn

As A™ = B", we have p > (A™ — B")? > 0. Equation (1.3.3) becomes:
P(x)=x>—px+gq

8
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Using the equation (1.3.2), P(x) = 0 has three different real roots : A™, B" and —C'.

Now, let us resolve the equation:
P(x) =x°—px+q=0 (1.3.4)

To resolve (1.3.4) let:
X=u+v

Then P(x) = 0 gives:

P(x) =Pu+v) = (u+0)>°—pu+0)+q=0= 1’ +0°+ (u+0)(Buv—p) +q =0

To determine u and v, we obtain the conditions: (135
w4 0% = —q
uv =p/3>0
Then 3 and v° are solutions of the second order equation:
X2+ 9X +p*/27 =0 (1.3.6)

Its discriminant A is written as :

27¢> —4p> A
A=qg*—4p>/27 =" = —
T —ap/ 27 7
Let:
A =27¢% — 4p® = 27(A"B"(A™ 4 B"))? — 4[(A™ + B")? — A"B"]?
= 27A%"B2"(A™ + B")? — 4[(A™ + B")? — A"B")3 (1.3.7)
Denoting :
x=A"B" >0
:B — (Am + Bn)2
we can write (1.3.7) as:
A =274 —4(B —a)® (1.3.8)

As a # 0, we can also rewrite (1.3.8) as :

A=d’ (275—4(5—1)3>

p= P
14

We call t the parameter :

A becomes :
A=a®27t —4(t—1)%)

Let us calling :
y=y(t) =27t —4(t - 1)°

9
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t -oe -1/2 52 4 +ec

1+2t - ’_0‘ + ‘ +
5-2t + T + 0 R

y'®

ST * e N
o Sy T

Figure 1.1: The table of variations

Since & > 0, the sign of A is also the sign of y(t). Let us study the sign of y. We obtain

y'(t):
y'(t)=vy =3(1+2t)(5-2t)

Y =0=1t; = —1/2 and t; = 5/2, then the table of variations of y is given below:
The table of the variations of the function y shows that y < 0 for ¢t > 4. In our case,
we are interested for t > 0. For t = 4 we obtain y(4) = 0 and for t €]0,4[— v > 0.

Aswehavet:§>4asAm7£B”:
(A" —B")? > 0= B = (A" + B")? > 40 = 4A™B"

Theny < 0 = A < 0 = A < 0. Then, the equation (1.3.6) does not have real
solutions u% and ©%. Let us find the solutions u and v with x = u + v is a positive or a
negative real and u.v = p/3.

1.3.1 Expressions of the roots

Proof. The solutions of (1.3.6) are:

—q+ivV—A
Xp = ———
X=X = 1A

We may resolve:

u’ = >
3_ - iv—A
00V = ——
2
Writing X; in the form: ‘
Xl — ‘0619

10
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with:

_ VPP =A VP
p 2 3\/5
NEN

and sinf = T >0

cos@=—%<0

Then 6 [271] €] + %, +7], let:

and:

LI L . N PPN E
2 6 3 3 2 3 2

1<cosQ<§
4 3 4

hence the expression of X;:

Let:

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

(1.3.14)

j is a complex cubic root of the unity <= j3> = 1. Then, the solutions u and v are:

and similarly:

uy = re'fr = \/_63
Uy = re'¥2 = \/5]63 = ¥/pe' i

c0+4m

M3:1’€i¢3:\/—]€3_\/_€3€+1 = pe' 3

~ 0
v =re " = Ype '3
—itpy 3=2 —if 3 i it B
vy = e :\/(_)]6 3:\/5636 3:\/563
_ .0 :2—6
vz =re V3 = Ypje s = Ype' 3

(1.3.15)
(1.3.16)
(1.3.17)

(1.3.18)
(1.3.19)
(1.3.20)

We may now choose u; and v, so that u; + v, will be real. In this case, we have

necessary :

vy =1
02:1/[_2
ngu_3

(1.3.21)
(1.3.22)
(1.3.23)
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We obtain as real solutions of the equation (1.3.5):

0
X1 =u+v = ZWcosg >0 (1.3.24)
Xp =Up+ 7y = ZQ/ECOSGJ’% = =P (cos% + \/§sin§> <0 (1.3.25)
X3 = U3z +v3 = Zg/ﬁcos(ﬂ# = Jp (—cosg + ﬂsing) >0 (1.3.26)

We compare the expressions of x; and x3, we obtain:

?
2y/pcos§ "> " yp (—cos% + \/§sin§>
?

3cosg > \/§sin§ (1.3.27)

6 6 6
As 3 €]+ %T, —|—% [, then sing and cos; are > 0. Taking the square of the two members

of the last equation, we get:
1 20
— < c0os” >

i 3 (1.3.28)

6
which is true since — €]+ E, —i—%[ then x; > x3. As A™, B" and —C' are the only real

solutions of (1.3.4), we consider, as A™ is supposed great than B”, the expressions:

P

0
A" =x1=u;+v = 2\3/ﬁcos§

B"=x3 =u3z+v3 = 23/@059 +347T = Jp (—cosg + \/gsing) (1.3.29)
Cl=xy=u4v = 2\3/ﬁcose +327T =—Jp (cosg + \/§Sin§>
\
O
1.4 Preamble of the Proof of the Main Theorem
Theorem 1.4.1. Let A, B,C,m,n, and | be positive integers with m,n,l > 2. If:
A"+ B" = (1.4.1)

then A, B, and C have a common factor.

Proof. A™ = 2\3/(—)cos§ is an integer = A?" = 47/ pzcoszg is also an integer. But :
/02 = P
=3

12

(14.2)
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Then: o 0 4 0
AP = 4\3/p20052§ = 4%.00525 = .g.coszg (1.4.3)
As A?™ is an integer and p is an integer, then coszg must be written under the form:
g 1 0
coszg =3 or coszg = % (1.4.4)

with b € IN*; for the last condition 4 € IN* and a, b coprime.

Notations: In the following of the paper, the scalars 4, b, ...,z, &, B, ..., A, B,C, ... and
A, @, ... represent positive integers except the parameters 6, p, or others cited in the
text, are reals.

0 1
1.4.1 Case cos’~ = —
3 b
We obtain: A 0 4
A2 = 2 o2t = 2P 14,
P39 3= 3p (14.5)
1 0 3 1 1 3 B
ASZ<COS§<Z:>Z<E<Z:>b<4<3b:>b_1’2,3
b=1

b =1 = 4 < 3 which is impossible.

b=2

2.
:—p:>3|p:>p:3p’withp’7&1because3<<p,we

41
h=2= A — p -~
P32 =73

obtain:
2m m2 _ 2P / / / «,2
AT = (A" = =2p = 2[p =p =2
with 2{p;, a+1=28
A™ = 2Pp, (1.4.6)
B"C! = f/} (3 —4coszg> =p =2} (1.4.7)

From the equation (1.4.6), it follows that2 | A" — A = 20A1,i>1and 21 A;. Then,
we have B = i.m = im. The equation (1.4.7) implies that 2 | (B"C') =2 | B" or2 | C%.

Case2 | B -1f2| B" = 2 | B = B = 2/B; with 2 { B;. The expression of B"C
becomes:
Bizcl — 22im—1—jnp%

13
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-If2im—1—jn > 1,2 | C' = 2| C according to C' = 2 AM + 2/"B!" and the
conjecture (6.1.1) is verified. ' '
-If2im—1—jn<0=2¢ Cl, then the contradiction with C! = 2 AN 4 2)"BY

Case 2 | C:: If 2 | C!: with the same method used above, we obtain the identical
results.

b=3

2m 41 4p ! ari / 2m !
b=3=A :p.§.§:?:>9|p:>p:9p with p’ #1,as 9 < p then A“" = 4p'.
If p’ is prime, it is impossible. We suppose that p’ is not a prime, as m > 3, it follows
that 2 | p/, then 2 | A™. But B"C! = 5p’ and 2 | (B"C!). Using the same method for

the case b = 2, we obtain the identical results.

)
1.4.2 Casea > 1, coszg 2

b
We have: 0 A 0 4
v a4 oam _ % 2V %P4
cos 353 A p.3.cos 3 3D (1.4.8)
where 4, b verify one of the two conditions:
{3la and b|4p}|or|{3|p and b|4p} (1.4.9)
and using the equation (1.3.10), we obtain a third condition:
b<4a <3b (1.4.10)

o 0 . .
For these conditions, A%" = 4/ p2coszg = 4§.c052§ is an integer.

Let us study the conditions given by the equation (1.4.9) in the following two sections.

1.5 Hypothesis: {3 |a and b|4p}

We obtain :
3|la= 3d e N* / a=3d (1.5.1)

1.5.1 Caseb=2and3|a

A2™ ig written as:

4p 0 4pa 4pa 2.pa
A = TE o2l = TR C =P 2 1.5.2
33730 32 3 (152)
Using the equation (1.5.1), A?" becomes :
/
A2 — 2"”3'3” =2.p.4 (1.5.3)
/

but coszg = % = 3%1 > 1 which is impossible, then b # 2.

14
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152 Caseb=4and 3 |a

AZ™ is written :

4. 3a’
am _ =P ___PE__PE_P_:P —pa
A = 3 cos 3 3 b 31 3 p.a (1.5.4)
2
and coszg = — ( ) = =4 <1 (1.5.5)

which is impossible. Then the case b = 4 is impossible.

1.53 Caseb=pand3|a
We have :

6 a 3d
2— = - = —
cos 37} ; (1.5.6)
and:
4p 6 4p 3d
AP = 2o =T =44 = (A™)? 1.5.7
305 3= 3 ; a = (A™) (1.5.7)
Ja” / a =a"? (1.5.8)
and B'"C'=p— A™ =b—4d = b —4a" (1.5.9)
The calculation of A™B" gives :
A"B" = p. ﬁsm? — 24
or A"B"+2d =p. ésm? (1.5.10)

2
The left member of (1.5.10) is an integer and p also, then Z?Sing is written under

\@ 20 Kk

where k1, ky are two coprime integers and ky | p == p = b = kp.k3, k3 € IN™.

the form :

We suppose that k3 # 1

We obtain :
A™(A™ 4+ 2B") = ky.k3 (1.5.12)

Let p be a prime integer with p | k3, then p | b and p | A"(A™ +2B") = u | A" or
u| (A™42B").

“*A-1-1-If | A" = p | Aand p | A%, but A" =4a' = u | 4d’ = (u =2, but
2| a')or (u|a'). Then u | a it follows the contradiction with a,b coprime.
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*A-1-2-If | (A" +2B") = u{ A™ and p t 2B" then p # 2 and u { B". We write
i | (A™+2B") as:
A" 4 2B" = .t (1.5.13)

It follows :
A™ 4 B" = ut' — B" = A®" + B> 4 2A"B" = y?t* — 2t'uB" + B>"
Using the expression of p:
p = t?u? —2t'B"u + B"(B" — A™) (1.5.14)
Asp=0b=kpksand y | ks then p | b = Iy’ and b = up’, so we can write:
w'u = p(ut> —2t'B") + B"(B" — A™) (1.5.15)
From the last equation, we obtain y | B*(B" — A™) = u | B" or u | (B" — A™).
** A-1-2-1- If u | B" which is in contradiction with y 1 B".

** A-1-2-2-If u | (B" — A™) and using that u | (A™ + 2B"), we arrive to :

u|B"
1| 3B"{ or (1.5.16)
p=3

** A-1-2-2-1-If u | B" = u | B, it is the contradiction with y 1 B cited above.

** A-1-2-2-2- If y = 3, then 3 | b, but 3 | a then the contradiction with a, b coprime.

We assume now k3 =1

Then :
A2 L 2AMBY = [y (1.5.17)
b=k (1.5.18)
2V3 .20 Ky
TSZTZ? = ? (1519)

Taking the square of the last equation, we obtain:
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Finally:
42d (p—a) =k} (1.5.20)

but a’ = a”?, then p — a is a square. Let:
NM=p—a=b-—a=b-3a""= A2 +3a"%=b (1.5.21)
The equation (1.5.20) becomes:
a7\ = =k =4a"A (1.5.22)
taking the positive root, but k; = A™(A™ +2B") = 2a”(A™ + 2B"), then :
A™ £ 2B" = 2\ —> A = q” + B" (1.5.23)

“*A2-1-As A" =20" = 2 | A" = 2| A = A =2A;, withi > 1and 21 A,
then A" = 24" = 2MAM — g7 = 2M~1AM butim >3 =4 |a". AsA =a"+B",
taking its square, we obtain A? = a”? 4 24”.B" + B* = A\? = B?(mod 4) = A =
B?" = 0(mod 4) or A?> = B¥" = 1(mod 4).

** A-2-1-1- We suppose that A> = B = 0(mod4) = 4 | A2 = 2| (b —a). But
2 | a because a = 3a’ = 3a”? = 3 x 22(m=1) A2 and im > 3. Then 2 | b, it follows the
contradiction with a, b coprime.

** A-2-1-2- We suppose now that A2 = B? = 1(mod4). As A™ = 2"m~1A" and
im—1 > 2, then A" = 0(mod4). As B?" = 1(mod4), then B" verifies B" =
1(mod 4) or B" = 3(mod 4) which gives for the two cases B"C' = 1(mod 4).

We have also p = b = A?" + A"B" + B¥" = 44’ 4+ B".C! = 4a”> + B"C! = B"C! =
A2 — "% = B".C, then A,a” € IN* are solutions of the Diophantine equation :

x> —y*=N (1.5.24)

with N = B"C! > 0. Let Q(N) be the number of the solutions of (1.5.24) and T(N)
is the number of suitable factorization of N, then we announce the following result
concerning the solutions of the equation (1.5.24) (see theorem 27.3 in [7]):

-If N =2(mod 4), then Q(N) = 0.

-If N=1or N =3(mod 4), then Q(N) = [t(N)/2].

-If N =0(mod 4), then Q(N) = [t(N/4)/2].

[x] is the integral part of x for which [x] < x < [x] + 1.

In our case, we have N = B".C! = 1(mod 4), then Q(N) = [t(N)/2]. As A\,a” is a
couple of solutions of the Diophantine equation (1.5.24), then 3 d, d’ positive integers
with d > d’ and N = d.d’ so that :

d+d =2A (1.5.25)
d—d =2a" (1.5.26)

#* A-2-1-2-1- As C! > B", we take d = C! and d’ = B". It follows:
C'+B" =21 = A™ +2B" (1.5.27)
C'—B"=20"= A" (1.5.28)

17
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Then the case d = C' and d’ = B" gives a priory no contradictions.

** A-2-1-2-2- Now, we consider the case d = B"C! and d’ = 1. We rewrite the equations
(1.5.25-1.5.26):

B"C'+1=2A (1.5.29)
B"C' —1=2a" (1.5.30)

We obtain 1 = A — a”, but from (1.5.23), we have A = a” + B", it follows B" = 1
and C' — A™ = 1, we know [4] that the only positive solution of the last equation is
C=3A=2m=3and ! =2 < 3, then the contradiction.

** A-2-1-2-3- Now, we consider the case d = cllr_lq where c; is a prime integer with
c1 1 Cyand C = c{Cy, r > 1. It follows that d" = ¢1.B". We rewrite the equations
(1.5.25-1.5.26):

cr=1Ch 4 ¢1.B" =24 (1.5.31)
” el —¢1.B" = 2a” (1.5.32)

As | > 3, from the last two equations above, it follows that ¢; | (2A) and ¢; | (2a”).
Then ¢y =2,0rc; | Aand ¢ | a”.

** A-2-1-2-3-1- We suppose ¢; = 2. As 2 | A™ and 2 | C! because I > 3, it follows
2| B", then 2 | (p = b). Then the contradiction with a,b coprime.

** A-2-1-2-3-2- We suppose ¢1 # 2 and c; | a” and ¢; | A. ¢1 | @7 = ¢1 | a and
c1 | (A" =2a”). B" = C' — A™ = ¢; | B". 1t follows that ¢; | (p = b). Then the
contradiction with a, b coprime.

The other cases of the expressions of d and d' with d,d’ not coprime so that
N = B"C! = d.d’ give also contradictions.

** A-2-1-2-4- Now, let C = ¢} C; with ¢; a prime, r > 1 and c; { C;, we consider the
case d = C} and d’ = ¢}! B" so that d > d’. We rewrite the equations (1.5.25-1.5.26):

Cl+cl!B" =2A (1.5.33)
Cl — Cl BTZ — 2 ” (1534:)

We obtain c{lB” =A—a"=B"— c{l = 1, then the contradiction.

** A-2-1-2-5- Now, let C = ¢} C; with ¢; a prime, r > 1 and ¢; 1 C;, we consider the
case d = C{B" and d’ = ¢! so that d > d’. We rewrite the equations (1.5.25-1.5.26):

CiB' + cql =21 (1.5.35)
CiB! — il = 2q” (1.5.36)

We obtain ¢/l = A —a” = B" = ¢1 | B", then ¢; | A™ = 2a”. If ¢ = 2, the contradic-
tion with B"C' = 1(mod 4). Then ¢; | a” = ¢; | a = ¢1 | (p = b), it follows a, b are

18
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not coprime, then the contradiction.

Cases like d’ < C! a divisor of C! or d < B! a divisor of B" with d < d and
d.d = N = B"C! give contradictions.

# A-2-1-2-6- Now, we consider the case d = b;.C! where by is a prime integer with
b1 1 By and B = b]By, r > 1. It follows that d' = b?”lBT. We rewrite the equations
(1.5.25-1.5.26):

biC' + b 1B = 27 (1.5.37)
biC' — b = 2a” (1.5.38)

As n > 3, from the last two equations above, it follows that by | 2A and by | (2a”).
Then by =2,0r by | A and by | a”.

** A-2-1-2-6-1- We suppose by =2 =2 | B". As2 | (A" =2a" =2 |a" = 2 | g,
but2 | B"and 2 | A™ then 2 | (p = b). It follows the contradiction with a,b coprime.

** A-2-1-2-6-2- We suppose by # 2, then by | A and by | 4”7 = by | A™ and
by | @7 = by | a, but by | B" and by | A™ then by | (p = b). It follows the con-
tradiction with a, b coprime.

The other cases of the expressions of d and d’ with d,d’ not coprime and d > d’ so
that N = C'B" = d.d’ give also contradictions.

Finally, from the cases studied in the above paragraph A-2-1-2, we have found
one suitable factorization of N that gives a priory no contradictions, it is the case
N = B".C! = d.d' withd = C!,d’ = B" but 1 < 7(N), it follows the contradiction with
Q(N) = [t(N)/2] < 1. We conclude that the case A-2-1-2 is to reject.

Hence, the case k3 = 1 is impossible.

Let us verify the condition (1.4.10) given by b < 4a < 3b. In our case, the condition
becomes :
p <3A%™ <3p with p= A* 4 B* + A"B" (1.5.39)

and 3A%" < 3p = A>" < p that is verified. If :

?

p < 3A%M = 2A% — AMB" — B2 >0
Studying the sign of the polynomial Q(Y) = 2Y? — B"Y — B*" and taking Y = A" >
B", the condition 2A%™ — A™B" — B2" ~ () is verified, then the condition b < 4a < 3b
is true.

In the following of the paper, we verify easily that the condition b < 4a < 3b implies
to verify that A™ > B" which is true.
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154 Caseb|p= p=0bp,p>1,b#2,b#4and3|a

/ /
A2 — %-% — ‘L'b'g—lf"” —4pd (1.5.40)
We calculate B"Cl:
et = /o2 (3sin2l — cos2?) = 302 (3 — ac0s2? (1.5.41)
P 3 3 P 3

!/
but {/p? = g, using coszg = 3'701, we obtain:

6 3.4 4.q0'
nel 3/ 0 (s 209N _P(q_ 427 _ I W
B"C' = {/p <3 4cos 3)-3(3 4b)—p.(1 b)-p(b 4a") (1.5.42)

As p=0b.p/, and p’ > 1, so we have :

B"C! = p' (b — 4a’) (1.5.43)
and A*" =4.p'.d (1.5.44)

** B-1- We suppose that p’ is prime, then A?" = 4d'p’ = (A™)2 = p' | a’. But
B"C! =p'(b—4d') = p' | B"or p' | C".

*B-1-1-1f p’ | B* => p' | B== B = p'B; with B; € N*. Hence: p" " 1B#C' = b — 44
Butn >2=(n—1) >1and p’ | @, then p’ | b = a and b are not coprime, then the

contradiction.

* B-1-2-If p’ | C' = p’ | C. The same method used above, we obtain the same
results.

** B-2- We consider that p’ is not a prime integer.

** B-2-1- p’, a are supposed coprime: A" = 4a'p’ => A™ = 2a”.p; with a’ = a”? and
p’ = p3, then a”, p; are also coprime. As A™ = 2a”.p; then 2 | a” or 2| p;.

** B-2-1-1- 2 | a”, then 2 { py. But p’ = p?.
** B-2-1-1-1- If p; is prime, it is impossible with A™ = 2a”.p;.

** B-2-1-1-2- We suppose that p; is not prime, we can write it as p; = W™ = p’ =
w?", then: B"C! = w?"(b — 4d").

** B-2-1-1-2-1- If w is prime, it is different of 2, then w | (B"C!) = w | B" or w | C~.

# B-2-1-1-2-1-1- If w | B" = w | B = B = w/B; with w | By, then BI.C! =
WM (b — 4a’).

** B-2-1-1-2-1-1-1- If 2m — n.j = 0, we obtain B].C' = b —4a’. As C' = A" + B" —>
w|C'= w|C,and w | (b—4a’). But w # 2 and w is coprime with a’ then coprime
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with a, then w 1 b. The conjecture (6.1.1) is verified.

** B-2-1-1-2-1-1-2- If 2m — nj > 1, in this case with the same method, we obtain
w|C = w|Cand w | (b—4a’) and w { a and w { b. The conjecture (6.1.1) is
verified.

#* B-2-1-1-2-1-1-3- If 2m —nj < 0 = "/~ 2"BI.C' = b—44'. As w | C using C' =
A™ + B" then C = w".Cy = w72t IBLCl = b —4d' I nj—2m+hl <0 = w |
BICl, it follows the contradiction that w { By or w { Cy. Then if n.j — 2m + h.l > 0 and
w | (b—4a") with w, a, b coprime and the conjecture (6.1.1) is verified.

** B-2-1-1-2-1-2- We obtain the same results if w | C.

f

** B-2-1-1-2-2- Now, p’ = w?™ and w not prime, we write w = w}.Q with w; prime
t Qand f > 1 an integer, and w; | A. Then B"C! = w%f'mﬂzm(b —4d') = wy |
(B"C!) = wy | B" or wy | CL.

# B-2-1-122-1- If wy | B" = w; | B => B = w!B; with w; { By, then BI.C! =
WO (b — 4a'):

#* B-2-1-1-2-2-1-1- If 2f.m — n.j = 0, we obtain Bl.C' = Q?"(b—4a’). As C' =
A"+ B" = w; | C' = wy | C = wy | (b—4d"). But w; # 2 and w; is co-
prime with 4/, then coprime with a, we deduce wq 1 b. Then the conjecture (6.1.1) is
verified.

*#* B-2-1-1-2-2-1-2-If 2f.m — n.j > 1, we have wy | C' = w; | C = wy | (b —44d’) and
w1 1 a and wy 1 b. The conjecture (6.1.1) is verified.

# B-2-1-1-2-2-1-3- Tf 2f.m — n.j < 0 — wl 2™/ Bu.Cl = Q" (b—4a'). As w; | C
using C! = A™ + B", then C = wl.C; = "/~ 2mfHhipncl = 2" (p — 4a"). If
nj—2mf+hl < 0= wy | BfCi, it follows the contradiction with w; { B; and
w1 1 Cy. Then if n.j —2m.f +h.l > 0 and wy | (b — 44’) with wy,a,b coprime and the
conjecture (6.1.1) is verified.

** B-2-1-1-2-2-2- We obtain the same results if w; | C'.
*B-2-1-2-1f 2 | py, then 2 | py = 2+a’ = 2} a. But p’ = pi.

** B-2-1-2-1- If p; = 2, we obtain A™ = 4a” = 2 | a” as m > 3, then the contradiction
with a, b coprime.

** B-2-1-2-2- We suppose that p; is not prime and 2 | p1, as A™ = 2a”pq, p1 is written
as p; = 2" 1w = p/ = 22" 2% Tt follows B"C! = 222" (b — 4a’) = 2 | B"
or2 | Cl.

** B-2-1-2-2-1-1f 2 | B = 2| B,as 2 | A, then 2 | C. From B"C! = 22"2¢?" (b — 4a’),
it follows if 2 | (b —4a’") = 2 | b but as 2 t 4/, there is no contradiction with a,b
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coprime and the conjecture (6.1.1) is verified.

** B-2-1-2-2-2- If 2 | cl, using the same method as above, we obtain the identical re-
sults.

** B-2-2- p/,a’ are supposed not coprime. Let w be a prime integer so that w | a’ and
wl|p.

** B-2-2-1- We suppose firstly w = 3. As A*" =4a'p’ =3 | A,but3 | p' = 3| p,
as p = A? + B> + A"B" = 3 | B>* = 3 | B, then 3 | C' = 3 | C. We write
A =3'A;, B=23/By, C =3"C; and 3 coprime with Ay, By and C; and p = 32imA%m +
32njp2n 4 3im+jn Ampl = 3k ¢ with k = min(2im,2jn,im + jn) and 3 1 g. We have also
(w=3)|aand (w = 3) | p’ that gives a = 3%a; = 3¢’ = a’ = 3* 14y, 3} a7 and
p' = 3tpy, 31 pyp with A2 = 4d'p’ = F2MAIM = 4 x 3%~ g p) => a+p — 1 = 2im.
As p = bp’ = b.3"p; = 3".b.p;. The exponent of the term 3 of p is k, the exponent
of the term 3 of the left member of the last equation is y. If 3 | b it is a contradiction
with a,b coprime. Then, we suppose that 3 { b, and the equality of the exponents:
min(2im,2jn,im + jn) = u, recall that & +u —1 = 2im. But B"C' = p/(b — 4a’)
that gives 3+ BICL = 31p; (b — 4 x 3~ Va;). We have also A™ + B" = C' gives
3mAm 4 3Bt = 3hCl. Let € = min(im, jn), we have € = hl = min(im, jn). Then, we
obtain the conditions:

k = min(2im,2jn,im + jn) = u (1.5.45)

&+ —1=2im (1.5.46)

€ = hl = min(im, jn) (1.5.47)

3t gl — 3k p (b — 4 x 36 Dgy) (1.5.48)

** B-2-2-1-1- « = 1 = a = 3a; = 34’ and 3 1 a1, the equation (1.5.46) becomes:
Y= 2im
and the first equation (1.5.45) is written as:
k = min(2im,2jn,im + jn) = 2im

-If k = 2im, then 2im < 2jn = im < jn = hl = im, and (1.5.48) gives y = 2im =
nj+hl = im+nj = im = jn = hl. Hence 3 | A,3 | B and 3 | C and the conjecture
(6.1.1) is verified.

-If k = 2jn = 2jn = 2im = im = jn = hl. Hence 3 | A,3 | B and 3 | C and the
conjecture (6.1.1) is verified.

-Iftk =im+ jn = 2im = im = jn = € = hl = im = jn case that is seen above and
we deduce that 3 | A,3 | B and 3 | C, and the conjecture (6.1.1) is verified.

*B-2-2-1-2-a >1=a >2and a’ =3 1a;.

-If k = 2im = 2im = yu, but y = 2im + 1 — « that is impossible.

-Ifk =2jn = y = 2jn = 2im+1 — «. We obtain 2jn < 2im = jn < im —
2jn < im+ jn, k = 2jn is just the minimum of (2im, 2jn, im + jn). We obtain jn = hl <
im and the equation (1.5.48) becomes:

BIC = pi(b — 4 x 30* V)
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The conjecture (6.1.1) is verified.

-ltk=im+jn <2im = jn <imand k = im+jn < 2jn = im < jn = im =
jn =k =im+ jn = 2im = p but y = 2im + 1 — « that is impossible.

-Ifk =im+ jn < 2im = jn < im and 2jn < im + jn = k that is a contradiction
with k = min(2im, 2jn, im + jn).

** B-2-2-2- We suppose that w # 3. We write a = w*a; with w { a; and p’ = w'p,
with w | p1. As A% = 4d'p’ = 4w Happy = w | A = A = w'Aj, w { A;. But
B"C' = p/(b—4d") = w'p(b—4d') = w | B"C' = w | B" or w | C..

** B-2-2-2-1- w | B" = w | B= B = w/B; and w { By. From A" + B" = C! = w |
Cl= w | C. Asp =bp = whbp; = WF(W?MkAIM 1 2in=kp2n 4 im+in=k Ampn)
with k = min(2im,2jn,im + jn). Then :

-If p =k, then w { b and the conjecture (6.1.1) is verified.

-If k > p, then w | b, but w | a we deduce the contradiction with 4, b coprime.

- If k < y, it follows from :

wﬂbpl — wk(w2imka%m + w2jnka%n + wimﬂ'nkaTB;z)
that w | Aj or w | B; that is a contradiction with the hypothesis.

** B-2-2-22-If w | C! = w | C = C = "C; with w { C;. From A" + B" = C! =
w | (C' = A™) = w | B. Then, we obtain the same results as B-2-2-2-1- above.

1.5.5 Caseb=2pand3|a

We have .
0 a 3&1/ 4’9.61 4 3&1/
2 2m P ! m\2 I
3% 2p 3b 3 2p @ =(4%) L L

Then 2 | a and 2 | b that is a contradiction with 4, b coprime.

1.5.6 Caseb=4pand3|a
We have :

0 a 3da
05~ = - =2 — pA2m _ 20T PP YT

o' = (A™? =a"
with A" =a”
Let us calculate A™B", we obtain:

/
A™MB" = pT\/g.sinﬁ — 2p ZQ = M.sinzg 4

3 3937 3 3 2
AP py/3 20
Ampr PV g2
+ > 3 sin 3

Let:
2p\/3 . 20
TSZTZ—

A" 4 2AMB" = 3

(1.5.49)

23



Chapter 1 A Complete Proof of Beal’s Conjecture

2

The left member of (1.5.49) is an integer and p is an integer, then %gsin§ will be
written as :

2V3 .20 I

——Sin— = —

3 3 Kk
where k1, ky are two integers coprime and k; | p = p = ka.ks.
** C-1- Firstly, we suppose that k3 # 1. Then :
A?™ L 2A™B" = ka.kq

Let u be a prime integer and y | k3, then u | A"(A™ +2B") = u | A" or u |
(A™+2B").

*C1-1-Ifpu | (A" =a") = pu| (@?=d)=pu|(Bd =a). Aspu|ks=u|p=
i | (4p = b), then the contradiction with a,b coprime.
#*C-1-2-If u | (A" +2B") = u{ A™ and p 1 2B", then:
w#2 and u{B" (1.5.50)
i | (A™+2B"), we write:
A" 4 2B" = .t
Then:
A™ 4+ B" = ut' — B" = A*" + B*" 4 2A"B" = y*t* — 2t'uB" + B*"
— p=t"?y?> - 2¢B"u+ B"(B" — A™)
As b =4p = 4ky.k3 and p | k3 then u | b = Iy’ so that b = u.u’, we obtain:
W= u(4ut”” — 8¢'B") +4B"(B" — A™)
The last equation implies y | 4B"(B" — A™), but u # 2 then u | B* or u | (B" — A™).

** C-1-1-1- If u | B* = then the contradiction with (1.5.50).

#* C-1-1-2-If u | (B* — A™) and using u | (A™ + 2B"), we have :

u|B"
u|3B" =< or
p=3

** C-1-1-2-1- If pu | B" then the contradiction with (1.5.50).
** C-1-1-2-2- If u = 3, then 3 | b, but 3 | a then the contradiction with a, b coprime.

** C-2- We assume now that k3 = 1, then:

AP 4L 2AMBY = [ (1.5.51)
p=ko
&sin% = ]ﬂ
3 3 p
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We take the square of the last equation, we obtain :

4 . ,20 I3
5517’1 ? = ?
16 . ,0 ,0 k3
7 Sin"zc0s s = 2
/ 2
1—651'1129.3i k—l
3 3b p?
Finally:
a'(4p —3d') = k3 (1.5.52)
but a’ = a”?, then 4p — 34’ is a square. Let :

AN =4p—3d'=4p—a=Db—a
The equation (1.5.52) becomes :
a"?A* =k =k = a”A (1.5.53)
taking the positive root. Using (1.5.51), we have:
ki = A"(A™ +2B") = a”(A™ +2B")

Then :
A" +2B" = A

Now, we consider that b —a = A2 = A? + 34”2 = b, then the couple (A,a”) is a
solution of the Diophantine equation:

X2 +3Y2=b (1.5.54)

with X = A and Y = a”. But using one theorem on the solutions of the equation given
by (1.5.54), b is written under the form (see theorem 37.4 in [3]):

tg 2
b — 225 % 3t.p§1 A pggqlsl .. q$Sr

where p; are prime integers so that p; = 1(mod 6), the g; are also prime integers so

that g; = 5(mod 6). Then, as b = 4p :
-Ift > 1= 3]0, but 3| g, then the contradiction with a,b coprime.

** C-2-2-1- Hence, we suppose that p is written under the form:

tg 25y . 25,

p=picopint 0
with p; = 1(mod 6) and g; = 5(mod 6). Finally, we obtain that :
p = 1(mod 6) (1.5.55)

We will verify if this condition does not give contradictions.
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Table 1.1: Table of p (mod 6)

A*,B" 0 1 2 3 4 5
0 0O 1 4 3 4 1
1 1 3 1 1 3 1
2 4 1 0 1 4 3
3 3 1.1 3 1 1
4 4 3 4 1 0 1
5 1 1 3 1 1 3

We will present the table of the value modulo 6 of p = A?" + A™B" + B>" in function
of the values of A™, B"(mod 6). We obtain the table below:

** C-2-2-1-1- Case A" = 0(mod 6) = 2 | (A" =a”) = 2| (' =a"®) = 2| g,
but 2 | b, then the contradiction with a,b coprime. All the cases of the first line of the
table 1.1 are to reject.

#* (C-2-2-1-2- Case A™ = 1(mod 6) and B" = 0(mod 6), then 2 | B* = B" = 2B’
and p is written as p = (A" + B’)?2 + 3B"? with (p,3) = 1, if not 3 | p, then 3 | b, but
3 | a, then the contradiction with a,b coprime. Hence, the pair (A™ + B’, B) verifies

the equation:
(A" + B")24+3B? =p (1.5.56)

that we can write it as:
(A" 4+ B2 —B? =p—4B? = A>" { B + A"B" - B =C/A" =N  (1557)
Then (A™ + B’, B') is a solution of the Diophantine equation:
x>—y*=N (1.5.58)

where N = C!'A™ = 1(mod 6). Let Q(N) be the number of the solutions of (1.5.58)
and T(N) is the number of suitable factorization of N, then we recall the following
result concerning the solutions of the equation (1.5.58) (see theorem 27.3 in [7]):

-If N =2(mod 4), then Q(N) = 0.

-If N=1or N =3(mod 4), then Q(N) = [t(N)/2].

-If N =0(mod 4), then Q(N) = [t(N/4)/2].

As N = C'A™ = 1(mod6) = N is odd, the cases Q(N) = 0 and Q(N) =
[T(N/4)/2] are rejected, then N = 1 or N = 3(mod 4), it follows Q(N) = [t(N)/2].

As A™ + B/, B is a couple of solutions of the Diophantine equation (1.5.58), then
3 d,d’ positive integers with d > d’ and N = d.d’ so that :

d+d =2(A"+B) (1.5.59)
d—d =2B =B" (1.5.60)
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We will use the same method used for the paragraph above A-2-1-2-.
# (C-2-2-1-2-1- As Cl > A™, we take d = C! and d’ = A™. It follows:
Cl+ A™ =2(A™ 4 B') = 2A™ + B"
C'— A" =B" =28
Then the case d = C! and d' = A™ gives a priory no contradictions.

# (C-2-2-1-2-2- Now, we consider the case d = C'A™ and d = 1. We rewrite the
equations (1.5.59-1.5.60):

C'A™ +1=2(A"+B) (1.5.61)
clam —1=2pB (1.5.62)

We obtain 1 = A", it follows C! — B" = 1, we know [4] that the only positive solution
of the last equationis C = 3,B =2,n =3 and [ = 2 < 3, then the contradiction.

** C-2-2-1-2-3- Now, we consider the case d = cllr_lC{ where c; is a prime integer with

c11Cand C = ¢{Cy, ¥ > 1. It follows that d’ = ¢1.A™. We rewrite the equations
(1.5.59-1.5.60):

r1Ch 0. A" = 2(A™ 4 B') (1.5.63)

cr~1cl — ¢, A™ = 2B’ = B" (1.5.64)

As | > 3, from the last two equations above, it follows that ¢; | 2(A™ + B’) and
c1| (2B). Thenc; =2,0rc; | (A" + B')and ¢; | B'.

** (C-2-2-1-2-3-1- We suppose ¢; = 2. As | > 3, from the equation (1.5.64) it follows
that 2 | B, then 2 | (A" =a”) = 2| ("> =a') = 2| (a = 3a’), but b = 4p (see
1.5.6), then the contradiction with a, b coprime.

#* (C-2-2-1-2-3-2- We suppose ¢1 # 2, then ¢1 | (A™ + B’) and ¢; | B'. It follows ¢; | A™
andc; | (B*=2B') =>c1 | p=c1 |b=4p. Fromc | (A" =a") = ¢1 | (0" =
a') = c1 | (a = 3a’), then the contradiction with a,b coprime.

The other cases of the expressions of d and d’ with d,d’ not coprime and d > d’ so
that N = C'A™ = d.d’ give also contradictions.

# (C-2-2-1-2-4- Now, we consider the case d = a7.C! where a5 is a prime integer with
a1 1 Ay and A = a} Ay, r > 1. Tt follows that d' = aTr_lAg". We rewrite the equations
(1.5.59-1.5.60):

a,C' +al" LA = 2(A™ + B) (1.5.65)
0, C' — a1 A = 2B’ = B” (1.5.66)

As m > 3, from the last two equations above, it follows that a; | 2(A™ + B’) and
a1 | (2B’). Thenay =2,0ray | (A" + B')and 4y | B'.
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** C-2-2-1-2-4-1- We suppose a1 =2 = 2 | (A" =a") = a1 | (d'"* = d') = a1 |
(a = 3a’). But b = 4p, then the contradiction with a,b coprime.

** (C-2-2-1-2-4-2- We suppose a1 # 2, then ay | (A" + B’) and a; | B'. It follows a; | A™
and a; | (B" =2B') =>a; | p => a1 | b =4p. Froma; | (A" =d") = a1 | (a"* =
a') = ay | (a = 3a’), then the contradiction with a, b coprime.

The other cases of the expressions of d and d’ with d,d’ not coprime and d > d’ so
that N = C'A™ = d.d’ give also contradictions.

** (C-2-2-1-2-5- Now, let C = ¢} C; with ¢; a prime, r > 1 and ¢ 1 C;, we consider the
case d = C! and d’ = ¢}l A™ so that d > d’. We rewrite the equations (1.5.59-1.5.60):

Cl+clAm =2(A™ +B) (1.5.67)
Cl —c'A™ = 2B’ = B" (1.5.68)

We obtain cql A" = A" — c{l = 1, then the contradiction.

** (C-2-2-1-2-6- Now, let C = ¢jC; with ¢; a prime, 7 > 1 and ¢; {1 C1, we consider the
case d = Ct A" and d’ = ¢}/ so that d > d’. We rewrite the equations (1.5.59-1.5.60):

ctA™ 4l =2(A™ + B) (1.5.69)
CtA™ — ¢t = 2B' = B" (1.5.70)

We obtain ¢}l = A" = ¢; | A", thenc; | A" =a”" =>¢1 | (% =d) =1 | (a =
3a"). Asci | Cand ¢ | A" = ¢1 | B", it follows c1 | (p = b), then the contradiction
with a, b coprime.

The other cases of the expressions of d and d’ with d,d’ coprime and d > d’ so that
N = C'A™ = d.d’ give also contradictions.

Finally, from the cases studied in the above paragraph C-2-2-1-2, we have found
one suitable factorization of N that gives a priory no contradictions, it is the case
N = CL.A™, but 1 < 7(N), it follows the contradiction with Q(N) = [t(N)/2] < 1.
We conclude that the case A™ = 1(mod 6) and B" = 0(mod 6) of the paragraph C-2-
2-1-2 is to reject.

#* (C-2-2-1-3- Case A™ = 1(mod 6) and B" = 2(mod 6), then B" is even, see C-2-2-1-2-.
#* (C-2-2-1-4- Case A™ = 1(mod 6) and B" = 3(mod 6), then 3 | B =— B" = 3B'.
As p = A?™ + A"B" 4+ B — p = 5(mod 6) #= 1(mod 6) (see (1.5.55)), then the

contradiction and the case C-2-2-1-4- is to reject.

*#* C-2-2-1-5- Case A™ = 1(mod 6) and B" = 5(mod 6), then C' = 0(mod 6) = 2 |
C!, see C-2-2-1-2-.

#* C-2-2-1-6- Case A" = 2(mod 6) = 2 | a” = 2 | a, but 2 | b, then the contradic-
tion with a, b coprime.
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*#* C-2-2-1-7- Case A™ = 3(mod 6) and B" = 1(mod 6), then C' = 4(mod 6) = 2 |
C!l = C! = 2C’, and C is even, see C-2-2-1-2-.

** (C-2-2-1-8- Case A™ = 3(mod 6) and B" = 2(mod 6), then B" is even, see C-2-2-1-2-.
#* (C-2-2-1-9- Case A™ = 3(mod 6) and B" = 4(mod 6), then B" is even, see C-2-2-1-2-.

*#* C-2-2-1-10- Case A" = 3(mod 6) and B" = 5(mod 6), then C! = 2(mod 6) = 2 |
C! and C is even, see C-2-2-1-2-.

#* C-2-2-1-11- Case A™ = 4(mod 6) = 2 | a” = 2 | a, but 2 | b, then the contradic-
tion with a, b coprime.

** (C-2-2-1-12- Case A™ = 5(mod 6) and B" = 0(mod 6), then B" is even, see C-2-2-1-
2-.

*#* C-2-2-1-13- Case A" = 5(mod 6) and B" = 1(mod 6), then C! = 0(mod 6) = 2 |
C!, C is even, see C-2-2-1-2-.

** C-2-2-1-14- Case A™ = 5(mod 6) and B" = 3(mod 6), then C' = 2(mod 6) = 2 |
C! — c! =2/, C is even, C-2-2-1-2-.

** (C-2-2-1-15- Case A™ = 5(mod 6) and B" = 4(mod 6), then B" is even, see C-2-2-1-
2-.

We have achieved the study all the cases of the table 1.1 giving contradictions.
Then the case k3 = 1 is impossible.

1.5.7 Case3|aandb=2p', b #2withp' |p
3|a=a=23d,b=2p" with p =k.p/, then:

/
but {/p? = g, then using coszg _ 5,

b
6 3.4’ 4.4’
nel — 3/52 o 27 — E Y/ Rdacti R _ =) I /
B"C p(S 4cos3) 3(3 4b) p.(l b) k(p" —2a")
Asp =b.p/,and p’ > 1, then we have:

B"C! = k(p' —24) (1.5.71)
and A?" =2k.a' (1.5.72)
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** D-1- We suppose that k is prime.

** D-1-1- If k = 2, then we have p = 2p’
A™ = 2¢” with @’ = a”?, then 2 | a” =
with a, b coprime.

b= 2|bbut A" =44 = (A")? =
| (a = 3a”?), it follows the contradiction

o

** D-1-2- We suppose k # 2. From A?" = 2k.a' = (A")? =k |d' and 2 | d' = a' =
2ka"? = A" =2ka”. Thenk | A" = k| A= A =k'.A; withi > 1and k{ A;.
kim A = 2ka” == 2a” = k"~ 1A". From B"C! = k(p’ —24') = k| (B"C!) = k| B"
or k| Cl.

** D-1-2-1- We suppose that k | B* => k | B= B = k/.B; with j > 1 and k { By. It
follows k" ~1BiCl = p’ — 24’ = p' —4ka”. Asn >3 = nj—1> 2, thenk | p' but
k#2=k| (2p' =b),butk |a" = k| (3¢’ = a). It follows the contradiction with
a,b coprime.

** D-1-2-2- If k | C! we obtain the identical results.

** D-2- We suppose that k is not prime. Let w be an integer prime so that k = w®.kq,
with s > 1, w { k1. The equations (1.5.71-1.5.72) become:

B"Cl = w® ki (p' — 24")
and A?" = 2w ky.a'

** D-2-1- We suppose that w = 2, then we have the equations:

AP =25 ey (1.5.73)
B"Cl = 2° ki (p' — 24') (1.5.74)

** D-2-1-1- Case: 2 | a’ => 2| a, but 2 | b, then the contradiction with a,b coprime.

** D-2-1-2- Case: 2 a’. As 2 { kq, the equation (1.5.73) gives 2 | A?" = A = 2/A;,
with i > 1 and 2 1 A;. It follows that 2im = s + 1.

** D-2-1-2-1- We suppose that 2 1 (p' —2a’) = 21 p’. From the equation (1.5.74), we
obtain that 2 | B"C! =2 | B" or 2 | C.

** D-2-1-2-1-1- We suppose that 2 | B* = 2 | B=> B = 2/B; with2{ By and j > 1,
then BYC! = 257"k (p' — 2a'):

-Ifs—jn >1,then2 | C' = 2 | C, and no contradiction with C! = 2" A" 4-2/" Bl
and the conjecture (6.1.1) is verified.

-1If s —jn < 0, from BIC! = 257/"ky(p' — 2a') = 2t C!, then the contradiction
with C! = 2im Al + 2/"Bl — 2 | Cl.

** D-2-1-2-1-2- Using the same method of the proof above, we obtain the identical
results if 2 | C.
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** D-2-1-2-2- We suppose now that 2 | (p' —24') = p/ — 24’ = 2".Q), with u > 1 and
24 Q). We recall that 2 1 a’. The equation (1.5.74) is written as:

B"C! = 25t# k1.0
This last equation implies that 2 | (B"C') =2 | B" or 2 | C.

** D-2-1-2-2-1- We suppose that 2 | B* = 2 | B=> B = 2/B; with j > 1 and 21 B;.
Then B}C! = 25t1=1" fy.Q):

-Ifs+u—jn>1,then?2 | cl—=2 | C, no contradiction with cl = 2imA’1" + 27”3?,
and the conjecture (6.1.1) is verified.

-If s+u—jn <0, from BIC! = 25F#=/"k. () = 2 4 C!, then contradiction with
Cl=2mAm 42"t = 2 | Cl.

** D-2-1-2-2-2- We obtain the identical results if 2 | C*.

** D-2-2- We suppose that w # 2. We have then the equations:

AP =200 ky.a (1.5.75)
B"C! = W' ky.(p —24") (1.5.76)

As w # 2, from the equation (1.5.75), we have 2 | (ky.a’). If 2 | ¢’ = 2| a, but 2 | b,
then the contradiction with a, b coprime.

** D-2-2-1- Case: 2 {4’ and 2 | ky = ki = 2¥.QQ with y > 1 and 2 { Q. From the
equation (1.5.75), we have 2 | A?" = 2 | A => A = 2/A; withi > 1 and 2{ Ay, then
2im = 1+ p. The equation (1.5.76) becomes:

B"Cl = w* 2".Q.(p' —24") (1.5.77)
From the equation (1.5.77), we obtain 2 | (B"C!) =2 | B* or 2 | C'.
** D-2-2-1-1- We suppose that 2 | B" = 2 | B => B = 2/B;, with j € N* and 21 B;.

o /1)3-2-2-1-1-1- We suppose that 2 { (p’ — 24’), then we have BIC! = w*2F1"Q)(p’ —
2a"):

-Ifu—jn>1=2|Cl = 2| C, no contradiction with C' = 2™ A" 4 2/"B! and
the conjecture (6.1.1) is verified. ’ '

-If y — jn <0 =21 C! then the contradiction with C! = 2" A"  2/" Bl

** D-2-2-1-1-2- We suppose that 2 | (p' —24') = p’ — 24’ = 2*.P, with « € N* and
21 P. It follows that B{C! = ws2#+e=inQ) P:

-Ify+a—jn>1=2|C = 2| C, no contradiction with C' = 2™ A" 4 2/" B!l
and the conjecture (6.1.1) is verified.

-If p+a—jn <0==>214C! then the contradiction with C' = 2/ A" 4 2i"BII.

** D-2-2-1-2- We suppose now that 2 | C" = 2 | C. Using the same method described
above, we obtain the identical results.
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158 Case3|aandb=4p', b #4withp |p

3|a=a=23d,b=4p with p =k.p/, k # 1 if not b = 4p this case has been studied
(see paragraph 1.5.6), then we have :

3/ o P . 29 _ >4
but {/p* = 3,’chen using cos” > = :

b
I /
BiC! = ¥/p2 (3 - 4coszg> - g (3 - 43'7”> = p. (1 — 4751) =k(p'—a')

As p=0b.p/,and p’ > 1, we have :

B"C' =k(p' — ) (1.5.78)

and A?" =k.a' (1.5.79)
** E-1- We suppose that k is prime. From A?" = ka' = (A")> = k | 4’ and
d = ka" — A" —ka”. Thenk | A" —> k| A—> A = kL.A; withi > 1and k{ A;.
kM AT = ka” = a” = k™~1A". From B"C! = k(p' —a') = k | (B"C!) =k | B" or
k| CL

** E-1-1- We suppose that k | B* = k | B = B = k/.B; with j > 1 and k { B;.

Then k™/~1BICl = p' —a'. Asnj—1>2=k| (p'—a'). Butk | a = k| a, then
k| p' = k| (4p’ = b) and we arrive to the contradiction that a, b are coprime.

** B-1-2- We suppose that k | C!, using the same method with the above hypothesis
k | B", we obtain the identical results.

** E-2- We suppose that k is not prime.
** E-2-1- We take k = 4 = p = 4p’ = b, it is the case 1.5.3 studied above.

** E-2-2- We suppose that k > 6 not prime. Let w be a prime so that k = w®.k;, with
s > 1, w { k1. The equations (1.5.78-1.5.79) become:

B"Cl = w'ky(p —d) (1.5.80)
and A?" = w®ky.d (1.5.81)

** E-2-2-1- We suppose that w = 2.

*E-2-2-1-1-1f 2 | @' = 2 | (34’ = a), but 2 | (4p’ = b), then the contradiction with
a,b coprime.
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** E-2-2-1-2- We consider that 2 { a’. From the equation (1.5.81), it follows that 2 |
AP = 2| A= A =2'A; with 2/ A; and:

Bncl — 2sk1(p/ . a’)

** E-2-2-1-2-1- We suppose that 2 " —4"), from the above expression, we have
pp P p
2| (B”Cl) = 2| B"or2| cl.

# B-2-2-1-2-1-1-1f 2 | B* = 2 | B = B = 2/B; with 2 { B;. Then B'C! =
22im—jnk1(p/ _ El/):

-1f 2im — jn > 1 = 2 | C' = 2| C, no contradiction with C! = 2" A" 4 2i" Bl
and the conjecture (6.1.1) is verified.

-If2im—jn <0 =214 C!, then the contradiction with C! = 2””A’1ﬂ + Zj”B{’ —
2| Ch

** F-2-2-1-2-1-2-If 2 | C! = 2 | C, using the same method described above, we obtain
the identical results.

** E-2-2-1-2-2- We suppose that 2 | (p' —a'). As2+td = 2¢tp, 2| (p/—d) =
p' —a =2%P with« > 1and 21 P. The equation (1.5.80) is written as :

B"C! = 25%%k,.P = 2%m+ak, P (1.5.82)
then2 | (B"C!) = 2| B"or2| C.

** F-2-2-1-2-2-1- We suppose that 2 | B* = 2 | B = B = 2/B;, with 2 { B;. The
equation (1.5.82) becomes BfC! = 2%im+a=jn, p;

-If2im+a—jn >1= 2| C! = 2| C, no contradiction with C' = 2" A" 4-2/" B!
and the conjecture (6.1.1) is verified.

-If 2im+a—jn <0 = 2 ¢ C!, then the contradiction with C! = ZimAT +
2mpr — 2| Cl.

** E-2-2-1-2-2-2- We suppose that 2 | C! = 2 | C. Using the same method described
above, we obtain the identical results.

** E-2-2-2- We suppose that w # 2. We recall the equations:
A" = W ky.a' (1.5.83)
B"C' = w ki (p' —a') (1.5.84)

** E-2-2-2-1- We suppose that w, " are coprime, then w { a’. From the equation (1.5.83),
we have w | A" = w | A = A = w'A; with w { Aj and s = 2im.

** E-2-2-2-1-1- We suppose that w 1 (p’ —a’). From the equation (1.5.84) above, we
have w | (B"C!) = w | B" or w | C.

** [-2-22-1-1-1- If w | B* = w | B = B = w/By with w { B;. Then B/C' =
22imfjnkl(r)/ _ a/>:

-If 2im — jn > 1 = w | C!' = w | C, no contradiction with C! = w™A}' + w/"B!
and the conjecture (6.1.1) is verified.
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-If2im—jn <0 = wt C!, then the contradiction with C! = wimA’ln + wf”B{l —
w | Cl.

** F-2-2-2-1-1-2- If w | C' = w | C, using the same method described above, we
obtain the identical results.

** E-2-2-2-1-2- We suppose that w | (p' —a') = w 1 p’ as w and a’ are coprime.
w|(p—d)=p —ad =w".Pwitha >1and w1 P. The equation (1.5.84) becomes :

B"C! = W% .P = "%, P (1.5.85)
then w | (B"C!) = w | B" or w | C.

** E-2-2-2-1-2-1- We suppose that w | B* = w | B = B = w/By, with w { B;. The
equation (1.5.85) is written as BfC! = 2%m+a=jng, p;

-If 2im+a—jn > 1= w | C' = w | C, no contradiction with C! = w™ A" +
w/"BY and the conjecture (6.1.1) is verified.

-If2im+a—jn <0 = w{ C!, then the contradiction with C! = wimAT +
Ww"Bl = w | Cl.

** F-2-2-2-1-2-2- We suppose that w | C! = w | C, using the same method described
above, we obtain the identical results.

** E-2-2-2-2- We suppose that w,a’ are not coprime, then a’ = wP.a” with w { a”. The
equation (1.5.83) becomes:

A" = wkia' = W Pky.a”
We have w | A?" = w | A= A = w'A; with w{ A and s + B = 2im.

#* E-2-2-2-2-1- We suppose that w1 (p' —d') = wtp' = w t (b = 4p’). From the
equation (1.5.84), we obtain w | (B"C') = w | B" or w | C.

* E-2-2-2-2-1-1- If w | B' = w | B = B = w/B; with w { B;. Then BIC! =
2571y (p' —a'):

-Ifs—jn>1= w | C' = w | C, no contradiction with C! = ™A + w/"B}
and the conjecture (6.1.1) is verified.

-If s —jn <0 = w { C, then the contradiction with C' = w™A" + w/"B} =
w | Cl.

#* E-2-2-22-1-2- If w | C! = w | C, using the same method described above, we
obtain the identical results.

** E-2-2-2-2-2- We suppose that w | (p' —a' = p' —wbPa’) = w | p = w | (4p' =
b), but w | @ = w | a. Then the contradiction with 4, b coprime.

The study of the cases of 1.5.8 is achieved.
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1.59 Case3|aand b |4p

/
a =3a’ and 4p = k1b. As A?" = 4?pcoszg = %3% = kya’ and B"C:

0 9 p 9 p 3&1/ k
n~l _ 3/ 2 . 2 2 _ 2 1 !
B"C' = p (38171 —3 — CO0S —) = — (3—4COS —3) = —3 (3_4_b ) = —(b—4a)

As B"C! is an integer, we must obtain 4 | k1, or 4 | (b—4a’) or (2 | k; and 2 | (b — 4a")).
*F-1-If ky =1 = b = 4p : it is the case 1.5.6.

*F-2-1fky =4 = p =b:itis the case 1.5.3.

** P-3-1If k; =2 and 2 | (b — 4a’): in this case, we have A" =24’ =2 |d’ = 2| a.
2| (b—4a") = 2| b then the contradiction with a,b coprime.

*F4-1f2 | kyand 2 | (b—4a'): 2| (b—4d") = b—4d" =2"A, wand A € N* > 1
with 2t A; 2 | ky = kg = 2'k} with t > 1 € N* with 2 { k] and we have:

A" =2tk a (1.5.86)

B"Cl = 2!T* 2K/ A (1.5.87)

From the equation (1.5.86), we have 2 | A?" =2 | A = A = 20A;,i>1and 21 A;.
** F-4-1- We suppose that t = « = 1, then the equations (1.5.86-1.5.87) become :

A% = 2Khd/ (1.5.88)

B"Cl = KA (1.5.89)

From the equation (1.5.88) it follows that2 | @’ =2 | (a = 34’). But b = 44’ + 2\ —
2| b, then the contradiction with a,b coprime.

** F-4-2- We suppose that t +a —2 > 1 and we have the expressions:

AP = 2K d (1.5.90)
B"Cl = 2! 2K/ A (1.5.91)

** F-4-2-1- We suppose that 2 | a/ = 2 | a, but b = 2“A + 44’ —> 2 | D, then the
contradiction with a, b coprime.

** F-4-2-2- We suppose that 2 { a’. From (1.5.90), we have 2 | A?" — 2| A = A =
2A; and B"C! = 21+%=2f) A = 2 | B"C' = 2| B" or 2 | C..

** F-4-2-2-1- We suppose that 2 | B*. We have 2 | B = B = 2/B;, j > 1 and 2 { B;.
The equation (1.5.91) becomes BfC! = 2t+a=2=jnf/ A

“Ift+a—2—jn>0= 2| C' = 2| C, no contradiction with C! = 2””AT +
2in Bf and the conjecture (6.1.1) is verified.

-Ift+a—2—jn <0=2|kjA but21k}and 21 A. Then this case is impossible.

-Ift+a—2—jn=0= B/C' = K{A = 2{ C' then it is a contradiction with
Cl =2imAm + 2" By
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** F-4-2-2-2- We suppose that 2 | C!. We use the same method described above, we
obtain the identical results.

** F-5- We suppose that 4 | ky with k; > 4 = ki = 4k}, we have :

A2 = 4kha/ (1.5.92)
B"C! = k(b — 4a") (1.5.93)

** F-5-1- We suppose that k} is prime, from (1.5.92), we have k} | a’. From (1.5.93),
Ky | (B"C!) = kb | B" or k}, | C.

** F-5-1-1- We suppose that k) | B* =k}, | B= B = k’zﬁ.Bl with > 1 and k} 1 B;.
It follows that we have klznﬁ _1B{ZC1 = b — 44" = k), | b then the contradiction with a,b
coprime.

** F-5-1-2- We obtain identical results if we suppose that k | C'.
** F-5-2- We suppose that k) is not prime.

** F-5-2-1- We suppose that k} and a’ are coprime. From (1.5.92), k} can be written un-

der the form k} = q1 .q3 and g 1 q2 and g; prime. We have A?" = 4q1] gia = q1 | A

and B"C! = q? q3(b—4a") = q1 | B* or g | C".

** F-5-2-1-1- We suppose that q; | B = q1 | B= B = q{ B; with g 1 B;. We obtain
ByC! = g7 " g3(b — 4a'):

-If2j—fn>1=q; | C' = g1 | Cbut C' = A™ + B" gives also q; | C and the
conjecture (6.1.1) is verified.

-If 2j — f.n = 0, we have BIC! = g3(b —4a’), but C' = A™ + B" gives q; | C, then
q1 | (b—4da’"). As g1 and 4’ are coprime, then g1 1 b, and the conjecture (6.1.1) is
verified.

-If2j— fn <0 = g1 | (b—44a") = g1 t b because a4’ is coprime with g1, and
C! = A™ 4 B" gives q; | C, and the conjecture (6.1.1) is verified.

** F-5-2-1-2- We obtain identical results if we suppose that g; | C'.

** F-5-2-2- We suppose that k), a’ are not coprime. Let g1 be a prime so that q; | k, and
g1 | a'. We write k, under the form ¢}.q with j > 1, g1 { g2. From A" = 4kba' = q; |
A?™M = g1 | A. Then from B"C' = ¢}q,(b —4a’), it follows that q; | (B"C') => ¢4, | B"
or q1 | Cl.

** F-5-2-2-1- We suppose that g1 | B" = q1 | B= B = qf By with f > 1 and ¢4 { By.
Then, we have ql'BB”Cl = qlqz(b 40"y = BIC' = ¢ ’qu(b —44a").

-Ifj—np >1,thenq, | C' = q1 | C, but C! = A™ + B" gives q; | C, then the
conjecture (6.1.1) is verified.

-If j —nB = 0, we obtain BIC! = qo(b —4a’), but C' = A™ + B" gives q; | C, then
g1 | (b—4a") = g1 | b because g1 | &’ = 41 | a, then the contradiction with a,b
coprime.
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-Ifj—np< 0= g1 | (b—4da") = q1 | b, because g1 | @ = q1 | 4, then the
contradiction with a, b coprime.

** F-5-2-2-2- We obtain identical results if we suppose that q; | C'.

* F-6-1f 41 (b —4a’) and 4 1 ky it is impossible. We suppose that 4 | (b —44’) = 4 | b,
and b —4a’ = 4'.¢ ,t > 1 with 41 g, then we have :
AZm = kla’
B'"Cl = k1.4 1g
** B-6-1- We suppose that k; is prime. From A*" = kja’ we deduce easily that ki | .
From B"C! = k;.4'~1.¢ we obtain that k; | (B"C!) = k; | B" or ky | C\.

** F-6-1-1- We suppose that ky | B = ky | B = B = k]i.B1 with j > 0 and
kit By, then k}/BIC! = ky.4'1.g = K/ "'BrC! = 4"1.g. But n > 3 and j > 1, then
nj—1>2 Wededuceasky # 2thatk) | g = k1| (b—4da’),butky |d = ki | ],
then the contradiction with a, b coprime.

** F-6-1-2- We obtain identical results if we suppose that k; | C'.
** F-6-2- We suppose that kq is not prime # 4, (k; = 4 see case F-2, above) with 4 { k.

** F-6-2-1- If ky = 2k’ with kK’ odd > 1. Then A?" =2k'a’ =2 |a' => 2| a,as4 | bit
follows the contradiction with a,b coprime.

** F-6-2-2- We suppose that ki is odd with k; and 4’ coprime. We write k; under the
form k; = g/.q2 with g1 { g2, q1 prime and j > 1. B"C! = ¢|.q24!"'¢ = ¢, | B" or
q1 | Cl.

** F-6-2-2-1- We suppose that g1 | B* =1 | B= B = q{.Bl with g1 1 B;. We obtain
BiC! = gj g4l

-Ifj—fn>1=q|C = g1 | C, but C' = A™ + B" gives also q; | C and the
conjecture (6.1.1) is verified.

-If j— fn = 0, we have BIC! = g24!"1g, but C' = A™ + B" gives q; | C, then
q1 | (b—44a"). As g1 and a’ are coprime then g7 1 b and the conjecture (6.1.1) is verified.
-Ifj— fn <0=gq1 | (b—4a') = g1 | b because q;,a’ are primes. C' = A™ + B"
gives g1 | C and the conjecture (6.1.1) is verified.

** F-6-2-2-2- We obtain identical results if we suppose that g; | C'.

** F-6-2-3- We suppose that k1 and a’ are not coprime. Let g1 be a prime so that g | k1
and g1 | a’. We write k; under the form q]l.qz with g1 1 g2. From A?" = kia' = q |
A = g1 | A. From B"C! = ¢}g»(b — 4a’), it follows that ¢q; | (B"C') = g1 | B" or
g1 | C".

** F-6-2-3-1- We suppose that q; | B' =4, | B=—= B = qf.Bl with B > 1 and ¢ 1 B;.
Then we have qglﬁB{ZCl = q)q2(b—4d") = BIC!' = q]fnﬁ(p(b —44):
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-Ifj—nB >1,then g, | C' = g1 | C, but C' = A™ + B" gives q; | C, and the
conjecture (6.1.1) is verified.

-If j — np = 0, we obtain B/C' = g(b—4a’), but q; | Aand g1 | B then g; | C and
we obtain g1 | (b —4a’") = g1 | b because g1 | & = g1 | 4, then the contradiction
with a, b coprime.

-Ifj—np < 0= g1 | (b—44") = g1 | b, then the contradiction with 4,b co-
prime.

** F-6-2-3-2- We obtain identical results as above if we suppose that g; | C'.

1.6 Hypothese: {3 |p and b |4p}

1.6.1 Caseb=2and3|p
3| p=p=23p with p’ # 1because 3 < p, and b = 2, we obtain:

4pa 43v'.a 4.p'.a

Zm_p p p _ /

A =2, = 35— 2 =2.p.a

> 1 0 3 0 1
— Z—ZE:E — — 2_:_
4<cos3 5 2<4:>1<2a<3:>a 1:>cos3 >

but this case was studied (see case 1.4.1).

1.6.2 Caseb=4and3|p
we have 3 | p = p = 3p’ with p’ € IN¥, it follows :

4p.a 4.3p'.a
2m p p /
AT = 3b _3><4_p'a

and: , p 3
< v _ 4 _ 4 _ 9o —
4<cos3 5 4<4:>1<a<3:>a 2

as a,b are coprime, then the case b = 4 and 3 | p is impossible.

1.6.3 Case:b#2,b#4,b#3,b|pand3|p
As 3| p, then p = 3p’ and :
_4p 00 4pa  4x3p'a_ 4pla

373 3b 3 b b
We consider the case: b | p’ = p’ = bp” and p” # 1 (If p” = 1, then p = 3b, see
paragraph 1.6.8 Case k’ = 1). Finally, we obtain:
_ 4bp”a
== =

** G-1- We suppose that p” is prime, then A?" = 4ap” = (A™)?> = p” | a. But
B"C! = p”(3b — 4a) = p” | B" or p” | C".

A 4ap”; B'C'= p”.(3b — 4a)
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* G-1-1- If p” | B®* = p” | B = B = p”B; with By € N*. Then p”" !B/C' =
3b—4a. Asn>2,then (n—1) >1and p” | a, then p” | 3b = p” =3 or p” | b.

“* G-1-1-1- If p” = 3 = 3 | a, with a that we write as a = 34’2, but A" = 64’ =
3| A" = 3| A= A =23A;, then3" 1Al =24 = 3 | d = da' =3a". As
p’"1BrC! = 3" 1BIC! =3b — 40 = 3" 2BIC' = b —36a"%. Asn >2=n—-2>1,
then 3 | b and the contradiction with a,b coprime.

** G-1-1-2- We suppose that p” | b, as p” | a, then the contradiction with a,b coprime.

C!, we obtain identical results (contradictions).

** G-1-2- If we suppose p”
** G-2- We consider now that p” is not prime.

** G-2-1- p”,a coprime: A*" = 4ap” = A™ = 24'.p; with a = a”? and p” = p?, then
a’, p1 are also coprime. As A™ = 2a’.py, then 2| a’ or 2 | p;.

** G-2-1-1- We suppose that 2 | @/, then 2 | a = 21 py, but p” = p3.

* G-2-1-1-1- If p; is prime, it is impossible with A™ = 2a’.p;.

** G-2-1-1-2- We suppose that p; is not prime so we can write p; = W = p” = wW?™.

Then B"C! = w?™(3b — 4a).
** G-2-1-1-2-1- If w is prime, w # 2, then w | (B"C!) = w | B" or w | C~.

#* G-2-1-12-1-1- If w | B" = w | B = B = w/B; with w { By, then B/.C! =
w1 (3b — 4a).

#* G-2-1-1-2-1-1-1- If 2m — n.j = 0, we obtain B}.C' = 3b — 4a. As C! = A™ 4+ B" =
w|C' = w|C, and w | (3b —4a). But w # 2 and w,a’ are coprime, then w, a are
coprime, it follows w { (3b), then w # 3 and w 1 b, the conjecture (6.1.1) is verified.

** G-2-1-1-2-1-1-2- If 2m — nj > 1, using the method as above, we obtain w | Cl =
w | Cand w | (3b —4a) and w { a and w # 3 and w 1 b, then the conjecture (6.1.1) is
verified.

#*G-2-1-1-2-1-1-3-1f 2m —nj < 0 = w™I~2"BI.C! = 3b—4a. From A" +B" = C! =
w | Cl= w | C, then C = w".C;, with w { C;, we obtain w"/~2m+hIBt Cl = 3p — 4q.
If n.j —2m +h. < 0 => w | BIC| then the contradiction with w { By or w { Cy. It
follows n.j —2m + h.l > 0 and w | (3b — 4a) with w, a, b coprime and the conjecture is
verified.

** G-2-1-1-2-1-2- Using the same method above, we obtain identical results if w | C'.
** (G-2-1-1-2-2- We suppose that p” = w?" and w is not prime. We write w = w{ Q0

with w; prime { Q, f > 1, and w; | A. Then B"C! = w02 (3b — 4a) — w, |
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(B”Cl) — W1 | B" or wq | cl.

# G-2-1-1-2-2-1- If wy | B" = wy | B => B = w}By with w; { By, then BJ.C! =
w%‘min]ﬂzm(Sb —4a):

** G-2-1-1-2-2-1-1- If 2f.m — n.j = 0, we obtain BI.C' = Q?"(3b —4a). As C! =
A" + B" — w; | C! = w;y | C, and w; | (3b —4a). But w; # 2 and wy,a’ are
coprime, then w,a are coprime, it follows wy 1 (3b), then w; # 3 and w; 1 b, and the
conjecture (6.1.1) is verified.

#* G-2-1-1-2-2-1-2- If 2f.m — n.j > 1, we have w; | C' = w; | C and w; | (3b — 4a)
and w1 a4 and wy # 3 and wq 1 b, it follows that the conjecture (6.1.1) is verified.

# G-2-1-1-2-2-1-3- 1 2f.m — n.j < 0 — w7 ™/ Br.Cl = Q2(3b — 4a). As w; | C
using C! = A™ + B", then C = wl.C; = ™ 2mfHhignCcl = Q¥ (3b — 4a). If
nj—2mf+hl <0= w | B?Ci, then the contradiction with w; 1 By and wy t C;.

Then if n.j —2m.f +h.l > 0 and w; | (3b — 4a) with wy,a, b coprime and the conjecture
(6.1.1) is verified.

** G-2-1-1-2-2-2- Using the same method above, we obtain identical results if w; | C'.
** (G-2-1-2- We suppose that 2 | py: then 2 | py => 2+d’ = 2t a, but p” = p3.

** G-2-1-2-1- We suppose that p; = 2, we obtain A" = 44’ = 2 | @, then the contra-
diction with a, b coprime.

** (G-2-1-2-2- We suppose that p; is not prime and 2 | p;. As A™ = 24a’p;, p1 can writ-
ten as p; = 2" lw™ = p” = 22" 2w?". Then B"C! = 22"2w*"(3b — 4a) = 2 | B"
or2 | C.

** (G-2-1-2-2-1- We suppose that 2 | B* = 2 | B. As2 | A, then 2 | C. From
B"C! = 22"=24y?" (3 — 4a) it follows that if 2 | (3b — 4a) == 2 | b but as 2 { a there is
no contradiction with a, b coprime and the conjecture (6.1.1) is verified.

** (G-2-1-2-2-2- We suppose that 2 | C, using the same method above, we obtain iden-
tical results.

** (G-2-2- We suppose that p”,a are not coprime: let w be a prime integer so that w | a
and w | p”.

** G-2-2-1- We suppose that w = 3. As A? = 4ap” = 3 | A, but 3 | p. As
p = A¥ 4 B2 + A"B" = 3 | B = 3 | B, then 3 | C' = 3 | C. We write
A =3A, B=23/By, C = 3"C; with 3 coprime with Ay, By and C; and p = 32imA%m +
32ipan 4 3imtin AmBl = 3k o with k = min(2im,2jn,im + jn) and 3 t g. We have also
(w=3)|aand (w = 3) | p” that gives a = 3%y, 3 { a; and p” = 3"py, 31 p1
with A2 = dap” = PMAM = 4 x 3% g1p) = a+pu = 2im. Asp = 3p =
3b.p” = 3b.3¥p; = 31 Lb.p;, the exponent of the factor 3 of p is k, the exponent of
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the factor 3 of the left member of the last equation is p 4+ 1 added of the exponent p
of 3 of the term b, with B > 0, let min(2im,2jn,im + jn) = u+ 1+ B and we recall
that « + u = 2im. But B"C' = p”(3b — 4a), we obtain 3T BICl = 3#+1p (b —
4 x 30"Vgy) = 3#+1p, (3P — 4 x 3(¢=Vgy), 3 4 b;. We have also A" + B" = C! —
3imAm 4 3npr = 3MCl. We call € = min(im, jn), we have € = hl = min(im,jn). We
obtain the conditions:

k = min(2im,2jn,im+jn) = u+1+p (1.6.1)
&+ p = 2im (1.6.2)
€ = hl = min(im, jn)
it gl — 31+l (3B — 4 x 30 Vgy)

** G-2-2-1-1- « = 1 = a = 347 and 3 { 41, the equation (1.6.2) becomes:
1+u=2im
and the first equation (1.6.1) is written as:
k = min(2im,2jn,im + jn) = 2im + B

-If k = 2im = B = 0 then 3 1 b. We obtain 2im < 2jn = im < jn, and 2im <
im + jn = im < jn. The third equation gives hl = im and the last equation gives
nj+hl = yu+1=2im = im = nj, then im = nj = hl and B}C! = p1(b — 4a;). As
a,b are coprime, the conjecture (6.1.1) is verified.

-If k = 2jn or k = im + jn, we obtain B = 0, im = jn = hl and BIC! = p;(b — 4ay).
As a, b are coprime, the conjecture (6.1.1) is verified.

*G2-2-1-2-a>1=a > 2.

-If k= 2im = 2im = u+1+ B, but p = 2im —« that givesa =1+ > 2 —
B #0=3|b,but 3| a then the contradiction with a,b coprime.

-lfk=2n=pu+1+p<2im=—= u+1+p<put+ta=—=1+p<a=p>11f
B >1=3|bbut 3| a, then the contradiction with 4, b coprime.

-lfk=im+jn = im+ jn < 2im = jn < im, and im + jn < 2jn = im < jn,
then im = jn. Ask = im+jn = 2im = 1+ u+ p and a + u = 2im, we obtain
xa=1+p>2= p>1= 3|, then the contradiction with a,b coprime.

** G-2-2-2- We suppose that w # 3. We write a = w”a; with w { a; and p” = wlp;
with w | p1. As A?" = dap” = 40" a1 p) = w | A = A = w'A;, w { A;. But
B"C! = p”(3b — 4a) = w"p;(3b — 4a) = w | B"C' = w | B" or w | C..

** (G-2-2-2-1- We suppose that w | B* = w | B = B = w/B; and w { B;. From
A"+ B'"=C' = w | C = w | C. Asp = bp’ = 3bp” = 3whbp; = wr(w?mkAZ" 4
w2k  yimtin=k Ampiy with k = min(2im,2jn,im + jn). Then:

- If k = p, then w { b and the conjecture (6.1.1) is verified.

-If k > p, then w | b, but w | a then the contradiction with a,b coprime.

- It k < p, it follows from:

3&)”17}71 — Cuk(wZim—kA%m + ijn—kB%n + wim—i—jn—kAgnBiz)
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that w | Aj or w | By then the contradiction with w { A or w 1 By.

#* G2-222-If w | C! = w | C = C = w"C; with w { C;. From A" 4 B" = C! =
w | (C' — A™) = w | B. Then, using the same method as for the case G-2-2-2-1-, we
obtain identical results.

1.64 Caseb=3and3|p
As3 | p = p=3p/, We write :

4p ,0 4pa 4x3p'a  4pa
33730 3 3 3

As A?™ is an integer and a,b are coprime and coszg < 1 (see equation (1.3.9)), then
we have necessary 3 | p’ = p' = 3p” with p” # 1, if not p = 3p’ =3 x 3p” =9, but
9 < (p = AP + B¥" 4 A™MB"), the hypothesis p” = 1 is impossible, then p” > 1, and

we obtain:
_4p'a 4 x3p”a

A2 3 3 = 4p”a; B'C' = p”.(9 — 4a)
1 0 a a 3 .
ASZ<COS 52525<Z:>3<4a<9:>asa>1,a:2andweobtam:
7 9_4
AZm — 4:p”ﬂ — 8]9”,' Bncl — 3p ( ﬂ) — p// (163)

3

The two last equations above imply that p” is not a prime. We can write p” as :
p” = Ilie; P’ where p; are distinct primes, «; elements of N* and i € I a finite set of
indexes. We can write also p” = pj'.q; with py { g1. From (1.6.3), we have p; | A and
p1| B"C! = py | B" or py | CL.

** H-1- We suppose that p; | B* = B = p}'.B; with p; { By and B; > 1. Then, we
obtain BI'C! = pi‘l_nﬁ '.g1 with the following cases:

-Ifa; —npy > 1= p; | C' = p1 | C, in accord with p; | (C} = A™ + B"), it
follows that the conjecture (6.1.1) is verified.

-If wy —npy = 0 = BIC! = gy = p; { C, it is a contradiction with p; |
(A™ — B") = p; | C!. Then this case is impossible.

-If o — npq < 0, we obtain p’fﬁl_al BiIC! = g1 = p1 | q1, it is a contradiction with
p11q1. Then this case is impossible.

** H-2- We suppose that p; | C!, using the same method as for the case p; | B", we
obtain identical results.

1.6.5 Case3|pandb=1p

2gzzzzand:

We have cos
b p
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As A?™ is an integer, it implies that 3 | a, but 3 | p => 3 | b. As a and b are coprime,
then the contradiction and the case 3 | p and b = p is impossible.

1.6.6 Case3|pand b =4p
3| p=p=3p,p #1because 3 < p, then b = 4p = 12p’.

—‘cost- =+ —-=-=3|a

a

3 3 3b 3
as A?" is an integer. But 3 | p = 3 | [(4p) = b], then the contradiction with a,b
coprime and the case b = 4p is impossible.

1.6.7 Case3|pand b =2p
3| p=p=3p,p #1because 3 < p, then b =2p = 6p’.

4p 0 4pa 2a
AZm _ r 2 I
303 355 0l

as A% is an integer. But 3 | p => 3| (2p) = 3| b, then the contradiction with a,b
coprime and the case b = 2p is impossible.

1.6.8 Case 3| p and b # 3 a divisor of p
We have b = p’ # 3, and p is written as p = kp’ with 3| k= k =3k and :

4p 0 4pa
AZm__ 2_:_._:4 /
—3c053 3 ak

BC! = g. (3 = 4c032§) — K(3p' — 4a) = K'(3b — 4a)
# 11K £ 1:

** 1-1-1- We suppose that k' is prime, then A?" = 4ak’ = (A™)> = k' | a. But
B"C! = k'(3b —4a) = k' | B" or k' | C\.

# [1-1-1-If k' | B" = k' | B => B = k'B; with B, € N*. Then k"""1B/C = 3b — 4a.
Asn>2,then (n—1)>1and k' | a, thenk’ |3b = k' =3 or k' | b.

**[-1-1-1-1- If K = 3 = 3 | a, with a that we can write it under the form a = 342 But
A" =6a' = 3| A" = 3| A= A =3A; with A} € N*. Then 3" A" =24 —
3|a = da =3a". But K" 1B#C! = 3" 1B'C! = 3b — 4a = 3" 2BIC! = b —36a">.
Asn >3 = n—22>1,then 3| b. Hence the contradiction with a, b coprime.

*#* 1-1-1-1-2- We suppose that k' | b, but k¥’ | a, then the contradiction with a, b coprime.
** [-1-1-2- We suppose that k' | C!, using the same method as for the case k' | B", we

obtain identical results.
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** [-1-2- We consider that k’ is not a prime.

** ]-1-2-1- We suppose that k’,a coprime: A*" = 4ak’ = A™ = 24'.p; with a = a’?
and k' = p?, then a’, p; are also coprime. As A™ = 24a’.p; then 2 | a’ or 2 | p;.

** [-1-2-1-1- We suppose that 2 | @/, then 2 | a' = 2} p1, but K’ = p2.
#* [-1-2-1-1-1- If p; is prime, it is impossible with A™ = 24’.p;.

** 1-1-2-1-1-2- We suppose that p; is not prime and it can be written as p; = W™ —
k' = w?™. Then B"C' = w?™(3b — 4a).

** [-1-2-1-1-2-1- If w is prime # 2, then w | (B"C!) = w | B" or w | C~.

#* 1-1-2-1-1-2-1-1- If w | B* = w | B = B = w/B; with w { By, then B/.C! =
w1 (3b — 4a).

-1f 2m — n.j = 0, we obtain B}.C' =3b—44,asC' = A" +B" = w | C' = w | C,
and w | (3b —4a). But w # 2 and w,a’ are coprime, then w 1 (3b) = w # 3 and
w 1 b. Hence, the conjecture (6.1.1) is verified.

- If 2m — nj > 1, using the same method, we have w | C! = w | C and w |
(3b —4a) and w 1 a and w # 3 and w 1 b. Then the conjecture (6.1.1) is verified.

-If2m—nj < 0 = w™"2BI.C' = 3b—4a. As C' = A" + B" = w | C then
C = wh.C; = ™/~ 2m it Cl = 3b —4a. If n.j—2m+hl < 0 = w | B/C], then
the contradiction with w { By or w {1 Cy. If n.j —2m+hl > 0 = w | (3b — 4a) with
w, a,b coprime, it implies that the conjecture (6.1.1) is verified.

** [-1-2-1-1-2-1-2- We suppose that w | C!, using the same method as for the case
w | B", we obtain identical results.

f

** 1-1-2-1-1-2-2- Now k' = w®™ and w not a prime, we write w = wj.Q) with w; a
prime { Q and f > 1 an integer, and w; | A, then B"C! = w%f'mﬂzm (3b — 4a) = w1 |
(B”Cl) — W1q | B"™ or wn | Cl.

#* 1-1-2-1-1-2-2-1- If wy | B" = w; | B = B = wB; with w; { By, then B}.C! =
w%’fm_n]()z’”(?)b — 4a).

-1f 2f.m — n.j = 0, we obtain BI.C! = Q?"(3b —4a). As C' = A" + B" = w |
C!' = w; | C, and wy | (3b —4a). But w; # 2 and wy,a’ are coprime, then w,a
are coprime, then wy { (3b) = w; # 3 and w; 1 b. Hence, the conjecture (6.1.1) is
verified.

-1f 2f.m —n.j > 1, we have w; | C' = w; | C and wy | (3b — 4a) and w; { a and
wy # 3 and wq 1 b, then the conjecture (6.1.1) is verified.

S 2fam—nj < 0 = w7 BI.Cl = Q2 (3b — 4a). As C! = A" 4 B —> w |
C, then C = wl.Cy = w™/=2mfH1IBr.Cl = O (30— 4a). If n.j —2m.f + h] < 0 =>
w1 | B{’Ci, then the contradiction with wy 1 By and wy { Cy. Thenif n.j —2m.f +h.l > 0
and w1 | (3b — 4a) with wy,a,b coprime, then the conjecture (6.1.1) is verified.
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** [-1-2-1-1-2-2-2- As in the case w; | B", we obtain identical results if w; | C'.
*[-1-2-12-1f 2 | p: then 2 | py = 2{a’ = 2ta, but k' = pi.

# 1-1-2-1-2-1- If p; = 2, we obtain A™ = 44’ = 2 | 4/, then the contradiction with
214’. Case to reject.

#* 1-1-2-1-2-2- We suppose that p; is not prime and 2 | p;. As A™ = 2a’'py, p1 is writ-
ten under the form p; = 2" 1w" = p? = 22"~2w" Then B"C! = k'(3b — 4a) =
22m=20,2M(3h — 4a) = 2 | B" or 2 | C'.

#*1-1-2-1-2-2-1-1f2 | B" = 2 | B,as 2| A = 2 | C. From B"C! = 22"~2?"(3b — 4a)
it follows that if 2 | (3b — 4a) = 2 | b but as 2 1 a, there is no contradiction with a, b
coprime and the conjecture (6.1.1) is verified.

** [-1-2-1-2-2-2- We obtain identical results as above if 2 | C'.

*#* [-1-2-2- We suppose that k, a are not coprime: let w be a prime integer so that w | a
d 2
and w | p7.

** 1-1-2-2-1- We suppose that w = 3. As A*" = 4ak’ = 3 | A, but 3 | p. As
p = A? + B2 4 A"B" = 3 | B = 3 | B, then 3 | C' = 3 | C. We write
A =3'A;, B=23/B;, C =3"C; with 3 coprime with Ay, By and C; and p = 32imA%m +
32ipan 4 mAn AMBL = 35.¢ with s = min(2im,2jn,im + jn) and 3 t g. We have
also (w = 3) | a and (w = 3) | k' that give a = 3%y, 3t a3 and k' = 3¥py, 31 2
with A2 = dak’ = 3PMAM = 4 x 3% Ha1py = a+p = 2im. Asp = 3p =
3b.k' = 3b.3tp, = 3“*1.b.p2. The exponent of the factor 3 of p is s, the exponent of
the factor 3 of the left member of the last equation is u + 1 added of the exponent
B of 3 of the factor b, with B > 0, let min(2im,2jn,im + jn) = u + 1+ B, we recall
that a + p = 2im. But B"C' = K'(4b — 3a) that gives 30V BICl = 31+1py(h — 4 x
3@1)g,) = 3#+1p, (3P — 4 x 3@=1ga,), 34 by. We have also A™ + B" = C! that gives
3imAm 4 3inpr = 3hCl. We call € = min(im, jn), we obtain € = hl = min(im, jn). We
have then the conditions:

s = min(2im,2jn, im+jn) = pu+1+p (1.6.4)
a4y =2im (1.6.5)

€ = hl = min(im, jn) (1.6.6)

3 gl — 3441, (3Pby — 4 x 30 Vay) (1.6.7)

#* [-1-2-2-1-1- « = 1 = a = 3a; and 3 { a1, the equation (1.6.5) becomes:
1+ u=2im
and the first equation (1.6.4) is written as :
s = min(2im,2jn,im + jn) = 2im + p

-If s =2im = B =0 = 31{b. We obtain 2im < 2jn = im < jn, and 2im <
im+ jn = im < jn. The third equation (1.6.6) gives hl = im. The last equation (1.6.7)
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gives nj +hl = p+1 = 2im = im = jn, then im = jn = hl and BI'C} = po(b — 4ay).
As a, b are coprime, the conjecture (6.1.1) is verified.

-If s = 2jn or s = im + jn, we obtain B = 0, im = jn = hl and BI'C} = pa(b — 4ay).
Then as a, b are coprime, the conjecture (6.1.1) is verified.

*1-1-2-2-1-2-0 > 1 = a > 2.

-lf s =2im=2im=pu+1+pB,butpy =2im—wnitgivesa =1+p>2= f #
0 => 3| b, but 3 | a then the contradiction with 4, b coprime and the conjecture (6.1.1)
is not verified.

-lfs=2in=pu+14+B<2m=pu+1+p<put+ta=1+p<a=pB=11f
B =1=3|0bbut3 | a, then the contradiction with a,b coprime and the conjecture
(6.1.1) is not verified.

-lfs =im+jn = im+jn < 2im = jn < im,and im + jn < 2jn = im < jn,
then im = jn. Ass = im+jn = 2im = 14+ pu+ B and a +u = 2im it gives
xa=14+p>2= f>1= 3|0, then the contradiction with a,b coprime and
the conjecture (6.1.1) is not verified.

** 1-1-2-2-2- We suppose that w # 3. We write a = w"a; with w { a; and k' = wp
with w { pp. As A?" = dak’ = 4w* Ha1.py = w | A = A = w'A;, w | A;. But
B"C' = k' (3b — 4a) = w"py(3b —4a) = w | B"C' = w | B" or w | C.

# [.1-2-2-2-1- w | B" = w | B = B" = w/B; and w } By. From A" + B" = C! —
w|C = w|C Asp=bp =3bk = 3whbpy = w(w?Mm5A" 4 ¥ 4
@MHIn=s AmBR) with s = min(2im, 2jn,im + jn). Then:

-If s = y, then w 1 b and the conjecture (6.1.1) is verified.

-If s > y, then w | b, but w | a then the contradiction with a,b coprime and the
conjecture (6.1.1) is not verified.

- If s < p, it follows from:

3wybp1 — W (wZim—sA%m + w2jn—sB%n + wim—kjn—sATB?)

that w | A1 or w | By that is the contradiction with the hypothesis and the conjecture
(6.1.1) is not verified.

#*[-1-2222-If w | ¢! = w | C = C = w"C; with w { C;. From A™ + B" =
C!l = w | (C' = A™) = w | B. Then we obtain identical results as the case above
[-1-2-2-2-1-.

** [-2- We suppose k' = 1: then ¥ = 1 = p = 3b, then we have A" = 4q =
(2a')? = A™ = 24/, then a = a’? is even and :

AmB”—Z\/_cos—\/_(\/_szn——cosg> %_ ?—2

and we have also:

A2 L ) AMBH — 2’9 V320 — 2b/3s zn— (1.6.8)
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The left member of the equation (1.6.8) is a naturel number and also b, then 2\/551'71?

can be written under the form :

2\/§sin23—9 = %

where k1, ky are two natural numbers coprime and k; | b = b = ky.ks.

**[-2-1- k' = 1 and k3 # 1: then A?" +2A"B" = k3.k;. Let u be a prime integer so
that pt | k3. If y =2 = 2| b, but 2 | 4, it is a contradiction with a,b coprime. We
suppose that y # 2 and y | k3, then u | A" (A™ +2B") = u | A" or u | (A™ +2B").

12-1-1-pu | A" | A" = u | A" =y |da =y |a. Asu| ks = u| b, the
contradiction with a, b coprime.

#1-2-1-2- | (A™4+2B"): If u | (A™ +2B") = u{ A™ and u 1 2B", then u # 2 and
utB". u| (A™+2B"), we can write A™ + 2B" = u.t'. It follows:

A" 4 B" = ut' — B" —> A* + B*" +2A"B" = 1*t* — 2t'uB" + B*"
Using the expression of p, we obtain:
p = t?u* —2t'B"u+ B"(B" — A™)
As p = 3b = 3kp.kz and p | k3 then u | p = p = u.)/, then we obtain:
W= p(ut? —2t'B") + B"(B" — A™)
and u | B"(B" — A™) = u | B"or u | (B" — A™).
#*[-2-1-2-1- u | B*: If u | B* = yu | B, that is the contradiction with I-2-1-2- above.

#[-2-1-2-2- p | (B" — A™): If u | (B" — A™) and using that u | (A™ 4 2B"), we obtain

p|B"=pu|B
u|3B" =< or
p=3

#* [-2-1-2-2-1- p | B*: If u | B* = u | B, that is the contradiction with I-2-1-2- above.

#1-2-1-2-2-2- p = 3: If y =3 = 3 | k3 = k3 = 3k}, and we have b = kykz = 3kyk},
it follows p = 3b = 9kak}, then 9 | p, but p = (A™ — B")? +3A™B" then:

9k ks —3A™B" = (A™ — B")?

that we write as:
3(3koky — A™B") = (A™ — B")? (1.6.9)
then:
3| (3k2ké—AmB”) = 3| A"B"=3| A" or 3| B"
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#* [-2-1-2-2-2-1- 3 | A™: If 3 | A" = 3 | A and we have also 3 | A?", but
A’ = 4g = 3 | 404 = 3 | a. As b = 3kpk then 3 | b, but a,b are coprime,
then the contradiction and 3 1 A.

#* 1-2-1-2-2-2-2- 3 | B™ If 3 | B = 3 | B, but the equation (1.6.9) implies 3 |
(A" — B")2 = 3 | (A™ — B") = 3 | A" = 3| A. The last case above has given
that 31 A. Then the case 3 | B™ is to reject.

Finally the hypothesis k3 # 1 is impossible.

** 1-2-2- Now, we suppose that k3 =1 = b = ky and p = 3b = 3ky, then we have:

2\/§sin23—9 = % (1.6.10)

with kq, b coprime. We write (1.6.10) as :

6 0
4\/§sin§cos§ = —

6
Taking the square of the two members and replacing coszg by %, we obtain:

3x4%a(b—a) =k} =k} =3 x4%4a%(b—a)
it implies that :

b—a=3% a c N* = b=0a?+30% =k = 12d'a

ki =12d'a = A™(A™ +2B") = 3a = a’' + B"

We consider now that 3 | (b —a) with b = a’? + 3a?. The case a = 1 gives a’ + B" =

3 that is impossible. We suppose & > 1, the pair (a’, ) is a solution of the Diophantine
equation:

X?4+3Y?=b (1.6.11)

with X = 4’ and Y = a. But using a theorem on the solutions of the equation given
by (1.6.11), b is written as (see theorem in [7]):
b=2%x3p- - p;zqisw g

where p; are prime numbers verifying p; = 1(mod 6), the g; are also prime numbers
so that g; = 5(mod 6), then :

-If s >1=2|b,as 2| a, then the contradiction with a, b coprime.

-Ift >1= 3| Db but3| (b—a) = 3| a, then the contradiction with a,b
coprime.

** ]-2-2-1- We suppose that b is written as :

2s
..qrr

tg 251
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with p; = 1(mod 6) and g; = 5(mod 6). Finally, we obtain that b = 1(mod 6). We
will verify then this condition.

** 1-2-2-1-1- We present the table below giving the value of A™ + B" = C! modulo 6 in
function of the value of A™, B"(mod 6). We obtain the table below after retiring the
lines (respectively the colones) of A™ = 0(mod 6) and A™ = 3(mod 6) (respectively
of B" = 0(mod 6) and B" = 3(mod 6)), they present cases with contradictions:

Table 1.2: Table of C!(mod 6)

A", B" 1 2 4 5
1 2 3 5 0
2 3 4 0 1
4 5 0 2 3
5 0O 1 3 4
** [-2-2-1-1-1- For the case C! = 0(mod6) and C' = 3(mod6), we deduce that

3|Cl=3|C= C=3"C;,withh >1and31C;. It follows that p — B"C! =
3b —3"CIB" = A?™ — 3| (A = 4a) = 3 | a => 3 | b, then the contradiction
with a, b coprime.

** 1-2-2-1-1-2- For the case C! = 0(mod 6), C' = 2(mod 6) and C' = 4(mod 6), we
deduce that 2 | C' = 2 | C = C = 2"C;, with h > 1 and 2 1 Cy. It follows that
p=3b=A? 4 B"C! = 4a+2""C!B" = 2 | 3b => 2 | b, then the contradiction with
a,b coprime.

*#*1-2-2-1-1-3- We consider the cases A” = 1(mod 6) and B" = 4(mod 6) (respectively
B" = 2(mod 6)): then 2 | B" = 2 | B == B = 2/B; with j > 1 and 2 { By. It follows
from 3b = A?" 4+ B"C! = 4a + Zf”B{lCl that 2 | b, then the contradiction with a,b
coprime.

** [-2-2-1-1-4- We consider the case A™ = 5(mod 6) and B" = 2(mod 6): then
2| B" = 2| B=> B =2/B; with j > 1and 2/ By. It follows that 3b = A*" + B"C! =
4q + 2" B?Cl, then 2 | b and we obtain the contradiction with a, b coprime.

** [-2-2-1-1-5- We consider the case A™ = 2(mod 6) and B" = 5(mod 6): as A™ =
2(mod 6) = A™ = 2(mod 3), then A™ is not a square and also for B". Hence, we
can write A™ and B" as:

A" = llo..Az

B" = byB?
where ag (respectively bg) regroups the product of the prime numbers of A™ with
exponent 1 (respectively of B") with not necessary (ap, A) = 1 and (by,B) = 1.

We have also p = 3b = A?" + A"B" + B> = (A™ — B")?2 + 3A"B" — 3 | (b—
A™B") = A"B" = b(mod 3) but b = a + 34> = b = a = a’>(mod 3), then A"B" =
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a?(mod 3). But A" = 2(mod6) = 24’ = 2(mod6) = 44" = 4(mod6) —
a? = 1(mod 3). It follows that A"™B" is a square, let A"B" = N? = A%.3%.a0.by.
We call le = ap.bp. Let p; be a prime number so that p; | a9 = a9 = p1.4
with p1 f a1. p1 | N2 = p1 | N1 = N; = piN] with t > 1 and p; 1 N, then
p%t_lj\/l’z = a1.bp. As2t >2 = 2t—1 > 1= py | a1.bg but (p1,a41) = 1, then
p1 | bo = p1 | B* = p1 | B. But p1 | (A™ = 24’), and p; # 2 because p; | B"
and B" is odd, then the contradiction. Hence, p; | @/ = p; | a. If p1 = 3, from
3| (b—a) = 3 | b then the contradiction with a,b coprime. Then p; > 3 a prime
that divides A™ and B", then p; | (p = 3b) = p; | b, it follows the contradiction with
a,b coprime, knowing that p = 3b = 3(mod 6) and we choose the case b = 1(mod 6)
of our interest.

** 1-2-2-1-1-6- We consider the last case of the table above A™ = 4(mod 6) and B" =
1(mod 6). We return to the equation (1.6.11) that b verifies :

b= X>+3Y? (1.6.12)
with X=d; Y=u
and 3a =a' + B"

But p = A¥ + A"B" + B2" = 3b = 3(3a* +a?) = A" + C'B" = 347 + 9% As
A2 = (24")? = 44, we obtain:

9a% — a"? = C!.B"
Then the pair (3a, a’) € N* x IN* is a solution of the Diophantine equation:
X —y*=N (1.6.13)
where N = C/.B™ > 0.

Let Q(N) be the number of the solutions of (1.6.13) and T(N) the number of
ways to write the factors of N, then we announce the following result concerning the
number of the solutions of (1.6.13) (see theorem 27.3 in [7]):

-If N =2(mod 4), then Q(N) = 0.

-If N=1or N =3(mod4), then Q(N) = [t(N)/2].

-If N =0(mod 4), then Q(N) = [t(N/4)/2].

As A" = 2a',m > 3 = A™ = 0(mod4). Concerning B", for B" = 0(mod4) or

B" = 2(mod 4), we find that 2 | B = 2 | « = 2 | b, then the contradiction with
a,b coprime.

For the last case B” = 3(mod 4) = C! = 3(mod 4) = N = B"C! = 1(mod 4) —
Q(N) = [t(N)/2].

As (3a,4’) is a couple of solutions of the Diophantine equation (1.6.13) and 3a > a’,
then 3 d,d’ positive integers with d > d’ and N = d.d’ so that :

d+d = 6a (1.6.14)
d—d =24 (1.6.15)
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We will use the same method used in the above paragraph A-2-1-2-
# [-2-2-1-1-6-1- As C! > B", we take d = C! and d’ = B". It follows:

C!'+B" = 6a =24’ +2B" = A™ 4 2B" (1.6.16)
C'—B"=24 = A" (1.6.17)

Then the case d = C! and d' = B" gives a priory no contradictions.

#* 1-2-2-1-1-6-2- Now, we consider the case d = B"C! and &’ = 1. We rewrite the
equations (3.2.24-3.2.25):

B"C'+1 = 6u (1.6.18)
B"Cl —1 =24 (1.6.19)

We obtain 1 = B”, it follows C! — A™ = 1, we know [4] that the only positive solution
of the last equationis C = 3,A =2,m = 3 and | = 2 < 3, then the contradiction.

** [-2-2-1-1-6-3- Now, we consider the case d = cllr_lCi where c; is a prime integer
with ¢; 1 C; and C = ¢[Cy, v > 1. It follows that d’ = c;.B". We rewrite the equations
(3.2.24-3.2.25):

cr1Cl 4+ ¢1.B" = 6u (1.6.20)
cr1cl —¢1.B" = 24' (1.6.21)

As I > 3, from the last two equations above, it follows that ¢; | (6a) and ¢; | (24).
Thenc; =2,0orc; =3and 3 |a’ orc; #3 |aand ¢p | a'.

** 1-2-2-1-1-6-3-1- We suppose ¢; = 2. As 2 | (A" =24') = 2| (a = a% and 2 | C
because I > 3, it follows 2 | B", then 2 | (p = 3b). Then the contradiction with a,b

coprime.

** [-2-2-1-1-6-3-2- We suppose ¢c; = 3 = ¢1 | 24 = c1 | a' = ¢1 | (a = a?). It
follows that (c; = 3) | (b = a’? + 3a?), then the contradiction with a, b coprime.

#* [-2-2-1-1-6-3-3- We suppose c¢1 # 3 and ¢; | 3w and ¢; | a’. It follows that ¢; | @ and
c1 | (b = a"? + 3a?, then the contradiction with a, b coprime.

The other cases of the expressions of d and d’ not coprime so that N = B"C! = d.d’
give also contradictions.

** 1-2-2-1-1-6-4- Now, let C = ¢} Cy with ¢; a prime, ¥ > 1 and ¢; { C;, we consider the
case d = C} and d’ = ¢}/ B" so that d > d’. We rewrite the equations (3.2.24-3.2.25):

Ci +ci'B" = 6u (1.6.22)
Ch —ci'B" = 24’ (1.6.23)

We obtain cql B" = B" — cgl =1, then the contradiction.
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** 1-2-2-1-1-6-5- Now, let C = ¢} C; with ¢; a prime, ¥ > 1 and c; { C;, we consider the

case d = C{B" and d’ = ¢! so that d > d’. We rewrite the equations (3.2.24-3.2.25):
CiB 4 ¢! = 6a (1.6.24)
CiB! — il = 24’ (1.6.25)

We obtain cql = B" = ¢1 | B",asc; | Cthency | A™ = 24'. If ¢ = 2, the contradiction

with B"C! = 1(mod 4). Then ¢; | @/ = ¢1 | (a = a’?) = c1 | (p = b), it follows a,b
are not coprime, then the contradiction.

Cases like d’ < C! a divisor of C! or d < B! a divisor of B" with d < d and
d.d = N = B"C! give contradictions.

** [-2-2-1-1-6-6- Now, we consider the case d = b;.C' where b; is a prime integer with
b1 1 By and B = b]By, r > 1. It follows that d' = b?rle’f. We rewrite the equations
(3.2.24-3.2.25):

biC' + b 1B = 6u (1.6.26)
biC' — b 1B} = 24’ (1.6.27)

As n > 3, from the last two equations above, it follows that by | 6« and by | (2a"). Then
by =2,0orb; |aand by | a’ or by =3 and 3 | 4.

#* [-2-2-1-1-6-6-1- We suppose by =2 =2 | B". As2 | (A" =24 =2 |d = 2| g,
but2 | B* and 2 | A" then 2 | (p = 3b). It follows the contradiction with a, b coprime.

** 1-2-2-1-1-6-6-2- We suppose by # 2,3, then by |« and by | @’ = by | (a = a'?), then
b1 | (b = 3a?+ a'?), it follows the contradiction with a, b coprime.

** 1-2-2-1-1-6-6-3- We suppose by =3 = 3 | 6a, and 3 | (A" = 24a') = 3 | (a = a?),
then 3 | (b = 3a? + a’?), it follows the contradiction with a, b coprime.

The other cases of the expressions of d and d’ with d,d" not coprime and d > d’ so
that N = C'B™ = d.d’ give also contradictions.

Finally, from the cases studied in the above paragraph I-2-2-1-1-6-, we have found
one suitable factorization of N that gives a priory no contradictions, it is the case
N = B".C! = d.d’ with d = C',d’ = B" but 1 < 7(N), it follows the contradiction
with Q(N) = [t(N)/2] < 1. The last case A™ = 4(mod 6) and B" = 1(mod 6) gives
contradictions.

It follows that the condition 3 | (b — a) is a contradiction.

The study of the case 1.6.8 is achieved.

1.69 Case3|pand?b |4p

The following cases have been soon studied:
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*3|p,b=2=b|4p: case 1.6.1,
*3|p,b=4=b|4p: case 1.6.2,
*Blp=p=3p,b|p = p =bp”, p” #1: case 1.6.3,
*3|p, b=3=0b|4p: case 1.6.4,
*3|p=p=3p,b=p = b|4p: case 1.6.8.

** J-1- Particular case: b = 12. In fact 3 | p = p = 3p’ and 4p = 12p’. Taking b = 12,
we have b | 4p. But b < 4a < 3D, that gives 12 < 42 <36 =3 <a < 9. As2 | b and
3| b, the possible values of a are 5 and 7.

5bp’  5p’

i ]-1-1- a=5and b = 12 — 4p = 12p/ = bp/ But AZm = 4?17% 3b = 3
3| p = p' =3p” with p” € IN*, then p = 9p”, we obtain the expressions:

A" = 5p” (1.6.28)
B'C! = g (3 - 4coszg) =4p” (1.6.29)

As n,l > 3, we deduce from the equation (1.6.29) that 2 | p” == p” = 2%p; witha > 1
and 2 { p;. Then (1.6.28) becomes: A?" = 5p” =5 x 28p; = 2 | A = A = 2/A;,
i>1and 21 A;. We have also B"C! = 2¢+2p; =2 | B" or 2 | C.

** J-1-1-1- We suppose that 2 | B = B = 2/B;, j > 1 and 2 { B;. We obtain
B?Cl — 21x+2—jnp1:

-Ifa+2—jn > 0= 2| C!, there is no contradiction with C! = 2" A" 4 2/" B —
2 | C! and the conjecture (6.1.1) is verified.

-Ifa+2—jn=0= BIC! = p;. From C™2"™MAM 4 2/"B? — 2 | C! that implies
that 2 | p1, then the contradiction with 2 1 p;.

-Ifa+2—jn < 0= 2""%2BIC!l = py, it implies that 2 | p;, then the contradic-
tion as above.
** J-1-1-2- We suppose that 2 | C!, using the same method above, we obtain the iden-
tical results.

4
** J-1-2- We suppose that a = 7 and b = 12 = 4p = 12p’ = bp’. But A?" = ?P

SR

120" 7 79 / —Qur -
S5 3 — 3| p' = p =9p”, we obtain:
AZm — 7P”
B"Cl = g (3 —4c052§> =2p”

The last equation implies that 2 | B"C'. Using the same method as for the case J-1-1-
above, we obtain the identical results.

We study now the general case. As3 | p = p =3p  and b | 4p = Fk; € IN* and
4p = 12p’ = k1b.

*J2-k; =1:1fky = 1 then b = 12p/, (¢’ # 1, if not p = 3 < A?™ + B> + A"B").

4 6 12p 4p’.
But A?" = ?p.coszg = 3}9 g = 13; = g = 3 | a because A?™ is a natural number,
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then the contradiction with 4, b coprime.

*J-3-k; = 3: If ky = 3, then b = 4p’ and A?" = %pcoszg = ]% =a=(A")? =
0> = A™ = 4'. The term A"B" gives A"B" = %gsin? — g, then:
2
AP L D AMBN = ” Va3 3 = 2p/ 3sin§ (1.6.30)

2
The left member of (1.6.30) is an integer number and also p’, then 2\/551'1136 can be

written under the form:

2\/_szn239 Z

where ky, k3 are two integer numbers and are coprime and k3 | p’ = p’ = k3.ky.

#*]-3-1- k4 # 1 : We suppose that kg # 1, then:
AP 4 2AMBY = ky ky (1.6.31)

Let u be a prime number so that p | kg, then y | A"(A™ +2B") = u | A™ or
u| (A™+2B").

3 1-1-pu | A" u | A" =y | A2 =y |a Asu|kgy=u|p =pu| @y =
b). But a,b are coprime, then the contradiction.

#*7-3-1-2-u | (A" 42B") : If u | (A" +2B") = u{ A™ and pu { 2B", then u # 2 and
utB". u| (A™+2B"), we can write A™ + 2B" = u.t'. It follows:

Am +Bn — ]/lt/ . Bn —_— AZm +an +2AmBn — yztlz _2t/]/an +BZn

Using the expression of p, we obtain p = t2u? — 2¢/B"u + B"(B" — A™). As p = 3p’
and u | p' = u| (3p’) = u | p, we can write : 3y’ and p = uy’, then we arrive to:

Wop = p(pt® —2t'B") + B"(B" — A™)
and u | B"(B" — A™) = u | B"or u | (B" — A™).
#*J-3-1-2-1- u | B* : If y | B* = p | B, it is in contradiction with J-3-1-2-.

#*J-3-1-2-2- u | (B* — A™) : If u | (B" — A™) and using y | (A™ + 2B"), we obtain :

w|B"
u|3B" =< or
p=3

#*J-3-1-2-2-1- p | B" : If u | B* = p | B, it is in contradiction with J-3-1-2-.
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#]-3-1-2-2-2- y =3 : If y =3 = 3 | ky = k4 = 3k, and we have p’ = k3ks = 3ksk],
it follows that p = 3p’ = 9k3k), then 9 | p, but p = (A™ — B")2 + 3A™B", then we
obtain:

9k3kl, — 3A™B" = (A™ — B"")?
that we write : 3(3ksk), — A"B") = (A™ — B")?, then : 3 | (3ksk), — A"B") = 3|
A"B" — 3| A" or 3 | B".

*1-3-1-2-2-2-1-3 | A" : If3 | A" =3 | A? =3 |a,but3|p = 3] (4p') = 3|,
then the contradiction with a,b coprime and 3 1 A.

#].3-1-2-2-2-2-3 | B" : If 3 | B" but A" = put' —2B" = 3¢/ — 2B" = 3 | A™, itis in
contradiction with 3 1 A.

Then the hypothesis k4 # 1 is impossible.
** J-3-2- kg = 1: We suppose now that ky = 1 = p’ = k3kq = k3. Then we have:
2\/§sin23—9 - % (1.6.32)
with kp, p’ coprime, we write (1.6.32) as :

0_k

.0
4\/§sm§cos3 = P’

Taking the square of the two members and replacing coszg by % and b = 4p/, we

obtain:
3.a(b—a) = k3

As AP = g = a'?, it implies that :

3|(b—a), and b—a=0b—a?=3a>
As ky = A™(A™ + 2B") following the equation (1.6.31) and that 3 | k, = 3 |
AM™(A™ +2B") = 3| A" or 3 | (A™ +2B").

*73-2-1-3 | A" If 3 | A" = 3 | A>" = 3 |a,but3 | (b—a) = 3| b, then the
contradiction with a, b coprime.

*]-3-2-2-3 | (A" +2B") = 3 A" and 3 1 B". As k3 = 9aa® = 9a"%a®> = k, =
3a'a = A™(A™ + 2B"), then :
30 = A™ 4+ 2B" (1.6.33)

As b can be written under the form b = a’?> + 3a2, then the pair (a’,a) is a solution of
the Diophantine equation:
X2 +32=b (1.6.34)

As b =4p/, then :

**J-3-2-2-1- If x,y are even, then 2 | 4’ = 2| 4, it is a contradiction with 4, b coprime.
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#* ]-3-2-2-2- If x,y are odd, then a’,a are odd, it implies A” = 4’ = 1(mod4) or
A™ = 3(mod 4). If u,v verify (1.6.34), then b = u? + 3v?, with u # a’ and v # q,
then u,v do not verify (1.6.33): 3v # u +2B", if not, u = 3v —2B" —= b =
(3v — 2B™)? + 3v? = a’? + 342, the resolution of the obtained equation of second de-
gree in v gives the positive root v; = «, then u = 3v — 2B" = 3a — 2B" = a’, then the
uniqueness of the representation of b by the equation (1.6.34).

** J-3-2-2-2-1- We suppose that A™ = 1(mod 4) and B" = 0(mod 4), then B” is even
and B" = 2B’. The expression of p becomes:

p=a?+2a'B"+4B? = (a' + B')>+3B? =3p' = 3| (a' + B') = a' + B’ = 3B”
p' = B?+3B"2 = b =4p' = (2B')* 4+ 3(2B")? = a'* + 3a?

as b has an unique representation, it follows 2B’ = B" = a4’ = A™, then the contradic-
tion with A™ > B".

** .3-2-2-2-2- We suppose that A” = 1(mod 4) and B" = 1(mod 4), then C! is even
and C! = 2C'. The expression of p becomes:

p= CZl o Can 4 B2n — 4C/2 —2C'B" 4 BZn — (C/ o Bn)Z +3C/2 — 3p/
— 3| (C' —B") = C' — B" = 3C”
p'=C?+3C"? = b=4p' = (2C')2+3(2C")* = a” 4 3a®

as b has an unique representation, it follows 2C' = Cl = 4’ = A™, then the contradic-
tion.

#* J-3-2-2-2-3- We suppose that A™ = 1(mod 4) and B" = 2(mod 4), then B" is even,
see J-3-2-2-2-1-.

** J-3-2-2-2-4- We suppose that A™
see J-3-2-2-2-2-.

1(mod 4) and B" = 3(mod 4), then C! is even,

#* J-3-2-2-2-5- We suppose that A™ = 3(mod 4) and B" = 0(mod 4), then B" is even,
see J-3-2-2-2-1-.

** J-3-2-2-2-6- We suppose that A™
see J-3-2-2-2-2-.

3(mod 4) and B" = 1(mod 4), then C' is even,

** ]-3-2-2-2-7- We suppose that A™
see J-3-2-2-2-1-.

3(mod 4) and B" = 2(mod 4), then B" is even,
** 1.3-2-2-2-8- We suppose that A™ = 3(mod 4) and B" = 3(mod 4), then C' is even,
see J-3-2-2-2-2-.

We have achieved the study of the case J-3-2-2- . It gives contradictions.

** J-4- We suppose that ky # 3 and 3 | ky = k; = 3k} with k] # 1, then 4p = 12p’ =

kb
kib = 3kib = 4p’ = kjb. A*™ can be written as A*" = %coszg = 331 %

= ka and
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B"C! = P (3 —460522)

= —1(3b —4a). As B"C! is an integer number, we must have
4| (3b—4a)or4|kjor2]

and 2 | (3b — 4a)].

[68)

/
1
4
Ky
** J-4-1- We suppose that 4 | (3b — 4a).

** J-4-1-1- We suppose that 3b —4a =4 =>4 | b == 2 | b. Then, we have:

A% = Kha
)
picl = K,

** J-4-1-1-1- If k] is prime, from B"C' =k, it is impossible.

** J-4-1-1-2- We suppose that kj > 1 is not prime. Let w be a prime number so that
w | kj.

** J-4-1-1-2-1- We suppose that k] = w®, with s > 6. Then we have :

A% = wda (1.6.35)
B"C! = w* (1.6.36)

** J-4-1-1-2-1-1- We suppose that w = 2. If 4,k are not coprime , then 2 | a,as 2 | b, it
is the contradiction with a, b coprime.

** J-4-1-1-2-1-2- We suppose w = 2 and a, k| are coprime, then 2 { a. From (1.6.36), we
deduce that B=C =2and n+1 = s, and A2 = 254, but A" =2/ — 2" — A2m —
(21 . 2n)2 — 221 +22n o 2(21+n) — 221 +22n 2 XD =05, — 221 +22n — 25(51 +2)
If | = n, we obtain a = 0 then the contradiction. If [ # n, as A™ = 20 _on 50—
n <1 = 2n < s, then 22#(1 + 2221 _ps+1=2ny — 2mol 3 We call | = n +n; =
14 221=2n _ps+1-2n — om 5 Byt the left member is odd and the right member is even,
then the contradiction. Then the case w = 2 is impossible.

** J-4-1-1-2-1-3- We suppose that k} = w® with w # 2:

** J-4-1-1-2-1-3-1- Suppose that a, k| are not coprime, then w | 2 = a = w'.a; and
t 1 a1. Then, we have:

AP = Wt gy (1.6.37)
B'C! = w* (1.6.38)

From (1.6.38), we deduce that B" = w", C" = w,s=n+1land A" = ' — W" >
0 = | > n. We have also A?" = w*tta; = (&) — w")? = W + W?" —2 x w’. As
w # 2 = wis odd, then A?" = w*t'.a; = (w' — w")? is even, then 2 | a = 2 | a, it
is in contradiction with 4, b coprime, then this case is impossible.

**J-4-1-1-2-1-3-2- Suppose that 4, k| are coprime, with :

AP = wa (1.6.39)
B"C! = w° (1.6.40)

57



Chapter 1 A Complete Proof of Beal’s Conjecture

From (1.6.40), we deduce that B" = ", C'! = w!and s = n+1. Asw # 2 —= w
is odd and A?" = w®.a = (w' — w™")? is even, then 2 | a. It follows the contradiction
with a, b coprime and this case is impossible.

** J-4-1-1-2-2- We suppose that k’1 = w®.ky, with s > 6, w 1 kp. We have :

AP = W ko.a
B”Cl = ws.kz

** J-4-1-1-2-2-1- If ky is prime, from the last equation above, w = k», it is in contradic-
tion with w 1 ky. Then this case is impossible.

** J-4-1-1-2-2-2- We suppose that k} = w®.kp, with s > 6, w t kp and k; not a prime.
Then, we have:

A?™" = W ko.a
B"C! = W' ky (1.6.41)

** J-4-1-1-2-2-2-1- We suppose that w, a are coprime, then w { a. As A% = WS ky.a =>
w| A= A=w.A withi > 1and w { Ay, then s = 2i.m. From (1.6.41), we have
w | (B"C'Y) = w | B"orw | C\.

** J-4-1-1-2-2-2-1-1- We suppose that w | B* = w | B== B = w/.B; with j > 1 and
w { By. then :
Bizcl — CL)Zimfjnkz

-1f 2im — jn > 0, w | C! = w | C, no contradiction with C!' = w™A" + w/"B} and
the conjecture (6.1.1) is verified.

-If 2im— jn =0 = B?Cl =kyaswthk, = wt C!, then the contradiction with
w | (Cl =A™ + B").

-If2im—jn < 0 = wf”_ZimB’fCl = ky = w | ky, then the contradiction with
w ‘r k2.

** J-4-1-1-2-2-2-1-2- We suppose that w | C'. Using the same method used above, we
obtain identical results.

** J-4-1-1-2-2-2-2- We suppose that a, w are not coprime, then w | 2 = a = w'.a; and
w 1 ay. So we have :

A" = Wt kym (1.6.42)

B'"Cl = w' ky (1.6.43)

As A" = Wt kyay = w | A= A = w'A; withi > 1and w { Ay, then s +t = 2im.
From (1.6.43), we have w | (B"C!') = w | B" or w | C".

** J-4-1-1-2-2-2-2-1- We suppose that w | B" = w | B => B = w/B; with j > 1 and
w 1 By. then:

Bil’lcl — wZimftfjnkz
-1f 2im —t —jn > 0, w | C' = w | C, no contradiction with C' = w™A"" + w/" B!
and the conjecture (6.1.1) is verified.
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-1f 2im —t — jn = 0 = BIC! = kp, As w { ky => w { C!, then the contradiction
with w | (C! = A™ + B").

-If2im—t—jn < 0 = w]'””’%mB?Cl = ky = w | ky, then the contradiction
with w J( k».

** J-4-1-1-2-2-2-2-2- We suppose that w | C!. Using the same method used above, we
obtain identical results.

**7-4-1-2-3b —4a #4and 4 | (3b —4a) = 3b — 4a = 4°Q with s > 1 and 4 1 Q). We
obtain:

A?M = Ka (1.6.44)
B"Cl = #71K,0 (1.6.45)

** J-4-1-2-1- We suppose that ki = 2. From (1.6.44), we deduce that 2 | a. As
4 | (3b —4a) = 2 | b, then the contradiction with a,b coprime and this case is
impossible.

** J-4-1-2-2- We suppose that kj = 3. From (1.6.44) we deduce that 3° | A*". From
(1.6.45), it follows that 33 | B" or 3% | C!. In the last two cases, we obtain 3 | p. But
4p = 3kib = 9b = 3 | b, then the contradiction with a,b coprime. Then this case is
impossible.

** J-4-1-2-3- We suppose that k) is prime > 5:

** J-4-1-2-3-1- Suppose that k} and a are coprime. The equation (1.6.44) gives (A™)? =
k}.a, that is impossible with k) { a. Then this case is impossible.

** J-4-1-2-3-2- Suppose that ki and a are not coprime. Let K} | a = a = k{*a; with
« > 1 and k] { a1. The equation (1.6.44) is written as :

AP = Kha = Kt gy

The last equation gives kj | A? = k] | A = A = k[.Ay, with k] t Ay. If
2im # (a+1), it is impossible. We suppose that 2i.m = a + 1, then kj | A™.
We return to the equation (1.6.45). If k| and Q) are coprime, it is impossible. We
suppose that k} and Q) are not coprime, then kK | Q) and the exponent of k} in
Q) is so the equation (1.6.45) is satisfying. We deduce easily that ki | B". Then
KZ | (p = A?™ 4 B¥ 4 A™B"), but 4p = 3kib = k| | b, then the contradiction with
a,b coprime.

** J-4-1-2-4- We suppose that k} > 4 is not a prime.

** J-4-1-2-4-1- We suppose that k} = 4, we obtain then A" = 4a and B"C' = 3b —4a =
3p’ — 4a. This case was studied in the paragraph 1.6.8, case ** I-2-.

** J-4-1-2-4-2- We suppose that k} > 4 is not a prime.
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** J-4-1-2-4-2-1- We suppose that a, k| are coprime. From the expression A?" = k/.a,
we deduce that a = a3 and k| = k”2. It gives :

A = [ll.k”l
Bncl — 45_1]{”%.0

Let w be a prime so that w | k”1 and k1 = w'.k”, with w t k”,. The last two equations
become :

A" = g.w' k" (1.6.46)
B"Cl = 471w k3.0 (1.6.47)

From (1.6.46), w | A" = w | A = A = w'.A; with w { A; and im = t. From
(1.6.47), we obtain w | B"C! = w | B" or w | C..

*J-4-1-2-4-2-1-1-If w | B" = w | B= B = w!.By with w { By. From (1.6.46), we
have BIC! = w?~in45-1k"3.Q.

*#*J-4-1-2-4-2-1-1-1- If w = 2 and 2 1 O, we have BI'C! = 22+25-jn=2k"2 ()

-If 2t +2s — jn —2 < 0 then 2 ¢ C!, then the contradiction with C! = wimA’ln +
wf”Bf.

-1f2t 4+ 25 —jn —2>1== 2| C' = 2| C and the conjecture (6.1.1) is verified.

* J-4-1-2-4-2-1-1-2- If w = 2 and if 2 | O = O = 2.0); because 4 { ), we have
B?Cl — 22t+25+17].n72k~501: |

-If 2t +25s — jn —3 < 0 then 2 ¢ C!, then the contradiction with C! = WAl +
wi" By

-If2t+2s —jn —3>1==2| C' = 2| C and the conjecture (6.1.1) is verified.

**J-4-1-2-4-2-1-1-3- If w # 2, we have BfC! = w7145~ 1 k"3.0x:
-If 2t — jn < 0 = w { C! it is in contradiction with C! = w™ A" + w/"BY.
If 2t — jn > 1 = w | C' = w | C and the conjecture (6.1.1) is verified.

*7.4-1-2-4-2-12-If w | C' = w | C = C = w".Cy, with w t C;. Using the same
method as in the case J-4-1-2-4-2-1-1 above, we obtain identical results.

** J-4-1-2-4-2-2- We suppose that a, k] are not coprime. Let w be a prime so that w | a
and w | kj. We write:

a=w"a
kll = w”.k”l
with aq,k”; coprime. The expression of A% becomes A" = w*t#.g1.k”1. The term

B"C! becomes:
B"C! = 4571wt k"1.0 (1.6.48)

#*7-4-1-2-4-2-2-1-If w = 2 = 2 | a, but 2 | b, then the contradiction with a,b coprime,
this case is impossible.
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** J-4-1-2-4-2-2-2- If w > 3, we have w | a. If w | b then the contradiction with a,b
coprime. We suppose that w { b. From the expression of A?™, we obtain w | A?" =
w| A= A=w.A withw{ Ay, i>1and 2i.m = a + u. From (1.6.48), we deduce
that w | B" or w | CL.

** J-4-1-2-4-2-2-2-1- We suppose that w | B" = w | B => B = w/B; with w { B; and
j > 1. Then, BIC! = 45~ 1wt I" k1.0 :

*wt Q)

-If u—jn > 1, we have w | C' = w | C, there is no contradiction with C! =
wimA’ln + wj”B{l and the conjecture (6.1.1) is verified.

-If y—jn <0, then w ¢ C! and it is a contradiction with C! = wimA’ln + wj”B?.
Then this case is impossible.

*w | Q: we write QO = wP.0 with B > 1and w { Q1. As3b—4a = 4°.Q =
FwP )y = 3b = da +4£.0P.0 = 4wa; +£.wP.O = 3b = dw(w* lag +
4571 wP=1.04). If w = 3 and B = 1, we obtain b = 4(3* la; +4°71()) and B/C' =
4o 13H I k7 Oy

-If y — jn+1 > 1, then 3 | C! and the conjecture (6.1.1) is verified.

-If y—jn+1<0, then 34 C! and it is the contradiction with C' = 3" A" 4 3i"BlI.

Now, if B > 2 and a = im > 3, we obtain 3b = 4w?(w*2a; + 4 1wP20). f w = 3
or not, then w | b, but w | a, then the contradiction with a,b coprime.

** J-4-1-2-4-2-2-2-2- We suppose that w | C! = w | C = C = w"C; with w { C; and
h > 1. Then, B”Cé = 45_1w?‘_hl.k”1.0. Using the same method as above, we obtain
identical results.

** J-4-2- We suppose that 4 | k}.

**J-4-2-1- k) = 4 = 4p = 3kib = 12b = p = 3b = 3p/, this case has been studied
(see case I-2- paragraph 1.6.8).

]-4-2-2- k) > 4 with 4 | k| = k| = 4°k" and s > 1, 41 k”1. Then, we obtain:

AZm — 4Skrllu — Zzskﬂla
B'C' = 4~ 'k"(3b — 4a) = 2% k"1 (3b — 4a)

** J-4-2-2-1- We suppose that s = 1 and k] = 4k”; with k”; > 1, so p = 3p’ and
p' = k”1b, this is the case 1.6.3 already studied.

** J-4-2-2-2- We suppose that s > 1, then kj = 4°%k”; = 4p = 3 x 4°%k”1b and we
obtain:

A2 = &5k a (1.6.49)
B"CH = 4571k (3b — 4a) (1.6.50)

** ]-4-2-2-2-1- We suppose that 2 { (k”1.0) = 2 { k"1 and 2 { a. As (A™)? =
(25)2.(k"1.a), we call d*> = k”1.a, then A" =25d =2 | A" =2 | A = A =2'A;
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with 24 Ay and i > 1, then: 2" A" = 2°.d = s = im. From the equation (1.6.50), we
have 2 | (B"C') = 2| B"or 2| C.

** ]-4-2-2-2-1-1- We suppose that 2 | B" = 2 | B = B = 2/.B;, with j > 1 and 2 { B;.
The equation (1.6.50) becomes:

B?Cl — 225—jn—2k1/1 (3b - 461) — 22im—jn—2kul(3b o 46!)

* We suppose that 2 1 (3b — 4a):

-If2im—jn—2>1,then?2 | C!, there is no contradiction with C! = ZimA’lﬂ + Zf"B’f
and the conjecture (6.1.1) is verified.

-If 2im — jn —2 <0, then 2 ¢ C!, then the contradiction with C! = ZimAT + Zj”B{’.

* We suppose that 2/ | (3b —4a), u > 1:

-If 2im+pu—jn—2 > 1, then 2 | Cl, no contradiction with C! = 2imA’1’1 + 2]'"B’11
and the conjecture (6.1.1) is verified.

- If 2im +p — jn —2 < 0, then 2 4 C!, then the contradiction with C' = 2 A" +
2/"BY.

**J.4-2-2-2-1-2- We suppose that 2 | C! = 2| C = C = 2".C;, withh > 1and 2/ C;.
With the same method used above, we obtain identical results.

** J-4-2-2-2-2- We suppose that 2 | (k”1.a):
** ]-4-2-2-2-2-1- We suppose that k”; and a are coprime:

** J-4-2-2-2-2-1-1- We suppose that 2 { a and 2 | k"1 = k1 = 2%.k”3 and a = a3, then
the equations (1.6.49-1.6.50) become:

AP = 52230 = AM = 25TH k") .ay (1.6.51)
B"C! = 457 1221k"3(3b — 4a) = 225121 2k"2(3b — 4a) (1.6.52)

The equation (1.6.51) gives 2 | A = 2 | A = A = 21.A; with 2} Ay, i > 1 and
im = s + u. From the equation (1.6.52), we have 2 | (B"C') =2 | B" or 2 | C\.

** J-4-2-2-2-2-1-1-1- We suppose that 2 | B" =2 | B = B = 2/.B;,2¢Byand j > 1,
then BIC! = 225+21=/n=2k"2(3b — 4a):

* We suppose that 2 1 (3b — 4a):

-If 2im +2u —jn —2 > 1 = 2 | C, then there is no contradiction with C' =
ZimA’lﬂ + 2/ Bf and the conjecture (6.1.1) is verified.

-1f 2im +2p — jn —2 < 0 = 21 C!, then the contradiction with C! = 2™ A" 4-2/" Bl

3

* We suppose that 2* | (3b —4a), « > 1 so that 4, b remain coprime:
-1f 2im +2u +a — jn —2 > 1 = 2 | C!, then no contradiction with C! = 2" A" +
2/n Bf and the conjecture (6.1.1) is verified.
- 2im+2uta—jn—-2 <0 = 24 C!, then the contradiction with C' =
2 AN 4 2)"BY
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** J-4-2-2-2-2-1-1-2- We suppose that 2 | C' = 2 | C = C = 2".C;, with h > 1 and
2 4 C1. With the same method used above, we obtain identical results.

** J-4-2-2-2-2-1-2- We suppose that 2 { k"1 and 2 | a = a = 2%/.4% and k"1 = k"3, then
the equations (1.6.49-1.6.50) become:

AP = 45 022k — A™ = 25 a1 k5. (1.6.53)
B"C! = 457 1k"3(3b — 4a) = 2%72k"2(3b — 4a) (1.6.54)

The equation (1.6.53) gives 2 | A" = 2 | A = A = 2".A; with2{ Ay, i > 1 and
im = s + . From the equation (1.6.54), we have 2 | (B"C') = 2| B" or 2 | C\.

** J-4-2-2-2-2-1-2-1- We suppose that 2 | B => 2 | B= B =2/.B;,2{ By and j > 1.
Then we obtain BYC! = 2%7/"=2k"2(3b — 4a):

* We suppose that 21 (3b — 4a) = 21 b:

-If2im—jn—2>1=2| C!, then no contradiction with C! = 2imA’1" + 2]'”B’11 and
the conjecture (6.1.1) is verified.

-If2im—jn—2<0=2¢ C!, then the contradiction with C! = ZimAT + 2jnB¥.

* We suppose that 2% | (3b — 4a), « > 1, in this case 4, b are not coprime, then the
contradiction.

** -4-2-2-2-2-1-2-2- We suppose that 2 | C! = 2 | C = C = 2".C;, with h > 1 and
2 4 C1. With the same method used above, we obtain identical results.

** J-4-2-2-2-2-2- We suppose that k”; and a are not coprime 2 | a and 2 | k”;. Let
a = 2'.a; and k”; = 2!k”; and 2 { a1 and 2 t k”,. From (1.6.49), we have y +t = 2A
and a1.k”, = w?. The equations (1.6.49-1.6.50) become:

AP = &5k a = 225 2Pk 2 g = 225 WP = A =25 w (1.6.55)
B"C! = 457 12Mk"(3b — 4a) = 2%5TH2k",(3b — 4a) (1.6.56)

From (1.6.55) we have 2 | A” = 2| A = A =2/A,i > 1and 2{ A;. From(1.6.56),
25+ —2 > 1, we deduce that 2 | (B"C!) = 2| B"or 2| C.

** ]-4-2-2-2-2-2-1- We suppose that 2 | B' = 2 | B = B = 2.B,2{ By and j > 1.
Then we obtain B}C! = 225+#=/"=2k"2(3b — 4a):

* We suppose that 2 1 (3b — 4a):

-If25s+p—jn—2 > 1= 2| C!, then no contradiction with C! = 2" A" + 2/" B!
and the conjecture (6.1.1) is verified. ' .

-TIf 25+ — jn —2 < 0 = 21 C, then the contradiction with C! = 2M AT+ 2" B

* We suppose that 2% | (3b — 4a), for one value « > 1. As 2 | a, then 2% |

(3b —4a) = 2 | (B3b—4a) = 2 | (3b) = 2 | b, then the contradiction with
a,b coprime.
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** J-4-2-2-2-2-2-2- We suppose that 2 | C! = 2 | C = C = 2".C;, with h > 1 and
2 C1. With the same method used above, we obtain identical results.

**J-4-3-2 | k] and 2 | (3b — 4a): then we obtain 2 | k] = k| = 2".k”; with t > 1 and
21k"1,2| (3b—4a) = 3b —4a = 2V.d with y > 1 and 2 { d. We have also 2 | b. If
2| a, it is a contradition with a,b coprime.

We suppose, in the following, that 2 { a. The equations (1.6.49-1.6.50) become:

A% =2t k" = (A™)? (1.6.57)
B"Cl = 2!k 20 d = 22k d (1.6.58)
From (1.6.57), we deduce that the exponent t is even, let t = 2A. Then we call

w? = k1.4, it gives A" =2 w = 2 | A" = 2| A = A = 2.A; withi > 1
and 21 A;. From (1.6.58), we have 2A + u —2 > 1, then 2 | (B"C!) =2 | B" or 2 | C:

** ]-4-3-1- We suppose that 2 | B" = 2 | B = B = 2/By, with j > 1 and 2 { B;. Then
we obtain B}C! = 22A#=in=2 k7, d.

-If2A+pu—jn—2>1 = 2| C' = 2 | C, there is no contradiction with
Cl = ZimA’ln + Zj”B? and the conjecture (6.1.1) is verified.

-If2s+t+pu—jn—2 < 0= 21C, then the contradiction with cl = 2imA’17’ + 2]‘”B?.

** 1-4-3-2- We suppose that 2 | C! = 2 | C. With the same method used above, we
obtain identical results.
O

The Main Theorem is proved.

1.7 Examples and Conclusion

1.7.1 Numerical Examples

Example 1:

We consider the example : 63 + 33 = 3% with A™ = 63, B" = 3% and C! = 3°. With the
notations used in the paper, we obtain:

p=3"%x73 g=8x31, A=4x3803"x42-73%) <0

3% x 731/73 4x3%%x+3
=, (0= ———— (1.7.1)
V3 73v/73
2m 4
As AP = 4?p.coszg — coszg = 32;7 = 3 ;(32 = % — g =3 x2% b= 73; then
we obtain: /3
0 4v3 6
C0S= = ——, =3%b 1.7.2
by - (17.2)

We verify easily the equation (1.7.1) to calculate cosf using (1.7.2). For this example,
we can use the two conditions from (1.4.9) as 3 | a,b | 4p and 3 | p. The cases 1.5.4
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and 1.6.3 are respectively used. For the case 1.5.4, it is the case B-2-2-1- that was used
and the conjecture (6.1.1) is verified. Concerning the case 1.6.3, it is the case G-2-2-1-
that was used and the conjecture (6.1.1) is verified.

Example 2:

The second example is: 7 + 7% = 143. We take A = 7¢,B" = 7% and C! = 143. We
obtain p =57 x 76 =3x19x 7%, g=8x70, A=274>—4p3 =27 x4 x718(16 x

4x7
49-19%) = —27 x4 x 78 x 6075 <0, p=19x7"%x+19, cosd = — “7_ As
) , 19+4/19
4 0 0 3A™M 7 a
A —3.cos3=>cos3 ip %19 b:a 77, b = 4 x 19, then
0 7
0s— = ——— and we have the two principal conditions 3 and b 4p). The
3~ 245 princip | p | (4p)

calculation of cosf from the expression of cosg is confirmed by the value below:

0 0 7 \° 7 4x7
cosf = cos3(0/3) = 4c0s®~ — 3cos— = 4 (—) -3 = —
( ) 3 3 24/19 2419 194/19

Then, we obtain 3 | p = p = 3p/, b | (4p) with b # 2,4 then 12p’ = kb = 3 x 7.
It concerns the paragraph 1.6.9 of the second hypothesis. As k; = 3 x 76 = 3k} with
ki = 7% # 1. It is the case J-4-1-2-4-2-2- with the condition 4 | (3b — 4a). So we verify :

3b—4a =3x4x19—-4x7>=32= 4| (3b — 4a)

with A?" = 78 = 76 x 72 = k/.a and k| not a prime, with 4 and k| not coprime with
w =71 Q(= 2). We find that the conjecture (6.1.1) is verified with a common factor
equal to 7 (prime and divisor of K} = 7°).

Example 3:

The third example is: 19* + 38% = 573 with A" = 19*, B" = 38% and C' = 573.
We obtain p = 19% x 577, g = 8 x 27 x 1919, = 279> —4p> = 4 x 1918(27% x

A
cosf =

19° x 577+/577 4x3*x1
16 x 192 —577%) < 0, p = 2 XTIV _AX3XANI e
) 3v3 ) 577+/577

4p 50 0 3AM 3x19 a 2

3c053:>cos3 ip 1% 577 b:>a 3x19%, b x 577, then
6 19V3 : . :

05—~ = and we have the first hypothesis 3 | a and b | (4p). Here again, the
3 2+/577 ;

calculation of cosf from the expression of cos3 is confirmed by the value below:

0
cos0 = c0s3(0/3) = 4cos®~ — 3cos— = 4 =
( ) 3 2+/577 2+/577 577+/577

3
Then, we obtain 3 | 2 = a = 3a’ = 3 x 192, b | (4p) with b # 2,4 and b = 4p’ with
p = kp' soit p’ = 577 and k = 19°. This concerns the paragraph 1.5.8 of the first
hypothesis. It is the case E-2-2-2-2-1- with w = 19, 4/, w not coprime and w = 19 ¢
(p —a') = (577 — 19?) with s — jn = 6 —1 x 3 = 3 > 1, and the conjecture (6.1.1) is
verified.

3
0 (19ﬁ) 5 19VB _ 4x3'x19V3

65



Chapter 1 A Complete Proof of Beal’s Conjecture

1.7.2 Conclusion

The method used to give the proof of the conjecture of Beal has discussed many
possibles cases, using elementary number theory and the results of some theorems
about Diophantine equations. We have confirmed the method by three numerical
examples. In conclusion, we can announce the theorem:

Theorem 1.7.1. Let A, B,C, m,n, and | be positive natural numbers with m,n,l > 2. If :
A" 4 B" = (1.7.3)

then A, B, and C have a common factor.
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Chapter 2

LThe Riemann Hypothesis Is True: The
End of The Mystery

Abstract

In 1859, Georg Friedrich Bernhard Riemann had announced the following conjecture,
called Riemann Hypothesis : The nontrivial roots (zeros) s = o + it of the zeta function,
defined by:
+oo 1
T(s)=Y_ . for R(s) >1

n=1

1 1
have real part ¢ = 5 In this note, I give the proof that o = 5 using an equivalent

statement of the Riemann Hypothesis: the Dirichlet 1 function.

Keywords: Zeta function, non-trivial zeros of eta function, equivalence statements,
the definition of limits of real sequences, real functions.

Subjclass(11AXX - 11IM26A).

This paper is dedicated to the memory of my Father who taught me arithmetic,
To my wife Wahida, my daughter Sinda, my son Mohamed Mazen and my
granddaughter

'T feel that these aren’t the right techniques to solve the Riemann
hypothesis itself, it’s going to need some big idea from somewhere else.’

James Maynard (07/15/2024)[1]
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2.1 Introduction

In 1859, G.E.B. Riemann had announced the following conjecture [2] known Riemann
Hypothesis:

Conjecture 2.1.1. Let {(s) be the complex function of the complex variable s = o + it
defined by the analytic continuation of the function:

400 1
Gi(s) =Y et for N(s) =0 > 1

n=1

over the whole complex plane, with the exception of s = 1. Then the nontrivial zeros
of {(s) = 0 are written as :
1 .
s= - +1t
5 +
In this paper, our idea is to start from an equivalent statement of the Riemann
Hypothesis, namely the one concerning the Dirichlet # function. The latter is related
to Riemann’s ¢ function where we do not need to manipulate any expression of {(s)
in the critical band 0 < R(s) < 1. In our calculations, we will use the definition of the

1
limit of real sequences. We arrive to give the proof that ¢ = 5

2.1.1 The function zeta(s)

We denote s = ¢ + it the complex variable of C. For R(s) = ¢ > 1, let {3 be the

function defined by :
T 1
Qi(s) =) el for R(s) =0 >1

n=1
We know that with the previous definition, the function {; is an analytical function

of s. Denote by {(s) the function obtained by the analytic continuation of {;(s) to the
whole complex plane, minus the point s = 1, then we recall the following theorem [3]:
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Theorem 2.1.2. The function {(s) satisfies the following :
1. (s) has no zero for R(s) > 1;
2. the only pole of {(s) is at s = 1; it has residue 1 and is simple;
3. {(s) has trivial zeros at s = —2,—4,..;
4. the nontrivial zeros lie inside the region 0 < R(s) < 1 (called the critical strip) and are

symmetric about both the vertical line R(s) = % and the real axis 3(s) = 0.

The vertical line R(s) = % is called the critical line.

For our proof, we will use the function presented by G.H. Hardy [4] namely Dirich-
let eta function [3]:
+00 (_1 n—1

= (12170

n

=
O
SN~—
[
g

The function eta is convergent for all s € C with R(s) > 0 [3].

We have also the theorem (see page 16, [4]):
Theorem 2.1.3. Forall t € R, {(1+it) # 0.

So, we take the critical strip as the region defined as 0 < R(s) < 1.

2.1.2 A Equivalent statement to the Riemann Hypothesis

Among the equivalent statements to the Riemann Hypothesis is that of the Dirichlet
eta function which is stated as follows [3]:

Equivalence 2.1.4. The Riemann Hypothesis is equivalent to the statement that all
zeros of the Dirichlet eta function :

4o (_1)11—1

_ — __nl-s
n(s) = ng i (1-2"%(s), o>1 (2.1.1)
that fall in the critical strip 0 < R(s) < 1 lie on the critical line R(s) = %
The series (2.1.1) is convergent, and represents (1 —2175)Z(s) for R(s) = ¢ > 0
([4], pages 20-21). We can rewrite:
paa (_1)n—1 1-s
n(s) =Y = (1-2"97(s), R(s)=0c>0 (2.1.2)
n=1
1(s) is a complex number, it can be written as :
n(s) = pe = p* =1(s).11(s) (2.13)

and 77(s) =0 <= p = 0.
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2.2 Preliminaries of the proof that the zeros of the func-
tion eta(s) are on the critical line R(s) = 1/2
Proof. We denote s = ¢+ it with 0 < ¢ < 1. We consider one zero of 7(s) that

falls in critical strip and we write it as s = ¢ + it, then we obtain 0 < ¢ < 1 and
7(s) =0 <= (1 —217%){(s) = 0. We verify easily the two propositions:

s, is one zero of 1(s) that falls in the critical strip, is also one zero of

{(s) in the critical strip (2.2.1)

Conversely, if s is a zero of {(s) in the critical strip, let {(s) = 0 = #(s) = (1 —
2175)7(s) = 0, then s is also one zero of 7(s) in the critical strip. We can write:

s, is one zero of {(s) that falls in the critical strip, is also one zero of

1(s) in the critical strip (2.2.2)
Let us write the function #:
400 (_1)71—1 400 400 .
17(5) — Z - — Z(_l)n—le—sLogn _ Z(_l)n—le—(a+1t)Logn _
n=1 n n=1 n=1
—+00
— Z (_1)n—1e—oLogn.e—itLogn
n=1
—+o00
=) (—1)""te~0Los" (cos(tLogn) — isin(tLogn))
n=1

The function 7 is convergent for all s € C with #(s) > 0, but not absolutely conver-
gent. We definite the sequence of functions ((#7,)n,eN+(s)) as:
(—1

! k=1 & _.cos(tLogk L _.sin(tLogk
77n(5) :kzl kz :kzl(_l)k 1 (ko' 8 ) _Zkzl(_l)k 1 (kg 8 )

with s = o + it and t # 0.

Let s = 0 + it with 0 < 0 < 1 be one zero of the function eta, then :

+00 -1 n—1
Y=o
n=1 h
or:
/ al (_1);1—1 !
Ve' >0 Eln(),VN>7’lo, ZT <€
n=1

It follows that we can write litn, 1 oo1fn(s) = 0 = 7(s). We obtain:

limy— s+ o0 Z(_l)k—lw

=0
k=1 ke
. ! _qsin(tLogk
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Chapter 2 The Riemann Hypothesis Is True: The End of The Mystery

Using the definition of the limit of a sequence, we can write:

Ve, > 03n,, YN > n,, | R(y(s)n) |< €1 = R2(5(s)n) < €1? (2.2.3)
Vey > 03, YN > n;, | S(7(s)n) | < €2 = S%(n(s)n) < €2° (2.24)
Then:

N N k+K' /

cos? cos“(tLogk) (—1)*** cos(tLogk).cos(tLogk’) ’
Z — T2 ) v <€l (225)
= k' =1k £k
N sin? sin”(tLogk) N (=1)"Fsin(tLogk).sin(tLogk’) )
2 e T 2}{}{/;@{/ LTI <€ (2.26)

Taking € = €; = € and N > max(n,, n;), we get by making the sum member to
member of the last two inequalities:

N N /
1 rix cos(tLog(k/k"))
0<) met2 2 (DY o < 2¢? (2.2.7)
k=1 k k' =Tk#k

We can write the above equation as :
0< p% < 2€? (2.2.8)
or p(s) =0.

2.3 Case 0 < R(s) < 1/2

Suppose there exists s = o + it one zero of #(s) or 7(s) = 0 = p?(s) = 0 with
0<o< % — s lies inside the critical band. We write the equation (2.2.7):

N N !
o< Ytz ) (e elialE) oo
k=1 k k' =T,k £k
or:
11 N rcos(tLog(k/k)) 1& 1
— = (—1)ktE <e&--Y — (231
2 k—zl k2 k,k’:;;k;ék’ K7k 2 k—zl k2

The middle term of the above inequality is a double sum:

k:il (_ki)k' ( k’iN (_1)k’cos(tLog(k/k’))> (2.3.2)

o
K =k+1 k

N
But 20 < 1, it follows that | limyn_— 1 Z kz_‘7> — +o0 and then, we obtain neces-
k=1

sarily from the equation (2.3.1):

—+o00 /
kK cos(tLog(k/K'))
Y (1) e = —oo (2.33)

kk'=1;kAk
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24 Case R(s) =1/2

We suppose that o = % Let’s start by recalling Hardy’s theorem (1914) ([3], page 24):

Theorem 2.4.1. There are infinitely many zeros of {(s) on the critical line.
From the propositions (2.2.1-2.2.2), it follows the proposition :
Proposition 2.4.2. There are infinitely many zeros of #(s) on the critical line.

Lets; = % + it; one of the zeros of the function 7(s) on the critical line, so 7(s;) = 0.
The equation (2.2.7) is written for s;:

N N ,cos(t;Log(k/ k'
0< Y. % +2 ), () cosltiLost ,/ )
k=1 kK =Tk ViV

< 2¢?

or:

N N ) ! N

k=1 kK =1;k#K! k=1

N
1
If N — +o0, the series 2 E is divergent and becomes infinite. then:
k=1

=1 pay ki €08 (tjLog(k/K'))

=<2 -2 (1)

Hence, we obtain the following result:

Al ,cos(t;Log(k/k"))
liMN— 4 o0 (—1)kHk J = —o0 (2.4.2)
- k,k'—;;k#k’ \/%\/P

if not, we will have a contradiction with the fact that :

N
. 11 : 1 .
limn_—s 1o Z(—l)k 1@ = 0 <= 1(s) is convergent for s; = 5 Tt
k=1

25 Casel/2 < R(s) <1

Let s = o + it be the zero of 77(s) in 0 < R(s) < 1, object of the section 2.3. From
the proposition (2.2.1), {(s) = 0. According to point 4 of theorem 2.1.2, the complex
number s’ =1 -0 +it = ¢ +it' witheo' =1—0,t =t and % < ¢/ < 1 verifies
{(s") =0, so s’ is also a zero of the function {(s) in the band § < R(s) < 1, it follows
from the proposition (2.2.2) that 7(s") = 0 = p(s’) = 0. By applying (2.2.7), we get:

N N / /
1 ek cos(t'Log(k/k)) ’
0< E W—l—2 E (—1) + o < 2€
k=1 kK =15k £k
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Chapter 2 The Riemann Hypothesis Is True: The End of The Mystery

1& 1 N rcos(t'Log(k/k')) 181
—Y =< (=) o <e-2Y — (251
2 k:Z‘i k2o KK —;‘;c 9y ko' k!o 2 k:zl k2o

1
As0 <o <i=2>20=2(1-0) > 1, then the series Y}’ ; a is convergent
to a positive constant not null C(¢”). As 1/k*> < 1/ k2" for all k > 0, then :

2 +00 1 +oo 1
0<5(2)="= L < L = Cl0) =hi2r) =)

From the equation (2.5.1), it follows that :

+00 , ! ! / 4
¥y COS(tkL;i/(Uif/k ) _ _C(;f) _ _6(22‘7) > —co (2.5.2)

kK =1;k Ak

Caset =0

We suppose that t = 0 = t' = 0. We known the following proposition:
Proposition 2.5.1. For all s = o real with 0 < 0 < 1, 5(s) > 0 and {(s) < 0.

We deduce the contradiction with the hypothesis s’ = ¢’ is a zero of #(s) and:

The equation (2.5.2) is false for the case t' =t = 0. (2.5.3)

Caset' =t #0
We suppose that #/ # 0. Let s’ = ¢/ +it' =1 — o + it a zero of 7(s), we have:

+oo , / ! / !

kK =1;kAk

the left member of the equation (2.5.4) above is finite and depends of ¢’ and , but
the right member is a function only of ¢’ equal to —(20")/2.

We recall the following theorem (see page 140, [4]):
Theorem 2.5.2.

1

T
zimTﬁm% [ 1 +in Par=i@e) (@ > 5) (255)

Let ty so that tp > 1. As the integral of the left member of the above equation is
convergent, the equation (2.5.5) can be written as:

. 1 T 77 . Y72
llmT—>+°°T/t 0(c” +iT)[PdT = {(207)
0

and ((20”) is independent of any ty then in particular for tp = t’. As ¢” is any
o” > 1/2,1choose 0” = ¢’ and ty = t, it follows that {(20”) does not depend of #' so

74



Chapter 2 The Riemann Hypothesis Is True: The End of The Mystery

that s’ = ¢’ + it’ is a root of 7. Hence, the contradiction with equation (2.5.2). Then

the equation (2.5.4) is false.

It follows that the equation (2.5.4) is false for the case t' # 0.

(2.5.6)

It follows that the equation (2.5.2) is false and #(s’) does not vanish for ¢’ €]1/2,1].

From (2.5.3-2.5.6), we conclude that the function 7(s) has no zeros for all s’ =
o’ + it’ with ¢’ €]1/2,1], it follows that the case of the section (2.3) above concerning

1
the case 0 < R(s) < 5 is false too. Then, the function #(s) has all its zeros on the

1
critical line o = 5 From the equivalent statement (6.1.1), it follows that the Riemann

hypothesis is verified.
We therefore announce the important theorem as follows:

Theorem 2.5.3. The Riemann Hypothesis is true:

All nontrivial zeros of the function {(s) with s = o + it lie on the vertical line R(s) = 5
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Chapter 3

A Complete Proof of The Conjecture
¢ < rad-%3(abc)

Abstract

In this paper, we consider the abc conjecture, we will give the proof that the conjecture
¢ < rad%(abc) is true. It constitutes the key to resolving the abc conjecture.

Contents
3.1 Introduction and notations . . .. ... ......... ..., 77
3.2 The Proof of the conjecture c < rad'®(abc) .. ............. 78
321 Trivialcases: . . . . . o oo i 78
3.2.2  We suppose pi. > rad®®3(c) and p, > rad®®(a) ... ... ... 79

3.1 Introduction and notations

Let a be a positive integer, a = [];4;', a; prime integers, and «; > 1 positive integers.
The radical of a the integer []; a; is denoted as rad(a). Then a is written as:

a= Ha?‘f = rad(a).Ha?"_l (3.1.1)
1 1

We denote:
Uy = Ha?‘iil = a = pg.rad(a) (3.1.2)
i

The abc conjecture was proposed independently in 1985 by David Masser of the Uni-
versity of Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) [1].
It describes the distribution of the prime factors of two integers with their sum. The
definition of the abc conjecture is given below:
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Chapter 3 A Complete Proof of The Conjecture ¢ < rad'®3(abc)

Conjecture 3.1.1. (abc Conjecture): For each € > 0, there exists K(€) such that if a,b,c
positive integers relatively prime with c = a + b, then :

¢ < K(e).rad "¢ (abc) (3.1.3)
where K is a constant depending only on e.
_ Logc _
h 11 < 1.629912 [2]. Th 1
We know that numerically, Fog(rad(abc)) = 629912 [2]. The best example given
by Reyssat [2] is as follows:
2 +310.109 = 23° — ¢ < rad"*'2(abc) (3.1.4)

A conjecture was proposed that ¢ < rad?(abc) [3]. In 1996, A. Nitaj [4] proposed the
following conjecture:

Conjecture 3.1.2. Let a, b, c be positive integers relatively prime with c = a + b, then:

¢ < rad'%(abc) (3.1.5)
abc < rad**?(abc) (3.1.6)

In this paper, we will give the proof of the conjecture given by (6.1.7) that consti-
tutes the key to obtain the proof of the abc conjecture using classical methods with
the help of some theorems from the field of the number theory.

3.2 The Proof of the conjecture ¢ < rad>%(abc)

Let a,b,c be positive integers, relatively prime, with ¢ = a+b,1 < b < a and
]'l:]/ )

R = rad(abc), c = 1—11 cf,’ , By > 1, cy > 2 prime integers.
j'=

In the following, we will give the proof of the conjecture ¢ < rad'%3(abc).

Proof. :

3.2.1 Trivial cases:

- We suppose that ¢ < rad(abc), then we obtain:

¢ < rad(abc) < rad"%(abc) =

and the condition (6.1.7) is satisfied.
- We suppose that ¢ = rad(abc), then a, b, ¢ are not coprime, case to reject.

In the following, we suppose that ¢ > rad(abc) and a,b and c are not all prime num-
bers.

- We suppose 11, < rad®%3(a). We obtain :

c=a+b<2a<2rad"®(a) < rad"®(abc) = ¢ < rad'%*(abc) =
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Chapter 3 A Complete Proof of The Conjecture ¢ < rad'®3(abc)

Then (6.1.7) is satisfied.

- We suppose i < rad®®3(c). We obtain :

¢ = perad(c) < rad"®(c) < rad"®(abc) =

and the condition (6.1.7) is satisfied.

3.2.2 We suppose 1 > rad®®(c) and u, > rad®®(a)
Case : rad*%3(c) < pe < rad"%(c) and rad®®(a) < p, < rad'%3(a)
We can write:
pe < radtB(c) = ¢ < rad*%(c)
— ac < rad*®3(ac) = a* < ac < rad*>%3(ac)
1y < rad"S(a) = a < rad*>%(a)

— a < rad'3P (ac) = ¢ < 2a < 2rad'3¥ (ac) < rad™%3(abc)

—|c=a+b< R

Case : rad9(c) < pc or radt%(a) < u,

I - We suppose that rad'%3(c) < u. and rad'®(a) < p, < rad*(a):

I-1- Case rad(a) < rad(c):
In this case a = pyrad(a) < rad®(a) < rad"®3(a)rad"¥(a) < rad“%3(a).rad"?(c)

= ¢ < 2a < 2rad"(a).rad"¥ (c) < rad"®3(abc) = .

163

1-2- Case rad(c) < rad(a) < radi¥ (c): Asa < rad"%3(a).rad"¥ (a) < rad®3(a).rad %3 (c)
— ¢ < 2a < 2rad"$3(a).rad B (c) < R163 — [c < R163],

I-3- Case md%g(c) < rad(a):
I-3-1- We suppose rad%(c) < u. < rad>?°(c), we obtain:

¢ < rad®>?%(c) = ¢ < rad'%3(c).rad"%3(c) =
c < rad'®3(c).rad"¥ (a) < rad"%3(c).rad'%3(a).rad"3(b) = R1° —

1-3-2- We suppose p > rad>?®(c) = ¢ > rad>?°(c).

1-3-2-1- We consider the case y, = rad?>(a) = a = rad>(a) and ¢ = a + 1. Then, we
obtain that X = rad(a) is a solution in positive integers of the equation:

X+1=c (3.2.1)
I-3-2-1-1- We suppose that ¢ = rad"(c) with n > 4, we obtain the equation:

rad"(c) — rad®(a) = 1 (3.2.2)

79



Chapter 3 A Complete Proof of The Conjecture ¢ < rad'®3(abc)

But the solutions of the equation (3.2.2) are [5] :(rad(c) = 3,n = 2,rad(a) = +2), it
follows the contradiction with n > 4 and the case ¢ = rad"(c),n > 4 is to reject.

I-3-2-1-2- In the following, we will study the cases y, = A.rad"(c) with rad(c) 1 A,n >
0. The above equation (3.2.1) can be written as :

(X+1D)(X2-X+1)=c (3.2.3)

Let 6 one divisor of ¢ so that :
X+1=9 (3.2.4)
XZ—X+1:%:m:52—3X (3.2.5)

We recall that rad(a) > radi$ (c).

I-3-2-1-2-1- We suppose 6 = l.rad(c). We have ¢ = l.rad(c) < ¢ = pe.rad(c) =1 < jic.
C_ perad(c) pe o _ (52 _ 52
AS(S_ rad(c) =m=0" —3X =y, =1lm=1(6*—-3X). From m = §* — 3X

and X = rad(a), we obtain:

m = I>rad*(c) — 3rad(a) = 3rad(a) = *rad*(c) —m

A- Case 3|m = m = 3m/, m" > 1: As u. = ml = 3m’l = 3|rad(c) and (rad(c),m’)
not coprime. We obtain:
rad(c) ,

rad(a) = lzrad(c).T —m

It follows that 4, ¢ are not coprime, then the contradiction.
B-Case m =3 = . = 3]l = ¢ = 3lrad(c) = 36 = §(6*> — 3X) = 6% = 3(1 + X)

36 = 0=1lIrad(c) =3=c=3=9=a+1=a=8=c=9 < (2x3)6
18.55, it is a trivial case and the conjecture is true.

Q|

1-3-2-1-2-2- We suppose 6 = Lrad*(c),l > 2. If n = 0 then y. = A and from the
equation above (3.2.5):
¢ perad(c)  Arad(c) A

m=s T lrad2(c) ~ Irad?(c)  Irad(c) = rad(c)|A

It follows the contradiction with the hypothesis above rad(c) 1 A.

1-3-2-1-2-3- We suppose § = Irad*(c),I > 2 and in the following n > 0. As m =
c _ perad(c) _ pc , . .
5 = lrad2(c) ~ Irad(c) if Irad(c) { uc then the case is to reject. We suppose

Irad(c)|pe = yuc = m.lrad(c), with m, rad(c) not coprime, then % = m = 6% —3rad(a).

C-Casem =1=c/6 = 6>—3rad(a) = 1 = (6 —1)(6+1) = 3rad(a) =
rad(a)(6 +1) = 6 = 2 = L.rad?(c), then the contradiction.
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D - Case m = 3, we obtain 3(1 +rad(a)) = 6> = 36 = 6 = 3 = Irad?(c). Then the
contradiction.

E - Case m # 1,3, we obtain: 3rad(a) = I?rad*(c) — m = rad(a) and rad(c) are not
coprime. Then the contradiction.

I-3-2-1-2-4- We suppose § = L.rad"(c),l > 2 with n > 3. ¢ = p.rad(c) = lrad"(c)(6% —
3rad(a)) and m = 6% — 3rad(a) = 6% — 3X.

F - As seen above (paragraphs C,D), the cases m = 1 and m = 3 give contradictions, it
follows the reject of these cases.

G - Case m # 1,3. Let g be a prime that divides m (g can be equal to m), it follows

ql(pe = Lm) = q = ¢ = cj6|52 —> ¢;|3rad(a). Then rad(a) and rad(c) are not

coprime. It follows the contradiction.
1-3-2-1-2-5- We suppose 6 = [[¢j, cfj , Bj = 1 with at least one jy € J; with:
Bj, =2, rad(c)td (3.2.6)
We can write:
0 =us.rad(5), rad(c) =rorad(s), r>1, (r,us) =1 (3.2.7)
Then, we obtain:

¢ = perad(c) = pcrrad(8) = 5(6% — 3X) = ps.rad(5)(6? — 3X) =
rpe = pus(6% — 3X) (3.2.8)

- We suppose e = ps = r = 6> —3X = (pc.rad(6))?> —3X. As 6 < 6> —3X =
r >0 = rad(c) >r > (ycrad(s) = Arad*(c)rad(s)) = 1 > A.rad""1(5), then the
contradiction.

- We suppose . < ps. As rad(a) =6 —1 = psrad(é) — 1, we obtain:
rad(a) > perad(8) —1 >0 = rad(ac) > c.rad(é) —rad(c) >0
As ¢ = 1+ a and we consider the cases ¢ > rad(ac), then:
¢ > rad(ac) > c.rad(6) —rad(c) > 0= c > c.rad(6) —rad(c) > 0 =

1> rad(6) — @ >0, rad(6) > 2 = The contradiction (3.2.9)

- We suppose p. > ps. In this case, from the equation (3.2.8) and as (1, us) = 1, it
follows we can write:

Be = H1-p2, P p2>1,
¢ = ycrad(c) = py.pp.rad(8).r = 5.(6* — 3X),
We do a choice so that  pp = s, 1.y = 6% —3X = & = pp.rad(d).
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** 1- We suppose (pi1, p2) # 1, then J¢j; so that ¢j |u1 and cjy[po. But ps = pp = c]20|<5.
From 3X = 6% — rjy = ¢;,|3X = ¢;| X or ¢j, = 3.

-1f ¢, |(X = rad(a)), it follows the contradiction with (c,a) = 1.

-If ¢jy, = 3. Wehave rjyy = 6> —3X =62 —-3(0—1) = 6> —36+3 —r.uy = 0. As
3|1 = 1 = 344,31 4}, k > 1, we obtain:

62 —364+3(1-3"1rul) =0 (3.2.10)

** 1-1- We consider the case k > 1 = 3 (1 — 3 !ry/). Let us recall the Eisenstein
criterion [6]:

Theorem 3.2.1. (Eisenstein Criterion) Let f = ag+ - - - + a, X" be a polynomial € Z[X].
We suppose that 3 p a prime number so that p t an, pla;, (0 <i<mn—1), and p>t ay, then
f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:

R(Z) = 7% —-3Z +3(1—3"1ru)) (3.2.11)
then:

-311,-3[(=3),-33(1 — 3 1rut), and - 324 3(1 — 3 1ruy).
It follows that the polynomial R(Z) is irreducible in Q, then, the contradiction with
R(0) = 0.
** 1-2- We consider the case k = 1, then p; = 3y and (y,3) = 1, we obtain:
6% —36+3(1—ruy) =0 (3.2.12)

** 1-2-1- We consider that 3 1 (1 —r.j}), we apply the same Eisenstein criterion to the
polynomial R'(Z) given by:

R'(Z) = 7% —3Z+3(1—ru})

and we find a contradiction with R'($) = 0.
** 1-2-2- We consider that:

3|(1 —rpu)) = ruy —1=38"h,i>1,3thh € N* (3.2.13)
J is an integer root of the polynomial R'(Z):

R(Z)=2?-3Z+3(1—ru}) =0 (3.2.14)
The discriminant of R'(Z) is:
A=3+3" x4h

As the root § is an integer, it follows that A = #*> > 0 with t a positive integer. We
obtain:

A=3%1+3""1 x4h) =+ (3.2.15)
— 143" ' x4h=¢*>>1,9c N* (3.2.16)
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We can write the equation (3.2.12) as :

&5—3):3”?h:¢3ﬁém€ﬁXQémdw)—1):3H3h::- (3.2.17)
1, W;(‘S). (#yrad(6) —1) = h (3.2.18)

We obtain i = 2 and g? = 14 12k = 1 + 4} rad(6) (p)rad(5) — 1). Then, g satisfies:

q* — 1 =12h = 4yrad(8) (uyrad(6) — 1) = (3.2.19)
M (a+1) + ) = 3p = (pyrad(8) —1).ujrad(5) = (3.2.20)
q—1=2ujrad(5) —2 (3.2.21)
q+1=2pujrad(s) (3.2.22)

It follows that (7 = x,1 = y) is a solution of the Diophantine equation (we consider it
as the first solution):
X —y* =N (3.2.23)

with N = 4pjrad(5)(pirad(6) —1) = 12h > 0. Let Q(N) be the number of the
solutions of (3.2.23) and T(N) is the number of suitable factorization of N, then we
announce the following result concerning the solutions of the Diophantine equation
(3.2.23) (see theorem 27.3 in [7]):

-If N =2(mod 4), then Q(N) = 0.

-If N=1or N =3(mod 4), then Q(N) = [t(N)/2].

-If N =0(mod 4), then Q(N) = [t(N/4)/2].

[x] is the integral part of x for which [x] < x < [x] + 1.

As N = 4prad(6)(pjrad(d) —1) = N = 0(mod 4) = Q(N) = [t(N/4)/2]. As
(9,1) is a couple of solutions of the Diophantine equation (3.2.23), then 3 d,d’ positive
integers with d > d’ and N = d.d’ so that :

d+d =2q (3.2.24)
d—d =21=2 (3.2.25)

#*7.2.2-1 As N > 1, we taked = N and d' = 1. It follows:

= N = 3 = then the contradiction with N = 0(mod 4).

N+1=2g
N-1=2

** 1-2-2-2 Now, we consider the case d = 2urad(6)(yjrad(s) —1) and d’ = 2. It
follows:

{ 2uirad(8) (uirad(6) — 1) +2 =2q

= 24 rad(8) (utrad(6) —1) =g+ 1
2uirad(6)(pyrad(6) —1) —2=2 parad(0) (rad () )=

As g+ 1 = 2u}rad(5), we obtain ujrad(5) = 2, then the contradiction with 3|J.
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** 1-2-2-3 Now, we consider the case d = pjrad(5)(pjrad(6) —1) and d’ = 4. It follows:
pirad(0)(pirad(6) —1) +4 =2q
pirad(6)(uyrad(6) —1) —4 =2 = pirad(6)(pyjrad(6) —1) = 6

As pirad(6) > 0 = pjrad(6) = 3 = u} =1, rad(é) = 3 and ¢ = 5. From
q* = 1+ 12h, we obtain h = 2. Using the relation (3.2.13) ru} — 1 =3has ) = 1,i =
2,h =2,it gives r —1 = 9h = 18. As ¢ is the positive root of the equation (3.2.12):

7> -3Z+3(1-1r)=0=06=9=32

Buté =1+ X =1+ rad(a) = rad(a) = 8 = 23, then the contradiction.

** 1-2-2-4 Now, let c;, be a prime integer so that c; [radd, we consider the case d =

,1rad((5) (pyrad(d) —1) and d’ = 4cj,. It follows:

jo

1

rad (o
g ( ) (parad(0) —1) + 4cjy =29 ,rad(d) -,
radj(()é) — (irad(5) — 1) = 2(1 4 2¢j,) =
, (Hyrad(s) —1) — 4cjy =2 jo

jo
Then the contradiction as the left member is greater than the right member 2(1 + 2c;, ).

** 1-2-2-5 Now, we consider the case d = 4p/rad(d) and d’ = (pjrad(5) —1). It follows:

4y irad (6 irad(6) —1) =2
{ parad(6) + (parad(é) =1) =24 — 3ujrad(6) = 1 = Then the contradiction.

4y irad(6) — (pyrad(6) —1) =2
** 1-2-2-6 Now, we consider the case d = 2prad(d) and d' = 2(pjrad(5) —1). It
follows:
2urad(6) + 2(puyrad(d) — 1) = 2g = 2prad(6) —1 =g
2uirad(6) —2(pjrad(d) —1) =2 =2=2

It follows that this case presents the first solution (g,1).

=l
* 1-2-2-7 pirad(6) and pjrad(5) — 1 are coprime, let yjrad(s) —1 = HA}Y’, we con-
j=1
frad(6) — 1
sider the case d = 2Ayprad(d) and d' = 2w. It follows:
]'/
( irad(d) — 1
2Ajpyrad(8) + 2% =2g

]

' rad(6) — 1
20 rad(5) — 2% =2

\ 7'
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** 1-2-2-7-1 We suppose that 7 = 1. We consider the case d = 2A;prad(d) and
g zy’lmd((S) -1
)\j/

. It follows:

( / -1
2Ajpyrad(8) + ZM =2q

]
= 4Appyrad(0) = 2(q+1) = 2Appyrad () = g+1
B zy’lrad(é) -1

A]‘/

=2

2Ajpyrad(6)
\

But from the equation (3.2.22), g + 1 = 2pjrad(J), then A; = 1, it follows the contra-
diction.

Y=t
** 1-2-2-7-2 We suppose that 7y > 2. We consider the case d = 2A ].,] "yirad(6) and
1rad(5) —1
d = 2%. It follows:
]'/
)L].,
( il /«/ ! d 0)—1
oA T rad(s) + 2P0 21 o)
] A
]/

B 2;4’1md(5) -1

ZA;j/_rj'y’lrad((S) =2

r,
A ].{
'Y]‘/_r;-/ ,
= 2\, pirad(d) = q+1
As above, it follows the contradiction. It is trivial that the other cases for more factors

=" .
I /\]-7,5 I give also contradictions.
1%

** 1-2-2-8 Now, we consider the case d = 4(prad(é) — 1) and d’ = p/rad (), we have
d > d'. Tt follows:
4(pyrad(6) — 1) + pirad(d) = 2q = 5ujrad(s) = 2(q+2) N Then the contradiction as
4(pyrad(6) — 1) — pirad(d) =2 = pjrad(6) =2 3|0.
‘rad(é
** 1-2-2-9 Now, we consider the case d = 4u(pjrad(6) — 1) and d’' = 1rad(9)
u > 1is an integer divisor of yjrad(5). We have d > d’ and:

, where

!/
d
4u(pjrad(8) — 1) + %@ =2q

= 2u(ujrad(8) — 1) = pyrad(6)
pyrad(s)

4u(pjrad(s) — 1) — — =2

Then the contradiction as prad(é) and (pjrad(s) — 1) are coprime.
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In conclusion, we have found only one solution (g,1) of the Diophantine equation
x> —y?> = N. As 7(N) is large and also [t(N/4)/2], it follows the contradiction with
Q(N) =1 and the hypothesis (11, p12) # 1 is false.

** 2- We suppose that (pq, p2) = 1.
From the equation ry; = 6> — 3X and the condition rad(a) = X > rad"/1%(¢) <=

6 —1= X > rad"¥(c), we obtain the following inequality:

§—1> (rrad(6))? = —3(6 — 1) < —3r.rad(6).(r.rad(6))" =
rup =82 —3(8—1) < (r.rad(8))? — 3r.rad(s).(r.rad(5))*® =
uy < rrad?(8) — 3.rad(5).(r.rad(5))*® =

3
As a = rad®(a) < c, we can write:
3
3 2 s
rad”(a) < pypprad(c) < pp.rad(d).rad=(c) <1 (r.rad(d))QSl)

but (r,rad(8)) = 1, r.rad(6) > 6 = (r.rad(5))*8! > (6"8! ~ 4.26) and 6 = uy.rad(6),
it follows:

rad®(a) < uyporad(c) < pp.rad(8).rad*(c) = rad®(a) < 8.rad*(c) < 1.6rad(a).rad*(c)

As rad(a) > (rad"%?/1%7(c) = rad"¥(c)) = rad'%(c) < rad(a) < 1.27rad(c), then
we obtain:

rad*Y(c) < 1.27rad(c) = rad(c) < 3.5 = rad(c) < 3, but rad(c) = r.rad(5) > 6

Then the contradiction.
It follows that the case u. > rad>?%(c) = ¢ > rad®>?%(c) and a = rad®(a) is impossible.

I-3-2-2- We consider the case y, = rad*>(a) = a = rad>(a) and ¢ = a + b. Then, we
obtain that X = rad(a) is a solution in positive integers of the equation:

X+1=¢ (3.2.27)

withé =c—b+1=4a+4+1= (¢,a) = 1. We obtain the same result as of the case
I-3-2-1- studied above considering rad(a) > rad 15 (©). If rad(a) < radi$ (¢), then the
cases I-1 and I-2 above give ¢ < R!%3, R = rad(ac).

1-3-2-3- We suppose i, > rad>?(c) = ¢ > rad>?%(c) and c large and u, < rad®(a), we
consider ¢ = a+b,b > 1. Then ¢ = rad®(c) + h,h > rad®(c), h a positive integer and
we can write a + [ = rad®(a), | > 0. Then we obtain :

rad®(c) +h = rad®(a) —1 +b = rad®(a) —rad*(c) =h+1-b>0 (3.2.28)
as rad(a) > radiss (c). We obtain the equation:

rad®(a) —rad®(c) =h+1—b=m >0 (3.2.29)
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Let X = rad(a) — rad(c), then X is an integer root of the polynomial H(X) defined as:

H(X) = X® +3rad(ac)X —m =0 (3.2.30)

To resolve the above equation, we denote X = u + v, It follows that ud, v3

of the polynomial G(t) given by:

are the roots

G(t) = > — mt — rad>(ac) = 0 (3.2.31)

The discriminant of G(t) is A = m? + 4rad®(ac) = &>, « > 0. As m = rad®(a) —
rad®(c) > 0, we obtain that « = rad®(a) + rad®(c) > 0, then from the expression of
the discriminant A, it follows that the couple (¢ = x,m = y) is a solution of the
Diophantine equation:

?—y*=N (3.2.32)

with N = 4rad>(ac) = 4rad®(a).rad’(c) > 0. («,m) is the first solution of the Diophan-
tine equation (3.2.32). Here, we will use the same method that is given in the above
sub-paragraph ** 1-2-2- of the paragraph I-3-2-1-2-5-. We have the two terms rad>(a)
and rad®(c) coprime. As (a,m) is a couple of solutions of the Diophantine equation
(3.2.32) and a > m, then 3 d,d’ positive integers with d > d’ and N = d.d’ so that :

d+d =2« (3.2.33)
d—d =2m (3.2.34)

I-3-2-3-1- Let us consider the case d = 2rad>(a), d’ = 2rad>(c). It follows:

2rad®(a) + 2rad®(c) = 20 = a = rad®(a) + rad®(c)
2rad>(a) — 2rad®(c) = 2m = m = rad®(a) — rad®(c)

It follows that this case presents the first solution («, m).

I-3-2-3-2- Now, we consider for example, the case d = 4rad®(a) and d’' = rad>(c) =
d > d’'. We rewrite the equations (3.2.33-3.2.34):

4rad®(a) + rad®(c) = 2(rad>(a) + rad®(c)) = 2rad®(a) = rad®(c))
4rad®(a) — rad®(c) = 2(rad®(a) — rad®(c)) = 2rad®(a) = —rad®(c))

Then the contradiction.

1-3-2-3-3- We consider the case d = 4rad®(c)rad®(a) and d' = 1 = d > d’. We rewrite
the equations (3.2.33-3.2.34):

4rad®(c)rad>(a) + 1 = 2(rad®(c) + rad®(a)) =
2(2rad®(c)rad®(a) — rad®(c) — rad®(a)) = —1 = a contradiction
drad®(c)rad®(a) — 1 = 2(rad®(c) — rad>(a))

Then the contradiction.
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I-3-2-3-4- Let c; be the smallest prime factor of rad(c). We consider the case d =

3
4cirad®(a) and d' = rad”(c)

. = d > d’. We rewrite the equation (3.2.33):
1

dcyrad®(a) + mdj(c) = 2(rad’(a) + rad®(c)) =

1
2rad3(a)(2c1 1) = rad3(C) (2¢; — 1) = 2rad3(a) _ radZ(c),Md(C)
(o] —C1

c1 = 2 or not, there is a contradiction with a, ¢ coprime.

The other cases of the expressions of d and d’ not coprime so that N = d.d’ give also
contradictions.

Let Q(N) be the number of the solutions of (3.2.32), as N = 0(mod 4), then Q(N) =
[T(N/4)/2]. From the study of the cases above, we obtain that Q(N) = 1 is <
[(T(N)/4)/2]. It follows the contradiction.

Then the cases y, < rad*(a) and ¢ > rad®>?%(c) are impossible.
I1- We suppose that rad'%*(c) < u. < rad®(c) and p, > rad>%3(a):

I1-1- Case rad(c) < rad(a) : Asc < rad®(c) = rad"%3(c).rad"¥ (c) = ¢ < rad'®3(c).rad"¥ (a) <

rad'®3(ac) < rad'%3(abc) = .

I1-2- Case rad(a) < rad(c) < rad%(a):
As ¢ < rad’(c) < rad'®3(c).rad"¥ (c) = ¢ < rad"3(c).rad"%(a) < rad"%(abc) =

e < RIS
II-3- Case md%(a) < rad(c):

I1-3-1- We suppose rad"%(a) < u, < rad*>?%(a) = a < rad'®3(a).rad"(a) = a <
rad'%3(a).rad¥ (c) = c = a+b < 2a < 2rad"3(a).rad%3(c) < rad'%3(abc) = c <

R — [ <05

I1-3-2- We suppose y, > rad*?°(a) = a > rad>*(a) and p, < rad*(c). Using
the same method as it was explicated in the paragraph I-3-2- (permuting a,c see in

Appendix II’-3-2- with the condition rad(c) > rad 1% (a)), we arrive to obtain a contra-
diction. It follows that the cases y. < rad?(c) and p, > rad>2?%(a) are impossible.

Case 1, > rad'®3(a) and p. > rad"%(c):

Taking into account the cases studied above, it remains to see the following two cases:
- e > rad?(c) and p, > rad'%3(a),
- 1y > rad?(a) and p, > rad'%(c).
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ITI- We suppose i > rad*(c) and pu, > rad"%(a) = ¢ > rad®(c) and a > rad*>%(a).
We can write ¢ = rad®(c) + h and a = rad>(a) + | with h a positive integer and | € Z.

III-1- We suppose rad(c) < rad(a). We obtain the equation:
rad*(a) —rad®(c) =h—1—b=m >0 (3.2.35)
Let X = rad(a) — rad(c), from the above equation, X is a real root of the polynomial:

H(X) = X34 3rad(ac)X —m =0 (3.2.36)

As above, to resolve (3.2.36), we denote X = u + v, It follows that us, v’

of the polynomial G(t) given by :

are the roots

G(t) = t* —mt —rad®(ac) =0 (3.2.37)
The discriminant of G(t) is:
A =m? +4rad®(ac) = a®, «>0 (3.2.38)

As m = rad>(a) — rad®(c) > 0, we obtain that « = rad®(a) + rad®(c) > 0, then from
the equation (3.2.38), it follows that (x = x,m = y) is a solution of the Diophantine
equation:

X —y*=N (3.2.39)

with N = 4rad®(ac) > 0. (a,m) is the first solution of the Diophantine equation
(3.2.39). Let Q(N) be the number of the solutions of (3.2.39) and T(N) is the number
of suitable factorization of N, and using the same method as in the paragraph 1-3-2-3-
above, we obtain a contradiction.

II1-2- We suppose rad(a) < rad(c). We obtain the equation:
rad>(c) —rad®(a) =b+1—h=m >0 (3.2.40)

Let X be the variable X = rad(c) — rad(a), we use the similar calculations as in the
paragraph above III-1- permuting c, a, we find a contradiction.

It follows that the case y. > rad?(c) and p, > rad'®3(a) is impossible.
IV- We suppose y, > rad*(a) and u. > rad%(c), we obtain a > rad>(a) and
¢ > rad*>®3(c). We can write a = rad®(a) + h and ¢ = rad®(c) + [ with h a positive

integer and | € Z.

IV-1- We suppose rad(c) < rad(a). We obtain the equation:
rad*(a) —rad®(c) =1—-h—b=m >0 (3.2.41)
Let X = rad(a) — rad(c), from the above equation, X is a real root of the polynomial:

H(X) = X® +3rad(ac)X —m =0 (3.2.42)
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As above, to resolve (3.2.42), we denote X = u + v, It follows that u3,v® are the roots
of the polynomial G(t) given by :

G(t) = > — mt — rad>(ac) = 0 (3.2.43)
The discriminant of G(¢) is:
A = m? +4rad®(ac) = a®, «>0 (3.2.44)

As m = rad®(a) — rad®(c) > 0, we obtain that & = rad®(a) + rad®(c) > 0, then from
the equation (3.2.44), it follows that (x = x,m = y) is a solution of the Diophantine
equation:

x> —y*=N (3.2.45)

with N = 4rad3(ac) > 0. (a,m) is the first solution of the Diophantine equation
(3.2.45). Let Q(N) be the number of the solutions of (3.2.45) and T(N) is the number
of suitable factorization of N, and using the same method as in the paragraph 1-3-2-3-
above, we obtain a contradiction.

IV-2- We suppose rad(a) < rad(c). We obtain the equation:
rad>(c) —rad®(a) =b—1+h=m >0 (3.2.46)

Let X be the variable X = rad(c) — rad(a), we use the similar calculations as in the
paragraph above IV-1- permuting c, 4, we find a contradiction.

It follows that the case y. > rad®3(c) and u, > rad?(a) is impossible.

All possible cases are discussed. O
We can state the following important theorem:

Theorem 3.2.2. Let a,b,c positive integers relatively prime with ¢ = a+ b, then ¢ <
rad%(abc).

From the theorem above, we can announce also:

Corollary 3.2.2.1. Let g, b, ¢ positive integers relatively prime with ¢ = a + b, then the
conjecture ¢ < rad?(abc) is true.

Appendix

II-3-2- We suppose y, > rad>?*(a) = a > rad>?%(a).

II-3-2-1- We consider the case . = rad?(c) = ¢ = rad®(c) and ¢ = a + 1. Then, we
obtain that Y = rad(c) is a solution in positive integers of the equation:

Y’ —-1=ua (3.2.47)
IT’-3-2-1-1- We suppose that a = rad" (a) with n > 4, we obtain the equation:

rad>(c) — rad"(a) = 1 (3.2.48)
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But the solutions of the Catalan equation [5] x” — y7 = 1 where the unknowns x,y, p
and g take integer values, all > 2, has only one solution (x,y, p,q) = (3,2,2,3), but the
solution of the equation (3.2.48) are (rad(c) = 3,rad(a) = 2,3 # 2,n > 4), it follows
the contradiction with n > 4 and the case a = rad"(a),n > 4 is to reject.

II’-3-2-1-2- In the following, we will study the cases y, = A.rad"(a) with rad(a) ¢t
A,n > 0. The above equation (3.2.47) can be written as :

Y-1)(Y?+Y+1)=a (3.2.49)

Let 6 one divisor of a so that :
Y—-1=9¢ (3.2.50)
Y2+Y+1:§:m:52+3Y (3.2.51)

We recall that rad(c) > rad%(a).

II’-3-2-1-2-1- We suppose § = l.rad(a). We have 6 = l.rad(a) < a = pg.rad(a) =1 <

a _ ]/larud(a) _&_m:52+3y

Ha. As 6 is a divisor of a, then [ is a divisor of y,, 5= Lrad(a) ~ 1 —

then y, = l.m. From u, = [(6 + 3Y), we obtain:
m = I>rad*(a) + 3rad(c) = 3rad(c) = m — I*rad*(a)

A- Case 3|m = m = 3m/, m" > 1. As u, = ml = 3m’l = 3|rad(a) and (rad(a),m’)
not coprime. We obtain:

rad(a)
3

It follows that a4, ¢ are not coprime, then the contradiction.

rad(c) = m' — I’rad(a).

B’ - Case m =3 = y, =3l => a =3lrad(a) =36 = 5(68> +3Y) = 6> =3(1-Y) =
—36 < 0, then the contradiction.

IT’-3-2-1-2-2- We suppose 6 = l.rad®(a),] > 2. If n = O then u, = A and from the
equation above (3.2.51):

a  ugrad(a) Arad(a) A

"= Irad?(a) — lrad?(a)  lrad(a)

= rad(a)|A

It follows the contradiction with the hypothesis above rad(a) t A.

IT’-3-2-1-2-3- We suppose § = Irad*>(a),l > 2 and in the following n > 0. As

a  pgrad(a)  ug . . .
= Trad(a) ~ Irad(a)’ if Irad(a) { p, then the case is to reject. We suppose

m = 5
Irad(a)|pas = ua = m.rad(a), with m, rad(a) not coprime, theng = m = 6*+3rad(c).

C’ -Casem =1=a/6 = 6%+ 3rad(c) = 1, then the contradiction.
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D’ - Case m = 3, we obtain 3(1 — rad(c)) = 6> = 6% < 0. Then the contradiction.

E’ - Case m # 1,3, we obtain: 3rad(c) = m — [*rad*(a) = rad(a) and rad(c) are not
coprime. Then the contradiction.

II’-3-2-1-2-4- We suppose 6 = l.rad"(a),l > 2 with n > 3. From a = p,.rad(a) =
Irad™(a) (6% + 3rad(c)), we denote m = 6% + 3rad(c) = 6> + 3Y.

F" - As seen above (paragraphs C’,D’), the cases m = 1 and m = 3 give contradictions,
it follows the reject of these cases.

G’ - Case m # 1,3. Let q be a prime that divides m (g can be equal to m), it follows
e = q =0y = aj6|(52 = a;3rad(c). Then rad(a) and rad(c) are not coprime. It
follows the contradiction.

II-3-2-1-2-5- We suppose ¢ = [[j¢j, afj , Bj = 1 with at least one jy € J; with:
Bj, > 2, rad(a)1é (3.2.52)
We can write:
0 =usrad(s), rad(a)=rrad(s), r>1, (r,rad(d))=1= (r,us) =1 (3.2.53)
Then, we obtain:

a = pg.rad(a) = pg.rrad(8) = 6(6% +3Y) = psrad(8)(6*> +3Y) =
g = us(6% +3Y) (3.2.54)

- We suppose y, = ps = r = 6> +3Y = (pg.rad(6))*> +3Y. As § < 62 +3Y =
r>6=>rad(a) >r > (ugrad(6) = A.rad"(a)rad(5)) = 1 > A.rad"~1(5), then the
contradiction.

- We suppose pg < ps. As rad(c) = usrad(d) + 1, we obtain:
rad(c) > pg.rad(6) +1 >0 = rad(ac) > a.rad(6) +rad(a) > 0
As ¢ = 1+ a and we consider the cases ¢ > rad(ac), then:

¢ > rad(ac) > a.rad(d) +rad(a) >0 = a+1> a.rad(6) +rad(a) > 0 =
rad(a)

a>arad(6) +rad(6) = 1> rad(6) + >0, rad(6) > 2 = The contradiction

- We suppose p, > us. In this case, from the equation (3.2.8) and as (r,us) = 1, it
follows we can write:

Ha = M1.H2, 1,42 >1 (3.2.55)
a = ygrad(a) = py.pp.r.rad(8) = 6.(6* 4 3Y) (3.2.56)
so that r.uy = 6% +3Y, o= ;= 6= pp.rad(d) (3.2.57)

** 1’- We suppose (i1, p2) # 1, then Ja;; so that a;; |y and ajy|pa. But ps = po = ”]20’5-
From 3Y = rpy — 6 = a;,|3Y = a;,|Y or aj, = 3.
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-1f aj| (Y = rad(c)), it follows the contradiction with (c,a) = 1.
-If aj, = 3. We have rpy = 2+3Y=62+3(6+1) = 6°+35+3—r.u; =0. As
3|1 = 1 = 344,31 4, k > 1, we obtain:

62435 +3(1-31ruf) =0 (3.2.58)

** 1'-1- We consider the case k > 1 == 3 (1 — 3""1ry/). Let us recall the Eisenstein
criterion [6]:

Theorem 3.2.3. (Eisenstein Criterion) Let f = ag+ - - - + a, X" be a polynomial € Z[X].
We suppose that 3 p a prime number so that p 1 ay, pla;, (0 <i<n—1), and p*{ ag, then
f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:
R(Z) = 7% 432 +3(1 —31ru)) (3.2.59)
then:
-311,-3|(4+3),-33(1 — 35 1ruy), and - 3% 1 3(1 — 35 1ruf).
It follows that the polynomial R(Z) is irreducible in Q, then, the contradiction with
R(d) = 0.
** 1'-2- We consider the case k = 1, then y; = 3y} and (u},3) = 1, we obtain:

& +30+3(1—ruy) =0 (3.2.60)

** 1’-2-1- We consider that 3 { (1 — r.u} ), we apply the same Eisenstein criterion to the
polynomial R'(Z) given by:

R(Z) =Z*+3Z +3(1 —ru})

and we find a contradiction with R’(8) = 0.
** 1’-2-2- We consider that:

3|(1 —rpu)) = ruy —1=3"h,i>1,3thh € N* (3.2.61)
J is an integer root of the polynomial R'(Z):

R(Z)=Z7*+3Z+3(1—ru}) =0 (3.2.62)
The discriminant of R'(Z) is:
A=32+3"1x4h

As the root ¢ is an integer, it follows that A = > > 0 with t a positive integer. We
obtain:

A=3%1+3"1 x 4h) = ? (3.2.63)
—1+3 1 x4h=¢*>>1,q€N* (3.2.64)
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As 5 = pp and 3| = pp = 315, then we can write the equation (3.2.60) as :

5(6 +3) =31 h = 3% md(‘s). (Whrad(6) +1) =3"Lh = (3.2.65)
1h m(é(é). (pprad(d) +1) =h (3.2.66)

We obtain i = 2 and g2 = 1+ 121 = 1 + 4ubrad(5) (phrad () + 1). Then, q satisfies :

q* — 1 =12h = 4brad(8) (phrad(6) + 1) = (3.2.67)
—(qgl @ = 3h = phrad(8)(phrad(8) +1). = (3.2.68)
q+1=2ubrad(5) +2 (3.2.69)
q—1=2pbrad(J) (3.2.70)

It follows that (g = x,1 = y) is a solution of the Diophantine equation:
X —y*=N (3.2.71)

with N = 4pfrad(5) (phrad(5) +1) = 12h > 0. (g, 1) is the first solution of the equation
(3.2.71). Let Q(N) be the number of the solutions of (3.2.71) and 7(N) is the number
of suitable factorization of N, then we announce the following result concerning the
solutions of the Diophantine equation (3.2.71) (see theorem 27.3 in [7]):

-If N =2(mod 4), then Q(N) = 0.

-If N=1or N =3(mod 4), then Q(N) = [t(N)/2].

-If N =0(mod 4), then Q(N) = [t(N/4)/2].

[x] is the integral part of x for which [x] < x < [x] + 1.

As N = 4pfrad(5)(phrad(d) +1) = N = 0(mod 4) = Q(N) = [t(N/4)/2]. As
(g,1) is a couple of solutions of the Diophantine equation (3.2.71), then 3 d,d’ positive
integers with d > d’ and N = d.d’ so that :

d+d =2q (3.2.72)
d—d =21=2 (3.2.73)

#*77.2-2-1 As N > 1, we take d = N and d’ = 1. It follows:

= N = 3 = then the contradiction with N = 0(mod 4).

N+1=2g
N—-1=2

** 1’-2-2-2 Now, we consider the case d = 2uSrad(5)(psrad(d) +1) and d' = 2. It
follows:

{ 2ubrad(6) (phrad(8) +1) +2=2q

= uhrad(8)(ubrad(6) +1) =g —1
2ubrad(0) (phrad(6) +1) —2 =2 Harad(0) (porad(9) ) =4

As g —1 = 2ubrad(6), we obtain u,rad(d) = 1, then the contradiction.
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** 1’-2-2-3 Now, we consider the case d = prad(d)(phrad(5) +1) and d' = 4. It
follows:

uhrad(0) (phrad(d) +1) +4 =2q
uhrad(0) (puhrad(8) +1) —4 =2 = phrad(6) (phrad(6) +1) = 6

As phrad(6) > 2 = phrad(6) =2 = pub =1 = pp = 3 = s and rad(6) = 2 but
3 12, then the contradiction.

** 1"-2-2-4 Now, let a, be a prime integer so that a|radd, we consider the case:

i y,zrad(d)

~—=(pprad(8) +1)
Jo

and d' = 4a;;. It follows:

rad (o
5 ( )(y’zrad(é) +1) +4a;, =29 rad(8)

rad]gé) = Uy — (porad(6) +1) = 2(1 + 2aj)) =
2 (pprad () +1) — 4aj, =2 Jo

Jo
the contradiction as the left member is greater than the right member 2(1 + 24;,).

** 1’-2-2-5 Now, we consider the case d = 4ubrad(d) and d' = (phrad(6) +1). It
follows:

4yhrad(o brad(6) +1) =2
{ Harad(0) + (porad(6) +1) = 2q = 3uhrad(5) = 3 = Then the contradiction.

4phrad(6) — (phrad(6) +1) =2

** 1’-2-2-6 Now, we consider the case d = 2(ubrad(6) + 1) and d = 2uLrad(5). It
follows:

2(phrad(0) + 1) + 2urad(S) = 2q = 2uhrad() +1 =g

2(phrad(0) +1) —2ubrad(d) =2 =2 =2

It follows that this case presents (g,1) the first solution of the Diophantine equation
(3.2.71).

=l .
*17-2-2-7 phrad(6) and phrad(5) 4+ 1 are coprime, let pbrad(5) +1 = H/\].%, we con-
j=1
brad(6) + 1
sider the case d = 2Aypyrad(d) and d' = 2%. It follows:
]'/
( ubrad(5) +1
2Ajpprad(8) + 22)‘—j’ =2q
ubrad(5) +1
\

]
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#* 17.2-2-7-1 We suppose that v; = 1. We consider the case d = 2A ulrad(5) and
PP Vi M2

/
1
d = 2%. It follows:

]

rad(6) —1
T, A

(y i

2A ppyrad(d) +2 :
]/

= 4Appyrad(0) = 2(q+1) = 2Appyrad () = g +1

pyrad(6) —1

Y o St

)\]‘/

=2

2Ajpyrad(6)
\

But from the equation (3.2.22), g + 1 = 2ujrad(é), then Ay = 1, it follows the contra-
diction.

/

Vit =
** 1'-2-2-7-2 We suppose that vy > 2. We consider the case d = 2A ].,] "uhrad(5) and
d/ — 2]/1/27’(1(1(5) + 1

. . It follows:
jl
)\j,
( i /-/ ! d ) 1
2/\].7/ ' uyrad(5) 4o t2lRO) T2 (r/') L 2q
A
j oy
— 4/\7,’ "uhrad(6) = 2(g+1)
V=T brad(6) +1
2/\]-,] Phrad(s) — 2712—7{/ =2
Aj

/

Vit _"]-/ /
= 2\, urrad(6) = q+1
As above, it follows the contradiction. It is trivial that the other cases for more factors

=" ..
1—[ /\;f " give also contradictions.
]'VI

** 1'-2-2-8 Now, we consider the case d = 4(p5rad(6) +1) and d’ = pbrad(5), we have

d > d'. Tt follows:
4(phrad(6) + 1) + phrad(d) = 2q = Subrad(5) = 2(q+2) N Then the contradiction as
4(phrad(6) +1) — phrad(d) =2 = phrad(6) =2 3|4.

uhrad(6)
** 1'-2-2-9 Now, we consider the case d = 4u(p4rad(6) +1) and d’ = ZT, where

u > 11is an integer divisor of y5rad(6). We have d > d’ and:

uhrad(d) B

4u(phrad(8) +1) + = 2q
= 2u(phrad(8) +1) = phrad(6) +1 = 2u =1
!/
4u(pprad(8) +1) — %d(é) =2
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Then the contradiction.

In conclusion, we have found only the first solution (g, 1) - the case (** 1-2-2-6 above).
As 7(N) is large and also [t(N/4)/2], it follows the contradiction with Q(N) = 1 and
the hypothesis (u1, u2) # 1 is false.

** 2’- We suppose that (u1, u2) = 1.

We recall that rad(c) = Y > rad"/137(a), § +1 = Y, rad(a) = r.rad(6), (r,rad(5)) =
1,8 = pprad(8) and ru; = 6% + 3X, it follows:

U(S) =% 4+35+3—ru; =0 (3.2.74)

** 2"-1- We suppose 3|(3 — ru1) and 32 { (3 — ru1), then we use the Eisenstein criterion
[6] to the polynomial U(6) given by the equation (3.2.74), and the contradiction.

** 2’-2- We suppose 3|(3 — ru1) and 32|(3 — ru1). From 3|(3 —ru;) = 3|ru; =
3|ror3|u;.

-If 3]r => (3,radd) = 1 => 31 4. Then the contradiction with 3|62 by the equation
(3.2.74).

- 1f 3|py = 31 uo = 314, it follows the contradiction with 3|6 by the equation
(3.2.74).

** 2-3- We suppose 31 (3 —ruy) = 31 ru; = 3 {rand 31 yj. From the equation
(3.2.74), U(6) = 0 = ru; = 6*(mod3), as &2 is a square then 4> = 1(mod3) =
ru1 = 1(mod3), but this result is not all verified. Then the contradiction.

It follows that the case y, > rad*>?%(a) = a > rad>?%(a) and ¢ = rad®(c) is impossible.

II-3-2-2- We consider the case y, = rad?(c) = ¢ = rad®(c) and ¢ = a + b. Then, we
obtain that Y = rad(c) is a solution in positive integers of the equation:

YP+1=¢ (3.2.75)

withé¢ =a+4+b+1=c+1= (¢,c) = 1. We obtain the same result as of the case
I-3-2-1- studied above considering rad(¢) > radi$ (c).

II-3-2-3- We suppose i, > rad>?®(a) = a > rad>?°(a) and c large and u. < rad?(c),
we consider ¢ = a+b,b > 1. Then a = rad® (a) +h,h > 0, h a positive integer and

we can write ¢ + [ = rad>(c), | > 0. As rad(c) > rad%(a) = rad(c) > rad(a) =
h+1+b=m >0, it follows:

rad’(c) —1 = rad®(a) + h+b >0 = rad®(c) —rad®(a) =h+1+b=m >0 (3.2.76)

We obtain the same result (a contradiction) as of the case I-3-2-3- studied above con-
sidering rad(c) > radt$ (a). Then, this case is to reject.

Then the cases u. < rad*(c) and a > rad>?%(a) are impossible.
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Chapter 4

(LogR)“
w!

< R1°63 Is
True

The Inequality ER

Abstract

In this paper, we give the proof that the right member of the explicit abc conjecture

of Alan Baker (2004) verifies the inequality 5R (Loilf) < R Tt can be useful for

the proof of the abc conjecture. Some numerical examples are provided.
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4.1 Introduction and notations

Let a be a positive integer, a = [];4;, 4; prime integers and a; > 1 positive integers.
We call radical of a the integer []; a; noted by rad(a). Then a is written as:

a= Ha ' = rad(a Ha“’ (4.1.1)

We denote:
=T[4 = a = parad(a) (4.1.2)
i
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6 (LogR)¥
Chapter 4 The Inequality SR(Of)') < RY3 Is True

The abc conjecture was proposed independently in 1985 by David Masser of the Uni-
versity of Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) [1]. It
describes the distribution of the prime factors of two integers with those of its sum.
The definition of the abc conjecture is given below:

Conjecture 4.1.1. (abc Conjecture): For each € > 0, there exists K(e) such that if a,b,c
positive integers relatively prime with c = a + b, then :

¢ < K(e).rad' "¢ (abc) (4.1.3)

where K is a constant depending only on €.

L
We know that numerically, 08¢ < 1.629912 [2]. It concerned the best exam-
Log(rad(abc))
ple given by E. Reyssat [2]:
2 +310.109 = 23° — ¢ < rad"*'2(abc) (4.1.4)

In 1996, A. Nitaj [4] proposed the following conjecture:

Conjecture 4.1.2. Let a, b, c be positive integers relatively prime with c = a + b, then:

¢ < rad"%3(abc) (4.1.5)
abc < rad**?(abc) (4.1.6)

A conjecture was proposed that ¢ < rad?(abc) [3]. In 2004, Alan Baker [1], [5] pro-
posed the explicit version of the abc conjecture namely:

Conjecture 4.1.3. Let a, b, c be positive integers relatively prime with c = a + b, then:

6 (LogR)%“
< aRTS (4.1.7)

with R = rad(abc) and w = w(abc) the number of distinct prime factors of abc.

. . : . 6., (LogR)® 1.63
In the following, I give an elementary proof of the inequality 5R " < R*™,
it can be useful for the proof of the abc conjecture. For our proof, we proceed by

contradiction. Some numerical examples are provided.

4.2 The proof of the inequality gR(L‘)f)—If)w < R163

6 (LogR)%“

Proof. : Let F = gR ——, we write it as :
w!

_ 6 (LOgRO.63)w
b= 5 x 0.63W'R w!
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6 (LogR)“
Chapter 4 The Inequality SR(Of)') < RY3 Is True
LooR0-63\w
and A, = %. We write R%3 as :
_ L R0-63))2 +o0 L RO-63))k
RO-63 _ ,LogR™® _ 4 + Log(R%63) + ( 08(2| ) et Ay + Z ( Og(kl ) N
: k=(w+1) :
+o0 0.63)\k
A, = R063 _1_ Z (LOg(g ) —
1 +o0 (Log(R0.63))k
_ R0.63 _ 0.63
Ay, =R (1W 1+ ) —g || =R (1-B)>0,0<B<1
k:l/#(w) )
" RO63 _ A,
It follows that 1 — B = R0 — B = —RU&G We remark as R is large, with
4<w<R,thenB— 1 and (1-B) — 0™.
LogR)“
We proceed by contradiction. I confirm that gR% < R, if not, we have:

6 R(L08R0'63)w > R1.63

j
5 % 0.63% Wl —

ﬁk%g(l —B)>R%"8 —1-B> g x (0.63)%
Using the remark above, it follows the contradiction, then gR(Lof;—lf)w < R and
the proof is finished.
QED
]

We give below some numerical examples.
4.3 Examples
4.3.1 Example 1. of Eric Reyssat
We give here the example of Eric Reyssat [1], it is given by:

310 % 109 + 2 = 23° = 6436343 (4.3.1)
a=319109 = u, = 3° = 19683 and rad(a) = 3 x 109,
b=2= u, =1and rad(b) = 2,c = 23° = 6436343 = rad(c) = 23.
Then rad(abc) = R =2 x 3 x 109 x 23 = 15042 = R1%® = 6441 812.837.
w=4= Ay = %40'63)4 = 56.182 — gR(LOfJ—If)w — 6437590.238 < (R =
6441812.837). R%6® = 428255 — B = 428'15258;5556'182 = 0.86881 = 1 — B =

0.13119 < 2(0.63)4 = 0.13127.
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(LogR)“

' < RY93 Is True
w!

Chapter 4 The Inequality gR

4.3.2 Example 2. of Nitaj
See [4]:

a = 11'0.132.79 = 613474 843 408551921511 = rad(a) = 11.13.79
b = 724123113 = 2477 678 547239 = rad(b) = 7.41.311
c = 2.33.523.953 = 613474 845886230468 750 = rad(c) = 2.3.5.953
rad(abc) = 2.3.5.7.11.13.41.79.311.953 = 28 828335646110 = R —>
R163 = 8699732495776 563 637 162.488

w
w =10 — QRM

5 w! 5
301777133.532, A1g = 2219175.915 = B = 0.99264 —> 1 — B = 0.00736 < 6(0.63)10 =

0.008 21.

= 7794478289 809 729 132 015.590 < 8 699 732 495776 563 637 162.488, R-6

4.3.3 Example 3. of Ralf Bonse
See [2] :

2543*.182587.2802983.85813163 + 21°.377.11.173 = 5°°.245983
a = 2543*.182587.2802983.85813163
b =21537711.173
c = 5°0.245983
rad(abc) = 2.3.5.11.173.2543.182587.245983.2802983.85813163
rad(abc) = R = 1.5683959920004546031461002610848 x 1033
R163 = 1.2840822117877594422577837605899 x 10754

w

w=10 — 6 RM
5 w!

1.2840822117877594422577837605899 x 101%.1 — B =

67 042273571361 151.3679

~ 818723216 800586 702919.629 0

— 3.5303452259448631166310839830891 x 1014 <

A1o
R0-63

1-B

=8187x107° < 2(0.63)10 = 0.0082

4.4 Conclusion

From the explicit abc conjecture of Alan Baker, we obtain an inequality that can be
useful for the proof of the abc conjecture. We announce the theorem:

6 (LogR)¥
Theorem 4.4.1. The inequality ER%

of distinct prime factors of R = rad(abc).

< RY3 is true, where w is the number
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Chapter 5

LThe Explicit abc Conjecture of Alan
Barker Is True

Abstract

In this paper, assuming that the conjecture ¢ < rad?(abc) is true, we give the proof
that the explicit abc conjecture of Alan Baker (2004) is true. Some numerical
examples are provided.
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Let a be a positive integer, a = []; 4;', a; prime integers and a; > 1 positive integers.
We call radical of a the integer []; a; noted by rad(a). Then a is written as:

a=]Taf" = rad(a).T Tay™" (5.0.1)
1 1

We denote:
o =64 = a = parad(a) (5.0.2)
i

The abc conjecture was proposed independently in 1985 by David Masser of the Uni-
versity of Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) [1]. It
describes the distribution of the prime factors of two integers with those of its sum.
The definition of the abc conjecture is given below:
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Conjecture 5.0.1. (abc Conjecture): For each € > 0, there exists K(€) such that if a,b,c
positive integers relatively prime with c = a + b, then :

¢ < K(e).rad "¢ (abc) (5.0.3)
where K is a constant depending only of €.
Logc
Log(rad(abc))

We know that numerically, < 1.629912 [2]. It concerned the best exam-

ple given by E. Reyssat [2]:
2 +319109 = 23° = ¢ < rad %2 (abc) (5.0.4)

A conjecture was proposed that ¢ < rad?(abc) [3]. In 2004, Alan Baker [1], [4] pro-
posed the explicit version of the abc conjecture namely:

Conjecture 5.0.2. Let a, b, ¢ be positive integers relatively prime with c = a + b, then:

6 (LogR)%“
<SRBT (5.0.5)

with R = rad(abc) and w = w(abc) the number of distinct prime factors of abc.

In the following, we assume that the conjecture ¢ < rad?(abc) is true, I give an ele-
mentary proof of Alan Baker’s conjecture cited above. We give also some numerical
examples.

5.1 The Proof of the explicit abc conjecture

Proof. : The case ¢ < R is trivial, we will use the parameters obtained in the following
for the case ¢ > R.

We assume that ¢ < R? is true. We proceed by contradiction, let one triplet (a,b,c)
of positive integers be relatively prime with ¢ = a + b and:

6 (LogR)%“
—R—=—"— 1.1
- 5 w! ®1.1)
w
Let A = M, we obtain:
w!
LogR)? & (LogR)*
R:eL08R21+L0gR+m+...+A+ Z M:
2! k=w+1 k!
< (LogR)*
A=R-1- ) —r =
k=1,#w
1 2 (LogR)* A
A_R<1—E 1+k_12 — _R(l—B)>0,0<B<1;»B_1—E
= ,7&&;
The equation (6.2.1) becomes :
R*(1-B . R*(1-B
c> gR.R(l —B) = g = 0.83333 > % = Contradzctzong < %
(5.1.2)
If c — 400, then R — +0o00 and B — 1, then we obtain 1EB < ng that

becomes co < co. The proof of the explicit abc conjecture of Alan Baker is finished.
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Q.E.D
O
We give below some numerical examples.
5.2 Examples
5.2.1 Example 1. of Eric Reyssat
We give here the example of Eric Reyssat [1], it is given by:
310 % 109 42 = 23° = 6436343 (5.2.1)

a=319109 = p, =3 = 19683 and rad(a) = 3 x 109,

b=2= y,=1and rad(b) = 2,

c = 23° = 6436343 = rad(c) = 23. Then rad(abc) = 2 x 3 x 109 x 23 = 15042.
(LogR)“

w=4—= gRT = 6437590.238 > 6436 343.

5.2.2 Example 2. of Nitaj

See [5]:
a = 11113279 = 613474843 408551921 511 = rad(a) = 11.13.79
b =72.412.311% = 2477 678 547239 = rad(b) = 7.41.311
c = 2.33.523.953 = 613474 845886230468 750 = rad(c) = 2.3.5.953
rad(abc) = 2.3.5.7.11.13.41.79.311.953 = 28 828 335646 110
6 (LogR)¥
w=10—= gRT — 7794 478289809729 132 015,590 > 613 474 845 886 230 468 750.

5.2.3 Example 3.

The example is of Ralf Bonse, see [2] :

25434182 587.2 802 983.85813 163 + 21°.377.11.173 = 5°0.245983
a = 2543%.182587.2 802 983.85813 163
b =21537711.173
c = 5°0.245983
rad(abc) = 2.3.5.11.173.2 543.182 587.245 983.2 802 983.85 813 163
rad(abc) = 1.5683959920004546031461002610848¢ + 33
6 (LogR)¥

w=10 = ERT = 3.5303452259448631166310839830891¢ + 45 >

¢ = 3.4136998783296235160378273576498¢ + 44
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5.3 Conclusion

Assuming ¢ < R? is true, we have given an elementary proof of the explicit abc
conjecture. We can announce the important theorem:

Theorem 5.3.1. Assuming ¢ < R? is true, the explicit abc conjecture of Alan Baker is true:
Let a, b, c positive integers relatively prime with ¢ = a + b, then:

(LogR)“

o (5.3.1)

6
< =R
5
where w is the number of distinct prime factors of abc.

Acknowledgments: The author is very grateful to Professors Mihdilescu Preda and
Gérald Tenenbaum for their comments about errors found in previous manuscripts
concerning the first proofs proposed of the abc conjecture.
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Chapter 6

Assuming ¢ < R?, The Explicit abc
conjecture of Baker Is True, It Implies
The abc Conjecture Is True

Abstract

In this paper, assuming that the conjecture ¢ < R? is true, we give the proof that the
explicit abc conjecture of Alan Baker is true and it implies that the abc conjecture is
true. We propose the mathematical expression of the constant K(e). Some numerical
examples are provided.

Contents
6.1 Introduction and notations . . ................... . ... 109
6.2 The Proof of The Explicit abc Conjecture of Alan Baker. .. ... .. 111
6.3 The Proof of the abc conjecture . ..................... 111
64 Examples. . ... ... i e e e 113
6.4.1 Example 1. of EricReyssat . . .. ... .............. 113
642 Example2. of Nitaj . . . . ... ... ... .. ... .. ..., 113
6.43 Example3.of RalfBonse ... ................... 114
65 Conclusion ......... . ... i e 114

6.1 Introduction and notations

Let a be a positive integer, 2 = [];4;', a; prime integers and «; > 1 positive integers.
We call radical of a the integer []; a; denoted by rad(a). Then a is written as:

a= Ha?"' = rad(a).Ha?‘iil (6.1.1)
1 1
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We denote:
o =[[a5" = a = parad(a) (6.1.2)
i

The abc conjecture was proposed independently in 1985 by David Masser of the Uni-
versity of Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) [1].
It describes the distribution of the prime factors of the two integers along with their
sum. The definition of the abc conjecture is given below:

Conjecture 6.1.1. (abc Conjecture): For each € > 0, there exists K(€) such that if a,b,c
positive integers relatively prime with c = a + b, then :

¢ < K(e).rad' ¢ (abc) (6.1.3)

where K is a constant depending only on €.

L
We know that numerically, 08¢ < 1.629912 [2]. It concerned the best exam-
Log(rad(abc))
ple given by E. Reyssat [2]:
2 +319109 = 23° = ¢ < rad %2 (abc) (6.1.4)

A conjecture was proposed that ¢ < rad?(abc) [3], it is one key to resolve the abc
conjecture. In 2012, A. Nitaj [4] proposed the following conjecture:

Conjecture 6.1.2. Let a, b, c be positive integers relatively prime with ¢ = a + b, then:

¢ < rad'%(abc) (6.1.5)
abc < rad**?(abc) (6.1.6)

In 2004, Alan Baker [1], [5] proposed the explicit version of the abc conjecture namely:
Conjecture 6.1.3. Let a, b, c be positive integers relatively prime with c = a + b, then:

6 (LogR)%“
c < 5R ” (6.1.7)
with R = rad(abc) and w denote the number of distinct prime factors of abc.

In the following, we assume the conjecture ¢ < R? is true, we give the proof that the
explicit abc conjecture of Alan Barker is true. Then we will give an elementary proof
of the abc conjecture by verifying the below inequality:
1
(=)

¢ < SRR (oRITe,  K(e) = 1.2¢¢ (6.1.8)

5 w!

Some numerical examples are provided.
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6.2 The Proof of The Explicit abc Conjecture of Alan
Baker

The case ¢ < R is trivial, it will use the parameters obtained in the following for the
case ¢ > R.

Proof. : We assume that ¢ < R? is true. We proceed by contradiction, let one triplet
(a,b, c) of positive integers be relatively prime with ¢ = a + b and:

6 (LogR)%“
w
Let A = M, we obtain:
w!
2 +o0 k
R:eLOgR:1+LogR+M+---+A+ 2 Mj
2! k!
k=w+1
& (LogR)*
A=R-1- ) T
k=1,#w

1 2 (LogR)* A

A=R[1-= |1+ ) (LogR)® =R(1-B)>0,0<B<1=B=1-"=

R =12 k! R

=1,FwW
The equation (6.2.1) becomes :
R*>(1-B R*(1—-B

c> gR.R(l —B) = g = 0.83333 > % = contmdictiong < %

(6.2.2)
6

If c — 400, then R — +oc0 and B — 1, then we obtain 1EB < gRZ that
becomes oo < oo. =

We announce the theorem:

Theorem 6.2.1. Assuming the conjecture ¢ < R true, the explicit abc conjecture of Alan
Baker (2004) is true: if a, b, c positive integers relatively prime with c = a + b, then :

w
¢ < OglLosRy”
5 w!

w is the number of distinct prime factors of abc.

(6.2.3)

6.3 The Proof of the abc conjecture

Proof. We recall the definition of the abc conjecture:
For each € > 0, there exists K(€) such that if a, b, c positive integers relatively prime with
c=a-+Db,then:

¢ < K(€).rad ¢ (abc) (6.3.1)

where K is a constant depending only on €.
We propose the constant K(e) as follow:
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()’

-fore €]0,1], K(e) = 1.2¢** 7,
-fore > 1, K(e) = 1.2¢".

We write the equation (6.2.3) as:

M=

6 R(LogRe)“’
5(ev) w!
(LogR®)% Al

|

and B’ =1— Re the above equation

c <

As seen above, let € €]0,1[ and A" =

becomes:
6 R(LogRe)“’_ 6

5(ew) w! ~ 5(evw)
We recall the following proposition [4]:

c< R.R(1-B) (6.3.2)

Proposition 6.3.1. Let ¢ — K(¢) the application verifying the abc conjecture, then:
lime oK (e) = 400 (6.3.3)
The chosen constant K(e) verifies the proposition above. Now, is the following in-
equality true? :
61 ; (é)
25 (1—B) 1268 (6.3.4)

We proceed by contradiction, we suppose that :
1
et

(&)

61
ge—w(l—B/) > ge =1 > (1—B/) >€w.€e
€4
Asw>4=— w=4w'+71r,0<r <4, >1, we write ew M as:
(1/e)* X
w et & ro & (6.3.5)

-.€
(1/(e*))« Xw
1 / /
where X = = and 1 < X. Or we know that X¢' < X = X¢ < ¢, As 0 <r<i4
1
and 0 < € < 1, then€" > (e* = f)' The equation (6.3.5) becomes:
e(1/e)% eeX X

w e1/e* e " v e
S | 6.3.6
(1/(eh)e S ~ X 7 X'+ (6.3.6)

It follows the contradiction and we obtain:

(=) (=)
o o o
01 1By <120/ o< ORUILOSR)Y )5\ pive 6.3.7)
5ew 5 w!
(4

Finally, the choice of the constant K(e) = 1.2¢° is acceptable for € €]0,1[. As the
conjecture ¢ < R? is true, we adopt K(e) = 1.2¢¢ for € > 1, and the abc conjecture is
true for all € > 0.

The proof of the abc conjecture is finished.
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The End of the Mystery
of the abc Conjecture!

]

6.4 Examples

We give below some numerical examples.

6.4.1 Example 1. of Eric Reyssat

We give here the example of Eric Reyssat [1], it is given by:
310 % 109 + 2 = 23° = 6436343 (6.4.1)

a=319109 = u, =3 = 19683 and rad(a) = 3 x 109,
b=2= u,=1and rad(b) = 2,c = 23° = 6436343 = rad(c) = 23.
Then R = rad(abc) =2 x 3 x 109 x 23 = 15042.
* w=4= A= (Log15042)*/24 = 356.6452953,1 — B = A/R = 0.0237099.
R*’(1-B
g = 0.8333833 < % = 0.8334925.
*w=4,0'=1,r=0.

1
case € = 0.5 = X = ;o5 =16, X" = 256 < ¥ = 888611052 = (1 B') < 1.

LooR0-63)4 LooR)¥
0 =4 — A = % — 0252 — gR% — 6437590238 > (¢ =
4282550252

6436343). R063 = 428255 —> B’ = =0.9994 — 1 — B’ = 0.0006 <

16
et

428.255

6.4.2 Example 2. of Nitaj
See [4]:

a = 1110.132.79 = 613474 843 408551921511 = rad(a) = 11.13.79
b =72412311% = 2477678547239 = rad(b) = 7.41.311

c = 2.33.523.953 = 613474 845 886230468 750 = rad(c) = 2.3.5.953

R = rad(abc) = 2.3.5.7.11.13.41.79.311.953 = 28 828 335 646 110 —>

6 _ (LogR)™"

x*w = 10, E'R' 101 = 7794478289 809729132015,590 >

c = 613474 845886230468 750, A = 225312992.5562 633 —-

R?(1 - B)

1-B=A/R=7815x10"°% = g = 0.8333 < = 10.587

*w=10= ' =2,r =2 =

Case e = 0.5 = X = 16, X> = 4096 < eX = 8886110.52 = (1 — B') < 1.
Casee =0.001 = X =102 = X3 =10* < X = (1-B) < 1.
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6.4.3 Example 3. of Ralf Bonse
See [2] :

2543%.182587.2802983.85813163 + 21°.377.11.173 = 5°°.245983
a = 2543*.182587.2802983.85813163
b =21537711.173
¢ = 5°0.245983
R = rad(abc) = 2.3.5.11.173.2543.182587.245983.2802983.85813163
R = 1.5683959920004546031461002610848 x 10733

6 (LogR)“ 115
xw=10—= a = 5RT = 3.5303452259448631166310839830891 x 107 >
3.4136998783296235160378273576498 x 1074 = ¢, 1 — B = 1.1959816 x 1072 —

R?(1 - B)

> = (0.8333 < 8.618 =
6 c

*w =10, =2,r=2,casee = 05 = X = 16, X° = 4096 < ¢X = 8886110.521 —>
(1-B)<1.
Case € =000l = X =102 = X>*=10% <X = (1-B) < 1.

6.5 Conclusion

Assuming the explicit abc conjecture of Alan Baker true, we can announce the impor-
tant theorem:

Theorem 6.5.1. Assuming the explicit abc conjecture of Alan Baker true, then the abc con-
jecture is true:
For each € > 0, there exists K(€) such that if a, b, c positive integers relatively prime with
c=a+b,then:

¢ < K(e).rad "¢ (abc) (6.5.1)

4
() o -

where K is a constant depending only on €. For € €]0,1], K(e) = 1.2¢°
1.2¢ if e > 1.
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