A Stronger Generalization of the Riemann Functional
Equation

Jose Risomar Sousa

June 18, 2025

Abstract

A generalization of the Riemann functional equation with a broader validity domain
than the one available in the literature is introduced. The insight that led to this new
relation came from a new formula for the zeta function created herein that implies the
Riemann functional equation. A few minor developments that stem from new formulae
introduced previously are also discussed.
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1 Introduction

This paper presents new developments that stem from new formulae introduced previously
for generalized harmonic progressions and their limits.

Among these developments is a generalization of a transformation of the Hy(n) formula
that had not been discovered before, and one more integral representation for the Riemann
zeta function, ((k), that only holds at the positive integers greater than one. A demonstration
of how this new zeta function formula can be extended from the positive integers to the right
half-plane, R(k) > 1, is given.

More importantly, a closer inspection of this extended formula of the Riemann zeta func-
tion led to an unexpected discovery, it was found to be just a reformulation of the Riemann
functional equation. This in turn provided insight into the possibility of replicating the method
with a new formula for the Hurwitz zeta function?®, ((k,b), which was first introduced in paper
[5] and then extended in paper [7]. As a result, an even broader generalization of the Riemann
functional equation than the one available in the literature was discovered.

For comparison, the generalized Riemann functional equation from the literature' states
that,

C(kab) - —q (27T)k—1 P(l i k) (ekiw/2 Li—k+1 (627rib) . 6—ki7r/2 Li_]H_l (6—27rib)) 7 (1)

if k is complex and 0 < b < 1. The new functional equation created herein allows b to be any
positive real number, except for occasional singularities (though it should hold at the limit
when improper).

2 Generalized harmonic progressions

In reference [3], new formulae were created for the generalized harmonic numbers, Hy(n),
and varied depending on whether & was odd or even. In reference [4], the same approach was
used to produce formulae for a more general sum referred to as generalized harmonic progres-
sion, H Py(n).

For any integers a, b and k > 1,

n
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where the right-hand side can be well-defined even when there are singularities on the left.



2.1 Generalized harmonic numbers

For the generalized harmonic numbers, as seen in [4], a single formula that does not depend
on parity is,

Z ik =57 ¢ (2mi)" / Z 1 — v (627”:”“ — 1) cot Tu du, (3)

=17
which is simply a particular case of formula (2).

Paper [3] mentioned how for the odd cases the formulae could be transformed based on a
new integral representation for the zeta function at the odd integers (which stems from the
formula itself). For example, for the case k = 3,

n
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although a generalization of that result was not produced.

But with formula (3) that is now straightforward. A simple investigation reveals that in
that case the generalization is given by,

11 27rz L2 B, 1—u i |
;ﬁZQ_M+C<k) /; = e cot u du, (4)

that is, the harmonic numbers of order k are a function of ((k) (and vice-versa).

2.2 Zeta at the positive integers

From the limits of the formulae created in [3] new integral representations for the Riemann
zeta function at the positive odd integers (greater than one) were derived, such as,

Y2l B 2 _ 925 o 2kH+1-2j U
C(2k+1) = / Z 23 2k +>1 — 2] tan;du, (5)
and,
k(2 2k+1 1k B _ 925} o 2k+1-2j
C(2k+1) = ()L 2 Ju cot Tu du (6)

— ( 7)! 2k: +1—2j)!

The limits of the real and imaginary parts of each individual component of the integral in
(3) were deduced by educated guesses and their validity was confirmed by the integral repre-
sentations derived thereafter, such as (5) and (6) (in the case of the formulae that were not
created using the exponential function). That was first done in [5] and the statements were
later refined in [6].



If k is real, the limit for the imaginary part can be stated as,

1
lim [ (1 —w)"sin27nucot mudu = {

n—o0 0

1, ifk=0
1/2, ifk >0,

and for the real part as,

H(n)

1 1
/ (1 —u)* (cos 2mnu — 1) cot mu du ~ — + / (u* — u) cot Tu du, (])
0 0

which only holds for positive real k. The integral to the left is zero if £ = 0 and n is a positive
integer, while the integral to the right explodes out to infinity.

Paper [4] did not show how the values of the zeta function at the positive integers (greater
than one) can be derived from (3), but from (4) that is now possible. First note that for
positive integer n,

1
/ (e*™™ — 1) cot mudu = 1, (9)
0
and therefore (4) can be rewritten as:
k
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Through the aforementioned limits, (7) and (8), if £ # 1 is a non-negative integer then,
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0
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7=0

where the rightmost formula is obtained from equations (3) and (4) and again n is any positive
integer. Oddly, these formulae hold even for k£ = 0.

2.3 Extending Hy(n)

How can one obtain the extension of these formulae from positive integer to complex k7

Looking at formula (2), the summation within the integral can be extended to complex k
as follows,
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since for integer g:
By | —1/2, ifg=0
¢+1 | —¢(=q), ifg>0’

Therefore, using an identity for {(—k,u + 1) from [7] one has,
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and if the rightmost function is differentiated once with respect to u then:
k o
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=0
This extended summation in turn implies,

n
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where the first formula holds for R(k) > 0, when equation (3) is used, and the second formula
holds for (k) > 1, when equation (4) is used.

/1 (C(=k+1,1 —u) = (=k+ 1)) ™™ cot mudu, (12)
0

3 The extended zeta formula

Through the extended summation from (11), the Riemann zeta function formula in (10)
can be extended from the non-negative integers to (k) > 1:

2ri)FC(—k+1)  i(2mi)k

C(k) = 2T (h) " ST /o (C(=k+1,u) = ((=k+ 1)) cot Tudu (13)

From this formula the Riemann functional equation can be deduced, as described next.
Since for real k£ the imaginary part on the right-hand side must be zero, it can be used to
deduce a closed-form for the real-valued integral,

/1 (((=k+1,u) —((=k+1))cot Tudu = tank?7r ((—k+1),
0

and the above formula, when replaced in the real part of the initial equation, leads to a restated
Riemann functional equation:
C(k) = (2r)" C(—k+1) (COS ko _ Ccos (k£ Dr tan kl) = @ C((—k +1)sec km
2T (k) 2 2 2 2T (k) 2
This must explain why the analytic continuation of the zeta function appears in the new
formula.




3.1 The extended Hurwitz zeta formula

The prior result was the insight that led to the discovery of a new generalization of the
Riemann functional equation, whose derivation requires both parameters, k and b, to be real.

Throughout this section, let b be a positive non-integer number, unless otherwise noted.
The extended Hurwitz zeta function formula from reference [7], which holds in the right half-
plane R(k) > 1, is:

— 1 1 (2ri)b it
NCLADY GoF 25 T ar(k) ok ()

(ori)E [l ‘ ) .
’;FTZ)) / (72 @ (e, —k 4+ 1L,u) = Lisgy (¢72) ) cotmudu  (14)
0

J=0

If the shift is —b though, the picture gets more complicated and the above formula does
not hold (the real part is right, but not the imaginary part).

To understand why, it is necessary to analyze what happens when the shift is negative.
By definition, a real power of a positive number is always a positive number’, but if the base
is negative, the result can be a non-real number. For example, if —1 < —b < 0, then all the
terms of the Hurwitz zeta series are positive and hence well-behaved, except term j = 0. For
any other b, only the terms of the series that have 7 — b < 0 contribute to the imaginary part
of ((k,—b), that is:

(0]

Sk t) =3 Y

Fortunately, it is not hard to fix the formula (14) when the shift is —b, as a simple observa-
tion of the patterns reveals that, surprisingly, the difference can be attributed to the imaginary
part of the terms that become negative, as in the below:

(15)
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2T(k)

1
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0

3.2 Reflection symmetry relations

When the two equations, (14) and (16), are added together or subtracted from each other,
each part becomes either purely real or purely imaginary regardless of the value of b. That is
essential for the method to work since the idea is to form a system of equations, so that the
unknown part, the integral, can be replaced by an expression involving well-known functions,
leading to a closed-form.

"When the exponentiation is multi-valued, for example, 4'/2 = 42, the positive root is taken by definition.
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Below is the difference between the two reflection formulae,

2T (Li—k+1 (6—27rib) ~ Lign (627rib))

i (2mi)k
2T(k)
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/ (6—27ribu B(e 2 4 1, u) — 20U G20k 41, u)
0
—Li_gqg (6_2”“’) + Ligiq (62”“’) ) cotmudu, (17)

and the formula for the addition is not shown since it is trivially similar. These formulae allow
the real and imaginary parts to be separated.

4 Difference formulae

This section was created just to organize the calculations better and make them easier to
follow. A system of equations is created with the purpose of replacing the integral with an
equivalent closed-form.

4.1 The real part
The real part for the difference, formula (17), is:

2bk

2m)* .k . , ) .
Q(I‘W(;{:)Zsm ; (Ll_k_H (6_27”b> — Li_gyq (62Mb))

Gtk = Rk, ~0) = 53 = R 5255

+
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1 ! : , : ,
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4.2 The imaginary part

The imaginary part for the difference is:

1 1 1
— iS¢k, —b) = —i S + +
(G (k=) 2o G G
(27r)k k . _oni . i
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— Li_gyq (e‘zmb) + Li_gyg (ezmb) > cot mu du

Notice the cancellation of ¢ (k, —b) with its respective equivalent formula from (15). The
equation can therefore be simplified as below:

om)* k+1 ! ; ; / i
2(;;2) COS( —i—2 )71'/0 (e_ZMbuCI)(e_QMb,—k—l—l,u)—ezmbuq)(GQMb,—k‘—Fl,u)
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) )k kn . omib : 2mib
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J=1

4.3 The closed-form

When the closed-form of the integral from (19) is replaced in equation (18), the below is
obtained:

C(k7 b) - §R<C<k7 _b)) = Q_Zk - §R<ﬁ)

<27T>k ; km —2mi : e
+ 2F(k)zsm — (Ll,kﬂ (e 2 b) —Li_gq (62 b))
b]
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It can be simplified using the below identity,

k+1 k k
b+ Dm cos L — 4 csc l, (20)

isin T it
Sl — — 27 tan
2 2 9



which then gives the final relation for the difference:

2 CSC k; (Li_k+1 (e_%ib) —Li g (ezmb))

GO0 ) = Rk, ) = 50z~ %525
(2m)* |

T )

k+1)m 1 1
—tan( —;) 3 2(—b)k+z('— (21)

5 Addition formulae

Like before, this section aims to organize better the calculations of the system of equations
obtained by adding the reflection formulae together.

5.1 The real part
The real part for the addition is:

C(k,b) + Rk, 1) = 5 + %(2(_—1b)k>

(2%2 cosl%r (L1 k+1( 727rib) L (627rib))

et
2T (k)

/ 727rzbuq) 727r1lb,_k_|_1’u)_|_627ribuq)(e27rib7_k+lju)

— Lig1 (e72™%) — Li_gpy (2™) > cotmudu (22)

5.2 The imaginary part

Like in the analogous section, this equation can be simplified as:

2<2F7T(3:)'isin (k 4‘21>7T /01 (e_%ib“ O(e 20 k4 1,u) + ¥ D(e2™b —k + 1, u)
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5.3 The closed-form

When the closed-form of the integral from (23) is replaced in equation (22), the below is
obtained:

C(k,b) +R(¢(k, —b)) = % + %(2(_—119)0

b
(k+Dm | . 1 1
S S e Y
2 2oy T2 by
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27 )k k . .
2<F72<:)Z sin TW (Li,kﬂ (6727”17) + Li_gyq (627”'b))

This one can also be simplified through the below identity,

k k+1 k k
cos%—i—icotuisin%:sec%, (24)

which then gives this final relation for the addition:

Clk,b) + R(C(k, —b)) = —— + %(2(_—15))0

(27T)k km : —27e : e
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— o Ry —_ 5
2\ 2o TG

6 Generalized Riemann functional equation

To obtain a simpler relation, formulae (21) and (25) are combined, with a few of the parts
cancelling out.

The final relation is further simplified by means of the following identities,

T N ) Lk Y efkifr/2
sec — +1csc— = 21
2 2 sinkm’

T ) L Z.ekiﬂ'/Z
seCc — — 1CSC — = —
2 2
k+1 k+1
tan%qu:ot# = —2csckm

sinkm’
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which gives the relation:

1 1
_ ok
C(k’b)_Qbk+sink7r\s bk+z j—b

i (2m)k

m (e7MIm/2 Ly (e727Y) — eFim/2Li_, ) (£270))

Finally, Euler’s reflection formula,

1 I'(1—k)

20(k) sinkw 27

leads to a relation that resembles the literature more closely, as seen in equation (1),

1 1 [b]
C\‘
C(k, 0) = 2 bk smkﬂ\s +Z j—b

+1 (277)’671 D(1— k) (e F72Li_y g (e7270) — ebi7/2 Li gy (e2710))

which holds for all real £ and all positive real b, except for the singularities at integer k& (all of
which can be worked around with limits, except k = 1).

The generalized functional equation from the literature is a particular case of this new
broader relation. The proof requires (or implies) the below identity,

1 sink

%((_b)k) =~ >0, (26)

which in turn provides the insight for a neat simplification of the previous formula. Hence, if
k # 1 is complex and b is a positive real number then:

b]

C(k,b) :—Zﬁ

= (0-1)
—3 (27T)k—11*\(1 . k’) <6ki7r/2 Li_k+1 (627rib) . 6—ki7r/2 Li_k+1 (6—27Tib)) (27)

The Riemann functional equation is also a particular case of this new functional equation,
as it can be verified by making b = 1 (the relation also holds for positive integer b, as long as
the singularity that appears in the summation is removed).
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