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Abstract

The Collatz conjecture states that for any given positive integer IV,
if N is even, divide it by 2; if N is odd, multiply it by 3 and add 1.
Repeating this process,N will eventually become 1. This paper proves
that any positive odd integer O other than 1 cannot return to itself no
matter how many times the iteration is performed. We derive the general
formula satisfying this condition and rigorously prove by mathematical
induction that this formula equals 1 uniquely in the set of positive odd
integers. We thus conclude that there are no non-trivial periodic orbits
in the Collatz mapping.

1 Introduction

Research on the Collatz conjecture falls into two categories: on the com-
putational side, Barina (2025) extended the verification bound to 27! ; on the
theoretical side, Tao (2020) proved that almost all orbits are bounded in loga-
rithmic density, which is the strongest deterministic conclusion to date. Existing
results still have limitations: computational verification only covers a finite or-
der of magnitude and cannot be generalized to infinity; the non-existence of
non-trivial periodic orbits in the Collatz mapping has not yet been fully proven.
This paper proves that any positive odd integers O other than 1 cannot re-
turn to itself after any number of iterations, leading to the conclusion that
there are no non-trivial periodic orbits in the Collatz mapping. This paper fo-
cuses on the Collatz conjecture: for any positive integer N , define the iterative
function f(N) = N2, 2N

3N+1, 24N

For a positive integer N,if Nis even computeN /2 if the result is still even,continue
dividing by 2 until f(N)is odd Let Oq={(N),IfNis odd letOy=N

Let a; € Nt . We define one iteration as the process of deriving the odd
number O; from the odd number Oy , given by:
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2 Establishment of the General Formula

Let O be a positive odd number, and i, ay, as...a,,n, € NT
If the result of 1 iteration equals O itself, we have:
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Rearranging gives:
1

0=
201 — 3
If the result of 2 iteration equals O itself, we have:
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Rearranging gives:
3429

O = 2a1+a2 _ 32

If the result of 3 iteration equals O itself, we have:
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Rearranging gives:
32 +3.21 4 2utaz

0= 9a1taz+as _ 33

If the result of n iteration equals O itself, we have:

gn—1 4 3n—2 . 9a1 4 ... 4 §.9atazt+an—z | gartazt-tan_1
0=

ga1taz++an _ 3n
Let the numerator be:
M, = 3n—1 + 3n—2 .99 ... 3. 9a1+az+tan—2 + 9aitaz+-tan_1
Let the denominator be:

D, = 9aitazt - +an _ R

Then we obtain the general formula:



3 Establishment of Recurrence Relations

We derive the recurrence relations for M,, and D,, for different values of n from
the general formula:

-Forn=1
My =1,D; =2 -3
-Forn=2
My =3+2% =3 M; +2*

Dy =201t _ 32

-Forn=3
Mz =3>43-2% 420102 = 3. \f, 42017

Dy = 201102 — 32

-Forn=mn

M, = 3n71 + 3n72 .99 ... 4 3. 9a1+az+tan—2 + 9aitaz+-tan_1

M, =3 -M,_1+ 9aitazt - +an—1
Dn — 2a1+a2+---+an —gn

LetS,, = a1 + as + - - - + a, We can rewrite the recurrence relations as:

M, =1
My =3- M, +2%
Mz =3 - My + 207+

M, =3-M,_, + 251 (3.1)

M1 =3 M, + 25 (3.2)
Dy =27 -3

Dy = 201102 — 32
Ds = gaitaz+az _ 33

D,, =25 — 3" (3.3)

Dyyq = 251 = 3"



4 Proof that M, are Coprime with 3
4.1 Proof of gcd(M,,3) =1

From the recurrence relation
M, =3 M, 1+ 2%-1(3.1)
Taking modulo 3:
M, =3-M,_ | +25-1 =04 2%-1 = 2%-1 (mod 3)
As before, 257-1 £ 0 (mod 3)
(since powers of 2 are never divisible by 3). Thus, M,, # 0 (mod 3) so

ged(My,3) = 1. (4.1)

5 Proof That O Can Only Equal 1 Uniquely

5.1 Proof of gcd(M,,D,) =1 (by Induction)

- Base case: n = 1,M; = 1,D; = 2% — 3 Since:ged(M;,D1) =1
- Inductive step: n = k,Assume ged(My, Dy) = 1 for some positive integer
k.We need to prove ged(My41, Dg41) = 1.
- Inductive recursion: Assume ged(Myy1, Diy1) # 1
since ged(My41, Dig+1) # 1,Let a positive integer p be able to divide bothMy 11, D11
then:

Mi41 =0 (mod p) (5.1)
Diyy1=0 (mod p) (5.2)
since:My4+1 =0 (mod p) and since:ged(My41,3) = 1(4.1)
thus:
ged(p,3) =1 (5.3)

since: My, 11 = 3 - My + 2¢(3.2) and since:My 11 = 0 (mod p)(5.1)
thus:
3-M,+2% =0 (mod p)

Sorted out as:
3- M, =—-2% (mod p)

and since:gcd(p, 3) = 1(5.3). thus:
M, = —3712%  (mod p)

since:
—3712% =0 (mod 2)

thus:
M =0 (mod 2) (5.4)

since: Dy 1 = 25%+1 — 31 (3.4).and since:Dy 1 =0 (mod p)(5.2)



thus:
2%k+1 _ 3kl = (mod p)
Sorted out as:
3.3k = 2%+ (mod p)

and since: ged(p,3) = 1(5.3)
thus:
3k = 37129+ (mod p)

and since: Dy = 25 — 3%(3.3)
thus:
Dy =25 — 3712541 (mod p)

since: 29 — 3712%+1 = ( (mod 2)

thus:

D=0 (mod 2) (5.5)
since:Mj = 0 (mod 2)(5.4), Dy, =0 (mod 2)(5.5)
thus:

ged(My, D) # 1

This contradicts the assumption that ged(My, Di) = 1. Therefore, the as-
sumption that ged(Mg41, Dg+1) # 1 cannot hold.
Therefore,ged(Mpy11, Di4+1) = 1 holds.
To sum up:
ged(M,, D) = 1 (5.6)

5.2 Comparison of M, and D,

since:O = %—:(2.1),
if:M,,<D,,,thus: O < 1(Non-positive odd numbers are discarded.)
iftM,=D,,,thus: O =1
itM,,>D,, ,thus: O > 1,At this point, since gcd(M,,, D,,) = 1(5.6) then: at
this point,O has no positive odd values.
To sum up: O can only be uniquely equal to 1.

6 Conclusion

With the exception of 1, no positive odd integer can return to itself under
repeated application of the Collatz map, no matter how many iterations are
performed. For any positive even integer, it will always iterate to a positive odd
integer according to the rules. If a positive even integer could return to itself,
there would exist some odd integer that also returns to itself — a contradiction to
the fact that no positive odd integer other than 1 can return to itself. Therefore,
no positive integer other than 1, 2, and 4 can return to itself. This establishes
the non-existence of non-trivial periodic orbits in the Collatz map.
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