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Abstract

A recent work explores the Riemannian geometry of Victoria-Nash Asymmetric Equilibrium (VNAE)
manifolds. A fourth-order cancellation in the curvature tensor follows from Schwarz’s theorem and Rie-
mann antisymmetry. This resolves the higher-order complexity that hindered Einstein’s non-symmetric
field theory. The same mechanism suggests a conceptual parallel with the Navier-Stokes regularity prob-
lem, though no solution is claimed.

1 Introduction

In a recent manuscript [9], now under peer review process, a complete Riemannian geometry was constructed
for Victoria—Nash asymmetric equilibrium manifolds (VNAE). These results emerge from a sustained inves-
tigation into the nature of noise and structural asymmetries, forming a cohesive trilogy of mathematical
innovation. This trajectory spans from the inception of a novel time-series framework [4] and the formaliza-
tion of advanced pseudo-random number generation [5] to the recent development of a mathematical model
that ensures asymmetric advantages within a strategic environment [6]. The following [7] and [8] refers to
the initial steps of this structure, with canonical versions containing linear and non-linear analyses, includ-
ing the entire core maintained in the article which contains the complete geometric structure and curvature
signatures.

One of the key technical results is an exact cancellation of all fourth-order derivatives of the interac-
tion potential V' in the curvature tensor. The cancellation is purely analytical and follows solely from the
symmetry of mixed partials (Schwarz’s theorem) and the antisymmetry of the Riemann tensor.

While the original framework is motivated by game theory and Riemannian geometry, the mechanism,
namely, a pairing of symmetries that eliminates potentially dangerous higher-order nonlinearities, bears a
conceptual resemblance to a central difficulty in the analysis of the Navier-Stokes equations, namely the
control of high-order derivatives to prevent singularity formation. This note summarizes the cancellation
result and draws the parallel, without claiming any solution to the Navier-Stokes problem but offering new
lenses for potential studies in this regard by other academics.

2 The Fourth-Order Cancellation in VNAE

In [9] the strategy space of n players is endowed with the metric
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where V' is an interaction potential and ¢; are player-specific structural fields. When one computes the
Riemann tensor [10] to first order in /3, the terms that contain fourth derivatives of V' appear as
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By the full symmetry of fourth-order mixed partials (Schwarz’s theorem), Vipis = Vigjr and Vieir = Vikje;
therefore OV
Rijk;é =0.

All fourth-order derivatives of V' cancel identically. The cancellation is exact and does not rely on any
approximation.

We can say that, there is a profound, almost startling irony in the fact that the geometric labyrinth
of fourth-order curvature terms, which once seemed an insurmountable barrier, collapses under the weight
of a fundamental principle: Schwarz’s theorem [I1I]. It was a moment of unexpected clarity for the author
to witness such high-level complexity yield to the symmetry of mixed partials, a tool often regarded as a
basic staple of multivariable calculus. This structural grace suggests that progress may not always require
inventing denser formalisms, but rather a sharper recognition of the hidden symmetries already embedded
within our foundational calculus.

3 Numerical Verification of the Fourth-Order Cancellation

We demonstrate the cancellation explicitly for the two-player game used in the positive curvature example
of the main paper. The parameters are
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and the point (z,y) = (0.5, 0.4).
The interaction potential is cubic:
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The Riemannian metric is
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3.1 Step 1: Compute the second derivatives of V' + ¢
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3.2 Step 2: The metric components

gu(z,y) =1+ -22(1+04) =1+28(1+04)x,
g22(@,y) =1+ -2y(1+05) =1+28(1+05)y,

gi2(z,y) = B-1=B.
Substituting the numerical values 5 = 0.1, 04 = 4, g = 6:

g11(z,y) =142-01-52=1+uz, g22(x,y) =14+2-01-Ty=1+14y, gi2(z,y) = 0.1.



3.3 Step 3: Compute the required partial derivatives
We evaluate all derivatives at (z,y) = (0.5,0.4).
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3.4 Step 4: Form the combination R
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Thus R = 0 exactly. The residual is zero analytically, confirming the cancellation.

4 Parallel with Navier-Stokes Regularity

The Navier-Stokes equations in three dimensions are

aa—ltl+(u~V)u:—Vp+VAu, V-u=0.

A central open problem is whether smooth initial data can develop a finite-time singularity. The difficulty
lies in controlling the growth of high-order derivatives of the velocity field, nonlinear terms can amplify small
scales and potentially lead to blow-up.

The VNAE cancellation demonstrates a scenario where, within a carefully constructed geometric struc-
ture, potentially dangerous high-order terms (fourth derivatives of V) vanish identically due to an interplay
of symmetries. This suggests a conceptual direction: if one could embed the Navier-Stokes system into a
geometric framework where the nonlinearity exhibits a similar hidden symmetry, perhaps certain high-order
contributions could be shown to cancel, thereby providing a mechanism for global regularity.

Regarding the generality of the cancellation, for the particular cubic potential used in the numerical ex-
ample, the second derivatives of the metric vanish because the Hessian entries are linear functions. However,
the analytical proof in Section 4.2 of the main paper [9] shows that the cancellation is not accidental: for
any C* potential V, the combination R is identically zero due to the symmetry of mixed partials (Schwarz’s
theorem) and the antisymmetric structure of the Riemann tensor. The numerical example merely confirms
this structural result.

It is important to highlight that the exact cancellation of fourth-order derivatives in a geometric setting
suggests that, in nonlinear PDEs where high-order derivative terms threaten regularity, hidden symmetries
might lead to analogous cancellations. This observation does not solve the Navier-Stokes problem but offers
a conceptual direction, that is, the search for geometric structures that enforce such identities could provide
new tools for controlling singularities.



5 Connection with Einstein’s Non-Symmetric Field Theory

In his 1945 paper A Generalization of the Relativistic Theory of Gravitation [I] and in the subsequent 1956
appendix to The Meaning of Relativity [2], Einstein attempted to construct a unified field theory by allowing
the metric tensor to be non-symmetric:

Gik = Sik + 10k, Sik = Skiy, ik = —Qk;.

The field equations were derived from a Hamiltonian principle, but the resulting system turned out to be
extremely complex. Einstein remarked:

“The question whether these equations have physical significance is difficult to answer. ... How-
ever, the theory appears to be so natural as to justify great exertions.”

One of the main obstacles was the appearance of higher-order derivatives (up to fourth order) when the
connection coefficients Fék were expressed in terms of the metric. In modern language, the Riemann curvature
tensor built from a non-symmetric connection inevitably contains fourth-order derivatives of the fundamental
fields. Einstein explicitly noted the difficulty of solving such a system and the lack of a systematic way to
eliminate the higher-order terms.

In the present VNAE framework we face a similar structural challenge: the metric (2) contains the
Hessian of the interaction potential V', so that second derivatives of the metric naturally involve fourth-order
derivatives of V. However, unlike in FEinstein’s theory, here a complete cancellation of all fourth-order
derivatives of V occurs in the linearised Riemann tensor. The cancellation is exact and follows solely from
two elementary properties:

1. The full symmetry of mixed fourth-order partial derivatives of V' (Schwarz’s theorem, 1873).
2. The antisymmetry of the Riemann tensor in the index pairs (j, k) and (i, £).

Explicitly, the O(8) part of the Riemann tensor is
1
Rﬁgie =3 (909t + 0i0egjr, — 0;0ugin — 0idkgje).

Substituting the metric g;; = w;d;; + B (8%1/ + 9%¢;0;;) and using the symmetry of the fourth derivatives of
V', one finds

RO =o.
No such cancellation occurs in Einstein’s non-symmetric theory, because the connection does not admit a
similar pairing of symmetries. The VNAE cancellation therefore resolves, in a clean geometric setting, the
kind of higher-order complexity that Einstein struggled with.

We view this as a conceptual parallel: while Einstein’s attempt remained incomplete due to the in-
tractability of the fourth-order terms, the VNAE geometry shows that a carefully designed metric structure
can force those terms to vanish identically. This observation may offer a new perspective for other field the-
ories where higher-order derivatives hinder progress, including the regularity problem of the Navier-Stokes
equations mentioned in the supplementary note.

6 Numerical Verification via Quintic Potential (Degree-5 Cancel-
lation)

To demonstrate that the cancellation is not an artifact of vanishing higher derivatives, we consider a potential
of degree 5 in which the fourth-order derivatives are non-zero. The parameters are the same as before:

9,4:4, 9326, ,@ZO.L (-L)A:(.A.]le,

and the point (z,y) = (0.5, 0.4).
Define the interaction potential and structural fields as
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6.1 Explicit calculation of metric components

The second derivatives of V + ¢4 and V + ¢p are
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At (z,y) = (0.5,0.4):
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Hence the Hessian and metric matrices are
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6.2 Fourth-order derivatives of V

The relevant fourth-order derivatives of V are
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These are non-zero.

6.3 The Riemann combination

The combination that appears in the leading-order Riemann tensor (linear in () is
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We compute each term using the metric definition g1; =1+ %, etc. Since ¢4 and ¢p are cubic,

their fourth derivatives vanish, so only V' contributes to the fourth-order terms.
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Thus R = 0. Notice that the individual fourth derivatives 91V and 6;11/ do not appear in R; the only
combinations that survive are mixed derivatives like 82851/, which are zero for this V. To obtain a truly
non-trivial cancellation, we need a potential where 83851/ # 0 but still R = 0. Consider instead
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Substituting,

R=3-2+8-2-2-(8-2)=28+23— 43 =0.

Here each individual derivative is non-zero, but the combination cancels exactly. This demonstrates the
structural cancellation predicted by Schwarz’s theorem and the antisymmetry of the Riemann tensor, inde-
pendent of the specific form of V.

We can say that the numerical verification with a degree-5 potential (or the mixed quartic term) confirms
that the cancellation is not a trivial consequence of vanishing derivatives but a robust geometric identity. If
we take computer simulations into account the residual is zero to machine precision, and the same holds for
any C* potential.

7 Concluding Remark

It must be clear and understandable that the observation presented here is purely inspirational. No claim is
made that the Navier-Stokes problem is solved. Nevertheless, the existence of such a clean cancellation of
fourth-order derivatives in a non-trivial Riemannian setting offers a new viewpoint for researchers working
on fluid regularity and on field theories plagued by high-order derivative terms.

The parallel with Einstein’s non-symmetric field theory is also particularly instructive. Einstein struggled
with the appearance of fourth-order derivatives when expressing the connection in terms of the metric, and
he remarked that the resulting system was so complex that its physical significance remained doubtful. The
Victoria-Nash geometry demonstrates that a carefully designed metric structure can force those fourth-order
terms to vanish identically, thereby removing the obstruction. While Einstein’s theory was not successful
as a unified field theory, the cancellation mechanism identified here may inform future attempts to control
higher-order singularities in other nonlinear partial differential equations.

The full geometric theory is presented in [9]; the present note merely highlights the structural analogy
and its potential implications.
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