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Abstract

The approximately flat outer parts of spiral galaxy
rotation curves are commonly interpreted as evidence
for a discrepancy between the observed baryonic mass
and the dynamical mass inferred from the measured
orbital velocities. In most standard analyses, this
discrepancy is quantified using v*(R) = GM (< R)/R,
which is exact only under spherical symmetry. How-
ever, spiral galaxies are flattened disk systems, for
which mass exterior to the galactocentric radius un-
der consideration can contribute non-negligibly to the
gravitational field.

We introduce the Lost and Found (LF) model, a ge-
ometrically consistent Newtonian framework based
on direct full-disk gravitational integration and a
parametrized representation of the disk surface density.
In this approach, the gravitational field is computed
without imposing spherical symmetry, and the disk
mass distribution is represented by two exponential
components with a smooth outer truncation.

We apply the LF model to a heterogeneous sample
of disk galaxies spanning a broad range of masses
and radial extents. The model reproduces the main
observed features of the rotation curves, including the
inner rise and the approximately flat outer behavior,
without explicitly invoking a dark matter halo or
modifying Newtonian gravity. Across the sample,
the LF-inferred mass scales nearly linearly with the
conventional dynamical mass, with a characteristic
reduction factor nyr ~ 0.67.

These results indicate that part of the inferred mass
discrepancy may arise from the geometric treatment
of gravitation in disk galaxies, and motivate a reassess-
ment of mass inference in non-spherical systems.
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1. Introduction

Since the mid-20th century, galactic rotation curves
have played a central role in the study of mass dis-
tribution in galaxies. Observations of spiral systems,
beginning with the pioneering work of Rubin et al.
[1980], showed that the rotational velocity of stars
and gas does not decline with radius as expected for
a centrally concentrated or effectively enclosed mass
distribution (v oc #~1/2), but instead remains approx-
imately constant at large galactocentric distances.

This behavior has traditionally been interpreted as
evidence for an additional, non-luminous mass com-
ponent, commonly described in terms of dark matter
halos [Navarro, 1996, Burkert, 1995]. Alternative ap-
proaches, most notably Modified Newtonian Dynamics
(MOND), have instead proposed modifications to the
law of gravity or inertia at low accelerations [Milgrom,
1983]. More recently, empirical relations such as the
radial acceleration relation (RAR) have highlighted
the close connection between the observed dynamics
and the visible mass distribution [McGaugh et al.,
2016).

Despite these different interpretations, many rotation-
curve analyses share a common underlying step: the in-
ference of gravitational acceleration from an assumed
mass distribution. In many treatments, the circular
velocity is estimated through the relation

(1)

where M (< r) is interpreted as the mass enclosed
within radius r. This expression is exact under spher-
ical symmetry, where Newton’s shell theorem applies
[Binney and Tremaine, 2011]. Spiral galaxies, how-
ever, are not spherical systems, but flattened disk-like
structures [Freeman, 1970].

For disk geometries, the gravitational contribution of
material exterior to the galactocentric radius under
consideration does not generally vanish.. Instead, the
total acceleration must be obtained from the full mass



distribution of the disk [Casertano, 1983, Binney and
Tremaine, 2011]. This raises the possibility that part
of the inferred discrepancy between luminous and
dynamical mass may depend not only on the amount
of matter present, but also on how the gravitational
field is geometrically evaluated.

Several previous studies have shown that Newtonian
disk gravity can produce richer dynamical behavior
than is captured by simplified enclosed-mass argu-
ments [Casertano, 1983, Feng and Gallo, 2013, Ryan,
2013]. The present work revisits this issue by focusing
specifically on the contribution of the full disk mass
distribution, including material exterior to the radius
of interest, and by quantifying the resulting impact
on inferred galactic masses across a heterogeneous
sample of spiral galaxies.

To this end, we introduce the Lost and Found (LF)
model, a geometrically consistent Newtonian frame-
work that combines direct full-disk gravitational inte-
gration with a two-component exponential representa-
tion of the disk surface density. This allows both the
geometric contribution of the full disk and the radial
structure of the mass distribution to be incorporated
self-consistently, without imposing spherical symme-
try. We show that this approach reproduces the main
observed features of galactic rotation curves while sys-
tematically reducing the total mass required relative
to conventional spherical-equivalent estimates.

The structure of this paper is as follows. Section 2
discusses the geometric limitations of the traditional
enclosed-mass approach. Section 3 introduces the
LF model and its mathematical formulation. Sec-
tion 4 describes the numerical methodology. Section 5
presents the rotation-curve fits and mass comparisons.
Section 6 discusses the physical interpretation and
limitations of the model, and Section 7 summarizes
the main conclusions.

2. Limitations of the Traditional Ap-
proach

2.1. Geometric Limitations of the Enclosed-
Mass Approximation

A common first-order dynamical mass estimate in
galactic rotation-curve studies is based on the expres-
sion:

(2)

where M (r) is assumed to be the mass enclosed within

Figure 1: Gravitational force cancellation in a spheri-
cal shell. The projected area of distant mass elements
increases as r2, while the gravitational force decreases
as 1/r?, leading to exact cancellation. This result
depends critically on spherical symmetry. Adapted
from Binney and Tremaine [2011].

radius r. This formulation is widely used in galactic
dynamics and is strictly valid under spherical symme-
try, where Newton’s shell theorem applies [Newton,
1687, Binney and Tremaine, 2011].

Under spherical symmetry, the gravitational contribu-
tion from mass located outside the radius of interest
cancels exactly, and only the enclosed mass determines
the acceleration. This cancellation arises from the bal-
ance between the increase in projected area (oc r2) and
the decrease in gravitational force (ox 1/7?), leading
to a net zero contribution from spherical shells.

This cancellation mechanism is illustrated in Figure 1.

However, spiral galaxies are not spherically symmet-
ric systems, but rather flattened, disk-like structures
Freeman [1970]. In such geometries, the conditions
required for exact cancellation are not satisfied.

As a result, mass elements located outside the ra-
dius of interest contribute non-negligibly to the total
gravitational field [Freeman, 1970, Casertano, 1983,
Binney and Tremaine, 2011]. Despite this, simplified
interpretations of galactic rotation curves often invoke
enclosed-mass or spherical-equivalent estimates even
in disk systems, thereby neglecting contributions that
are inherently present in flattened mass distributions
[de Blok et al., 2008, Lelli et al., 2016].



2.2. Geometric Underestimation of Effective
Mass

The use of the enclosed-mass approximation in disk
systems leads to a geometric underestimation of the
net gravitational contribution from the full mass dis-
tribution.

To illustrate this effect, consider a galactic disk of
total radius Ryotap With uniform surface density. In
the traditional approach, the gravitational field at
a radius Rgps is computed by considering only the
mass enclosed within that radius, corresponding to a
circular region centered on the galactic nucleus:

Atrad = WRc%bs' (3)
All mass located at larger radii is neglected under the
assumption that its contribution cancels.

In contrast, in a disk geometry, such cancellation
does not occur globally. However, for the special
case of constant surface density, one can construct
a geometrically symmetric region centered on the
observer whose contributions tend to cancel locally,
providing an intuitive estimate of the portion of the
disk that contributes most strongly to the net field.
This region extends from the observer toward the
nearest edge of the disk.

The remaining region can then be interpreted as the
portion of the disk that contributes most directly to
the net inward gravitational field in this simplified
construction, forming a crescent-shaped (lune-like) re-
gion located opposite to the observer. This geometric
difference is illustrated in Figure 2.

To illustrate this geometric effect, we compare the
effective regions involved in both approaches using a
simple area-based construction. The excluded region
in the disk-centered geometry is a circle centered on
the observer with radius

Rexcl = Rtotal - Robs~ (4)

Thus, the effective contributing area is given by the
total disk area minus the excluded region:

2 2
Aeff = WRtotal - 71—(]{total - Robs) .

()

Expanding this expression, we obtain:

Ag = (2Rtota1Robs -
(6)

Effective mass regions as a function of observer position
Robs = 5% Raisk

Robs = 25% Raisk

Robs = 50% Raisk

Rops = 95% Raisk

Traditional Approach

Full-Disk

Figure 2: Comparison of the effective regions consid-
ered in the traditional approach (top, orange) and in
the full-disk geometric construction (bottom, green)
for different observer positions. In the latter, the
excluded region is the largest disk centered on the
observer that remains fully inside the galaxy, leaving
a crescent-shaped region that contributes to the net
gravitational field.

The ratio between the traditional and effective areas
is therefore:

Atrad _ 71—]%(2)‘t)s — Robs
Aeff 7T]%obs(2Rtotal - Robs) 2Rt0tal - Robs '

(7)
The behavior of this ratio is shown in Figure 3.

Near the galactic center, the region excluded by local
symmetry occupies most of the disk, leaving only a
thin crescent at the outer edge as the net contributing
region. As the observer approaches the disk boundary,
this excluded region shrinks and both approaches
converge.

Although real galaxies do not exhibit uniform surface
density, this simplified example highlights the geomet-
ric origin of the discrepancy. In realistic exponential
disks, the same qualitative effect persists: neglecting
external mass leads to an incomplete evaluation of
the gravitational field.

3. The Lost and Found (LF) Model

3.1. Conceptual Framework

The analysis presented in Section 2 shows that the
traditional enclosed-mass approximation introduces
a geometric bias when applied to disk systems. This
bias arises because mass elements located outside the

Rgbs) = TRobs (2Rtotal — Robs) Observer’s radius do not generally cancel in flattened

geometries.
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Figure 3: Ratio of effective areas considered by the tra-
ditional approach and the full-disk geometric construc-
tion as a function of observer radius. The traditional
enclosed-mass approximation strongly underestimates
the contributing region near the galactic center and
approaches the full-disk effective area only near the
disk edge.

Motivated by this observation, we introduce the Lost
and Found (LF) model. The model combines a geomet-
rically consistent evaluation of the gravitational field
through full-disk integration with a two-component
parametrization of the disk surface density, allowing
both the global disk contribution and the radial mass
structure to be treated self-consistently.

In this framework, the gravitational field at any point
in the disk is determined by the superposition of
contributions from all mass elements. Rather than
assuming that only the enclosed mass contributes, the
LF model consistently accounts for both interior and
exterior regions of the disk. The surface density is rep-
resented here through a two-component exponential
profile, allowing the model to capture both centrally
concentrated and extended mass distributions.

3.2. Mathematical Formulation

We model the surface mass density of the galactic disk
using a two-component exponential profile:

(r) = (8)

where Y1 and Y5 are the central surface densities of
the inner and outer components, and r; and ro are
their corresponding scale lengths.

21(377‘/T1 + 22677"/7‘2’

This parametrization provides sufficient flexibility to
represent a broad range of galactic mass distributions,

including both centrally concentrated and extended
disk structures. In particular, it accommodates de-
viations from a single exponential profile that are
commonly observed in spiral galaxies [Freeman, 1970].

Rather than treating 3; and ¥, as independent free
amplitudes, the model is more conveniently expressed
in terms of the total LF-inferred disk mass Mpr and
a fractional mass parameter f, such that

M, = f My, f) Mir, 9)

where M; and My are the masses associated with the
inner and outer exponential components, respectively.
The corresponding central surface densities are then
determined by normalization over the finite disk.

My=(1—

To represent a disk of finite extent while avoiding
an artificial sharp edge, the total surface density is
smoothly truncated near the outer radius of the model:

S(r) = [Bie7 /4 See | C(), (10)
where the tapering function is

1
C .
(T) 1+ exp (r Reut )

(11)

Here, R, is the truncation radius and A controls the
smoothness of the transition. This tapering ensures
that the disk mass remains finite and avoids numerical
artifacts associated with a hard outer cutoff.

In the numerical implementation, the surface density
is renormalized after the tapering is applied so that the
total integrated mass of the final disk model remains
equal to Mpr. Thus, Mg corresponds to the total
mass of the truncated model actually used in the
gravitational calculation.

In practice, the truncation radius was not treated as
an independent free parameter, but was fixed as a
fraction of the fitted outer disk extent:

Reut = 0.95 Rinax, (12)

where R,y is the effective outer radius of the modeled
disk. The free structural parameters of the LF model
are therefore My, f, r1, 72, and Ryax.

The gravitational acceleration at a position 7ps in the
disk is computed as the vector sum of contributions
from all mass elements:

Tobq =-G //
disk

This expression makes no assumption of spherical
symmetry and directly evaluates the gravitational

robs -

|T0b< - T |

) d2 l (13)



field generated by a continuous mass distribution in
the plane of the disk.

The rotational velocity is then obtained from the
radial component of the acceleration:
v(R) =

RaR(R)7 (14)

where ar(R) denotes the inward radial component of
the acceleration.

Unlike the traditional relation v? = GM(< R)/R,
this formulation naturally includes the gravitational
influence of both interior and exterior disk mass. In
this sense, the LF model provides a direct Newtonian
treatment of galactic disk gravity without recourse to
spherical-equivalent approximations.

In the following section, we describe the numerical
implementation used to evaluate this integral and to
fit the resulting rotation curves to observational data.

4. Numerical Methodology

4.1. Disk Discretization

The gravitational integral is evaluated numerically by
discretizing the galactic disk into concentric rings and
angular sectors. The disk is divided into NV, radial bins
and Ny azimuthal bins, forming a two-dimensional
grid in polar coordinates.

Each grid element, located at 7 = (r/,6'), is assigned
a surface density X(r') and an area element

dA =1"dr'do'. (15)
The associated mass element is
dm; ; = X(r;) ri Ar A6. (16)

After applying the smooth outer tapering, the surface
density is renormalized so that the total integrated
mass of the discretized disk remains equal to the fitted

value Mpr. The total LF-inferred mass is therefore
recovered through
MLF = dei,j~ (17)
2,7

2. Acceleration Calculation

The gravitational acceleration at a given observer
position Rps is computed as

dm; j (Tobs — 74 5)
,J \"'obs »J
obs = G§ .

‘T‘Obb - 7,]‘3

(18)

The radial component ag(R) is obtained by projection,
where ag(R) denotes the inward radial acceleration.
The rotation velocity then follows as

v(R) =

Ragr(R). (19)

To avoid numerical divergences when the observer
position approaches a grid cell, a softening term e is
introduced:

|Fobs — 72 = [Fops — 7| + €. (20)
This regularization preserves the large-scale gravita-

tional behavior while preventing singular contribu-
tions.

4.3. Parameter Optimization

The LF model was fitted to observed rotation curves
by optimizing the parameters (M, f,71, 72, Rmax)-

For each parameter set, the model rotation curve
was computed and interpolated to the observed radii.
The fit quality was quantified using a weighted chi-
square statistic when observational uncertainties were
available,

X2 _ Z [Uobs(Rk) _O.Zmodel(Rk:)}z’ (21)

k

and by the unweighted sum of squared residuals oth-
erwise.

The optimization was performed in two stages. First,
an adaptive grid of Mpp values was constructed
around an initial dynamical estimate. For each trial
mass, the remaining parameters were optimized using
the derivative-free Nelder-Mead simplex algorithm
[Nelder and Mead, 1965, Lagarias et al., 1998], which
is well suited for nonlinear problems involving multi-
ple coupled parameters. A second, finer scan around
the best solution was then used to refine the optimum
and estimate uncertainties using the criterion

Ax? <1, (22)

This hybrid approach improves robustness against
local minima and ensures stable convergence across
galaxies with different morphologies.

4.4. Validation Tests

Validation checks using simplified mass distributions
confirmed that the numerical implementation behaves
as expected in idealized configurations. In particular,
for approximately uniform inner density profiles, the



resulting rotation curves show the expected near-linear
rise in the central region, consistent with solid-body-
like behavior.

At larger radii, the contribution of extended disk mass
naturally modifies the outer rotational behavior and
can produce a progressive flattening of the rotation
curve, depending on the adopted surface density pro-
file.

Convergence tests show that the results become sta-
ble beyond a certain resolution threshold. Typical
simulations used N, ~ 200 and Ny ~ 400, providing
a balance between accuracy and computational cost.

5. Results

5.1. Galaxy Sample

The LF model was applied to a heterogeneous sample
of spiral galaxies with high-quality rotation curve data.
The full list of galaxies analyzed is provided in Table 1.

The sample includes both classical systems extensively
studied in the literature, particularly in Begeman et al.
[1991], as well as additional galaxies drawn from more
recent compilations such as the SPARC database [Lelli
et al., 2016], which assembles high-quality rotation
curves and associated photometric and H1 measure-
ments from the original observational literature. This
combined dataset spans a wide range of masses, sur-
face brightness profiles, and rotation curve morpholo-
gies, allowing us to test the robustness and general
applicability of the LF model across different galactic
environments.

For M33, which is not included in the SPARC
database, the baryonic mass was adopted from the
literature using representative values for the stellar
and gas components. We use

My =~ 8.0 x 10° M, (23)

consistent with studies of the baryonic distribution
and gas content of M33 [Corbelli et al., 2014, Gratier
et al., 2017, Corbelli, 2003].

5.2. Rotation Curves Across the Sample

Figures 4 and 5 show the observed rotation curves
and the corresponding LF model fits for the galaxy
sample, ordered approximately by increasing radial
extent. Observed velocities are shown as points with
uncertainties, while the LF best-fit curves are shown
as solid lines.

Across the sample, the LF model reproduces the main
features of the observed rotation curves, including the

inner rising regions and, where present, the transi-
tion toward flatter outer behavior. The agreement
is observed over a broad range of galaxy sizes and
kinematic morphologies.

When the galaxies are ordered by increasing R ax,
a systematic morphological progression becomes ap-
parent. The smallest systems are dominated by a
nearly linear inner rise, whereas progressively larger
systems reveal increasing curvature, turnover, and
extended flatter outer regions. This trend suggests
a systematic variation in rotation-curve morphology
with increasing radial extent.

5.3. Fit Quality

The quality of the fits was quantified using the coef-
ficient of determination (R?), the root-mean-square
(RMS) residual, and the reduced chi-square when ob-
servational uncertainties were available:

1
RMS = \/N Z (Vobs,i — Umodel,i)2v (24)

Zi (Uobs,i - ’Umodel,i)z
Ei (Uobs,i - Eobs)g

(Uobs,i — Umodel,i ) ? (26)

g;

R*=1- , (25)

1
x§=N7pZ

%

where N is the number of observed data points, p
is the number of free parameters, and o; are the
observational velocity uncertainties.

For most galaxies in the sample, the LF model achieves
values of R? close to unity, indicating excellent agree-
ment with the observed rotation curves. Several galax-
ies, such as NGC 3198, NGC 0024, and UGC 02259,
show R? > 0.99. The RMS residuals are typically of
the order of a few kms™!, indicating that the devia-
tions between model and observations remain small
in absolute terms.

A small number of galaxies exhibit lower or even for-
mally negative R? values despite visually reasonable
fits. This occurs when the observed velocity profile
contains strong local fluctuations or large point-to-
point scatter, especially in the inner regions, making
R? overly sensitive to deviations relative to the sample
mean. In such cases, the RMS residual and the re-
duced chi-square, when available, provide more robust
indicators of fit quality than R? alone.

While R? provides a convenient measure of visual
agreement, Y2 is more physically meaningful because
it incorporates the observational uncertainties. In



40 -
. 20 -
7 30 -
(2]
§ 10 A : 20 1 i
> RMS=0.30 | | RMS=0.70 -
v CamB X;=0.07 D512-2 X =011
O B - T T T T - T T T T T -
0.5 1.0 1.5 2.0 0 1 2 3 4
80
—~ 401
IV) 60 -
£
Z 20 : 40 s
> RMS=0.46 RMS=3.86
DDO154 ;=085 | ] NGC1705 X;=0.39
0o 1 2 3 4 5 6 o 1 2 3 4 5 6
80 -
4 40 -
» 60
£
= 401 | 20 ;
- RMS=0.94 RMS=1.47
201 UGC02259 X;=022 F561-1 X;=0.09
0 2 4 6 8 0 2 4 6 8 10
100 - [ ' :
~ 1100 -
< 75 ]
%] 75 -
£ 501
= . 1 507 ;
> 251 4 RMS=1.66 _ RMS=2.48
0 NGC0100 x=016 | 257 § NGC0024 X;=0.13
0 2 4 6 8 10 0 2 4 6 8 10 12
80 1 100
Iu) 60 T 75 T
£ 401 : 50 :
Z 501 RMZS=:2.31 25 | RMZS=3:.01
NGC0055 X; =093 NGC0247 Xp =115
o T T T - T T T -

0.0 2.5 5.0 7.5 10.0 12.5 15.0 0.0 2.5 5.0 7.5 10.0 12.5 15.0
R (kpc) R (kpc)

Figure 4: Rotation curves for the small- and intermediate-size galaxies in the sample. Observed velocities
(points with error bars) are compared with the LF model best-fit curves (solid lines). The galaxies are ordered
approximately by increasing radial extent.
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are compared with the LF model best-fit curves (solid lines). The galaxies are ordered approximately by
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this sense, some galaxies with modest or even neg-
ative R? values still exhibit statistically acceptable
fits, while others with visually smooth agreement may
yield larger x2 due to small error bars or localized
fluctuations in the observed rotation curve.

5.4. Radial Extent Comparison

A useful consistency test is provided by comparing
the LF parameter R, with the maximum observed
radial extent of the rotation curve, RS  obtained
directly from the kinematic data.

We find that these quantities are generally in close
agreement:
Rmax ~
Robs ~ 5

max

(27)

with deviations typically within about 10%.

This result indicates that the LF model naturally
recovers the observed radial extent of the disks without
requiring external tuning. It also suggests that the
relevant radial scale in the LF framework is not simply
the photometric exponential scale length often quoted
in the literature, but rather the full observed kinematic
extent of the system.

5.5. Mass Comparison

A central question in any rotation-curve analysis is
how the mass required to reproduce the observed
kinematics compares with both the observed bary-
onic content and the dynamical mass conventionally
inferred from the outer rotation speed. This com-
parison is particularly relevant in the context of the
long-standing discrepancy between luminous matter
and rotation-curve amplitudes reported in disk galax-
ies Rubin et al. [1980], Bosma [1981], Begeman et al.
[1991], Sofue and Rubin [2001], de Blok et al. [2008],
Lelli et al. [2016].

To evaluate the LF model in this context, we com-
pared the LF-inferred mass Myr with two independent
reference masses.

First, the baryonic mass was estimated from stellar
and gas components as

Mbar = T*L[36] +1.33 MHI; (28)
where T, = 0.5 was adopted for the stellar mass-to-
light ratio in the 3.6 um band, following the standard

assumptions used in SPARC-based analyses Lelli et al.
[2016], McGaugh et al. [2016].
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Figure 6: Comparison between the LF-inferred mass
and the dynamical mass inferred at the outermost
observed point of the rotation curve. The dashed line
indicates the one-to-one relation, while the dotted line
shows the global proportionality trend. Points are
color-coded by reduced chi-square.

Second, the dynamical mass was estimated at the
outermost observed point of each rotation curve as

B ,U(Robs )2 Robs

Mdyn (Robs max max

max) - T ’ (29)

where v(RSP ) is the observed rotation velocity at
the largest measured radius. This quantity represents
the standard spherical-equivalent dynamical mass en-
closed within the observed extent of the rotation curve.
It should be distinguished from virial halo masses
or model-dependent dark matter halo masses often
quoted in the literature, which generally refer to larger
extrapolated scales.

Figure 6 compares the LF-inferred mass with the
dynamical mass. A stable relation is found across the
sample. Using the total masses, we obtain

> M
Z Mdyn

while the average of galaxy-by-galaxy ratios yields

= 0.671, (30)

My >
— 0.681 + 0.013, 31
<Mdyn (31)

with a standard deviation of 0.058 and a median value
of 0.658.
A linear fit constrained through the origin gives

Mg = 0.654 My, (32)
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Figure 7: Comparison between the dynamical mass
and the baryonic mass. The dashed line indicates the
one-to-one relation, while the dotted line shows the
global proportionality trend. Points are color-coded
by reduced chi-square.

while the logarithmic fit yields

log Myr = 0.989 log Mgy, — 0.054, (33)
or equivalently,
Myp ~ 0.883 M. (34)

The logarithmic slope, being very close to unity, indi-
cates that the LF-inferred mass scales almost linearly
with the dynamical mass over the full sample. Thus,
the main difference between the two quantities is not
a change in scaling with galaxy mass, but rather a
systematic offset in normalization.

To express this trend more compactly, we define the
LF mass reduction factor as
Mir
Mdyn ’

NLF = (35)
where My is the LF-inferred mass and Mgy, is the
standard dynamical mass estimate. Across the galaxy
sample analyzed here, this ratio clusters around

L ~ 0.67. (36)

Figure 7 compares the dynamical mass with the bary-
onic mass. As expected from classical rotation-curve
studies, the dynamical mass lies well above the di-
rectly estimated baryonic content for most galaxies.
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Using the total masses, we obtain

Z Mdyn
= =6.075, 37
Z Mbar ( )
while the galaxy-by-galaxy average gives
Mdyn
—— ) =6.80+0.
<Mbar > 6.80 £ 0.87, (38)

with a standard deviation of 3.68 and a median value
of 5.77.

A linear fit constrained through the origin gives

Mayn = 5.77 Myar, (39)
while the logarithmic fit yields
log Mgy = 0.995 log My, + 0.821, (40)
or equivalently,
Mayn ~ 6.63 ML (41)

The near-unity logarithmic slope indicates that the
conventional dynamical mass also scales almost lin-
early with baryonic mass across the sample, but with
a substantially larger normalization than the LF rela-
tion discussed above.



Figure 8 compares the LF-inferred mass with the
baryonic mass. In contrast to the comparison with
Mgyn, the LF-inferred mass systematically exceeds
the baryonic estimate, although by a smaller factor
than the standard dynamical mass does. Using the
ratio of total masses, we find

> Mip
= _ 05, 42
Z Mbar ( )
while the average galaxy-by-galaxy ratio is
My
=4.53+0.54 43
< Mbar > ’ ( )

with a standard deviation of 2.31 and a median value
of 3.85.

A linear fit constrained through the origin gives

My = 3.87 Myay, (44)
while the logarithmic fit yields
log M1y = 0.985 log Mpa, + 0.748, (45)
or equivalently,
Myp ~ 5.60 MQ,2% (46)

The logarithmic slope remains close to unity, sug-
gesting that the LF-inferred mass broadly follows the
baryonic mass scaling across the sample, albeit with
substantially larger scatter than in the comparison
with Mgyyn. This larger scatter is expected, as baryonic
mass estimates are subject to additional systematic
uncertainties, including stellar mass-to-light ratios
and gas mass determinations.

Taken together, these comparisons show that the LF
model occupies an intermediate scaling between the
observed baryonic mass and the conventional dynam-
ical mass. The required LF mass is systematically
larger than the directly observed baryonic content,
but also systematically smaller than the dynamical
mass inferred from the outer rotation velocity. This
intermediate scaling is one of the most consistent
empirical signatures of the model across the present
galaxy sample.

An especially notable case is F561-1, for which the LF-
inferred mass is nearly consistent with the estimated
baryonic mass.

5.6. Best-Fit Parameters

Table 1 summarizes the fitted structural parameters
of the LF model for the galaxy sample, together with
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the corresponding baryonic and dynamical reference
masses.

The fitted parameters show a consistent two-scale
behavior, with an inner component characterized by a
shorter radial scale and an outer component extending
to larger radii. This pattern reflects the requirement to
reproduce both the steep inner rise and the extended
outer regions of the observed rotation curves.

The parameter f, which controls the fraction of the
total LF-inferred mass assigned to the inner exponen-
tial component, varies substantially across the sample,
indicating that the LF model does not impose a univer-
sal fixed partition between inner and outer structure.
Instead, the relative contribution of both components
adapts naturally to the observed kinematic profile of
each galaxy.

6. Discussion

6.1. Geometric Interpretation of the LF Cor-
rection

The results obtained with the LF framework indicate
that a substantial part of the observed rotation-curve
behavior, including the tendency toward outer flat-
tening, can arise from the geometry of the disk itself
when the full gravitational contribution of the mass
distribution is taken into account.

In conventional analyses, the gravitational field is
often approximated using the spherical relation

_ GM(<R)

V(R) = =20

(47)

)

which is exact only under spherical symmetry [Binney
and Tremaine, 2011]. For flattened systems, however,
this approximation neglects the contribution of mass
exterior to the radius of interest. The LF model shows
that when the gravitational field is evaluated through
direct integration of the full disk, the outer mass con-
tinues to contribute significantly to the acceleration
at interior radii [Freeman, 1970, Casertano, 1983].

As a result, the same observed rotation curves can be
reproduced with systematically smaller masses than
those inferred from spherical-equivalent estimates.
Across the present sample, this manifests as a nearly
constant mass reduction factor npg ~ 0.67. This sug-
gests that part of the inferred mass discrepancy in disk
galaxies may reflect the geometric assumptions under-
lying standard mass inference, rather than exclusively
the presence of additional mass components.



Table 1: Summary of LF model fitted parameters. Here, N is the number of observed rotation-curve points;
My is the total LF-inferred mass; M., is the baryonic mass; Mgayy is the dynamical mass estimated at the
outermost observed radius; f is the mass fraction of the inner component (M; = f Myr); r1 and ro are the
scale lengths of the inner and outer exponential components; RSPS is the maximum observed radius; Ry is

the best-fit truncation radius; v(RSE,) is the observed velocity at the outermost point; and 2 is the reduced
chi-square of the fit. For galaxies not included in the SPARC sample, baryonic masses were adopted from
available literature estimates when possible. Entries left blank indicate cases for which a consistent baryonic

mass estimate was not included in the present comparison.

Galaxy N My Mpar Mayn frm o r2 RO Rmax 0(RO) X3
(Mo) (Mo) (Mo) (kpe) (kpc) (kpc) (kpc) (km/s)

CamB 9 1.39x10% 5.35x107 1.68x 1085 0.010 15.00 29.42 1.79 2.05 20.1 0.071
D512-2 4 857x108 2.70x10% 1.15x10° 0.959 1.69 6.30 3.83 4.30 35.9 0.106
DDO154 12 1.86 x 109 3.92x 108 2.85x10° 0.972 2.60 20.10 592 5.71 45.5 0.848
NGC1705 14 4.64 x10° 451 x108 7.13x10° 0.720 3.10 0.50 6.00 5.89 71.5 0.388
F561-1 6 3.72x10% 4.20x10° 5.71x10° 0.985 3.52 3.89 9.66 10.39  50.4 0.087
UGC02259 8 1.06 x 1010 1.52x10% 1.53 x 101© 0.309 1.27 6.03 814 9.05 90.0 0.219
NGC0100 21 1.23 x 1010 4.26 x 10° 1.86 x 101° 0.962 3.90 60.00 9.62 11.04 91.2 0.160
NGC0024 29 2.08 x 1010 2.84 x 10° 3.17 x 1010 0.406 1.41 9.23 11.27 11.69 110 0.129
NGC0055 21 1.51x 1010 4.40 x 10° 2.35x 1019 0.066 5.33 5.33 13.50 13.76  86.5 0.929
NGC0247 26 2.50 x 1010 5.99 x 10° 3.87 x 101° 0.075 1.66 8.27 14.54 15.18 107 1.153
M33 20 4.06 x 1019 8.00 x 10° 6.62 x 1010 0.102 1.21 7.34 1540 16.94 136 5.048
ESO383G02 42 9.19 x 101° — 1.14 x 1011 0.847 5.36 1.59 18.78 18.09 161 0.136
NGC2403 73 5.39 x 1010 9.28 x 109 8.71 x 1019 0.128 1.34 6.92 20.87 20.97 134 15.553
NGC6503 31 4.81 x 1010 874 x 10° 7.23x101° 0.177 1.24 7.44 23.50 24.58 115 0.507
NGC2903 34 1.32x 101 4.43 x 100 1.88 x 10! 0.252 1.46 7.22 24.96 26.62 180 1.479
NG(C3198 43 1.02 x 1011 3.36 x 1010 1.55 x 1011 0.297 2.79 11.62 30.00 30.69 149 0.341
NGC7331 36 3.37 x 1011 1.40 x 1011 4.78 x 1011 0.221 2.15 13.77 36.31 39.21 238 0.363
ESO0563-G021 30 6.62 x 1011 1.88 x 1011 9.60 x 1011 0.865 9.42 60.00 42.41 45.69 312 9.403
NGC2841 50 7.88 x 1011 1.07 x 1011 1.28 x 1012 0.262 3.38 22.96 63.64 65.80 294 1.530
NGC0289 28 3.28 x 1011 7.26 x 1010 4.50 x 101 0.148 2.25 20.61 71.12 77.86 165 1.951
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6.2. Relation to Baryonic Mass and Residual
Discrepancy

Although the LF model reduces the discrepancy rela-
tive to Mayn, the LF-inferred mass remains systemat-
ically larger than the estimated baryonic mass. This
residual difference can arise from several sources.

Baryonic mass estimates depend on photometric light
profiles, H1 measurements, and assumptions about
mass-to-light ratios, gas corrections, and low-surface-
brightness outskirts [de Blok et al., 2008, Lelli et al.,
2016]. These factors introduce uncertainties that may
lead to an underestimation of the total effective grav-
itating disk mass.

In addition, the LF surface density profile is an ef-
fective parametrization. The fitted mass distribution
may also absorb part of the contribution from ex-
tended or diffuse structures that are not always fully
captured in simplified photometric decompositions.

The position of Mrr between My, and Mgyy there-
fore suggests that geometric effects can account for a
significant fraction of the inferred discrepancy, even if
a residual mass excess remains to be explained [Mc-
Gaugh et al., 2016].

6.3. Interpretive Scope of the LF Model

The LF framework does not introduce new mass com-
ponents or modify Newtonian gravity. Instead, it
revisits how the gravitational field is computed in
flattened systems. In this sense, it is distinct from
both dark matter halo models and modified-gravity
approaches such as MOND.

The LF-inferred surface density should be interpreted
as an effective gravitating distribution rather than a
unique reconstruction of the physical baryonic mass.
The adopted two-component exponential profile pro-
vides a simplified effective description of the radial
mass distribution, but does not capture the full struc-
tural complexity of real galaxies.

Accordingly, the present results should be understood
as demonstrating the impact of geometric treatment
on mass inference, rather than as a definitive decom-
position of the underlying baryonic structure.

6.4. Observational and Modeling Limitations

Several limitations of the present analysis should be
noted.

First, the use of a two-component exponential profile
is a simplified representation of the disk structure.
While it reproduces a wide range of rotation-curve

morphologies, it is not intended as a unique or fully
realistic description of the stellar and gaseous mass
distribution.

Second, the model assumes an axisymmetric thin disk.
Non-axisymmetric features such as bars, spiral arms,
and local asymmetries are not explicitly included.

Third, the baryonic comparison is limited by the avail-
ability and consistency of observational data.

Finally, the dynamical mass May,, used for comparison
is a spherical-equivalent estimate at the outermost
observed radius.

6.5. Implications and Future Directions

The results presented here motivate several directions
for further investigation.

Applying the LF framework to larger and more ho-
mogeneous galaxy samples will be essential to assess
the robustness of the mass reduction factor across
different galaxy types.

A particularly important step will be to replace the
present effective mass profiles with surface density
distributions directly constrained from observed stellar
and gas maps.

These extensions will help determine how much of
the apparent mass discrepancy can be accounted for
by geometry alone, and how much may still require
additional physical ingredients.

7. Conclusions

We have shown that a geometrically consistent Newto-
nian treatment of flattened disk systems can reproduce
the main observed features of galactic rotation curves
while systematically reducing the total mass required
relative to conventional spherical-equivalent estimates.

Across the present sample, the LF framework yields a
characteristic mass reduction factor npgp ~ 0.67, sug-
gesting that part of the inferred mass discrepancy in
disk galaxies may arise from geometric assumptions
in standard mass inference. Although the LF-inferred
mass generally remains larger than the directly esti-
mated baryonic mass, the results indicate that geome-
try alone can account for a substantial fraction of the
discrepancy.

These findings motivate a reassessment of how gravi-
tational fields are evaluated in non-spherical systems,
and call for future tests of the LF framework using
directly observed stellar and gas surface density pro-
files.
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