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Abstract

We pursue further our work on (Born Reciprocal) Non-inertial Rela-
tivity theory. Starting with a brief review of the theory, and how Non-
inertial Relativity redefines the notion of mass, the phase space particle
trajectories in D = 2 + 2 are revisited by emphasizing the key difference
between a truly U(1, 1)-invariant mass M and the Lorentz-invariant mass
m. The derivation of the generalization of the special relativistic expres-
sion of E = m(1 − v2)−1/2 (c = 1) to the non-inertial relativistic case
follows. This, in turn, leads to the non-inertial relativistic extension of
Milgrom’s modified Newtonian dynamics (MOND) law. In the most gen-
eral setting, one finds proper-time m(τ), and spacetime-dependent m(xµ)
masses for point particles, when the proper force F depends on τ or xµ,
respectively. By recurring to the tools of Finsler geometry, we finalize by
writing the generalized gravitational field equations in curved phase space
in the presence of matter sources, like particles and cosmic strings. As
a result, both spacetime and momentum space are curved. We conclude
with some remarks as to why curved momentum space should play an
important role in quantum gravity.

Keywords : Born Reciprocal Relativity; Non-inertial Relativity; Curved
Phase Space; Strings; variable Tension string/brane models; quantum gravity.
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1 Brief Introduction of Non-inertial Relativity
Theory

In this section we shall review very briefly the basic ideas behind Non-inertial
relativity theory. The principle behind the concept of “Born reciprocal relativity
theory”, or non-inertial relativity to be more precise1, was advocated by [3], [4],
[5] and it was based on the idea proposed long ago by [1] that coordinates
and momenta should be unified on the same footing. Consequently, if there
is a limiting speed (temporal derivative of the position coordinates) in Nature
there should be a maximal force as well, since force is the temporal derivative
of the momentum. Hence, a maximal speed limit (speed of light) must be
accompanied with a maximal proper force (which is also compatible with a
maximal and minimal length duality) [5].

The principle of maximal acceleration was advocated earlier on by [7]. A
chapter on Reciprocity Theory and Born’s Quantum Metric Operator appeared
early on in the book by [2]. The concept of Born reciprocity in order to provide
a new point of view on string theory in which spacetime is a derived dynamical
concept was advanced by [15].

The generalized velocity and force (acceleration) boosts (rotations) transfor-
mations of the flat 8D Phase space coordinates , where Xi, t, E, P i; i = 1, 2, 3
are c -valued (classical) variables which are all boosted (rotated) into each-other,
were given by [3] based on the group U(1, 3) and which is the Born version of
the Lorentz group SO(1, 3).

Adopting the units h̄ = c = 1, the U(1, 3) = SU(1, 3)×U(1) group transfor-
mations leave invariant the symplectic 2-form Ω = − dt∧dE+δijdX

i∧dP j ; i, j =
1, 2, 3 and also the following Born-Green line interval in the flat 8D phase-space

(dω)2 = (dt)2 − (dX)2 − (dY )2 − (dZ)2 +

1

b2
(
(dE)2 − (dPx)

2 − (dPy)
2 − (dPz)

2
)
, (c = 1) (1.1)

The maximal proper force is set to be given by b. The symplectic group is
relevant because U(1, 3) = Sp(8, R) ∩O(2, 6); U(3, 1) = Sp(8, R) ∩O(6, 2), and
U(2, 2) = Sp(8, R) ∩O(4, 4).

These transformations can be simplified drastically when the velocity and
force (acceleration) boosts are both parallel to the x-direction and leave the
transverse directions Y, Z, Py, Pz intact. There is now a subgroup U(1, 1) =
SU(1, 1)× U(1) ⊂ U(1, 3) which leaves invariant the following phase space line
interval

(dω)2 = (dt)2 − (dX)2 +
(dE)2 − (dP )2

b2
=

1We thank one of the referees of a previous article for highlighting this fact in order to
clarify the point that Born did not propose a reciprocal relativity theory
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(dτ)2
(

1 +
(dE/dτ)2 − (dP/dτ)2

b2

)
= (dτ)2

(
1 +

F2

F 2
max

)
=

(dτ)2
(

1 − F 2

F 2
max

)
, F2 = −F 2 < 0, Fmax = b (1.2)

where one has factored out the non-vanishing proper time infinitesimal (dτ)2 =
dt2 − dX2 ̸= 0 in eq-(1.2). The numerical quantity F 2 is positive by definition.
The proper force-squared on a massive particle is F2 = m2a2, where a2 is the
proper acceleration-squared a2 = aµa

µ, and m is the rest mass. We refrained
from factoring out (dt)2 in (1.2) because it is not Lorentz invariant, whereas
(dτ)2 is Lorentz invariant.

Due to the orthogonality condition uµa
µ = 0 resulting from differentiating

the normalization condition uµu
µ = ±1 of timelike/spacelike velocities, when

the velocity is timelike (subluminal particle) one has (dτ)2 > 0, so the ac-
celeration is spacelike a2 = aµa

µ < 0. Therefore m2a2 < 0 since m2 > 0.
And viceversa, when the velocity is spacelike (superluminal particle) one has
(dτ)2 < 0, so the acceleration is timelike a2 = aµa

µ > 0. Therefore m2a2 < 0
since m2 < 0 (tachyonic particle). Consequently, the proper force squared F2 ≡
(dEdτ )

2 − (dPdτ )
2 = (dE)2−(dP )2

(dτ)2 = m2a2 < 0 is always negative. Therefore, one

may rewrite the negative definite F2 as F2 ≡ m2a2 = −F 2 < 0, with F 2 > 0, so

that the factorization can always be rewritten as (dτ)2(1+ F2

b2 ) = (dτ)2(1− F 2

b2 ),
with F 2 > 0. When m = 0, one has (dτ)2 = (dE)2 − (dP )2 = 0 so that
(dω)2 = 0. No factorization is needed.

Consequently, the negative sign appearing inside the parenthesis in eqs-(1.2)
furnishes the analog of the Lorentz relativistic factor in special relativity and
it involves the ratio of the square of two proper forces. These results can be
generalized to the 8D-dim phase space (and to higher dimensions)

The U(1, 1) group transformations involving the velocity and force boosts
(along the X direction) acting on the phase-space coordinates X, t, P,E and
which leave invariant the interval (1.2) are given by [3], [4]

t′ = t cosh ξ + (ξv x +
ξa P

b
)
sinh ξ

ξ
(1.3a)

E′ = E cosh ξ + (b ξa X + ξvP )
sinh ξ

ξ
(1.3b)

X ′ = X cosh ξ + (ξv t +
ξa E

b
)
sinh ξ

ξ
(1.3c)

P ′ = P cosh ξ + (ξv E + b ξa t)
sinh ξ

ξ
(1.3d)

ξv is the velocity-boost rapidity parameter; ξa is the force (acceleration) boost
rapidity parameter, and ξ is the net effective rapidity parameter of the primed-
reference frame. The rapidity parameters ξa, ξv, ξ are defined, respectively, in
terms of the spatial velocity v = dx/dt, and proper force F = ma, as follows
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tanh(ξv) = v; tanh(ξa) =
F

Fmax
, Fmax = b, ξ =

√
(ξv)2 + (ξa)2 (1.3e)

When ξv → ∞ ⇒ v → c = 1. And ξa → ∞ ⇒ F → Fmax = b.
It is straight-forward to verify that the transformations of eqs-(1.3) leave

invariant the phase space interval (dt)2−(dX)2+((dE)2−(dP )2)/b2 but do not
leave separately invariant the proper time interval (dτ)2 = dt2 − dX2, nor the
interval in energy-momentum space 1

b2 [(dE)2 − (dP )2]. Only the combination
is truly left invariant under force (acceleration) boosts

(dω)2 = (dτ)2
(

1 +
F2

F 2
max

)
= (dτ)2

(
1 − F 2

F 2
max

)
, F 2

max = b2 (1.4)

where F2 ≡ m2a2 = −F 2 < 0, with F 2 > 0. The transformations of eqs-
(1.3a-1.3d) also leave invariant the symplectic 2-form (phase space areas) Ω =
− dt ∧ dE + dX ∧ dP , see [3], [4] for full details.

Related to the importance of the symplectic 2-form, one should add that
linear and quadratic Casimir operators corresponding to representations of the
Linear Canonical Transformations (LCT) group Sp(2, 8), have been constructed
by [24]. Sp(2, 8) emerges naturally as the symmetry group of the 10D relativistic
quantum phase space associated with 5D spacetime dimensions, The symplectic
group also plays an important role in the formulation of metaparticles and the
metastring [15].

To finalize this introduction, it is warranted to explore the “dual” limit
b → 0 to the b → ∞ limit, in the same vein that the Carrollian limit c → 0 is
the “dual” version of the Galilean limit c → ∞ in special relativity.

2 Non-inertial Relativity redefines notion of Mass

In this section we will explore further the physical consequences of non-inertial
relativity. Starting with a summary of the recent work in [16] on phase space
trajectories in D = 2 + 2, and after explaining the key differences between a
truly U(1, 1)-invariant mass M with the Lorentz-invariant mass m, we proceed
with deriving the generalization of the special relativistic expression of E =
m(1− v2)−1/2 (c = 1) to the non-inertial relativistic case

E = M 1√
1− v2

1√
1− F 2

b2

, (c = 1) (2.1)

A similar relation (but not the same) and based on the principle of maximal
proper acceleration, instead of maximal proper force, has been found by [17]. We
proceed with the derivation of the non-inertial relativistic extension of Milgrom’s
modified Newtonian dynamics (MOND) law [18], and finalize with the study of
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proper-time m(τ), and position dependent m(xµ) masses, when the proper force
F depends on τ or xµ, respectively.

Given the motion of a massive particle subjected to a proper acceleration g ,

the phase space infinitesimal interval (1.2) is given by dω =
√

1− m2g2

b2 dτ . Due

to the U(1, 1) invariance of dω, under force boosts transformations one has the
relation

dω =

√
1− (mg)2

b2
dτ =

√
1− (m′g′)2

b2
dτ ′ (2.2)

which reveals that F = mg ̸= F ′ = m′g′ and τ ̸= τ ′. Namely, the proper force
mg and the proper time τ are not fully U(1, 1) invariant, they are (SO(1, 1))
Lorentz invariant. The explicit transformations relating m′g′ with mg, and
relating τ ′ with τ , in terms of the force-boost rapidity parameter ξa in the par-
ticular case of particles exhibiting a uniform proper acceleration and following
Rindler hyperbolic trajectories can be found in [6].

Therefore, ω is the truly U(1, 1)-invariant evolution parameter that must be
used in order to describe the phase space trajectories of a particle instead of the
proper time τ which is not U(1, 1) invariant. A full action-based justification
of the use of the U(1, 1)-invariant evolution parameter ω is discussed in the
next section. Consequently, one must have expressions for the phase space
coordinates defined in terms of ω as follows

ZI(ω) ≡ { t(ω), x(ω),
1

b
E(ω),

1

b
p(ω) }, I = 1, 2, 3, 4 (2.3a)

The analog of the timelike velocity condition VµV
µ = 1 in special relativity is

now given in phase space by

ŻI ŻI =

(
dt

dω

)2

−
(
dx

dω

)2

+
1

b2

(
dE

dω

)2

− 1

b2

(
dp

dω

)2

= 1 (2.3b)

The extension to phase space of the spacelike condition on the proper accelera-
tion in spacetime is

Z̈I Z̈I =

(
d2t

dω2

)2

−
(
d2x

dω2

)2

+
1

b2

(
d2E

dω2

)2

− 1

b2

(
d2p

dω2

)2

= −A2(ω) (2.4)

where A(ω) is the phase space analog of the proper spacetime acceleration and

must not be confused with g(τ). Given ŻI ŻI = 1, a differentiation yields

Z̈I ŻI = 0, consequently the phase space analog of the proper acceleration is
orthogonal to the phase space analog of velocity, hence if the velocity is timelike,
the acceleration is spacelike, and vice versa.

A thorough study of the spacelike (dω)2 < 0, null (dω)2 = 0, and timelike
(dω)2 > 0 intervals in phase space, and their relation to the intervals (dτ)2 in
spacetime, can be found in [6] where it was shown in many examples that there
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are no crossovers in the spacetime intervals when one performs a force boost
transformation for any value of the force boost rapidity ξa rapidity parameter.
Consequently, one has that if (dτ)2 > 0 ⇒ (dτ ′)2 > 0. And viceversa, if
(dτ)2 < 0 ⇒ (dτ ′)2 < 0.

Before we discuss the energy and momentum it is very important to invoke
the construction of the quadratic Casimir invariants of the Quaplectic group
studied by Low [3], [4]. The Quaplectic group in four spacetime dimensions
(eight phase space dimensions) is the semi-direct product of U(1, 3) with the
translations in phase space and including the unit central element associated
with the Weyl-Heisenberg algebra. The relevance of the quadratic Casimir is
that it correctly defines the analog of proper mass M in phase space. Therefore,
upon defining

M dt

dω
= E, M dx

dω
= p (2.5)

where M is the U(1, 1)-invariant proper mass in phase space, and which is
not the same as m, the two eqs-(2.3,2.4) become a system of two simultaneous
differential equations for the two functions E(ω), p(ω) given by(

E

M

)2

−
( p

M

)2

+
1

b2

(
dE

dω

)2

− 1

b2

(
dp

dω

)2

= 1 (2.6)

(
1

M
)2

(
dE

dω

)2

− (
1

M
)2

(
dp

dω

)2

+
1

b2

(
d2E

dω2

)2

− 1

b2

(
d2p

dω2

)2

= −A2(ω)

(2.7)
Solutions to eqs-(2.6,2.7) were found in [16] in the special case that A

is constant. Setting A = A(κ) to be a one-parameter family of accelera-
tions independent of the phase space evolution parameter ω, we found a one-
parameter family of solutions to eqs-(2.6,2.7) is given by

t(ω;κ) =
κ

A(κ)
sinh[A(κ) ω], x(ω;κ) =

κ

A(κ)
cosh[A(κ) ω] (2.8a)

E(ω;κ) = κ M cosh[A(κ) ω], p(ω;κ) = κ M sinh[A(κ) ω] (2.8b)

where κ is a numerical parameter. From eq-(2.8a) one infers that as ω → ∞
the particle reaches the speed of light dx

dt = (dx/dω)
(dt/dω) = tanh[A(κ)ω] → 1 (c = 1).

Inserting the solutions given by eqs-(2.8) into eqs-(2.6,2.7) lead to the rela-
tions

M2A2(κ)

b2
= 1− 1

κ2
, M A(κ) = b

√
1− 1

κ2
≤ b, κ ≥ 1 (2.9)

In order to avoid complex values for MA(κ), one must choose κ ≥ 1. The
restriction κ ≥ 1 is required to keep the phase-space acceleration real and
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bounded, and that κ < 1 has no clear physical interpretation in the present
framework. A value of κ = 1 yields MA(κ = 1) = 0. The condition MA(κ) ≤ b
in eq-(2.9) is also a sign of consistency such that the maximal upper bound of b
is not exceeded. In the limit κ → ∞ one has MA(κ) → b and the upper bound
b is saturated.

The initial positions of the trajectories in eq-(2.8a) is described by the func-
tions

x(ω = 0;κ) = xo(κ) =
κ

A(κ)
=

κM
MA(κ)

=
κM

b
√
1− (1/κ2)

(2.10)

xo(κ) is proportional to the throat-sizes of the elliptic-hyperboloids.
When κ = 1 and ∞ ⇒ xo = ∞. The minimum value of xo is obtained by

solving dxo

dκ = 0. After some algebra one arrives at a quadratic equation for κ :

1− 2
κ2 = 0 ⇒ κ =

√
2 > 1. Inserting this value of κ into (2.10) yields

(xo)min =
2M
b

=
2GM
Gb

(2.11)

If one sets the maximal proper force b to be equal to the Planck mass-squared
b = m2

P , in units of h̄ = c = 1, then Gb = Gm2
P = L2

Pm
2
P = 1, with LP being

the Planck scale in 4D, such that the minimal initial position turns out to be
2GM which coincides precisely with the numerical value of the horizon radius of
the Schwarzschild black hole in four spacetime dimensions (which must not be
confused with the four dimensions of the phase space we have been working with
signature (2, 2)). One must emphasize that this is just a numerical coincidence
and that a rigorous derivation would require working in a curved gravitational
background in order to invoke the horizon radius of the Schwarzschild black
hole.

The solutions in eqs-(2.8) describe a one-parameter family of elliptic-hyperboloids
in four dimensions defined by the algebraic equation

x2 +
p2

b2
− t2 − E2

b2
=

1

A(κ)2
=

M2

b2(1− 1/κ2)
(2.12a)

The above algebraic equation for the elliptic-hyperboloid is U(1, 1)-invariant.
Namely, because the evolution parameter ω and M are U(1, 1)-invariant, then
under U(1, 1) transformations of the trajectories ZI(ω) → Z ′I(ω) in phase
space, one ends up with the same analytical (functional) form for the elliptic-
hyperboloids

x′2 +
p′2

b2
− t′2 − E′2

b2
=

1

A(κ)2
=

M2

b2(1− 1/κ2)
(2.12b)

After having reviewed the above basic results of [16] pertaining accelerat-
ing particle trajectories in a D = 2 + 2-dim flat phase space, we proceed with
the derivation of the generalization of the expression relating mass with energy.
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Focusing on eq-(2.6), after some straightforward algebra, using the special rel-
ativistic relation E2 − p2 = m2, and (dω)2 = (dτ)2(1− F 2/b2), it furnishes the
relationship between m and M

E2 − p2 = m2 =
M2

1− F 2

b2

⇒ m = m(F ) =
M√
1− F 2

b2

(2.13)

Eq-(2.13) leads to a force-dependent mass m = m(F ), and a modified mass-
energy expression of the form

E = M dt

dω
= M dt

dτ
√
1− F 2

b2

= M 1√
1− v2

1√
1− F 2

b2

(2.14)

which is a generalization of the relativistic expression E = m(1 − v2)−1/2 in
special relativity with m being the invariant rest mass (proper mass) of the par-
ticle. In the b → ∞ limit, eq-(2.13) yields m = M as expected and one recovers
in eq-(2.14) the standard relation E = m(1− v2)−1/2 of special relativity.

One of the most salient features of the force-dependent mass relation m2 =
m(F )2 = M2(1 − F 2/b2)−1, is that the definition −F 2 = m2a2 < 0 yields an
expression of the form F =

√
−m(F )2a2, and which can be viewed as a non-

inertial relativistic extension of the Milgrom’s modified Newtonian dynamics
(MOND) law f⃗ = m(|⃗a|)⃗a [18] where the acceleration dependence of m(|⃗a|) =
mµ(|⃗a|/aM ) is given in terms of an interpolating function µ(|⃗a|/aM ) of the ratio
of the magnitude of the spatial acceleration |⃗a| and a fiducial acceleration aM .

One should emphasize that the non-inertial relativistic extension of the Mil-
grom’s modified Newtonian dynamics described here is very different than
the various theoretical attempts made to effectively embed the modifications of
Newtonian dynamics within a relativistic theory of gravity [19], [20].

Given the spacelike proper force acting on the particle F = mg, from eq-
(2.13) one ends up with the following m,M relation

m =
M√

1− m2g2

b2

⇔ m2

M2
=

1±
√
1− 4M2g2

b2

2M2g2

b2

(2.15)

Firstly we are going to examine the minus sign choice in front of the square
root, and then the plus sign choice.

m2

M2
=

1−
√
1− 4M2g2

b2

2M2g2

b2

⇒ m = M

1−
√
1− 4M2g2

b2

2M2g2

b2

1/2

(2.16)

Another more transparent way to rewrite eq-(2.16), after defining F = mg,
and F = Mg, is
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F = F

1−
√
1− 4F2

b2

2F2

b2

1/2

F = mg, F = Mg (2.17)

in other words, the ratio F/F is a function of the ratio F/b involving the
maximal proper force b : F/F = f(F/b), such b → ∞ ⇒ F → F since f(0) = 1.

Once again, it is important to emphasize that g is not U(1, 1) invariant as
one can infer from the relation

dω = dτ

√
1− m2g2

b2
= dτ ′

√
1− m′2g′2

b2
(2.18)

M and the maximal proper force b are truly U(1, 1) invariant as shown in [6].
The fact that b ̸= ∞ does not imply that there is a maximal proper acceleration.
On the contrary, the maximal proper acceleration could be g = ∞ when the
mass m = 0 such that mg = b. The invariance of the maximal proper force
b under U(1, 1) transformations, implies that mg = m′g′ = m′′g′′ = . . . = b,
therefore there is a flow of values of m, g along the hyperbola described by the
algebraic equation mg = b = constant. In particular, as m → ∞, g → 0, and
vice versa, as m → 0, g → ∞.

A careful inspection of eqs-(2.15, 2.16) reveals that
(i) When M = 0 ⇔ m = 0.

(ii) When M ̸= 0; b = ∞ and/or g = 0 ⇒ m = M after using L’Hopital’s
rule. This result is also consistent with the one obtained from eq-(2.13) after
setting b = ∞, and/or g = 0.

(iii) One has the following bounds mg ≤ b and Mg ≤ b
2 .

(iv) When M ≠ 0, and mg = b, eqs-(2.13, 2.15) lead to m = ∞, g = 0.
(v) And when 0 < mg < b, then m is finite and m > M.
A Taylor expansion of eq-(2.16) leads to

m2 = M2

(
1 + (

Mg

b
)4 − 24 (

Mg

b
)8 + . . .

)
(2.19)

and must not be confused with the modified dispersion relations in Doubly
Special Relativity (DSR) [21].

If one had a relation of the form

E2 − p2 =
m2

1− F 2

b2

= m2

(
1 +

F 2

b2
+ (

F 2

b2
)2 + (

F 2

b2
)3 + . . .

)
,

F 2

b2
≤ 1

(2.20)
it would resemble the modified dispersion relations in Doubly Special Relativity
(DSR) [21] leading to an effective mass meff = m(1 − F 2/b2)−1/2. But as
we have emphasized, m ̸= M, and what we have instead is E2 − p2 = m2 =
M2(1− F 2/b2)−1.
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Let us examine now the plus sign choice in front of the square root

m2 =
1 +

√
1− 4M2g2

b2

2g2

b2

(2.21)

A close inspection of eq-(2.21) reveals that in the b → ∞ limit the mass m → ∞
blows up, and consequently, eq-(2.21) does not have a well behaved special
relativistic limit. However, if b ̸= ∞, one finds a very interesting case behind
eq-(2.21) when M = 0 :

(vi) Given M = 0 ⇒ m2 = b2

g2 and one finds that mg = b reaches the

invariant maximal proper force b. Plugging these values into eq-(2.13) gives

m =
M√
1− F 2

b2

=
0

0
, M = 0, F = mg = b (2.22)

Because the ratio 0
0 is undetermined one finds a continuum of values of m and

g such that mg = m′g′ = m′′g′′ = . . . = b along the hyperbola described by the
equation mg = constant = b. Under force (acceleration) boosts the values of
(m, g) flow along the hyperbola to (m′, g′) = (m′′, g′′) . . . such thatmg = b, since
the maximal proper force b remains invariant under U(1, 1) transformations in
non-inertial relativity theory [6], like the speed of light c is invariant in special
relativity. In particular, a zero mass particle like a photon, can experience an
infinite value of g such that mg = 0×∞ = b (finite and non-zero). This occurs
for Rindler particles being subjected to a uniform proper acceleration g = g0
and following hyperbolic trajectories in the Rindler wedge regions (left/right).
In the limiting case when g = g0 = ∞ the hyperbolas evolve into the light-
like lines comprising the Rindler horizon and corresponding to massless photon
trajectories.

To sum up, if one requires to have a well behaved special relativistic limit
b → ∞, then one is forced to choose the minus sign in eq-(2.15) leading to the
functional relation m = m(M, g) displayed by eq-(2.16). And, in doing so, the
expression for the energy (2.14) becomes

E = M

1−
√
1− 4M2g2

b2

2M2g2

b2

1/2

(1− v2)−1/2, c = 1 (2.23)

and clearly involves a velocity and proper acceleration dependence via the force
F = Mg and the standard Lorentz dilation factor. Eq-(2.23) can be rewritten
in the condensed form E = m(M,F)(1−v2)−1/2 and which is another manifes-

tation of the non-inertial relativistic extension of the MOND law f⃗ = m(|⃗a|)⃗a.
Taking the b → ∞ limits in eqs-(2.13, 2.23) furnish the special relativistic result
E = m(1− v2)−1/2 since m → M in that limit.

The invariance of dω under U(1, 1) transformations

dω = dτ

√
1− F 2

b2
= dτ ′

√
1− F ′2

b2
(2.24a)
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and the relations

m =
M√
1− F 2

b2

, m′ =
M√
1− F ′2

b2

(2.24b)

lead to the important result

dτ

m
=

dτ ′

m′ ⇒ m′ = m
dτ ′

dτ
(2.25)

In [6] we have shown that the scaling factor dτ ′

dτ = λ(F, F ′
obs) relating m and

m′ is a function of the proper force F experienced by the particle moving with
respect to a reference frame S, and the proper force F ′

obs experienced by an
accelerated observer S′ moving with respect to the reference frame S.

Contrary to what occurs in Lorentz transformations, under force (accelera-
tion) boost transformations dτ ̸= dτ ′ ⇒ m ̸= m′, consequently the mass m is no
longer a non-inertial-relativistic invariant, as expected. When m = 0 ⇔ dτ = 0.
We showed in [6] that under force (acceleration) boost transformations one has
cases where dτ = dτ ′ = 0, so m = m′ = 0. But also, there are cases when
dτ ′ ̸= 0 and consequently m′ ̸= 0, hence a massless photon could appear mas-
sive in a non-inertial frame of reference [6].

One should not confuse a reparametrization τ → τ ′ with a force boost trans-
formation. Under a reparametrization, the point particle action in special rel-
ativity can be rewritten as S = −

∫
mdτ = −

∫
m dτ

dτ ′ dτ
′ and one may reinter-

pret the quantity m dτ
dτ ′ = m′ = m′(τ ′) as a “reparametrized” mass such that

mdτ = m′dτ ′. One may note that this relation clearly differs from dτ
m = dτ ′

m′

obtained from U(1, 1) transformations.
When g(τ) = g0 (constant), m = m0 (constant), under velocity boosts

(Lorentz) transformations one has m0 = m′
0; g0 = g′0 since the proper mass

and proper acceleration are relativistic invariants in special relativity. However,
under force (acceleration) boosts m0 → m′

0 ̸= m0, g0 → g′0 ̸= g0 [6]. This
is the key difference and the reason why one can have a flow of values of
(m0, g0); (m

′
0, g

′
0), . . . along a hyperbola obeying the equationmg = b = constant

The relation between F = m0g0, and F ′ = m′
0g

′
0 under force (acceleration)

boosts whose rapidity parameter is ξ was found to be [6]

F ′2

b2
=

( m0g0
b cosh(ξ) + sinh(ξ) )2

( cosh(ξ) + m0g0
b sinh(ξ) )2

, F ′ = m′
0g

′
0 (2.26)

By inspection of eq-(2.26) one has that if m0g0 = b, one finds that F ′ = m′
0g

′
0 =

b also, for all values of the force boost rapidity parameter ξ, and which is
consistent with the fact that F = F ′ = b must remain invariant since they
coincide with the maximal (and invariant) proper force.

In essence, eq-(2.26) is the analog of the “addition” of velocities in special
relativity. The physical interpretation of eq-(2.26) is the following. One has a
massive particle of proper mass m0 moving with respect to a reference frame
S with a uniform proper acceleration and force given by g0 and F = m0g0,
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respectively. A typical example is the Rindler particle sweeping hyperbolic
trajectories. A new observer S′ comes into the picture2 moving with respect to
S with a uniform proper force F associated to a force boost rapidity parameter
ξ given by tanh(ξ) = F

b . Therefore, the expression in eq-(2.26) depicts the
“addition” of two proper forces F and F describing the net proper force F ′

experienced by the original massive particle with respect to the second observer
S′.

What are other physical consequences and implications of non-inertial rel-
ativity ? We have discussed the case of particles with a uniform proper accel-
eration g0 and subjected to a force F = m0g0. What happens when this not
the case and one has a variable proper acceleration g(τ) ?. Eq-(2.13), in turn,
requires that m(τ) such that F (τ) = m(τ)g(τ). Hence, eq-(2.13) becomes

m(τ) =
M√

1− F 2(τ)
b2

, F (τ) = m(τ)g(τ) (2.27)

and one finds that m acquires a τ -dependence m(τ). In other words the mass

is now dynamical and transforming under force boosts as m′(τ ′) = m(τ) dτ ′

dτ .
One may note, once again, that m does not transform as a scalar under force
boosts transformations. If it transformed as a scalar one would have had the
relation m(τ) = m′(τ ′). The true scalar is M. Furthermore, the τ dependence
of m(τ) is not due to gravitational radiation in case the mass decreases with τ .

In flat phase space the U(1, 1) invariant action is given as

S = −
∫

Mdω = −
∫

Mdτ

√
1− F 2(τ)

b2
= −

∫
meff (τ) dτ,

meff (τ) ≡ M
√
1− F 2(τ)

b2
(2.28)

and it can be rewritten in terms of a τ -dependent effective mass meff (τ) =

M
√
1− F 2(τ)

b2 . Therefore, one finds that in non-inertial relativity theory in

phase space one may encounter τ -dependent masses in the ways explained above.
Strings with a dynamical (variable) tension T (σ0, σ1) along the world-sheet

parametrized by the coordinates σ0, σ1 have been extensively studied by Guen-
delman [13] over the years. In the modified measure formulation of strings/
branes, the tension appear as an additional dynamical degree of freedom. There
are many important physical consequences of these variable tension models of
strings and branes. Recently, Guendelman has reviewed how the model avoids
the Swampland constraints making treatments for Dark energy and inflation
more realistic and how strings with a different tension appear as Dark Matter
to us. We refer to [13] and the many references therein for specific details.

2The new observer S′ could be represented by a physical apparatus of mass M moving
with a uniform proper acceleration a such that F = Ma
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One should note that the dynamical tension description of Guendelman is
based on the modified measure formulation which differs from the mechanism
described in this work leading to a dynamical mass m(τ) along the world-line
of the particle.

One could also have a spacetime-dependent force like F = F (xµ), and
which in turn, as a result of eq-(2.27) means that the mass m(xµ) becomes
xµ-dependent. How is this possible ? A careful thought reveals that this could
occur as a result of the back reaction of spacetime on matter. As the particle
probes the spacetime points along its (non-uniformly) accelerated trajectory,
space-time back reacts on the particle affecting its mass. Special relativity led
to the unification of space and time. Non-inertial relativity seems to indicate a
space-time-matter “unification”. To be more precise, matter curves spacetime,
and in turn, spacetime back reacts on matter curving momentum space. In the
next section we will study the generalized field equations in phase space and
how curvature in spacetime and momentum space result from the presence of
matter.

The concept of a position dependent mass has appeared in the literature
before but based on very different physical principles. Most recently, a non-
commutative Hamilton-Jacobi equation based on Moyal-type noncommutative
spacetimes was studied and it was found that all noncommutative effects could
be absorbed into an effective, position-dependent mass function M(x), appear-
ing in an otherwise standard relativistic dispersion relation. See [22] and refer-
ences therein.

3 Generalized Gravity in Curved Phase Space

Most of the contents of this section are based on our prior work [10]. Additions
are made at the end where we include the matter actions of point particles and
strings in phase space.

Let us begin with the Sasaki-Finsler metric of the cotangent space of a d-dim
manifold T ∗Md, and which is given by the following metric in block diagonal
form [8], [9]

(dω)2 = gij(x
k, pa) dx

id xj + hab(xk, pc) δpa δpb =

gij(x
k, pa) dx

id xj + hab(x
k, pc) δp

a δpb (3.1)

The range of the base manifold indices is i, j, k = 0, 1, 2, 3, .....d − 1; whereas
the range of the fiber indices is a, b, c = 0, 1, 2, 3, .....d− 1. The standard coordi-
nate basis frame has been replaced by the following anholonomic non-coordinate
basis frame comprised of the following elongated and ordinary derivatives, re-
spectively,

δi = δ/δxi = ∂xi + Nia ∂a = ∂xi + Nia ∂pa
; ∂a ≡ ∂pa

=
∂

∂pa
(3.2)

The signature is chosen to be Lorentzian (−,+,+,+, · · · ,+) for both gij and
hab. It is important to emphasize that one does not have a theory with two times
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because the energy coordinate is not time. One should note the key position of
the indices that allows us to distinguish between derivatives with respect to xi

and those with respect to pa. The dual basis of (δi = δ/δxi; ∂a = ∂/∂pa) is

dxi, δpa = dpa − Nja dxj , δpa = dpa − Na
j dxj (3.3)

where the N -coefficients define a nonlinear connection, N–connection structure.
An N-linear connection D on T ∗M allows to construct covariant derivatives

which are compatible with the structure induced by the nonlinear connection
and that preserve the horizontal-vertical split of the cotangent bundle. Thus,
an N-linear connection D on T ∗M can be uniquely represented in the adapted
basis in the following form

Dδj (δi) = Hk
ij δk; Dδj (∂

a) = − Ha
bj ∂b; (3.4a)

D∂a(δi) = Cka
i δk; D∂a(∂b) = − Cba

c ∂c (3.4b)

where Hk
ij(x, p), H

a
bj(x, p), C

ka
i (x, p), Cba

c (x, p) are the connection coefficients.
Our notation for the derivatives is

∂a = ∂/∂pa, ∂i = ∂xi , δi = δ/δxi = ∂xi + Nia ∂a (3.4c)

The N-connection structures can be naturally defined on (pseudo) Rieman-
nian spacetimes and one can relate them with some anholonomic frame fields
(vielbeins) satisfying the relations δαδβ − δβδα = W γ

αβδγ . The only nontrivial
(nonvanishing) nonholonomy coefficients are

Wija = Rija; W a
jb = ∂aNjb = − W a

j b (3.5a)

and
Rija = δjNia − δiNja (3.5b)

is the nonlinear connection curvature (N-curvature).
Imposing a zero nonmetricity condition of gij(x, p), h

ab(x, p) along the hori-
zontal and vertical directions, respectively, gives

Digjk = δi ggk −H l
ij glk −H l

ik gjl = 0, (3.6a)

Dahbc = ∂a hbc + Cab
d hdc + Cac

d hbd = 0 (3.6b)

Performig a cyclic permutation of the indices in eqs-(3.6a,3.6b), followed by
linear combination of the equations obtained yields the irreducible (horizontal,
vertical) h-v-components for the connection coefficients

Hi
jk =

1

2
gin (δkgnj + δjgnk − δngjk) (3.7)

Cab
c = − 1

2
hcd

(
∂bhad + ∂ahbd − ∂dhab

)
(3.8)
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The additional conditions Dih
ab = 0, Dagij = 0, yield the mixed compo-

nents of the connection coefficients

Hb
ja = ∂bNja +

1

2
hbc

(
δjhac − had ∂dNjc − hcd ∂dNja

)
(3.9)

and

Cja
i =

1

2
gjk ∂agik (3.10)

For any N-linear connectionD with the above coefficients the torsion 2-forms
are

Ωi =
1

2
T i
jk dxj ∧ dxk + Cia

j dxj ∧ δpa (3.11a)

Ωa =
1

2
Rjka dxj ∧ dxk + P b

aj dxj ∧ δpb +
1

2
Sbc
a δpb ∧ δpc (3.11b)

and the curvature 2-forms are

Ωi
j =

1

2
Ri

jkm dxk ∧ dxm + P ia
jk dxk ∧ δpa +

1

2
Siab
j δpa ∧ δpb (3.12)

Ωa
b =

1

2
Ra

bkm dxk ∧ dxm + P ac
bk dxk ∧ δpc +

1

2
Sacd
b δpc ∧ δpd (3.13)

where one must recall that the dual basis of δi = δ/δxi, ∂a = ∂/∂pa is given by
dxi, δpa = dpa −Njadx

j .
The distinguished torsion tensors are given by

T i
jk = Hi

jk − Hi
kj ; Sab

c = Cab
c − Cba

c ; T ia
j = Cia

j = − T ia
j

P a
b j = Ha

bj − ∂aNjb, P a
b j = − P a

bj

Rija =
δNja

δxi
− δNia

δxj
(3.14)

And the distinguished tensors of the curvature are

Ri
kjh = δhH

i
kj − δjH

i
kh + H l

kj Hi
lh − H l

kh Hi
lj − Cia

k Rjha (3.15)

P ab
cj = ∂a Hb

cj + Cad
c P b

dj −
(
δj Cab

c + Hb
dj Cda

c + Ha
dj Cbd

c − Hd
cj Cab

d

)
(3.16)

P ak
ij = ∂a Hk

ij + Cal
i T k

lj −
(
δj Cak

i + Ha
bj Cbk

i + Hk
lj Cal

i − H l
ij Cak

l

)
(3.17)
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Sabc
d = ∂c Cab

d − ∂b Cac
d + Ceb

d Cac
e − Cec

d Cab
e ; (3.18)

Sibc
j = ∂cCbi

j − ∂bCci
j + Cbh

j Cci
h − Cch

j Cbi
h (3.19)

Ra
bjk = δkH

a
bj − δjH

a
bk + Hc

bj Ha
ck − Hc

bk Ha
cj − Cca

b Rjkc (3.20)

A scalar-gravity model was duly studied in [10] and exact nontrivial analyt-
ical solutions for the metric and non- linear connection were found, in the very
simple case for constant scalar field configurations, that obeyed the generalized
gravitational field equations, in addition to satisfying the zero torsion conditions
for all of the torsion components. The curved base spacetime manifold and in-
ternal momentum space both turned out to be (Anti) de Sitter type. The most
salient feature was that the solutions captured both the very early inflationary,
and very-late-time de Sitter phases of the Universe. In this work we will study
instead a gravity-matter model.

Adopting the units where h̄ = c = G = 1 such that the Planck mass and
length squared are respectively M2

P = 1, L2
P = 1; and given gAB ≡ gij , hab, one

may construct the simplest gravity action of the form3

SG =
1

2κ

∫
d4x d4p

√
|det gAB |

(
gij R(ij) + hab S(ab)

)
(3.21)

The determinant factorizes det(gAB) = det(gij)det(hab) in an anhololomic basis
adapted to the nonlinear connection (the metric assumes the block diagonal
form (1)). κ is the gravitational coupling constant. If the phase space action
action (3.21) is dimensionless, after reintroducing the physical constants that
were set to unity, gives κ = 8π → (8πG/c4)(Mpc)

4.
The action of a point particle in phase space is

Smatter = −M
∫

dω (3.22)

and it can also be written in terms of an auxiliary E = E(ω) einbein field (whose
physical units are those of mass−1) as follows

Smatter = −1

2

∫
dω

(
E−1(

dZI

dω
)2 + EM2

)
(3.23)

Eliminating E(ω) via its algebraic equation of motion M2−E−2(dZ
I

dω )2 = 0, and
inserting its value back into the action one recovers Smatter = −M

∫
dω. One

could interpret the first term E−1(dZ
I

dω )2 as a “kinetic energy” and the second
term EM2 as a “cosmological constant”.

3d4x d4p = dx0 ∧ dx1 ∧ · · · ∧ δp0 ∧ δp1 ∧ · · · = dx0 ∧ dx1 ∧ · · · ∧ dp0 ∧ dp1 ∧ · · ·
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Inserting delta functions and integrating allows to rewrite the matter action
(3.22) as

Smatter = −M
∫

d8Z
√
|g|

∫
dω

δ8(ZA − ZA(ω))√
|g|

(3.24)

where |g| denotes the absolute value of the determinant det(gAB) = det(gij)det(hab).
The indices A,B = 1, 2, . . . , 8 span all the coordinates of the 8-dim phase space.
The Born interval in an 8-dim curved phase space (cotangent space) is given by

(dω)2 = gAB dZA dZB =

gij(x, p) dx
i dxj + hab(x, p) (dpa + Nai(x, p) dx

i) (dpb+Nbj(x, p) dx
j) (3.25)

The phase space metric gAB components are comprised of gij , h
ab, Nai. The

matter stress energy tensor associated with the matter action (3.24) is defined
as

TAB = − 2√
|g|

δ
√

|g|Lmatter

δgAB
= M

∫
dω

dZA

dω

dZB

dω

δ8(ZA − ZA(ω))√
|g|

(3.26)

Given the net gravity-matter action S ≡ SG+Smatter, after a very laborious
procedure, the authors [12] have shown that variations of the gravity-matter
action

δS
δgij

= 0,
δS
δhab

= 0,
δS
δNai

= 0, (3.27)

with respect to gij , hab, Nai, respectively, leads to the following field equations

R(ij)(x, p) − 1

2
gij(x, p) (R+ S) + Rk(ia Cka

j) = Tij (3.28)

S(ab)(x, p) − 1

2
hab(x, p) (R+ S) = Tab (3.29)

gik ∂aHj
kj − gkl ∂aHi

kl = T ia (3.30)

where the curvature contractions are given by

Rkh = Ri
kjh δji , R = gkh R(kh) Sac = Sabc

d δdb , S = hac S(ac) (3.31)

after symmetrizing the indices accordingly and denoted by ().
Eqs-(3.28,3.29,3.30) are the generalized field equations in curved phase space

where the stress energy tensor components are provided by eq-(3.26) by letting
the indices run from 1, 2, . . . , 8. The first four indices span the Tij components
of the 4-dim spacetime. The last four span the Tab components of the 4-dim
momentum space, and the mixed indices span the mixed Tia components. One
finds that the source of curvature in spacetime and momentum space is due
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to the presence of matter in phase space, and it takes into account the back-
reaction of matter on both spacetime and momentum space (back reaction of
matter on the geometry).

The generalization of the point particle matter action in phase space to the
(cosmic) string case is

Sstring = −T

∫
d8Z

√
|g|

∫
dσ0σ1

δ8(ZA − ZA(σ0, σ1))√
|g|

√
|det gAB∂αZA∂βZB |

(3.32)
where ∂α, ∂β both denote derivatives with respect to the world sheet coordinates
σ0, σ1. In this case the string becomes the source of phase space curvature, after
evaluating the stress energy tensor components associated with the string action
(3.32). It can be generalized to p-branes as well [25]. To find solutions to the
generalized field equations in curved phase space given by eqs-(3.28,3.29,3.30)
is a very difficult task compared to what was found in [10] for constant scalar
field configurations.

To finalize, we should add that recently the authors [23] investigated how
quantum features of spacetime, in particular the curvature of momentum space,
can back react on classical gravity in a tractable semiclassical (2+1)-dimensional
setting with a negative cosmological constant. As a result of this back reaction,
a mass-dependent geodesic motion and a mild violation of the equivalence prin-
ciple was found. For other physical applications of curved momentum space see
[26], [27].

The essence behind why curved momentum space should play an important
role in quantum gravity is because noncommutative momentum coordinates
[p̂µ, p̂ν ] ̸= 0 have a correlation to the noncommutativity of the spacetime covari-
ant derivatives [∇µ,∇ν ] ̸= 0 due to the curvature in spacetime. And vice versa,
noncommutative spacetime coordinates [x̂µ, x̂ν ] ̸= 0 have a correlation to the

noncommutativity of the momentum space covariant derivatives [∇̃µ, ∇̃ν ] ̸= 0
due to the curvature of momentum space. And finally, as stated in [11], the
non-vanishing commutator [x̂µ, p̂ν ] ̸= 0 has a correlation to the base manifold
metric components in phase space given by

[x̂µ, p̂ν ] ↔ gµν(x, p) + hab(x, p) Naµ(x, p) Nbν(x, p) (3.33)

involving gµν(x, p);h
ab(x, p), Naµ(x, p). These ideas warrant further investiga-

tion.
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