A TABLE OF PISANO PERIOD LENGTHS

RICHARD J. MATHAR

ABSTRACT. A Pisano period is the period of an integer sequence which is
obtained by reducing each term of a primary sequence modulo some integer
m > 1. Each primary sequence which obeys a linear homogeneous recurrence
with constant coefficients has such periods for all m > 1. The manuscript
tabulates the lengths of these periods indexed by m for a small subset of the
OEIS sequences.

1. VARIANTS OF THE MAIN THEME

The Pisano period is defined as the length of the period of the sequence ob-
tained by reading the Fibonacci sequence [7, A000045] modulo m. The generalized
Fibonacci sequences have been investigated in similar ways [9, 3, 22]. The multi-
variate linear recurrences [2] might be studied for multivariate moduli.

2. LINEAR HOMOGENEOUS RECURRENCES

2.1. Definition. We define a class of sequences a(n) which obey a homogeneous
linear recurrence of some depth 7, and are essentially characterized by the expansion
coefficients ¢ in their linear recurrence:

Definition 1. (Homogeneous linear recurrence)
,
(1) a(n) = Z cgo)a(n —1).
i=1

It is often advantageous to write this down for the shortest (minimum) order r
[13, 18, 12, 25]. The basic properties have been thoroughly studied [4, 23, 24, 10,
20]. There are connections to solving Diophantine equations [15], random number
generators [11, 14], primality tests [1] aspects of solving the recurrences [6, 8, 17],
or transforming other formats to linear recurrences [16, 21].

2.2. Telescoping. Telescoping by replacing the coefficient a(n — 1) on the right
hand side by use of the very same recurrence

(2) a(n—1) = cho)a(n —1-1)

transforms (1) into

(3)
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T r—1
(4) = Z cgo)cgo)a(n —1—-4)+ Z cggr)la(n —1—13).
i=1 i=1
(We don’t actually care writing down the maximum depth of the telescoping which
depends on n being sufficiently large.) This defines constants cz(-l),

(5) o = el + )
where it’s useful to extend the definition
(6) CES) =0, ¢>r, anys>0.

Iteration of this procedure deepens the order of the recurrence:
(7) a(n) = Z cgs)a(n —s—1i).
i=1

The constants follow from a multiply-shift operation

(8) A = L L e 1<i<n,
which can be written in matrix format as
A% 10 0 o0
4 01 0 0 =
(s) (0) (s—1)
Cy Cs 0 0 1 0 Cy
9) =1 ° o |
Q) A 00 0 1 ety
A 00 0 0

()

Remark 1. Diagonalization of this square matriz would allow to write ¢, as some

matriz power multiplied by CEO). The determinant

A% 21 0 0 o0
X 1 00

0 =a 10
(10) :

= (—1)’”_1[(050) — )\))\7"_1 + céo))\r_2 + cg,o)/\’“_3 + -+ cio)]

allows computation of the eigenvalues X. Up to signs, this equals the companion
polynomial f()\), defined by

(11) flz)=2™ — 1™t — ... co.

The recurrence (8) has a Markovian property that the r-tuple at step s depends
on the values of the previous step and on the values CEO) that define the recurrence.
Because the new values are obtained by multiplication which can be reduced modulo
k, some vector modulo k is followed uniquely by another vector modulo k; since
there is only a finite set of r* different vectors, this reduced vector must reach

a state encountered at some previous s within at most r* steps; both conditions
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combined ensure that the vector cz(-s)
upper index s.

Graphically speaking, the vector of r previous values on the right hand side of
(1), each reduced modulo some k, defines a point in a cube of edge length k, and
computing a(n), also reduced modulo &, is one step of a walk inside that cube. The
Pisano periods are closed walks (cycles), and the initial conditions of the a at low
indices fix to which of these non-intersecting cycles that walk belongs. Obviously,
the number of non-intersecting cycles in that cube of fixed dimension is limited, so
the family of sequences with the same recurrence coefficients ¢; and different initial

values leads to a finite number of Pisano periods.

(mod k) with r elements is periodic in the

3. PISANO PERIODS

The question is: Does a finite period length pjx exist such that
(12) a(n+pr) =a(n) (modk) Vn>..?

The answer is yes and known [19]. Because for any s (in the telescoped recurrence)

(13) a(n) = cho)a(n —i) = chs)a(n —i—3)
i=1 i=1
we have for all s and k

(14) Z cgo)a(n —i) = Z cgs)a(n —i—38) (mod k).

(15) Z[C(O)a(n —i)—cPan—i—s)]=0 (mod k).

(16)
Z[cl(-o)( mod k)a(n—i)( mod k)—cgs)( mod k)a(n—i—s)( mod k)] =0 (mod k))
i=1
Insertion of (12) leads to the necessary condition,
17) Y e”( mod k) —c”( mod k)a(n—i)( mod k) =0 (mod k).
i=1
which can be tested (in the sense that the following is a certificate for the necessary
condition) by applying the condition to each individual term:

(18) A9~ =0 (mod k)V1<i<r

7

(Certificate means that satisfying this satisfies the necessary condition, but since
the necessary condition is summatory, a dot product of the vector of length r
of the ¢ with the subsequence of the actual period build by the ¢ mod k, there
are additional ways of satisfying the necessary condition if the period is providing
matching weights. The order of the recurrence r is finite and k is finite, which
(0 _ ) has at most r* different values (mod k). Steadily

means that the r-tupel c; ¢

increasing s and testing
(19) cgo) = C,ES) (mod k)V1 <i<r

there can in principle be the following scenarios:
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e the tuples ¢; are aperiodic
e the tuples ¢; are periodic and the matching condition is fulfilled for s, s+ps,
s+ 2pg,..

The period mentioned here can either include or not include all the r* different
states.
Since (19) is sufficient to show periodicity of the a,,, the periodicity of the ¢;(s)

(mod k) mentioned above ensures that this s defines a Pisano period length (not

(s)

necessarily the smallest one). The periodicity of the modular ¢;”’ enforces the

periodicity of the modular a(n): We have by definition of the ¢;:

(20) a(n) = Z cgs)a(n —i—8);

(21) a(n —s) Zc() (n—i—s);
the difference
(22) a(n —s) —a(n) = Z[cgo) — cgs)}a(n —i—3);

=1

and modulo variant under the proposition

(23) a(n—s) —a(n) = Z 0-a(n—1i—s)(modk);

=1

q.e.d.

The general case is that the initial sets of cz(.s) (mod k) are pre-periodic (tran-
sient) for some small s before entering the period, which replaces (19) by the state
condition

(24) I = I (mod k)1 < i <1,
SO
(25) a(n):cha(n—j—i):ch+sa(n—j—s—i).
i i
Remark 2. Ifa(n) is a polynomial of degree | with coefficients 38, the Pisano period
length is limited, as seen by the binomial expansion,

l

l 7 .
06 alm) =3 B = aln +) - TS DED B A

7=0 7=0 7=0 t=0

l

(27) aln+k) = Zﬁ]Z( >n kjj_t:Zﬁjnjza(n) (mod k),

=J 7=0

which leads to pr < k.
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4. MAIN TABLE

The following table shows Pisano periods for some sequences characterized by
their number in the Encyclopedia of Integer Sequences [7] in the first column,
the associated Pisano period length in the same notation in the second column,
the coefficients cz(-o) in square brackets in the third column (“signature”), and the
P1,P2, D3, ... for the initial indices in the next square bracket.
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12 RICHARD J. MATHAR

A first result is that the generalized Fibonacci sequences of the signature [1, 1],
(28) a(n) =an—1)4+a(n—2), a(0)=ap, a(l)=ay,

share many period lengths. This is a result of an inheritance of periods of the
following type [5]: the Fibonacci numbers [7, A000045] are

(29) Fin)=F(n—-1)+F(n-2), F0)=1, F(1)=1
with generating function
x
(30) g(z) = 1o _ 22
The generalized Fibonacci sequences are linear combinations
(31) a(n) = (a1 — ag)F(n) + agF(n+ 1)
with generating function
ap + (@ —ag)w

2 Sl L N o B bk

(32) gla) = G

and if on the right hand side of this equation F'(n) = F(n + pi) (mod k) and
F(n+1) = F(n+1+4px) (mod k), then the left hand side is also periodic with period
length pr (mod k)—and for some k the period may be shorter. In this spirit, the
sequences with the simplest 1-term numerator in their generating function are base
sequences, the sequences with multi-term numerators are linear superpositions of
these (with coefficients to be read off the numerators), and the Pisano period lengths
of the derived sequences are never larger than the period of the basic sequence (and
therefore divisors of that period [4]).
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