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Abstract

In the merry-go-round fictitious forces are acting like centrifugal force
and Coriolis force. Like the Lorentz force Coriolis force is velocity de-
pendent and, following Arnol’d [Arn61], can be modeled by twisting the
symplectic form. If the merry-go-round is accelerated an additional ficti-
tious force shows up, the Euler force.

In this article we explain how one deals symplectically with the Euler
force by considering time-dependent symplectic forms. It will turn out
that to treat the Euler force one also needs time-dependent primitives of
the time-dependent symplectic forms.

Time-dependent symplectic forms are motivated by the elliptic restricted
three-body-problem and its relation to periodic orbits around Mars.
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1 Introduction

1.1 Motivation and general perspective

On a merry-go-round fictitious forces appear. One of these fictitious forces is
the centrifugal force. The centrifugal force only depends on position and is
a conservative force, i.e. it is the gradient of a potential. If one moves on a
merry-go-round an additional fictitious force is the Coriolis force. In contrast to
the centrifugal force, the Coriolis force depends linearly on the velocity. There
is a third fictitious force, the Euler force. The Euler force only appears if the
merry-go-round is accelerated or decelerated. As the centrifugal force the Euler
force only depends on position, but different from the centrifugal force the Euler
force is not a conservative force, i.e. it is not a gradient vector field.

CORIOLIS FORCE — TWISTED SYMPLECTIC FORM. It was observed by
Arnol’d [Arn61] that velocity dependent forces, as the Lorentz force of a mag-
netic field or the Coriolis force, can be modeled symplectically by twisting the
standard symplectic form on the cotangent bundle. In this article we address the
question how to model the Euler force symplectically. In an accelerated merry-
go-round the Coriolis force itself is time-dependent and therefore modeling it as
Arnol’d did, the symplectic form on the cotangent bundle gets time-dependent.

EULER FORCE — TIME-DEPENDENT PRIMITIVE. We explain in this paper
that the Euler force can be modeled with the help of a time-dependent primitive
of the time-dependent symplectic form. In particular, in contrast to the Coriolis
force the choice of the time-dependent primitive matters for the Euler force. This
is vaguely reminiscent of the Aharonov-Bohm effect which not only depends
on the magnetic field, but also on the choice of the vector potential. On the
other hand, we do not see a direct connection between the Aharonov-Bohm
effect and the Euler force. The Aharonov-Bohm effect is a quantum mechanical
phenomenon, while what we discuss here is a classical phenomenon where time-
dependence of the magnetic field is crucial.

GATEWAY AROUND MARS — TIME-PERIODIC SYMPLECTIC FORM. The study
of accelerated merry-go-rounds is motivated by applying symplectic methods to
find a gateway around Mars. This general perspective is explained in our current
work [FW26a,FW26b]. In fact, the orbit of Mars is rather eccentric. Therefore



the dynamics around Mars has to be modeled by the elliptic restricted three-
body-problem and not just the circular one. In the elliptic restricted three-
body-problem the rotational velocity is not constant, like in accelerating and
decelerating merry-go-rounds. However, time dependence of acceleration and
deceleration is periodic with period 1 Martian year.

With this motivation in mind we are interested in detecting periodic orbits in
periodically accelerating and decelerating merry-go-rounds. For that purpose we
are looking at symplectic forms depending periodically on time, together with
a choice of time-dependent primitives. The time dependence of the primitive
itself does not need to be periodic, but twisted-periodic in a sense specified in
this paper in Definition 5.1.

COLLISIONS — DELAY EQUATION. Due to collisions, the Hamiltonians in the
restricted three-body-problems are singular. However, two-body collisions can
be regularized. If the Hamiltonian is time-dependent, as in the elliptic restricted
three-body-problem, then there is no preserved energy so that instead of blowing
up the energy hypersurface one has to blow up the loop space, as first discovered
by Barutello, Ortega, and Verzini [BOV21]. After regularizing using a blow-up
of the loop space, the symplectic form as well as the equations become non-local.
This more general perspective, how to deal with non-local symplectic forms, is
the topic of our current work [FW26a, FW26b].

1.2 Outline and main results

In Section 2 we treat a merry-go-round from the Hamiltonian point of view and
derive its Hamilton equation in phase space and the force equation in configu-
ration space. In the force equation we will discover the three fictitious forces,
namely the centrifugal force, the Coriolis force, and the Euler force, as illustrated
by Figure 1. This force equation fits into a more general class of equations which
we refer to as the (A, ¢)-equation. Here A is a time-dependent vector potential
of a time-dependent magnetic field while ¢ is a time-dependent scalar potential.

In Section 3 we are considering periodic solutions of the (A, ¢)-equation. In
order to find periodic solutions to the (A, ¢)-equation one needs some periodicity
assumptions on our data. We do not need that the vector potential A itself is
periodic in time, but only its differentials with respect to time as well as with
respect to space. It is possible to trade-off the potential ¢ with a twist in the
periodicity by defining a new vector potential A? which is not periodic in time,
but twisted-periodic.

We are then discussing how periodic solutions can be detected variationally
with the help of an action functional. Since we do not assume that the vector
potential itself is periodic, an additional term arises in the action functional
which we refer to as the twist term. The twist term vanishes in the periodic case.

While in Section 3 we discuss a Lagrangian approach to periodic solutions
of the (A, ¢)-equation, we study in Section 4 a Hamiltonian approach. This
Hamiltonian approach fits onto a more general class of functionals which we
discuss in more detail in Section 5.
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Figure 1: The three fictitious forces in the merry-go-round

In Section 5 we are considering a time-dependent family of primitives of

time-dependent symplectic forms. Again this family does not need to depend
periodically on time, but twisted-periodically whose precise meaning is explained
in (5.10). For such a twisted-periodic family of primitives we show how to asso-
ciate a well defined action functional. We derive the critical point equation of
this functional in two ways. In the proof of Theorem 5.3 we use Cartan’s formula
on the product of the underlying manifold with the circle. In Section 5.5 we
give a different derivation of the critical point equation using Cartan’s formula
on the loop space. Since the loop space is infinite dimensional, strictly speaking
there is no mathematical theory yet to use Cartan’s formula there.
It turns out that a new vector field Y is entering the critical point equation
which, similarly as the Hamiltonian vector field X, is implicitly defined with
the help of the time-derivative \; of the primitive. We refer to this vector field
Y as the Fuler vector field in view of its close relation with the Euler force.
In the second interpretation using the Cartan formula on the loop space this
derivative appears as the Lie derivative with respect to the vector field on the
free loop space which generates the rotation.

Acknowledgements. UF acknowledges support by DFG grant FR 2637/5-1.

2 Merry-go-round and fictitious forces

We consider a free particle in the plane. In an inertial system the free particle
moves with constant velocity along a straight line. In particular, the Hamil-
tonian is just given by kinetic energy T. There are no accelerations, hence no
forces acting. This changes as soon as we rotate the coordinate system with
time-dependent angular velocity w: R — R. In this case apart from kinetic
energy T the particle has angular momentum and three pseudo-forces appear,
as illustrated by Figure 1, namely

e centrifugal force depending on the locus ¢ and the angular velocity w;
is a gradient, hence conservative;

e Coriolis force depending on the particle velocity ¢ and wy;



e Euler force depending on the locus ¢ and the angular acceleration co;.

Let @w: R — R be a smooth function. The function whose Hamiltonian
vector field generates rotation is angular momentum. Hence in a rotating coor-
dinate system with time-dependent angular speed w;, say the zy-plane rotating
anti-clockwise in space, the Hamiltonian of a free particle, say of mass m = 1,
consists of kinetic energy minus angular momentum, in symbols

, 0 q1 D1
H®:R° >R, (t,q,p)— |p|" - 0], (q| x|p
Wt 0 0

—_—

angular momentum

2 2
= pl;pz — wi(qip2 — q2p1) =: H"*(q, p)

where (-,-) is the Eucliean inner product on R? and |-| is the induced norm.
After completing the squares H% is of the form

w _ 2 2 2
H7(q.p) = (P + @102)" + (p2 = wea1)’) —§ 07 I
N———r

T(p—Aly) +¢:(q)

where the time-dependent vector potential and the potential are

o )
A, =An|, = ( wt;?) —mdod, bl = =l (21

The anti-/clockwise quarter rotation in the plane is encoded by the matrices

0 -1 = 0 1
J()I—(l O), Jot——J0—<_1 0),

where Jj is the canonical complex structure on R?. The Hamilton equations
for H® with respect to the canonical symplectic form we., = d\can are

q'zaprt :p—Ath

: = : oA (2.2)
p=—0H7 = Z(pj — A})VAL g — Vorlg.
j=1

This is a first order ODE for smooth maps (g,p): R — R*. We eliminate p to
get a second order ODE in ¢q. For the following calculation we simplify notation
Ay == A} and A := A? as well as 9y := 9, and dy := §,,. Differentiating the
first Hamilton equation with respect to ¢t and then using the second one for p



we obtain for ¢ the second order ODE
4= P - %At|q
= _aqHWt (Qap) - At|q - dAthq
=0, (5 Ip— Aa)*) = Vouly — Adly — A d
0 (pl_Al)zg(prAﬂz i A AN (1
- (1A (- an)? | ~ VOt — AL = 014y 0rA i
0y 2 3 142 2 Ag q2
(p1 — A1)D1 A1 + (p2 — A2)01 Az (0141)q1 + (0241)¢2 v i
(p1 — A1)02A1 + (p2 — A2)02A42 | — \ (0142)¢1 + (D2A2)¢2 | — P — A

(0142 — 02A1)Go i A4 A A
= ((82.41 — 01 A2)in — Vo — Ay , 01Ag — 0 A1 =: rot Ay

0 1\ (g :
= (rot A) (1 o) (Z;) — Vg, — Ay
= — (vot Ayly) Jog — Asly — Vil = i
Underlined terms cancel due to the first Hamilton equation. Thus (2.2) = (2.3).

Lemma 2.1. The first order ODE (2.2) is equivalent to the second order ODE
d: —(I‘OtAt‘q) Joq.—At‘q—V(beq. (23)
We call (2.3) the (A, ¢)-equation. It makes sense for smooth ¢: R x R? — R.

Proof. We already showed that (2.2) = (2.3). Vice versa, let ¢ solve (2.3) and
define p := ¢ + As|,. Hence p = ¢+ As|, + dA;|,G. Now read the earlier
displayed calculation backwards to see that § = —0,H%(¢,p) — At|q —dAyq g
Hence p = —0,H%*(q, p) and this proves (2.2) and Lemma 2.1. O

Corollary 2.2. In the merry-go-round case (A, ¢ given by (2.1)) we have
rot Ay, = 1A%, — AL, = 2wy, A4y =udog, Vol = —wiq,
so that the (A, ¢)-equation becomes

i = —2w, Jod — o Joq + wiq
= 2w Joq + wiJog + wfq
—— = ~~

Coriolis Euler centrifug.



3 Lagrangian variational approach to periodic
solutions of the (A, ¢)-equation

In this section we are looking at periodic solutions of the equation (2.3), namely
q. = — (I‘Ot At‘q) Joq - At‘q - V¢t|q-

In this article periodic means 1-periodic and we identify S* with R/Z. To make
sense of periodicity of solutions of the (A, ¢)-equation we need that all three
(rot Ay), A, and ¢; are periodic in time . We do not need that A; itself is
periodic in ¢, but we need some twisted-periodicity as explained next.

Definition 3.1 (Twisted-periodic 1-form). Let Q C R? be an open subset. A
twisted-periodic 1-form 6 = {6, },cr is a smooth real family of 1-forms on Q

0; = A} dgy + A? dgo, Ay = (A}, A7) : Q= R,
such that 6 is twisted-periodic in the sense that a) the ¢-derivative is periodic
a) Op1 = 0y, b) 0;11 = 0; + dft, (3.4)

and b) for every time ¢ there is a smooth so-called twist function f;: Q — R.
A time-constant choice, e.g. f := fy, is a twist function for 6, too; cf. (5.10).

Consequently the exterior derivative is periodic, in symbols df;1 = db;.
Furthermore, taking the time derivative of (3.4), we get df; = 0411 — 6 = 0.
Thus ft(q) is locally constant in ¢, not necessarily in t. If 6,1 = 6, is periodic,
then the zero function is a twist function, indeed df;41 = df; + d0. Viewing
the plane as a subspace of space R? x {0} C R? we use the coefficients of the
twisted 1-form 6 on the plane to define a vector field in space by

(A, 0) |((117Q27Q3) = (A% |(Q17Q2)7 A§|(q1,q2)a O)
called a vector potential.

Remark 3.2. Magnetic fields are described by closed 2-forms o, where closed-
ness do = 0 encodes the fact that there are no magnetic charges; see e.g. [Web17,
§2.4.1]. For a twisted-periodic 1-form 6 the family of 2-forms

op = dby = d (A} dg1 + A} dgz) = (A — 02 A7) dar A dgo
N—————

—=:rot Ay

(3.5)

is time-periodic o; := df; = df;y1 = o1 and closed doy = ddf; = 0. The
magnetic vector field corresponding to the magnetic 2-form is B; := (x0)#, i.e.

AN 0y, A2 0
B, := Vx ( Ot) =10, | x[A?]| = Dy A} = 0
=rot 8(13 0 (91 A? - 82A% rot At

This shows that the magnetic field is perpendicular to the q;-go-plane in R3.



3.1 Classical action functional

Definition 3.3. Let {6;} be a twisted-periodic 1-form on Q C R? open. Let
¢:S! x Q9 — R be a smooth map. Define the classical action functional by

S=8p0: AQ :=W(S', Q) =R

qH/ % ] +9t‘tht ¢t|Qt dt—fO(QO)-

=LY (qt,d:t)

For fo see (3.4). The function LY: TQ — R, called Lagrangian, is defined by
LY (g, ) := 5 [0 + 0] qv — ¢4(q).

Remark 3.4 (twist term and integration interval). (i) Given the integration
interval [0, 1], it is important to subtract the twist term fo(qgo) to get as critical
points the periodic solutions of the (A, ¢)-equation (Propositions 3.6-3.7).

(ii) If 0, is twisted-periodic, and not periodic, then L? is not periodic in time.
Therefore the integral defining S(q) is not over the circle S, but defined over

the interval [0,1]. Given r € R, using f:—H in the definition of S(g) causes that
S(q) depends on r modulo 1: indeed shift ¢ by 1 to obtain equality one

r+2 r+1 N r+1 r+1
/ Qt\qtqt dt — / Qt\qtqt dt = / 6t+1 |qt+1 qt+1 dt / 9t|qt(jt dt
r41 r r ~ N r
O¢+dfs  at qt

= /:H (%’0 fe(ae) — ft(%)) dt

Y r+1 .
= fr+1(%~+1) - fr(QT) - / ft(qt) dt = 0.
r e 'd
fe(ar)
After equality 1 we use periodicity ¢,+1 = ¢, and twisted-periodicity. Equality 2
cancels the two 6, summands with opposite signs and rewrites dft|q, ¢: by the
chain rule. Equalities 3 and four use the fundamental theorem of calculus. After
equality 3 we use that f; is locally constant, so we may replace ¢; by g,.
(iii) If 9t+1 =0, is periodic then there is no twist term (f = 0) and the

integrals f Le (qt, G )dt = fo LY(qs, G;)dt are equal for any r € R.!

Definition 3.5 (2-form ¥ := DO on S' xQ). A twisted-periodic 1-form {6; };cr
on 9 C R? induces a 1-form © on R x Q only, not S! x 9, namely

O t,2) (2) = 0]2€ V(t,z) eRx Q V(r,€) € R x T,Q.
The exterior derivative on R x £, notation D, is given by

et ((2)(5)) = amtteon = (anin) (). ()

- d9t|r(£777) + 0t|mn T = 0t|x£ + 0.

I schematically f:+1 0y = f 0 —i—fTJrl 6; = frl O+ [ Or41 = fol 0¢ as 0;41 = 0, is periodic




By twisted periodicity (3.4) this is a 2-form on S! x 9 notation ¥ := D6.

The following proposition gives a different description of the magnetic part
of the functional which is useful to compute the critical points in Section 3.2.

Proposition 3.6 (Magnetic part — alternative description). Let 8 and ¥ be as
in Definition 8.5. Fix a base loop b € AQQ. Then every loop q homotopic to b in
ASQ through a smooth homotopy, say h from b to q, satisfies the identity

/ q*o—fo(qo>:/H*2+/ b0 — folbo)
[0,1] R [0,1]

with H: R =10,1] x [0,1] — S* x Q, (r,t) = (t,h(r,t)) and fo from (5.4).

Proof. Let h: Z = [0,1] x S* — 9, (r,t) = h(r,t), be a smooth homotopy of
loops from b = h(0,-) to ¢ = h(1,-). Consider the induced homotopy H between
loops B and @ in S' x 9 defined by

H(r,t) = <h<7’f t)>, B, = <btt> — H(0,), Q= (;t) — H(1,1). (3.6)

We use Definition 3.5 of @ in each of the following two calculations

1 1
* 1 . *
/ Qe :/ e (t.q0) < ) dt :/ O1q, e dt :/ q o (3.7)
[0,1] 0 qt 0 [0,1]
and

1 1
0
H(-,1)*O e r dr = 01| (e 1) O R (r, 1) dr
[0,1] ( ) A |(1’h( 1) <81h(7"7 1)) /0 1|}( ,1)¢1 ( )

= [ (1)
[0,1]

Similarly for B*© and H(-,0)*@. The rectangle boundary dR has four segments
Iy ={1} x[0,1];, T2 =10,1], x {1}, T's ={0} x [0,1]¢, T's =10,1], x {0},

endowed with the induced (anti-clockwise) boundary orientation. Exactness
3 = dO and as exterior differentiation D and pull-back commute, Stokes yields

/H*E:/ H*O
R OR=T"1UT'oUI'3UT"y

Qe+ [ HeO+ / Bo+ [ H(.0r0
Iy Ty I's Iy

1 1 1 1
/ q*9—/ (h(-,l))*@l—/ b*9+/ h(-, 0)*6,
t=0 r=0 “=—~—" t=0 r=0
1

=h(-,0)

1 1
= / g0 7/ b*0 7/ h(-,0)* (61 — o)
t=0 t=0 =0 N ———

=h(-,0)*dfo=dh(-,0)* fo



1 1
é/ - [ 0= fo0h(1,0)+fy0h(0,0).
t=0 t=0 T N—~— T

90 0

Equality 3 parametrizes the four segments I'y,..., T4y by [0,1] taking care of
orientations, then the previously prepared formulas such as for [ Q*© are used.
Note that h(-,1) = h(-,0) since t € S'. Equality 4 is by linearity of integral
and pull-back. Now twisted-periodicity (3.4) is used and d and pull-back are
interchanged. Equality 5 is by Stokes’ theorem. This proves Proposition 3.6. [J

3.2 Critical points

Proposition 3.7. The critical points of the classical action functional S: AQ —
R, Definition 3.3, are the solutions of the (A, ¢)-equation, namely

G = — (rot Aslq) Jog — At|q — Vioelq
for smooth loops q: S* — Q.

Proof. Pick ¢ € AQQ. Fix a base loop b € AQ smoothly homotopic to ¢ in AQ.
We move from Q to S! x Q and define © and DO as in Definition 3.5. Loops b
and ¢ in 9 induce loops B and Q in S' x 9, and a vector field ¢ along ¢ induces
a vector field Z along @, namely
()
)

t t - 1
Bt:(bt>7 Qt:(%)’ Qt:<q~t>7

Let h: Z =[0,1]xS* — Q, (r,t) — h(r,t), be a smooth homotopy of loops from
b = h(0,-) to ¢ = h(1,-). Consider the induced homotopy H: [0,1] x [0,1] —
St x 9 between loops B and @ in S' x 9 defined by (3.6).

Now we construct variations with real parameter 7. We vary the point ¢ by
q(r) = q + 7§ and we add to the homotopy h from b to ¢ the linear homotopy
from ¢ to g,y extending the parameter interval to r € [0,1 4 7], in symbols

h(T’, ) , T E [07 1}7

h(T)(T, ) = (3.8)
g+ (r-1¢ ,re[l,1+7].

We lift q(;) to Q) = Q+7E = (-, q+7) and h(ry to H(r,t) := (t, h(r)(r,1)).

For ¥ = DO from Definition 3.5 we determine the derivative of the magnetic
part in the alternative description of Proposition 3.6. We compute, using in
equality 1 that only the first summand depends on 7, the following 7-derivative

(1]

- U /
— Hi{ ¥+ b6 — fo(bo)
dar |y [0,14-7] xSt ) [0,1]
1
= lim — ( / HE S~ H(*T)Z>
=07 \J[0,14+7]xs? [0,1]
1
= lim — HE“T)Z
720 T JI1,147] xSt
147 1
= lim — / EH(,.)(nt) (&«H(T) (r,t), 8,5H(7-) (r, t))) dt dr
=0T Jr=1 Ji=o

10



im 2 [ [ pe ((0)( ! ))dtdr
=07 )y i (t,qe+(r—1)&:) &)\ + (r—1)&

1471
lim © / A0 q,+(r—1ye, (626t + (1 = 1)&) = Ol gy 1)§t§t) dtdr

T—=0 T

lim — / / det |qf +pTEs (fta gy + P'rft) 925 |qf +pTEs ft) Tdtdp
p=0 Jt=0

T—=0 T

/ / d0t|(h (ftv%) 79’t|qt€t> dtdp
p=0 Jt=0
8 1 .
= / <d6t‘¢h (&7 Qt) - 9t|qt§t) dt.
t=0

Equality 5 uses the formula for DO in Definition 3.5. Equality 6 is by variable
substitution p(r) := T;Tl, hence dr = 7dp. This extra factor 7 and % cancel,
so in equality 7 we can set 7 = 0. Equality 8 uses that the integrand does not
depend on p and that fol dp =1.

> [l |

I

Next we use Proposition 3.6 for g(;) := ¢ + 7€ and ¢(r) in equation 3 and the
result of the previous calculation in equation 4 of what follows

dS|4€
= & lmoSla+7¢)

1 .
:/0 ko (Sl +méul? - dnla + &) ) dt + | (/{0,1] qZ‘ﬂ@—fo(qm(O)))

2 /01 (<qt7£t> - d¢t|qtft> dt+ 3|, (/R HiZ+ /[0,1] "o f0<b0>>

/ ( Gty E0) — (Vbtl g &) + dBylg, (€, d0) — 9t|qt§) dt

||

/ (G- € = (F0tlae» &) + (r0t Ay) (das A da) (€, 6) Bl € )t
—_——

=£142—§241

3 1 .
& [ e+ (6.l — (ror A0 i - Av)

L2(S!,R?)

Equality 5 replaces df; by (3.5). Equality 6 uses A; from Definition 3.1.
Now suppose that ¢ is a critical point of S, i.e. dS|, = 0. Then the identity
we just proved tells that ¢ has a weak derivative, notation ¢, and

4= —(rot Aylg) Jog — At‘q — Vil

Note that the right hand side is in L?, hence ¢ € W?22(S!,R?). But then
the right hand side is in W12, hence ¢ € W32(S*,R?) and so on. Therefore
q € Neen, WH2(SE,R2) = C>°(S!, R?). This proves Proposition 3.7. O

11



3.3 Eliminate periodic scalar potentials

Definition 3.8 (Twisted-periodic vector potential). A smooth map A: R X
O — R? (t,q) — A(t,q) =: Ay, is called a twisted-periodic vector poten-
tial on £ if at each time ¢ it holds that

At—H = A, rot A1 = rot Ay, A1 — Ay =Vfy,
for a smooth function f;: Q — R, called a twist function.

Lemma 3.9. Let ¢: S' x Q — R be a smooth function and A a twisted-periodic
vector potential on Q with twist function f. The (A, ¢)-equation on 9

i = — (rot A¢lg) Jog — Ailg — Ve (3.9)

is an ODE for smooth maps q: R — Q. Then the maps defined by
t t+1

(A% = At [ Vouds =g [ ouds,

0

t

are a twisted-periodic vector potential with twist function. Moreover, a map q
is a solution of the (A, §)-equation iff q is a solution of the (A?,0)-equation.

Proof. To see that (A¢)t is a twisted-periodic vector potential note that, firstly

(A%),, ) = Apy1 + Vi1 = A+ Vg, = (A?),,

secondly,

t+1
rot (A¢)t+1 =rot Aiy1 + / rot(Ves) ds = rot Ary1 = rot A < rot (Ad’)t.
————— 0 N —_————

where identity 4 holds true by the underbraced one at time ¢ and, thirdly
t+1 t+1
Af+1 — A=A~ A+ Vs ds =V (ft + b5 dS) .
t t

Now suppose that ¢ solves (3.9). Then by the two underlined identities above
— (10t (49),) Jod — (A7), = 0 = (rot A1) Jod — (A + Vou(a)) = d;

i.e. g solves the (A?.,0)-equation. Vice versa, in the (A?,0)-equation for ¢ insert
D1(A?); = A, + Vg, and rot (A?), = rot A, to get (3.9) proving Lemma 3.9. [

12



4 Hamiltonian variational approach to periodic
solutions

Let 9 C R? be an open subset. Let ¢: S! x Q — R be a smooth map. Consider
the Hamiltonian given by kinetic plus potential energy

H:S'xT*"Q =R, (tq,p) 3o+ ¢(q)
Let {6;} be a twisted-periodic 1-form on 9, see (3.4), in particular
0, = Al dg1 + A7 dgo, Oy =0, 01 = 0, + dfy.
On the cotangent bundle 7: T*Q — £ we consider the time-dependent 1-form
At = Acan + 770

where Acan is the Liouville form, see e.g. [Arn89, §37B]. Then {\;} satisfies
twisted-periodicity (3.4), e.g. Ary1 = A¢ + Fy for Fi(q,p) := (7* f1)(q,p) = fi(q).
Furthermore, at each time ¢ the exterior derivative

wy = dAy = dXcan + T dby, W41 = W,
is a periodic twisted symplectic form, see e.g. [FW26a, appendix].
Definition 4.1. The symplectic action functional is defined by

A:.A)HH: AT*Q*)R

v=(¢,p) — /01 (v* (Acan +770:) — Ht(vt)) dt — Fo(vg)

= /01 ((Pt + 04lq, )Gt — 5 pel” — ¢t(Qt)) dt — fo(qo)-

Again, see Definition 3.3 and Remark 3.4, the integral is over the interval
[0,1], and not the circle S*. The subtraction of the twist term Fy(vo) = fo(qo)
is important to get as critical points periodic solutions of the (A, ¢)-equation.
If 6,11 = 0, is periodic, then the twist function f; = 0 vanishes at every time t¢.

4.1 Critical points

Proposition 4.2. A loop v = (q,p) is a critical point of the symplectic action
Ay g AT*Q — R iff ¢ is a periodic solution of (A, ¢)-equation (2.3) and p = q.

Proof. In this proof, in order to avoid repetition, we already use parts of Sec-
tion 5 below on general symplectic manifolds. By Theorem 5.3 the critical points
of Ay g are smooth solutions v = (g,p): S — Q x R? of the Euler-Hamilton
or (A, H)-equation v = X (v) + Y (v), see (5.12).

13



=’ We must calculate the Hamiltonian vector field X and the Euler vector
field Y determined by (5.11). For the Euler field Y we need the time derivative

).\t = W*ét = A%dQ1 + A?dQQ
pointwise along T*Q and at time ¢t € R and the symplectic form
Wt = Wean + 7 db

=dpy Ndqy + dpa N\ dgs + (*aqu% + &h A?) dqr N dgs.

=rot A¢
Then Y;, implicitly defined by Ay = w(-,Y}), is explicitly given by the formula
_ Al o 12 0
Yi=—Aig — Aiop
This is a vertical vector field and it only depends on points of the base Q of T*Q.
To compute the Hamilton vector field X observe that

dH; = p1 dpy + p2 dps + (9g, 1) dgr + (0g, 1) dga.
Then X, implicitly defined by dHy = wy(+, X}), is explicitly given by the formula

Xi=prye +p2ps + (pzrotAt—g%f) 2 - (pertAt‘f'%) 2

dp1 dq2 | Op2”
Summarizing
p1 0
b2 0
X+ Yy = p2T0tAt—% + Ai
—pirot Ay — 8%;; —A?

Therefore the (A, H)-equation (5.12) is the ODE system
@i\ _ (;m
42 P2

. o) il
(p1) - (piOtAt|q - aff‘q _At|q )
. - «2
P2 —p1rot A¢lg — %h - Al

for smooth loops (¢, p): St — T*Q. Equivalently, the (), H)-equation is

q=p
D = — (vt A¢l) Jop — Aslq — V|,
Write this 15 order ODE system as a 2°¢ order system to get the (A, ¢)-equation
G = —(rot A¢lq) Joq —Aslq —Vi(q)
—_——— N ——
Lorentz force Euler f. conservative
for smooth loops ¢: S — Q. This completes the proof of '=".

"<’ Let g be a periodic solution of (2.3) and define p := ¢. Then ¢ = pand p = ¢
satisfy the (A, H)-equation displayed above. This proves Proposition 4.2. O
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5 Euler vector field

Definition 5.1. Let (M, d)\;):cr be a smooth? family of exact symplectic man-
ifolds such that \; is twisted-periodic, i.e. at each time t it holds that

).\t+1 = }\t7 )‘t+1 = )\t + dFt, Wt = ([/\[ — (//\[+| ; (510)

for a smooth function F;: M — R, called a twist function. The time-constant
function F := Fy: M — R is a twist function.?

Taking the time derivative of identity two in (5.10) tells dF, = )'\t+1 M\ =0.
Thus the time derivative F;(z) of a general twist function F; is locally constant
in x, not necessarily in t.

Observe that the symplectic form depends periodically on time w11 = wy.
Let H: S' x M — R be a smooth function on M depending periodically on time.
At each time ¢ non-degeneracy of the symplectic form w; allows for transforming
the 1-forms dH; and A into vector fields along M, namely

dH; = d\( Xy), M= d\(, V). (5.11)

Note that both X; and Y; are periodic. While X; = X}‘_ll)t"' is called Hamiltonian
vector field, we refer to
Y, = Y

as Euler vector field, because of its relation to the Euler force as explained
in the merry-go-round example in Section 2.
5.1 Hamiltonian action functional and critical points

Definition 5.2. For (M, d\:)ier twisted-periodic define the action functional

A=A\ g: AM = W3(S', M) - R
1
v / (v*\ = H(t,v)) dt — Fy(vo).
0

Again, as in Definition 3.3, the integral is over the interval [0, 1] and not the
circle St. The subtraction of the twist term Fy(vg), see (5.10), is important
to get as critical points periodic solutions of the (A, H)-equation (5.12). If
Ai+1 = A¢ is periodic, then twist function and twist term vanish.

Theorem 5.3 (Euler-Hamilton equation). Critical points of A = Ay g are
smooth solutions v: S* — M of the Euler-Hamilton or (A, H)-equation

b = X, (v) + Yi(v) (5.12)

where X; = X}d;:‘ and Yy = Y){i’\t are determined by (5.11).

2 here smoothness refers to R x TM x 3 (¢, (z,£)) — At|z€ € R being smooth
3 Indeed >\t+1 - )\t —dF = )\t+1 - )\t - dFt + d(Ft - Fo) = dfot Eg ds = 0 since dFs =0.
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Definition 5.4 (2-form €2 := DA on S! x M). Let us move to R x M. Let D
be the exterior derivative on R x M. The family of 1-forms A; on M induces a

1-form A on R x M, namely
r
Mooy () = Mot

whenever (t,z) € R x M and (r,£) € R x T, M. The exterior derivative is

0 = DAy (@ 7 (n)) = dla(m) + (dt A ) ((5) : (,7)>

= wel.(&m) + j‘t|x"7 = /\t|x£ - 8.
By twisted periodicity (5.10) this is actually a 2-form on S! x M.

The following proposition gives a different description of the non-
Hamiltonian part of the functional which is useful to compute the critical points.

Proposition 5.5 (Non-Hamiltonian part — alternative description). Let A and
Q be as in Definition 5.4. Fiz a base loop b € AM. Then every loop v homotopic
to b in AM through a smooth homotopy, say b from b to q, satisfies the identity

/ U*)\_FO(UO) Z/ f’:)*Q-i-/ b*)\—Fo(bo)
[0,1] R [0,1]

with H: R =[0,1] x [0,1] = S* x M, (r,t) — (t,b(r,t)) and Fy from (5.10).
Proof. Literally the same proof as Proposition 3.6. O
Proof of Theorem 5.3. Let h: Z = [0,1] xSt — M, (r,t) ~ b(r,t), be a smooth
homotopy of loops from b = h(0,-) to v = h(1,-).

To construct variations with real parameter 7 pick a Riemannian metric on M
and let exp be the associated exponential map. We vary v by v(,) := exp, 7§

and we add to the homotopy b from b to v the linear homotopy from v to v,
extending the parameter interval to r € [0,1 4 7], in symbols

o) ,r€[0,1],
by (r,-) == {expv(T -1)¢ ,rel,1+7].

We lift by to H()(r,t) = (t,5(r)(r,1)). Set w; := dA;. Using the formula for
Q = DA in Definition 5.4, one computes in complete analogy to the lengthy
calculation after (3.8) the underlined identity shown in step 4 below. In step 3
below we apply Proposition 5.5 for v(,) := exp, 7§ and b, to obtain

dA[,§
= | _ Alexp,7E)

dr lr=0

1
- 7/ d%|0Ht(expvt T&) dt + %|0 </[ ]UZ‘T))\FO(U(T)(O))>
0 0,1
1
_/ dHy|y, & dt + di\o(/ sa;;)Q+/ b*A—FO(bO))
0 R [0,1]
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—/01 Wi o, (& X, ) dt + /01 (Wt|vt (&, 0¢) — }\t|vt§t) dt

1
= / (JJt|Ut (Xt|’ut + }/tlvt - ’[]hgt) dt.
0

Equalities 4 and 5 use that X; = X7/ and Y; = Y{** are determined by (5.11).

Now suppose that v is a critical point of A, i.e. tdA|U = 0. Then the identity
we just proved tells that v = X;(v) + Y;(v). Note that the right hand side is in
W2 sov € W22(S, M). But then the right hand side is in W22, so v € W32
etc. Hence v € Npen, WH2(ST, M) = C°°(S', M). This proves Theorem 5.3. [

5.2 Eliminating the Hamiltonian vector field

Proposition 5.6. Let (M, d)\;)icr be a twisted-periodic exact symplectic mani-
fold and H: S* x M — R a smooth function. Then the 1-form family defined by

t
/\fI::)\tJr/stds, t eR,
0

is twisted-periodic. The critical points of the functions Ay g and Ayu o coincide.

Proof. We verify the three conditions in (5.10): Condition one: We get that
1
AN = d), + / ddH, ds = d\, "2 d)q = dAT
I 0

since dd = 0 and the final identity uses the underlined one at time ¢t 4+ 1. To
show condition two use the definition of A to get the first and last identity in

)\EH = }\t + dHt == j\t+1 + dHt+1 == )\fil

where identity two uses periodicity of A; and of H;. Condition three: Note that
| t+1 , B
)‘frl_)\f:)\tﬂ—)\t-l-/ dHs;ds = d(F; + H)
¢

where equality 1 is by definition of )‘tlil and )\f . Equality 2 uses the last hypoth-
esis in (5.10) and the definition of the pointwise time-mean H := ;H Hyds.
This proves that the family A\ is twisted-periodic.

To show that the critical points coincide it suffices to show that the (\, H)-
and the (\¥,0)-equation are equal, equivalently that the vector field identity

H _ JH | ysdNE ;o ydA oo -dA
v =Y, + X, V=Yt Y=Y Xe= XEY

holds true. By definition (5.11) of the respective vector fields we get 1,3 in
ANF (LYY S0 25, + dH, = d\ (-, Y)) + dh (- X)) = d\ (- Y + X)),

Here equality 2 holds by definition of A and the fundamental theorem of cal-
culus. But d)\tH = d); since dd = 0. Now the equality YtH =Y; + X; follows by
non-degeneracy of the symplectic form d\;. This proves Proposition 5.6. O
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5.3 Periodizing the twisted-periodic symplectic primitive

Proposition 5.7. Let (M,d)\;)icr be a twisted-periodic exact symplectic man-
ifold (5.10) and H: S' x M — R smooth. Then the two families defined by

S\t IZAt—tdF, Flt ZZHt+F, F:E)
are periodic. Furthermore, the critical points of Ax n and A;\ﬁ coincide.

Proof. Since H, is periodic in ¢, the family H, is obviously periodic in ¢t. To
check that \; is periodic in ¢, we compute

Mot — A =My1 — (t+1)dF — N+ tdF = Mg — N — dF = 0.

By (5.11) the Euler vector fields are determined by A = dM\(-,Y:) and j\t =
dM\(+,Y:). Using that d\; = d\;, we compute
dAe(-, Yy — Yt) = }‘t - j\t = j\t - (>\t —dF)=dF = dAt('ng/\t)-

Since d); is symplectic, hence non-degenerate, we obtain that Y, =Y, — X;P‘t.
By (5.11), now for the Hamilton vector fields, since H; — H; = F we get

d)\t(~7Xt - Xy) = dﬁt —dH, = dF = dAt(',X}?‘f),

thus X; = X; + X;P‘t. Consequently X, + Y, = X; + Y, which means that
the (A, H)- and the (A, H)-equation are equal and, by Theorem 5.3, so are the
critical points of A5 7 and Ay g. This proves Proposition 5.7. O

5.4 The Euler flow is symplectic

Let (M, \)icr be a twisted-periodic exact symplectic manifold. To simplify
notation we assume in the following that the flow ! of the Euler vector field
Y; globally exists, i.e. for any ¢ € R there is a diffeomorphism ¢} : M — M
such that ¢ =idy and £¢} =Y, 0 ¢l

Proposition 5.8. The Euler flow is symplectic, in symbols (p4)*wo = wr.

Proof. Since the inverse of ¢! is gp;t, the identity

Wt = (QO%/)*(U() - ((;‘7[) l)j’w(l — ((7;37/)) l(x)()

is equivalent to the identity (go;t)*wt = wyp. To prove this identity it suffices to
show that the function ¢ — (ap;t)*wt is constant since at time zero the value is
(09 )*wo = idj;wo = wo. Indeed by Cartan’s formula

Lytwt = dzyfwt —+ iytdwt = _dAt = —d)t
and then by the Leibniz rule the derivative vanishes
4 (o3 we = (p3")* (= Ly,w) + (p3") ¢ = 0.

This proves Proposition 5.8. U
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5.5 Applying Cartan’s formula on the loop space

In Section 5.5 we restrict to the periodic case (6311 = 6;). We show how Theo-
rem 5.3 is related to application of Cartan’s formula on the loop space.

Since the loop space is infinite dimensional, to the best of our knowledge, the
Cartan formula is not established in this setup. However, since the formal ap-
plication of Cartan’s formula coincides with the result of Theorem 5.3, this gives
evidence that Cartan’s formula is valid on the loop space as well.

We first consider the following geometric setup. Assume that N is a mani-
fold, A € Q'(N) is a 1-form on N, and V € I'(T'N) is a vector field on N. If N
is finite dimensional the following discussion is completely rigorous. However,
we want to apply the discussion below to the case where N is the loop space of
a finite dimensional manifold. Plugging in the vector field into the 1-form we
obtain a function

fi=ipyA: N - R.

By Cartan’s formula the differential is given by
df — (II'VA\ = LvA - ZvdA

In the special case where Q := dA is symplectic we can define a further vector
field ) on N, called Euler vector field, by the requirement of equal 1-forms

iy = LyA.

In this case the differential can be written as df = iy_y{ and therefore critical
points of f are points z € N satisfying the abstract Euler equation

V(z) = V(2). (5.13)

Example: Loop space
In the following we apply this observation to the loop space case N = L(M) :=
C*°(St, M) with its canonical vector field and a 1-form on £M, namely

1
V(Z) =z:= 8,52, A= / )\t dt,
0

where { A }1est is a periodic 1-form on M such that the periodic family w; := dX;
consists of symplectic forms on M. The flow of V = 0, on LM is ®,z = 1.2
where (r.2)(t) = z(t + r) for every time t. Linearization yields

((I)q)z)t = Rt4r; (d(ﬁwzf)t = &tpr-
Let z € LM and € € T.LM. We compute the pull-back

1
(D), € 1= Mgy (o) dB € = / Nlevs v dt

9 r4+1
= / )\t77‘|zt£t dt

S
= At—rz, & dt.
0
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Equality 2 is by change of variables. Equality 3 is by periodicity Ary1 = A¢.
The Lie derivative of A with respect to V is by definition

1
LyA:= 4| _ ®"A = — | Aedi.

The exterior derivative of A is symplectic, namely

1
Q:=dA = wy dt.
0

Therefore the Euler vector field localizes in the sense that

Wilz, VI:(t),-) = _j‘t|2t~

Hence the loop space Euler vector field

y|Z(t) = Yt|Zt

coincides with the Euler vector field Y along M as defined by (5.11).
In particular, in this example the abstract Euler equation (5.13) gives rise
to the manifold Euler equation

Zt :Yrt‘zt

as obtained earlier, see (5.12) with vanishing H, hence vanishing X.
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