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Abstract

In this work, we focus on mixtures with negative coefficients and their applications in
computational statistics. Mixtures of probability densities are widely used in statistics and
machine learning. While classical mixtures restrict weights to be non-negative, allowing
negative weights enables more flexible density approximation. However, negative weights
introduce challenges in handling and sampling such distributions. For this purpose, we
propose efficient Monte Carlo (MC) methods (including MC quadratures, rejection sampling
and importance sampling schemes) for computing integrals and generating samples from
these mixtures. A tailored proposal density ensures accurate and efficient generation of
(unweighted) samples. Furthermore, we introduce an IS scheme which employs a mixture
with negative coefficients as a proposal density, yielding samples with both positive and
negative importance weights. Applications in Gaussian process-based density estimation
demonstrate the practical relevance and efficiency of proposed schemes. An adaptive
importance sampling procedure based on GP-regression is also proposed. The numerical
results provide clear empirical evidence of the accuracy and computational efficiency of the
proposed methods.

Keywords: Non-convex mixtures, mixtures with negative weights, Gaussian processes,
rejection sampling, adaptive importance sampling

1 Introduction

Mixtures of probability densities are fundamental tools in statistics, signal processing, and machine
learning [3]. A mixture model represents a probability distribution as a convex combination of
simpler component distributions, such as Gaussians, exponentials, or Gamma probability density
function (pdf), to name a few. Mixture models provide a powerful and flexible framework for
modeling complex data [I5], 34] [35].

While classical mixture models restrict weights to be non-negative, allowing negative weights opens
new theoretical and practical possibilities. When weights can be negative, the resulting function
may no longer be a proper probability density. In this work, we focus on the case where the



mixture remains positive and proper. Mixtures with negative components are also referred to as
non-convex or pseudo-convex mixtures [2,[17,[16]. In statistics and machine learning, mixtures with
negative weights can be particularly useful for density approximation [24] 27, 49]. For example,
Gaussian process (GP) regressors, often used for density estimation, can lead to expansions with
both positive and negative coefficients [27, 36} 37, [38]. In this context, negative weights can enable
better approximation of sharp features, heavy tails, and periodic behaviors/patterns that may be
difficult to capture with strictly non-negative mixtures. However, negative weights also introduce
significant challenges. The resulting function may not always be a proper density, and classical
sampling methods cannot be directly applied [20, [32, [41].

In this work, we describe several Monte Carlo quadrature and sampling methods involving
mixtures with (possibly) negative coefficients (Mix-NCs). First, in Section [3| we focus on the
efficient computation of integrals involving non-convex mixtures. Second, in Section [ we
propose an efficient proposal density to be used within rejection sampling (RS) and/or importance
sampling with resampling (IS+R) schemes. In both cases, we obtain (unweighted) samples (exactly
in RS, or asymptotically in IS+R) that are distributed according to the target mixture with
negative weights. The proposal density introduced here ensures good performance in both RS and
importance sampling (IS) schemes, as it is itself a “piece” of the target density. In Section [5| we
describe how to use a mixture with negative coefficients as a proposal density within an IS scheme.
In this setting, some of the generated samples carry negative importance weights. As a result,
the proposed procedure admits a physical analogy in which samples with positive importance
weights correspond to “matter”, while samples with negative importance weights correspond to
“anti-matter” [42] [43]. We also describe in Section@the application of these methods to GP-based
density approximation and apply this idea for designing an adaptive importance sampling (AIS)
based on a regression procedure, that can be useful in several frameworks [24, 27, 49]. Theoretical
discussions are also provided. The numerical simulations given in Section |8| demonstrate the
efficiency and accuracy of the proposed techniques. Related code is also provided[]

2 Framework and main notation

Let consider a finite mixture of densities with potentially negative associated weights, i.e.,

B(x) o< p(x) = Y andn(), (1)
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'Related Matlab code is given at http://www.lucamartino.altervista.org/public_code_NegMix2025.zip.
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where a7 > 0 and «o; < 0. Moreover, each ¢,(x) represents a component density. We have also
set

b =Y 0f6(x)2 0. and @
px) =3 o x)< 0. 5)

We have assumed that:
o) = oz{r >0,...,ap = aj\“/[ >0, ayp1=a; <0,...,ay =ay_,; <0.

Namely, without loss of generality, we are assuming that the components are ordered: the first
M components are associated to positive weights, a;, and the rest of N — M components have
assigned to the negative weights, a; .

Furthermore, additional assumptions are:

(a) ¢n(x)>0and [, ¢p(x)dx =1, for all n, for instance,
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where p,, \? represent the mean vector and variance value. Clearly, this only a possible
example.

(b) We can evaluate and we can draw samples from each component ¢, (x).

Given the assumptions above, and since we consider a proper/normalized mixture density, i.e.,
p(x) >0 and [, p(x)dx = 1, we can write

o) = A= Lt 000n) 5, ) )

N N
Zj:l 7 Zj:l ; n—=1

where we have defined

Q= m,
Note that:
o N @, =1 (since [,p(x)dx =1 and [, ¢.(x)dx =1 for all n),
e even if we have o, >0 forn=1,..., M,

e and o, <Oforn=M+1,....N.



Hence, Eq. is not a convex combination of ¢, (x). Thus, the inequality
M N-M
Sar> Y o
i=1 k=1

also holds, since we need S a,, > 0 to have p(x) > 0. We can also define the two partial-
mixtures,

o) = i = DS 70 = s = Y )

where

G =™ >0, G = =k — >0, (10)

As a summary, note that:
e p(x) > 0and p_(x) > 0, despite a; <0 and p_(x) <0,

e p,(x) and p_(x) are both proper classical mixtures with non-negative weights, i.e.,

SM_ &t =1, with af, > 0, and Y0 Ma; = 1 with @, > 0, despite a; < 0. ThlS

is due to the fact that Zj:l a; <0 (since a; < 0), but the ratio of two negatlve values

_ M

T N-M__
J

1

Is positive, i.e., a; > 0.

Finally, we can also write the complete mixture p(x), in Eq. @, as a function (not a mixture)
of the partial mixtures py(x) and p_(x) in Eq. (9), i.e.,

s — P pe) |
T N T N N ’
Zj:l @ Zj:l @ Zj:l Q@
M N-M _
>im1 af  pi(x) doim Qi p-(x)
T M+ N M _— N ’ (11)
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where we have multiplied each factor for 1, i.e., Z=t% ; =1 and }Vl s = 1. Recalling that

i=1%; 1 1 7
Pi(x) = % and p_(x) = #SC,‘)M as given in Eq. @D, we can rewrite the expression above

=1 "1
as:
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where py(x) > 0, p_(x) > 0 are two classical mixtures but

M-+
Lisi% 1 g+, (13)
Sy
j=1%j

so that is not a convex combination, as remarked below.

5t =

Remark 1. Fven if the sum of two weights T and 1 — ST is one, the linear combination
BTpy(x) 4+ (1 — f)p_(x) is not a convex combination.

Remark 2. Thus, note that:

e p(x) >0, pi(x) > 0 and p_(x) > 0 are normalized proper densities (hence, also non-
negative functions). More precisely, they are classical mixtures of pdfs with non-negative
coefficients.

e p(x) > 0 and py(x) > 0 are a non-negative functions (more precisely, an unnormalized
densities),

e p_(x) <0 is a non-positive function.

Table [1] provides all the details regarding the notation.

3 Quadratures for integral approximations involving Mix-

NCs

The best procedure for approximating integral involving to a mixture p(x) of densities with
possibly negative weights (Mix-NCs) is related to a quadrature trick [25] [37]. Indeed, if we are
interested to approximate a generic moment or any integral involving to the distribution p(x), i.e.,

%ZEH&HZAJ&MMW7 (14)

- %@Zan/xf(x)gbn(x)dx, (15)
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where f(x) is a generic integrable function. Note that above we have set J, = [, f(x)@,(x)dx
and @, = > x2—. Since we are able to draw from ¢, (x), we can approximate each J,, by a simple
=1

Monte Carlo procedure (i.e., a stochastic quadrature rule) [32],

3
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Table 1: Main notation of the work.
Notation I Description
dn(x) >0 Vn Normalized density, that we are able to evaluate and draw from
Unnormalized Mix-NCs (non-negative function)

p(x) = p (%) +p-(x) = 331 andn(x) 2 0

p(x) = <k = S0 g (x) > 0
j=19j
ap=af >0, n=1,.M
oap=0a, <0, n=N+M,..,N
Oga":Zfinlaj =1
pr(x) =301, o dn(x) > 0
P—(x) = Y0l o du(x) <0
P (x) = B0 = ST 6o (%) > 0
P-(x) = h=fts = 20 G k(x) 20
)p—(x) >0

Normalized Mix-NCs

Unnormalized coefficients of the complete Mix-NCs
Normalized coefficients of the complete Mix-NCs
Non-negative function
Non-positive function
Normalized partial mixture (corresponding to the positive part of p(x))
Normalized partial mixture (corresponding to the negative part of p(x))
Normalized Mix-NCs as function of the partial mixtures

Coefficient of the partial mixtures combination

For any generic variables 1)), or functions 1(x) denoted with an upper bar, the following conditions hold:

SEG, =1, [y d(x)dx =1,




Therefore, replacing in the expressions above into I = Zﬁ;l Q@ J,, we obtain the final estimator:

N N R 1 N S
]ﬁ = Zaan - § Z Z&nf(XnS))' (18)
n=1

As S — oo, we have fp — I; [20, B2, 41]. Recall that @, > 0 for n = 1,...,M and &, < 0

~

forn = M +1,...,N. The consistency of I; is ensured as S — oo by standard MC arguments,

since J,, — J, and, as a consequence, _/fﬁ — I; [1]. For further details about other convergence
properties, involving also IV, see [25, Section 7].

4 Sample generation from Mix-NCs

In this section, we discuss two sampling schemes: a rejection sampling method and an importance
sampling technique. Note that we are able to generate samples from

_ p+(x) = _ 4+ 4 o
P(x) = M—oﬁ = Z P (X), O = S0 (19)
m=1

Zi:l i = Zi:l Q;

. . . ~+ M —+ .
in a classical way, since 0 < @, <1l and ) _ &' =1. Moreover, by construction, we have

p+(x) > p(x), (20)

that is, the inequality required for applying the RS technique [32, Chapter 3]. Furthermore, p, (x)
represents a part (a “piece”) of the target density p(x) (recall that p(x) o p(x)). Namely, a
generic proposal density ¢(x) must satisfy the inequality ¢(x) > p(x) in order to apply rejection
sampling correctly. If this condition is violated, the samples generated by the algorithm are no
longer distributed according to the target density p(x), but instead follow p(x) o< min{p(x), ¢(x)}
[32, Chapter 3].

This observation highlights the relevance and ability of constructing proposals that satisfy the
bound (20). In particular, the proposed choice ¢(x) = p,(x) automatically fulfills this requirement.
Moreover, p,(x) is typically an efficient choice of proposal function within an RS scheme, since
it is assembled directly from components of the target density p(x), thereby preserving its main
structural features and generally remaining close to it in shape. Additionally, we are able to draw
from py(x) o py(x) since it is a classical mixture of pdfs with positive coefficients. Hence, p, (x)
constitutes an appropriate choice of proposal density in Monte Carlo methods, specially in a RS
technique. Below we outline the proposed RS scheme.



Rejection sampling (RS) for Mix-NCs:
1. Set s =1.
2. Draw a candidate z’ ~ p, (x),

3. With probability

pa(z’) = 7 (21)

set x(®) = 7’ and increase s <— s + 1. Otherwise, with prob. 1 — p4(z’) discard z'.

4. if s < S, repeat from step 2.

Note that ps € [0,1]. The algorithm provides exact samples from p(x) and its validity is ensured
by the inequality [32, Chapter 3]. The acceptance rate A, is:

= p(x) D (X x——1 X)dax
A = /X PO = /X p(x)dx. (22)

N
- —Zﬁjl .y (23)
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EN—I\J a”
where we set p = ﬁ If p — 0 then A, — 1 and we have a perfect sampler [32], 41]. Hence,

the acceptance rate A; is close to 1 if the sum of negative weights is close to zero, or the sum of
positive weights is much larger than the sum of negative weights. This is particularly interesting
for the Gaussian process application: in a GP approximation of a density, the number of negative
coefficients should tend to disappear as the number of points in the regression grows, and the
hyper-parameters are updated and optimized.

The corresponding importance sampling (IS) with resampling (IS+R) scheme using p,(x) as
proposal density is described below.



Importance sampling with resampling (IS+R) for Mix-NCs:
1. Draw zi,...,zg ~ Py (x),

2. Assign the weight

w:p(zs): MoﬂL V/ s =
s ]5+(Zs) [Zz:; Z]pA( 5)7 17"'757 (25)

where we have used pa(z) given in Eq. (21)).

3. Define the normalized weights

W

@y= —a>— s=1,..5 26
Zf:l W 26)

4. Resample S times within the set {zi,...,z5} according to the probability mass function
defined by the normalized weights wg, with s = 1,...,.S, obtaining a new set of unweighted
samples {x(V), .. x(},

Unlike RS, the IS+R does not return exact samples, but provides samples {X(l), ...,X(S)} that
are approximately and asymptotically distributed as p(x) [20] [41]. However, the quality of this
approximation improves as S grows |20} 22 41]. Furthermore, no samples are rejected /discarded
as in the RS scheme. It is also important to remark that the weights w;, present good theoretically
properties due to the choice of the proposal density. For instance, since ws; o pa(zs), the IS
weights are bounded

w, € lo,zaj] , (27)

hence their distribution has not heavy tails, and the variance of the weights is always bounded
[11l, 24, [44], 4§]. Standard IS can produce highly variable estimates, especially when weights have
heavy right tails [46]. Namely, extreme values of the weights lead to unstable estimates [44] 46]
or yield estimators with infinite variance (see numerical experiments in [23]). However, these
undesirable scenarios cannot occur in the proposed IS scheme, due to the property in Eq. .
Furthermore, note that

_ Ws ba (ZS)
Wy = —3 =

D i1 Wi N Ziszl pA(Zi).

Recall that the proposal density, described in this work, provides good performance within RS
and IS schemes since it is itself a piece of the target density [22].

Histograms. Histograms can be constructed in the usual way using the unweighted samples,
that are generated by the RS or by IS+R schemes as well. Alternatively, one can directly use the
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weighted samples {z,, w,}5_, obtained by the IS procedure. Indeed, in each bin of the histogram,
instead of considering the number of samples inside the bin, we can sum the corresponding weights.
Namely, let consider the bin B C X. The value of the histogram in the bin must be sz e Wy,
where we sum each w; with j such that z; € B (for the underlying theory see [29]). The histogram
can be normalized dividing all the values by the complete sum of the weights, i.e., Zle Ws.

5 Mix-NCs as proposal density within IS methods

Let x € X C R% denote the parameter of interest, and let y € R% be the observed data.
In Bayesian analysis, all the relevant statistical information is encapsulated in the posterior
distribution, given by

Uylx)g(x)

p(y)
where /(y|x) denotes the likelihood function, g(x) is the prior density, and Z = p(y) is the
Bayesian model evidence (also known as the marginal likelihood). Generally, Z is unknown, so
we are able to evaluate the unnormalized target function, w(x) = ¢(y|x)g(x). The analytical
computation of integrals involving the posterior density

1

7(x) = ) (29)

(x) = p(xly) = : (28)

=1

is often unfeasible, hence numerical approximations are needed. Hence, in order to extract
information about the posterior 7(x), often we are interested in computing integrals which
generally involve the product of a generic function f and the posterior 7,

= Eelf(0] = [ fneaix = [ fexm(xx (30)

Note that the expectation above Ez|[f(x)] is different from the expectation E;[f(x)] given in Eq.
, since in Eq. the density involved is the posterior 7 instead of the mixture p, i.e.,
I: = [, f(x)T(x)dx. Note that we can write:

I = E100] = [ eomiax (31)
= [P (500 + (1 5905 0)
B e TN O % 1o
o [ R s+ (1 5) [ HEE (xgax
= BV, [f(ORG0) + (1 BB, [/(x)7(x)], (52)
= 2B, [700m(0] + B [fG0m (), (53)



The expression induces the design of an importance sampling scheme with positive and
negative IS weights. The idea is to apply the MC approach to approximate the expectations
Ep, [f(x)m(x)] and E;_[f(x)7(x)], as shown below.

Importance sampling with an Mix-INCs as proposal density:

1. Draw S samples from p,(x) and S samples from p_(x), i.e.,

xF ~py(x), x; ~ p_(x), s=1,..,8. (34)

m(x;)

> 07 ws_ = (1 - 6—1—)}5()(_)

<0, (35)

with s = 1,...,.5. Note that, both denominators of weights in Eq. contain the
complete mixture p(x).

3. If Z is known, the resulting estimator is given by the formula:
R 1 S s
I; = 57 <Z w) f(x) + Zw;f(xj_)) . (36)
j=1 j=1
4. If Z is unknown, estimate and replace Z above with:

s s

1 ~

Z:§<§ w;“+2 wj). (37)
=1 =1

The estimator in Eq. is based on the following equality:

= @- X)ax — Bt @_ X)ax
z =5 [ Zpeix+ (167 | T (xjax,
= BB, [r(x)] + (1 = 67)Ep_[r(x)). (38)

Note that the samples x; generated from p_(x) have associated negative weights w,. Thus,
the above procedure admits a physical analogy, wherein the samples x! correspond to “matter”
samples, and the samples x; correspond to “anti-matter” samples, or any other similar physical
analogy involving negative-signed particles [42, [43].

Remark 3. In this designed IS scheme, we draw samples from both partial miztures, py(x) and
p_(x). The samples drawn from p_(x) (denoted x; ) carry negative importance weights.
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6 Applications to GP approximation of a distribution

6.1 Emulation of a posterior density

In many applications, there is the need of constructing (via regression) a non-parametric density
(a.k.a., emulator/surrogate model), which mimics a posterior distribution [24, 27, [37]. The
resulting emulator can be employed in different ways in Bayesian inference. A first possibility
is to apply MC sampling methods considering the surrogate model as an approximate posterior
pdf within the MC schemes [7, 47, O][21I, Chapter 9.4.3] or within different quadrature rules
[19, 39, 26], instead of the evaluation of a costly true posterior. For instance, this is also the case
of the strategy known as calibrate, emulate, sample, currently in vogue [§]. In order to improve the
efficiency of MC algorithms, a second option is to use the emulator as a proposal density within
an MC technique. Here, we focus on the last approach. More precisely, let us consider again a
target-posterior distribution,
7(x) x m(x) >0,

where [, T(x)dx = 1. We can have access to noiseless evaluations of this target density in a set
of points & = {x,,,t,}N_, withn=1,..., N,

t, = 7T(Xn) > 07 (39)
or noisy evaluations, for instance, with a multiplicative and positive noise perturbation e,,
t, = m(x,)e, > 0, €, > 0. (40)

In any case, we always have t,, = t(x,) > 0. For more details see [24, 27, [37]. In the general case,
fixing x, we have access to t(x) that is a random variable with mean E [t(x)] = m(x) = 7(x)—pu(x),
and variance var [t(x)] = s?(x), where u(x) is a possible bias [27].

Emulation versus estimation of a density. GP-based emulation is a supervised approach:
an unnormalized version of a density is evaluated at selected input locations x,, and considering
also the correspoding outputs t,, a GP regressor is trained to approximate this function over the
domain. In contrast, kernel density estimation (KDE) is an unsupervised technique that constructs
a density estimate directly from samples drawn from the unknown distribution, without requiring
point-wise evaluations of the density itself. In this work, we are focusing in the first setting, i.e.,
density emulation.

6.2 Surrogate construction by Gaussian processes (GPs)

Let us assume that we apply a Gaussian process (GP) regression model [40]. We consider a
kernel function, k(x,z) : X x X — R, then we can define a N x N kernel matrix K where each
entry is [KJ;; := k(x;,%;), and a N x 1 kernel vector k(x) = [k(x,x1), ..., k(x,xy)]". For the
purpose of density approximation, it is more appropriate to consider kernel functions k(x, z) that
are themselves normalized probability densities [25]. For simplicity in the exposition, we assume

12



Gaussian kernels,

dx
1 \?z l|x — z||?
k(x,z) = (27r)\2> exp (—%) , A>0. (41)

Clearly, many other choice of kernels are possible. Given the pairs S = {x,,#,}_,, and defining
also the vector t = [t1,...,tx] ", the approximation of 7(x) is given by the formulas:

p(x[S) = k(x)"(K+nly)~'t, >0, (42)

k() (13)

= Z oznk: (x,x,) Z P (X (44)
N SR

where Iy is a N x N identity matrix, and o = [y, ..., an] " is defined as
a = (K+nl,) 't (45)

The values «,, play the same role of the coefficients in Eq. , and the kernel functions play the
role of densities in Eq. (2)), i.e.,

b (x) = E(x,%,) = (27;2) * exp (-%) | (46)

Recall that p(x|S) is an unnormalized density that approximates the unnormalized target 7(x).
Below, we derive its normalized version, p(x|S) « p(x|S), in Eq. below, which serves as an
approximation of the normalized target 7(x).

Remark 4. Note that n in Eq. must be non-negative n > 0, and now assume n = 0, that
corresponds to the interpolation scenario (i.e., maximum overfitting). Even in this setting, it is
always possible to choose a value of A such that p(x) > 0. In particular, there exists a threshold
Amaz Such that, for all X < A\, the condition p(x) > 0 is satisfied. Note that, as A — 0, we obtain
the limiting case p(x) = t, - §(x — x,).

Hence, we can always choose a set of parameters \,n such that p(x) > 0. However, some of
the coefficients «,, may still be negative. The condition p(x) > 0, nevertheless, implies that

N
> an >0, (47)
n=1

since ¢, (x) = k(x,x,) > 0 for all n.

Remark 5. The positive and negative values of the coefficients «,, given in FEq. are not
necessarily ordered as assumed in Section [3  However, this does not affect the wvalidity or
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applicability of the proposed methodologies. Indeed, the coefficients o, and their corresponding
nonlinear functions ¢,(x) can always be reordered by redefining the index n € 1,..., N, without
altering the final solution, which depends only on the sum Zgil O (X).

The normalized version of the approximated target is obtained as

N
1 1
P(xS) = ——p(x[S) = =D _ ndu(x). (48)
Zn:l Qn Zn:l Qn n=1

Recall that we choose the hyper-parameters A\, with the constrains that p(x|S) > 0, so that
ij:l o, > 0. The hyper-parameters A\, 7 can be tuned using different procedures, such as marginal
likelihood maximization or the leave-one-out cross-validation [23], 33, 40]. By construction, we have
p(x|S) =~ 7(x) as N grows [27, [40].

Table 2: Gaussian Process Adaptive Importance Sampling (GP-AIS)

- Initialization: Choose the initial set Sy = {Xqn,to,}2_; of nodes, and the values K.
-For k=1,... K:

1. Emulator construction: Given the set Sy_1 = {Xp_1m,tk_1.n}h-y, build the
emulator/proposal function pip(x) = pr(x|Sk—1), with a non-parametric regression

procedure (see Sect. [6.2).

2. Sampling: Draw N samples
Xpn ~ Dr(X) = Pr(x|Sk-1), (49)
using one of the method proposed in Section [4]

3. Updating: Evaluate ty, = 7(x:,), for all n = 1,..., N, and update the set of nodes
appending Sy, = Sp_1 U {Xpn, tem 2.

- Final weighting: Assign to each sample the weight

Wy = 7T<Xt,’n) tkm’ , for all k,‘:l?‘_,’K’ nzl,...7N.

o K _ = K _
% > ey Dr(Xkn) % > ey Dr(Xkn)

- Outputs: Final emulator pxi1(x) = pri1(x|Sk), and/or the set of weighted particles
{Xpm, Wi}V for k=1,.. K.

7 Adaptive importance sampling by emulation

The performance of Monte Carlo (MC) algorithms depends critically on the choice of the proposal
density. In adaptive schemes, this proposal is iteratively updated using previously generated
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samples. In recent years, a wide range of adaptive importance sampling (AIS) algorithms has
been proposed in the literature [4]. In many of these approaches, the overall proposal is modeled
as a finite parametric mixture of densities [6, [5, 13, 12, B0]. In contrast, here we adopt a non-
parametric proposal based on an interpolating construction (emulation). Several attempts of using
an interpolating proposal has been done in the literature 18], 28].

At some iteration index k € N, given a set of support points Sg_1 = {Xg_1.1,tk—1.n 0y, here
the idea is to build the emulator/proposal function py(x) = pr(x|Sk—1) as described in Sect.
6.2 Then, at each iteration, the emulator py(x) = pr(x|Sk_1) is improved by incorporating N
additional nodes to the set of support points . This additional points are drawn from the emulator,
ie., X ~ Dr(x) = Prp(x|Sk—1), using one of the method proposed in Section {4} and evaluating
thn = T(Xen)

Clearly, after K iterations, Sk the final set of support points will contain N K nodes. Note also
that all evaluations of the posterior 7w are used to build the emulator. At the end of the iterative
part, we compute the final IS weights w,,,, using all the posterior evaluations 7, = m(x,), which
are stored in the inner layer. More specifically, we assign to each sample (drawn also in the inner
stage) the weight

Wy = ——Ken) o k=1, K, n=1,.,N. (50)

% Zf:l Pr(Xkn)

where we have employed a deterministic mixture weighting scheme [45], [14], i.e., the denominator
consists of a temporal mixture (e.g., as also suggested in [I0]). Note that the weights w,, are not
required in the iterative steps. Hence, they can be computed after the adaptation and sampling
steps are finalized. The complete algorithm is described in Table 2] The output is formed by
the final emulator pg1(x) = pr11(x|Sk), and/or the set of weighted particles {x n, wy, }2_; for
k =1,...,K. The GP construction provides smoother solutions that can be directly applied in
unbounded domains X. We call the scheme based on these constructions as Gaussian process
adaptive importance sampling (GP-AIS). Clearly, the GP emulation requires the inversion of
kernel matrix (with a dimension that increases as the number of nodes grows) and the tuning of
the hyper-parameters of the kernel function. As shown in Remark [4] the hyper-parameters are
chosen such that py(x|Sk_1) > 0 (clearly, even in this scenario, some «,, can be negative).

Robust scheme. We present some variants/extensions in order to (a) reduce the dependence
from the initial nodes and (b) speed up the convergence of the emulator covering quickly the
state space. This is obtained combining the non-parametric proposal emulator py(x|Sy_1) with a
parametric proposal density, gpar(x). Hence, the complete proposal, denoted as ¢;(x), will be a
mixture of densities with a parametric and a non-parametric components,

©r(X) = Yrbpar (%) + (1 — Vi) Pr(x|Sk—1), (51)

where 7, € [0,1] for all ¢, and oy is a non-increasing function ¢. The idea is to set initially
Yo = 3, and then decrease v, — B as k — 0o (e.g., we can set 7o, = 0). Note that ¢y(x) must
be evaluated in the denominator of the weights wy, in (50)), taking the place of p,(xxy,) in the
denominator of Eq. (50)), and also used in ([49).

2Without loss of generality, and to simplify the exposition, we assume noiseless evaluations.
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Remark 6. Choosing @yer(x) with heavier tails than 7(x) ensures that ¢(x) also has heavier
tails than 7(x). Consequently, this avoids the infinite-variance issue in the importance sampling
weights.

8 Numerical simulations

In this section, we first test the proposed RS technique described in Section [4] and then, in the
second section, we test the IS scheme introduced in Section

8.1 RS for drawing samples from the emulator

Let us consider that we desire to emulate (i.e., approximate by regression) the following multi-
modal target density

30
that is shown in solid line in Figure . We consider three scenarios.

7(z) o w(x) = sin(z)? exp (—”’”2) ,

Scenario 1: We consider N = 9 points in the regression, more precisely,
x; € {-5,—4,-1,0,0.5,1,2,5,10}, (52)

and t; = m(x;). We apply the GP regressor with Gaussian kernel and hyper-parameters A\ = 1,
n = 0. In this case, we obtain 6 positive coefficients and 3 negative coefficients in the vector a.
The 3 negative coefficients are associated to the kernels localized at x; = 0,0.5 and 2. Applying
the proposed RS scheme, the histogram of the accepted samples is given in Figure . The
acceptance rate A, = 1—p = 0.417. The unnormalized densities p(z), p4(x) and the corresponding
versions are also shown in Figure [I}

Scenario 2: Now, we consider N = 11 points in the regression,
x; € {-8,—-5,—-4,-1.2,-0.8,0.5,1,2,5,8,10}, (53)

and again t; = m(x;), as shown in Figure We apply the GP regressor with Gaussian kernel
and hyper-parameters A\ = 0.4, n = 0. In this case, we have a unique negative coefficient, ag,
corresponding to xg = 0.5. The acceptance rate A, =1 — p = 0.974, that is sensibly greater than
in scenario 1. However, in both scenarios, we obtain more than reasonable acceptance rates, due
to the suitable choice of the proposal density.

Scenario 3: We consider again the same N = 9 input points in Eq. of Scenario 1. However,
now we apply the GP regressor with different hyper-parameters of the Gaussian kernel, more
precisely, A = 2 and n = 0.5. Since n > 0 we have a regression instead of interpolation. In this
scenario, we have two negative coefficients, ay and as. The acceptance rate A, = 0.503 (i.e., 50%),
that is again a good acceptance rate.

3Related Matlab code is given at http://www.lucamartino.altervista.org/public_code_NegMix2025.zip.
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8.2 Emulator with negative coefficients as proposal density within IS

Let us consider again the following target density

7(x) o (@) = sin(z)? exp (-%) .

For clarity of exposition and to help the understanding of the interested reader, we consider a
simple emulator formulation in which negative coefficients appear and are explicitly shown. We
consider an emulator with N = 2 that can be expressed as

p(z) o< p(x) = ark(z, 21) + k(z, 12) = 191 (x) + azda(r),

following Eq. (44). We consider Gaussian kernels, with x; = 0, xo = 1, A = 4 and 5 > 0 is chosen

such that a; = 3 and ay = —1. Then, we can write the (unnormalized) emulator as:
1 z? 1 (x — 1)2)
r)=3——exp|——= | — —exp| ———|.
P =3 p( 32) 327 p( 32
Since &y = alc_fw =1.5and &y = alc_fw = —0.5, the normalized mixture/emulator is:
pz) = plr) _ a1¢1(x) + Qo (x),
o +

Note that, in this case, we have

and p, () = \/%7 exp (—g—;) and p_(z) = \/%7 exp (— (:”g;F), i.e., the partial mixtures are formed

by just one component. Hence, with the previous definitions, we have

pla) = BTpe(z) + (L= B)p-(). (55)

Given Egs. —, we can apply the IS scheme in Section |5 using p(z) are proposal density
and approximate the following 3 integrals:

+o00 +o00 +o00
Z = / m(x)dz, I, = / 2?7 (x)dr, Iy = / o7 (z)dx. (56)
We compute the ground-truth values using tight grids and evaluate the relative absolute errors
(rel-AEs) of the estimates. The results are averaged over 10° independent runs, and a global
relative absolute error is obtained as the arithmetic mean of the three rel-AEs. This procedure is
repeated for different numbers of samples, S € {102,103, 10%,10%,10%}, drawn from the p, (x) and
p—(z). The results are given in Table [3] We can observe that the relative error decreases quickly
as S grows.
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Table 3: Global relative absolute error as function of S, averaged over 10° runs.
| §=10> §=10° S=10" S=10° S=10°]
| 0.40 0.19 0.11 0.05 0.04 |

2.5 D+ (:1: )

0.25

0.2+

0.15¢

0.1}

0.05¢

Figure 1: Scenario 1: (a) The red solid line shows m(x), whereas the black dashed line represents the
unnormalized Mix-NCs p(x). The N =9 input points z; € {—5,—4,—-1,0,0.5,1,2,5,10} in regression are depicted
in green dots; in this scenario, with A = 1, n = 0, we have 6 positive coefficients and 3 negative coefficients
in a (and, hence, in p(x)). The 3 negative coefficients are associated to the kernels localized at ; = 0, 0.5
and 2. (b) The unnormalized positive partial mixture p;(x) (blue line) and the unnormalized Mix-NCs p(x) in
black line. (c¢) The normalized positive partial mixture py(x), used as proposal pdf in a RS scheme, and the
corresponding histogram. (d) Histograms of the accepted samples in the RS scheme distributed according to p(x).
The theoretical acceptance rate is A, = 1 — p = 0.417, and the empirical acceptance rate is & 0.416, in line with
the theoretical expression. This means that drawing 20000 samples from p4(x), in one run we obtain S = 8326

samples from p(z).

8.3 Testing GP-AIS
In this experiment, we consider a multimodal Gaussian target in dimension dy = 10,
1 1 1
T(x) = gN(X\Hb )+ gN(X\Hz’ 3) + gN(X\Hs’ 33),

with M1 = [5,0, e ,0], Ho = [—7,0, ce ,O], H3 = [1, ceey ]_] and 21 = 22 = 23 = 42110. Note that
in this controlled scenario 7(x) = 7(x), i.e., Z = 1.
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Figure 2: Scenario 2: (a) The red solid line shows m(x), whereas the black dashed
line represents the unnormalized Mix-NCs p(x). The N = 11 input points z; €
{-8,-5,—-4,-1.2,-0.8,0.5,1,2,5,8,10} in regression are depicted in green dots; ; in this scenario,
with A = 0.6, n = 0, we have only one negative coefficient in a (and, hence, in p(x)). (b)
Histograms of the accepted samples in the RS scheme distributed according to p(x). The
theoretical acceptance rate A, = 1 — p = 0.974 which is virtually identical with the empirical
acceptance rate obtained, i.e., &~ 0.974. This means that drawing 20000 samples from p, (z), in
one run we obtain S = 19481 samples from p(z). The corresponding histogram is depicted in
figure (b).

Goal. We want to test the performance of the different AIS methods in estimating the normalizing
constant Z = 1. Specifically, our aim is to test the proposed GP-AIS scheme compared with other
AIS algorithms. The total budged of target evaluations is set to £ = 103.

Benchmark AIS methods. We apply the well-known population Monte Carlo (PMC)[d],
the deterministic mizture PMC (DM-PMC) [13] and layered adaptive IS (LAIS)[31]. These are
adaptive importance sampling (AIS) algorithms in which the proposal distribution(s) are updated
at each iteration using information from previously generated samples. In particular, PMC uses
multinomial resampling to determine the proposal locations at the next iteration, whereas LAIS
updates the proposal location parameters through an MCMC evolution. The goal here is to
compare the performance of PMC, LAIS and the GP-AIS scheme with gpar(x) = N (x]0, £ - I1p) in
Eq. (we set and keep fixed B, = 0.5). The initial set of N support points are drawn randomly
from gpar(x).

We use Gaussian kernels/pdfs as the proposal pdfs for all methods. We also need to set the number
of these proposals in PMC and LAIS, as well as the dispersion of the Gaussian densities. For PMC,
we test different number of proposals Npyc € {10, 100,200,500}, whose means are initialized at
random in [—15,15]'°. At each iteration of PMC, one sample is drawn from each of the Npyic
proposal pdfs (and one sample per proposal is drawn in each iteration), hence the algorithm is run

E 1000

for Tpnc = = iterations for a fair comparison. As a second alternative, we consider
Npnmc Npmc ’

the deterministic mixture weighting approach for PMC, which is shown to have better overall
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performance, denoted DM-PMC [13] 45]. For the LAIS algorithm, we also test different number
of proposal density Npais € {10, 100,200,500} (again one sample per proposal is drawn in each
iteration). We consider the one-chain application of LAIS (OC-LAIS), that requires to run one
MCMC algorithm targeting (x) to obtain the Npa1g location parameters, hence it requires Nparg
evaluations of the target. Then, at each iteration of LAIS, one sample is drawn from the mixture
of proposals, hence we run the algorithm for Tya;s = E — Npas = 1000 — Npa1g iterations for a
fair comparison. For simplicity, we also consider Gaussian random-walk Metropolis to obtain the
Npa1s means of the lower IS layer in LAIS.

Regarding the GP-AIS method, we consider N € {10, 100,200,500} samples per iterations, so
that K = E/N, keeping the number of target evaluations £ = 1000. For all the techniques, the
covariance of the Gaussian proposals was set to £2I;p and we test € = 1, ..., 6. Recall that in GP-AIS
we are using gpar(x) = N (x]0, ¢ - I1p). All the methods are compared through the mean absolute
error (MAE) in estimating Z, and the results are averaged over 500 independent simulations. The
results are given in Table [dl We observe that GP-AIS provides more robust results than the rest
of methods. In particular, GP-AIS achieves equal or lower MAE than LAIS, depending on the
choice of parameters. Overall, the proposed scheme outperforms all the benchmark AIS methods,
such as PMC, DM-PMC, and LAIS.

Table 4: MAE for estimating Z with £ = 10? total number of evaluations of the target
7. (best and worst MAE of each method are boldfaced)

\ Methods | =1 [¢=2] ¢=3 ] ¢=4 ] £€=5 [ €=6 |

Npye =10 | 0.9993 | 0.9526 | 0.8603 | 0.6743 | 0.6024 | 0.6155

PMC Npye =100 | 0.9998 | 0.9896 | 0.8853 | 0.6761 | 0.5192 | 0.4544
Npnvce = 200 | 1.0002 | 0.9893 | 0.8816 | 0.7099 | 0.6389 | 0.5384

Npyme =500 | 0.9995 | 0.9916 | 0.9741 | 0.8700 | 0.7421 | 0.6544

Npyve =10 | 0.9991 | 0.9478 | 0.8505 | 0.6009 | 0.5352 | 0.5814

DM-PMC Npye =100 | 0.9997 | 0.8719 | 0.4490 | 0.2425 | 0.1901 | 0.2193
Npme =200 | 0.9999 | 0.9321 | 0.5708 | 0.3257 | 0.2374 | 0.2524

Npye = 500 | 1.0000 | 0.9888 | 0.7969 | 0.5009 | 0.3684 | 0.3800

Npas =10 | 1.0000 | 1.0000 | 0.9992 | 0.9883 | 0.9468 | 0.9079

OC-LAIS Npas =100 | 0.9999 | 0.8731 | 0.4434 | 0.2785 | 0.2392 | 0.2870
Npas =200 | 0.9982 | 0.7028 | 0.2418 | 0.1243 | 0.1406 | 0.2070

Npas =500 | 0.9937 | 0.4949 | 0.1221 | 0.0857 | 0.1195 | 0.1786

N =10 0.9511 | 0.9278 | 0.9291 | 0.9083 | 0.8965 | 0.8949

GP-AIS N =100 0.9252 | 0.3886 | 0.1334 | 0.1487 | 0.1623 | 0.1921
N =200 0.8195 | 0.2176 | 0.1026 | 0.1167 | 0.1418 | 0.1532

N =500 0.8417 | 0.2954 | 0.1512 | 0.1178 | 0.1522 | 0.1689
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9 Conclusions

In this work, we have focused on mixtures with negative coefficients and their applications
in computational statistics. = These generalized mixture models enable more flexible and
accurate density approximations, though they introduce challenges for handling and sampling
such distributions. To address these challenges, we proposed efficient Monte Carlo methods
(including quadrature techniques, rejection sampling, and importance sampling schemes) capable
of accurately approximating integrals and generating (unweighted) samples from these non-
convex mixtures. The use of a tailored proposal density ensures both accuracy and efficiency.
Furthermore, we have designed how to utilize a mixture with negative coefficients as a proposal
density in an importance sampling scheme. In this approach, some generated samples have
negative importance weights. Consequently, this method can be likened to a physical analogy
where samples with positive importance weights represent “matter”, while those with negative
importance weights represent “anti-matter”. Applications to GP-based density estimation
illustrate the practical relevance and effectiveness of the proposed methods, highlighting their
potential for broader use in complex density modeling tasks. An adaptive importance sampling
(AIS) scheme using a GP approximation as proposal has been also designed. The numerical results
show that the proposed GP-AIS scheme outperforms other benchmark AIS methods.
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