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Abstract

There are several interesting ways to depict distribution
of primes like Ulam Spiral [1], Klauber Triangle [2] or the
Sacks Number Spiral [3]. In all cases, Prime Number Theo-
rem describes the asymptotic distribution of such numbers
among the positive integers. This work is devoted to illus-
tration of primes of form p x ¢ & C in a way that allows
to search for clusters (so called prime islands). The direct
goal of this experimental work is to locate prime islands
with the largest surface area and potentially discover some
further patterns in distribution of primes.

1 Introduction

Work presented in this paper consists of three major
parts: illustration of primes with detection of interest-
ing clusters, formulation of patterns and examination of
correctness of formulated patterns in spirit of finding new
primes.

Experiments are planned against various sequences of
form p x g+ C, where p and ¢ are integer variables (p, ¢>0)
and C' is constant. Primes in the sequences are depicted
as a non-zero values in X-Y graph, creating a single tile of
coordinates (p,q). If two tiles are adjacent to each other
on both sides, they form an island of size 2. Discovery of
big islands (at least of size 4) is the first goal of this work,
depicting co-located primes.

For clarity, the following definitions are in charge in this
work:

Definition 1. A prime tile is a location of coordinates
(z,y) on X-Y graph with prime tile value. Primality of tile
is result of a function: isprime(F(x,y,C)) where F() is a
function of form x x y £ C.

Definition 2. A prime island is an area composed of at
least two prime tiles that have a common side.

Lemma 1. Formula p x q + C does not produce prime
islands if C is even and positive (p,q>1).

Proof. Let a tile of coordinates (p,q) is a prime tile:
F(p,q,C) = p x ¢+ C is a prime number. C' > 2 is even
and the only even prime number is 2, then p X ¢ + C needs
to be odd. If p x ¢+ C is odd and C' is even, then p X ¢
is odd, and a result both p and ¢ are odd. Based on Def-
inition 2, prime tiles that are a part of prime island, have
a common side - for (p,q) it will be two horizontal neigh-
bours (A): (p+1,q), (p—1,q), and two vertical neighbours
(B): (p,g+1), (p,qg—1). Let’s analyze cases A and B. A)
Flp+1,q,C)=(p£t1)xq+C =pxqg*q+C. Both
p X q and ¢ are odd. Difference or sum of two odd num-
bers (p X ¢ £ ¢) is even. After adding to even number even

Figure 1: Tllustration of prime tiles ( prime islands of size
4 marked with red circle) for formula p x ¢+ 1,p > q.

C, we still have even number. From assumption p>1 and
q>1, thus p X ¢ & ¢+ C>2 which cannot be prime because
every even number >2 is complex. B) Analogously to A)
-pxgqisodd,pisodd, pxgEtpiseven,pxgEtp+Cis
still even and cannot be prime because p X ¢ + p + C>2.
Geometric conclusion: (p, ) is a prime tile surrounded by
four non-prime tiles. By Definition 2, single tile does not
produce prime island. O

Lemma 2. Formula p x ¢ + C does not produce prime
islands if C is 0 (p,q>1).

Proof. If C' =0 then p X ¢+ 0 = p X ¢ cannot be prime by
definition (because neither p nor ¢ is 1 and p x ¢ is always
a complex number). O

In further work C is odd - this allows to focus on
the most interesting findings. Framework [4] is used in
all experiments. Also to simplify further calculations,
notation: p x ¢ & C where p > ¢ will be denoted as: Sic.

Figure 1 depicts sample prime islands found for se-
quence Sy, found for the first values of p and ¢. For
the first island we have the following set of contiguous
primes/tiles/formula:

e 2/(1,1)/1x1+1
e 3/(1,2)/1x2+1



°5/(2,2),2x2+1
o 7/(2,3)/2x3+1

The island is marked with a red circle and its size is 4.

Figure 2: Tllustration of prime tiles (skipping single tiles
to reinforce prime islands) for S;;. Additional coloring
added to the picture, reflecting number of prime
neighbours.

2 Search for prime islands (methodology)

Two methods to create X-Y matrices were considered
and tested out.

Method A. Method faster. Each consecutive iteration
equals study to one consecutive prime and its possible rep-
resentation as a form of Sic. For instance, if examined
formula F() is p x ¢ + 1 and we check 19 (the 8th prime),
then 19 has two possible representations (19 =2x9+1=
3 x 6+ 1), meaning that 19 brings two prime tiles of coor-
dinates (2,9) and (3,6) to the global picture.

Method B. Method slower but after acceptance tests
was found as more accurate/reliable (mainly because we
do not add new points to already examined area). In this
approach we check every combination of p and ¢, where
p > q, one-by-one.

3 Results of experiments and conclusions

Table 1 presents sample results for few formulas - a list
of prime islands found with Method A. Generally, there are
cases where there is just one example of largest island (ex.
check of first 10k iterations for S_gg3 results in 1 islands
of size 11) in the given set but there are also cases that
largest prime island’s surface is low and such list is long
(ex. check of first 10k iterations for S_gg9 results in 13456
islands of size 3). Table 2 depicts how many islands of the
given size were found for few selected values of C.

Executed experiments allowed to gather interest-
ing observations. The largest prime island found was
of size 16 and was located with Method B for S 197 -
[(420, 2520), (421, 2520), (422, 2520), (423, 2520), (424, 2520),
(425, 2520), (426, 2520), (427, 2520), (428, 2520), (429, 2520),

Table 1: Number of prime islands of given size for each
formula p x g + C, results after 100k iterations, method A.

Size of island | —1 +1 -7 -9
3 1987 | 1920 | 1693 | 1541
4 207 179 212 1
5 42 29 43 0
6 9 4 10 0
7 7 0 3 0
8 0 1 2 0
9 0 0 1 0
0 2000 4000 P
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Figure 3: Prime tiles for S_s93, 10k iterations, method B
in use.
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Figure 4: Prime islands for S_s93, 10k iterations, method
B in use; this figure is result of post-processing of Figure
3 (single prime tiles were removed, all other prime tiles
were colored, depending on number of prime neighbours).



(424,2519), (422, 2521), (420, 2521), (420, 2522), (421, 2522),
(420, 2523)] (Figure 9).

The initially first but eventually second largest prime
island found was of size 15 and was located with Method
B for the following formulas:

o S_641 - [(4,210), (5,210)
(9,210), (10, 210), (11,21
(8,209), (6,209), (6,208), (

(

,(6,210), (7,210), (8, 210),
)

,207)] (Figure 10)

o S_ags - [(2,148),(3,148), (2, 149), (2, 150), (3, 150),
(4,150), (5, 150), (6, 150), (7, 150), (8, 150), (6, 149),
(6,151), (6,152), (5,152), (4, 151)] (Figure 11),

o S.g51-[(838,1092), (839,1092), (840, 1092), (841, 1092),
(840,1091), (840, 1090), (840, 1089), (840, 1093),
(840, 1094), (840, 1095), (840, 1096), (840, 1097),
(840, 1098), (839, 1098), (841, 1098)] (Figure 12).

* Si1003 - [(6,840), (7,840), (8,840), (9,840), (10, 840),
(11, 840), (12, 840), (13, 840), (14, 840), (12, 839),
(12,838), (13,838), (12,837), (10, 841), (6, 839)]
ure 13).

(Fig-

o S.1010 - [(124,420), (123,420), (125, 420), (126, 420),
(127, 420), (128, 420), (129, 420), (130, 420), (131, 420),
(132,420), (132,419), (130,421), (128,419),
(126,419), (126,418)] (Figure 14).

Appendix A contains results for —1001 < C < 1301
(10k iterations, C' is either negative or positive odd num-
ber), all gathered with the use of Method B. Figure 6 +
Figure 7 visualize these results and provide foundation to
the following hypothesis: there is periodic relationship (of
period = 6) between odd positive parameter C and the size
and number of the largest first islands found in Sy, be-
cause the colors in the figures are arranged in clear, regular
stripes, reinforced with color map (results are organized as
follows: experiments for C' from —1001 to +1001 (step 2)
are arranged in consecutive numbering N (starting from
0); then on both Figure 5 and Figure 6 we have as follows:
b = Nmod 30 and a = N — 30b). This observation led to
formulation of Lemma 3.

40 16
25 14
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25 10
20 8
15 6
10 My 4
5 2
0 (]

Figure 5: Size of largest island found for experiments
depicted in appendix A: a set of results from S_1401 to
St1001 (step +2), method B, the first 10k iterations.
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Figure 6: Number of islands of largest size found for
experiments depicted in appendix A: a set from S_1gg1 to
S11001 (step +2), method B, the first 10k iterations.
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Figure 7: Islands of the greatest size only (>12) based on
experiments in appendix A: a set from S_19p1 t0 Si1001
(step +2), method B, the first 10k iterations.

Lemma 3. If C = 3+6a (a is integer > 0) then the largest
size of prime island in Sic is 3.

Proof. To prove Lemma 3, we must demonstrate that for
any constant of the form C' = 3 + 6a (where a € Z), the
maximum size of a prime island within the grid defined by
the function F(p,q,C) =p x ¢+ C' is exactly 3.

Any prime number >3 leaves a remainder of either 1 or
2 when divided by 3. If any cell in the grid yields a result
that is divisible by 3 (and greater than 3), that result is
necessarily a composite number, acting as a ”block” that
prevents the island from expanding further. Constant C
can be written as: C' =0 (mod 3)). Based on that we can
simplify: F(p,q,C) =pxq+C =pxq+0=pxq (mod 3).
Conclusion: the value for tile (p, q) is divisible by 3 if and
only if p x ¢ is divisible by 3, thus at least one of p or ¢
must be divisible by 3.

All tiles for which p is a multiple of 3 (ie., p

=0
(mod 3)) or ¢ is a multiple of 3 (i.e., ¢ =0 (mod 3)) yield



a result divisible by 3. Since we are examining large pa-
rameter values (p > ¢>1), and for large islands the values
of F(p,q,C) are significantly greater than 3, each such tile
is a composite number. Consequently: every third column
of the grid (p = 3,6,9,...) consists entirely of composite
numbers and every third row of the grid (¢ = 3,6,9,...)
consists entirely of composite numbers (see: Figure 5).
These lines form a rigid grid of barriers (marked as light red
in Figure 5) across the plot, which divide the entire space
into isolated 2 x 2 squares of tiles that can be a prime tiles.
A prime island within such a zone could, in theory, reach a
size of 4 if all four tiles in the square were prime numbers.
Let us prove that this is impossible.

Consider any such 2 x 2 zone. Within it, the p coordi-
nates take on two consecutive values that are not divisible
by 3 - values of remainder either 1 or 2. Similarly, ¢ coordi-
nates have remainders of 1 or 2. Let us examine the remain-
ders of the product pg (mod 3) for the four tiles within this
zone (A-D). A)Forp=1,g=1 = pxqg=1x1=1).
B)Forp=1,¢=2 = pxqg=1x2=2). C) For
p=2,q¢g=1 = pxqg=2x1=2). D) Forp =2,
=2 = pxq=2x2=4=1). By adding a constant
C = 0 (mod 3) to these, we obtain the following remain-
ders for the entire 2 x 2 block: 2 tiles yield a remainder of 1
(mod 3) and 2 tiles yield a remainder of 2 (mod 3). From
the previously proven Lemma 1, we know that for even C,
no islands are formed at all; therefore, in Lemma 3, we
consider the case where C' is odd. Given that C = 3 + 6a
is odd, the mechanics of parity - as described in the pa-
per - imply the following: 1) Within each 2 x 2 block, tiles
with coordinates of the same parity (e.g., both odd or both
even) yield even values for the formula F(p,q,C). 2) Ex-
actly two out of the four tiles in each 2 x 2 block will be
even, and thus composite numbers (acting as parity-based
"blockers”). Since the grid of divisibility-by-3 blockers re-
stricts us to isolated 2 x 2 cells, and the additional parity
rules "carve out” at least two tiles from each such cell as
composite numbers, prime-valued tiles cannot physically
connect to form a structure larger than 3 tiles (in practice,
they typically form paths with a maximum length of 2 or
3, depending on how the parity blockers are positioned rel-
ative to the divisibility-by-3 blockers). This conclusively
proves that the size of any prime islands for C = 3 + 6a
cannot exceed 3.

O
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q :20 1083797
425 1080848 1081277 10817068
428 1078323 1078757 1079185
427 1075810 1078237 1078884
428 1073291 1073717 1074143
425 1070772 1071197 1071622
424 1087828 1088253 1068877 1085101
423 1085734 1088157 1088580
422 1063215 1063837 1084058 1064481
421 1060698 1061117 1081538 1061959 1082280
420 1058177 1058597 1058017 1059437 1058857 1080277
418 1058077 1056458 1056915 1057324
2518 2519 2520 2521 2522 2523 2524
P
Figure 9: The largest prime island found
(Of s1ze 16, S+197) .
e 1057
B q 388 207 915
7 750 757 784 771
E 535 801 807 a13 815 825
5 452 457 462 467 472
4 299 203 307 311 215
2 145 151 154 157 160
2 1 2 = 7 g
1 145 144 143
147 145 143 150 151 152 153
Figure 10: Big prime island found
(of size 15, S_g41).
14 2299
12 q 2717 2089 2102
12 1855 1887 1879 1881
11 18588 1889 1880
10 1445 1459 1489
9 1240 1249 1258
B 1023 1031 1039 1047
7 208 815 8232 228 838
&) 585 801 807 613 819 825
5 3894 3939 404 408 414
4 195 198 203
3 =11
208 207 208 208 210 211 p

Figure 11: Big prime island found
(of size 15, S_293).
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Figure 12: Big prime island found
(Of size 15, S+851).

15| 136803
14 12735 12743 12763 12777
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Figure 13: Big prime island found
(of size 15, S11003)-
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128 53781 53887 54013 54139 54285
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124 53175 53299 53423
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122 52453
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Figure 14: Big prime island found
(Of size 15, S+1219).

Table 2: Formulas S subjected to experiments, results after
100k iterations - example results, method A.

i S List of largest prime islands found.
11 841 | [(5, 6872), (6, 6872), (6, 6871), (6, 6870), (5, 6870), (4, 6870), (3, 6870), (7, 6870)]
S-1 | (1, 6), (2,6), (3, 6), (4, 6), (5 6), (4,5), (2, 7],
[(2, 120), (3 120), (4 120), (5, 120), (6, 120), (7, 120), (2, 121)],
(3. 18), (4, 18), (5. 18), (6, 18), (6, 17), (6, 19), (4, 17,
[(3, 798), (4, 798), (5, 798), (6, 798), (6, 799), (6, 800), (4, 797)],
[(4, 58T7), (4, 588), (5, 588), (6, 588), (6, 589), (6, 590), (7, 590)],
[(4, 4452), (5 4452), (6, 4452), (6, 4453), (6, 4454), (7, 4454), (6, 4455)],
[(4, 9300), (5, 9300), (6, 9300), (7, 9300), (6, 9299), (6, 9298), (5, 9298)]
355 [ 1(1,5), 2,5), 2 4), (2,3), (1, 6)]
4| Sy3 | Alot (one of examples: [(1093, 1120), (1094, 1120), (1094, 1121)])
5|55 | [(2,4), 3, 4), (4, 4), (2,5), (2 6), (3, 6), (4, 6), (4, 7)]
6| S_7 | [(1, 60), (2, 60), (3, 60), (4, 60), (5, 60), (6, 60), (6, 59), (6, 61), (4, 59)]
7| S_o | [(1,11), (2, 11), (2, 10), (1, 12)]




A
Set of results from C' = —1001 to C' = 1301 (step 2), method B

Set is of form of: { C : (greatest size of prime island found, number of such islands found), ...}. Calculations
performed for the first 10k iterations of p x ¢ + C (p > ¢>0) with method B. Bolded the greatest ever islands found.

1,1), —861 : (4,1),—859 : (11,1), —857 : (11,1), —855 : (4,1), —853 : (11,1),—851 : (13,1), —849 : (3,13824), —847 :
1.1),—845 : (9,1),—843 : (4,1),—841 : (13,1),~839 : (10,9),—837 : (4,2),—835 : (9,2),—833 : (10,1), 831 :
4

,13527), —829 : (11,3),—827 : (13,1), —825 : (4,1),—823 : (11,1), —821 : (11,2), —819 : (4,1), —817 : (13,1), —815 :
1 1,2),—807 : (4,1),—805 : (9,2),—803 : (10,1),—801 : (4,1),—799 :

{—1001 : (10,3),—999 : (3,13456), —997 : (11,2),—995 : (8,6), —993 : (4,1),—991 : (11,3), —989 : (10,2), —987 :
4,2),—985 : (8,11),—983 : (11,1),—981 : (3,13586),~979 : (10,4),~977 : (12,1),—975 : (3,8124),~973 :
10,2), —971 : (10,3), —969 : (4,1),—967 : (11,1), —965 : (8,9),—963 : (3,13271),—961 : (11,1), —959 : (11,1), —957 :
4,3),-955 : (9,1), =953 : (10,3),—951 : (3,13430), =949 : (12, 1), —947 : (10,2), —945 : (3,7073), —943 : (12,1), —941 :
11,1),-939 : (4,1),-937 : (11,2),—935 : (9,3).—933 : (4,1),—931 : (11,1),~929 : (11,2),~927 : (4,1),~925 :
8,8),—923 : (11,2),-921 : (4,2),—919 : (12,1),—917 : (11,1),—915 : (3,8776), =913 : (11,1),—911 : (13,1),—-909 :
4,2),-907 : (10,2), —905 : (8,11), —903 : (3,10613), —901 : (13,1), —899 : (11,2), —897 : (4,2), —895 : (8,7), —893 :
12,1),—891 : (3,12019),—889 : (11,1),—887 : (12,2),—885 : (3,8439),—883 : (12,1),—881 : (11,1),—879 :
4,1),—877 : (10,5),—875 : (8,3),—873 : (4,1),—871 : (10,4),—869 : (10,5),—867 : (4,1),—865 : (9,1), —863 :
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4),—813 : (4,1),—811 : (10,4),-809 : (1
) =797 : (11,1),—795 : (4, 1), ~793 : (10,6), =791 : (10,1),—789 : (4, 1), 787 : (11, 1), —785 : (8, 15), —783 :
13581), —781 : (13,1),—779 : (10,4),—777 : (4,2),—775 : (9,2),—773 : (11,1),—771 : (3,13511),—769 :
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(12, 1), =737 : (11,2),—735 : (3,7130), =733 : (10, 1), —731 : (11,2), =729 : (4, 1), —727 : (11,1),—725 : (9,2), —723 :
(3,13877), —721 : (10,3),—719 : (10,3), —717 : (4,5), —715 : (10, 1), —713 : (10,4), 711 : (4, 1), =709 : (12, 1), —707 :
(11,1),—705 : (3,8764),—703 : (11,3),—701 : (11,2),—699 : (3,13488),—697 : (10,2),—695 : (9,1),—693 :
(3,9562), —691 : (11,4),—689 : (10,3), —687 : (4,2), 685 : (8,10),—683 : (11,2),—681 : (4,2),—679 : (10,5), —677 :
(11,4), —675 : (3,8651), —673 : (13,1),—671 : (11,1), —669 : (4,1), —667 : (12,1),—665 : (9,1), —663 : (3,11769), —661 :
(12.1), =659 : (10,3), —657 : (4,3),—655 : (9,2), —653 : (12,1),—651 : (3, 10210), —649 : (12, 1), —64T : (11,4), —645 -
(3,8603), —643 : (12,1),-641: (15, 1), —639 : (4, 1), —637 : (10,2),—635 : (8,12),—633 : (4,1),—631 : (12, 1), —629 :
(10,2), —627 : (3,11096), —625 : (10,1),~623 : (9,8),~621 : (3,13070),—619 : (11,1),—617 : (12,1),~615 :
(4,1), —613 : (13,1),—611 : (11,1),—609 : (4,1),—607 : (10,9),—605 : (9,1), —603 : (3,13893), —601 : (13,1), —599 :
(11,2), —597 : (4,5), —595 : (8,2),—593 : (11,2), —591 : (3,13023),—589 : (11,2), —587 : (12,1), —585 : (4,2), —583 :
(11,2), =581 : (10, 1), =579 : (3, 13464), =577 : (11,2),—575 : (8,5), —573 : (4, 1), ~571 : (12, 1), —569 : (10,7), —567 :
(4,3),—565 : (9,2),—563 : (10,2),—561 : (4,2),—559 : (10,4), =557 : (11,2), =555 : (3,9060), —553 : (10,1), —551 :
(11,1), =549 : (4,1), =547 : (12,1), 545 : (8,9), =543 : (3,13093), —541 : (11,1),—539 : (11,1), 537 : (4,1), 535 :
(9,1),—533 : (11,1),—531 : (3,13258),—529 : (12,1),—527 : (10,3),—525 : (3,6852),—523 : (13,1),—521 :
(11,2), 519 : (4,1),—517 : (11,1), =515 : (9,2),—513 : (4,1), =511 : (11,1),—509 : (10,5),—507 : (4,1),—505 :
(9,3), 503 : (11,3), =501 : (4,2),—499 : (13,1),—497 : (10,2), —495 : (3,8065), —493 : (14,1),—491 : (11,1), —489 :
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