Four-elements tuples splitting
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Abstract. We consider a problem of splitting of the four-e-
lements tuples of integer numbers into two two-elements tu-
ples, providing a minimum of the difference between sums
of the corresponding their elements. We give and prove the
corresponding algorithm for its solution. Examples and ge-
neralizations for the tuples of arbitrary lengths and splitting
are given.

1. Introduction

At the beginning we are going to consider splitting of 4-digits
integers into two 2-digits sub-tuples, providing a minimum of the
difference between sums of integers within each sub-tuple. Next,
we consider more general algebraic systems. For general knowle-
dge about considered further algebraic systems, see, e.g., [1 - 8].

Lets say, we have a 4-digits number: 6341.

It can be considered as a four-elements tuple (6, 3, 4, 1).

All possible non-ordered 2-digits subsets of the above tuple -

(6, 3,4, 1) are the following subsets:

(6, 3), (6,4), (6, 1), (4, 3),(4,1), (3,1).

There are only the following three pairs of the above subsets,
so that each pair doesn't have common elements(numbers):

(6, 3), (4,1), constitutes first splitting of the tuple (6, 3, 4, 1).
(6,4), (3,1), constitutes second splitting of the tuple (6, 3, 4, 1).
(6, 1), (4, 3), constitutes third splitting of the tuple (6, 3, 4, 1).

For the first pair, the difference between the corresponding sums
1s:



|(6+3)-4+1)|=|9-5]|=4.
For the second pair the difference between the corresponding
sums is:

((6+4)-3+1)[=]10-4]=5.

For the third pair the difference between the corresponding sums
1s:

(6+1)-(4+3)]|=|7-7]=0.

Thus, third splitting(combination): (6, 1), (4, 3) gives a solu-
tion, providing the minimum: 0, of the differences between the
corresponding sums.

2. Four-elements Tuples of Integer Numbers

Let us consider Four-elements non-ordered tuples of integer
numbers:

V:i=(0,j,mn),i,j,m,n € Z, .

What could be an algorithm that allows for any fixed tuple:
Vo= (o, Jo, My, Ng), to split it into two two-elements sub-tuples:
E]O = (ko, 1()), E20 = (So, t()), wherein: ko, 1(), So, to EVO .
E'NE’= @, EUE, = V,, so that it provides a minimum
of the differences between the corresponding sums of E,° and
E,’ elements: | (ko + lo) - (so + to) | ?

The corresponding graph illustration: G = (V, E,’, E,") can
be given, considering a graph G, having vertices V, and edges
Elo, E,". Each vertex of G has degree 1.

Note that despite each sub-tuple: E,* and E,” is an "unique"
subset of elements of the "parent" tuple V,, they may include
the same integers, as well as V, e.g., Vo = (3, 2,2, 3), E\'=
(3,2), E,"=(2, 3).

3. Algorithm



Lemma. Let x,;, < X < X3 =< Xpao
Xmins X2, X3, Xppax € £ +.
Then:
(Xmax + Xmin) = (X3 F X2) S (Xppax + X2) = (X3 F Xpnin),
and
(Xmax + Xmin) = (X3 F X2) S (Xppax T X3) = (X2 F Xpnin).
Proof. Let us suppose that opposite:
(Ximax T Xmin) = (X3 + X2) > (Xmax T X2) = (X3 Xunin).
Thus, it would mean that:
(Ximax t Xmin) = (X3 + X2) = (Ximax T X2) + (X3 + Xmnin) > 0,
and therefore: 2(Xpi, - X») > 0, which is wrong.
Similarly, let us suppose that opposite:
(Ximax T Xmin) = (X3 + X2) > (Xmax T X3) = (X2 + Xunin).
It would mean that:
(Ximax T Xmin) = (X3 + X2) = (Ximax T X3) + (X2 + Xmnin) > 0,
and therefore: 2(Xy,i, - X3) > 0, which is wrong.

Theorem. Let py = max { iy, j, my, ny },
qo = min {io, Jo, My, ”0}-

Then:

EJO = (po, QO), Ezo = (’”0, Wo), ro, wo € Vy \po uqo -



Proof. It follows from the above definitions and Lemma.
For example, let Vo= (9, 3, 4, 1). Then, since
9=max {9, 3,4, 1)and 1 =min {9, 3, 4, 1}, splitting:
E\'= 9, 1), E, = (4, 3), is a solution, where:
|O+1)-(4+3)|=|10-7|=3=min.
4. Functions

Thus, to each integer tuple: (i, 1z, 13, 14), 11, Iy, 13, 14 € Z4, Can
be assigned the corresponding minimum and therefore we can de-
fine a function:

f22 . Z+4 —> Z+,
£o(11, 1n, 13, 14) = | (Po + qo) - (To + Wo) |.
Furthermore, there exists a pair of sub-tuples:

E\'= (Po> 90)» E, = (rg, Wo), corresponding to that minimum,
and we can define the following four functions as well:

4 e e
fropo: Z+" = Zy, Tpo(is, 1o, 13, 14) = Po,
4 e

f0q0: Zs" > Zy, 155q0(11, 1, 13, 14) = qo,

IO Z'> Z,, tro(iy, 1z, 13, 14) = 1o,

frwy : Z+4 — Z., Trwo(iy, 1y, 13, 14) = Wy.

Its well-known in number theory a complex number whose
real and imaginary parts are both integers: Gaussian Integer. The
Gaussian integers are the set: Z[i]:={a+ bi | a,b e Z }, wh-
ere i’ = — 1. Gaussian integers are closed under addition and mu-

Itiplication and form commutative ring, which is a subring of the
field of complex numbers. When considered within the complex



plane the Gaussian integers constitute the 2-dimensional integer
lattice.

Let us define the following functions, corresponding to the
above pair of "minimizing" sub-tuples:

Boci: Z > ZIA, Bocr: 2.4 > ZIH],

frocs: Z'> Z[i], faocq: Z'> Z[i],

froc1(i1, 12, 13, 14) = Po, + 1 qo, Taaca(ii, 12, 13, 14) = qo, + 1 po.

00311, 1o, 13, 14) = To, + 1 Wo, Troca(iy, 1o, 13, 14) = Wo, + 1 1.

Recall that quaternions are generally represented in the fo-
rm: q= a+bi+cj+dk, where,ae R,be R,ce R,d e R, and
i, j and k are the fundamental quaternion units and are a number
system that extends the complex numbers.

The set of all quaternions H is a normed algebra, where the
norm is multiplicative: |[pq|[=llp[lllql,peH,q<H,lq P =
a”+b”+ c¢” +d". This norm makes it possible to define the distance
d(p, q) =||p — q|| which makes H into a metric space. Lipschits qu-
aternions L:={q: q=a+bi+cj+dk | a,b,c,d € Z}.

Assigning to each integer tuple (i, 1,, 13, 14) the correspondi-

ng Lipschits quaternion: i;+ i,i + 13j + 14k, we can define the follo-
wing functions:

for: L—> Zy,

for (11 1od + 13§ + 14K) = | (po + qo) - (To + Wo) |,
forcr: L= Z[i], forcz: L — ZII],

foorcs: L= Z[il, forca: L — ZYil,

frorci(lit i + 13§ + 14K) = po, + i qo,

forca(iit i + 13§ + 14K) = qo, + 1 po,

oLt i + 13§ + 1K) =1, + 1 Wy,



Dorca(irt i +13j + 14K) = wo, + i 1.

Note that the following splitting scenarios can be defined
as well: Split a tuple Vo= (19, jo, My, Ng), into two two-elements
sub-tuples: E,'= (ko, 1p), E,’ = (so, to), wherein: ko, 1y, o, to € Vo,
E'NE'=9,E"UE, =V,, so that it provides a minimum of
the difference between the corresponding differences between E,°
and E,’elements: | | ko - Io|-|so - to| | — min, or, so that it
provides | k() - 10 | + |S() - t0| —> min, or, (k() + 1()) + (SO + t())
— min.

The corresponding functions, similar to the above-defined can be
defined as well.

5. Generalization

The above theory can be generalized as follows.
Let us consider n-elements non-ordered tuples of integer numb-
ers:

V= (i1, ey n)y i1 ey in € Zos .

Split any fixed tuple V,= (i O ino), into two: m-elements
and k-elements (m + k <n, m, k, n € N) sub-tuples:

E\’= (ulo, s umo), E,) = (VIO, s Vko), wherein:

ulo, s umO , VIO, s Vko eV,

E'NE'=3,E"UE, c V,, so that it provides a minimum

of the difference between the corresponding sums (s; and s,)

of E,* and E,” elements:

| S1 - $ | = | (U10+ ..t umO) - (V10+ ..t Vko) | — min.

The corresponding functions: f : Z." — Z., (i, ... , iy) can
be considered.
Conjecture. If |m-k| < |r-s],
mtk<nr+s=<n,
m, k, r,s,neN,

then foulis, o, in) < fis(its e in)-




More general case may consider splitting of V, into more than
two: m (m > 2) sub-tuples, providing a minimum, e.g., of the me-
an absolute deviation of the corresponding sums: sy, ... , s, around
of central point: D(sy, ..., S;,) — min.

The corresponding functions: f,: Z." — Z., f. (i), r = (ry, ... , 1)
,i=(y,...,1,), 1 +... ¥, < n can be considered as well.

6. Normed Spaces and N-tuples Splittings

The above theory can be further generalized for the tuples,
consisted of elements of some Normed Space.

Recall that Normed Space is a Vector Space X over a subfield
F of the complex numbers C, where the corresponding real-valu-
ed function(the norm), || x || : X — R, is defined.

A Vector(Linear) Space is a set whose elements(vectors) can
be added together and multiplied by numbers(scalars), e.g., Ba-
nach and Hilbert Spaces.

Let us consider n-elements non-ordered tuples of elements of

some Normed Space X: V :=(aj, ..., a,), aj,...,a, € X.
Split any fixed tuple V= (alo, s ano), into two: m-elements
and k-elements (m + k < n) sub-tuples:
E\’= (ulo, s umo), E,) = (VIO, s Vko), wherein:
ulo, s umo,vlo, s Vko e Vy,
E'NE'=3,E"UE, c V,, so that it provides a minimum
of the difference between the corresponding norm sums of E,°
and E," elements:

0 0 0 0 -
[ Clluc |+ o ) = Avell e+ il | — min.
The following criteria can be suggested as well:
| + . +u) -+ o+ w0 || - min.
The corresponding affinity of functions: f; : X" — R,
fuk(ai, ... , a,) can be considered.
Similar scenarios can be considered for the Normed Abelian

groups.

7. Splitting, based on Two Algebraic Operations



Let us consider the following scenarios:

Split a tuple Vo= (i, jo, Mg, Ng), 1o, Jo, Mg, Ny € Z; into two
two-elements sub-tuples: E\'= (ko, 1p), E,’ = (so, to), wherein:

Ko, lo, S0, to €Vo, E°NE’ =@, E,°U E,’ =V, , so that it provides:
| ko * Iy - so*ty | > min,or, kg * Iy + sop*t, — min, or,
(k()+ 10)*(S0 + t()) —)min,or, |k() - 1()| * | So - t0| — min.

To generalize this approach, let X be a normed commutative
ring. The following scenarios then can be suggested:

Split a tuple V= (i, jo, Mo, Ng), 1o, jo, My, Ny € X, into two
two-elements sub-tuples: E\'= (ko, 1p), E,’ = (so, to), wherein: ky, lo,
So, to € V(), E10 M E20 = @, E10 Y E20 = Vo , SO that it prOVideS:
lko * g - so*ty|| > min,or, ||ky * 1y + so*ty|| — min, or,
| (ko+ o) * (0 +to) [[ > min, or, [[ (ko - lo) * (so - to)|| = min.

Similar to the above-given section 6, the corresponding scena-
rios, comprising splitting of n-tuples into two (or even more) m- and
k-sub-tuples can be considered.
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