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Abstract

A quantum evidence theory is introduced for uncertainty modeling and
reasoning in closed-world and open-world environments, termed QET
and GQET, respectively. The framework integrates evidence theory with
quantum probability to represent, fuse, and reason with heterogeneous
multisource information. At the representation level, the (generalized)
quantum basic probability amplitude ((G)QBPA) provides fine-grained un-
certainty modeling for heterogeneous multisource information by encoding
both the strength of evidential support strength and relative phases, thereby
capturing specific support, partial and complete ignorance, and, in open-
world environments, unknown states. At the fusion level, the (generalized)
progressive quantum evidential combination rules ((G)PQECRs) perform
coherent multisource fusion at the probability-amplitude level. The corre-
sponding (generalized) quantum evidential combination rules ((G)QECRs)
then yield real-valued fused support through the Born rule. At the decision
level, the (generalized) quantum basic probability distribution ((G)QBPD),

the (generalized) quantum Pignistic transformation, and the associated

*Corresponding author
Email address: xiaofuyuan@cqu.edu.cn (Fuyuan Xiao)

Preprint submitted to Elsevier October 18, 2026



belief and plausibility functions support probability assessment and decision
making.

In addition, selected components are further given Hilbert-space formula-
tions: the (generalized) quantum evidence and progressively fused evidence
admit linear- and density-operator representations, while the incoherent be-
lief and plausibility functions are realized through basis-event measurements.
By introducing superposition and interference into evidential reasoning, the
framework models complex interactions among multiple items of evidence.
With squared amplitude magnitudes identified with the corresponding clas-
sical masses, its belief and plausibility functions recover DSET in the closed
world and GET in the open world in the incoherent limit. Its fusion rules
capture inter-path interference effects; when the aggregate inter-path inter-
ference contribution vanishes for every nonempty output proposition, they
recover Dempster’s rule and mGCR, respectively. Consequently, the quan-
tum evidence theory provides a unified framework for uncertainty representa-
tion, dynamic multisource information fusion, and uncertainty-aware decision
reasoning across closed- and open-world environments.

Keywords: Quantum evidence theory, Uncertainty representation,
Uncertainty reasoning, Information fusion, Decision-making, Closed world,

Open world

1. Introduction

Representing knowledge in uncertain environments and processing it for
decision-making is a fundamental challenge in artificial intelligence (Al) sys-

tems. Dempster-Shafer evidence theory (DSET) provides a powerful mathe-



matical framework for uncertainty reasoning by generalizing Bayesian prob-
ability theory [1, 2]. Owing to its flexibility and capability of reasoning with
evidence in the absence of prior information, DSET has been extensively
studied and further extended from various perspectives.

Specifically, Yang and Xu presented the evidential reasoning approach
for multiple attribute decision analysis [3]. Denceux reviewed approaches to
decision-making with belief functions, including methods based on imprecise
probabilities and Shafer’s constructive decision theory [4]. Smarandache and
Dezert introduced DSmT by extending DSET to a higher-dimensional space
for information fusion [5]. Deng further extended DSET to the open-world
scenario and proposed the generalized evidence theory (GET) [6], which is
capable of modeling not only partial or complete ignorance but also the un-
certainty arising from the incompleteness of the frame of discernment. Xiao
extended Dempster-Shafer evidence theory (DSET) to a high-dimensional
complex plane and proposed the Complex Evidence Theory (CET) [7, 8].
Later on, Deng [9] extended DSET to random permutation set through con-
sidering the order of sets.

With the advancement of quantum information processing, increasing ef-
forts have been made to bridge classical evidence theory with the quantum
framework for addressing more complex problems. Recently, Xiao proposed
the generalized quantum evidence theory, which enables uncertainty reason-
ing within both closed-world and open-world environments from a quantum-
theoretic perspective [10, 11]. In this context, the theory is referred to as
quantum evidence theory (QET) for closed-world scenario, and as general-

ized quantum evidence theory (GQET) for open-world scenario, in order to



distinguish between the two.

The main contributions of this work are summarized as follows. First, a
unified quantum evidential representation framework is developed for both
closed- and open-world environments through QBPA/GQBPA and their as-
sociated probability distributions. Second, quantum evidential combination
mechanisms are established by integrating intra-path evidential conjunc-
tion with inter-path coherent superposition, thereby explicitly characterizing
inter-path interference effects, including constructive and destructive inter-
ference, in multisource information fusion. Third, interference-aware belief,
Plausibility, and Pignistic transformations are developed to support uncer-
tainty quantification and probabilistic decision making. Finally, Hilbert-
space representations and quantum measurement formulations are estab-
lished, and the relationships between QET/GQET and their classical coun-

terparts are systematically characterized.

2. Preliminaries

In this section, we review some basic concepts of Dempster-Shafer evi-

dence theory, generalized evidence theory, and quantum probability theory.

2.1. DSET: Dempster—Shafer evidence theory
Definition 1 (Frame of discernment). Let Q) be a frame of discernment
(FOD), consisting of a set of mutually exclusive and collectively exhaustive
events:

Q={h1,....hi,...., by, ..., by}, (1)
where 7,9 € {1,...,n} with ¢ # g, and h; and h, are two arbitrary nonempty

events satisfying h; N hy, = 0.



Definition 2 (Power set of ). Let 22 be the power set of €, denoted by:

2% = {0, {h1}, {ha}, ... {hn}, {h1, B}, ..., {h1, ha, oo By}, o Q) (2)

where () is an empty set.

Definition 3 (Hypothesis or proposition). H; is defined as a hypothesis

or proposition when H; C Q.

Definition 4 (Mass function in DSET). In FOD €, a mass function m

in DSET is defined as a mapping:

m: 2% —[0,1], (3)
satisfying
m(0) =0 and Z m(H;) =1, (4)
H;CO

where m is also called a basic probability assignment (BPA) or a basic belief

assignment (BBA).

Definition 5 (Focal element in DSET). Let m be a BPA. VH; C Q, if
m(H;) > 0, H; is called a focal element in DSET.

Definition 6 (Belief function). Let H; and Hj, be two propositions such
that H;, Hy, C Q. A belief function Bel for H;, mapping from 2% to [0, 1], is
defined by

Bel(H;) = Y m(Hy). (5)

@#HkgH]

Definition 7 (Plausibility function). Let H; and Hj, be two propositions
such that H;, H;, C Q. A Plausibility function Pl for H;, mapping from 2%
to [0, 1], is defined by

PI(H;) = > m(Hy) = 1 — Bel(H;), (6)
0#£Hy, HyNH;#0
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where H; = Q\ H;.
Clearly, VH; C Q, Bel(H;) < P1(H;) where Bel(H;) and P1(H;) are the
lower and upper limit functions to support Hj;, respectively.

Definition 8 (Dempster’s rule of combination). Let m; and my be two
independent BPAs in FOD Q with propositions Hy, H, C €1, respectively.
Dempster’s rule of combination (DRC), represented in the form m; @ msg, is

defined by

with
K= Y mi(H)my(H,), (8)

Hi.NnHp,=0

where K is the conflict coefficient between m, and ms.

Note that Eq. (7) is feasible under the condition K < 1.

2.2. GET: Generalized evidence theory

Definition 9 (Mass function in GET). In FOD €, a mass function mg

in GET is defined as a mapping:
mg : 2% —[0,1], 9)
satisfying

> me(H;) =1, (10)

H]'GQQ

where mg is also called a generalized BPA (GBPA).



Definition 10 (Focal element in GET). Let mg be a GBPA. VH; € 29,
if mg(H;) > 0, Hj is called a focal element in GET.

Definition 11 (Generalized belief function in GET). Let H; and H;
be two propositions such that H;, Hj, € 2. A generalized belief function
GBel for H; in GET, mapping from 29 to [0, 1], is defined by

GBel(H;) = > ma(Hy), (11)
0#H,CH;
GBel(0) = mg(0). (12)

Definition 12 (Generalized Plausibility function in GET). Let H; and
Hj, be two propositions such that H;, Hy € 2. A generalized Plausibility
function GP1 for H; in GET, mapping from 2 to [0, 1], is defined by

GPIH;) = Y mg(Hy), (13)
0#Hy,, HpNH;#0
GP1(0) = mg(0). (14)

Definition 13 (Generalized combination rule in GET). Let m¢, and
mg, be two independent GBPAs in FOD Q with propositions Hy, Hj, € 2%,
respectively. The generalized combination rule (GCR), represented in the

form mg, ® mg,, is defined, for K¢ < 1, by

(1 - ma, (@)mGz ((Z))
1—-Kg
me, & me,(H;) = x Y me,(H)me,(Hy), H;#0,
Hy,NH=H;
kal (Q)mGz(w)v Hj = @
with
Ko= Y ma(H)ma,(Hy), (15)
H,.NH;,=0



For the boundary case Kg = 1, the combined mass is assigned entirely to
the empty proposition, i.e., mg(0) = 1.

Definition 14 (Modified generalized combination rule in GET). Let
meg, and mg, be two independent GBPAs on FOD 2. The modified gener-
alized combination rule (mGCR) [12] is defined, for K& < 1, as

>ty =; e (Hi)me, (Hp)

H; #0
1 o Km ) j )
may Dm may (H]) = ¢ (16)
ma, <®>mG2 ((Z)) H. = @
1 _ Kgl ) j )
where
Eg= Y ma(H)me,(Hy). (17)
HyNH,=0
HUH,#£0

For the boundary case K = 1, mGCR assigns mq(0) = 1. More generally,
when all fused masses assigned to nonempty propositions vanish, normaliza-

tion yields mg(0) = 1.

2.3. QPT: Quantum probability theory
Definition 15 (Hilbert space). Let % be an n-dimensional complex

Hilbert space with an orthonormal basis

where each |¢,) represents a distinguishable basis event and
(D1l¢g) = d1g- (19)

In quantum probability theory, a coherent alternative can be associated

with a complex probability amplitude
oy = 1ye’, re >0, (20)
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where r, and 6, denote the magnitude and phase of ay, respectively. Ac-

cording to the Born rule, the corresponding probability contribution is

g [* = . (21)

When multiple coherent alternatives contribute to the same measurement
outcome, their complex probability amplitudes are coherently superposed,

and their relative phases give rise to quantum interference.

Definition 16 (Quantum interference). Consider n coherent alternatives
contributing to the same measurement outcome, with complex probability
amplitudes aq,...,a,. The total probability amplitude associated with the

measurement outcome is
a= Z Q. (22)
g=1
According to the Born rule, the corresponding probability is

n 2 n n—-1 n
Zag = ZT§+2Z Z rergcos(fy —6,). (23)
g=1

g=1 =1 g=f+1
The first term represents the incoherent sum of the individual probabil-

Pr =

ity contributions, whereas the second term is the coherence-induced inter-
ference term determined by the relative phases between coherent alterna-
tives. Specifically, cos(ff — 6,) > 0 corresponds to constructive interference,
cos(6y —6,) < 0 corresponds to destructive interference, and cos(fy —6,) = 0
indicates that the corresponding pairwise interference term vanishes.

For the specified family of alternatives, define the aggregate interference
term by

n—1 n
Intp, = 2 Z Z rergcos(fr —0,). (24)

J=1g=f+1

9



When the aggregate interference contribution is zero, i.e., Intp, = 0, Eq. (23)

reduces to the incoherent additive form
Pr=> 1. (25)
g=1

3. Quantum evidence theory for an open world

Recently, Xiao extended the DSET to Hilbert space and proposed the
generalized quantum evidence theory (GQET), which provides a promising
way to handle uncertainty in a new perspective of quantum framework in
an open world [10, 11]. The main concepts and knowledge of GQET are

introduced below.

3.1. GQFET: Generalized quantum evidence theory

3.1.1. Basic concepts of the generalized quantum basic probability amplitude
function

Definition 17 (Quantum frame of discernment). Let

®:{¢17¢2a--'7¢n} (26>

be a quantum frame of discernment (QFOD), consisting of mutually exclusive
and collectively exhaustive elementary events.

Each elementary event ¢, € ® is associated with an orthonormal basis
state |¢,) in an n-dimensional Hilbert space . These basis states form an

orthonormal basis of H,

By = {[¢1),. -, 1dg), -, [dn) }, (27)
satisfying
<¢g|¢h> :5gh7 g7h: 17"'7”' (28)

10



Accordingly,
‘H = span (Bsg) . (29)

Here, “collectively exhaustive” refers to the currently modeled QFOD. In
GQET, information not covered by this current frame is represented sepa-
rately through the generalized empty proposition, rather than by relaxing
the internal exhaustiveness of the QFOD itself.

Definition 18 (Power set of a QFOD). Let ® be the QFOD defined
above. Its power set 2% contains all subsets of ®, each representing a quantum

proposition, i.e.,

2% ={uy |y @} ={0,{on}..... {¢u}, {01, 02}..... 2} (30)

Definition 19 (Quantum hypothesis or proposition). An element 1; €
2% is called a quantum hypothesis or quantum proposition.

For notational simplicity, whenever a function F is defined on 2%, the
notation F'(¢,) is used as shorthand for F'({¢,}) for a singleton proposition.
Definition 20 (Generalized quantum basic probability amplitude
function). A generalized quantum basic probability amplitude (GQBPA)
function Qp in QFOD @, also referred to as a generalized quantum mass

function (GQMF), is defined as a mapping;:
Qu : 2° — C, (31)
satisfying
Qui(15) = ()", 4; € 2%,
> lQu)P =1,

1/Jj€2<1>

(32)
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in which i = /=1; ¢(;) € [0,1] denotes the modulus of Qu(%;); 0(1);)
denotes a phase term of Qu(¢;); Qm(v;) denote a generalized quantum basic
probability amplitude for ¢;; and |Qu(¢);)|*> denotes the modulus squared of
Qni(?;). When ¢(¢;) = 0, the phase 6(¢;) is immaterial and may be chosen

arbitrarily.

The Q(t;), which is the generalization of generalized basic probabil-
ity assignment in GET, is called a generalized quantum basic probability

amplitude, and can be represented in Cartesian form as:

Qum(Yy) = z; +yi, 5 +y; €[0,1], (33)

or alternatively, using polar form:

Qui(;) = (1) (cos B(1p;) + isinO(v)). (34)

Its modulus is expressed as:

[Que(¥5)| = w(¥y) = \/25 + 5. (35)

Definition 21 (Quantum focal element in GQET). Let Qp be a
GQBPA function. For any ; € 2% if |Qum(¢;)] = ¢(v;) > 0, then v, is
called a quantum focal element in GQET.

Definition 22 (Bayesian GQBPA function). A GQBPA function Qyy is
called Bayesian if all of its nonempty quantum focal elements are singletons;

equivalently,
[l > 1 = |Qu¥y))* =0,  ¢; €2”. (36)

The empty proposition may still carry a nonzero generalized quantum basic

probability amplitude in GQET.

12



Definition 23 (Vacuous GQBPA function). A GQBPA Qy is called
vacuous when |Qp(®)* = 1.

A nonzero value Qu () # 0 represents an unknown-information compo-
nent outside the current QFOD and enables open-world uncertainty reason-
ing in GQET. The closed-world specialization Qp(0)) = 0 is discussed in the

next section.

3.1.2. Basic concepts of the generalized quantum basic probability distribution
Definition 24 (Generalized quantum basic probability distribution).
The generalized quantum basic probability distribution (GQBPD) of Qpy, is
defined as:

M : 2% — [0, 1], (37)
and satisfies:
M(y;) = [Qu(vy)[?, ¥y €27, (38)
> Mgy =1,
P e2®
where
|Qua(¥)” = Qua() Qi () = *(45) = 23 + 7, (39)

and * denotes complex conjugation.

Definition 25 (Bayesian GQBPD). A GQBPD M is called Bayesian if

all of its nonempty focal propositions are singletons; equivalently,
[l >1 = M(y;) =0, ¢ €2% (40)

The empty proposition may still carry a nonzero generalized quantum basic

probability in GQET. For an elementary event ¢, € ®, M(¢,) is called a

13



Bayesian GQBP. If, in addition, M()) = 0, the Bayesian GQBPD reduces to
a quantum probability distribution over the elementary events in .
Definition 26 (Vacuous GQBPD). In GQET, when M(®) = 1, M is
called a vacuous GQBPD.

Definition 27 (Generalized quantum basic probability). In GQET,
M(¢);) (¢; € 2?) is called generalized quantum basic probability (GQBP),
which represents the degree of belief or support for quantum proposition ;.

The GQET inherits the merits of GET and has the following attractive

characteristics:

e The GQBPA Qq takes values in the complex domain, with nonnegative
real-valued amplitudes included as a special case, whereas a classical

GBPA mg in GET is restricted to nonnegative real values.

e In contrast to GET, Vi; € 2%, the value of |Qu(¢;)|? or ©?(¢);) repre-

sents the degree of belief or support for ;.

e When M = mg, the GQBPD M of GQET is in accordance with the
classical GBPA mg in GET.

3.1.3. Generalized quantum belief and plausibility functions

Taking into account application scenarios involving interference, the un-
normalized generalized quantum interference belief and plausibility measures
in GQET are first defined as follows.
Definition 28 (Unnormalized generalized quantum interference be-
lief measure in GQET). Let Qu be a GQBPA with proposition 1; € 22.

An unnormalized generalized quantum interference belief measure, denoted

14



by GQIBel, is defined by

2

GQIBel(Q/JJ) = Ag{¢pglgz%§wpg¢j} %QM(Q%) ) ¢j 7é Q), (41>

|Q]M(®)|27 %’ = Q)
For ¢; # 0, let

Acqma €  argmax > Qulwy)| - 42)
AC{pCB#YCYs} |y

Here, AGQIBel denotes a subfamily of propositions achieving the maximal
squared modulus in Eq. (41). If the maximizer is not unique, one maximizing
subfamily is selected according to a fixed deterministic tie-breaking rule and
is used consistently in the subsequent interference decomposition.

Consider ¥, ¢y € Aggrpe With ¢ # 1);. Expanding the squared modulus
in Eq. (41) and using |Qu(¢)[* = M(%) gives

GQIBel() = Y M(1y)

¢S€AGQIBC1

+20 > )T VM) VM) cos(f — 6;),  (43)

wSeAG@IBeI ’(meAGQIBel
¢s '<'¢}t

where < denotes an arbitrary fixed ordering of the relevant propositions and
—1 < cos(b; —6;) < 1.
By the Cauchy—Schwarz inequality and the normalization condition of

the CQBPA,

0 < GQIBel(yy) <21, 0 #4v; C . (44)

15



Definition 29 (Interference effect in the unnormalized generalized
quantum interference belief measure). Let A gz, be the subfamily

achieving the maximal squared modulus in GQIBel(wj). The interference

effect in GQIBel is defined as

Mggma(®) =2 Y > |Qu()] [Qui(¢r)] cos(6, — 6,)

YsEAGaBa YtEAGAIB
1/15 <wt

=2 > 3 /M) V/M(ty) cos(8, — 0).  (45)
Ys€AGaIBa VtEAGAIBA
s =<t

Definition 30 (Unnormalized generalized quantum interference
Plausibility measure in GQET). Let Qp be a GQBPA with proposition
Y; € 2. An unnormalized generalized quantum interference Plausibility
measure, denoted by GQIPI, is defined by

2

max D Q)| v # 0,

GQIPl(wj): AC{YpCPetpp Ik (46)
Qu(D)]”, v =0.
For ; # 0, let
2
Agg € argmax | > Qui(ty)| - (47)

AC{URC O 70} | S

Here, AGQIP] denotes a subfamily of propositions achieving the maximal
squared modulus in Eq. (46). If the maximizer is not unique, one maxi-
mizing subfamily is selected according to a fixed deterministic tie-breaking

rule and is used consistently in the subsequent interference decomposition.

16



Consider ¥y, 1, € AGQIPl with ¢, # 1,. Then

GQIPI(y;) = > M(ty)

quAGQIPl

+20 > > VM) VM () cos(B, — ). (48)
w"eAGQIPl wveAGQIPl
Yu=<thy

For () # ¢; C @,
0 < GQIPI(y;) < 2% — 2®I=1sl, (49)

Definition 31 (Interference effect in the unnormalized generalized
quantum interference Plausibility measure). Let AGQIPl be the subfam-
ily achieving the maximal squared modulus in GQIPI(%). The interference

effect in GQIPI is defined as

Itogp () =2 Y > 1Qui(v)] 1Qui(ehy)| cos(b, — 6,)

Pu eAGQIPl Yo EAGQIP]
by =1by

=2 Z Z VM(W)V/M(1y) cos(b, — 6,).  (50)
¢’uEAGQIP1 ¢"’EAGQIP1
Yu=thy

The unnormalized generalized quantum interference belief and plausibil-
ity measures, GQIBel and GQIPI, explicitly preserve constructive and de-
structive interference among quantum propositions and may exceed the con-
ventional probability range [0, 1]. To obtain range-normalized interference-
aware belief and plausibility support functions, a common normalization fac-
tor is introduced.

For the whole QFOD @, the sets of nonempty propositions involved in
GQIBel(®) and GQIP(®) coincide. Therefore,

GQIBel(®) = GQIPI(D). (51)

17



Accordingly, to preserve the total support assigned to the known QFOD
while retaining the unknown-information mass M((}), the common normal-

ization factor is defined as

GQIP1(®)
——2 M(0) <1,
T — 1 — M(0) (52)
1, M(0) = 1,
or equivalently, by Eq. (51),
GQIBel(D)
, M) <1,
Teq = 1 — M(0) (53)
1, M(0) = 1.

For M(()) < 1, at least one nonempty GQBPA amplitude is nonzero. The
full-frame maximization in G@IPI((I)) admits a single-proposition subfamily
containing any such nonzero proposition; hence GQIPI(CI)) > (0. Since 1 —
M(@) > 0, it follows that I'qqr > 0. For the boundary case M(0) = 1,
I'cqr = 1 by definition.

Definition 32 (Generalized quantum interference belief function in
GQET). Let Qn be a GQBPA on QFOD &, and let G@IBel be its cor-
responding unnormalized generalized quantum interference belief measure.
The generalized quantum interference belief function, denoted by GQIBel,

mapping from 2% to [0, 1], is defined by

GQIBel(y))
—7 w # ®7

GQIBel(;) = {  Toar (54)
M(®)7 ¢j - @

Definition 33 (Generalized quantum interference Plausibility func-

tion in GQET). Let Qy be a GQBPA on QFOD &, and let GQIPI be

18



its corresponding unnormalized generalized quantum interference Plausibil-
ity measure. The generalized quantum interference Plausibility function,

denoted by GQIPI, mapping from 2% to [0, 1], is defined by

GQIPI(y;)
—7 w # ®7

GQIPl(y,) =4 oo~ 7 (55)
M(@>7 ¢j = @

For any nonempty proposition ¢; € ®, the family of propositions involved

in GQIBel(;) is a subfamily of that involved in GQIPI(¢;). Therefore,
0 < GQIBel(y;) < GQIPI(¢;) < GQIPI(®). (56)
According to Eq. (52), it follows that
0 < GQIBel(¢);) < GQIPI(¢;) <1 —M(@) <1, Q#¢; Cd.  (57)
Moreover, for the whole QFOD,
GQIBel(®) = GQIPL(®) = 1 — M(0). (58)

Hence, GQIBel(;) and GQIP1(¢;) provide range-normalized lower and up-
per interference-aware evidential support for proposition ¢; while preserving
the probability mass assigned to unknown information through M(().

Remark 1 . Under nonzero interference, these two functions are interference-
aware support functionals and need not satisfy a Dempster—Shafer-type
complement duality. Their generalized belief-plausibility semantics are
recovered in the incoherent limit, where they reduce to GQBel and GQP],

respectively.
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Moreover, under the incoherent reduction, the generalized quantum belief

and plausibility functions in GQET are defined as follows.

Definition 34 (Generalized quantum belief function in GQET). Let
Qu be a GQBPA with proposition ¢; € 2. The generalized quantum belief
function GQBel, mapping from 2% to [0, 1], is defined by
> MWy, ¥ #0,
GQBel(y;) = { PAvCw, (59)
M(0), ;= 0.
Definition 35 (Generalized quantum Plausibility function in
GQET). Let Qu be a GQBPA with proposition ¢; € 2®. The generalized
quantum Plausibility function GQPI, mapping from 2% to [0, 1], is defined
by

Z M<wp)7 wj 7& @,
GQPL(wy) = { yitirz (60)
M(®)7 wj = @

For belief and plausibility, the incoherent reduction is defined by removing

pairwise cross terms before the maximization:

2
Z QIM (@Z)p) incoherent reduction\ Z |Q]M (¢p) |2 ‘ (61)

wPeA wpeA
Thus, the corresponding maximization problems reduce to sums of nonneg-
ative generalized quantum basic probabilities. Therefore,
GQIBel(y;) = GQBel(y;),  GQIPI(y) = GQPI(y;).  (62)
In particular, for the whole QFOD &,
GQIBel(®) = GQIPI(®) = 1 — M(0) < 1. (63)
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According to the definition of I'gqy, it follows that
FgQI = 1, (64)

for both M(f) < 1 and the boundary case M(()) = 1.

Consequently, under this incoherent reduction,

GQIBel(¢;) = GQBel(y;),  GQIPI(¢;) = GQPI(1);). (65)

Furthermore, when M = m¢ under this incoherent reduction, the gen-
eralized quantum belief and plausibility functions reduce to their classical

counterparts in GET:

GQIBel(t;) = GBel(v;),  GQIPI(;) = GPI(y). (66)

3.1.4. Generalized quantum evidential combination rules

In multisource generalized quantum evidential fusion, complex probabil-
ity amplitudes are first combined at the amplitude level before being con-
verted into real-valued evidential support. Following Feynman’s probability-
amplitude rules, the amplitudes associated with different evidence sources
are multiplied within each fusion path, whereas the amplitudes of alterna-
tive fusion paths leading to the same proposition are coherently superposed.
According to the Born rule, the corresponding fused evidential support is
then obtained from the squared modulus of the resulting total amplitude.

The pairwise cross terms generated by this coherent superposition are
called inter-path interference effects; for each output proposition, their signed
sum is the aggregate inter-path interference contribution.

Accordingly, the generalized progressive quantum evidential combination

rule (GPQECR) is first defined at the generalized quantum probability-
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amplitude level to obtain a fused GQBPA, followed by the generalized quan-
tum evidential combination rule (GQECR) at the corresponding GQBPD
level.

To formalize the intra-path amplitude multiplication and inter-path co-

herent superposition described above, a fusion path p is represented by

by = (U, Ups - ), (67)

where w;} denotes the focal element selected from the hth evidence source
along fusion path p.

The conjunctive result associated with fusion path p is denoted by

k
My = () ¥r. (68)
h=1

Using this fusion-path representation, the generalized progressive quan-

tum evidential combination rule is defined at the probability-amplitude level
as follows.
Definition 36 (Generalized progressive quantum evidential com-
bination rule). Let {Qu, ..., Qn,} be a set of independent GQBPAs on
QFOD . For each ¢; € 2*, the unnormalized fused generalized quantum
probability amplitude is defined as

( k
Z HQMh(Q/};};)a 0 7£ 'Lbj - (I),
@@(¢ ) B NYp=1pj h=1 (69>
G\YJ1) — i
11w, ), ;= 0.
\ h=1

The normalization coefficient is defined as

w=Y |Q&w.)

P, €22

2

(70)
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Accordingly, \/7¢ serves as the amplitude-normalization factor.
For any 1; € 2% the generalized progressive quantum evidential combi-

nation rule (GPQECR) is then defined by

Q&)
\/7_G y e > 07
D\ —
QG(¢3) 17 VG = 07 w] = (ba (71>
0, Y = 07 ¢j 7é 0.

\
The case v = 0 represents a boundary case in which all retained unnor-
malized fused probability amplitudes vanish. In this case, the fused GQBPA

is assigned entirely to the empty proposition.

Theorem 1 (Validity and algebraic properties of GPQECR). The
GPQECR is closed and commutative. Moreover, whenever the required in-

termediate normalization coefficients are positive, it is associative. Its output

QY is a valid GQBPA satisfying

3 QEw)F =1. (72)

Y €2®
Proof. Commutativity follows because both set intersection and multiplica-
tion of complex amplitudes are invariant under permutations of the input
evidence sources. For associativity, the unnormalized amplitude-level con-
junctive fusion is associative. Any intermediate positive normalization only
multiplies all retained amplitudes by a common positive scalar, which is
canceled by the final normalization; hence the final normalized GQBPA is
independent of the parenthesization. If v > 0, division by /g gives unit
squared norm by construction. If 74 = 0, GPQECR assigns unit ampli-
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tude to the empty proposition and zero amplitude to all nonempty propo-
sitions, which also has unit squared norm. Therefore the output is a valid

GQBPA. O

For the empty proposition, Eq. (71) gives

[T Qui, (9)
==, 76 >0,
Qa(0) = Ve (73)

17 Yo = 0.

For v > 0, a nonzero unknown-information component is retained in the

fused GQBPA if and only if
Qi (0) # 0, 1<h<k. (74)

In the boundary case 75 = 0, the fused GQBPA is assigned entirely to the
empty proposition.

When all input GQBPAs satisfy
Qu,(0) =0, 1<h<k, (75)

and v > 0, the unknown-information component vanishes and the gener-
alized open-world formulation reduces to its closed-world counterpart. Ac-
cordingly,
Qa(v) =Q%(Wy),  D#v; C, (76)
with
Q¥ () =o. (77)
Definition 37 (Generalized quantum evidential combination rule).

Let QS be the fused GQBPA obtained by GPQECR. For any v; € 2%, the
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generalized quantum evidential combination rule (GQECR) is defined by
2
GQECR(y;) = M&(¢¥y) = |Q5(¥y)|", vy €27, (78)

where M{ denotes the GQBPD induced by the fused GQBPA Q¢.

For ~¢ > 0, according to Eq. (71), GQECR can equivalently be expressed

as
~ 2
Q& (1))
GQECR(Y;) = ‘?— ve®, (79)
G
For the boundary case 7 = 0, Eq. (71) gives
1, ; =10,
GQECR(4);) = vs (80)
07 wj 7& (D

GQECR satisfies the following properties:

e Commutativity: The fused GQBPD is invariant under any permu-

tation of the input generalized quantum evidence sources.

e Non-negativity and boundedness: For any ¢; € 2%,

0 < GQECR(¢;) < 1. (81)
e Normalization: The fused GQBPD satisfies

Y~ GQECR(y)) = L. (82)

Pje2®

Therefore, the output of GQECR remains a valid GQBPD.

For the interference analysis, the accumulated phase associated with fu-

sion path p is defined as
k
Op = > On(y). (83)
h=1
where Qh(wg) denotes the phase of Qu, (w;;).
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Definition 38 (Interference effect in GQECR). Let {Qu,- .., Qi }
be a set of independent GQBPAs on QFOD ®. For a nonempty output
proposition () # 1), C ®, the interference effect in GQECR is defined as

Intgqecr (V) = 2 Z Z H |Q]M;L(¢Z)| H ‘Qth (w(};)’ cos (6, — 0,)

ﬁ¢p=wz qu:wz h=1
Yp=<tq

=2 Z Z ﬁ\/Mh<¢g)ﬁ\/Mh(¢g> cos(0p, — 0y),

NYp=1pz MPg=1p h=1
Yp=<1hq

(84)
where < denotes an arbitrary fixed ordering such that each unordered pair

of distinct fusion paths is counted exactly once.

Thus, Intgqrer(¥:) is the aggregate inter-path interference contribution
for ¥,: the signed sum of the pairwise interference terms over distinct fusion-
path pairs leading to that output proposition. Its vanishing means that these
terms cancel in aggregate.

Since

—1 <cos(d, —0,) <1, (85)

the interference effect may be constructive, destructive, or zero, depending
on the relative phases of the corresponding fusion paths.

For a nonempty output proposition 1,, expanding the squared modulus
of the coherently superposed fusion-path amplitudes gives

2

k
— Z H |Q]Mh(¢g)‘2 + Intaqecr (Vs)

m¢p:ww h=1

= > [ Ma()) + Integror (). (86)

Npp=1po h=1

05(w)
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Eq. (86) shows that the fused evidential support consists of two compo-
nents: the accumulated non-interference contributions of individual fusion
paths and the interference contribution among distinct fusion paths leading
to the same proposition.

For the empty proposition, only the all-empty fusion path is retained in

GPQECR. Therefore,

Q2] = T 10w, 0)F = ] M), (57)

Accordingly, the normalization coefficient can be expressed as

o= > | Y TTlQu @) +Mteqeer(®n) |+ [ 1Qu, 0

O£y C® | Np=ty h=1

= Z Z H My, (¢;) + Intaqecr (¥y) + H My, (0). (89)

D0 CO | Ny=tp h=1

For 7o > 0, substituting the unnormalized fused amplitudes in Eq. (69)
into Eq. (79) gives, for 0§ # ¢; C @,

GQECR(v;) = ——| > HQMh wh . (90)

Mpp=1p; h=1

For the empty proposition,

GQECR(0) = (91)

HQMh 0)
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Using Egs. (86) and (88), Eq. (90) can be further expressed as

Z H My (¢7) + Intaqrer (¢¥5)

Mp=1b; h=1

Z Z H My, (¢)) + Intaorer (¥y) H My, (0)

D£PuCO [ Mpp=1hy h=1

GQECR(¢;) =

(92)
Similarly, using Eqgs. (87) and (88), Eq. (91) can be expressed as,
k
H M (0)
GQECR(0) — =
k
Z Z H Mp(¥y) + Intgorer (¥0) | + H M, (0
O£, CP | Nbp=thy h=1 h=1
(93)

When the aggregate inter-path interference contribution is zero for every

nonempty output proposition,

Intgqecr(¢:) =0, 0 # ), CO, (94)

and the input GQBPDs satisfy

Mh =mgeg,, 1 S h S ]{Z, (95)
define
k
Uy = | vl (96)
h=1
The conditions
M, =0, U, # 0 (97)
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identify conflicting fusion paths while excluding the all-empty path. Accord-
ingly, the conflict coefficient in mGCR is given by

k
Eg =YY" T[me.@h. (98)
Mepp=0 h=1
Uthp#D

Under these conditions, Eq. (88) reduces to
Yo =1-Kg. (99)

For K < 1, equivalently 7o > 0, Egs. (92) and (93) reduce to

Z H may, (w]}yl)

MWp=1; h=1

G

0#¢; @, (100)

and
k

me,, ((Z))

GQECR(0) = %
G

Therefore, when the input GQBPDs coincide with the GBPAs and the

(101)

aggregate inter-path interference contribution vanishes for every nonempty
output proposition, GQECR reduces to mGCR for K& < 1.
For the boundary case

K& =1, (102)

Eq. (99) gives 7¢ = 0. According to Eq. (80),

1

GQECR(§) =1,  GQECR(y;) =0, v, #0, (103)

which agrees with the boundary treatment of mGCR [12].
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Theorem 2 (Closed-world specialization of generalized quantum
fusion). If every input GQBPA satisfies Qu, () = 0 and the generalized
normalization coefficient satisfies v > 0, then GPQECR reduces to PQECR
and GQECR reduces to QECR on every nonempty proposition, with zero

fused mass assigned to the empty proposition.

Proof. Under Quy, (@) = 0, every fusion path containing an empty input has
zero amplitude, including the all-empty path. Hence the retained unnor-
malized amplitudes and their normalization coefficient coincide with those
of the closed-world construction. Normalizing by the same positive coeffi-
cient yields the PQECR amplitudes, and taking squared moduli yields the
QECR probabilities. The empty-proposition amplitude and probability are

Zero. O]

Theorem 3 (Classical compatibility of quantum evidential fusion).
Suppose the input GQBPDs satisty M;, = mg, and, for every nonempty
output proposition 1., the aggregate inter-path interference contribution is

Zero:

Then GQECR reduces to mGCR. Under the additional closed-world condi-
tion mg, (0) = 0 for all h, the corresponding closed-world QECR, reduces to
Dempster’s rule of combination for K < 1. For K = 1, GQECR follows
the open-world boundary assignment to the empty proposition; for K = 1,

QECR is undefined, consistently with Dempster’s rule under total conflict.

Proof. With zero aggregate inter-path interference contribution for every

nonempty output proposition, the squared coherent sums reduce to sums of
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path probabilities. Equation (88) then gives 7¢ = 1— K, and Egs. (100) and
(101) are exactly mGCR. Imposing the closed-world condition removes the
all-empty mass and reduces the generalized conflict to the classical conflict
coefficient K, so the nonempty fused masses become Dempster’s normalized
conjunctive rule. At K2 = 1, the GQET boundary rule assigns the fused
mass to the empty proposition; at K = 1, the closed-world normalization
coefficient vanishes, so QECR is undefined in the same sense as Dempster’s

rule. ]

GQECR has the following characteristics:

e Open-world uncertainty representation: GQECR allows the
empty proposition to carry nonzero fused probability, thereby retain-

ing unknown information in open-world environments.
For v > 0,

GQECR(0) >0 (105)
if and only if

Qu, (0) # 0, 1<h<k. (106)

e Interference sensitivity: For each nonempty output proposition,
GQECR explicitly captures inter-path interference effects through
Inteqrer(v), which may be constructive or destructive. Hence, the
fused GQBPD depends not only on the magnitudes of the input
GQBPAs but also on their relative phases.

e Reduction to QECR: When
Qu, () =0, 1<h<E, (107)
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and g > 0, the unknown-information component vanishes,
GQECR(0) = 0, (108)
and GQECR reduces to its closed-world counterpart, QECR.

Compatibility with mGCR: When the input GQBPDs satisty M, =
mg, and the aggregate inter-path interference contribution vanishes for
every nonempty output proposition, GQECR reduces to mGCR, [12].
For the boundary case K@ = 1, the fused GQBPD is assigned entirely
to the empty proposition.

Compatibility with Dempster’s rule: When the closed-world
condition holds, the input QBPDs coincide with classical BPAs, and
the aggregate inter-path interference contribution vanishes for every
nonempty output proposition, GQECR further reduces to Dempster’s

rule of combination for non-total-conflict cases.

Thus, GPQECR preserves the complex-valued fused GQBPA for subse-

quent progressive fusion, whereas GQECR provides the corresponding real-

valued fused GQBPD.

Definition 39 (Generalized quantum evidential conflict coefficient).

Let {Qnt,---,Qmn, } be a set of independent GQBPAs on QFOD ®. The

generalized quantum evidential conflict coefficient (GQECC), denoted by K¢,

is defined as

2

k
KEé=|> [[Qu.@h] . (109)
Mp=0 h=1
Ul
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Definition 40 (Interference effect in GQECC). The interference effect

among distinct conflicting fusion paths in GQECC is defined as

Intqqrcc = 2 Z Z H‘Q]Mh (¥ ’H|Q]Mh | cos(6, — 6,)

NYp=0 Npg=0 h=1
Uthp 7D Uthg #D
hp=<1hq

=2 Z Z H\/Mh (k) H\/Mh (Yl) cos (0

Mpp=0 Npg=0 h=1
Uthp 70 Utpg #0
PYp=<tq

Expanding the squared modulus in Eq. (109) gives

k
Ke = Z H |Qu, (@D;L)‘Q + Intaqrcc

NYp=0 h=1
Uthp#0
Z H Mh —|— Int(;QECC
NYp=0 h=1
Uthp#0
When
Int(;QECC =0
and

Mh:mgh, 1§h§/{5,

Eq. (111) reduces to

which is consistent with the conflict coefficient in mGCR [12].

GQECC has the following characteristics:
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Interference sensitivity: GQECC captures inter-path interference
effects among conflicting fusion paths. Constructive interference in-
creases the resulting conflict measure, whereas destructive interference

decreases it.

Compatibility with the mGCR conflict coefficient: When the
input GQBPDs coincide with the GBPAs and the aggregate inter-path
interference contribution among conflicting paths, Intqqrcc, vanishes,

GQECC reduces to K in mGCR.

Reduction to QECC: When all input GQBPAs satisfy
Qui,, (0) =0, 1<h<k, (115)
GQECC reduces to its closed-world counterpart, QECC.

Compatibility with the classical conflict coefficient: Under the
closed-world condition, when the input QBPDs coincide with classical
BPAs and the aggregate inter-path interference contribution among
conflicting paths vanishes, GQECC further reduces to the classical con-

flict coefficient K in Dempster—Shafer evidence theory.

Unlike the classical conflict coefficient, GQECC is an interference-

sensitive conflict measure and is not generally restricted to the interval

3.1.5. Generalized quantum Pignistic transformations

When interference is taken into account in decision making, Pignistic

redistribution is first performed coherently among indistinguishable redis-

tribution paths leading to the same elementary event. The corresponding

34



singleton support is then obtained through the Born rule. Since distinct ele-
mentary events in the QFOD are mutually exclusive decision outcomes, their
resulting supports are combined additively at the probability level.
Definition 41 (Unnormalized generalized quantum interference
Pignistic support). Let Qp be a GQBPA on QFOD @, and let M be its
corresponding GQBPD with M(f)) < 1. For each elementary event ¢, € @,
define the coherently redistributed amplitude

Qui(vp) 1

AG = P . 116

! @7&%@ \/1 B M@) \/|¢p| ( )
bgE€EYp

The corresponding unnormalized singleton support is
BetGQIP(¢,) = |AS|%. (117)

For any proposition 1; C ®, the unnormalized generalized quantum interfer-
ence Pignistic support is extended additively as
BetGQIP(;) = Y BetGQIP(¢,). (118)
PgEY;j
with BetGQIP(0) = 0.

The construction in Eq. (116) preserves interference among indistinguish-
able redistribution paths leading to the same elementary event, whereas
Eq. (118) adds supports of mutually exclusive elementary outcomes only
after the Born-rule conversion. Thus, getGQIP can be used directly as an
unnormalized interference-modulated support when a probability distribu-
tion is not required. If M(()) = 1, all generalized quantum basic probability
is assigned to unknown information, and no Pignistic probability distribution

over the known elementary-event space ® is defined.
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Definition 42 (Interference effect in generalized quantum interfer-
ence Pignistic redistribution). For an elementary event ¢, € @, the in-

terference effect among redistribution paths leading to ¢, is defined as

_ 2 VM(h) /M(¥r) ~
Intpeiaqrr(¢y) = T M(0) @M;%C@, ORI cos(0s — 6;). (119)
Pg €1y
¢s<wt

Accordingly,

~ 1
BetGQIP(s,) = Y ’ﬁa) o iecar(e). (120)
@#wp@ P
PgEYp
Since the first terms in Eq. (120) sum to one over all elementary events, the

normalization coefficient satisfies
VBetGQIP = 1 + Z Intgetcqip (Pg)- (121)
bgcD

Definition 43 (Generalized quantum interference Pignistic proba-

bility for elementary events). Assume Ypergqre > 0, where
Yeacare = Y BetGQIP(¢,) = BetGQIP(®). (122)
pge®

For each ¢, € ®, the normalized generalized quantum interference Pignistic

probability is defined as

BetGQIP(6,) = BUCQUP (@) (123)
VBetGQIP
Consequently,
> BetGQIP(¢,) = 1. (124)
pgED
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The condition ygetaqrp > 0 is necessary for the normalized Pignistic prob-
ability to be well defined. If ypetaqrp = 0 while M(0) < 1, all coherently redis-
tributed amplitudes associated with the known elementary decision outcomes
vanish simultaneously. In this complete-cancellation boundary case, the un-
normalized generalized quantum interference Pignistic support remains well

defined, but no normalized Bet GQIP probability distribution on ® is defined.

Definition 44 (Generalized quantum interference Pignistic prob-
ability for propositions). For any proposition ¢; C &, the generalized
quantum interference Pignistic probability is the additive extension of the

normalized singleton probabilities:

_ BetGQIP(1)

B IP(y);) = B IP(¢,) = 2 \7i)
etGQIP(¢);) %;pj etGQIP(¢,) - (125)
Hence,
BetGQIP(() = 0, BetGQIP(®) = 1. (126)

If the aggregate redistribution-interference contribution vanishes,
Intgetcqrr (¢g4) = 0, Vo, €D, (127)
then Eq. (120) yields
BetGQIP(¢,) = BetGQP(¢,). (128)
Consequently,
YBetGQIP = 1, BetGQIP(¢;) = BetGQP(v;), v, C . (129)

Theorem 4 (Validity and classical consistency of the general-

ized quantum interference Pignistic probability). If M(0) < 1
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and ypetcqip > 0, then BetGQIP is a probability measure on the finite
elementary-event space ®. In particular, it is nonnegative, normalized, and
finitely additive. Moreover, when the aggregate redistribution-interference

contribution vanishes for every elementary event, it reduces to BetGQP.

Proof. By construction, ﬁetGQIP(%) = |AZ|* > 0. Division by the pos-
itive factor ygetaqrp preserves nonnegativity and gives unit total probabil-
ity over ®. For disjoint A, B C &, the singleton expansions are disjoint,
so BetGQIP(A U B) = BetGQIP(A) + BetGQIP(B). When the aggregate
redistribution-interference contribution vanishes for every elementary event,
Eq. (120) becomes the ordinary generalized Pignistic redistribution of the
normalized known-world probability mass; hence ygetaqrp = 1 and the result

reduces to BetGQP. O

When the aggregate redistribution-interference contribution vanishes for
each elementary event, the corresponding generalized quantum Pignistic
probability transformation redistributes the generalized quantum basic

probability over elementary events for probabilistic decision making.

Definition 45 (Generalized quantum Pignistic probability transfor-
mation). Let Qp be a GQBPA on QFOD @, and let M be its corresponding
GQBPD satisfying M(#) < 1. For a quantum proposition ¢; € 2%, its
generalized quantum Pignistic probability function, denoted by BetGQP, is
defined as

D#1p, CP L= |Q1M(@)|2 Wp‘ ’

where |1)| denotes the cardinality of proposition . The transformation from

38



Qmn to BetGQP is called the generalized quantum Pignistic probability trans-

formation.

Since |Qu(¥,)]* = M(¢,), Eq. (130) can be expressed as

( p) Wp N 7/JJ|
BetGQP(¢;) = . (131)
A TN
For an elementary event ¢, € ®, Eq. (130) reduces to
Qu(p)* 1
BetGQP(¢4) = . . 132
OO = D T @F T 12
$gE€EYp
Equivalently,
M(yp) 1
BetGQP(¢,) = . . (133)
, ;% M) 16

Accordingly, the generalized quantum Pignistic probabilities over all ele-
mentary events satisfy
D BetGQP(¢,) = 1. (134)
Pge®
3.2. A quantum representation of GQET in Hilbert space
3.2.1. Quantum state representation of a GQBPA
Definition 46 (Basis event in GQET). Given the QFOD ¢ =
{b1,...,0n}, where each elementary event ¢, is associated with the
orthonormal basis state |@,), let g = ) denote the unknown-information
basis event outside the current QFOD. The set of basis events in GQET is
defined as

B ={eo,e1,...,€n}, eo =0, Cw = Ou, 1< w<n. (135)

39



Thus, e, (1 < w < n) is the basis event associated with the QFOD event

®w, Wwhereas eq represents unknown information outside ®.

Remark 2 . The notation ey = () identifies the generalized empty proposition
with its corresponding basis-event label at the proposition level. It does not
identify the set-theoretic empty set itself with a Hilbert-space vector. The
vector |eg) is the orthonormal basis state associated with the generalized

empty proposition and represents unknown information outside the current
QFOD.

Definition 47 (Standard basis vector representation of a basis
event in GQET). Let Hg be the (n + 1)-dimensional complex Hilbert

space spanned by the orthonormal basis

{leo),le), -+ len)} - (136)

Here, |eg) represents the unknown-information basis event outside the QFOD,
whereas |e,) (1 < w < n) represents the basis event e,, within the QFOD.
For each e, € B (0 < w < n), the corresponding standard basis vector

lew) € C™* s defined as

lew) = [0y M) (137)
where
1, l=w,
m = 0<Il<n. (138)
0, [#w,

The standard basis vectors associated with different basis events are or-

thonormal, satisfying
(ewlew) =1, (ewles) =0 (w # s), 0<w,s<n. (139)
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Definition 48 (State vector representation of a quantum proposition
in GQET). Let ¢; € 2% be a quantum proposition. The state vector [t;)

corresponding to v; is defined as

’60>7 wj = (Da
;) = - (140)
! ST Nlew), 0#£v;C0,
w:¢wewj
where M = aJ, + b7 i is a complex coefficient satisfying
SO =1, 0 #; C . (141)

w: ¢w€?r/1j

Thus, |¢;) is a unit vector representing a pure quantum state. According to
Eq. (140), the empty proposition is represented by |eg), whereas a composite
quantum proposition in GQET is represented as a linear superposition of
the standard basis vectors corresponding to its constituent basis events. For
notational simplicity, the dependence of [¢;) on the coefficient allocation
N = {M} is left implicit throughout the paper. We use A = {\ } to
collectively denote an admissible set of internal coefficient allocations for all

nonempty quantum propositions.

Remark 3 . The superposition representation of a composite quantum
proposition preserves its internal state structure through the coefficients A ,
thereby enabling the evolution and redistribution of the amplitudes associ-
ated with its constituent basis events to be characterized under quantum

operations.

Definition 49 (Density operator representation of a quantum

proposition in GQET). Let |¢;) be a state vector corresponding to its
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quantum proposition 1; (¢; € 2%) on QFOD. Its density operator is defined
as:
pj = |y) (. (142)
The dependence of p; on the internal coefficient allocation N is also left
implicit for notational simplicity.
On this basis, a GQBPA function is expressed as a linear combination of

projection operators as follows.

Definition 50 (Linear operator representation of a GQBPA func-
tion). Let Qp be a GQBPA function with Qu(v;) on QFOD @. The linear
operator corresponding to a GQBPA function is defined as:
Pow = > Qulw)ly) (Wil = > Quivy)ps, (143)

p;e2® ;€22
where pq,, is a linear combination of projection operators and is generally not
a density operator, as it is not necessarily Hermitian, positive semidefinite,
or of unit trace.
Definition 51 (Density operator induced by a GQBPA). The density
operator induced by a GQBPA through its corresponding GQBPD is defined
as:

PN = D 1Qui(y)p;

;€2

= > 1Quelw) 1) (W1 (144)

;€22
where | - |2 is the modulus squared function.

Remark 4 . The induced density operator is constructed from the squared

moduli of the GQBPA coefficients. It therefore represents the GQBPD in-
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duced by the GQBPA and does not retain the phases of the original proba-
bility amplitudes. The complex amplitude and phase information is retained

in the linear-operator representation pgq,, .
From Eq. (144), it follows directly that
Paw(A) = 0, (145)
and
Tr(Don(A) = D [Quawy) P Tr(w) ()

¥ e2®

=) lQuw)lP =1

;2
Therefore, for each fixed admissible allocation A, pg, (A) is a positive-
semidefinite density operator with unit trace.
For a fixed admissible allocation A, let I, be the eigenvalues of P (A).
It follows that:
E, >0, Y E, =1

Since |Qu|* = ¢* = M, the density operator of a GQBPD can be ex-

pressed as follows.

Definition 52 (Density operator representation of a GQBPD). For
a fixed admissible internal coefficient allocation A, the density operator cor-

responding to a GQBPD is defined as:

paa(X) = Y M) (W] = D M(ehy)p;. (146)

ijQ@ ijQCP

Here, the dependence of [1;) and p; on A is understood implicitly.
By construction,
Pr(A) = Pau (A)- (147)
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3.2.2. Measurement operator for basis event in GQET
Definition 53 (Measurement operator for basis event in GQET).

For each basis event e,, € B, the corresponding measurement operator in

GQET is defined as

M, = lew){ew], 0<w <n, (148)
satisfying
> MI M., =1, (149)
w=0

where le is the Hermitian conjugate or adjoint of the M., matrix, e.g.,

Mf = (M )" and I denotes the identity matrix.

3.2.3. Basis event measurement function in GQET

Definition 54 (Basis event measurement function in GQET). Let
pum(A) be the density operator corresponding to a GQBPD M on QFOD @
under a fixed admissible allocation A, and let {M,, = |ey){€w], 0 < w < n}
be the corresponding measurement operators. The probability of observing

the basis event e, is defined as
Pr(e,) = Tr (M! M., pu(})), 0<w<n. (150)

Here, Tr(-) denotes the matrix trace. For notational simplicity, the notation

Pr(e,) is retained, with a fixed admissible allocation A understood.

3.2.4. GQBP measurement function

Definition 55 (GQBP measurement function). Let py(A) be the den-
sity operator corresponding to a GQBPD M on QFOD & under a fixed ad-
missible allocation A, and let {M., = |ey){ew|, 0 < w < n} be the cor-

responding measurement operators. The measurement-induced generalized
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quantum support, denoted by M (1);), is defined as

Z Tr (leMewPM(A)) . Uy #0,
Mry(ihj) = 4 7" (151)

Tr (M, Me, pn(V)) vy = 0.

Here, M (¢);) is the generalized quantum support induced by the trace-
based Hilbert-space measurement. For notational simplicity, its dependence
on the fixed admissible allocation A is left implicit. In general, it need not co-

incide elementwise with the original GQBPD M(v),) used to construct py(A).

3.2.5. Belief and plausibility measurement functions in GQET

Proposition 1 (Hilbert-space realization of GQBel and GQPI). Let A
be the set of admissible internal state-vector allocations A = {\I } satisfying
> wsuew, | Nw|? = 1for each nonempty quantum proposition ¢,. The internal
allocations associated with different nonempty propositions are independent
variables; equivalently, A is the Cartesian product of the proposition-wise
admissible allocation sets. Let py(A) be the density operator in Eq. (146),
with basis events e, € B = {eg,e1,...,e,} and measurement operators

M., = |ew){€w|- Then

min Tr(MI, M, pom(A)), o5 # 0,

GQBel(y;) = 4 w G (152)
M(0), P =10,
, max Tr(M!, M., pm(N)), w5 # 0,

GQPI(;) = W: puy €Y (153)
M(®)v ¢j = @
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Thus, the min—max quantum measurement construction exactly realizes the
generalized quantum belief and plausibility functions defined in Eqs. (59)
and (60).

Proof. Because the allocation variables associated with different focal propo-
sitions are independently constrained, the global minimum and maximum
decompose into the corresponding proposition-wise extrema. For a nonempty
focal proposition 1), its contribution to the measured support of a nonempty
target 1); is

M) D A (154)

w:¢w6¢7'm¢j
If ¢, C 9;, this contribution equals M(t),) for every admissible allocation.

Otherwise, its minimum is zero by assigning the internal weight to a con-
stituent event outside ;. Therefore the minimum over A sums exactly the
masses of nonempty propositions contained in ;, which is GQBel(¢;). For
the maximum, every 1), intersecting v); can place all of its internal weight on
the intersection and contributes M(1),.), whereas a disjoint proposition con-
tributes zero. Hence the maximum is GQPI(¢;). For ¢; = (), measurement of
the orthogonal basis state |eg) gives M((), yielding GQBel()) = GQP1(D) =
M(0). 0

3.2.6. Generalized progressive quantum evidential combination rule in Hilbert
space

Definition 56 (Linear operator representation of progressively fused

generalized quantum evidence in GQET). Let Q% be the GQBPA ob-

tained by GPQECR. The linear operator corresponding to the progressively
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fused GQBPA is defined as
oz = Y QG Wl = Y Q&W)p;. (155)
1[1]‘62‘1’ deGQ‘i)

According to the definition of GPQECR, provided that ~vg > 0,

_—
Qa(v;) = % Py € 2%, (156)

where @% and ¢ are defined in Egs. (69) and (70), respectively. Therefore,

~ 1 ~
Pz = ﬁwz Q&)1 (157)

In general, ﬁQ% is a linear operator representation of the progressively
fused GQBPA rather than a density operator, since the complex probability
amplitudes do not necessarily yield a Hermitian, positive-semidefinite oper-

ator with unit trace.

Definition 57 (Density operator of progressively fused generalized

quantum evidence in GQET). Let

ME&(v;) = [QE(W))] ;€ 2%, (158)

}2

be the GQBPD induced by the progressively fused GQBPA. For each fixed

admissible allocation A, the corresponding density operator is defined as
Pz(N) = > MEW)I) (sl = > ME(W;)p;. (159)
ijQCI) 1/1]'62‘1’

Since GPQECR satisfies

3 QW) =1, (160)

pje2®
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the induced GQBPD satisfies

MG() =0, > M) = 1. (161)
Q,IJJ'EQ(I’
Therefore,
PogN =0, Tr (fggV) = 1. (162)

Unlike the closed-world case in QET, GPQECR permits the empty propo-
sition to retain a nonzero generalized quantum basic probability amplitude

in an open-world setting. Specifically, for vo > 0,

Qz(0) #0 (163)

if and only if
Qu, () #0,  1<h<k (164)

Accordingly,
ME®) = |QE(D)|” > o, (165)

which represents unknown information retained after progressive fusion. For
the boundary case 7¢ = 0, the fused GQBPA is assigned entirely to the
empty proposition by definition.

When all input GQBPAs satisfy

Qu,(?) =0, 1<h<k, (166)

and v > 0, the unknown-information component vanishes and the open-

world formulation reduces to the closed-world formulation. Consequently,

Qc(v) = Q¥(y), ¥ €@ (167)

48



4. Quantum evidence theory for a closed world

The previous section introduces GQET for an open-world setting. QET is
obtained as the closed-world specialization of GQET by imposing Qu(0) = 0.

The main concepts and formulations of QET are presented in this section.

4.1. QET: Quantum evidence theory

4.1.1. Basic concepts of the quantum basic probability amplitude function
Definition 58 (Quantum basic probability amplitude function). A
quantum basic probability amplitude (QBPA) function Qp in QFOD @,

also referred to as a quantum mass function (QMF), is defined as a mapping;:
Qu :2* — C, (168)
satisfying

Qm(0) =0,
Qui(thy) = (1)) 4y C O,
> Q)P =1, (169)

W CP
in which i = \/=1; ¢(¢);) € [0,1] represents the modulus of Qu(v;); (1))
denotes a phase term of Qui(¢;); Qui(7;) denote a quantum basic probability
amplitude for ¢;; and |Qn(¢;)[* denotes the modulus squared of Qu(1;).

When ¢(1);) = 0, the phase 6(v);) is immaterial and may be chosen arbitrarily.

The Qn(v;), which is the generalization of basic probability assignment
in DSET, is called a quantum basic probability amplitude, and can be rep-

resented in Cartesian form as:

Q]M(@D]) =Xy + yﬂ, IE? + 'yj2 c [0, 1],

49



or alternatively, using polar form:

Qui (1) = @(1h;) (cos B(1p;) + isin6(v;)).

Its modulus is expressed as:

[Qui(W)| = () = /o2 + 43

Definition 59 (Quantum focal element in QET). Let Qn be a QBPA
function. For any v¢; C @, if |Qm ()| = ¢(¢;) > 0, then 9; is called a

quantum focal element in QET.

Definition 60 (Bayesian QBPA function). A QBPA function Qp; is
called Bayesian if all of its quantum focal elements are singletons; equiv-

alently,

Wil >1 = |Quy)* =0, ¥ Ce. (170)
Definition 61 (Vacuous QBPA function). In QET, when |Qun(®)> = 1,
Qv is called a vacuous QBPA function.

Since Qu () = 0, all quantum basic probability is assigned to nonempty

propositions, corresponding to the closed-world setting of QET.

4.1.2. Basic concepts of the quantum basic probability distribution
Definition 62 (Quantum basic probability distribution). The quan-
tum basic probability distribution (QBPD) of Qpy, is defined as:

M : 2% — [0, 1], (171)
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and satisfies:
M(D) = 0,
M(h) = [Qui(vy)?,  ¥; C @,
> M(yy) =1,

P; CP

where
[Qua()* = Qui(vy)Quu(¥) = ¢*(v5) = 25 + 45, (172)
and * denotes complex conjugation.

Definition 63 (Bayesian QBPD). A QBPD M is called Bayesian if all of

its focal propositions are singletons; equivalently,
;1 >1 = M(¢;) =0, 1, €@ (173)

For an elementary event ¢, € ®, M(¢,) is called a Bayesian QBP. In this

case, M is an ordinary probability distribution over the elementary events in

o.
Definition 64 (Vacuous QBPD). In QET, when M(®) = 1, M is called a
vacuous QBPD.
Definition 65 (Quantum basic probability). In QET, M(v,) (y; C @)
is called quantum basic probability (QBP), which represents the degree of
belief or support for ;.

The QET inherits the merits of DSET and has the following attractive

characteristics:

o The QBPA Qy takes values in the complex domain, with nonnegative
real-valued amplitudes included as a special case, whereas a classical

BPA m in DSET is restricted to nonnegative real values.
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e In contrast to DSET, Vi; C @, the value of |Qu(¢);)|* or ¢*(¢;) rep-

resents the degree of belief or support for ;.

e When M = m, the QBPD M of QET is in accordance with the classical
BPA m in DSET.

By comparing QET with GQET, the following relationships can be ob-

tained:

e QET imposes the closed-world condition

Qu(0) =0, (174)
whereas GQET permits

Qum(0) #0 (175)
to represent unknown information outside the current QFOD. In this
open-world interpretation, the empty proposition acts as a representa-

tion of information not covered by the current QFOD rather than as

the literal empty set of the closed-world formulation.

e When
Qu(0) =0, (176)
the open-world uncertainty component vanishes. The GQBPA and

GQBPD formulations then reduce to the corresponding QBPA and
QBPD formulations of QET.

4.1.3. Quantum belief and plausibility functions
Taking into account application scenarios involving interference, the un-
normalized quantum interference belief and plausibility measures in QET are

first defined as follows.
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Definition 66 (Unnormalized quantum interference belief measure
in QET). Let Qp be a QBPA function on QFOD &. The unnormalized

quantum interference belief measure, denoted by QIBel, is defined by

2

QIBel(y);) = max > Quwy)| . ¥ CO. (177)
Ces} =y

AC{pp CO:07)y

For ¢; C @, let

A@IBQI € arg max Z Q)| (178)

AC{1hp CO:0#Yp T} PpEA

where Agp, denotes a subfamily of propositions achieving the maximal
squared modulus in Eq. (177). If the maximizer is not unique, one maxi-
mizing subfamily is selected according to a fixed deterministic tie-breaking
rule and is used consistently in the subsequent interference decomposition.
Expanding the squared modulus in Eq. (177) and using |Qn(¢)|> = M(2))

gives

QIBel(y;) = > M(wy)

YsEAGIBal

20 > VME@)VM() cos(ds — ), (179)

Ys€AGIBa Yt EAGIBA
s <t

where < denotes an arbitrary fixed ordering of the relevant propositions and
—1 < cos(f; — 6;) < 1.
By the Cauchy—Schwarz inequality and the normalization condition of
the QBPA,
0 < QIBel(y;) <2l —1, ¢, C@. (180)
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Definition 67 (Interference effect in the unnormalized quantum
interference belief measure). Let Ag, be a subfamily achieving the
maximal squared modulus in QIBel(wj). The interference effect in QIBel is

defined as

Mgpa(®) =2 > > 1Qu(s)] [Qui(vr)| cos(ds — 6;)

Vs EAG el VtEAG B
ws <'¢)t

=2 > > VM) VM) cos(b, — 6;).  (181)
¥s€AQiBal Yt EAQIBa
Ps=<tt

Definition 68 (Unnormalized quantum interference Plausibility
measure in QET). Let Qp be a QBPA function on QFOD &. The
unnormalized quantum interference Plausibility measure, denoted by @IPI,

is defined by

2

QIPly;) =, max wZEAQ]M(wp) . % C O (182)

For ¢; C @, let

Agp €  argmax > Quilty)| (183)
AC{epC@pn; A0} | ")

where Agp, denotes a subfamily of propositions achieving the maximal
squared modulus in Eq. (182). If the maximizer is not unique, one maximiz-
ing subfamily is selected according to a fixed deterministic tie-breaking rule

and is used consistently in the subsequent interference decomposition.
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Expanding the squared modulus in Eq. (182) gives

QIPI(w;) = Y M)

Yu€lgrp

+2 ) > VM@ VM) cos(0, — 6,),  (184)

YuC€hgrp) YoCAgrp
Yu <Yy

where < denotes an arbitrary fixed ordering of the relevant propositions and
-1 <cos(f, —6,) <1
By the Cauchy—-Schwarz inequality and the normalization condition of
the QBPA,
0 < QIPI(y;) < 2®l —2l*l-lwil - . C &, (185)

Definition 69 (Interference effect in the unnormalized quantum in-
terference Plausibility measure). Let A@Pl be a subfamily achieving the
maximal squared modulus in QIPl(wj). The interference effect in QIPI is

defined as

e () =2 Y > [Qui(t)]|Qui(th)] cos(By — 6,)

wueAQIPl (2 eAQIPl
PYu =<y

quAQIPl TZ’UEAQIPl
Yo =<y

The unnormalized quantum interference belief and plausibility measures,
QIBel and QIPI, explicitly preserve constructive and destructive interference
among quantum propositions and may exceed the conventional probabil-
ity range [0,1]. To obtain range-normalized interference-aware belief and
plausibility support functions, a common full-frame normalization factor is

introduced.

95



For the whole QFOD @, the admissible proposition families involved in
QIBel(®) and QIP1(®) coincide. Therefore,

QIBel(®) = QIP1(®). (187)

Accordingly, the common normalization factor is defined by the total

unnormalized support of the whole QFOD:
T = QIP1(®) = QIBel(®). (188)

Since a valid QBPA contains at least one nonzero amplitude and the maxi-

mization admits singleton subfamilies, I'qr > 0.

Definition 70 (Quantum interference belief function in QET). Let
QIBel be the corresponding unnormalized quantum interference belief mea-

sure. The quantum interference belief function QIBel, mapping from 2% to

0, 1], is defined by

QIBel(yy) = HBAW) g (189)

Car
Definition 71 (Quantum interference Plausibility function in QET).
Let QIPI be the corresponding unnormalized quantum interference Plausibil-
ity measure. The quantum interference Plausibility function QIPl, mapping

from 2% to [0, 1], is defined by

QIP1(v;) = M, Y; C P, (190)
Lar

For any ¢; C ®, the admissible proposition family involved in QIBel(wj)
is a subfamily of that involved in QIPl(wj). Hence,

0 < QIBel(y);) < QIPI(1;) < QIPL(D). (191)
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According to Eq. (188),
0 < QIBel(yy) < QIPI(y) <1, 1 C . (192)

Thus, QIBel and QIPl provide range-normalized lower and upper

interference-aware evidential support under interference. In particular,
QIBel(®) = QIP1(®) = 1. (193)

Remark 5 . Under nonzero interference, QIBel and QIPI are interference-
aware evidential support functionals and are not required to satisfy the clas-
sical Dempster—Shafer complement duality. Their classical belief-plausibility
semantics are recovered in the incoherent limit, where they reduce to QBel

and QPI, respectively.

For the incoherent case, the corresponding quantum belief and plausibility

functions in QET are defined as follows.

Definition 72 (Quantum belief function in QET). Let Qp be a QBPA
function on QFOD ®. The quantum belief function QBel, mapping from 2%
to [0, 1], is defined by

QBel(v;) = > [Qu(¥y)[*, v C @ (194)
Yp S
According to Definition 62, Eq. (194) can equivalently be expressed as
QBel(v;) = Y M(sy), 4, C . (195)
¢pg¢j

Definition 73 (Quantum Plausibility function in QET). Let Qu be
a QBPA function on QFOD ®. The quantum Plausibility function QPI,
mapping from 2% to [0, 1], is defined by

QPI() = > Qu)P, & c@ (196)
wpmwﬁéw
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According to Definition 62, Eq. (196) can equivalently be expressed as
QPI(Y;) = >, M%), ¢ Ce (197)
Ypp;#0D
Property 1 (Conjugacy of QBel and QP1). For any quantum proposi-
tion 1; C @,
QPI(t;) = 1 — QBel(® \ 1), (198)
Thus, QBel and QPI form a conjugate pair of lower and upper probabilities

in the incoherent setting.

Proof. Since M(0)) = 0 and > y,ca M(¥y) = 1, the propositions that do not

intersect v; are exactly those contained in @ \ ¢;. Hence

QPI(w;) = Y M(¢,)

wpm/)j 7£@

=1- Z M(d’p)

PpCP\;

=1 — QBel(®\ 1;). (199)

For any quantum proposition ¢; C @, the conjugate pair

Zo(t;) = [QBel(v;), QPI(¢;)] (200)

defines its belief-plausibility interval. The width of this interval is

Aq(v;) = QPI(¥;) — QBel(¥)
= > M(¥,)>0. (201)

Ypp;#0D
¥p ,«d-’/’j
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Thus, Ag(?;) quantifies the imprecision of the evidential support associated
with 1);: a narrower interval indicates more specifically committed support,
whereas a wider interval indicates a larger amount of unresolved support that
overlaps v; without being fully committed to it.

For QET, the incoherent reduction is likewise defined by replacing each
coherent squared modulus by the corresponding sum of squared moduli before
maximization. The corresponding maximization problems then reduce to

sums of nonnegative quantum basic probabilities. Consequently,

QIBel(;) = QBel(¢;),  QIPI(¢;) = QPI(y). (202)

In particular, for the whole QFOD &,
QIBel(®) = QIPI(®) = 1. (203)

According to Eq. (188), it follows that
T =1. (204)

Therefore, under this incoherent reduction,

QIBel(t;) = QIBel(v;) = QBel(y), (205)

and
QIP1(¢;) = QIP1(y;) = QPI(¢). (206)
Furthermore, under this incoherent reduction and when M = m, the

quantum belief and plausibility functions further reduce to their classical

counterparts in DSET:

QIBel(;) = QBel(v;) = Bel(¢;), (207)
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and
QIPL(¢;) = QPL(v;) = Pl(v;). (208)
The quantum belief and plausibility functions in QET have the following

properties:

o QBel(v;) and QPI(¢);) characterize the lower and upper probabilities

of proposition 1; in the incoherent case, respectively.

e Under the incoherent reduction, QIBel and QIPI reduce to QBel and
QP1, respectively.

e Under the incoherent reduction and when M = m, QBel and QPI

reduce to the classical Bel and Pl in DSET, respectively.

By comparing the belief and plausibility formulations in QET with their
generalized counterparts in GQET, the following relationships can be ob-

tained:
e In QET,
QBel(0) = QPL(0) = 0, (209)
whereas GQET permits

GQBel() = GQPI(B) = M(#) > 0. (210)

When M(()) > 0, this quantity represents support assigned to unknown

information outside the current QFOD.

e When Qp () = 0, the unnormalized generalized quantum interference

measures reduce to their closed-world counterparts:

GQIBel(y;) = QIBel(y;),  GQIPI(y;) = QIPI(y;).  (211)
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e Under the same closed-world condition, the normalized generalized
quantum interference belief and plausibility functions reduce to their

QET counterparts:
GQIBel(¢;) = QIBel(y;),  GQIPI(y;) = QIP1(¢;). (212)

e Under the incoherent reduction and when Qp()) = 0, the generalized

quantum belief and plausibility functions reduce to those in QET:
GQBel(¢;) = QBel(v;), GQPI(¢;) = QPI(¢;). (213)

4.1.4. Quantum evidential combination rules

In multisource quantum evidential fusion in a closed-world environment,
complex probability amplitudes are first combined at the amplitude level
before being converted into real-valued evidential support. Following Feyn-
man’s probability-amplitude rules, the amplitudes associated with different
evidence sources are multiplied within each fusion path, whereas the am-
plitudes of alternative fusion paths leading to the same proposition are co-
herently superposed. According to the Born rule, the corresponding fused
evidential support is then obtained from the squared modulus of the resulting
total amplitude.

Accordingly, PQECR is first defined at the probability-amplitude level
to obtain a fused QBPA. QECR is then defined at the corresponding QBPD
level.

Using the fusion-path notation introduced in the generalized formulation,

PQECR is defined at the probability-amplitude level as follows.
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Definition 74 (Progressive quantum evidential combination rule).
Let {Qny; - - -, Qi } be a set of independent QBPAs on QFOD &. For each
¥; € 2%, the retained unnormalized fused quantum probability amplitude is

defined as

k
_ Z HQMh(¢;L), @#%QCD,
Q% (th;) = M= b=l (214)
0, ;= 0.
The normalization coefficient is defined as
2

y= > ‘Q@(%)

D#y, CP

(215)

Accordingly, /7 serves as the amplitude-normalization factor.
Provided that v > 0, the progressive quantum evidential combination

rule (PQECR) is defined by

.
%, 0+, Ca,

Q% () = (216)
07 wj - @

The case v = 0 is a closed-world boundary case in which all retained un-
normalized fused probability amplitudes for nonempty propositions vanish.
Since a valid QBPA in QET must assign zero amplitude to the empty propo-
sition while having unit squared norm over nonempty propositions, PQECR
is undefined when v = 0.

PQECR satisfies the following properties whenever the required normal-

ization coefficients are positive:
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e Commutativity: The fusion result is independent of the ordering of

the quantum evidence sources:
Qu, ® Qu, = Qui, S Q- (217)

e Associativity: When all intermediate normalization coefficients are

positive, PQECR is associative:

Associativity follows from the unnormalized amplitude-level fusion.
The normalization factor /7y is positively homogeneous, so interme-

diate positive rescaling does not change the final normalized result.
o Identity: Let Qp, be the vacuous QBPA satisfying

Q]Mo ((I)) = 17 QIMO (W = 07 ¢ 7é P. (219>

Then
Qm, © Quni, = Q- (220)

e Closure: The output of PQECR remains a valid QBPA. Specifically,
Q) =0, (221)

and
>, QW =1 (222)
01, CP
Definition 75 (Quantum evidential combination rule). Let Q¥ be the
fused QBPA obtained by PQECR. For any 1; € 2%, the quantum evidential
combination rule (QECR) is defined by

2

QECR(v;) = M®(y;) = |Q® ()], ;€ 2°, (223)
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where M® denotes the QBPD induced by the fused QBPA Q°.

For v > 0, according to Eq. (216), QECR can equivalently be expressed

as
’@@(%’) :
QECR(v;) = I 0#; C o, (224)
with
QECR(0) = 0. (225)

QECR satisfies the following properties whenever v > 0:

e Commutativity: The fused QBPD is invariant under any permuta-

tion of the input quantum evidence sources.

e Non-negativity and boundedness: For any ¢; € 2%,

0 < QECR(;) < 1. (226)

e Normalization: The fused QBPD satisfies
> QECR(¢;) = 1. (227)
ijQCI)

Therefore, the output of QECR remains a valid QBPD.

Using the accumulated fusion-path phase 6, defined in Eq. (83), the in-
terference effect in QECR is defined as follows.

Definition 76 (Interference effect in QECR). Let {Qu,, ..., Quy, } be a
set of independent QBPAs on QFOD ®. For a nonempty output proposition
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() # 1, C @, the interference effect in QECR is defined as

Intqeer(ve) =2 > ] |Qm, (¥ |H |Qu, (v | cos(6,, — 6,)

mwp =z qu =1y h=1
hp=thq

=2 Z Z ﬁ\/Mh(qﬂS)ﬁ\/Mh(wQ) cos (0, — 0,),

mwp =1y qu =1z h=1
hp=thq

(228)

where < denotes an arbitrary fixed ordering such that each unordered pair

of distinct fusion paths is counted exactly once.

Since

—1 <cos(6, —0,) <1, (229)

the interference effect may be constructive, destructive, or zero, depending
on the relative phases of the corresponding fusion paths.
For a nonempty output proposition v, expanding the squared modulus

of the coherently superposed fusion-path amplitudes gives

‘Q@ ¢:v = > H |Qu,, ( S)‘Q + Intqrer (Ya)
Mpp= zpzh 1
Z H Mh + IntQECR@bx) (230)
NYp=1pz h=1

Eq. (230) shows that the fused evidential support consists of the accu-
mulated non-interference contributions of individual fusion paths and the
interference contribution among distinct fusion paths leading to the same

proposition.
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Accordingly, the normalization coefficient can be expressed as

Y= Z Z H |th(¢£)}2 + Intqrcr (¢w)

DF#1py CP ﬂ%"‘/’v h=1

=2 | X HMh ) + Intqrer (¥0) | - (231)

0£$.Ce | M=ty h=1

For v > 0, substituting Eq. (214) into Eq. (224) gives, for ) # ¢; C ,

QECR(y;) = Z HQM wh . (232)

MYp=1); h=1

Using Egs. (230) and (231), Eq. (232) can be further expressed as

Z H My, (¢,) + Intqecr ()

Mpp=1p; h=1

Z Z H Mh + IntQECR(@DU)

D#py CP | Mpp=1hy h=1

(233)
When the aggregate inter-path interference contribution is zero for every

nonempty output proposition,
Intqecr (¢¥.) = 0, 0+, C O, (234)

and the input QBPDs satisfy
My, = my, 1<h<E, (235)

Eq. (231) reduces to
v=1-K, (236)



where the fusion-path union Uy, is defined in Eq. (96),

K=Y [[mae) (237)

Mpp=0 h=1
Upp70

is the classical conflict coefficient in Dempster—Shafer evidence theory.
For K < 1, equivalently v > 0 under the stated classical-mass and zero-

aggregate-interference assumptions, Eq. (233) reduces to

k
> TImaw)

Mp=1h; h=1

QECR(1y) = .

0+ C @, (238)
with

QECR(0) = 0. (239)
Therefore, when the input QBPDs coincide with classical BPAs and the
aggregate inter-path interference contribution vanishes for every nonempty
output proposition, QECR reduces to Dempster’s rule of combination for
K <1.

For the total-conflict case K = 1, Eq. (236) gives v = 0. Hence, under the
stated classical-mass and zero-aggregate-interference assumptions, PQECR
and QECR are undefined, consistently with Dempster’s rule in the total-
conflict case.

QECR has the following characteristics:

e Closed-world uncertainty representation: QECR assigns zero

fused probability to the empty proposition,
QECR(®) =0, (240)
which is consistent with the closed-world assumption of QET.
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e Interference sensitivity: For each nonempty output proposition,
QECR explicitly captures inter-path interference effects through
Intqrcr(1;), which may be constructive or destructive. Hence, the
fused QBPD depends not only on the magnitudes of the input QBPAs

but also on their relative phases.

e Closed-world specialization of GQECR: When all input GQBPAs
satisfy
Qu, (9) =0, 1 <h<k, (241)

and the corresponding normalization coefficient is positive, GQECR

reduces to QECR.

e Compatibility with Dempster’s rule: When the input QBPDs
coincide with classical BPAs and the aggregate inter-path interference
contribution vanishes for every nonempty output proposition, QECR

reduces to Dempster’s rule of combination for non-total-conflict cases.

Thus, PQECR preserves the complex-valued fused QBPA for subsequent
progressive fusion, whereas QECR provides the corresponding real-valued

fused QBPD.

Definition 77 (Quantum evidential conflict coefficient). Consider k
independent QBPAs on QFOD ®. The quantum evidential conflict coefficient
(QECC), denoted by K¢, is defined as
2
k
Ko=1| Y []Qu.(e})] - (242)

Npp=0 h=1
Uthp£0
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Definition 78 (Interference effect in QECC). The interference effect
among distinct conflicting fusion paths in QECC is defined as

k

Intqrcc = 2 Z Z H | Qu, ( %Uh )| H |Q1Mh | cos(6, — 6,)

(op=0 Nepg=0 h=1
Utpp 70 Utpg #0
Yp=<vq

=2> > H./Mh (Wh) ﬁ./Mh Uiy cos(6, — 0,).  (243)

Mpp=0 Npg=0 h=1
Uthp 70D Uthg #0
Yp=<thq

Expanding the squared modulus in Eq. (242) gives

e
Ko = Z H ‘QM,,(@D,};)‘Q + Intqrcc

NYp=0 h=1
Utpp7#0
= Z HMh + IntQECC (244)
NYp=0 h=1
Uhp#0
When
IntQECC =0 (245)
and
Mh = Mp, 1 < h < k, (246)

Eq. (244) reduces to

k
Ke= > [[m@)) =K, (247)
=0 h=1
Uthp#0
which is consistent with the classical conflict coefficient in Dempster—Shafer

evidence theory.

QECC has the following characteristics:
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e Interference sensitivity: QECC incorporates the coherent inter-
action among conflicting fusion paths. Constructive interference in-
creases the resulting conflict measure, whereas destructive interference

decreases it.

e Closed-world specialization of GQECC: When all input GQBPAs
satisfy
Qny, (0) =0, 1<h<E, (248)

GQECC reduces to QECC.

e Compatibility with the classical conflict coefficient: When the
input QBPDs coincide with classical BPAs and the interference ef-
fect vanishes, QECC reduces to the classical conflict coefficient K in

Dempster—Shafer evidence theory.

4.1.5. Quantum Pignistic transformations

When interference is taken into account in decision making, Pignistic
redistribution is first performed coherently among indistinguishable redis-
tribution paths leading to the same elementary event. The corresponding
singleton support is then obtained through the Born rule, and the supports

of distinct mutually exclusive elementary outcomes are combined additively.

Definition 79 (Unnormalized quantum interference Pignistic sup-
port). Let Qn be a QBPA on QFOD @. For each elementary event ¢, € @,
define the coherently redistributed amplitude

1
Ay = Qui(vp) —=—- (249)
@#%:gq) " |¢P|

g€
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The corresponding unnormalized singleton support is
BetQIP(,) = [4,]* (250)
For any proposition ¢; C ®, define
BetQIP(v;) = Y BetQIP(g,), (251)
b€
with BetQIP(0) = 0.
The amplitude sum preserves interference only among indistinguishable
redistribution paths leading to the same elementary event. Once the Born-

rule conversion has been applied, mutually exclusive elementary outcomes

are combined additively at the probability level.

Definition 80 (Interference effect in quantum interference Pignistic
redistribution). For an elementary event ¢, € @, the interference effect

among redistribution paths leading to ¢, is defined as

VMU o
Wiﬁ%@b |s] 1] (6 t)- (252)

PgEYsMt
1/13 <'¢'t

Intgetqp(¢y) =

Accordingly,

BetQIP(g,) = > M(1),) | ¢ o + Intperqrp (¢g)- (253)
DFpp CP
bgCp
Since the first terms in Eq. (253) sum to one over all elementary events, the

normalization coefficient satisfies

VBetQiP = 1 + Z Intgetqip (¢g)- (254)
bac®
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Definition 81 (Quantum interference Pignistic probability for ele-

mentary events). Assume YBetqrp > 0, where

Yoerqre = Y BetQIP(,) = BetQIP(®). (255)

pgeD

For each ¢, € @, define

BetQIP(¢,) = w. (256)
VBetQIP
Then
> BetQIP(¢,) = 1. (257)

pg€D

The condition vypetqrp > 0 is necessary for the normalized Pignistic prob-
ability to be well defined. If ypetqp = 0, all coherently redistributed am-
plitudes associated with the elementary decision outcomes vanish simultane-
ously. In this complete-cancellation boundary case, the unnormalized quan-
tum interference Pignistic support remains well defined, but no normalized

BetQIP probability distribution on & is defined.

Definition 82 (Quantum interference Pignistic probability for

propositions). For any proposition ¢; C @, define

_ BetQIP(y)

BetQIP(¢);) = %%j BetQIP(¢,) = o (258)
Hence,
BetQIP(0) =0,  BetQIP(®) = 1. (259)

If the aggregate redistribution-interference contribution vanishes,

IIltBetQIp((bg) = 0, ngﬁg € (I), (260)
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then
BetQIP(¢,) = BetQP(¢y),  peqre = 1, (261)
and therefore
BetQIP(4;) = BetQP(vy), o C @. (262)

The validity and finite additivity of BetQIP follow as the closed-world
specialization of Theorem 4.

When the aggregate redistribution-interference contribution vanishes for
each elementary event, the corresponding quantum Pignistic probability
transformation redistributes the quantum basic probability over elementary

events for probabilistic decision making.

Definition 83 (Quantum Pignistic probability transformation). Let
Qn be a QBPA function on QFOD @. For any quantum proposition ¢; C @,

its quantum Pignistic probability function, denoted by BetQP, is defined as

BetQP(dy) = 3 Qg L2l (263)

Q)#wpgq) |,¢P|
where [¢)| denotes the cardinality of proposition .

The transformation from Qp to BetQP is called the quantum Pignistic

probability transformation.
Since |Qui(¥,)]? = M(,), Eq. (263) can be expressed as

BetQP(y) = 3 M(yy) - 0%l (264)

@#’l[)pgfb ’¢p|
For an elementary event ¢, € ®, Eq. (263) reduces to
1

BetQP(¢g) = > [Quvy)l* - = (265)

DF#ppCP W) l
$g€Yp
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Equivalently,

BetQP(¢,) = »  M(,) -

O, CP
PgE€YP

(266)
|¢p|
Accordingly, the quantum Pignistic probabilities over all elementary

events satisfy

> BetQP(g¢,) = 1. (267)

Pge®
4.2. A quantum representation of QET in Hilbert space
4.2.1. Quantum state representation of a QBPA function
Definition 84 (Basis event in QET). Given the QFOD ® = {¢1,...,¢,},
where each elementary event ¢, is associated with the orthonormal basis

state |¢,), the set of basis events in QET is defined as
B. ={e1,...,en}, Cw = bu, 1<w<n. (268)

Thus, each e, € B, is the basis event associated with the QFOD event ¢,,.

Definition 85 (Standard basis vector representation of a basis event
in QET). For each ¢, € B, (1 < w < n), let |e,) € C" denote its corre-

sponding standard basis vector, defined as

lew) = [0yl T (269)
where
1, [ =w,
m = 1<i<n. (270)
0, [#w,
The standard basis vectors associated with the basis events are orthonormal,
satisfying
(ewlew) =1, (ewles) =0 (w # s), 1<w,s<n. (271)
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Definition 86 (State vector representation of a quantum proposition
in QET). Let ) # ); C ® be a quantum proposition. The state vector [1;)

corresponding to quantum proposition ; is defined as
i)=Y Mlew) (272)

w: Quw EY;

where M = aJ, + b7 i is a complex coefficient satisfying

>N =1 (273)
w: Pu €Y

Thus, |¢;) is a unit vector representing a pure quantum state. According
to Eq. (272), a composite quantum proposition in QET is represented as a
linear superposition of the standard basis vectors corresponding to its con-
stituent basis events. For notational simplicity, the dependence of |¢;) on
the coefficient allocation M = {\ } is left implicit throughout the paper. We
use A = {\,} to collectively denote an admissible set of internal coefficient

allocations for all nonempty quantum propositions.

Definition 87 (Density operator representation of a quantum
proposition in QET). Let () # ¢; C ® be a quantum proposition with
the corresponding state vector [¢;) in QET. The density operator p;

corresponding to v; is defined as

p; = ;) (¥l (274)
The dependence of p; on the internal coefficient allocation A is also left
implicit for notational simplicity.

Definition 88 (Linear operator representation of a QBPA function).

Let Qn be a QBPA function with Qu(¢;) on QFOD @. The linear operator

75



corresponding to a QBPA function is defined as:

Pow = > Quwl) Wil = > Quvy)ps, (275)

0#p; CP D#£y; CP

where pq,, is a linear combination of projection operators and is generally not
a density operator, as it is not necessarily Hermitian, positive semidefinite,

or of unit trace.

Definition 89 (Density operator induced by a QBPA). The density
operator induced by a QBPA through its corresponding QBPD is defined as
ﬁQ]M(/\) = Z |QIM(¢J')|2PJ
D#p; CP

= > Quilw) P (W] (276)

D#p; CP

where | - |2 is the modulus squared function.

Remark 6 . The induced density operator is constructed from the squared
moduli of the QBPA coefficients. It therefore represents the QBPD induced
by the QBPA and does not retain the phases of the original probability
amplitudes. The complex amplitude and phase information is retained in

the linear-operator representation pg,,.

From Eq. (276), it follows directly that

ﬁQIM ()‘) =0,

and

Tr(Pau (V) = D 1Qua(t) > Tr([v;) (t51)
D#y; Co
= > [Quy)*=1.

D#y; CO

76



Therefore, for each fixed admissible allocation A, pg, (\) is a positive-
semidefinite density operator with unit trace.

For a fixed admissible allocation A, let I, be the eigenvalues of po,, (A).
It follows that:

E, >0, Z]EVZL

Since |Qu|? = ¢? = M, the density operator of a QBPD can be expressed
as follows.
Definition 90 (Density operator representation of a QBPD). For a

fixed admissible internal coefficient allocation A, the density operator corre-

sponding to a QBPD is defined as:

pu(N) = D M@yl = Y M(dy)p;. (277)

D£p; CP P#; CP
Here, the dependence of [¢;) and p; on A is understood implicitly.

By construction,

pM()‘> - ﬁQJM(/\)' (278>

4.2.2. Measurement operator for basis event in QET
Definition 91 (Measurement operator for basis event in QET). For
each basis event e,, € B., the corresponding measurement operator in QET

is defined as

M, = lew)(ew|, 1<w <, (279)
satisfying
> Mf M., =1, (280)
w=1

where le is the Hermitian conjugate or adjoint of the M, matrix, e.g.,

M = (MeTw)*, and I denotes the identity matrix.
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4.2.3. Basis event measurement function in QET

Definition 92 (Basis event measurement function in QET). Let py())
be the density operator corresponding to a QBPD M on QFOD & under a
fixed admissible allocation A, and let {M,, = |ey)(ew|, 1 < w < n} be
the corresponding measurement operators. The probability of observing the

basis event e,, is defined as
Pr(e,) = Tr (M! M., pu())), 1 <w<n. (281)

Here, Tr(-) denotes the matrix trace. For notational simplicity, the notation

Pr(e,) is retained, with a fixed admissible allocation A understood.

4.2.4. QBP measurement function
Definition 93 (QBP measurement function). Let py()) represent a
QBPD M on QFOD @ under a fixed admissible allocation A. Using the basis-
event measurement operators M,  defined above, the measurement-induced
quantum support My (¢);) is defined as
Mu() = > Tr (Ml M, pu(), o €@ (282)
w: Puw €Y;

Here, M1(;) denotes the quantum support induced by Hilbert-space
measurement through the trace operation. For notational simplicity, its de-
pendence on the fixed admissible allocation A is left implicit. It is not, in
general, required to coincide elementwise with the original QBPD M(%);) used

to construct py(A).

4.2.5. Belief and plausibility measurement functions in QET
Proposition 2 (Hilbert-space realization of QBel and QPI). Let A

be the set of admissible internal state-vector allocations A = {\],} satisfying
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D ot oy |A” |> = 1 for each nonempty quantum proposition ¢,. The internal
allocations associated with different nonempty propositions are independent
variables; equivalently, A is the Cartesian product of the proposition-wise
admissible allocation sets. Let py(A) be the density operator in Eq. (277),
with basis events e,, € B, = {e1, ..., e,} and measurement operators M., =

lew)(€w|. Then

QBel(¢;) = min ‘;w Tr(Mf, M., pu(}), ¥ C @, (283)
QPI(yy) =max D Tr(M] Me,pu(}). ¢ CO. (284)
w: oy €Y

Thus, the min—max quantum measurement construction exactly realizes the

quantum belief and plausibility functions defined in QET.

Proof. Because the allocation variables associated with different focal
propositions are independently constrained, the global minimum and
maximum decompose into the corresponding proposition-wise extrema.
For a nonempty focal proposition 1,, its measured contribution to ; is
M) 3 s e, |A” |2 If 4. C 1), the minimum contribution is M(#,);
otherwise it is zero. Hence the minimum is the sum of masses of focal
propositions contained in #;, namely QBel(%;). Likewise, the maximum
contribution from 1, is M(¢,) exactly when 1, N1; # 0, and zero otherwise,
which yields QP1(¢);). O

4.2.6. Progressive quantum evidential combination rule in Hilbert space

Definition 94 (Linear operator representation of progressively fused

quantum evidence in QET). Let Q% be the QBPA obtained by PQECR.
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The linear operator corresponding to the progressively fused QBPA is defined

as
foe = Y QW)W = Y QW) (285)
0#y; CP D#p; CP
According to the definition of PQECR, provided that v > 0,
.
Q) = T gy ce (256)

val

where Q® and 7 are defined in Eqgs. (214) and (215), respectively. Therefore,

~ fi O (1) laly. .
pae = mg@«g (7) 15) (51 (287)

In general, pge is a linear operator representation of the progressively
fused QBPA rather than a density operator, since the complex probability
amplitudes do not necessarily yield a Hermitian, positive-semidefinite oper-

ator with unit trace.

Definition 95 (Density operator of progressively fused quantum

evidence in QET). Let
M® (1) = |Q°(0y)[* (288)

be the QBPD induced by the progressively fused QBPA. For each fixed ad-

missible allocation A, the corresponding density operator is defined as

Poe(N) = > MEWyl) (sl = > M®(;)p;. (289)
O#p; CP D#4p; CD
Since PQECR satisfies
Q*@) =0, Y QW) =1, (290)

P#; CP
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the induced QBPD satisfies

M®(¢;) > 0, > ME(yy) =1 (291)
D#p; C
Therefore,
Fae(N) =0, Tr(ige(V) = 1. (202)

5. Conclusion

In summary, QET and GQET provide a unified quantum-evidential
framework for uncertainty representation, multisource information fusion,
and decision reasoning in closed- and open-world environments. At the
representation level, quantum basic probability amplitudes characterize
partial ignorance, complete ignorance, and, in open-world environments,
unknown information, thereby providing fine-grained representations of het-
erogeneous multisource information. At the fusion level, PQECR/GPQECR
preserve complex-valued probability amplitudes for progressive multisource
fusion, whereas QECR/GQECR provide the corresponding real-valued fused
evidential support. At the decision level, quantum basic probability distri-
butions, Pignistic transformations, and the associated belief and plausibility
functions support uncertainty assessment and probabilistic decision mak-
ing. Furthermore, the Hilbert-space formulations provide linear-operator,
density-operator, and measurement representations of quantum evidence.
Under the corresponding non-interference and closed- or open-world condi-
tions, the proposed formulations recover their classical evidence-theoretic

counterparts.
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