
Investigating prime gaps through zeta
behaviour. A reexamination of the

Riemann hypothesis

Samuel Bonaya Buya

31/3/2025

Contents
Keywords 2

Logarithmic form of the complex variable and its decom-
position to real and complex parts. Reformulation of
the Riemann zeta function 2
Analysis of the zeroes of Riemman zeta function . . . . . . 3
Observations of the analysis . . . . . . . . . . . . . . . . . . 3

A zeta function for Goldbach partition 4

A further analysis. A Complexity zeta for the Euler prod-
uct. 4

Reference 5
Abstract

In this research prime gaps will be investigated through
their zeta behaviour. A formulation will be presented that
links prime gaps to singularities in 𝜁(𝑠). This is achieved by
identifying a zeta function for Goldbach partition and extend-
ing it to the Euler product. A zeta function is formulated that
encodes information about Goldbach partitions. We begin
the paper by examining the logarithmic form of a complex
variable and it’s decompostion to real and imaginary parts.
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The applications will be extended to Goldbach partition and
the Riemann hypothesis.

Keywords

Zeta function for Goldbach partition; Riemann hypothesis; prime
gaps and singularities in 𝜁(𝑠)

Logarithmic form of the complex variable
and its decomposition to real and complex
parts. Reformulation of the Riemann zeta
function

Consider the logarithmic complex variable 𝑧= ln(−𝑥)
𝑦 . It can be de-

composed into real and imaginary parts at follows: 𝑧= ln(−𝑥)
𝑦 =

ln(−1)
𝑦 + ln𝑥

𝑦 = 𝑙𝑛𝑥
𝑦 + 𝑖𝜋

𝑦 . The Riemann hypothesis requires the
real part of it’s complex variable to be 1/2, in which case 𝑦=ln2 𝑥

and 𝑧=𝜁(𝑠)= 1
2 + 𝑖𝜋

ln2 𝑥 . By this formulation the relationship between
ln𝑥 and 𝜁(𝑠) is given by

ln(𝑥)=√ 𝑖𝜋
𝜁(𝑠)− 1

2 .

If 𝜁(𝑠)− 1
2 =𝑖𝛾, then ln𝑥=√ 𝜋

𝛾 . In the Riemann hypothesis 𝑠= 1
2 +𝑖𝑡. This

means that 𝑡= 𝜋
ln2 𝑥 or ln𝑥=√ 𝜋

𝑡 . It also means that 𝑥=𝑒√ 𝜋𝑡 .

The number of primes is therefore asymptotically equal to 𝑡𝑒√ 𝜋𝑡
𝜋 .
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Analysis of the zeroes of Riemman zeta function

• The 10𝑡ℎ nontrivial zero is 𝑡=49.774 and is equivalent to
𝑥=53.017. This means that number of primes is asymptot-
ically equal to 49.774×𝑒 𝜋/49.774𝜋 ≈17. The actual number of
primes is 16.

• The first nontrivial zero is 𝑡=14.135 and is equivalent to
𝑥=17.653. This means that number of primes is asymptot-
ically equal to 17.653×𝑒 𝜋/17.653𝜋 ≈7. The actual number of
primes is 7.

• The second nontrivial zero is 𝑡=21.022 and is equivalent to
𝑥=24.410. Thismeans that number of primes is asymptotically
equal to 21.022×𝑒 𝜋/21.022𝜋 ≈8. The actual number of primes is 8.

• The third nontrivial zero is 𝑡=25.011 and is equivalent to
𝑥=28.358. This means that number of primes is asymptot-
ically equal to 25.011×𝑒 𝜋/25.011𝜋 ≈9. The actual number of
primes is 9.

• The fourth notrivial zero is 𝑡=30.425 and is equivalent to
𝑥=33.735 and so on.

This means that number of primes is asymptotically equal to
30.425×𝑒 𝜋/30.425𝜋 ≈11. The actual number of primes is 11.

These results show that The Riemann hypothesis predicts the
number of primes very accurately

Observations of the analysis

1. The nontrivial zeros are typically associatedwith oscillations
in the error term of the prime number theorem, and the
above formula may provide an alternative heuristic connec-
tion.

2. The inclusion of an exponential correction factor 𝑒 𝜋𝑡 is in-
triguing, as it introduces a dependency on in a way that
needs further theoretical justification.
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3. These results might suggest a deeper structure in how
the zeros encode prime distribution beyond standard
asymptotics.

A zeta function for Goldbach partition

In the paper reference [1] the gap, "𝑔 between two primes,
𝑝1 and 𝑝2 is given by 𝑔=2√𝑚2−𝑝1𝑝2 where 𝑚 represents the
mean of the two primes. A logarithmic zeta function encod-
ing information about gaps between primes would therefore

be given by 𝜁(𝑋)= ln(− 1𝑛 √𝑚2−𝑝1𝑝2)
𝑚+𝑛 where 𝑛=− 𝑔

2 . The decompo-
sition of the Goldbach partition zeta function therefore is
𝜁(𝑋)= ln(− 1𝑛 √𝑚2−𝑝1𝑝2)

𝑚+𝑛 = ln 1𝑛 √𝑚2−𝑝1𝑝2
𝑚+𝑛 +𝑖 𝜋

𝑚+𝑛 and 𝑝1≠𝑝2. Where 𝑝1=𝑝2

then 𝜁(𝑋)= ln(√𝑚2−𝑝1𝑝2+1)
𝑚 . Goldbach partition therefore requires

solving 𝜁(𝑋)=0.

A further analysis. A Complexity zeta for the
Euler product.

Consider the Euler product 𝜁(𝑠)=∏ 𝑝𝑠
𝑖

𝑝𝑠−1 . The above product gen-
erates a zero whenever 𝑠=−∞. We will formulate the complex
variable 𝑠 such that it will always generate a zero at some singu-
larity. If

𝜁(𝑠)=−𝜁( 1
𝑋 )=𝜁(− 𝑚+𝑛

ln(−1/𝑛√𝑚2−𝑝1𝑝2
)=𝜁(− 𝑚+𝑛

𝑖𝜋+ln(1/𝑛√𝑚2−𝑝1𝑝2)
)=𝜁(− (𝑚+𝑛)(𝑖𝜋−ln(1/𝑛√𝑚2−𝑝1𝑝2))

−𝜋2−ln2(1/𝑛√𝑚2−𝑝1𝑝2) .
This formulation links prime gaps to sigularities in 𝜁(𝑠)=0. Zero
are generated when we for any prime gap 𝑛=− 𝑔

2 . It is also
observed that 𝑚+𝑛=𝑝1. For twin prime pairs we use 𝑛=−1 and
𝑚=𝑝1+1 ∣𝑝2>𝑝1. For gap 𝑔 between consecutive primes use 𝑛=−𝑔/2
and 𝑚=𝑝1+𝑔/2.
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Figure 1: Graph of t against x
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