The proof and application of Fermat's last theorem
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Abstract: Three variables X)Y,Z are expressed in terms of undetermined
coefficients —— variables, binary, and then put into Fermat's last theorem
equations. In the equations composed of undetermined coefficients, the
number of independent equations is no less than the number of variables, and

the solution is no less than zero, so Fermat's last theorem is established
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1.1 Proof of Fermat's last theorem

Definition.1.1.1:

A1, The number of variables of a homogeneous (indefinite) system is not
more than the number of independent homogeneous (indefinite)
equations, and the homogeneous (indefinite) system has at most one

solution;



A2, The number of variables in a homogeneous (indefinite) system is
greater than the number of independent homogeneous (indefinite)
equations, and if the homogeneous (indefinite) system is found to have
at least two solutions, then there are infinitely many solutions;

The above method of judging the solution of homogeneous
(indefinite) equations is called the judgment rule of the solution of
homogeneous (indefinite) equations;

The above conclusions can be proved by elimination method. On the
contrary, in homogeneous (indefinite) equations, where the elimination
method can be used to eliminate or reduce variables, its solution can use
the above judgment rule.

Elimination method: In the independent (indefinite) equations, a
variable of any one independent (indefinite) equation is placed on the
left side of the independent (indefinite) equation, and the remaining
quantity is placed on the right side of the independent (indefinite)
equation, and the variable is substituted into the remaining independent
(indefinite) equation to eliminate the variable; That is, for every

independent (indeterminate) equation used, 1 variable can be eliminated
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Around 1637, the French scholar Fermat, while reading the
Latin translation of Diophatus’ Arithmetics, wrote next to
proposition 8 of Book 11: "It is impossible to divide a cubic
number into the sum of two cubic numbers, or a fourth power into
the sum of two fourth powers, or in general to divide a power
higher than the second into the sum of two powers of the same
power. I am sure I have found a wonderful proof of this, but
the blank space here is too small to write” This statement of
Fermat may be called Fermat’s conjecture or Fermat’s last

theorem

Theorem 1.2 : Fermat's Last Theorem: When n > 3, the following
indefinite equations have no integer solutions that are not equal to zero
X"+Y"=Z" (X<Y<Z) (.1.1)
Proof : X, Y, Z and their respective NTH power, use the binary ,

undetermined coefficients —— variables, expressed as follows
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AS kzockz =m:0[cm (¢, ) mod 2}2 { nr}ﬂj (.1.4)
mzzzo{[Am(a[%Bm(bj)} mod 2}2"’ :mgo [Cm ;) mod 2}2'” (i.1.5)
(4, (a,)+B, (b,)] mod 2=C, (c;) mod 2 (0<m<R,) (i.1.6)

When the coefficients of 2" on the left and right sides of formula
(1.1.5) are equal, R, +1 equations of undetermined coefficients are
obtained to form equations of undetermined coefficients formula (1.1.6).
Since there is no multiplicative term a5, of a«, and b, on the left
side of the equation set, and, the sum of the exponents of the
undetermined coefficients for each term is equal to n;So,the equation set
has no common factor a, or b, , and is independent of each other,
construct a homogeneous independent undetermined coefficient
equation system

In the formula (1.1.6) of indefinite system of equations , the

undetermined coefficients a,, b, , ¢, , or any of their powers, or the

J
product of any undetermined coefficients of any of their powers, are 0 or
1; In every indefinite equation, the value of each term is either O or 1; The
sum of the coefficients of X,Y,Z — — the remainder of the set of
undetermined coefficients 4 ,(a,), B,(b,), C,(c,), modulo 2, is
either 0 or 1;

In the formula (1.1.6) of indefinite system of equations , elimination

method can be used: Use an independent indeterminate equation to



eliminate an undetermined coefficient; Any power of the undetermined
coefficient is still equal to the first power of the undetermined coefficient,
that is, in the set of undetermined coefficients, any power of all
undetermined coefficients is equivalent to the first power of the
undetermined coefficient; First, the undetermined coefficient set is
divided into two groups according to whether it contains the
undetermined coefficient, which is expressed as follows:
ESRAHN1.6)AF, JRETA: EREMINAESRE, HREGFER
8, HAHFERERTAIRE, BEFETZIEERIRY 1 X8, B, EFERHES
&, FrERSERSRIEIRE, BEFNTZAERER 1 X%, 8%, BzF
ERUES, KREDIFZTERY, D /AWH, RENT:
4,(a)=41,(a)a,+42,(a )
By substituting the above equation into equations (1.1.6) of the
system of indefinite equations, obtain
(A1, (a,,)a,+42,(a.)+B, (b,)] mod 2=C, (¢, ) mod 2

(41, (a,.)a,+4B,(a,.b,)] mod 2=C, (¢, ) mod 2

a. =

1

el+ A, (a,,)a,+ 4B, (a,,b,)] mod 2 (

0< o< Fe 1j (7.17)
g2+ Al m(adﬁ) mod 2

g2

The value of the above formula, by introducing three small enough
quantities of €, €1, €2, can both overcome the difficulty of 0+0, and

satisfy the need to take any 0 or 1 at this time;

The above formula shows that any undetermined coefficient can be



eliminated by an independent indeterminate equation, and the solution
of equation of indeterminate equations (1.1.6) is applicable to the
judgment method of the solution of homogeneous (indeterminate)
equations defined in this paper.
In formula (1.1.6), the number TT of equations of the equations with
undetermined coefficients is equal to R, +1, then
TT=R,+12nr;+1 1.1.8)
Because c¢,; =1, and the size relationship of X, Y, Z, the number tt of
undetermined coefficients a,, b, , ¢, can be determined, get
tt=r, +1+r, +1+r, <r, —1+1+r, +1+r, <3r, +1 (.1.9)
When n >3, by the number of equations TT of equation (1.1.8) and
the number of undetermined coefficients tt of equation (1.1.9), we can
get:
TT=R,+12nr,+1210t<3r,+1 (n>3) (.1.10)
In the above equation, when n > 3, the number of equations with
undetermined coefficients TT is not less than the number of
undetermined coefficients tt; According to the judgment rule for the
solution of equations defined 1. 1,know :  equations (1.1.6) and
equations (1.1.1) have at most one zero solution, that is, no more than
zero solution, Fermat's last theorem is established and the proof is

complete



1.2 Application of Fermat's last theorem

The short (simple) proof of Fermat's Last theorem involved in this
article is still highly valued, refer to the following websites, etc:

https://tech.huangiu.com/article/9CaKrnJzZKNH
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Based on Fermat's description of the proof of this problem: potential
brevity — — "not written here"; Latent elementary methods — —
"beautiful proofs"

Based on the brief, elementary method proved in this paper, the

following conjecture is proposed

Conjecture 1.2.1: The method of proving Fermat's last theorem in this
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paper is the method of proving Fermat's last theorem

Inference 1.2.2: The following equations, called S-element n-degree
homogeneous indefinite equations, the number of their solutions, the

qualitative judgment rule

S-1

X=X (1.2.1)

i=

Rule 1: When S<n-1, this condition is no more than zero solution;
Rule 2: When S=n=3, this condition is no more than zero solution;
Rule 3: When S=n= 4,5,6,8, no less than 2 solutions are found, so there
are infinite solutions for each of these conditionss;
Rule 4: When S>N, and if there are at least 2 solutions, then there are
infinite solutions to this condition;
Proof: Rule 1, With the help of the judgment rule of the solution of
homogeneous (indefinite) equations, the conditional conclusion is valid;
Rule 2, By means of the proof of Fermat's last theorem, under the
condition S=n=3, the conclusion of this condition is valid;
Rule 3: By virtue of the judgment rule of the solution of

homogeneous (indefinite) equations, the conditional conclusion is valid;

Rule 4: With the help of the judgment rule of the solution of
homogeneous (indefinite) equations, the conditional conclusion is

established and the proof is completed;



Question 1.2.3: formula (1.2.1), also those indefinite equations of n value,
have infinitely many solutions?

A X]=4,X (1.2.2)

Thanks to mathematics research and development forum users:
northwolves in the following website, to provide S=n= 4, 5, 6, 8,
multiple solutions of these four equations and other data!

https://bbs. emath. ac. cn/forum. php?mod=viewthread&tid=19742&

page=1#pid102444
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! X e an i = x (12)
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4987588419655 | 2480452675600" | 5020388539761 _ 5062297699257*
yasuu?! | 217519 | 414560 _ 4224811
2682440" | 10365639 | 18796760 _ 20615673
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The smallest solutions to 8”4 + b~4 + ¢4 = k™4 are (a,b,c k) =
95800 217519 414560 422481 (Roger Frye)

673865 1390400 2767624 2813001 (Allan MacLeod)

1705575 5507880 8332208 8707481 (D. 1. Bernstein)

5870000 8282543 11289040 12197457 (D. J. Bernstein)

LE3 4479031 12552200 14173720 16003017 (D. 1. Bemstein)
ok e; 3642840 7028600 16281009 16430513 (D. J. Bernstein)
@th 2682440 15365639 18796760 20615673 (Noam Elkies)
pL o8 3 ) 2164632 31669120 41084175 44310257 (Robert Gerbicz)
2 pETA B ERE 10409096 42878560 £5932985 68711097 (Robert Gerbicz)

34918520 87865617 106161120 117112081 (Robert Gerbicz)

1841160 121952168 122055375 145087793 (Juergen Rathmann)

27450160 108644015 146627384 156646737 (Juergen Rathmann)

186668000 260052385 582665296 589845921 (Seiji Tomita)

219076465 275156240 630662624 638523249 (Allan MacLeod)

558424440 606710871 769321280 873822121 (Robert Gerbicz, Leonid Durman, Yuri Radaev, Alexey Zubkov)
588903336 859396455 1166705840 1259768473 (Robert Gerbicz, Leonid Durman, Yuri Radaev, Alexey Zubkov)
50237800 632671960 1670617271 1679142729 (Seiji Tomita)

686398000 1237796960 1662997663 1787882337 (Robert Gerbicz, Leonid Durman, Yuri Radaev, Alexey Zubkov)
92622401 1553556440 1593513080 1871713857 (Robert Gerbicz, Leonid Durman, Yuri Radaev, Alexey Zubkov)
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1772, Euler proposed that the 4.1.3 equation

A By ct=pt

had no solutions in integers (Lander et af. 1967). This assertion is known a
there were no solutions for [ = 10000, which was subsequently improved
the Euler guariic conjecture was disproved in 1987 by N. Elkies, who, usin

2682440% + 15365639 + 18796 760* = 20615673%

and showed that infinitely many solutions existed (Guy 1994 p. 140). In 19

95 R800% +217519* + 414 560* = 422 481°

and proved that there are no solutions in smaller integers (Guy 1994, p_ 14
1997,

638523249 = 630662 624* +275156240% + 219076 465*
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A+t =+ D (115)

are known (Euler 1802; Gérardin 1917; Guy 1994, pp. 140-141), but no "general” solution is known (Hardy 1999, p. 21). The
first few primitive solutions are

59% 41587 = 1339 + 134" =635 318657 (116)
74 4+239% = 157% £ 2274 =3262811 042 (17)
193* 4+ 202% — 256% + 257* =8 657437 697 (118)
208% + 4974 = 271% + 502* =68 899 596 497 (119)
514% 4 359% = 103* + 542* =86 409 838 577 (120)
222* 4 631% = 503% + 558 =160 961 094 577 (121)
76% +1203% = 653* + 1176% 22004447251 857 (122)
007% 4 1342% = 878% + 1381% =4 231 525221377 (123)
2z mathworld.wolfram.com/DiophantineEquation5thPowers.html h*¢ a SEEMEE S5
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15 a special case of Fermat's last theorem with n = 5, and so has no solution. improving on the results on Lander et al. (1967),

::l:::; who checked up to 2.8 x 10" (In fact, no solutions are known for powers of 6 or 7 either.) No solutions to the 5.1.3 equation
A +B =D @
£ are known (Lander et al 1967) For 4 fifth powers, the 5 1 4 equation has solutions
u 275 4 845 4 110° 4 1337 = 144° @)
85282 +28969° + 31837 + 55° =85 359° )

mathiworld wolframucom/DiophantineEquationbthPowers. html

{Guy 1954 pp. 140 and 142). Known solutions. are
30 19F 6 225 = 100 4 157 4 230
7 N by LB S L L, e L
P ed e Tt =T 4 50 T
32° 543" ¢ B1% 3 5 550 4 HO°
3T o S0P 1P 2 110 4 650 4 THP
280 5 620 4 138% =830 4 020 4 (450
S1% & 113% 5 136" =40 4 125% 4 | 20"
TI® 492" 5 14T = 1" 5 132* 5 123°
TEI® & 120" » 2300 = 26% 4 169" & 225"
755 4 [425 o 2455 = 145 4 1635 & 2435

mathworld.wolfram.com/DiophantineEquation/thPowers.html By & - E#iR Chrome &

No solutions to the 7.3.3 equation are known (EkI 1996), nor are any to 7.3.4. The smallest 7.3.5 equations are
967 +417 + 177 =877 +2. 777 + 687 + 567 (9)
1537 +437 + 147 = 1407 + 1377 + 597 + 427 + 427, (10

mathworld wolfram.com/DiophantineEquation8thPowers.html

(Lander ef al 1967, EkI 1998).

Mo 8.3.3 or 8.3.4 solutions are known. An 8.3.5 solution is

966" +539% + 81° = 954% + 725% 4+ 481° + 310° + 158"
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{(Lander et al. 1967, EkI 1998).
The 8.4 4 solution

3113% +2012% + 1953% + 861°
= 2823% +2767% +2557% + 1128°

o=

mathworld.wolfram.com/DiophantineEquation3thPowers.html By

(Lander et al. 1967).

Thereare noknown 933 934 935 936 937, or 9.3.8 solutions. The smallest 9.3 9 solution is

2387437 =41"+23" +2. 200+ 18° +2-13° + 127+ 9°
The more variables, the higher the index, the larger the search scope,

the greater the amount of calculation, and the more difficult it is to find

the data, which is not found at present, not necessarily not.

The main idea behind the proof of Fermat’ s Last Theorem
mentioned above was initially completed by the author in early
1983 when he decided to study mathematics, but it failed to be

submitted multiple times.



