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Abstract

We introduce Alpha Integration, a novel path integral framework that applies
to wide range of function including locally integrable functions, distributions, and
fields—across arbitrary spaces and n dimensions (n € N), while preserving gauge
invariance without approximations. This method extend to R"™(n € N), smooth
manifolds, infinite-dimensional spaces, and complex paths, enabling rigorous inte-
gration of all f € D’ with formal mathematical proofs. This framework is further
generalized to infinite-dimensional spaces, complex paths, and arbitrary manifolds,
with its consistency validated through extensive testing across diverse functions,
fields, and spaces. Alpha Integration thus offers a robust and efficient alternative
to traditional path integral techniques, serving as a versatile tool for mathematical
and physical analysis.

1 Introduction

Path integration forms a foundational pillar of mathematics and physics, facilitating the
evaluation of functions over trajectories in a wide range of contexts, from quantum me-
chanics to field theory. Conventional approaches, such as Feynman path integrals, have
proven effective in many applications but face significant limitations: divergent integrals
often arise when dealing with non-integrable functions, dimensional scalability remains
constrained, and maintaining gauge invariance often necessitates intricate regularization
schemes across diverse domains. These challenges underscore the need for a more univer-
sal and robust framework.

To address these issues, we propose Alpha Integration, a new path integral framework
designed to integrate any function f—encompassing locally integrable functions, distri-
butions, and fields—over arbitrary spaces (R", smooth manifolds, infinite-dimensional
spaces) and field types (scalars, vectors, tensors), while preserving gauge invariance with-
out approximations. Our approach redefines path integration through sequential indef-
inite integrals and a flexible measure pu(s), eliminating dependence on traditional arc
length or oscillatory exponentials such as e**. We rigorously prove its applicability to all
f € D’ across spaces of arbitrary dimensions, establishing Alpha Integration as a versatile
tool for both mathematical and physical analysis.

This paper aims to position Alpha Integration as a transformative framework, of-
fering a unified method for path integration that transcends the limitations of existing
techniques. Through detailed comparisons with established methods like Feynman path



integrals and extensive testing across varied scenarios, we demonstrate its consistency and
efficiency, paving the way for broader applications in theoretical and applied sciences.

2 Formulation in R” for Locally Integrable Functions

2.1 Definitions and Assumptions

Let M = R" be the n-dimensional Euclidean space with Lebesgue measure d"x. Let
7 : [a,b] = R™ be a smooth path, arc length L., = f: ‘Z—N ds. Consider f: R" — R (or
C) locally integrable:

e Foreachi=1,...,n,and fixed (z1,...,%;_1,Tis1,...,2,) € R 2 f(xy,...,2,)
is Lebesgue measurable and:

d
/ f(zq,...,2,)dx; < oo for any finite ¢,d € R

Example path: v(s) = (s,s,...,s), s € [-1,1], L, = 2y/n.

2.2 Sequential Indefinite Integration
Define F}, with base point z° = (z9,...,2%) € R" (e.g., z° = (0,...,0)):

1

Fl(.CEl,.’L‘Q,...,SEn): . f(tl,l'g,...,.’lfn)dtl+Cl(l’2,...,xn> (1)
A
Fk(xk,...,xn) —/0 Fk,1($k,1,tk,xk+1,...,mn) dtk (2)
Tl
_’_Ok(xlv"‘7xk—17$k+17"'7xn) (3)

For k = 2:

T2 T
FQ(ZL’Q,...,iL‘n) :/0 (/0 f(tl,tz,l‘g,...,l’n)dtl+C1(t2,$3,...,l’n)> dtg (4)
T2 7
—FCg(Il,ZL'g,...,,In) (5)

General k:

T Th—1 T1

Fk:/ / / f(tl,...,tk,$k+1,~--,fL‘n)dtl"'dtk’ (6)
xg 1271 IE?
k—1

Thk—j+1 Tj+1
+Z/ / C](t],,l'n) dtj+1"'dtk_j+1 (7)

7=1 27j+1 (g)'+1
+Ck($1,...,l'k_l,l'k+1,...,$n) (8)

1

Example: n =1, f(z1) = .-, =1z, >0:

T 1
Fl(xl) :/ t—dtl +01 = [111251]:161 +Ol = lnxl —Inl —|—Cl = lnxl +Cl
1 1



For z; < 0, adjust base point or use distribution theory (Section 3).

Theorem 2.1: For any locally integrable f on R", F} is well-defined for k =1,....n
over any finite interval.

Proof: - k = 1: Fix (w9, ...,7,) € R""'. For any finite z; € [z9, 1] (assume z; > 29,
else reverse bounds):

1
Fi(xy,z9,...,2,) = /0 flt, zo, . ) dty + Cr(xa, ..., xy)
Ty

Since f is locally integrable, [ f(t1, 2o, ..., x,) dt; exists and is finite over the bounded
1

interval [20, z]. - k = 2: Fy(x1,1ts,23,...,2,) is a function of ¢, after integration over ¢;.

For fixed (z1,x3,...,2,), to — Fi(x1,ta, x3,...,2,) is continuous (as an antiderivative of

a locally integrable function), hence integrable over any finite [z, z5]:

2
FQZ/ Fi(z1,t2, 23, ..., 2n) dty + Co(w1, 23, ..., Tp)

0
2

Substitute:
T2 1
F2 :/ / f(tl,tg,.l?g,...,xn)dtl+Cl(t2ax37"'7xn) dt2+02
3 xf

The double integral [ [*0' f(t1,ta, @3, ..., x,) dty dty is finite by Fubini’s theorem over
2 1

the compact rectangle [29, 1] x [29, 23], and C} term is integrable assuming C is mea-
surable. - Induction: Assume F}_; is defined and integrable in z;_; over [xg_l,xk,l].
Then:

Tk
by = /O P (@1, tey Tpgr, -+ ) dbs + Gy
Tk
Since Fj,_; is continuous in zj_1, it is integrable over the finite interval [z9,z;]. This
holds up to k£ = n.
Remark: For unbounded domains, F), may diverge (e.g., f(x1) = xil as 1 — —00),
addressed by distribution theory in Section 3.

2.3 Path Integration
Define:

o= | " F(s)) ds 0

Remark: In the definition of L, = ff }Z—Z‘ ds, we assume 7 : [a,b] — R" is smooth,
ensuring that the arc length L. is well-defined and finite. This assumption suffices for
locally integrable f in this section. However, the formulation can be extended to piecewise
smooth paths, where ~ is differentiable except at a finite number of points, still yielding
a finite L.,. For more complex paths (e.g., non-smooth or infinitely oscillating), where L,
may diverge, the method is generalized in Section 5 using the measure p(s), which does
not depend on arc length. For f € L'(y([a,b])), the integral is directly defined. Example:

f(x1,22) = 2129, ¥(5) = (5,5), s € [-1,1]:

9(s) = f(1(s)) = . /_132ds:2/032ds:2é:§, Lfd522@.§:¥
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For non-L' cases (e.g., f(x1,22) = ﬁ), see Section 3.
Theorem 2.2: For any locally integrable f on R" such that f(v(s)) is integrable over
[a, b], f7 f ds is defined and finite.

Proof: - g(s) = f((s)) is measurable since f is measurable and ~ is continuous. - If

g € L'([a,b]), then:
b b
/ o(s) ds = / F(1(s)) ds

exists as a Lebesgue integral, and L, is finite for smooth ~, so fy fds=L, fab f(y(s))ds
is finite. - Example: f(x,z2) = x125 verifies this directly.
Remark: Non-L' cases are rigorously defined via distributions in Section 3.

3 Extension to All Functions in R" via Distribution
Theory

3.1 Definitions

Let f € D'(R"), the space of distributions on R". Test functions ¢ € D(R™) are smooth
with compact support in R".

3.2 Sequential Indefinite Integration

Define Fj, as distributional antiderivatives:

o k—1:
(Fy,¢) = —/ (/ 1 ftr, @, ... xy) dtl) Op, (21, T2, . .., xy) d"x (10)
+ (Ci(z2,...,xn), D) (11)
Example: f = 0(zy — 3):
o 1 1 0 0
<F17¢> :_/ H(xl_%) a$1¢<'r17x27"'7xn)dnx (13)
R’ﬂ
= —/]Rn_1 /_OOH (xl — %) Op, O(x1, 29, ..., xy) dry dag - - - dyy
(14)

_ /RM [H (xl _ %) o1, . .. ,xn)] O; (15)
+/Rn1 /_Z (a1, )b (3:1 —%) doydus - --dz,  (16)

1
:O+/ ¢(—,x2,...,xn> dxy - - - dx, (17)
Rn—1 2

Boundary terms vanish due to compact support of ¢.
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FQ, / / F1 Il,tg,l'g,..., n)ax2’l/)(t2,ﬂfg,...,$n) dtgdn_lx (18)
Rn—1

<02(x17$37"'axn)7¢> (19)
Substitute F}:

F27 / / (/ f t17t2>x37 s 7:Cn) dtl + Cl(t27x3> cee 7xn)> (20)
Rn—1

X Op, W (to, T3, ..., 2y) dty d" 1o + (Cy, ) (21)
/ / / flti,to, 23, oo, 00) 00yt (ta, 3, . .., 2y) dty dty d™
o (22)
/R / Ci (b, T3, ) Dot (b, T3, )t (23)
+(C2, ) (24)

Verify: 0,,F» = Fi:

Oy (Fo, 1) = —/ Fi(xy, 20,25, ..., 20)0(Ta, ..., 2n) d" ' = (Fy, )

Rn—1

e General k:

o) =0 [ ([T [ @

Oy Oy Ok(They -y ) by - - dty,) A" (26)
k=1 ) Th—j+1 zj

LS [ ( [ [t e e
j=1 Rn—J+1 —00 —o0

Opy -+ Oy Gty - dty_jyr) A" (28)

Theorem 3.1: For any f € D'(R"), F} is a well-defined distribution for all £ =
1,...,n.
Proof: - k= 1: 0,,F; = f by definition:

O, (F1, 0) = / [/ flty, ...z, dtl} 62¢d”:v—|— flz, .. xn)od = (f, &)
R™ R
-k =2 0,F, = Fy, verified above via integration by parts. - Induction: Assume
83% le 1= Fk 2. Then:

Trk—1 T
axk<Fk,¢k> = (—1>k1/ (/ / f(t177tk7xk+177xn>
Rn—k+2 —00 —o0

Oy -+ Oy Oy - ) dby - - dby_y) 22 4 terms from O
- <Fk—17 ¢k>

- Each F}, is a distribution as integrals over R with test functions yield finite values due
to compact support.



3.3 Path Integration

Define:
/ f s = Ly ((4()): Xia () (20)

Y

(f(1(5))0(s)) = (f, (v (2)) - 6(7(s) — x))

Remark: In the definition (f(v(s)),d(s)) = (f,é(v 1 (x)) - 6(y(s) — x)), we assume
that v : [a,b] — R" is smooth and injective, ensuring the existence of the inverse vy~
on ([a,b]). This guarantees that for each x € 7([a,b]), there is a unique s such that
v(s) = x, making the pairing well-defined. For non-injective or more complex paths
(e.g., self-intersecting or non-smooth), the formulation is extended in Section 5 using
the measure p(s), which does not rely on L. and accommodates such cases. Example:

f=020(x1),v(s) = (5,0,...,0), s € [-1,1]:
(f(7(s)), ¢(s)) 1), ¢(5)0(s — x2) - -+ (s — ) (30)

= (07,0(x
= /1 @:315($1>¢(I1) dl[‘l

(31)

1

= — /_1 ax16($1>ax1¢($1)d$1 = /; 5(x1)a§1¢($1)d1’1 — ¢//(0) (32)
/ e =2l (33)

Theorem 3.2: For any f € D'(R"), f,y f ds is defined.
Proof: - f(v(s)) is a distribution on [a, b]. For ¢ € D([a,b)]):

(f(r(s)),0(s)) = (f,0(v () - 6(7(s) — @))

Since ¢ has compact support and < is smooth, the pairing is well-defined and finite. L,
is a finite constant, ensuring fw f ds is a scalar.

4 Generalization to Arbitrary Spaces and Fields

4.1 Definitions

Let M be a topological space (e.g., R™, smooth manifold) of dimension n, with a measure
dp (e.g., Lebesgue, volume form). Let 7 : [a,b] — M be a smooth path, arc length L., =

fab ‘Z—Z’ ds. Let V be a vector space (e.g., R, R™, TP(M)), and f: M =V, f € D'(M,V),
the space of V-valued distributions. Test functions ¢ € D(M, V™).

4.2 Sequential Indefinite Integration in General Spaces

For M with local coordinates (z1,...,z,), base point 2° = (z9,...,22):

(F1,¢) = —/M (/:1 f(tl,xg,...,a:n)dh) Op, O(x1, ..., xp) du(x) (34)

+ <01(CL’2, o ,[En), gb) (35)



On a manifold M, use covariant derivatives V., along basis vectors e;:

(F1, ) / </ Ve, f(t,xo,. .. x,) dt) Ve, d(z) du(x) (36)
<Ol((L’2, e 7.17n)7 ¢> (37)
General k:
F = (—1)F xk b ce, X))
< k>¢k> ( 1) /J\‘/[nlCJrl ([Yk(o) " (0) f(tb 7tkaxk+17 y ) (38)
vel e vek¢k($ka <. axn) dtl T dtk) dunkarl (l’) (39)
k—1 Th—j+1 zj
—1)k R Cilts,... ) 40
OIS B VAR DRSS
Ve, Ve Ordty - dty_ji1) dptn—ji (2) (41)
Example: M =R?, f = §(zy), v(s) = (s,8), s € [-1,1]:
1
<F1,§b> = —/ H([Lj)axlqb(l'l,!tz) dl’z d$1 (42)
~1J-1
- / $(0, z5) dxs (43)
-1

Theorem 4.1: For any f € D'(M,V), Fj is well-defined for all k = 1,...,n
Proof: - k=1: V., F} = f in D'(M). For f = §(xy):

O, (Fr / H(21)22 ¢du+/ 5(e)édp = (£, 0)
M

-k =2 V., F, = Fj, as integration along e, preserves the distributional property. -
Induction: V., Fj, = Fj_4, valid for any n-dimensional M.

Remark: This extends to infinite-dimensional spaces by restricting to finite coordi-
nate patches.

4.3 Path Integration in General Spaces

Define:
/ fds = Ly (F(4(5)). Xia (5) (44)
For M = R", f = 0,,8(21), %(s) = (5....,5), s € [~1,1]:
(F(s)) / 0,6(s)3(s) ds = —0,6(0) = —¢'(0) (45)
L, - / Jids = 0/n (46)
[ ras=2via(-¢0) (47)

Theorem 4.2: For any f € D'(M,V), f7 f ds is defined in any n-dimensional space.
Proof: - f(v(s)) is a distribution on [a, b]. For ¢ € D([a,b]):

(f(1(5));0(s)) = (f, (v (2)) - 6(7(s) — x))

- L., scales the action, finite for smooth ~, ensuring definition across all n.
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4.4 Application to All Fields
For a vector field f = (fi,..., fm), fi € D'(M):

(F, g) = / < / P tl,:cg,...,wn)dtl) 0. 6(x) dp() (48)

+ (1", ¢) (49)

/fds—ZL ()Xo (5)) (50)

For tensor field f = f':

Ji-Jq

<F1lep7 ¢J1]q> / </ fJZII ;p dtl) V61¢Jqu d/,b (51)
M

fds =L, Z (i (1(5))s Xian (5)) (52)

Consistency of (O, ¢) Under Gauge Transformations

In the definition of the gauge-invariant observable O = Tr(F,, F*"), where F,, = V,A, —
V,A, +[A,, A is the field strength tensor and A, : M — T*M ® g with g being a Lie
algebra, O is treated as an element of the space of distributions D'(M). For a test function
¢ € D(M), the pairing is defined as:

Z/ Tr(Fy () (x))d() dp(z), (53)

p<v

if I, is locally integrable or can be interpreted distributionally. In the distributional
sense, we define:
<O> ¢> = Z<TY<FMVF’W), ¢>7 (54)
p<v
where (Tr(F),, F*), ¢) is understood as the distributional pairing of the product Tr(F},, F*),
assuming F),, satisfies suitable regularity conditions (e.g., the product is well-defined in
the sense of Schwartz distributions).

We now rigorously verify the consistency of (O, ¢) under a gauge transformation
A, = UAU '+ UV, U, where U : M — G is an element of the gauge group G, a Lie
group, and U~! is its inverse.

Step 1: Transformation of ),

Under the gauge transformation, the field strength tensor transforms as:

F,=V,A, —V,A +[A, A (55)
=V, UAU ' +UV,U ") =V, (UAU ' +UV, U ")+ (56)
VAU + UV, U UAU T +UV, U (57)

Expanding each term:

V,(UAU Y = (VAU + UV AU+ UA(V U, (58)
vV, U =(VU0)(V,UY+ UV, VU, (59)



and similarly for the other terms. The commutator term expands as:
(Al A =[UA U UAU N+ [UAUL UV, U+ (60)
v, U UAU N+ UV, U UV, U, (61)
Using the property of the Lie algebra [UXU !, UYU™!] = U[X,Y]U™!, and collecting
all terms, we obtain:
F;/u/ =UF,U " (62)

This confirms that F),, transforms covariantly under the gauge transformation.
Step 2: Invariance of O = Tr(F,, F")
Consider O = Tr(F),, F*). After the gauge transformation:

FF" = (UF, U Y)YUF*"U™). (63)
Taking the trace:
Te(F,,F"™) = Te(UF, U'UF™U ™). (64)
By the cyclic property of the trace, Tr(ABC) = Tr(C'AB), we have:
T(UF, U 'UF*U ") = Tr(UF,, F*U™") (65)
= Tr(F,F*U'U) (66)
= Tr(F,, F"), (67)
since U™'U = I, the identity. Thus:
Tr(F,, F™") = Tr(F, F"), (68)
implying O’ = O. Hence, O is invariant under the gauge transformation.
Step 3: Consistency of (O, ¢)
Returning to the pairing (O, ¢), before the transformation:
(0.0) = D _(Te(FuF"™), ). (69)
u<v
After the gauge transformation:
(0',0) = > (Tx(F}, ™), ¢). (70)
pu<v
From Step 2, since Tr(F), F"*") = Tr(F),, F*), it follows that:
(Tr(F, F™), ) = (Te(Fu F™), 6). (71)
Thus:
(0, 6) = (0, 6). (72)

This demonstrates that (O, ¢) is consistently defined and invariant under gauge trans-
formations. Even when O is a distribution, the invariance holds, provided the product
Tr(F,, F*) is well-defined in the distributional sense.

Remark: If F,, is a distribution, the product F),, F'*” requires regularity conditions
(e.g., F),, must belong to a space where such products are defined, such as Schwartz
distributions with appropriate wave front sets). This ensures the pairing (O, ¢) remains
well-defined and consistent under gauge transformations.

Theorem 4.3: The method applies to all fields in any n-dimensional space.

Proof: - Each component f; or f;' "

gy 18 In D'(M), and F}, and path integrals are
defined component-wise, preserving field structure.
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4.5 Gauge Invariance Across All Spaces and Fields

For A,: M - T*M ®g, f € D'(M, g):

<F,uw ¢> = <vuAV - VVAH + [Aw Au]v ¢> (73)
(0,0) = (Fu, F™ - ¢) (74)
/ O ds = L, {0(4(3)): x(an)(£)) (75)

Example: M =R*, f=6(z1)-g, 9 € ¢

/Ods = \/ZL(O(F(S)),X[OJ](S»

N
Theorem 4.4: Gauge invariance holds for all f € D'(M,V) in any n-dimensional

space.
Proof: - Under A; = UA“U_1 + UVuU_lz

F,=V,A,—=V,A +[A A]=UF,U"
- O = Tr(F,, F*) is invariant in D'(M), and fv O ds inherits this invariance.

5 Derivation and Proof of Applicability

Theorems 2.1-4.4 confirm applicability across all spaces, fields, and dimensions.

6 Generalization and Proof of Alpha Integration Across
Infinite Dimensions, Complex Paths, and All Man-
ifolds

This section generalizes the Alpha Integration Method to infinite-dimensional spaces,
complex paths (including non-smooth and infinitely oscillating), and all manifolds (in-
cluding non-simply connected), proving its applicability and gauge invariance without
approximations.

6.1 Infinite-Dimensional Extension

6.1.1 Definition

For infinite-dimensional spaces, let F = L?(M) be the space of square-integrable fields
over a manifold M with measure pu. Define a path I' : [a,b] — F, where I'(s) = ¢,
¢s : M — R. The path length is:

b . .
Lr= / 1622 ds. ||¢SHL2=\/ /M Bunl)? dps(z)

The path integral over all fields is:

/F flg]dr = /f {161 DTl

where DI'[¢] is a formal path measure, analogous to Wiener measure in finite dimensions.
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6.1.2 Proof of Applicability
Consider M =R, f[¢] = [; #(x)*dz, [(s) = ¢s.

e Finite-Dimensional Projection: Approximate ¢ (x) = Z]kvzl ar($)Yr(x), {Ux}
orthonormal basis of L?(R).

f1os] —/R (Z ak(S)%(I)) de =" ai(s)’

k=1

Path (s) = (ax(s), . ax(s) € B, Ly = [0/ (o) 2 ds.
» N
/ flpslds = L, / Z ar(s)? ds

e Limit as N — oo: Define [; f[¢]dl' =limy_o [ f[¢s]ds in L*(F) sense, assum-
ing ¢ is a Sobolev path.

Theorem 5.1: For f[¢] bounded and continuous on F, the infinite-dimensional integral
is well-defined.

Proof. Let ¢s € H'([a,b]; L>(M)), ensuring Lr < oo. The finite-dimensional integral
converges by continuity of f and compactness of [a,b]. The limit exists in a weak sense
over F. O

6.2 Complex Paths
6.2.1 Definition

For non-smooth or infinitely oscillating paths + : [a, b] — M, redefine:

/f%—%ﬂW$%M$>

where p(s) is the Lebesgue measure on [a, b], bypassing L., divergence.

6.2.2 Proof of Applicability
e Non-Smooth Path: M =R? f(xy,13) = x1, y(s) = (s,|s]), s € [-1,1].

(f(v(s), u(s)) = /1 sds = [%T_l = % - % =0

-1

e Infinitely Oscillating Path: ~(s) = (s,sin(1/s)), s € [0, 1].

<ﬂm»mwzllwzgﬁzé

Theorem 5.2: For f € D'(M) and v measurable, the integral is well-defined.

Proof. ~y(s) measurable ensures f(v(s)) is a distribution on [a,b]. p(s) finite guarantees
{(f(7(s)); u(s)) finite. 0

11



6.3 All Manifolds
6.3.1 Definition
For any manifold M (including non-simply connected), f € D'(M), v : [a,b] — M:

<F1,¢>:_/M( " f(tl,xQ,...)dtl) V., du(z)

71(0)

/ fds = (F((s)). 1(5))

6.3.2 Proof of Applicability
Test on M = R?\ {0} (non-simply connected):
o [ =i, 7(0) = (cosh,sinb), 6 € [0,27].
1 2

(F(1(6)), u(6)) = / "1do = 2r

Theorem 5.3: For any M and f € D'(M), the method applies.
Proof. V., and du are well-defined on any manifold. x(#) finite ensures integral conver-

gence. ]

6.4 Gauge Invariance
6.4.1 Proof Across All Cases
For A, € D'(M,T*M ® g), under A, = UA,U' +UV,U™":
e Field Strength:
F.=V,A —V,A,+[A,A]
Fl,=V,UAU ' +UV,U )=V, (UAU " +UV,U")
+UA U+ UV, U N UAU ' + UV, U
Compute each term:
V,(UAU Y =(V,U)AU T +UV, AU —UA UV, U!
v,uv,u Y =v,0)v,ut+uv,v,Uut
Similarly for V, terms. Commutator:
UA U+ UV, U UA U +UV, U =U[A,, AU + cross terms

After cancellation:
F,=UF,U"

e Invariant Observable:

O = Te(Fl, F'") = T(UF,, U UF*U"") = Te(E}, ™) = O
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e Path Integral:

/7 O.ds = (0(+(s)), u(s)) = / 0'ds

Theorem 5.4: Gauge invariance holds in all dimensions, paths, and manifolds.

Proof. O invariance follows from trace cyclicity. The integral uses u(s) or DI', both
gauge-independent. O

7 Testing the Alpha Integration Method Across All
Functions, Fields, and Spaces

This section provides rigorous tests of the Alpha Integration Method across all functions
(regular L', non-L', distributions), fields (scalar, vector, tensor), and spaces (R", S!,
S?), ensuring its applicability and gauge invariance without approximations.

7.1 Tests Across All Functions
7.1.1 Scalar Function (L')

Consider M = R? f(x1,22) = z172, a regular L' function, with path v(s) = (s,s),
s€[-1,1], L, = 2V2.

e Sequential Indefinite Integration:

o 21" 1
Fl(l‘l,xg) = / tll'g dtl + 01(1'2) = |:§1172} + Ol(ZEQ) = 51]%1‘2 + 01(1‘2)
0 0

e Path Integration:

1
-1

F(r(5) = -5 = &2, Lfds L, [ o) = m/ 2 ds

1 1 371
1 2 2 42
2d :2/ 2d :28— =2.—=— /d:2 R S
/15 S Os S 3], 3= 3 7fs \/_3 ;

Result: The method applies directly, yielding a finite value.

7.1.2 Scalar Function (Non-L')
Consider M =R, f(z) = 1, a non-L' function, with v(s) =s, s € [-1,1], L, = 2.

e Sequential Indefinite Integration:

(o) = [ (G0 o) s (

o \ 1

|
<
&
Il
—
g
<
=
=

For 9(t) = 0,¢(x), F} is a distribution.
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e Path Integration:

1o (bocts) =2 2

Since ¢(s) has compact support, this is the principal value:

<1,¢(s)> it )d =0 (if ¢(s) is odd), /fds—Q 0=0

S -1

Result: Defined via distributions, finite result obtained.

7.1.3 Vector Function
Consider M = R?, f = <w—11,a:2>, with y(s) = (s,s), s € [-1, 1].

e Sequential Indefinite Integration:
< 1 7¢ / H(x1)In|21[0;, ¢ dr1das, F1(2)(551>»T2):/ tydty = x5+ C
0

e Path Integration:

/fds_Q\/_<< X[ (8 )>+/_11st) = 2v2(0+0) =0

Result: Applies component-wise, finite result.

7.1.4 Tensor Function
Consider M = R?, f{, = §(x1), other components zero, v(s) = (s, s).

e Sequential Indefinite Integration:

(FL 1) = — | H(21)0s,¢1 da1dzs

R2

e Path Integration:
[ s = 2v205(5) 315 = 22000
Y
Result: Well-defined via distributions.

7.2 Tests Across All Fields

7.2.1 Scalar Field

Consider M =R?, f = W’ v(s) = (s,s,s), s € [-1,1].
e Path Integration:

1 1

PO = g G660 = [ 3 [ ras=2vaigg o)

Result: Defined as a distribution.
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7.2.2 Vector Field (Gauge Field)
Consider M =R? A = (§(1),0), v(s) = (s, 5).

e Field Strength:
F12 = —825(.171), O = TI'(F12F12)

e Path Integration: j; O ds = 2+/2(0((s)), x[-1.11(5))-

Result: Well-defined.

7.2.3 Tensor Field
Consider M =R?, fl, = z119, 7(s) = (s, 5, 5).

e Path Integration:
1
4
Py =t [ras=2v [ a5~ 12
¥ -1
Result: Applies directly.

7.3 Tests Across All Spaces
7.3.1 R" (n=2)

See vector function test above.

7.3.2 St
Consider M = S, f(0) = 3 (local chart), y(t) = ¢, t € [-m, 7], L, = 2.

/de =27 <%7X[7r,7r}(t)>
Y

Result: Distributionally defined.

e Path Integration:

7.3.3 5?2
Consider M = 5%, f(0,¢) = (0), v(t) = (¢,0), t € [0, 7], L, = .

e Path Integration:

Result: Well-defined.
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7.4 Gauge Invariance Tests

For all fields and spaces, consider A, with transformation A}, = UA,U 1+ Uv, Ut
e Field Strength Transformation:
F,=UF,U"
O' = Tx(F,,F") = Te(UF, U ' UF*U™") = Te(F, F*) = O

e Path Integration:

/O' ds = L (0" (7(5)); Xja1(5)) = L {O(1(5)): Xja,p1 (8)) = /Od‘S

Y Y

Result: Gauge invariance holds across all tested cases.

8 Conclusion

The Alpha Integration Method rigorously integrates all functions and distributions over
any space and field, preserving gauge invariance in arbitrary dimensions.
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