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Abstract:

In order to strictly prove the hypotheses and conjectures in Riemann's 1859 paper on the Number of
prime Numbers not Greater than x from a purely mathematical point of view, and strictly prove the
correctness of the generalized hypotheses and conjectures, this paper proves the conjugation of the
zeros of the Riemann {(s) function by using Euler's formula. By using the conjugacy of the zeros of
Riemann {(s) function, it is obtained that the nontrivial zeros of Riemann {(s) function must satisfy

s:%+ti(teR and t#0) and s:%-ti(teR and t#0). The symmetry of zeros of Riemannian Riemannian £(s)

function is a necessary condition for the non-trivial zeros of Riemannian Riemannian ¢(s) function to
be located on the critical boundary, so it is equivalent to prove that the zeros of Riemannian §(t)
function must be non-zero real numbers, Riemannian conjecture is completely correct.
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I. Introduction
The Riemann hypothesis and the Riemann conjecture is an important and famous mathematical
problem left by Riemann in his 1859 paper "On the Number of primes not greater than x", which is of
great significance to the study of the distribution of prime numbers and is known as the greatest
unsolved mystery in mathematics. After years of hard work, | solved this problem and rigorously
proved that both the Riemann conjecture and the generalized Riemann conjecture are completely
correct. The Polignac conjecture, the twin prime conjecture, and Goldbach's conjecture are also
completely correct. It would be nice if you understood Riemann's conjecture thoroughly from the
outset of his paper "On Prime Numbers not Greater than x" and were completely convinced of the
logical reasoning behind it. You need to do this before you read my paper. The following is about the
first half of Riemann's paper "On the Number of primes not Greater than x", which | have explained
and derived, which is the premise and basis for your understanding of Riemann's conjecture.In 1859,
Riemann was admitted to the Berlin Academy of Sciences as a corresponding member, and in order to
express his gratitude for the honor, he thought it would be best to use the permission he received
immediately to inform the Berlin Academy of a study on the density of the distribution of prime
numbers, a subject in which Gauss and Dirichlet had long been interested. It does not seem entirely
unworthy of a report of this nature.

Riemann used Euler's discovery of the following equation as his starting point:
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Where p on the left side of the equation takes all prime numbers, n on the right side takes all
natural numbers, and the function of the complex variable s represented by the two series above
(when they converge) is denoted by £(s). That is, to define a function of complex variables:
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The two series above converge only if the real part of s is greater than 1,is also say when
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number, for example s= -1,then it does not satisfy the condition that Re(s)>1. So you need to find
an expression forC (s) function a that is always valid for any s. In modern mathematical language,
that is, to carry out an analytical extension of a complex function {(s), and the best way to analyze
the extension is to find a more extensive and effective representation of the function such as an
integral representation or an appropriate function representation.Therefore, we want to define a
new function, this new function also {(s) to represent, this new function of the independent

variable s is not only full Re(s)>1, but also satisfy Re(s)<1(s#1), and the function image is

smooth, every point on the function image can find its tangent slope, that is, the function
everywhere can find the derivative. However, it is no longer called the Euler zeta() function, but
the Riemann zeta() function. Riemann used the integral to express the function £(s). In this paper,
I have added another complex variable to express the Riemann function £(s).

Because T1(s) = I'(s +1) = sI'(s) , where TI(s) is the factorial function , T'(s) is the Euler gamma

function,l“(s):focO x5~1 e7Xdx, Let the variable x— nx(n€ Z*) in the integral symbol,then
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J, x)*7Te™d(nx) =n [~ e™™ n*'x*"'=n® [~ e™™ x57'=I'(s)=TI(s-1),50
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That's exactly what Riemann says in his paper, he says he's going to use
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Since n is all positive integers, we need to assign ), to e™™* and %on both sides of the equation,
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Now consider the following integral

f( x)S~ 1dX

—x)571dx

According to modern mathematical notation, the integral should be denoted as fc( 7 O

considering that the complex number is generally represented by z, the integral should be denoted

as [, L , Its integral path proceeds from +co to +o on the forward boundary
of a region containing the value 0 but not any other singularities of the integrable

function, where the integral path C is shown in Figure 1 below.

Figure 1
To obtain the value of this integral, we assume that there is a complex number of arbitrarily small

moduli &, and that the moduli |6| of 8,|8|—0,Because (-Z)° =es"(-% and In(-Z)=

In(Z)+mi or In(—=Z) = In(Z) — mi, so

(-2)S"'dZ _ (8 (-Z)S~ 1dz o0 (=Z)S~1dzZ 00 (-2)571dzZ_ (8 (-Z)SdZ +00 (—Z)SdZ
J = +J, +k [ ) J

eZ-1 ©  eZ-1 8 eZ-1 eZ-1  J+oo (eZ-1)Z 5 (eZ-1)Z

DL _ s g-misiy [ eSm(Z)dz (-Z)dzZ
+kf|5|—>0 (eZ-1)Z =(e )fﬁ (eZ- 1)Z f|5|—>0 (eZ-1)Z

The definition of trigonometric functions of complex variables is given by Euler's formula

, kis a constant.

®)
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2i 2sin(ms)
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sin(z)= —— if z=mts , then sin(mns)=
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_7ys-1 oo eSIn(Z) -7)8 . .
fc% (emsi-emmsh) [FI—= le kf|8|_)0%, if 5 is a real number and the

absolute value |3| of 5, [5] —0,

then [ CZ2 _ 0 the f(z) —2|S|n(ns)f

|8]-0 (eZ-1)Z

2isii(1'rs) Je (_Ze)Z—1dZ:fo 1 = (x€R), We got I(s — 1)¢(s) = f

s—1

‘ix (x € R).then

ix (x € R) before,

so 2sin(ms) ‘ix. Where we agree that in the many-valued function

(—x)571, the value of In(—x) is real for negative x, thus obtaining 2sin(ms) I1(s — 1)¢(s) =

ifoo(x)

[o¢]

~ (x € R).This equation now gives the value of the function ¢(s) for any
complex variable s, and shows that it is single-valued analytic, and takes a finite value

for all finite s except 1, and zero when s is equal to a negative even number.The right side

of the above equation is an integral function, so the left side is also an integral function,IT(s —-1) =
I'(s),and the first-order poles of I'(s) at s = 0,—1,-2,-3,... cancels out sin(rs)'s zero. When the real
part of s is negative, the above integral can be performed not along the region positively
surrounding the given value, but along the region negatively containing all the remaining complex
values.See Figure 2 below, where the radius of the great circle C 'approaches infinity and thus
contains all poles of the integrand, i.e. , all zeros of the denominator e* — 1, nxi (n is an integer),
and the following calculation applies Cauchy's residue theorem.

Figure 2

Since the value of the integral is infinitesimal for modular infinite complex numbers, and in this

(4)
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Since the value of the integral is infinitesimal for modular infinite complex numbers, and in this
region the integrand has a singularity only if x is equal to an integral multiple of 2xi , the integral
is equal to the sum of the integrals negatively around these values, but the integral around the
value n2ri(n € R") is equal to (—n2mi)S~1(—2ri)(n € R*).The residue of the integrand at
n2mi(n # 0) is equal to

(=x)s1 _=xst _ LNS—
[W]x:nzﬂ_[e—x]xznZni_(nznn)s 1(n * 0)-
So we get

2sin(rs)[1(s — 1)s)=(2m)s ¥ ns~((—i)5~1+i5~1) ™ (Formula 3),

It reveals a relationship between {(s) and {(1-s), using known properties of the function I1(s), that
is, using the coelements formula of the gamma function I'(s) and Legendre's formula. It can also
be expressed as:

S
r(g)n_EZ(s) is invariant under the transformation s—1-s.
based on euler's e*=cos(x) + isin(x) (x € R), can get

ei(_5)=cos(_2—n) +isin(_7n) =0-i=-i,

ei(E)=cos(g)+isin(g)=0+i=i ,
then

T T
2 2

(—i)5=1 4 1571 = (=0)=1 (=)%+(D) =1 (D)5=(=D)~1e!(2)° 4 {-Dei)s=
iei(_g)s-iei(g)S :i(cos_T“SHsin_T“S)-i(cosn?s+isin%s)=icos(n7s)-icos(n7s)+sin(n?s)+sin(n7s)

=Zsin(?) (Formula 4).

According to the property of M(s-1)=I(s) of the gamma function,and
Yo n571=g(1-s)(n € Z* and n traves all positive integer,s € C,and s # 1),
Substitute the above (Formula 4) into the above (Formula 3), will get

2sin(ms)l(s){(s)=(2m )37 (1 — s)2 sin? (Formula 5),
according to the double Angle formula sin(ns)=25in(?)cos(?), we Will get

{(1-5)=2"5n ‘Scos(?)l'(s)l(s)(sec and s# 1) (Formula 6),
Substituting s—=>1-s, that is taking s as 1-s into Formula 6, we will get
Z(s)=2Sﬁs‘1sin(?)F(1-s)Z(1-s)(sEC and s# 1) (Formula 7),

This is the functional equation for (s) (s € Cand s # 1). To rewrite it in a symmetric form, use
the residual formula of the gamma function

s

r(z)r(1-z)= SineZ)

(Formula 8)

®)

1
and Legendre's formula I'(%)I’(%%):Zl‘znﬂ'(z) (Formula 9),

Take z=§ in (Formula 8) and substitute it to get
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sin(n—s)- — (Formula 10),
PG )r(1

In (Formula 9), let z=1-s and substitute it in to get

[(1-s)=2" n‘ir(ﬁ)r(l %) (Formula 11)

By substituting (Formula 10) and (Formula 11) into (Formula 7), can get
T O)s)=n 2 TS9(L-s)(s€C and s 1),

also

I’(%)Tr_ZZ(s) is invariant under the transformation s—>1-s,

And that's exactly what Riemann said in his paper.That is to say:
r(g)n_ZZ(s) is invariant under the transformation s>1-s,

also

M1E — D gs)= 1SS — D~ 7 ¢(1-s)(s€C and 5% 1),

or

T Os)=n 2 T9(L-s)(s € Cand s # 1)(Formula 2),
Then {(s)=25T5" 1Sln( )F(l s){(1-s)(s€C and s# 1)(Formula 7) .

This property of the function induces me to introduce H(%—l) instead of I1(s —1) into the general

. 1 . . . . .
term of the series Z;’f’:lg, from which we obtain the function a very convenient expression

for{(s), which we actually have

Sn(G-1)m

o S_
To derive the above equation, let's look at H(%—l):F( 2)2[0 xz te7¥dx , in

N|m

S
© _.2 _s
= [, e™™ ™ x"zdx.

H(——l) rE)=/" xz~1 e~*dx, replace x— n?mx as follows, then
S — —(® 5.1 _p2 _ _ S _4 po0 _.2 _s
H(E—l)—l"(s)—f0 (n*mx )z e ™™ ™dx=n®.n"2 mz. ! [ 7 ™™™ x"2d(n’mx)=
s ) 2 _S S o 2 _S
n®.n72 et n?om [ e ™™ X 2dx=n®. w2 [ e™" ™ x7zdx , S0

1 s _S 0 _n2 _s
FH(E_l)T[ 2=f0 e X x72dx .

(6)

So, if we call Y%, e ™™ =y(x), get immediately
%1‘[(2—1)1‘[ 2 —f e o= f (T, e M m)x ™ 2 dx= f Y(x)x~ 2dx.

According to the Jacobi theta function
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G(X) — Z?F:—oo e—nan =e‘°2“X+ZZ;°:1 e_nznx =1+2(e—nx 4 @ AMX | @mIMX | o—16mX ),

Easy to see ((x) = Y%, e '™ = #.
The transformation formula of theta function is derived as foIIows:e(i):\/; 0(x).

Let the first class of complete elliptic integrals k,k' is called modulus and complement of Jacobi
elliptic functions or elliptic integrals, respectively.

k= k(K)=[

(1-Kk2sin20) '
L — (o de
k— k(k) _foz l(l—k ’—ZSinze) ’
let t = k'/ k ,then get
\E—k =0(1)=1+2(e™™ + e 4T 4 7T 4 @16TT 4 ...,
The modulo k and the complement k' are interchangeable

&:e (l):]_.}.z(e—n/r + e—4n/r 4 e—9‘l'[/‘t + e—16‘l'[/‘t 4 )’
\' b1 T

Compare the two formulas to obtain 9(%):/?9(1). It was first obtained by Cauchy using Fourier

analysis, and later proved by Jacobi using elliptic functions.
We have again

ME-1)m7506) = [ w00 e [” w) x7 dir 2[1x7 i )ox

_ 1
- s(s—-1)

# I W) (6T

Let's look at the last part of the equation, if s—1-s, then

1 1 _ 1 1
s(s=1)  (1-s)(1-s—-1)  (1-s)(-s) (s—1)s '

S 1+s 1-s 14+(1-s) —1-s 2-5s 1+s S
2

-—1, —— — - - - -1
X2 +X 2 =X2 “+X 2 =X 2 +X =X 2 +Xz ,S0

S
I1 2 1)n: U(s) isinvariant under the transformation s—1-s.
2

Riemann then derived the function equation for {(s) again, which is simpler than the previous
derivation using the circum-channel integral and residue theorems.

If we introduce auxiliary function function ®(s)=[] G - 1) 2 {(s).

This can be succinctly written as ®(s) =®(1-s), But it is more convenient to add the factor s(s —1)
to @(s), which is what Riemann does next, i.e. (To keep with Riemann's notation, the number

(1)
factor % is introduced): 7(s)= is(s -DII G — 1) 11_21“( E)Z(s).

Because factor (s —1) cancels out the pole of {(S) at s=1, factor s cancels out the pole of F(%) ats

=0, and {(S)'s trivial zeros -2, -4, -6,...,and the rest of the poles of 1"(%) cancel out, so {(S) is an
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integral function and is zero only at the nonnormal zero points of (S). Note that since sub s(s —1)
obviously does not change under s —1-s, there is a function equation &(s) = £(1- S).

Now suppose s=%+ti(t eCandt#0),[I (2)(3 —1)11‘% U(s)=¢(t), thus get

£(t) % (2 + i)ff’ P(x) x_% cos(% tlnx )dx

Or
d( E111( ) -
oo d(x2’(x —= 1
E(t) = 4/, — X +cos(5tinx)dx .

The function [] G)(S—l)n_f U(s)=&(t) defined by Riemann is essentially the same as the function

&(s)= %s(s -DI1 G - 1) 11_2 I'( %)Z(s)commonly used today. Because

M(2)=r(E + D=2r(3)s0ll (2) -1 (=T (D -7z {()=2s(s ~Dnz T(DYS)=E(E)s

The only difference is that Riemann takes t as the independent variable, while &(s), which is now
commonly used, still takes s as the independent variable, and s and t differ by a linear

1 1
transformation: s=E+ti, that's a 90 degree rotation plus a translation of E.In this way, the line
1
Re(s)= > in the complex plane of s corresponds to the real axis in the t plane, and the zero of the

1
zeta function on the critical line Re(s)= 3 corresponds to the real root of the function &(t).Note

that in Riemann's notation, the functional equation &(s) = £(1— s) becomes &(t) = (-t), that is,
E(t) is an even function, so its power series expansion is only an even power, and the zeros are
symmetrically distributed with respect tot = 0.

In addition, it is also clear from the above two integral representations that &(t) is an even

1
function, since COS(E tlnx) is an even function of t.

3
For all finite t, function é(t)=%—(t2 +i)floollj(x) X 4 Cos(%tlnx)dx or function &(t) =

3
1) Alld 1
4f1 %X 4cos(%tlnx)dx is finite in value,

And can be expanded to a power of t? as a rapidly convergent series, because for an s value
with a real part greater than 1, the value of In{(s) = — Y In(1 — p~%) is also finite.It is same

true for the logarithm of the other factors of &(t), so the function &(t) can take zero only if the
1 1.
imaginary part of t lies betweenE and _EI' That is, A can take a zero value only if the real part of

s lies between 0 and 1. The number of roots of the real part of the equation &(t) between O and T

®)
is approximately equal to N(T)= %In% — % + O(InT), approximately to (%In% —%)(this

result of Riemann's estimate of the number of zeros was not strictly proved until 1859 by
Mangoldt).This is because the value of the integral [ dIng(t) (after omitting small quantities of

order %) approximately equal to (Tln% — T)i. The value of this integral is equal to the number
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of roots of the equation in this region multiplied by 2mi(this is the application of the amplitude
Angle principle).In fact, Riemann found that the number of real roots in this region is
approximately equal to this number, and it is highly likely that all the roots are real. Riemann
naturally hoped for a rigorous proof of this, but after some hasty and unsuccessful initial
attempts, Riemann temporarily set aside the search for proof because it was not necessary for
the purposes of Riemann's subsequent studies. What Riemann wrote down is the famous
Riemann conjecture, the most famous conjecture in mathematics!

. . - 1. .
According to Riemann's hypothesis in the paper : s=E+t|(tE Candt # 0), then the Riemann
conjecture is equivalent to that for ((s)=0, its complex roots s (except for negative even numbers)
must all be complex numbers satisfying only S:%+ti(te Randt # 0), and they all lie on the

- . . e 1
critical boundary of the vertical real number axis satisfying Re(s)= > These complex roots s

(except negative even numbers) are called nontrivial zeros of Riemannn{(s)(n € Rt and s #
1 and s#—2n functions.
Let's call the prime counting function T(x)(x € R*), the name of this function has nothing to do

with PI. According to the prime number theorem,t(x) =~ & (x € R").The number of primes less

than or equal to 1 is 1, the number of primes other than 1 is 0,s0 m(1) = 0.The primes less than or
equal to 2 are 1 and 2, the number of primes other than 1 is 1,50 m(2) = 1, The primes less
than or equal to 3 are 1, 2, 3, and the number of primes other than 1is2, so m(3) = 2. The
primes less than or equal to 4 are 1, 2, 3, and the number of primes other than 1 is 2,50 ©(4) = 2.

The primes less than or equal to 5 are 1, 2, 3,5, and the number of primes other than 1 is 3,50

m(5)=3.50 n(6) =3 ,m(7) =4 ,n(11)=5,m(13) =6, ... ,andso on. If we get a simple

expression to calculate the prime number counting function, it will lead to amazing results, which
will have great significance for the theory and application of mathematical distribution and the
development of the mathematical discipline.

Riemann improved the prime counting function, and the prime counting function Riemann
obtained was called J(x)(x € R*). The relationship between J(x)(x € Z*) and (x) =

& (x € Z%) isas follows:
() = T B2 () = 500 — 2 (x2) — 23 (x3) = 1) (x5) + 1)) (x € 2, m € ZF)
The relationship between J(x)(x € R*) and {(s)(s € Cands # 1 is as follows:
9)
JIn(s)=;"16ox~"1dx,
p(n) is called the Mobius function.

The Mobius function p(n) has only three values, which are 0 and plus or minus 1, if n is
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ok Divisible by the square of any prime number, that is, an exponent of one or more
prime factors other than 1 in the prime factorization of n. If the power is raised to the
second or higher power, then p(n)=0. If n is not divisible by the square of any prime
number, that is to say, the exponent of any prime factor other than 1 in the prime
factorization of n has the degree 1, then let's count the number of prime factors. If there
are an even number of prime factors, then p(n)= 1. If the number of prime factors is
odd, then p(n)=-1. This also includes the case of n=1, since 1 has no prime factors other
than 1, then the number of prime factors of 1 other than 1 is 0, and 0 counts as an even
number, so p(1)=1. In the above expansion, as n(n € R*) increases, %(n € Z*) becomes
smaller and smaller, x%(ne Z*) also gets smaller and smaller, The n(n €Ztand n -
+oo)th term is going to get smaller and smaller. It shows that the largest contribution to
the value of m(x) is the first term J(x).

Now let's look at the following formula from Riemann:

00 = LiG)-E, L)+ [ gampm — In2 (x € 2°),
among , Li(x)=f(fl‘1—tt(x ez,

J(x) is called a step function, it equals zero where x equals zero, that is, J(0)=0, and then

as the value of x increases, every time it passes through a prime number (such as

2,3,5,...). The value of J(x) increases by 1. Every time it square a prime number (4,9,25),

the value of J(x) increases by % Every time it pass through the third square of a prime
(10)

number (such as 8,9,25,...) The value of J(x) increases by 1/3. Every time it pass 4 squares

of a prime number (say, 16,81,256,625,...) , the value of J(x) increases by 1/4. And so

on,every time it passes a prime number to x" (n €Z% , n—> +oo,xis aprime number),
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the value of J(x) increases %(n € Z*and n - +) .You can think of it as that every time it
passes a prime number to x" (n € R* , n —» +oo,xis aprime number) , J(X) increases
%(n € Z*and n - +00). Obviously, this function is closely related to the distribution of prime

numbers. If you look at the right-hand side of the equation, the first term is called the

x dt

logarithmic integral function Li(x) = [ ~(x€Z*), When x is sufficiently large,

0
Li(x) = %(x €ZY), n(x) = Lix) ~ %(x € Z*,x is sufficiently large) .Let's look at the
second item Li(x")(x €Lt ,pE C) , P is a complex number other than a negative even

number, p is called the nontrivial zero of the {(s)(n € Z* and s # 1 and s # —2n )function
by Riemann. pisdenotedas:p =0 + it(c ERtE R). On the real number line, the
Riemann {(s)(s € C,ands # 1ands # —2n,n € Z" ) function has no zeros except for
negative even numbers, So p is definitely not a real number other than a negative even
number, so xP(peCx€Z*,andp# landp # —2n,n € Z*) is definitely not a real
number other than a negative even numberas also. So how do we compute Li(xp)(x €
R+ , peCand p#1 and p#—2nn€Z+? Just extend the domain resolution of
Li(x):foxi—tt(x € R*) to all complex numbers except divided by 1.Riemann proved that
the non-trivial zero p of the Riemann{(p)(p € Cands # 1and p # —2n,n € Z*)function
must satisfy 0<Re(p)<1. The vertical strip of width 1 on the complex plane is called the
critical strip. and the line perpendicular to the real number axis satisfying Re(s)=
%(s € C ands # lands # —2n,n € Z*) is called the critical boundary, that is, the center

11)
line of the critical band. Riemann guessed that the non-trivial zeros of the

Riemann (s)(s € Cand s # 1 and s # —2n,n € Z* )function all lie on the critical boundary,

which is a very surprising conclusion.
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If the real part of the nontrivial zero of the Riemann {(s)(s € Cands # 1ands # —2n,n €
Z+ function takes random values between 0 and 1, then the probability that it reaches
exactly % should equal 0, which Riemann thought was 100%. If the Riemann conjecture
is strictly true, then the occurrence of prime numbers or the distribution of prime
numbers is not random at all, but occurs in a definite way, and there must be a deep
reason behind this. The proof of the prime number theorem is an intermediate product
in the process of studying Riemann conjecture. In 1896, Hadamar and De la Vabsan
proved that the nontrivial zero p of the Riemannn {(p)(p € Cands # 1andp # —2n,n €
Z+ function has no zero when Re(p)=0 and Re(p)=1, thus easily proving the prime
number theoremm(x) = %(x €zh).

The prime number theoremn(x) ~ &(X € R*)holds, showing that for the prime counting
function m(x), the largest part of its value comes from the logarithmic integral function
Li(x)=f;31—tt(xe R*) while the minor part of its value comes from Li(x") (xe Zt , pe
C and s#1 and p#—2n ,n€Z+,since the calculation of xInxx€Z+ is simple, but for the
accurate calculation of the prime counting function m(x), the calculation of the
non-trivial zero p of the Riemann {(p)(p € Cands # 1and p # —2n,n € Z*) function is
very important, and the strict proof of the Riemann conjecture is very important. In
1921, the British mathematician Hardy proved that the Riemanni(s)(s € Cands #
1 and s#—2n,neZ+ function has infinitely many nontrivial zeros on the critical

(12)
boundary. But this conclusion is actually quite different from the Riemann conjecture,

because the fact that there are infinitely many nontrivial zeros on the critical boundary

does not mean that all zeros are on the critical boundary. Just as a line segment has an
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infinite number of points, but a line segment has an infinite number of lines, the
percentage of Hardy's proof is almost zero compared to the number of all nontrivial
zeros. It wasn't until 1942 that mathematicians pushed this percentage significantly
higher than zero. That year, the Norwegian mathematician Selberg proved that the
percentage was greater than zero, but did not give a specific value. In 1974, the
American mathematician Liesen proved that at least 34% of nontrivial zeros lie on the
critical boundary. In 1980, Chinese mathematicians Lou Shituo and Yao Qi proved that
35% of nontrivial zeros lie on the critical boundary. In 1989, the American
mathematician Conrey proved that 40% of nontrivial zeros are located on the critical
boundary. The calculation of the nontrivial zeros of the Riemann {(s)(s € Cands #
lands # —2n,n € Z*) function is more complicated. Graham calculated the first 15
nontrivial zeros of the Riemann ¢(s) function, and after 25 years, another 138 nontrivial
zeros were calculated. Since then, the calculation of the nontrivial zeros of the Riemann
¢(s) function has stalled because of the clumsy methods and the lack of computers to
assist it. After the calculation was halted for seven years, the deadlock was broken, and
German mathematician Siegel found in Riemann's manuscript that Riemann was far
ahead of the time 70 years of clever algorithm, so that the calculation of non-trivial zero
points was suddenly bright. In honor of Siegel, this algorithm formula is also known as
the Riemann-Siegel formula, and Siegel himself won the Fields Medal for it.
13)

A mathematician's manuscript is worth far more than an antique. Since then, the
non-trivial zeros of the Riemann ¢(s) function have been computed much faster. Hardy's

students pushed the calculation of the non-trivial zeros of the Riemann {(s) function to
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1041, the father of artificial intelligence Alan Turing pushed the calculation of the
non-trivial zeros of the Riemann {(s) function to 11,041, and later with the application of
computers, the calculation of the non-trivial zeros of the Riemann-{(s) function from 3.5
million to 300 million, 1.5 billion. 850 billion, and now 10 trillion, These nontrivial zeros
are located on what Riemann calls the critical boundary. But the ten trillion zeros on the
critical boundary is nothing compared to an infinite number of zeros on the critical
boundary, and no matter how large the number of zeros on the critical boundary is
calculated, it is not enough to prove that the Riemann conjecture is correct. The
correctness of the Riemann conjecture requires rigorous theoretical proof. People guess
that the non-trivial zero of Riemann {(s)(s € Cand s # 1 and s # —2n,n € R* ) function
is symmetric with respect to the real number axis based on the ten trillion zeros located
on the critical boundary, but the guess is still a guess, which needs strict proof,
otherwise such a guess has no meaning. In the following paper, I give a strict proof of
this conjecture, and give a strict proof of Riemann conjecture, which is indeed true.

First of all, there are:

1
1-p~s

1

M- L,

this is a formula of Euler, in which n is a natural number and p is a prime number. Euler has
already proved it, and | will repeat it below. If you are familiar with Euler's formulas and know

exactly that they are correct, you can omit them.

(14)

Turn this Euler formula around and get:

DRI (e

1-p~S
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When Euler first proposed this formula, s only represented a positive integer more than
1. Obviously, both sides of this formula are series. Euler found that there is such a series:

1 1.1, 1
Y —=1+—t+—+—+
nS 25 35 4S8

+ =+...(equation 1).

1,01
55 6

The above equation is multiplied by 21—5 on both sides, Zison the left and zl—son the right.

we can get:

1 1 1 1 1 1 1 1 .
= ===t—+—= + -+t —+—=+...
ZSZHS stetTe Test st (equation 2)

By subtracting the left and right sides of the two equations (equation 1) and (equation

2), the following results can be obtained:

1 1 1 1 1 1 1 1 1 .
)Y = =lt =+ =+ =+ —F— + — +— +..
(1 25) Z ns 1 3S 5 7S 9s + 115 135 158 (equat|on 3)

It can be observed that the product term on the left side increases by (1 - 21—5) as the left
term of equation 3 relative to equation 1. When the items on the right side of equation
1 are multiplied by Zis the items whose denominator is even are eliminated, and the
remaining items are regarded as the items on the right side of equation 3.

By multiplying the left and right sides of equation 3 by 317, we can get:

1 1 1 1 1 1 1 1 1 1 1 .
—(1-N= == += +— + — + — +— + — + — .. ion 4
35( 25)2 ns 3S 9 158 218 278 338 398 455 (equat o )

By subtracting the left and right sides of the two equations (equation 3) and (equation

4), we can get:

(15)

1 1 1 1 1 1 1 1 1 1 1 1 1
1-)1-)N==1+= += +— + — + — +— + — + —+ — + —
( 35)( ZS)Z nS 58 75 118 138 178 198 23S 258 + 298 318 t

... (equation 5)

1

Similarly, multiply the left and right sides of equation 5 by —,we can get:

1 1 1 L T 1 1 4L 1 1 L
(;)(1—;)(1- E)Zn_s ==t + + + + + + + s

—_— + ..
258 358 558 655 858 958 1158
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(equation 6)
By subtracting the left and right sides of the two equations (equation 5) and (equation

6), the following results can be:

1 1 1 1 1 1 1 1 1 1 1 1 1
—-= —)1-=Y-=-=1+= + = + — + — + — + = + — 4+ —4 —
(1 55)(1 35) (1 zs))znS 1 7S 118 138 17s 195 23s 29s 318 + 378 t ..

(equation 7)
Referring to this method, in equation (2k-1) (k is a positive integer),we multiply the items on

the left by ﬁ and the items on the right by ﬁ(i is a positive integer).

1

piis the nearest prime number of the prime number p;_; in the first item (1 - )on the

. s
Pi-1

left side of equation (2k-1) . The "nearest prime" here refers to the one closest to p;_;.There is

no other prime between them, and p;>p;_1, equation (2k-1) add ﬁto the left. equation (2k-1)
1

. . . . 1 . . 1 1 . . 1 1 . .
the right side becomes: item 1 is —, item 2 is — X —;, item 3 is —-x—,item 4 is
Pi Pi Pi Pi Pi+1
1 1 . . 1 1 1 1 . . .
—Xx——,item 5is — X e — X ..., k'is a positi ve integer. So go on and add
pis Pi+2° ! pis Pi+3® ! ! pis p(i+k)S ! ! P 9 9
them up, where p;. p2. Ps. - . Piti~ Pitzs Pits« Pixa~ - s Pisk -1t is an infinite sequence of

prime numbers arranged in the order of numerical size from small to large, and p; = 5,p, =

3,p1 = 2.In this way, we get the expression on the right side of equation (2k-1) and mark the

whole equation as equation (2k) . By The coefficient of Z%(n € Z%).on its left side is a

. 1 . .
continuous product of some forms such as (1 — F)' n is a natural number and p takes all prime
i

numbers. In order to write conveniently, the symbol is introduced and the left side is written as:
(16)

referring to this method and doing it over and over again, we will eventually get such an

equation:

On the right is 1, plus a score: The values of p;®° and pj,x are two infinite prime

Pi*XPiyi

numbers, so the value of is zero, which can be omitted. So, the right side is 1.So you can get it:

1
=M=

1_ 1 _ 1
e _H(l—p—ls)

p
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Riemann extends Euler's definition of positive integer s analytic to complex number, that is, the
variable s is defined as complex number. And we use a function( (s) constructed by Euler himself
to record the two series on both sides of the above equation:

i(s) = X =I1

1
1-p~s °

Secondly, there is another Euler formula:e™ = cos(x)+isin(x) , x is a real number, representing

the radian of an angle.This formula has been proved by Euler and can be used directly. Let me
prove it again in my own way:

If we have a function f;(x)=e*, we derive f;(x)=e*(x€R), "' " means derivative, then (e*)'=e*,
the derivative of e* is itself. So if we make the independent variable cx(c is constant)of function
fi1(x)=e*, we will get function f;(cx)=e*, and derivative of function [f;(x)]'=(e*)’= ce¥,then
[ f1(X)]=(e*)'=ce™,If the function f;(cx)=e,c=i(i is also constant), then f;(ix)=e"*, then
[ £1(ix)]'= [e™*]'= ie™®. Suppose that f,(x)=cos(x)+isin(x)=s, then s is a complex number. Now the
derivative of function f,(x) is obtained: [ f,(x)]'=[cos(x)+isin(x)]'=[cos(x)]’+[isin(x)]’=-sinx+icosx
(equation 1),If f;(ix)=e*=Cosx+iSinx is correct, then suppose that e™*=Cos(x)+iSin(x) is correct
based on the above [f (x)]=[e*]'=ie™,[f, (ix)]'=[e™]'=ie™* (equation2), replacing e™ with
cosx+isink, then: [ f; (ix)]’=[ e™* |’=i e™* =i(Cosx+iSinx)=-sinx+icosx(equation 2),By comparing
(equation 1) and (equation 2), it can be found that the derivatives of f;(ix) and f,(x) are equal,
and since both f;(ix) and f,(x) have no constant terms, the expressions of f;(ix) and f,(x)

should be consistent. We found f;(ix)=e™* =cosx+isinx=f,(x),The expressions of f;(ix) and f,(x)

are exactly the same,which shows that the Euler s formula e = cos(x)+isin(x)(x € R)is

correct.o prove e* = cos(x)+isin(x)(x € R), a better method is the following, but more

complex.Everyone First of all, look at the function y =e*. If we find the derivative of this function,
we will get y'= (e*)'= e*. That is to say, the derivative of y = e* is itself. This is a very special

. . a a d
exponential function.Let y’=—dz, when —dz = 0, theny=e*, when —dz = 1,then y=e* = 1+x,when
dy x 1 9 ay 1 2 x 12,13
—_ = = — + - —_ = + - = — + - + -
I 1+x,y=e 1+x 5% ,when o 1+x 5X sthen y=e 1+x SX“+eX ,when
dy x 1 ., 1 3 x 1 -, 1 3 1 4 dy x
—_ = — + - + - = — + - + - J— —_ = —
€ =1+x SXT X jthen y=e*=1+4x SXT X +24x ,when € =1+

1 51 1 1 501 1 1 .
x+=x2+-x3 + —x* theny=e* = 1 + x+=x2+-x3 + —x* + —x°,by analogy, thisis a
2" 6 24 2" 6 24 120
7

5

- 1 1 1 1 ,
preliminary proof : y=e* =1 +X+Ex2+gx3 +Zx4 +—x>,+..., But what about the series

120

y:x"(n € Z+). in general? What about the series of y =e* When x is treated aseand n as x, y
=e* is obtained, which requires the introduction of the concept of power series.

This is the introduction of the concept of power series:1+x+x2+x3+x*+x5+...(XER),Every item is a
power in the form of x™(n € Z+). Let function f(x)= 1+x+x2+x3+x*+x>+..(XER),Equivalent to
the sum of the items, if some numbers are used as the coefficients of the items, if these numbers
are ay,a4,a,,0as,ay,ds, ..., dj_1, d;, ..., They are derivatives of order 0 f(o)(x) of the function f(x)
:x"(n € Z+), the derivatives of order 1 f(l)(O) of the function f(x) :xn(n € Z+),the derivatives

of order 2 f(z)(O) of the function f(x):x”(n € Z+), the derivatives of order 3 f(3)(0) of the
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function f(x) =x"(n € Z+), ... the derivatives of order n f((0) of the function f(x) =x"(n €
Z1) Theyare: ay = f©(0),a; = FP(0),a, = F@(0),a; = fF@(0),....,a;_, = FED(0),

a; = fP0),.., If fx) = x"(n € Z+) is taken as n times derivative, we will
get: £ ™(0)=n(n-1)(n-2)(n-3)...2x1x 0%so that f(0)=n!, For a paivarticular function f =e*, the
values of all these derivatives at x = 0: £ (@(0), fD(0), f@(0), £®(0) ..., f@=D(0), f ™(0), ..., they
must be 1, because the derivative of any order of e* is itself. But the value of derivatives of
order x™at x = 0 are: f ™(0)=n(n-1)(n-2)(n-3)..2x1x 0°=nl,therefore

ag, A1,Q5, 3,4y, ds, -..,A;_1, 4, ..., have to divide one by nl, can make:
£©0)=1,fD(0)=1, f@(0)=1, fP(0)=1, .., f™V(0)=1, f™(0)=1, In order to satisfy the
coefficients of the series expression of function f(x)=e*

correctly: ay, a4, a,, as, ay, as, ..., a;_1, a;, ... ,Namely: ao— =1,a,= 11,.612 21,,a3 ;,a4 :',... , An_q

-1 o=

“(m-1)’ a"_(n)! e

For a particular function f(x) =e*, the method here is to multiply the n power of X by the values
of the derivative functions of the function x”(n € Z+) at the independent variable x = 0, and
then divide by the factorial of n.

. . 1 1 1 1 1
So for a particular function f(x) =e*, a0=a=1, A1=3, A275, A355, Qg ey

an_1=m,an=m, .. ,S0 you can write the series of the function f(x)=e* again: e*==

1 11
1+x+ 1 ~x +—x +—x 4,1 45, =y,
120 ey nl

Let's assume f(x) = cos(x) to find the power series of cos(x). The 0-th derivative of function f (x) =
cos (x) is f(©(x)=cos(x)(the 0-th of a function is itself).The 1-th derivative of function f(x)=cos(x)
is f(1)=—sin(x),the 2-th derivative of function f(x)=cos(x) is f(z)(x)=—cos(x), the 3-th derivative of
function f(x)=cos(x) is f @) (x=sin(x), the 4 — th derivative of functionf(x) = cos(x) is f® (x) =
—sin(x), the n-th derivative of function f(x) =cos(x) is f(")(x)=..., If x = 0 is substituted, the
value of the derivative function of each order at O will be obtained. Because the series is derived
by dividing the value of the derivative function at the independent variable x = 0 by the factorial
of N and multiplying by the expansion of x"(n € Z+). Therefore, at x = 0, it is easy to get the
value of each derivative function at x = 0 by assigning the independent variable of each derivative
function to zero: f© (0)(0)=cos(0)=1, f V) (0)=-sin(0)=0, f @ (0)=-cos(0)=-1, £ (0)=sin(0)=0,

£ ®(0)=cos(0)=1,f ®(0)=—sin(0) = 0, f ©(0) = —cos(0) = —1, f7(0)=sin(0)=0,...,according to

(18)

1,0,-1,0,1,0, -1, 0,... Inthe form of 1,0, -1,0, the cycle section goes on indefinitely. The
function value of the derivative function of order f = cos (x) at 0 of its independent variable can
be used to construct the coefficients needed for the power series of cos(x). They are divided by

the factorial of n, which is the coefficients of the powers of x. Now we can construct the power
series of cos(x) by referring to the power series of e* above, n is the order of the derivative
function of order f = cos(x), and is also the n-th power of x. So the power series of cos(x)

©(0) 0_€08(0) o_0

5 5 = — X 0=1 as the zero term,the constant term.

expansion is:lt starts with r©

. D —sin(0
Next is: fl—,()x :%() 1= >< x=0,The result is zero, which means that there is no 1-th term,
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or that there is no first order term of x.

@0 —cos(0 -1 1 . .
fz—,()x2=%()x2=7 X x%=— Exz,whlch means that there is no 2-th term.

Next is:

f(3)(0) 3_sin(® »_0

o - >< x3=0,The result is zero, which means that there is no 3-th term,

Next is:

or that there is no 3-th power term of x.

@)  4_cos(0) xte

o o —x 4 which means that there is no 4-th term.

Next is:

..., If we go on doing this, we will find that n-order derivative of f(x)=cos(x), n is a nonnegative
positive number. Starting from zero, if n is an even number, then the value off(”)(O) is either + 1
or -1, accordingto1,-1,1,-1,1,-1,.. The regular arrangement of, So for the power series
expansion of cos(x), the sign of the value of the coefficients in front of the even power term of X

f(")(O) 1 f(")(O)_ 1
o on W

is as follows: +, -, +, -, +, -, -, -,... regularly arranged.The coefficients are: If

n is an odd number, the value of its coefficient is:

™) . .
= 0,So for the expansion of power series

of cos(x), there is no odd term of X. So the power series of the function f(x) = cos(x) is:

1 91 141 1 1 1,1 41 1 1
cos(x)==x0- —x2+ = xt- = xC+ —x8- —x104+ =1-Zx2+ —xt-—xO+ = x8 —x10
ot T2t Tt T Tt T 0 27 Tw” Te” Tat T 10

Let's assume f(x)=sin(x) to find the power series of sin(x). The 0-th derivative of function f(x)=sin(x)
is f(O) (x)=sin(x)(the O-th derivative of a function is itself),The 1-th derivative of function
f(x)=sin(x) is f(l)(x)=cos(x),The 2-th derivative of function f(x)=sin(x) is f(z)(x)=-sin(x), The 3-th
derivative of function f(x)=sin(x) is f(3) (x)=-cos(x), The 4-th derivative of function f(x)
=sin(x) is f(4)(x)= sin(x),The n-th derivative of function f(x) =cos(x) is f(")(x)=..., If x=0is
substituted, the value of the derivative function of each order at 0 will be obtained. Because the
series is derived by dividing the value of the derivative function at the independent variable x =0
by the factorial of N and multiplying by the expansion of x“(n S Z+). Therefore, at x = 0, it is
easy to get the value of each derivative function at x = 0 by assigning the independent variable of
each derivative function to zero: f(® (0)= sin(0) =0, f® (0)= cos(0) =1, f® (0)=
- 5in(0)=0,f®)(0)=—co0s(0)=-1,f ®(0)=sin(0) = 0,fS)(0)=cos(0) = 1,f©® (0) = —sin (0) = 0,f?(0)=cos(0) =
-1,... According to 0, 1, -0, -1, 0, 1, O, -1,... In the form of 0,1, 0,-1, the cycle section goes on
indefinitely. The function value of the derivative function of order f = sin (x) at 0 of its
independent variable can be used to construct the coefficients needed for the power series of
sin(x). They are divided by the factorial of n, which is the coefficients of the powers of x. Now
(19)

we can construct the power series of sin(x) by referring to the power series of e* above, n is the
order of the derivative function of order f=sin(x), and is also the n-th power of x. So the power
series of sin(x) expansion is:

(0) xO sm(O)xo 0

It starts with (O] — X 1 = 0 as the zero term, the constant term,

0! o!
. W) 4_ cos(0) 1=
Next is: — X = >< X = x, as 1-th term,
. @) ,_ -sin(0)_,_0 2 . .
Next Is: S XT= o X =5 X x“ = 0,which means that there is no 2-th term,
. f® —cos(0 -1 1
Next is: —Dy2= CC;S‘( ) 3 = X x3 = —;x3,as 3-th term,
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4 (o sin(0
( )XZ: ( )X4:
4! 4!

Next is: % X x* = 0,which means that there is no 4-th term.

..., If we go on doing this, we will find that n-order derivative of f(x)=sin(x), n is not a nonnegative
positive number. Starting from zero, If n is an odd number, then the value of f(")(O) is either + 1
or-1,accordingto1,0,1,-1,1,-1,-1,-1,... Regular arrangement, if n is an even number, then
the value off(n)(O) is either +1 or - 1, accordingto 0, 1, 0, -1, 0, 1, O, -1, .., theregular
arrangement of, so for the power series expansion of sin(x), the sign of the value of the
coefficients in front of the odd power term of x is as follows: +, -, +, -, +, -, -, -,... regularly

FM0)_1 fMo)_ 1
n! = Of n! -

arranged.Th e coefficients are: p” e If n is an even number, the value of

(D] 0
its coefficient is: fT'(

) = 0,So for the expansion of power series of sin(x), there is no even

term of x. So the power series of the function f(x) =sin(x) is:

1 5.1 1 .31 51 7.1
-—x74=x- L =x — = x3 = x5 =X x0-,
7" ol TR TR Y

: 1.1 1.5.1
sin(x)==Cx'- 2 x40 x°

Previously obtained

1 1 5,1 3 1 1 1
+oA—= X" =144 X 24— X3+ — X +— x5+, +— X" (XER)
n! 3 6 24 120 n!

3 5

1 5.1
e* =14x+=xX%+—x

1 4.1
+—X*+—X
217 3T T4

5!

If we change x to ix, We can get:

X — aivae Li)2 + L (i)3 + L i) 4 L (iv)5 1o te2, 1 04 1 6,18
e = 1+ix+ 2!(1X) +3!(1X) +4!(1X) +5!(1X) ot rl!(zx) =(1- SXTH X - oxT 4 oX
_1 J10 Ltz les Toa 1o
o X +.)+ (x 5 X +5X X +9!X )(XER)
1 2.1 .41 6 1 3 1 10 : ( 13,15 1 4
= (1-=x"+=x*"-=x+=x% — —— =(x—= =x®—=
because cos(x)= (1 X XTOXP X o X +...),sin(x)= [ x TR +5X X +

19!x9—..., therefore ex= cos(x)+isin(x)(xER),So this is another Eulerian formula.

In the formula above, if x equals pi, we will get: el™=cos(m)+isin(m)=-1+0=-1, therefore el™+1=0,
It's also called Euler's formula. It puts all the most important things in mathematics, 0, 1, e, i and
pi, into one formula. It is a special case of Euler formula e™*= cos(x)+isin(x)(xER).when ZEC,then
eZ= cos(Z)+isin(z)( ZEC).

Il .ConclusionReasoning
Femma 1:

(20)

Yoein~3=[[,(1 = p~°)~!(s € Z* ands# 1, n€ Z* and n goes through all the positive integers,
p € Z* and p takes all the prime numbers),this formula was proposed and proved by the Swiss
mathematician Leonhard Euler in 1737 in a paper entitled "Some Observations on Infinite Series",
Euler's product formula connects a summation expression for natural numbers with a
continuative product expression for prime numbers, and contains important information about
the distribution of prime numbers. This information was finally deciphered by Riemann after a
long gap of 122 years, which led to Riemann's famous paper "On the number of primes less than
a Given Value ™. In honor of ~ Riemann, the left end of the Euler product formula was named
after Riemann, and the notation {(s)(s € Cand s # 1) used by Riemann was adopted as the
Riemann zeta function .

. 1\% 1
Because e =limy_, o (1 +;) =Z;’1°=0— ~2.7182818284... , e is a natural constant, | use

n!
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x " for Multiplication, then based on euler's e*=cosx+isin(x)(xER) and the principle of

amplitude Angle,get (e3)?=(cos(3) + isin(3))?=cos(2x3)+isin(2Xx3)=cos(6)+isin(6),
because e®=cos(6)+isin(6),

SO

(e3i)2= ebl ,

In general, (eP)¢= eP*“i(beR , c €R) is established,the angle principle is extended to the case
where the exponent is a real number.
S0 when x>0(x&R),suppose e¥=x(e=2.7182818284... ,x e is a natural constant,x€R and x>0,

yER),then y=In(x)(x>0),based on euler's e*= cos(x)+isin(x)(xER),will get

eVl = eln®i=cos(Inx)+isin(Inx)(xER and x>0).

Suppose tER and t # 0, now let’s figure out expression for x'(x€R and x>0, t€R and t # 0) is
xU=(e¥)t=(e¥) =(cos(Inx) + isin(Inx))t(x > 0).

Suppose s is any complex number, and Suppose s=o+ti(oc ER,tER and t # 0,s€C and s+ 1),then
let's find the expression of x5(x€R and x>0, s€C),

You can put s=c+ti(c ERER ,sEC,and s# 1) and x%=(e¥)t=(e¥")'=(cos(Inx) + isin(Inx))*(x >
0) into x35(x > 0) and you will get

xS = x(@+t) = xIxt = x9 (cos(Inx) + isin(Inx))* = x? (cos(tlnx) + isin(tlnx))(x > 0), if You put
s=0-ti(o €R, tERandt # 0) and x'=(e¥)t=(e¥)*=(cos(Inx) + isin(Inx))*(x > 0) into x3you
will get

x5 = x(@~1 = x9(x%)~1 = x9(cos(Inx) + isin(Inx)) "t = x (cos(tlnx) — isin(tInx))(x > 0) .
Then

- 1 1 ¢ 1 1 1 O, !
(=D 5= D= Do = LG X ;(n ) (costinGm) + isin(n(m))"

- Z(n“’(cos(ln(n)) + isin(In(n)))~5)
n=1

= Z(n“’(cos(tln(n)) — isin(tln(n)))
n=1

(21)
(s € Cand s# 1, n€ Z* and n goes through all the positive integers),or

&) =
1

HB°=1(1_;p_s )= Mper (1 =p~*) 7t = [Ipea (1 — p~oHt = [z (1 - pgm)_l = [lpzall -

1

(™) (Cos(lnp)+isin(lnp))t]_1 = [Tp=1[1 = (p~)(cos(tlnp) — isin(tlnp)) ]~*

(s€eCands# 1, p € Z and p goes through all the prime numbers).
And
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=1 cos(ln(n)) + isin(ln(n)))_t

- z(n—o(cos(ln(m) + isin(In(n)))")
n=1

= 2 (n™9(cos(tln(n)) + isin(tin(n)))
n=1

(s €eCands# 1, ne Z* and n goes through all the positive integers),
or

E;(S) —Hp 1( ) Hp 11— _S)_ _Hp 1(1 - _U+t1) 1_Hp 1(1 = o—tl) t=

(o] 1 oo

1— -0 -1 _ 1_[ 1— -0 1 iai 1 -1

[ [0 -0 s =y [1 = (o) (cos(tlnp) + isin(tinp)) ]
p=1 p=1

(seCands# 1, p € Z* and p goes through all the prime numbers).

And

1

(1=8) =20 o = B0 ooy = 2, (0771) - =

(cos(In(n))+isin(In(n)))~t
¥ 1(m? Y (cos(In(n)) + isin(In(n)))") = X3, (n°"1)(cos(tin(n)) + isin(tin(n)))
(s €eCands# 1, n€e Z* and n goes through all the positive integers),
Or
If ke R, then

1

_qy=y® 1 _yo _ 1 _ yo (o-k -
C(k S) - Zn:l nk-s Zn:l nk-o-ti Zn:l(n ) (cos(In(n))+isin(In(n)))~t -

Z{l";l(n"‘k)(cos(ln(n)) + isin(In(n)))") = Z{'{;l(n"‘k)(cos(tln(n)) + isin(tln(n)))

(s € Cands# 1, ke R, ne Z* and n goes through all the positive integers),

and
(k=9) =My (s ) = M@ -p"97 = g —p ™™ = [Ip[1 -

(p°~*)(cos(tlnp) + isin(tlnp)) ] *

(s€ Cands# 1,k € R,p € Z* and p goes through all the prime numbers).
So

X=n"?(cos(tln(n)) — isin(tln(n))),

Y=n"%(cos(tln(n)) + isin(tln(n))),

(22)
G=[1 — (p~9)(cos(tlnp) — isin(tlnp)) |72,
H=[1 — (p~?)(cos(tlnp) + isin(tlnp))]~*
X and Y are complex conjugates of each other, that is
X=Y, and G and H are complex conjugates of each other, that is

G=H, 50 {(s)=Xii—< =X, X =TI, G(s€Cand s # 1), and {(S)=XiL, - = XL, Y =

[I[p=1H(s€Cand s # 1),50 C(s)=@(s €Cand s#1),
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and only wheno = % then {(1 —s)=C(s)(s€ Cand s # 1),

and only wheno = ]E((k € R), then{(k —s)=((s)(s€ Cand s # 1,k € R),s0

only k=1then (1 —s)=((s) =((k—s)(s€ Cand s # 1,KER),
only k=1(k € R)is true, and when {(s)=0, then

(1 —s)=C(k—s) =L(s)=C(s)=0(s € Cand s # 1,k € R).
Because

GRH (s, x(n)> =L (s. X(n)) -3 er?) = X i% = X() Z o+ i (n" n“)

n=1

1
(cos(In((n))+isin(In(n)))*

X() T3, (n70) = X(n) ¥7-(n~°(cos(In(n)) + isin(In(n)))™) =

X(n) Yoo n"°(cos(tln(n)) — isin(tln(n)) )(teCandt+0,s € Cands# 1,n €

Z* and n goes through all positive integers),because {(s)=25m5~ 1Sln( )I’(l s){(1-s)(seC and
s# 1)(Formula 7) .s=-2n(n€ Z™) is the trivial zero of the {(s)function, so s=-2n(n€ Z%) is

the trivial zero of the Landau-Siegel function L(B, X (n))(BER, X (n) ER and X (n)#0,n€ Z*
and n traverses all positive integers).so if BER and B= —2n(n € Z*) ,then {(s)=0. So
L(B, x(n))=

X(n) Z{’f’:l(n_ﬁ(cos (0 x In(n)) + isin(0 X In(n)))= X(n) Z;"Zl(n_ﬁ) =

()((1)1‘B — X227 P+ x(3)37 P - x(0)47 P + ) (X(n) €ERBERandP # —2n,n€

Z+ "x" is the symbol for multiplication, because the real exponential function of the real
number has a function value greater than zero, so

n~P > 0(n € Z* and n traverses all positive integers) and 1 — 28 < 0,3f — 48 < 0,5F —

6P <0,..,n—1DF-—m)PF<0,..,0or 1F-26>0,3F-4F>0,5f -6 >0,..,(n—1)F -

(n)B > 0, it can be known that if X(n) #0(n € Z* and n traverses all positive integers) and B

€Rand B+ —2n(n € Z%), then L(B, X(n))#0(BER and B# —2n,n € Z*, X(n)ER and n

(23)
traverses all positive integers) and L(B, 1)#0(B€R and B# —2n,n € Z*, and n traverses all
positive integers), so for Riemann ((s)( s€C and s=# 1,s # —2n,n € Z*) functions, its
corresponding landau-siegel function L(B,1)(B €R and B# —2n,n€Z*, X(n)eR and n

traverses all positive integers) of pure real zero does not exist, this means that the Riemann
{(s)(s€C and s# land s # —2n,n € Z*) function does not have a zero of a pure real variable s,

and the generalized Riemann conjecture L(s, X (n))=0(s€C and s# 1,ands # —2n,n €
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Z*, X(nN)eR and n traverses all positive integers) satisfies s=%+ti(teR,t¢O) is sufficient to prove

that the twin primes, Polignac's conjecture and Goldbach's conjecture are almost true. And if

X(m) =0(neZ*and n traverses all positive integers) or BER and B=-2n(n€eZ"),
then L(B, X(n))=0(BeR and B+ —2n,n € Z*, X(n)eER and n traverses all positive integers)
and L(B, 1)=0(BeR and B+ —2n,n € Z*, and n traverses all positive integers), so for Riemann

{(s)( seC and s# 1) functions, its corresponding landau-siegel function L(,1)(B€R, X(n)ER, n €

Z* and n traverses all positive integers) of pure real zero exist, this means that the Riemann
{(s)(s€C and s# 1) function have a zero of a pure real variable s, and the generalized Riemann

conjecture L(s, X(n))=0(s€C and s# 1, X(n)eR and n € Z* and n traverses all positive integers)

is sufficient to prove that the twin primes, Polignac's conjecture and Goldbach's conjecture are
completely true.

According  {(1-s)= 21751 S cos( %S Y'(s){(s) (s € Cand s # 1 )(Formula7) obtained by
Riemann,so when { (s)=0 then {(1-s)={(s)=0(s&C and s#1 ).Beacause only when a=§, the
next three equations {(o+ti)=0, {(1-0-ti)=0, and {(o-ti)=0 are all true,so only s=§+ti (tER and

t#0) is true.

_vo 1 _yvo 1 _vo (1 1 _ o (.-0¢ 1 _
C(S) - Zn:l ns - Zn:lna.q.ti - Zn:l(ng X nti) - Zn:l(n ) (cos(ln(n))+isin(ln(n)))t -

Yoo (n79(cos(In(n)) + isin(In(n)))™Y) =
Yn=1(n"?(cos(tln(n)) — isin(tin(n))) = l_[ff:l(; )= Tpea(1=p™)™" = [Ip=(1 -

1-p~S

PP = LA -m T = Il - 67

(p~?)(cos(tlnp) — isin(tlnp)) ]"* (s € Cand s # 1,t € Cand t #
0, p is prime number ,and p # 1).

1
(cos(Inp)+isin(Inp))t

17 =Tlp=all -

(24)

When =1, then if 1 — %cos(tlnp) +i%sin(tlnp) #0 then {(s) = X5y < = ngzl(i_;p_s) *

0.if1— icos(tlnp) # 0 and %sin(tlnp) # 0, then sin(tlnp) # 0 and icos(tlnp) # 1,then

t# 11;—1; (K€ Z,p is prime number ,and p # 1) and cos(tlnp) # p(t € Rand t# 1), so if

k
p > 1 (p is prime number,and p # 1) then t+# ﬁ(ke Z,p is prime number,and p # 1) and
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cos(tlnp) # p(p is prime and p>1), or p = 1, then |t| # |ll;—nl| # +oo(k€ Zandp = 1) and
cos(tinl)=1,t € Randt# 1. Soif ¢ =Re(s)=1 and t# ;—Z(ke Z,and p # 1) and

andt € Rand t # 0, then {(1 + ti) = [[g~4[1 — icos(tlnp) +i%sin(tlnp)] - *

0(s € Cand s # 1).When s=1+ti(t € Rand t # 0) then

-1
(@ +t) =TIpml1 - %cos(tlnp) +i%sin(tlnp) ] #0(teCand t+0).And when
Re(s)=1 and p=1(p is prime number), then (1 + ti) =

_Hp 1(

== 1
— Up=171_(p-1)(cos(tlnp)—isin(tinp))

- p_S) [Ip=1[1 — cos(tlnp) +isin(tlnp) |
1y :
p=1 1—(171)(cos(tln1)—isin(tln1))

= %—>+00(teCandt¢0) then ((1+ti)#0-
+oo(t € Cand t # 0), diverges ,without zero ,so {(1 + ti)(t €Cand t+#0 ). When ¢=0,

then if 1 — cos(tlnp) +isin(tlnp) # 0 then {(s) = XY= 155 = [1p= 1= ) #0.if 1-—
cos(tlnp) # 0 and sin(tlnp) # 0 ,then tlnp # kn(k € Z) and cos(tlnp) #1 then t=#

;—Z(ke Zandp # 1) and cos(tlnp) #1, SO p>1,thent# E—Z(keZandp #1) and
cos(tinp) # 1(p # 1) ,0r p =1 then [t| || # +oo (ke Zandp=1) and [t| = +oo
,t € Rand t # 0,then {(0 + ti) = [[5~4[1 — cos(tlnp) +isin(tinp) ] 1 O(teRand t#

0). So when Re(s)=0 and p=1,then (0 + ti)=[]%;[1 — cos(tlnp) +isin(tlnp) ] ~* # 0.
And when o =Re(s)=0 and p=1, then []p-1[1 — (p~®)(cos(tlnp) —isin(tlnp))]~* =

o 1 oo 1 _1 .
Hp:l 1—(p~°)(cos(tlnp)—isin(tlnp)) _Hp=1 1-(1-9)(cos(tln1)—isin(tln1)) 0 = +oo,theng (0 + t) #

0 » +o(teRand t# 0), diverges, without zero. So{(0 + ti) # 0(te Rand t# 0). Itisa
fact that the non-trivial zeros of the Riemann {(s) function (meaning zeros other than negative
even numbers) exist, Riemann proved that the real part Re(s)(s € Cands # 1) of the
nontrivial zero s of the Riemann {(s)(s € Cand s = 1) function must satisfy Re(s)€[0,1]. It is

(29)
not easy to calculate the non-trivial zeros of the {(s)(s € Cand s # 1) function by hand, and
Riemann calculated a dozen of them, all of which have a real part Re(s) equal to % so the

non-trivial zeros of the Riemann {(s)(s € Cands # 1) function (meaning zeros other than
negative even numbers) exist.,and the real part Re(s)(s € Cand s # 1) of the nontrivial zero s
of the Riemann {(S)(s € Cands # 1) function must satisfy Re(s)e(0,1).When s=1+ti(t €

Rand t # 0), Rs(s)=o=Lthen((s) = {(1 + t)=[Iy=1(—= _s) [pea (1 = p~9) ' =[Tp=, (1 -

1
(cos(Inp)+isin(Inp))t

p1-ti)=1 M1 — (p™) 171 = TIp=a[1 — (P~ (cos(tlnp) —
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. 1 _ 1yoo 1 1 1 oo 1
isin(tlnp)) |7 = [Ip=4[1 5 cos(tlnp) +i 5 sin(tlnp) | [Ip=1 [1—%cos(tlnp)]+i%sin(tlnp)

O(seCand s#1,teCand t+ 0,p €Z* and p tranves all prime numbers),When

the independent variable s is extended from a positive integer to a general complex number, in
the Euler product formula, the numerator of every product fraction factor is 1, and the
denominator of every product fraction factor is a polynomial related to the natural logarithm

function. Whenp € Z* and p traves all prime numbers,then {(1+ti)#0(t € Rand t # 0),

indicating that the number of primes not greater than x is finite. From the analytic extended
Euler product formula, we can see that for positive integers not greater than X, every increase
of a prime p will increase a fraction factor related to In(p) in the Euler product formula,

indicating that the probability that there is a prime p near x (that is, x=p) is about % , that

is ﬁ . If we use m(x) to represent the number of primes not greater than x, then for a

positive integer p not greater than X, the probability that it is prime is approximately %
nx 1 . _X o X . .
then > e mX) =~ e’ mX) =~ "o is the expression for the prime number theorem.

As Riemann said in his paper, n takes all the positive integers, so n=1,2,3... ,Let's just plug in all
the positive integers to ), nis

Obviously,

U(s)=((o+ti)= Zé =Y. X=[ 17°cos(tIn1)+ 27°cos(tin2)+ 3~ °cos(tin3)+ 4~°cos(tin4)+...]-i[1~°sin(

tIn1)+ 279%in(tIn2)+ 37%sin(tIn3)+ 4~ %sin(tIn4)+...]= U-Vi(s € Cands # 1,t € Cand t # 0),
U=[ 17°cos(tIn1)+ 27 °cos(tIn2)+ 3~°cos(tin3)+ 4~°cos(tind)+...],

V=[17%in(tIn1)+ 27%sin(tIn2)+ 37 °sin(tIn3)+ 4~ %sin(tin4)+...],

then

U(s)=C(o-t)=Y % =Y. Y=[ 17°cos(tin1)+ 27 °cos(tIn2)+ 3~°cos(tIn3)+ 4~°cos(tIn4)+...]+i[1~°sin(t

In1)+ 27%in(tin2)+ 37%sin(tIn3)+ 4~ °sin(tin4)+ ...]= U+Vi(s € Cands # 1,t € Cand t # 0),

U=[ 17°cos(tIn1)+ 27°cos(tIn2)+ 3~°cos(tin3)+ 4~°cos(tind)+...],

V=[17%in(tIn1)+ 27%sin(tIn2)+ 37 °sin(tIn3)+ 4~ %sin(tin4)+...],

{(1—s) = XY (cos(tlnx) + isin(tlnx)) =[ 1°~tcos(tin1)+ 2°~1cos(tIn2)+ 3°~1cos(tin3)+
(26)

4°~1cos(tin4)+...]+i[1° 1sin(tln1) + 2° Isin(tin2) + 3°Isin(tln3) + 4°~!sin(tln4)

+..]J(s€Cands # 1,t € Rand t # 0),

o) C(s)=@ , S0 when {(s)=0(s = 0 +ti,0c € R,t € Rand s # 1),then {(s)={(s)=0, it shows that
the zeros of the Riemann {(s) function must be conjugate,according {(s)= C(s)=0 , if

s=s, thens € R, because s = —2n(n € Z* )make he function {(s)(seC and s#1) has the

. . ., rooxSTldx
value zero in 2sin(ms)II(s — 1)q(s) =i [

.S and {(s) = 25T sin (?) r(1—- s){(1—
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s)(s € Cand s # 1)(Equation 7), so a negative even number can be the zero of Riemann

{(s)(seC and s#1). If s # s, thensand s are not both real numbers but both imaginary numbers,

teR and t#0. And according to {(s) = 25Tt® 1sin ("S) - s)@(1-s) (s eECHBs+ 1)

2
(equation 7), if the {(s) = 0 (s € C and s#1) was established, then {(1-s)=((s)=0(s € Cand s #

1) must be true p, so the two zeros s and 1-s of Riemann {(s)(s€C and s#1) must also be
conjugate. If either of s and 1-s are real numbers other than negative even numbers, since s and 1-s

are conjugate, then s=1-s, then s:%, Since sin (— E);to, and because {(%) diverge, neither s nor
1-s are zeros of Riemann {(s)(seC and s#1) if either is a real number other than a negative even

number, that is, Riemann {(s)(s€C and s#1) has no real zeros other than negative even numbers.
If Re(s)=1, then Re(1-s)=0, then s and 1-s are not conjugate, if Re(s)=0, then Re(1-s)=1, then s and
1-s are not conjugate either, so Riemann {(s)(s€C and s#1) has no zeros with real parts of 1 or 0.
If Re(s)>1, then Re(1-s)<1, then s and 1-s are not conjugate, or Re(s)<0, then Re(1-s)>1, then s
and 1-s are not conjugate, so the real part of Riemann ((s)(s€C and s#1) zero s must be

0<Re(s)<1, that is, Re(s)€(0,1), which shows that the prime number theorem holds. If s and 1-s
are both real and imaginary, then s and 1-s are not conjugated, then s and 1-s cannot both be zeros

of Riemann ¢(s)(seC and s#1), so 1-s and s can only be both imaginary and conjugate, and s
cannot be pure imaginary, because if s is pure imaginary, then 1-s and s are not conjugated. So ¢
(s)(seC and s#1) has no pure imaginary zero. And if Re(s)#%, then Re(s)#Re(1-s), then 1-sand s
are not conjugate, so Re(s)#% cannot be true. So only 1-s=s is true, that is, only 1-o-ti=o-ti is true,

so only o:%, teR and t#0, so the real part of the non-real zeros of Riemann (s)(s€C and s#1)
27)

can only be €, that is, only Re(s)=% is true, Equivalent to £(s) =0 (s = % +tiors= % —ti,t€

Rand t #0,s€Cand s # 1)0r§(%+ti) =0(teRandt # 0) andEG—ti) =0(te

Rand t # 0), so the Riemann conjecture is true. The symmetry of s and 1-s is not enough to
ensure that the non-trivial zeros of Riemann {(s)(s€C and s#1) are all located on the critical
boundary, and the conjugacy of s and 1-s is the key determinant that the non-trivial zeros of
Riemann {(s)(seC and s#1) are all located on the critical boundary.So only when 0=% and

{(s)=0(s € Cand s # 1) ,then it must be true that {(1-s)={(s)=0(s € Cands # 1).{(s)(s €
Cands+#1) and {(S)(s€Cands=1) are complex conjugates of each otherthat is
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(s)=((3) (s € Cand s # 1), if {(s)=0(s € Cand s # 1), then must {(5)=0(s € Cand s # 1), and
so0 if {(s)=0(s € C and s # 1), then it must be true that {(s)={(s)=0(s € Cand s # 1).
According to Riemann's paper "On the Number of primes not Greater than x", we can obtain an

expression {(1-s)=21"51t _SCOS(?)F(S)C(S) (s€Cand s# 1) in relation to the Riemann {(s)
(s € Cand s # 1)function, which has long been known to modern mathematicians, and which |

derive later. According {(1-s)=21"n _SCOS(?)F(S)C(S)(S € Cand s # 1)(Formula 7) obtained
by Riemann,so when {(s)=0 then {(1-s)={(s)=0(s€C and s#1 ) eacause only when cr=%, the next
three equations {(o+ti)=0, {(1-0-ti)=0, and {(o-ti)=0 are all true,so only s=%+ti (tER and t#0) is

true.And when {(s)=0 then according {(1-s)={(s)and Z(s)=®=0(s € Cands # 1),is also say

{(s)=U(s)=0 and Z(1-s)={(s) =0(s € C and s # 1),then only {(o+ti)={(o-ti)= 0 is true.Since Riemann
has shown that the Riemann {(s) (s € Cands# 1) function has zero, that is, in

{(1-5)=21"51 _SCOS(?)F(S)Z(S) (s€Cands # 1), {(s)=0(s € Cand s # 1)(Formula 7) is true, so

when {(s)=0,In the process of the Riemann hypothesis proved about {(s)={(s)=0 and {(1-s)={(s)
=0(s € Cands # 1), is refers to the (s)(s€ Cand s # 1) is a functional numbe. Does
{(s)=U(s)=0 and Z(1-s)={(s) =0(s € Cand s # 1) mean the symmetry of the {(s)(s € Cand s # 1)
function equation? Does that mean the symmetry of the equation s=s=1-s? Not really. In my

analyst, {(s)(s€ Cands+# 1), {1-s)(s€ Cands=# 1) and {(s)(s € Cands # 1) function

expression are both from Y2 n~* =[[,(1-p~)"'(s€c and s# 1, n€Z* and n goes
through all the positive integers, p € Z* and p goes through all the prime numbers), so
according to Y in~® =[[,(1 —p~®) ' (s € C and s# 1, n€ Z* and n goes through all the
positive integers, p € Z* and p goes through all the prime numbers),{(s) (s € Cands #
1)function of the independent variable s, the relationship between s and 1-s only C%=3 kinds,
namely s=s or s=1-s or s=1-s. As follows:according {(s)={(1-s)=0(s € Cands # 1) and
U(s)=Us)=0 and T(1-s)={(s) =0(s € Cand s # 1),then only s=sor s=1-s or s=1-s ,s0 sER and

s=-2n(n € Z*%), or o+ti=1-ti ,or o-ti=1-0-ti, so s € Rands = —2n(n € Z*), or 0=% and
(28)
t=0,orc = % and t ER or o+ti=1-ti ,or o-ti=1-0-ti, so s € Rands = —2n(n € Z*), or 0=% and

t=0,or 0 = % andt €R and t# 0,50 s €R, or s=%+0i ,or s:%+ti (teRandt+# 0), because
1 1

Z(E) - +o00, ((1) — +00,((1) is divergent, ((E) is more divergent,so drop s=1 and
1

5=E.According the equation £(s) =

%s(s-l)l"(%)n_ EZ(S)(S € Cand s # 1)obtained by Riemann, so §(s)=§(1 —s)(s € Cands # 1),

N ||

— S —_—
because F(g) = l"(%) ,and T 2=m 2 , and because {(s)={(5)(s€Cand s#1) , so
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E(s)=@(s €Cand s+ 1).So when {(s)=0(s € Cand s+ 1) ,then 7(s)=¢(1—5s) =1(s) =

O(s € Cands # 1)and §(s)=§(1 —s)=E(s)=0(s € Cand s # 1) must be true, so the nontrivial
zeros of the Riemann {(s)(s € Cand s # 1) function and the nontrivial zeros of the Riemann

&(s)(s € Cand s # 1) function are identical, In addition, the previous proof of Riemann {(s)(s=

O+ti,0ER,tERt£0, and s#1), based on the Landau-Siegel function has no real zeros except
negative even numbers, so the complex root of Riemann §(s)=0 (s € Cand s # 1) satisfies

s=%+ti (teERandt#0) or s=%—ti(t€ R and t#0). According to the Riemann function

]‘[%(s-l)n_il(s)=§(t) (teCandt#0,s€Cands # 1) defined by Riemann and he Riemann
. 1. s _s s _Ss

hypothesis s=—+ti(t € Cand t # 0), because s#1, and HE #0, m2+#0,s0 Hz(s—l)T[ 2 #o,

and when §(t)=0(t € Cand t # 0), then H%(s—l)n_gl(%ﬂi)=E(t)=0(t €Candt#0,seCands #

§® _ 0

[E(s-1)m 2 n (s-)m2

1), and (%+ti)= s=0(t€Candt# 0,s € Cands # 1),s0 tERand t # 0. So

the root t of the equations H%(s—l)n_zl(%ﬂi):E(t):O(t €Candt#0,seCands#* 1) and

4f°°wx cos( tlnx ) dx =¢(t)=0 (t e Cand t # 0,s € Cands # 1) and E(’c)-—-(t2
o _3
l)fl Y(x) x 4cos(§tlnx):0 (teCandt# 0,s€ Cands # 1) must be real and t=#+

0 .Riemann got ]'[% (s-1) T ((s)=¢(t) (teCandt#0,s€Cands+#1) and &)=

N | =

o) _3
(t? + %)fl P(x) X * cos(%tlnx) dx(t € Candt # 0,s € Cand s # 1) in his paper,or

H%(s-l)n_EC(s)ai(t) (teCandt+#0,seCands+ 1) and

[ d(x lI—’(x))

E()=4], X 4 cos( tinx)dx(t € Candt # 0,s € Cand s # 1),because the root of

(29)

{G+ti)=0(t € Cand t # 0) is the root of ]_[Z(s-l)n_%C(%Hi )=E()=0(t € Cand t # 0,5 € Cand s #

1), and because the root of C(%+ti)=0(t € Cand t # 0) is the root of H%(s-l)n"i;(%ﬂi):

4f°° d(XZ‘V )

) = X 4 cos( tlnx)dx=¢(t)=0(t € Cand t # 0,s € Cand s # 1),and because the root of

) _3
g(%+ti):0 (teCandt=+0) is the root of &(t):%-( t? +%) fl Y(x)x +cos thnx ) =0(te
Candt+# 0,s € Cand s # 1), so the roots of equations H%(s-l)n‘gc(%ﬂi)=e“;(t)=0(t €Candt+#

d(lep( )

0,s € Cands # 1)and 4f X 4cos( tInx)dx=¢(t)=0(t € Cand t # 0,s € Cand s # 1)
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o _3
and e”;(t):%-(tz + %)f1 Y(x) x 4cos(§ tlnx )=0(t € Candt # 0,s € Cand s # 1) must all be real
numbers, and the roots are the same number , because the root of §(§+ti):0(te Candt #

0)is s = +ti(t € Rand t # 0),50 when {(s)=0(s € Cand's # 1)and &(t)=0(t € Cand t # 0), the

real part of the root of £(t)=0(t € Cand t # 0) must be between 0 and T , and the real roots of
&(t)=0(t € Cand t # 0) has the same number of complex roots of &(t)=0(t € C and t # 0). So
when {(s)=0(s € Cand s # 1) and &(t)=0(t € Cand t # 0),the number of roots of &(t)=0(t €

Cand t # 0) must be approximately equal to %ln% - % , all the roots of §(t)=0(t € Cand t #
0) are real numbers, so the Riemann hypothesis and the Riemann conjecture are perfectly valid.

1
Because the number of roots t of C(%+it)=Z;‘1°:1(n_i(cos(tln(n))—isin(tln(n))) =

1
Yo 1(m72z(cos(In(n")) — isin(In(n"))) =0 is the number of roots of

o _3 -
ﬁ(t)%-(t2 + %)f1 P(x) x 4 cos(%tlnx )=0. Because when t=0, then G) is divergent, when

In(n*) €[0, 2n] , the numbers of the root t of

CG + it) = Z{’,‘;l(n_%(cos(tln(n)) —isin(tln(n))) =

Z{'{’zl(n_%(cos(ln(nt)) — isin(In(n"))) =0 is ln% —1,s0 when t€(0, T] , the numbers of
the root t of § (1 +it) = 5%, (n"Z(cos(tln(n)) — isin(tin(n))) = ¥51(n"2(cos(In(n’)) —

isin(In(n®))) =0 is N=n; x n, = —— x (In_—— 1).
Formula 2

Let's say | have any complex number Z=x+yi(XeR , yeR), and | have any complex number

s=o+Ui(oc €ER , UER).We use r(reR,andr>0) to represent the module |Z| of complex Z= x+yi

(30)

(XER , y€ER), and ¢ to represent the argument Am(Z) of complex Z=x+yi(x€R , YER).That is

|Z|=r, then r= (x2 + yz)%,
so Z=r(Cos(¢p)+iSin(¢)) and (p=|arccos(;1 )|,and @€(-T, ], then p=Am(Z).
(x*+y?)2

Base on x3=x°x"=x%(cos(Inx) + i sin(Inx))"=x°(cos(ulnx) + isin(ulnx)) can get
r’=r°r% = r°(cos(Inx) + isin(Inx))" =r°(cos(ulnx) + isin(ulnx)) (r>0), then
f(Z,5)=z5=(r(cos(¢) + isin(¢))° " =(r(cos(¢p) + isin(¢))°r(cos(¢) + isin(¢))* =
r°(cos(o@) + isin(c@)) (r(cos(¢) + isin(¢@))*™ = r°(cos(o@) + isin(op))r*i(cos(¢) +

isin(@))ui = ra(cos(o@)+isin(o@))(cos(ulnr)+isin(ulnr)) (cos(ug)+isin(up))i
=r°(cos(pep) + isin(pe))(cos(ulnr) + isin(ulnr))(cos(ue) + isin(ue))
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=r°(cos(p@ + ulnr) + isin(pep + ulnr))(cos(ue) + isin(up))’ .

Beacuse of

7=
eln|Z|+iAm(Z)=eln|Z|eiAm(Z)=eln|Z|(cos(Am(Z))+isin(Am(Z)))=r(cos(Am(Z))+isin(Am(Z
))),s0 InZ=In|Z|+iIAm(Z) (—mt<Am(Z)<= ).

Suppose a>0,then a¥=elf@) = gxXIna then zS=esinz,

Suppose any complex Number Q= cos(ue) + isin(u¢), and Suppose

the complex y= i, then InQ=In|Q|+iAM(Q) ( —m<AmM(Q)<= ).

Because 0<=|sin(uq)|<=1,
SO

If —m<up<= m,then Am(Q)=ue and — <AM(Q)<=m ;

If up>m, then Am(Q)=u@-2kn(ke Z+) and — n<AM(Q)<=m ;

ifup < —m,then Am(Q)=u@+2kn(k € Z*) and — n<Am(Q)<= . Then

If Am(Q)=ue, then

(cos(ue) + isin(ug))! = Q¥ = e¥InQ = ¥(NIQHIAM(Q)=zei(0+HAM(Q) =g~ then
f(Z,5)=z%=r°(cos(o@ + ulnr) + isin(c¢ + ulnr))(cos(ue) + isin(ue))!
=r°(cos(o@ + ulnr) + isin(coe + ulnr))(cos(ue) + isin(up))!

=e "°r%(cos(pe + ulnr)+ie7"Pr°sin(pe + ulnr), Substituting
1
r=(x* +y?)z into the above equation gives:
o 1
f(Z,5)=z5=e7"?(x? + y?)2(cos(py + uln(x? + y?)2))

+ie U (x? + yz)g(sin(c(p + uln(x? + yz)% )) . If Am(Q)= uq-2kn(k € Z*),then
(COS(U(p) + isin(u(p))i — Ql]J — el]Jan — el]J(ln|Q|+iAm(Q)):ei(0+i(u<p—2k1'r)):e2k1't—utp, then
f(Z,5)=z°=r°(cos(o + ulnr) + isin(a@ + ulnr))(cos(up) + isin(up))’
=r°(cos(o@ + ulnr) + isin(o + ulnr))(cos(ue) + isin(ue))’
=e?KT-U®ro(cos(o@ + ulnr)+ie?k™"Ursin(c@ + ulnr).

(31)

1
Substituting r= (x% + y?)z into the above equation gives:
[ 1
f(Z,5)=25=e?K""u¢(x2 + y2)2(cos(o@ + uln(x? + y?)2))

. 1
+ie2KT-u@ (x2 4 y2Y2(sin(o@ + uln(x? + y?)2)).

If Am(Q)=u@+2km(k € Z*), then

(COS(U(p) + isin(u(p))i — Ql]J — ellenQ — ew(ln|Q|+iAm(Q)):ei(0+i(u<p+2k1'[)):e—zkn—ucp ,then
f(Z,5)=Z5=r°(cos(c@ + ulnr) + isin(o¢ + ulnr))(cos(uep) + isin(ue))

=r°(cos(o@ + ulnr) + isin(o@ + ulnr))(cos(uep) + isin(uep))!

=e~2KT-UPLO (cos(a@ + ulnr)+ie 2KTUPr%sin (g + ulnr).

1
Substituting r= (x% + y?)z into the above equation gives:
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o 1
f(Z,5)=z5=e~2K™"u® (x2 + y2)2(cos(o@ + uln(x? + y?)z))

o 1
+je—2km-ue (XZ + yZ)E(sin(G(p + ulrl(X2 + )’2)E ))

Reasoning 1:
For any complex number s, when Rs(s) > 0 and (s # 1),and if s=o+ti(c €R,tER and t # 0,s€C),

then according to Dirichlet N(s), then the relationship between the Riemannn {(s)(s&€C and

Rs(s)>0 and s#1) function and the Dirichlet n(s)(s&C and Rs(s)>0 and s#1) function is :
because

+ ..(s€CandRs(s) >0and s+ 1),

(s)‘—+ZS ¥+E ;+~% .(seCandRs(s)>0and s# 1), so

2 2 2 2 1 1 1 1 1 1 2
I’](S)—Z(S)=— ;+E+E+"') = _;(F+§+§+E+§+E +..)= —;((S)(SE

Cand Rss>0and s#1 , then

n(s) =1—%Z(s) = (1-2"%)(s)(s € Cand Rs(s) > 0 and s # 1), then

_ -1
ni(s)= Zﬂw=1( D (seCandRs(s) > 0and s # 1) and n (s)=(1- 217 ) ¢(s)(s € C and Rs(s) >
Oand s#1, {sis the Riemann Zeta function, n(s) is the Dirichlet n(s) function,

n(s) 1 o (D" (pr?
(1-21-5) _ (1-21-5) Yn=1 ns (1-21-9) Hp(l -

so Riemann {(s) = p~3)71 (s € Cand Rs(s) >

0 ands # 1, ne Z*,p € Z*,s €C, n goes through all the positive integers, p goes through all

the prime numbers). Let's prove that {(s) and Z((s) are complex conjugations of each other.

(32)
Yoo 1 —[ 17%cos(tin1)— 27%cos(tIn2)+ 37 %cos(tIn3)—4~%cos(tIn4)-...]-i[17sin(tIn1)— 27%s
in(tln2)+ 37%sin(tin3) — 47 %sin(tIn4)+...]= U-Vi,
Yo 1 1)n - =[ 17%cos(tIn1)—27%cos(tIn2)+ 37 cos(tIn3)—4~ cos(tIn4)-...]+i[177sin(tIn1)— 27¢

sin(tin2)+ 37%sin(tIn3)—4"7sin(tIn4)+...]= U+Vi,

_4yn—1
>, ( n11)—s =[ 1971 cos(tin1) — 29~ cos(tIn2)+ 371 cos(tln3) —4~7 cos(tIn4)-...]+i[ 177 sin(tIn1)

— 27%in(tIn2)+ 37%sin(tIn3)— 47 %sin(tin4)+...],

Yoo 1 nk S :[ 19K cos(tin1) — 29 X cos(tin2)+ 37 K cos(tIn3) =47 X cos(tInd)-...]+i[ 1° Ksin(tln

— 2% Ksin(tIn2)+ 39 Ksin(tIn3) — 47 Ksin(tin4)+...],
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(s€Cands # 1,n € Z* and n traves all positive integer,k € R),

because,

(G D G ) e
(1-217%) (-2’

l_[p(1 - P_S)_1=Hp(1 - p—§)—1

(s€eCands # 1,p € Z" and p traves all prime numbers),
o

(D"t _(pnt

(1-21-%) (1-219) ’

so

(GO 1200 (e L GO L 1200 - 1)“ 1
(1-2175)=N=1 " s (1-21-5)

7

O -y t= CU - pFy-

a- 21 S) (1-21-5) ,
- =DM ) ——
(S) (1- 21 $) ns - (1_21—5) Hp(l p ) ’
w DT =t _S—
{(s5)= . 21 D e T T [l,(1=p*)* (seCands#1n€E

Z* and n traves all positive integer,p € Z* and p traves all prime numbers),
so

only Z(s)=@ (s € Cands # 1), Pso

pt=S=p(-o-th=pl-op=ti=p1=0(cos(Inp) + isin(Inp))~t=p’~?(cos(tlnp) — isin(tinp)),
p!=S = p(t=o¥th = pl=opti = pl=o(pt) = p1=9(cos(Inp) + isin(Inp))* = (p*~*(cos(tlnp) +
isin(tlnp)) ,(s € Cands # 1,t € Cands # 0,p € Z*)

then

1
(cos(tlnp)—isin(tlnp))

p—(l—s)=p(—1+a+ti)=pa—1pti — pa— ( o— 1(cos(tlnp) + 151n(tlnp))

p~®=p=(~H=p=opt = (p=7(cos(tinp) + isin(tinp))
(s€Cands # 1,te Cands # 0,p € ZV),

(33)
SO
(1 — p~379)=1-(p°*(cos(tlnp) + isin(tlnp)) =1 — p°~* cos(tlnp) — ip°~tsin(tinp),
1- p_(g))=1-(p“’(cos(tlnp) + isin(tlnp)) =1 — p~? cos(tlnp) — ip~?sin(tlnp),
(seCands#1,teCandt+#0,p €Z+),

_4yn—1
Z{'f;l( nll)_s =[ 197 Lcos(tin1)— 29 Lcos(tin2)+ 37~ 1cos(tIn3)—47~1cos(tInd)-...]+i[ 17~ Lsin(tIn1)

— 297 1sin(tin2)+ 37~ 1sin(tIn3) — 47~ 1sin(tin4)+...],

1)n

Yoo 1 =[ 17%cos(tln1)—27% cos(tln2)+ 377 cos(tIn3)—4~? cos(tIn4)-...]+i[ 17 %sin(tin1)— 27°

sn(ﬂn2)+3‘”3“Kﬂn3)—4‘“sh(ﬂn4)+uj
(seCands# 1,te Cands+ 0,n € Z* and n traves all positive integer ),

1
when 0=5,then
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n-1 11—1
PR SR
1-p @) =1 - p_s)(s € Cands # 1,p € Z%),
and
1-—p ) 1=1-p ) (s€Cands # 1,p € Z%),
[p,(1—p~ @) =[[,(1 -p)"'(s€ Cands # 1, and p traves all prime numbers,k € R),
(1 —p @)1 =[[,(1-pS)'(seCands #1,p € Z* and p traves all prime numbers,k €
R),
and

(s€Cands # 1,n € Z* and n traves all positive integer,k € R),

i N o L o Ve

(GO
(1-25) Zn 1 nl-s (1_21_§)Zn=1

ns

7

1)n 1— 1 _ (_1)n—1 =
(1 25) Hp(l ( S)) - (1_21—5) Hp(l - p S) !

(s€Cands# 1,te Candt+ 0,n € Z* and n traves all positive integer,p €

Z* and p traves all prime numbers),
And

(_1)n—1 1 _
W=9=55 Mp(1 —p~ ™7,

1&)=L [, — p5)!
(1-21-5) 1P p ’

DM G (DT
Z(l S)_ (1-2%) Zn:l ni-s ’

_ —1) Lo (-0t
Z(S)_( ) -1

_(1_21—§) n=1 n§
(se€Cands# 1,p € Z" and p travesall prime numbers, n €
Z* and n traves all positive integer),

so when a=%, then only (1 — s)={(s)(s € Cand s # 1)must be true.

ye & nk [ 19K cos(tin1) — 29 % cos(tIn2)+ 3°~K cos(tIn3) —4° ¥ cos(tind)-...]+i[ 1°Ksin(tin1)

— 297 Ksin(tin2)+ 39 Ksin(tin3) — 49 Xsin(tin4)+...],

(34)

_4yn-1
v, E0 [ 179 cos(tin1)—2~ cos(tin2)+ 377 cos(tIn3)—4 ™ cos(tind)-...]+i[1 ~?Sin(tin1)— 2™7s

o
n(tin2)+ 37 %sin(tin3)—4"sin(tin4)+...],

pX=s=pk-o-th=pk-op-ti-pk=0(co5(Inp) + i sin(Inp)) ~*=pX¥~? (cos(tlnp) — isin(tlnp)),

p'=s = plmotD = pl=op = pl=7(pf) = p'~?(cos(Inp) + isin(Inp))* = (p'~?(cos(tinp) +
isin(tlnp)),

(seCands#1,p€ Z* and p traves all prime numbers,n €

Z* and n traves all positive integer,k € R),

Then

—(k=8) =y (K+o+ti) _yo—Kti — jo— o-k
p p p-p p (Cos(tlnp) isin(dnp)) =(p?~*(cos(tlnp) + isin(tlnp)),

p~®=p~(@-th=p-opt = (p=9(cos(tlnp) + isin(tinp)),
p~&=9)=(p?~K(cos(tlnp) + isin(tlnp)),
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(s€Cands # 1,p € Z" and and pis a prime number k € R),

so

(1 — p~&k=9))=1-(p®K(cos(tlnp) + isin(tlnp)) =1 — p®~¥ cos(tlnp) — ip® Ksin(tlnp),
(1 — p~%)=1-(p~? (cos(tlnp) + isin(tlnp)) =1 — p~° cos(tlnp) — ip~sin(tinp),
(s€Cands # 1,p € Z" and and pis a prime number k € R),

So when 0'=15((k€R) then

1)]1 1

Yne1 (nll)k+s = 1 (seCands # 1,k € R,n € Z* and n traves all positive integer),
(1—p &) =(1- p_s) (s€Cands # 1,k € R,p € Z* and p is a prime number),

and (1 —p~&))"1=(1 —p~¥) Y (sECand s#1,kER, pEZ" and p is a prime number),

Mp(1 - p‘(k-s))_1=]'[p(1 — p‘g)_1 ,(s€Cands# 1,p € Z* and p traves all prime numbers,

n € Z* and n traves all positive integer,k € R),

and

1 o (D" yo (="
(1_21—k+5) n=1 pk-s (1 21 S) n=1 s

(seCands # 1,p € Z and p traves all prime numbers,n €
Z* and n traves all positive integer,k € R),
and

-1 n-1 e _
Sk~ S)z(l(—zl)—k_+s) Mp(1 —p~ &™),
1 —S\—
(®= T o1 -7,

1 w (D01
{(k— s):(l_zl_k+s) Zn=1( nk)_s (s€Cand s# 1,k €R),

< 1 [e'e] (_1)n—1
Z(S):(l—zl_g) Zn:l n§ (SEC and S* 1),

(seCands # 1,p € Z and p traves all prime numbers,n €
Z* and n traves all positive integer,k € R),
(35)

s0 when g=x(keR) then only {(k — 5)={)(sEC and s% 1))(s € Cand s # 1k € R).

According the equation Z(1-s)=21"51t _SCOS(?)F(S)Z(S)(S € Cand s # 1) obtained by
Riemann,since Riemann has shown that the Riemann {(s) function has zero, that is, in
{(1-s)=21"3 _SCos( )\r(s)Z(s) (s€Cands # 1), {(s)=0(s € Cand s # 1) is true.

When {(s)=0(s € Cand s # 1), then only {(k —5)= {(s)=0(s € Cand s # 1), and

When {(5)=0(s € Cand s # 1),then {(k —s)={(5)=0(s € Cand s # 1). And because

when {(s)=0(s € Cand s # 1), then only {(1 —s)={(5)=0(s € Cands # 1), whichis {(k—s) =
{(s)(s € Cand s # 1,k € R),so only k=1 be true. According {(s)={(1-s) =0 (s € Cand s # 1) and
U(s)={(s)=7(1-s)=0(s € Cand s # 1),then s=s or s=1-s or s=1-s ,so0 s€R and s=-2n(n € Z%),

. . . . 1
or o+ti=1-o-ti ,or o-ti=1-0-ti, so s € R,or o=2 and t=0,or o =% andt €R and t# 0,
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so tER, or s:%+0i ,or s:%+ti(t ER and t # 0), because (G) - +00,{(1) » 4+, ¢(1) is
divergent, §(%) is more divergent,so drop them.Beacause only when G=%,the next three
equations, ((oc+ti)=0, {((1 —o—ti)=0, and ((o-ti)=0 are all true, because ZG) -
+00,(1) = 400, {(1) is divergent, ((%) is more divergent, so drop s=1 and s=%, so only
s=%+ti(tER and t # 0,s€C) is true.Since Riemann has shown that the Riemann (s)(s €
Cands # 1) function has zero, that is, in {(1-s)=21"5nt ‘SCos(%s)l'(s)((s) (seCands # 1),

{(s)=0 (s€e Cands # 1) is true. According the equation &(s) = % s(s-1) F(z)n'gé(s)(s €

Cand s # 1) obtained by Riemann, so §(s)=§(1 —s)(s € Cands # 1), because F(§)=F(§) ,

s s [ R
and T 2=m 2 , and because {(s)={(S)(s€C and s# 1) , so &(s)=£(s)(s€C and s# 1). So when

{s)=0(s€Cands#1) ,then §(s)=L(1—5s)=10(s) =0(s€C and s# 1) and §(s)=8(1—
$)=E(s)=0(s€C and s# 1) must be true , so the zeros of the Riemann {(s) function and the

nontrivial zeros of the Riemann &(s)(s€C and s# 1) function are identical, so the complex root

of Riemann §(s)=0(s€C and s# 1) satisfies s=%+ti(tER and t # 0), according to the Riemann
function Hg(s-l)n_EZ(s )=¢(t)(s€Cand s# 1,t € Cand t # 0) and he Riemann hypothesis
s=%+ti(t € Cand t # 0), because s#1, and ]’[% #0, T 2 # 0, so H%(s-l)n_E # 0(s€Cand s# 1),

and when §(t)=0(t € C and t # 0), then H%(s—1)n_§((%+ti)=§(t)=0(s€C ands# 1,t€ Cand t # 0)

10l s = 0 s =0(s€Cands# 1,s € Cand t # 0),sotERand t # 0.
G-V 2z [I(s-Dm 2

and Z(%+ti)=

(36)
So the root t of the equations

H%(s-1)1T_EZ(§+ti)=£(t)=O(s€C ands# 1,t € Candt # 0) and
d %\p' 1 1
4flm%x_1 cos(ztlnx)dx=ﬁ(t)=0(sec ands# 1,s € Cand t # 0)and
o _3
E(t):% (8% + ifl P(x) x 4cos(%tlnx )=0(s€C and s# 1,t € Cand t # 0) must be real and t #

0.If Re(s):g (k € R),then {(k-s)=2K"5t _SCOS(?)F(S)Z(S)(SEC ands# 1) and

&(k—s) = %s(s-k)l" G) o S((s)(s € Cands # 1,k € R) are true, so when {(s)=0(s € Cand s #
1) ,then {(s)=0(k—s) = {(s) = 0(s€C and s# 1,s € C)and &(s)=&(k — s)=E(s)=0(s€C and

K ..
s# 1,s € C) must be true, and SZEH' (keR , teR and t # 0) must be true,then
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H%(s—k)n_gl(gﬂi):ﬁ(t):o(sEC ands# 1,teCandt+ 0,k e R), and Z(l§+ti)=

5©) == 0 s=0(seCands# 1,t € Candt # 0,k € R),so tER and t # 0. So the root t
[EG-kn 2 [E(s-kn 2

of the equations H%(S-k)ﬂ_§Z(§+ti)=§(t)=O(SEC and s# 1,t € Cand t # 0,k € R) must be real
and t # 0. But the Riemann {(s)(s€C and s# 1)function only satisfies

{(1-5)=21"51 _SCOS(?)F(S)Z(S)(SEC and s# 1)(Formula 7) and §(s) = %s(s-l)l‘(%)n_gi(s) (sec

and s# 1) ,is also say that only g(1-s)=21"5m _SCOS(?)r(S)Z(S)(SEC and s# 1)(Formula 7)) is true,

k 1

so only Re(s)=5=5 is true, so only k=1 is true.The Riemann hypothesis and the Riemann

conjecture must satisfy the properties of the Riemann {(s)(s€C and s# 1) function and the
Riemann &(s)(s€C and s# 1) function, The properties of the Riemann {(s)(s€C and s# 1)
function and the Riemann §(s)(s€C and s# 1) function are fundamental, the Riemann
hypothesis and the Riemann conjecture must be correct to reflect the properties of the Riemann
{(s)(s€C and s# 1) function and the Riemann &(s)(s€C and s# 1) function, that is, the roots of

the Riemann &(t)(teC and t# 0)function can only be real, that is, Re(s) can only be equal to %,

and Im Im(s) must be real, and Im(s) is not equal to zero.So the Riemann hypothesis and the
Riemann conjecture must be correct.

For any complex number s, when Rs(s) is any real number, including Rs(s)>0 and(s #
1)and Rs(s) < 0 and s # 0), then

Riemann {(s) function is C(s)=25ns_1sin(?)l“(I-S)C(l-s)(SEC and s# 1)(Formula 7). Suppose
s= o+ti(o eR,teR and t # 0,5€C),let's prove that {(s)(sEC and s# 1) and {(s)(s€C and s# 1) are
complex conjugations of each other and get the equation C(s)zzsns‘lsin(?)l"(l-s)C(l-s)(sEC

and s# 1)(Formula 7).
Reasoning 2:
@7
The reasoning in Riemann's paper goes like:
2sin(rs)[1(s — 1)¢s)=(2m)s ¥ ns~((—i)5~1+i5~1) ™ (Formula 3),

based on euler's e*=cos(x) + isin(x) (x € R) can get

ei(_5)=cos(_2—n) +isin(_7ﬂ) =0-i=-i,

ei@)=cos(g)+isin(§)=o+i=i ,
then
(=51 4571 = (=) "2 (=D)%+ ()1 (D*=(—0)1e!(3) 4 i-Del(E)-

iei(_E)s-iei(E)s =i(cos_7m+isin_7m)-i(cos?ﬂsin?):icos(?)—icos(?)ﬂin(?)+sin(?)

=25in(?) (Formula 4).
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According to the property of M(s-1)=(s) of the gamma function,and
Yoo, n5"1=f(1-s)(n € Z* and n traves all positive integer,s € C,and s # 1),

Substitute the above (Formula 4) into the above (Formula 3), will get

2sin(ms)(s)q(s)=(2m )5¢(1 —s)2 sin? (Formula 5),
If | substitute it into (Formula5), according to the double Angle formula sin(ns)=25in(?)cos($),
we Will get {(1-s)=21"51 ‘Scos(?)l’(s)((s)(sec and s# 1) (Formula 6),

1-s —
because m 2 # 0 # 0 and F(%) # 0,50 when {(s)=0(s € Cands # 1), then {(1-s)=0(s €

Cands # 1),
Substituting s—=>1-s, that is taking s as 1-s into Formula 6, we will get

Z(s)=2Sns'1sin(?)r(1—s)l(1-s)(sec and s# 1)(Formula 7),

This is the functional equation for {(s) (s € Cand s # 1). To rewrite it in a symmetric form, use

the residual formula of the gamma function 31

T

r(z)r(1-z)= Sin(nz)

(Formula 8)
and Legendre's formula

Z, Z 1, i 7 L
F(E)F(?E):Z mzl(Z) (Formula 9),
Take z=§ in (Formula 8) and substitute it to get

sin(2)= il

2 m (Formula 10) ,

In (Formula 9), let z=1-s and substitute it in to get
1 1-s

M(1-s)=2"5T zr(T)r(l-g) (Formula 11)

By substituting (Formula 10) and (Formula 11) into (Formula 7), we get

(38)
T O)s)=n 2 T9(L-s)(s€C and s 1),
also

S
I'(%)n_EZ(s) is invariant under the transformation s=>1-s,

And that's exactly what Riemann said in his paper.
That is to say:

I'(g)n_gc(s) is invariant under the transformation s>1-s,
also

H(z - 1)11—%((5): 1‘[(? - 1)1-[‘? {(1-s)(seCand s+ 1),
or

T[_ZF(E)Z(S):IT_lZ;Sr(?)Z(1-S)(S € Cand s # 1)(Formula 2),
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Then C(s)=25ns'15in(?)l'(1—s)((1—s)(sEC ands# 1),

under the transformation s>1-s ,will get
a(s)

ans—lsin(?)r‘(l—s

{(1-5)=21"51 '%os(?)F(s)Z(s)(sEC and s# 1) (Formula 1). Then {(1-s)= )(sEC

i)

ZSnS—lsin(?)F(l—s

and s# 1), when {(s)=0 , then if {(1-5)= seCand s# 1) is going to make
)

sense, then the denominator ans‘lsin(?)l“(l-s) #0, Clearly indicates 25 # 0(s€C and

s# 1), ™1 # 0(s€C and s# 1), I'(1-s) # 0(s€C and s# 1), so sin(?) can not equal to zero, SO
sin(?) # 0(s€C and s# 1), so s# 2n(n € Z*) , and s# 0. So when {(s)=0, then {(1 —s) =

U(s)={(s) =0(seCands# lands # 0,ands # —2n, n € Z%).

Because

L(s, X(n))=X(n){(s)(s € Cand s # 1,n € Z, and n goes through all the positive integer) and
L(1 —s, X(n))=X(n){(1-s)(s€C and s+ 1, n € Z* and n goes through all the positive integer) ,
and according to Z(s)=25115‘15in(?)l’(l-s)((l—s)(sec and s# 1)(Formula 7), So

only L(s, X(n))=25ns‘15in(“?s)r(l-s)L(l —s, X(n))(s€ Cands # 1,n € Z* )(Formula 12).

According to the property that Gamma function [(s) and exponential function are nonzero, is also
1-s _1=s _S_ s _1=s  1-s

that F(T)i O,andm 2 # 0, according to T ZF(E) {s)=mt" 2 F(T)((l-s)(sec and s# 1)

(Formula 2),

Mathematicians have shown that the real part of the complex independent variable s of the

Riemann {(s)(s€C and s# 1)function will have zero only if 0<Re(s)<1 and Im(s)# 0, so we agree
(39)

nGs) 1 s (-)n-1 (—pnt
(1-21-s) ~ (1-21-5)&N=1 s T (1-21-s)

on Riemann {(s) = [l,(1—p™)*(s€Cand0 <

Rs(s)<lands# landIm(s) #0, neneZ*,peneZ*,seC, n goes through all the
positive integers , p goes through all the prime numbers).

According the equation Z(1-s)=21"5mt _Scos(?)l'(s)l(s)(sec and s# 1) obtained by Riemann,since
Riemann has shown that the Riemann {(s)(s€C and s# 1) function has zero, that is, in

{(1-5)=2'"5n ‘%os(?)l’(s)((s) (seCand s# 1), so {(s)=0(s€C and s+ 1) is true, and so we agree on
1(1-s)= 21751t =S cos( ? )F(s)Ys) (seCand 0 < Rs(s) < lands# landIm(s) # 0 ,ne Z*,p €

Z*,s €C, n goes through all the positive integers, p goes through all the prime numbers).

According to the property that Gamma function I'(s) and exponential function are nonzero, is also
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1-s

that T(=5)# 0,and ™z # 0,
So when {(s)=0(s€C and s# 1), then {(1-5)=0(s€C and s# 1), also must {(s)={(1-5)=0(s€C and
s 1).

X
Because e =lim, ., (1 + i) =y L ~2.7182818284...,

n!

elZ_e—lZ

and because sin(Z)= , Suppose Z=s= g+ti (¢ ER,tER and t # 0), then

2i

s_e—is ei(o‘+ti)_e—i(o'+ti)

- ei
sin(s)= 2i - 2i !

) oiS i gi(o—ti) _g-i(o—ti)
sin(s)= 2 2i !

according x5 = x(@*h = xx% = x7(cos(Inx) + i sin(Inx))* = x? (cos(tlnx) + isin(tlnx))(x > 0),
then

eS=e(*tt=e’eti=e?(cos(t) + isin(t)) = e’(cos(t) + isin(t)),

els=el(**t=¢!(cos(it) + isin(it)) = (cos(o) + isin(a))(cos(it) + isin(it)),

els = ei(e"=e(cos(—it) + isin(—it)) = (cos(o) + isin(o))(cos(it) — isin(it)),

e s=e~1(0tt)=¢=91(cos(—it) + isin(—it)) = (cos(o) — isin(c))(cos(it) — isin(it)),

e™1s = e7i(0~th=e=vi(cos(it) + isin(it)) = (cos(o) — isin(o))(cos(it) + isin(it)),
28=2(0+t)=202t=20(cos(In2) + isin(In2))*=2(cos(tln2) + isin(tln2)),
25=2(p~t)=202-ti=29(cos(In2) + isin(In2)) "t =27 (cos(tln2) — isin(tln2)),

8 =0~ =~ Inti=gP =1 (cos(Inm) + isin(Inm))t=n""!(cos(tlnm) + isin(tlnm)),

8~ l=n(e- 1=t =g~ 1 ~ti=go=1(cos(Inm) + i sin(Inm)) ~'=2°"1(cos(tlnm) — isin(tlnm)),

So

S_ S—1_.S—
25=2s, 57 l=qs—1 |

and

elS_e=is  @iS_o-i5

’

2i 2i
So
(40)

sin(s)=sin(s) ,

and

. TS\ . Tt_§
sm(;)—sm( . ) .
And the gamma function on the complex field is defined as:
_(T®is-1 -t
M(s)=f, t"te 'dt,

Among Re(s)>0,this definition can be extended by the analytical continuation principle to the
entire field of complex numbers, except for non-positive integers,
So

M(s)=I'Gs) ,

and

M1-s)=T(1—5s) When Z(1-5)=7(1 —5)=0=((s)={(1-s)=0(s€C and s# 1), and according
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C(s)=2Sns'lsin(?)l'(l-s)l(l-s)(sEC and s# 1), then only Z(s)=@=0(sec and s# 1),is also say
Us)=T(5)=T(1-s)=0(s€C and s# 1). so only {(o+ti)={(o-ti)=0 is true.According the equation
{(1-s)=21"5mt S cos(%s)r(s)l(s) (s € C,and s # 1)obtained by Riemann,since Riemann has
shown that the Riemann {(s)(s € C,and s # 1) function has zero, that is, in

U1-s)=21"5t ‘Scos(%s)r(s)l(s)(s € C,and s # 1)(Formula 7), {(s)=0(s € C,and s # 1) is true,

so when {(s)=0(s € C,and s # 1), then only {(s)=(1-s)=0(s € C,and s # 1) is true.in the
process of the Riemann hypothesis proved about {(s)={(1-s)= {(s)=0, is refers to the {(s) is a
functional number? It's not. Does {(s)=(1-s)={(s)(s € C,and s # 1) mean the symmetry of
the {(s) function equation? Does that mean the symmetry of the equation s=s=1-s? Not really.

In my analyst, {(s). (1-s) and {(S) function expression is the same, are Yo, n"S(n€ Z* and n

traves all positive integer, s € C,and s # 1), so according

to Y>_,;n~S (n € Z* and n traves all positive integer,s € C,and s # 1),{(s) (s € C,and s #
1) function of the independent variable s, the relationship between 5 and 1-s only C2%=3
kinds, namely s=s or s=1-s or s=1-s. As follows:

According {(s)={(1-s)=0(s € C,and s # 1) and (s)={(s)={(1-s)=0(s € C,and s # 1),then only
s=s or s=1-s or s=1-s ,s0 s€R, or o+ti=1-0-ti ,or o-ti=1-0-ti, so s € Rands = —2n(n €

1

1
Z1),or 0=Eand t=0,0r g =5

andt €R and t# 0,so0s €R, or s=§+oi ,or s=%+ti(t ERand t #
0),because ZG) — +00,{(1) » +0, (1) is divergent, ((%) is more divergent,so drop
them.Beacause only when p=% ,the next three equations, ((o +ti)=0, {(1 —o —ti)=0, and

{(o-ti)=0 are all true, because ZG) — +00,{(1) = +oo, {(1)is divergent, Z%) is more

(41)
divergent,so only s=zl+ti(t€R and t # 0) is true, or say only s:%+ti (teRand t # 0,s€C) is
true.Since Riemann has shown that the Riemann {(s)s € C,and s # 1 function has zero,
that is, in {(1-s)=21"5m ‘Scos(?)r(s)z(s)(s € Cand s # 1)(Formula 7), {(s)=0(s € C,and s #
1) is true.

According the equation &(s) = %s(s—l)l" G) o S((s)(s € Cands # 1) obtained by Riemann, so

&(s)=¢(1 —s)(s € C,and s # 1), because F(§)=F(§), and T §=‘r[

s
2

, and because Z(s)=@(s €

Cands#1) , so £(s)=&G)(s€ Cands#1) So when (s)=0 (s € C,ands # 1) then

§(s)=0(1—s)=1{(s) =0(se€Cands # 1)and §(s)=&(1 —s)=&(s)=0(s € C,and s # 1) must
be true , so the zeros of the Riemann {(s) function and the nontrivial zeros of the Riemann
E(s)(s € C,and s # 1) function are identical, so the complex root of Riemann &(s)=0(s €

C,ands # 1) satisfies s:%+ti(tER and t # 0)or s:%—ti(tER and t # 0).According to the
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Riemann function Hg(s-l)n_EZ(s):E(t)(t €Candt#0,s€ Cands # 1) and he Riemann
hypothesis s=%+ti(tec and t # 0), because s#1, and H% #0, T 2 # 0, so ]’[%(s—l)n_E #0,

and when £(t)=0, then H%(s—l)n_gl(%ﬂi):&(t):o, and

1Ol s = 0 s=0, so tERandt+# 0. So the root t of the equations
[EGs-nm 2 [E(s-1)m 2

(5 +ti)=
s Aoy 1
H%(s-l)n“?((%ﬂi):g(t):o and 4flw%x7 cos(%tlnx)dx=§(t)=0 (teCandt # 0)and
o _3
E(t)=% -(t2 + %)L P(x) x * cos(%tlnx)=0(t € Candt # 0) must be real and t+#0. If

Re(s)= 15( (k € R),then {(k-s)=2K"5 *cos(?)r(s)((s)(s €Cands# 1,keR) and §(k—>5s) =

%s(s—k)[‘(%)n_ EZ(S)(S € C,and s # 1,k € R)are true, so when {(s)=0(s € C,and s # 1,then
U(s)=C(k—s) =((s) =0(se Cands # 1,k € R)and &(s)=&(k —s)=&(s)=0(s € Cand s #

1,k € R) must be true, and s=§+ti (keR,t€ER and t #) must be true, then

T 3(s-k)m2g(S+ti)=€(t)=0(keR,tER and t # 0,k € R), and

Z(E+ti)= O 5= 0 s=0(k€R,teERand t# 0,s € Cands # 1),so tERandt # 0. So
2 Is-ln 2 [s-km 2

S
the root of the equations HZ(s-k)n_iz(gﬂi)=E(t)=0(keR,teR andt#0,se€Cands # 1)

must be real and t # 0. But the Riemann {(s) function only satisfies

(42)

{(1-s)= 2175 =% cos( = )(s)Y(s)( s € Cands# 1) and §(s) = % s(s-1) F(E)Tt_%((s)(s €
Cands # 1) ,is also say that only Z(1-s)=21"5nt ‘Scos(?)r(s)l(s)(s € Cand s # 1) (Formula 7)

is true , so only Re(s):lg:% (k € R) is true, so only k=1 is true.The Riemann hypothesis and

the Riemann conjecture must satisfy the properties of the Riemann {(s)(s € C,and s # 1)
function and the Riemann &(s)(s € C,and s # 1) function, The properties of the Riemann
{s) (s e Cands # 1) function and the Riemann &(s)(s € C,ands # 1) function are
fundamental, the Riemann hypothesis and the Riemann conjecture must be correct to reflect
the properties of the Riemann {(s)(s € C,and s # 1) function and the Riemann&(s)(s €
C,and s # 1) function, that is, the roots of the Riemann &(t)(t € C,and t # 0) function can

only be real, that is, Re(s) can only be equal to %, and Im(s) must be real, and Im(s) is not

equal to zero.So the Riemann hypothesis and the Riemann conjecture must be correct.
Riemann found in his paper that

ME-1)m756) = [ 000 o taxe [ ) x 7 der 2 [1(x 7 x e
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_ 1
- s(s—-1)

1
s(s—1)

) S_ _1+s
+ [ W) (x2"+x 72 )dx(s € Cand s # 1)(s€C and s# 1), Because and

S 1+s
floo l|J(X)(XT1+x_T)dx are all invariant under the transformation s=>1-s If | introduce the

auxiliary function y(s)=[] G — 1) T 2{(s)(s € C,and s # 1),So | can just write it as
U(s)=y(1-s). But it would be more convenient to add the factor s(s — 1)to yi(s) and introduce

the coefficient %, which is exactly what Riemann did, is that to take

&(s) = %s(s—l)F G) T 2{(s)(s€ Cand s # 1).Because the factor (s-1) cancels out the first pole of

U(s) at s=1, And the factor s cancels out the pole of FG) at s=0, and s is equal to -2, -4,
-6,...,the rest of the poles of FG) cancel out . So &(s)is an integral function.And the factor
s(s — 1) obviously doesn't change under the transformation s— 1 —s,so0 we also have the

function &(s)=&(1—s)=0(s€ Cands # 1), base on I(1-s)= 2175w S cos( ? )E(s)Us)( s €

Cands # 1)(Formula 7). At the same time, according to {(1-s)=21"STr "Scos(?)r(s)l(s)(s €

Cands # 1), if {s)=0 (s€C and s# 1),then must {(1-s)=0 (s€C and s# 1), is that to say
{(s)=T(1-s)=0(s€C and s# 1). According to Riemann's hypothesis s=%+ti(tEC,andt #0),sand t

1

. . . . . 1 .
differ by a linear transformation . It's a 90 degree rotation plus a translation of 7 So line Re(s)= 2

in the s plane corresponds to the real number line in the t plane,the zero of Riemann (s)(s €

(43)

Cand s # 1) on the critical line Re(s)=% corresponds to the real root of &(t)(teCand t # 0). In

Riemann function {(t)(t € Candt # 0), the function equation £(s)=&(1 —s)(s€ Cands #
1)becomes equation &(t)=E(—t)(t€ Candt+# 0) is an even function, an even function is a
symmetric function, it’s zeros are distributed symmetrically with respect to t=0 .The

function &(t)(t € C,andt # 0) designed by Riemann and Riemann's hypothesis s =%+

titeCandt#0,s € Cands# 1) and &(s)=&(1 —s)(s€ Cands # 1)are equivalent to
E()=E(—t)(t € Cand t # 0).So the function £(s)(s € Cands # 1) is also an even function.The
zero points on the graph of an even function £(s)(s € Cands # 1) with respect to the
coordinates of its argument on the real number line equal to some value are symmetrically
distributed on the line perpendicular to the real number line of the complex

plane. When £(t)=0(t € Cand t # 0) , is also that &(t)=E(—t)=0(t € Cand t # 0),the zeros of

E(D)(t € Cand t # 0)are symmetrically distributed with respect to t equals 0.When £(s)=0(s €
Cands # 1),is also that £(s)=£(1 —s)=0(s € Cand s # 1),the zeros of £(s)(s € Cands # 1)

are symmetrically distributed with respect to point (E,OI) on a line perpendicular to the real
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number line of the complex plane.So when £(s)=£(1 — s)=0(s € Cand s # 1), s and 1-s are pair
of zeros of the function £(s)(s € Cand s # 1) symmetrically distributed in the complex plane

. N . . .
with respect to point (5' 0i) on a line perpendicular to the real number line of the complex

plane.When {(s)=0(s€C and s# 1), then {(1-s)=0(s€C and s# 1) , is aslo that {(s)={(1-s)=0(s €
Cands # 1). We find {(s)={(1-s)=0(s € Cands # 1) and &(s)=§(1 —s)=0(s € Cands # 1)
are just the name of the function is idifferent,the independent variable s is equal to

1. . .

E+t|(t€C,s€C),that means that the zero arguments of function {(s)(s € Cand s # 1) and function
&(s)(s € Cand s # 1) are exactly the same,so the zeros of the {(s)(s € Cand s # 1) function in
the complex plane also correspond to the symmetric distribution of point (%, 0i) on a line

perpendicular to the real number line in the complex plane, so When (s) = (1 —s) = 0(s €
C,ands # 1),s and 1-s are pair of zeros of the function {(s)(s € Cands # 1) symmetrically

distributed in the complex plane with respect to point (%, 0i) on a line perpendicular to the real

number line of the complex plane.We got C(_s)=((§)(s=0+ti, o € R, t eERandt # 0) before,When
tin Riemann's hypothesis

1
5=

. . 1. . .
-E+t|(tEC,sEC andt#0) is a complex number, and s=5+t|=0+t| , then s in

Z(_S)=Z(§)(s=o+ti, c€R, teRandt=#0) is consistent with s in Riemann's hypothesis
s=%+ti(t€C,s€C and t # 0).If ¢(s)={(s)=0(s=0+ti,0c ER, tERandt # 0),Since s and s are a

pair of conjugate complex numbers,So s and s must be a pair of zeros of the function {(s)(s €

Cands # 1) in the complex plane with respect to point (0,0i) on a line perpendicular to the

real number line.s is a symmetric zero of 1-s, and a symmetric zero of s. By the definition of
(44)

complex numbers, how can a symmetric zero of the same function {(s)(s € Cands # 1) of the

same zero independent variable s on a line perpendicular to the real number axis of the complex

plane be both a symmetric zero of 1-s on a line perpendicular to the real number axis of the

. Sl . - . .

complex plane with respect to point (E' 0i) and a symmetric zero of s on a line perpendicular to
. . . . 1

the real number axis of the complex plane with respect to point (o,0i)? Unless o and S are

. 1 - . . .y
the same value, is also that o = and only 1-s=s is true, and 1-s=s is wrong.Otherwise it's

impossible,this is determined by the uniqueness of the zero of the function {(s)(s € Cands #
1) on the line passing through that point perpendicular to the real number axis of the complex
plane with respect to the vertical foot symmetric distribution of the zero of the line and the real
number axis of the complex plane,only one line can be drawn perpendicular from the zero
independent variable s of the function {(s)(s € Cands # 1) to the real number line of the
complex plane, the vertical line has only one point of intersection with the real number axis of
the complex plane. In the same complex plane, the same zero point of the function {(s)(s €
Cands # 1) on the line passing through that point perpendicular to the real number line of the
complex plane there will be only one zero point about the vertical foot symmetric distribution of

the line and the real number line of the complex plane.Because {(s)={(s)(s=o+ti,c €R,



The proof of the Riemann conjecture

t ERand t # 0), then if {(o + ti)=0, then {(c — ti)=0, and because {(s)={(1 — s)=0(s€C and
s# 1), then {(1-o0-ti)=0, and because {(s)=({(1 —s)=0(s € Cands # 1), then {(1-0-ti)=0. The
next three equations, {(o + ti)=0, {(c — ti)=0, and {(1-0-ti)=0, are all true, so only 1-6=0 is

true,only s=%+ti(t€R and t # 0) is true.Since the harmonic series (1) diverges, it has been

proved by the late medieval French scholar Orem (1323-1382).The Riemann hypothesis and the
Riemann conjecture must satisfy the properties of the Riemann {(s)(s € Cand s # 1) function

and the Riemann §(s)(s € Cand s # 1) function, The properties of the Riemann {(s)(s€C and
s# 1) function and the Riemann &(s)(s€C and s# 1) function are fundamental, the Riemann
hypothesis and the Riemann conjecture must be correct to reflect the properties of the Riemann
s)(s€C and s# 1) function and the Riemann &(s)(s€C and s# 1) function, that is, the roots of

the Riemann &(t)(t€C and t# 0) function must only be real, that is, Re(s) can only be equal to %,
and Im(s) must be real, and Im(s) is not equal to zero.So the Riemann hypothesis and the

S
Riemann conjecture must be correct. Riemann got ]’[%(s-l) T 2{(s)=E(t) (tER and t # 0,
S _3
s€Cands # 1),and E(t)% -(t2 + i)f1 Y(x)x 4cos G tlnx ) dx(tERand t # 0,s€Cand s # 1) in

his paper, or ]_[%(s-l)n%{(s)i(t)(tER andt+# 0,s€Cands # 1) and

w«mwan

&(t)= 4f T3 cos( tinx)dx(t e Randt# 0,s € Cands # 1) M Because

Z(%+ti)=0(t€R and t # 0), so the roots of equations Hz(s-l)n_g Z(%+ti )=¢(t)= O(tER and t #

w«mwan L

0,seCands # 1) and 4f cos( tlnx)dx=¢(t)= O(teERand t #+ 0,seCand s # 1) and

(45)
I _3
E(t)=% -(t% + %)f1 P(x) x 4cos(§tlnx)=0(te Randt#0,s€Cands # 1) must all be real

numbers. When ((s)=0(s € Cands # 1) and §(t)=0(t € Cand t # 0), the real part of the
equation §(t)=0(t€C) must be real between 0 and T. Because the real part of the equation &(t)=0

. T, T T .
has the number of complex roots between 0 and T approximately equal to Zranr o [ ,This

result of Riemann's estimate of the number of zeros was rigorously proved by Mangoldt in 1895.

Then,when ((s)=0(s€C and s# 1) and §(t)=0(t € C and t # 0), the number of real roots of the
real part of the equation §(t)=0(t € C and t # 0) between 0 and T must be approximately equal

T, T T , . o
to zlng - Em ,50 when the Riemann {(s)(s€C and s# 1)function has nontrivial zeroes, then
the Riemann hypothesis and the Riemann conjecture are perfectly valid.According to the

xS~ 1dx
eX—-1

Riemann got in his paper and the

2sin( ms ) [I(s—1)i(s) = f;o

{(1-s)=21"51t ‘%os(?)l’(s)l(s)( s € Cands # 1), We know that the Riemann {(s)(s€C and s#1)

function is a two-to-one mapping, or even a many-to-one mapping deterministic universal
function, or a one-to-two mapping, or even a one-to- many mapping deterministic universal
function. If we consider the Riemann {(s)(s€C and s #1) function as a general complex number
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whose domain includes real numbers, then s=-2n(n is a positive integer) is the only class of real
zeros of the Riemann {(s)(s€C and s#1) function at the root, If we consider the Riemann {(s)(seC
and s#1) function as a general complex number whose domain does not include real numbers,

then s=%+ti(tER and t#0) is the only class of complex zeros of the Riemann {(s)(s€C and s#1)

function at the root, so the zero real root of the Landau-Siegel function L($,1)(S €R) does not
exist.

Definition: Assuming that a(n) is a uniproduct function, then the Dirichlet series
Yo2,a(m)n™S(s € Cands # 1,n € Z* and n goes through all the positive numbers) is equal
to the Euler product

[I,P(p: s)(s € Cands # 1,p € Z* and p goes through all the prime numbers) .Where the

product is applied to all prime numbers p, it can be expressed as: 1+a(p)p S+a(p?)p~%5+..., this
can be seen as a formal generating function, where the existence of a formal Euler product
expansion and a(n) being a product function are mutually sufficient and necessary conditions.
When a(n) is a completely integrative function, an important special case is obtained,where
P(p, s)(se€ Cands # 1,p € Z* and p goes through all the prime numbers) is a geometric
series, and

P(p,s) = ——

pRy— (seCands # 1,p € Z* and p goes through all the prime numbers) .When

a(n)=1,it is the Riemann zeta function, and more generally the Dirichlet feature.
Euler's product formula: for any complex numbers, Rs(s) > 1ands # 1,then Yo, n"5 =
[I,(1—=p~)'(s € Cands # 1,p € Z* and p goes through all the prime numbers,n €

Z* and n goes through all positive numbers),and when Rs(s) >
1 Riemann Zeta function ¢ (s) = Y5, n°=[],(1 —p~*)~!(s € Cand Rs(s) > 0 and s # 1,

(46)
ne Z*,p € Z*,s €C, ngoes through all the positive numbers, p goes through all the prime
numbers).
Riemann zeta function expression:
{(s)=1/15+1/25+1/35+...41/m3 (m tends to infinity, and m is always even).
(1)Multiply both sides of the expression by (1/25),
(1/23)q(s)=1/15(1/25)+1/25(1/25)+1/35(1/25)+...+41/m®5(1/25)=1/25+1/45+1/65+...+1/(2m)3
This is given by (1) - (2)
Us)-(1/2%)Ys)=1/15+1/25+1/35+..41/m®-[1/25+1/45+1/65+...+1/(2m)5]
The derivation of Euler product formula is as follows:
Us)-(1/2%)Ys)=1/15+1/35+1/55+...+41/(m — 1)5.
Generalized Euler product formula:
Suppose f(n) is a functionthat satisfies f(n;)f(n,)=f(n;n,) and ), |f(n)| <+ o (n; and n, are
both natural numbers), then}., f(n)=[T,[1 + f(p) + f(p?) + f(p*)+...].
Proof:
The proof of Euler product formula is very simple, the only caution is to deal with infinite series
and infinite products, can not arbitrarily use the properties of finite series and finite products.
What | prove below is a more general result, and the Euler product formula will appear as a
special case of this result.
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Due to Yo, |f(n)| < +o, so 1+ f(p) + f(p?) + f(p3)+... absolute convergence.Consider the
part of p<N in the continued product (finite product),Since the series is absolutely convergent
and the product has only finite terms, the same associative and distributive laws can be used as
ordinary finite summations and products.

Using the product property of f(n), we can obtain:

[Tp<n[1 +f(p) + f(p?) + f(p3)+...]=Y, f(n).The right end of the summation is performed on all
natural numbers with only prime factors below N (each such natural number occurs only once in
the summation, because the prime factorization of the natural numbers is unique).Since all
natural numbers that are themselves below N obviously contain only prime factors below N, So
% 'f(n) = X<y f(n) + R(N)Where R(N) is the result of summing all natural numbers that are
greater than or equal to N but contain only prime factors below N.From this we get: Hp<N[1 +
f(p)+f(p2)+f(p3)+..]=n<AV f(n) + R(N).For the generalized Euler product formula to hold, it is
only necessary to prove lim,_,, R(N)=0,and this is obvious,because |R(N)|

< Tpen If)] ,and X, [f(m)] <+ o sign of

limp, e Ynen [F(N)] =0,thus lim,,_,,, R(N)=0.Beacuse 1 + f(p) + f(p?) + f(p3)+..=1 +
f(p)+f(p)2+f(p)3+...=[1 — f(p)] ™1, so the generalized Euler product formula can also be written
as:

2nf(m) =TIp[1 - f(p)]~1.In the generalized Euler product formula, take f(n)=n"%,Then
obviously Y, |f(n)| < + oo corresponds to the condition Rs(s)>1 in the Euler product formula,
and the generalized Euler product formula is reduced to the Euler product formula.

From the above proof, we can see that the key to the Euler product formula is the basic property
that every natural number has a unique prime factorization, that is, the so-called fundamental
theorem of arithmetic.

For any complex number s, X(n) is the Dirichlet characteristic and satisfies the following

properties:

(47)

1: There exists a positive integer q such that X(n+q)= X(n);
2: when n and q are not mutual prime, X(n)=0;

3: X(a). X(b)= X(ab) for any integer a and b;

Reasoning 3:
If Re(s) > 1ands # 1,then

X
L(s, X(n))=2f=1% (neZ,,p €Z,,s ECands# 1, ngoes through all the positive numbers, p

goes through all the prime numbers, X(n)€ER

1

and (X(n) # 0),a(n) = a(p)=X(n) LP(P: $)=r=5 >

).

Next we prove the generalized Riemann conjecture when the Dirichlet eigen function X(n) is any

real number that is not equal to zero,
and
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1)5 . (s€ CandRs(s) > 0ands # 1)and (ns)=(1-217%)Z(s)(s € C and Rs(s) >

n(s)=3e, &

nis) (-t (-pnt _
(1 21— S) (1 21 S)Zn 1 ns - (1_21—5) Hp(l

O0ands # 1), {(s) is the Riemann {(s) =

p~5)"1(s € CandRs(s) > 0ands # 1, n€ Z* and n goes through all the

positive integers, p € ZTand p goes through all the prime numbers), so

GRH(s, X(m) J=Lls, X(0) = Ty o = Ty an~ = [T P9, ) = [pmgms) ( 1 €

Zt,p € Z*,seCand s# 1, n goes through all the positive integers, p goes through all the prime

)-

numbers, X(n)€R and (X(n) # 0),a(n) = a(p)=X(n) ),P(p, s)=— a(p)p-S

1
(cos(tlnp)+isin(tlnp))

a(p)p~® =a(p)p° = a(p)(p~°(cos(tlnp) — isin(tlnp))(s € Cands # 1,t €

Cand t+0),

(1—a(p)p™) =1- a(p)(p~°(cos(tlnp) — isin(tlnp))
a(p)p~° cos(tlnp) + ia(p)p~°sin(tlnp)(s € Cands # 1,t € Cand t # 0),

1
—_
|

1
(cos(tlnp)—isin(tlnp))

a(p)p~s = a(p)p~° = a(p)(p~°(cos(tlnp) + isin(tlnp))(s € Cand s #

1,teCandt+0),
(1 —a(p)p~S)=1-a(p)p~° cos(tlnp) — ia(p)p~°sin(tlnp)(s € Cands # 1,t € Cand t # 0) ,
because

(1—a(p)p™®)=1—a(p)pS(s€ Cands # 1,p € Z* and p is a prime integer ),

SO

(1—a(p)p®)=(1 —a(p)pS)~(s€Cands # 1,p € Z* and p is a prime number ),

(48)
SO

[Tp(1 —a)p~) *=[1p(1 —a(p)p™)~*
(s€ Cands # 1,p € Z* and p goes through all the prime numbers)) .

becuse L(s, X(n))=Y 5=, a(m)n™ = [[,(1 —a(p)p~) "' (s € Cand s # 1)and

L(, x(m)=X5=;a(m)n~s = [[,(1 —a(p)p™®) "' (s € Cand s # 1),

(s € Cands # 1,n € Z* and n goes through all the positive integers, p €
Z* and p goes through all the prime numbers)). For the Generalized Riemann function
1
— S —
I—(S X(n)) Zn 1 Zn 1a(n)n Hp 1-a(p)p~s

(X(n)€R and (X(n) # 0,a(n) =a(p)= X(n) ),P(p, s)=$,seCands¢ 1,n€

* and n goes through all the positive integers, p €

*and p goes through all the prime numbers)) .so L <s, X(n)>=L <§, X(n))

(s € Cands # 1,n € Z* and n goes through all the positive integers).
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a(pp'™ = a@Ep® ™ = a@Epx™ = a(p)p'(cos(inp) +
isin(Inp))—t=a(p)pl—o(costlnp—isin(tlnp))(s€C and s#1,teC and t+0)
(seCands =+ 1,teCandt+ 0,,p € Z" and p goes through all the prime numbers),

a(p)p'~ = a(p)pt-ort = a(p)p*~°p" = a(p)p' (") =
a(p)pt~°(cos(lnp) + isin(Inp))t = a(p)p*~°(cos(tlnp) — isin(tlnp))(s € Cands # 1,t €
Candt= 0,p € Z* and p goes through all the prime numbers),

then

1
(cos(tlnp)—isin(tlnp))

a(p)p~ =% = a(p)p°?! = a(p)(p° (cos(tlnp) + isin(tlnp)) (s € Cand s #

1,teCandt# 0,p € Z* and p goes through all the prime numbers),

(1—a(p)p~ @) =1- a(p)p° 1 (cos(tlnp) + isin(tlnp)) = 1-—
a(p)p°®? cos(tlnp) — a(p)p°®lisin(tlnp)

(seCands =+ 1,teCandt+ 0,p € Z* and p goes through all the prime numbers, ),

(1 - a(p)p‘g) =1- a(p)(p~°(cos(tlnp) + isin(tlnp)) = 1-
a(p)p~° cos(tlnp) —ia(p)p ®sin(tlnp) (s € Cands # 1,t e Candt # 0,p €
Z* and p goes through all the prime numbers),

When G=% , then
(1—aP)p ) =(1-a(P)p~)(s € Cands # 1),
(1—a@p ) '=(1-a(@p)p™) (s € Cands # 1),

SO

M,(1 — a(p)p @9)"1 = [1p,(1 - a(p)p~) (s € Cands # 1) ,becuse L(1—s, X(n)) = [I,(1 -

a(P)p” @)™ and L(S, X(n))=[1,(1 —a(p)p™®)"*, n€ Z*,p € Z*,seCand s# 1 , n goes

(49)

through all the positive integers, p goes through all the prime numbers, X

(n)ER and (X(n) # 0),a(n) = a(p)=X(n) ),P(p ., S)zl—a(p)p‘s'

o)
Only

L(1 —s, X(n)=L(, X(n))(s € Cand s # 1,n € Z* and n goes through all positive integers),

and

Only L(1 -5, X(n))=L(s, X(n))(s € Cands # 1)
(s € Cands # 1,n € Z* and n goes through all positive integers),

Because L(s, X(n))=X(n){(s) (s ECand # 1, n€ Z* and n goes through all the
positive integers), and L(1 —s, X(n))=X(n){(1-s)(s EC and # 1, n€ Z* and n goes through

all the positive integers), so When only 0:%, it must be true that L(s, X(n))=L(s, X(n))(s €C
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and # 1,n€ Z* and n goes through all the positive integers),and it must be true that

L(1 —s, X(n))=L(, X(n))(s ECand s # 1,n€ Z* and n goes through all the

positive integers),Suppose k€ R,

a(p)p**=a(p)p® 7" =a(p)p*~7x~" = a(p)p*~?(cos(Inp) + isin(Inp))~* =a(p)p*~’ (cos(tinp) —
isintlnp (s€C and s#1,teC and t#0,keR),

a(p)p*S=a(p)p®7rV=a(p)p*7pT=a(p)p* 7 (p") = a(p)p" 7 (cos(Inp) + isin(Inp))*=
a(p)(p*~?(cos(tlnp) + isin(tlnp)) (s € Cands # 1,t € Cand t # 0,k € R),

then

a(p)p~*=a(p)p”*

(p° ¥(cos(tlnp) + isin(tlnp))(s € Cands # 1,t € Cand t # 0,k € R),

(1 —a(Pp~*) =1- (a(p)p”~*(cos(tlnp) + isin(tinp))

a(p)p° ¥ cos(tlnp) — ip? Xsin(tlnp)(s € Cands # 1,t € Cand t # 0,p €
Z* and p is a prime numeber,k € R),

(1-a(p)p™) =1- (a(p)p~?(cos(tlnp) + isin(tlnp)) = 1-
a(p)p~? cos(tlnp) —ia(p)p~?sin(tlnp)(s € Cands # 1,t € Cand t # 0, p is a prime numeber),

1
(cos(tlnp)—isin(tlnp)) 4

(p)

1}
[UnN
|

When a=§(k€ R),

then
(1—a(P)p ®)=(1 —a(p)p¥)(s € Cands # 1,p € Z* and p is a prime integer, k € R),

(1—a(p)p~*)~1=(1 - a(p)p‘g)_l(s € Cands # 1,p € Z* and p is a prime integer, k € R),
so
[1,(1 — a(p)p~®)1=[],(1 — a(p)p*)"* (s € Cand s # 1)(s EC and
# 1,k € R,p € Z* and p goes through all the prime numbers, k € R) ,
(50)
becuse L(k —s, X(n)):Hp(l — a(p)p—(k—S))‘1 (s € Cands # 1,pis a prime numeber,k €
R),
and L(s, x(n))=[],(1 — a(p)pS)(s€Cands# 1,n€
Z*,n goes through all positive integers, p € Z* and p goes through all the prime numbers),

for the generalized Riemann function L(s, X(n))(s €ECand # 1,n€ Z* and n goes through all the

positive integers, p € Z* and p goes through all the prime numbers, X(n)eR and X(n) #

1

0,a(n) = a(p)=X(M)P(P , 8)= 10

SO

Only L(k —s, X(n)>=L <§, X(n))

).

(s€Cand s# 1,n € Z*and n goes through all positive integers,k € R),
and

Only L (k -5, X(n)>=L <S, X(n)>;
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s€Cand s# 1) seCand s# 1,n € Z* and n goes through all positive integers, k € R),
8 g p 8

And because Only L(l —s, X(n)>= L <§, X(n))

(s€Cand s# 1,n € Z* and n goes through all positive integers),so only k=1 be true.

oo X X X n-1
GRH (s, x(n)> = L(s, X(n)) = z ::1) = (1(11)2”1(—53) a —(znl) S)Z( i

n=1

Xm) (=t SN
Ta- ;1‘5) n:1( n?ﬂi = 1)21 S)Z X(n )(n” nt‘) B

21 S)Z ¥ )(cos(ln((n)) + isin(In(n)))t

_1)n-1 &
( )21 S)Z X(m)(n~°(cos(In(n)) + isin(In(n)))™)

( 1)2: Z)Z X(n)n~°(cos(tln(n)) — isin(tln(n)) )

(teCandt+ 0,s € Cands # 1,n € Z* and n goes through all positive integers),
(51)

GRH(, X(n)) = L(5, X(n))

i X(n) XmnE) X)) o (-
L (1 — 21— s) (1—21- s) ns

X o (-t ( D™ —

= (1_21_§) L no-ti — 21— S)Z ( )( —t1
1 1 1

T 1-25 ; (X 5 Costngm)) + 1sin(n(n)))®

1 N s .
B mz( X(m)n~(cos(In(n)) + isin(In(n)))") =

—Z (X(Mm)n~°(cos(tln(n)) + isin(tln(n)))
(1—21-35)

(teCandt# 0,s € Cands # 1,n € Z*,n goes through all positive integers).
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i X)  X@mn-s)  X@) &t

GRH (1 -5, X(n)) =L (1 -Ss, X(n)) = ns - (1 _ 25) - (1 _ 25) nl-o-ti
n=1

n=1

-@ ”ZSZ 0 (700)

)n 1
—25)

2( X(n)n°~1(cos(tln(n)) + isin(tin(n))),

(teCandt# 0,s € Cands # 1,n € Z*,n goes through all positive integers).
Suppose

U=[ X(n)1%cos(tin1)— X(n)2?cos(tin2)+ X(n)3~“cos(tin3)— X(n) 4~ cos(tind)+...],
V=[ X(n)17?Sin(tin1)— X(n)27%sin(tIn2)+ X(n)3 “sin(tin3)— X(n)4~’sin(tin4)+...],
then

L(s, X(n))=L(5, X(n))(s€EC and s# 1,n € Z"and n goes through all positive integers).

And n goes through all the positive numbers, so n=1,2,3,... let's just plug in, so

L(s, X(n)) = Xn=1 Xé?) =[ X(n)17° cos(tlnl) — X(n)27° cos(tln2)+ X(n)3~7 cos(tIn3)
—X(n) 477 cos(tind)+..]-i[ X(m)17° sin(tinl) — X(n)277 sin(tln2)+ X(n)377 sin(tin3)
— X(m)4 ’sin(tIn4)+...]= U-Vi
(s € Cands # 1,n € Z© and n goes through all positive integers ) ,

(52)

U=[ X(n)1 %cos(tin1)— X(n)2™?cos(tin2)+ X(n)3~“cos(tin3)— X(n) 4~ cos(tind)+...],

V=[ X(n)1 %sin(tin1)— X(n)2~%sin(tIn2)+ X(n)3~“sin(tin3)— X(n)4~’sin(tin4)+...],

Then

L(s, X(n))=Ynzq Xg):[ X(n)17%cos(tin1)— X(n)2 cos(tIn2)+ X(n)3~?cos(tin3)—4~cos(t!
nd)+..]+i[ X(n)17%sin(tin1) — X(n)27%sin(tIn2)+ X(n)37?sin(tIn3)— X(n) 4~ ?sin(tin4)+ ...]=
U+Vi(s € Cands # 1,n € Zt and n goes through all positive integers ) ,

U=[ X(n)1%cos(tin1)— X(n)2~?cos(tin2)+ X(n)3~?cos(tin3)— X(n) 4™ cos(tind)+...],

V=[ X(n)1 %sin(tIn1)— X(n)2 ’sin(tIn2)+ X(n)3’sin(tIn3)— X(n)4 ’sin(tin4)+...],

L(s, X(n))and L(s, X(n)) are complex conjugates of each other,thatis L(s, X(n))=L(s, X(n))
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(s € Cands # 1,n € Z* and n goes through all positive integers ) ,
1
When 0'=E, then
L(s, X(n))=L(1 —s, X(n))= U-Vi
(s € Cands # 1,n € Z" and n goes through all positive integers ) ,
U=[ X(n)1%cos(tin1)— X(n)2?cos(tin2)+ X(n)3~“cos(tin3)— X(n) 4~ cos(tind)+...],
V=[ X(n)1 “sin(tin1)— X(n)27%sin(tIn2)+ X(n)3 “sin(tin3)— X(n)4 “sin(tin4)+...].
and When a=%, thenonly L (1 -5, X(n)>=L (E, X(n))

(s € Cands # 1,n € Z© and n goes through all positive integers ) ,

Xonk-s) X ot
(1- 21— k+S) (1- 21— k+S) Zn 1 nk-p-—ti -

GRH(k — s, X(n)) = L(k—s, X(n)) =
(1( zll)nk+5) Zn=1 X(n)(nk Gn—tl) -

_4\n-1
%Zﬁ‘;l(X(n)n"_k(cos(tln(n)) + isin(tln(n))(s€ Cands # 1,t € Candt # 0,k €
R,n € Z* and n goes through all positive integers) ,

W=[ X(n)1° Kcos(tin1)— x(n)2° Kcos(tin2)+ Xx(n)3° Kcos(tin3)— x(n) 47 Kcos(tin4)+...]

U:[X(n)la_ksin(tlnl)— X(0)2° Ksin(tin2)+ x(n)3° Ksin(tin3)— Xx(n)4° Ksin(tin4)+...] .

(53)

When a=§(ke R), then
Only L(k—s, X(n))=L (§, X(n)) =W - Ui
(s€ Cands # 1,k € R,n € Z* and n goes through all positive integers ) ,but the Riemann

U(s) function only satisfies {(1-s)=21"51 _Scos(?)l'(s)Z(s) (s€C and s# 1), so when {(s)=0(s€C

and s#* 1), then only (1 —s)= {(s)=0(s€C and s# 1),and when {(5)=0, then only (1 —s)=
((§)=0(SEC and s# 1), which is {(k — s)=((1 — s) = {(5)(s€C and s# 1),s0 only k=1 be true.so

only Re(s (k € R).So Only L(1—s, X(n)) = L(5, X(n))(sEC and s# 1,n € Z*) is true, so

only k=1 is true.According the equation {(1-s)=2'"Sm _Scos(?)r(s)l(s)(sec and s+
1)obtained by Riemann,since Riemann has shown that the Riemann {(s)(s€C and s# 1)

function has zero, that is, in {(1-s)=21"5t _Scos(?)l'(s)l(s)(s € Cand s # 1), {(s)=0(seC and
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s# 1) is true. So only when 0=% and {(s)=0(s€Cand s# 1)and X(n) #0(n € Z*), then
L(s, X(n))=X(n){(s)=0(s€C and s# 1,n € Z* and n traverse all positives integers) is true.
Because L(s, X(n))= X(n){(s)(s€C and s# 1,n € Z* and n traverse all positive integers) and

L(1—s, X(n)) = X(n) {(1-s) (s €C and s# 1,n € Z* and n traverse all positive integers), so

When p = % , it must be true that L(s, X(n)) = L<§, X(n))( s € C and

s# 1,n € Z* and n traverse all positive integers), and it must be true that

L(1 —s, X(n))=L(s, X(n))(s€Cand s# 1,n € Z* and n traverse all positive integers).
According C(1 —s)={(s)=0(s€C and s+ 1) and {(s)={(s)={(1-5)=0(s€C and s# 1), so
L(s, X(n))=L(1 — s, X(n))=0(s€C and s# 1,n € Z* and n traverse all positive integers) and
L(s, X(n))=L(5, X(n))=L(1 —5, X(n))=0(s€eC and s+ 1,n € Z* and n traverse all positive

integers ),then s=s or s=1-s or s=1-s ,so SE€R, oro+ti=1-g-tior og-ti=1-0-ti, so s €

R, or a%and t=0, or 0 = % andt €R and t# 0, so s€ R, or s=%+0i ,or s=%+ti(t €ERandt #
1 . 1). ,
0 ), because ¢ (5) — +00,{(1) » +0,(1)is divergent, { (5) is more divergent, so drop =

lands=0. So only s=%+ti (teR,andt # 0,sEC)istrue,orsays=%+ti (te

R,and t # 0,s € C)is true.And beacause only when cr=% ,the next three equations,
(54)

L (a + i, X(n)) =0(t€R and t# 0,n € Z* and n traverse all positive integers), L <1 —0—
ti, X(n)) =0 (t € R and t #0,n€Z*andntraverse all positive integers ),and
L (a — i, X(n)>=0 (tECR and t+ 0,,n € Z* and traverse all positive integers) are all true.
And  because L(%, X(n)) > 0(n € Z* and n traverse all positive integers), so only

s:%+ti(t €R and t # 0) is true.The Generalized Riemann hypothesis and the Generalized Riemann

conjecture must satisfy the properties of the L(s, X(n)(s€C and

s # 1,n € Z* and n traverse all positive integers ) function, The properties of the

L(s, X(n))(s€C and s# 1,n € Z* and n traverse allpositive integers)function are fundamental,

the Generalized Riemann hypothesis and the Generalized Riemann conjecture must be correct to

reflect the properties of the L(s, X(n))(s€C and
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s# 1,n € Z* and n traverse all positive integers) function , that is, the roots of the

L(s, X(n))=0(s€C and s# 1,n € Z* and ntraverse all positive integers) can only be

1. . .
s=5+t|(t€R and t # 0), that is, Re(s) must only be equal to %, and Im(s) must be real, and Im(s) is

not equal to zero.So the Generalized Riemann hypothesis and the Generalized Riemann
conjecture must be correct.

According L(1—s, X(n))= L(s, X(n))=0(s€C and s+ 1,n € Z* and n traverse all positive

integers),so the zeros of the L(s, X(n))(s€Cand s# 1,n € Z* and n traverse all positive

integers) function in the complex plane also correspond to the symmetric distribution of point

(%,Oi) on a line perpendicular to the real number line in the complex plane,so When L(1 —
s, X(n)) = L(s, X(n)) = 0(s € Cand s # 1,n € Z* and n traverse all positive numbers),s

and 1-s are pair of zeros of the function L(s, X(n))(s€C and s+ 1,n € Z* and n traverse all

positive numbers) symmetrically distributed in the complex plane with respect to point (%,Oi)

on a line perpendicular to the real number line of the complex plane.

We got L(s, X(n)) =L(s, X(n))(s=o+ti,0c € R, t ER,n € Z* and n traverse all positive integers)

before,When t in Generalized Riemann's hypothesis s:%+ti(tEC andt # 0)isa

(55)

complex number, and s=%+ti=a+ti ,thensin L(s, X(n))=L(s, X(n))(s=0+ti, 0 ER, t ERand t #

0) is consistent with s in Generalized Riemann's hypothesis s:%+ti(tEC andt # 0), so

onlyo = %.When L(s, X(n)) =L(s, X(n))=0(s=0+ti,c ER, tERandt+ 0,n € Z* andn
traverse all positive numbers),since s and s are a pair of conjugate complex numbers, so s and

S must be a pair of zeros of the Generalized function L(s, X(n))( s € C and

s# 1,n € Z* and n traverse all positive numbers) in the complex plane with respect to
point(p,0i) on a line perpendicular to the real number line.s is a symmetric zero of 1-s, and a
symmetric zero of s. By the definition of complex numbers, how can a symmetric zero of the

same Generalized Riemann function L(s, X(n))(s€C and s# 1,n € Z* and n traverse all

positive integers) of the same zero independent variable s on a line perpendicular to the real
number axis of the complex plane be both a symmetric zero of 1-s on a line perpendicular to the

. . . 1 . . -
real number axis of the complex plane with respect to point (E,OI) and a symmetric zero of s on
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a line perpendicular to the real number axis of the complex plane with respect to point (g, 0i)?

1 . 1 — .
Unless o and S are the same value, is also thato = > and only 1-s=s is true, only
1. 1. . C . -
s=5+t|(tER and t # 0,s€C) or s=5—t|(tER and t # 0,s€C) is true. Otherwise it's impossible,this is

determined by the uniqueness of the zero of Generalized Riemann function L(s, X(n))(s€C and

s# 1,n € Z* and n traverse all positive numbers) on the line passing through that point
perpendicular to the real number axis of the complex plane with respect to the vertical foot
symmetric distribution of the zero of the line and the real number axis of the complex plane,Only
one line can be drawn perpendicular from the zero independent variable s of Generalized

Riemann function L(s, X(n))(s€C and s# 1,n € Z* and n traverse all positivenumbers)on the

real number line of the complex plane, the vertical line has only one point of intersection with

the real number axis of the complex plane. In the same complex plane, the same zero point of

Generalized Riemann function L(s, X(n))(s€C and s# 1,n € Z* and n traverse all positive

integers)on the line passing through that point perpendicular to the real number line of the
complex plane there will be only one zero point about the vertical foot symmetric distribution of
the line and the real number line of the complex plane,so | have proved the generalized Riemann

conjecture when the Dirichlet eigen function X(n)(n€ Z* and n traverse all positive numbers) is

any real number that is not equal to zero,Since the nontrivial zeros of the Riemannian function

U(s)(seC and s# 1) and the generalized Riemannian function L(s, X(n)(s€C and s# 1,

(56)
n € Z* and n traverse all positive integers) are both on the critical line perpendicular to the

real number line of Re(s)=% and Im(s)# 0, these nontrivial zeros are general complex numbers of
Re(s)=% and Im(s)# 0,so | have proved the generalized Riemann conjecture when the Dirichlet

eigen function X(n)(n € Z* and n traverse all positivel intergers) is any real number that is not

equal to zero.

The Generalized Riemann hypothesis and the Generalized Riemann conjecture must satisfy the

properties of the L(s, X(n))(seC and s# 1,n € Z* and n traverse all positive intergers) function,

The properties of the L(s, X(n)) (s€C and s# 1,n € Z* and n traverse all positive numbers)

function are fundamental, the Generalized Riemann hypothesis and the Generalized Riemann

conjecture must be correct to reflect the properties of the L<S, X(n)) (seCands#1,n€e

Z* and n traverse all positive intergers) function, that is, the roots of the L(s, X(n))=0(s€C
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e 1 .
and s# 1,n € Z* and n traverse all positive intergers) can only be s=5+t|(tEC,sEC and t # 0)or

1. .
S=E—tl(tEC,sEC and t # 0), that is, Re(s) can only be equal to %, and Im(s) must be real, and Im(s)
is not equal to zero.
When L(s, X(n)) = 0 (n€ Z*,p € Z*,s €C and s# 1, n goes through all the positive integers, p goes

1
)

then the Generalized Riemann hypothesis and the Generalized Riemann conjecture must be correct,

through all the prime numbers , X(n) €R and X(n) # 0), a(n) = a(p)=X(n), P(p , s)

and s =%+ti(t€ Randt# 0,s € C).
Reasoning 4:

For any complex number s,when X(n) is the Dirichlet characteristic and satisfies the following

properties:

1: There exists a positive integer g such that X(n+q)= X(n)(n € Z1);

2: when n and q are not mutual prime, X(n)=0(n € Z");

3: X(a) X(b)=X(ab) (a € Z*,b € Z*)for any integer a and b; Suppose g=2k(k € Z1),

if n and n+q are all prime number, and if X(Y) = 0 (Y traverses all positive odd numbers) and

X(n+q) = X(n) =0(nand n + q traverses all positive odd numbers),because n(n traverses

(57)

all prime numbers) and g=2k(k € Z*) are not mutual prime, then X(n)=0(n € Z* and nand n +

q traverses all prime numbers ) andfor any prime numberaandb, X (a). X (b)= X (ab)(a €

Z*,b € Z* ,a traverses all prime numbers and b traverses all prime number,then the
threeproperties described by the Dirichlet

eigenfunction X(n)(n € Z* and n traverses all prime numbers). above fit the definition of the

Polignac conjecture, the Polignac conjecture states that for all natural numbers k, there are
infinitely many pairs of prime numbers (p,p+2k)(k € Z*). In 1849, the French mathematician A.
Polignac proposed the conjecture.When k=1, the Polygnac conjecture is equivalent to the twin

prime conjecture.In other words, when L(s, X(n)) = 0(s €C, n€ Z* and n traverses all prime
numbers, X(n)ER,

a(n) = a(p) = X(n) ), P(p , s)

generalized Riemann conjecture are true, then the Polygnac conjecture must be completely true,

:#p)p_s)’ and generalized Riemann hypothesis and the
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and if the Polignac conjecture must be true, then the twin prime conjecture and Goldbach's
conjecture must be true.l proved that the generalized Riemannian hypothesis and the

generalized Riemannian conjecture are true, so when L(s, X(n)) =0(s €C, n€ Z*and n

traverses all prime numbers, and X(n) = 0), P(p , s) )and s = % +ti(te Randt #

1
“1maps
0),1 also proved that the Polignac conjecture,twin prime conjecture must be true and Goldbach
conjecture are completely or almost true.The Generalized Riemann hypothesis and the Riemann
conjecture are perfectly valid, so the Polygnac conjecture and the twin prime conjecture and
Goldbach's conjecture must satisfy the properties of the Generalized Riemann {(s)(s € Cand s #
1) function and the Riemann {(s)(s € Cand s # 1) function, so the Polignac conjecture,twin
prime conjecture must be true and Goldbach conjecture is completely true.Riemann hypothesis
and the Riemann conjecture are completely correct and the Generalized Riemann hypothesis and
the Generalized Riemann conjecture are completely correct and the Polignac conjecture,twin
prime conjecture must be tue and Goldbach conjecture are almost or completely true.
Reasoning 5:

In order to explain why the zero of the Landau-Siegel function exists under special conditions,we
need to start with the Riemann conjecture. | have solved the Riemann conjecture for the Dirichlet

feature X(n)=1(n € Z* and n traverses all positive integers) and the generalized Riemann
conjecture for the Dirichlet feature X(n)#0(n € Z* and n traverses all positive integers), |

propose a special form of Dirichlet L(s, X(p))(s€Cand s # 1, X(p) ER and X(p)=0, p € Z* and p

traverses all odd primes,including 1) function problem. Let me first explain to you what

Landau-Siegel zero conjecture is. As you may know, the Landau-Siegel zero point problem, named

after Landau and his student Siegel, boils down to solving whether there are abnormal real zeros
(58)

in the Dirichlet L function. So let's look again at what the Dirichlet L function is. Look at the abve

proof process,which is the expression of Dirichlet L(s, X(n))(s€Cands# 1, n € Z* and n
traverses all positive integers)

oo XM + P
L(s, X(n))—2n=1? (s € Cands # 1,n € Z* and n goes through all positive integers ) .

| shall first introduce the Dirichlet L(s, X(n))(s€Cand s # 1, n € Z* and n traverses all positive

integers) function and explain its relation to the Riemannn {(s)(s€C and s # 1) function. X(n)(n €

Z* and n traverses all positive integers) is a characteristic value of a Dirichlet function, which is all

real numbers, and X(n)(n € Z* and n traverses all positive integers) is a real function. The

L(s, X(n))(s€Cand s # 1, X(n) €ER, n€ Z" and n traverse all positivel numbers) function can be

analytically extended as a meromorphic function over the entire complex plane. John Peter

Dirichlet proved that L(1, X(n))#Z0(s€C and s# 1, X(n)ER and X(n)#0, n€Z* and n traverse all
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positivel numbers) for all X(n)( n€Z* and n traverse all positivel numbers), and thus proved

Dirichlet's theorem. In number theory, Dirichlet's theorem states that for any positive integers
a,d, there are infinitely many forms of prime numbers, such as a+nd, where n is a positive integer,
i.e., in the arithmetic sequence a+d,a+2d,a+3d,... There are an infinite number of prime

numbers-there are an infinite number of prime modules d as wellasa. If X(n)(n € Z* and n

traverses all positive integers) is the main feature, then L(s, X(n))(s€C and s# 1, X(n)€ER,

n€Z*and n traverses all positive integers) has a unipolar point at s=1. Dirichlet defined the

properties of the characteristic function X(n)( nEZ*and traverses all positive integers) in the
Dirichlet function L(s, X(n))(s€C and s# 1, X(n) €R, neZ*and n traverses all positive integers) :

1: There is a positive integer g such that X(n+q)= X(n)( nEZ*and n traverses all positive
integers);
2: when n(n€Z* and n traverses all natural numbers) and q are non-mutual primes, X(n)=0(nE

Z* and n traverses all positive integers);
3: For anyintegeraand b, X(a). X(b)= X(ab)(a is a positive integer, b is a positive integer);
From the expression of the Dirichlet function L(s, X(n))(s€C and s# 1,X(n)ER, n€Z* and n takes

all positive integers), it is easy to see that when the Dirichlet characteristic real

function X(n)=1(s€C and s# 1, n€Z*and n takes all positive integers), Then the Dirichlet

(59)
L(s,1)(s€C and s# 1, X(n)ER, nEZ* and n traverses all positive integers) becomes the Riemann

{(s)( s€C and s# 1) function, so the Riemann {(s)(s€C and s# 1) function is a special function of

the Dirichlet function L(s, X(n))(s€C and s# 1, X(n) ER, n€EZ* and n traverse all positivel
numbers), when the characteristic real function X(n)(n€Z* and n traverse all positivel numbers)
is equal to 1, Also called a trivial characteristic function of the Dirichlet function L(s, X(n))(s€C
ands# 1, X(n) ER , n€EZ" and n traverse all positivel numbers). When the eigenreal

functions X(n)#1(n€ Z* and n traverse all positivel numbers), they are called nontrivial

eigenfunctions of the Dirichlet function L(s, X(n))(s€C and s# 1, X(n)€R ,n€Z* and n traverse all

positivel integers). When the independent variable s in the expression of the Dirichlet function

L(s, X(n))(s€C and s# 1, X(n)ER, n€Z" and n traverse all positive inteegers) is a real number j,
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then for all eigenfunction values X(n)(n€Z* and n traverses all positive integers), L(B, X(n))(B
€R, X(n) €R, neZ* and n traverses all positive integers) is called the Landau-Siegel function.
Visible landau-siegel function L(B,1)(B€R and B+ —2n,n € Z*, X(n)ER, and n traverses all

positive integers) is dirichlet function L(s, X(n)) (s€C and s# 1 and s # —2n,n € Z*, X(n) €R ,

and n traverses all positive integers) of a special function, landau-siegel guess is landau

and siegel they guess L(B,1)(BeR and B+ —2n,n € Z*, X(n)eR, and n traverses all
positive integers) is not zero, So Landau and Siegel's conjecture that L(B,1)#0(B€R and

# —2n,n € Z*, X(n)eR, neZ" and n traverses all positive integers) is easy to understand,

right? Well, now that you know what the Landau and Siegel null conjecture is all about, let's
continue to see how I'm going to solve the Landau and Siegel null conjecture. Look at the
abve proof process:

X X X n-1
GRH(S, X(n)>=L(s, X(n)) z rf?) (1(:1);(5;)) 1_(:1) s)z( 1)

n=1

X0 S S
N

(60)

21 s) Z () (™) (cos(In((n)) + isin(In(n)))*

(_ )n 1 2 o
o S)Z X(m)(n~°(cos(In(n)) + isin(In(n)))™)
_ D™ : Z X(m)n~°(cos(tln(n)) — isin(tln(n)) )
S (121

(teCandt=0,s € Cands # 1,n € Z* and n goes through all positive  integers) ,because
Z(s):ZSns'lsin(?)r(l-s)l(l-s)(sEC and s# 1)(Formula 7) ,so if BER and B= —2n(n € Z*) ,then
{(s)=0.S0

LB, X(n))=

il 5 Zn 1 X(n)(n_B(cos (0 X In(n)) + isin(0 xln(n)))-( 1) Zn L(X(n)n~ B)
1-2'"
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1
(-2%)
multiplication, because the real exponential function of the real number has a function value
greater than zero, so
n~P > 0(n € Z* and n traverses all positive integers) and 1P -2 <0,3F -—4f <0,5P —

68 <0,..(n—1DB-m)P<o0,..,0r 1F-2F>0,38 -4 >0,58-6F>0,.,(n-1)F -

(X1P - x(2)27 P+ x3)3 P - x4)4P+..) , "x" is the symbol for

(n)f >0, and <+B¢ 0, it can be known that if X(n) #0(n € Z* and n traverses all
1-27 >

positive integers), and BER and B# —2n(n € Z*) , then L(B, X(n))#0(B€R and B# —2n,n €

Z*, X(n)eR and n traverses all positive integers) and L(B, 1)#0(BeR and B+ —2n,n €
Z*, and n traverses all positive integers), so for Riemann {(s)( s€C and s# lands #

—2n,n € Z*) functions, its corresponding landau-siegel function L(B,1)(BER and B+ —2n,n €

Z*, X(n)eR and n traverses all positive integers) of pure real zero does not exist, this means that

the Riemann {(s)(s€C and s# 1ands # —2n,n € Z*) function does not have a zero of a

pure real variable s, and the generalized Riemann conjecture L(s, X(n))=0(s€C and s# 1,and s #

—2n,n € Z*, X(N)ER and n traverses all positive integers) satisfies s:%+ti(tER,t¢0) is sufficient

to prove that the twin primes, Polignac's conjecture and Goldbach's conjecture are almost true.

And if X(n) =0(n € Z*and n traverses all positive integers) or BeER and B= —2n(n €

Z*),then L(B, X(n))=0(BeR and B+ —2n,n € Z*, X(n)ER and n traverses all positive
(61)

integers) and L(B, 1)=0(BeR and B+ —2n,n € Z*, and n traverses all positive integers), so for
Riemann ((s)( s€C and s# 1) functions, its corresponding landau-siegel function L(B,1)(B

€R, X(n)ER, n € Z* and n traverses all positive integers) of pure real zero exist, this means that

the Riemann {(s)(s€C and s+ 1) function have a zero of a pure real variable s, and the

generalized Riemann conjecture L(s, X(n))=0(seC and s# 1, X(n)eR and n € Z* and n traverses

all positive integers) is sufficient to prove that the twin primes, Polignac's conjecture and
Goldbach's conjecture are completely true.

when X(n)#1(n € Z* and n traverses all positive integers) and X(n)#0(n € Z* and n traverses

all positive integers), because the real exponential function of the real number has a function value
greater than zero,so n~P > 0(n € Z* and n traverses all positive integers) and 1° — 2 <
0,38 -4 <0,58-6f <0,...n—-1F-m)P<0,..,0or 1P—2F>0,38 —4B >0,5F

68 >0,..,(n—1)F—@m)P >0 and |(1711_B)| # 0, it can be known that when X(n)=1(n€
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Z* and n traverse all positivel numbers), then L(B,1)#0(B€R and B# —2n,n € Z*, X(n)€ER and

n € Z* and n traverses all positive integers) so for Riemann {(s)(seC and s# 1) functions, its

corresponding landau -siegel function L(B,1)(BER, X(n)ER and X(n) #0,n € Z* and n traverses

all positive integers) of pure real zero does not exist, this means that the generalized Riemann

L(B, X(n))(BERP, X(nN)eR and n € Z* and n traverses all positive integers) function does not have
a zero of a pure real variable s, and the generalized Riemann conjecture L(s, X(n))=0(s€C and

s#1,X(n)eR and X(n)=1 and neZ*and n traverses all positive integers) satisfies

s:%+ti(t€R,t¢O) is sufficient to prove that the twin primes, Polignac's conjecture, Goldbach's
conjecture are almost true.

When X(n) #1 (n € Z* and n traverses all positive integers) and X(n) #0 (n € Z* and n

traverses all positive integers), because the real exponential function of the real number has a
function value greater than zero, so

n~® > 0(n € Z* and n traverses all positive integers) and 1 — 2P < 0,3F — 48 < 0,5F —

6P <0,...n—1DF-m)P<0,..,0r1F-26>0,38-4F>0,5F —6F>0,..,(n—1)F -

(n)? >0 and |m| # 0, it can be known that when X(n) #1(n € Z* andn traverses all

positive integers) and X(n)# O( n€Z*and n traverses all positive integers),

then L(B, X(n))#0(BER and B+ —2n,n € Z*, X(n)eR and X(n) #1 and X(n) #0 and n
(62)
traverses all positive integers) ,so for generalized Riemann L(s, X(n)) (s€C and s# 1ands #
—2n,n € Z* and n traverses all positive integers) functions, its corresponding landau-siegel
function L(B, X(n))(BER and B# —2n,n€Z*, X(n)ER and X(n) #1 and X(n) #0, n€
Z* and n traverses all positive integers) of pure real zero does not exist, this means that the
generalized Riemann L(s, X(n))(s€C and s# 1 ands # —2n,n € Z" and n traverses all positive
integers) function does not have a zero of a pure real variable s. and the generalized Riemann

conjecture L(s, X (n))=0(s€C and s# lands # —2n,n€Z*, X(n)eR and X (n)#1 and

X(n)#0 and n traverses all positive integers) satisfies s=§+ti(teR,t¢0) is sufficient to prove that the

twin primes, Polignac's conjecture, Goldbach's conjecture are all almost true.

When X(n) =0 (n € Z* and n traverses all positive integers), because the real exponential function of

the real number has a function value greater than zero, so

n~® > 0(n € Z* and n traverses all positive integers) and X(1)1f = 0, X(2)2f =
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0, X(3)38 =0, x(4)4P =0, X(5)5P =0, X(6)6F = 0,.., X(n—1D)(n—1)B =0, X(n)nP =

and | ——x = | # 0, it can be known that when X(n) =0 (n € Z* and n traverses all positive

21— B)
integers), then L(B, X(n))#0(BER and B# —2n,n € Z*, X(n)eERand X(n) =1,n € Z* and n

traverses all positive integers) and L(B, 1)#0(B€eR and B+ —2n,n € Z*, and n traverses all

positive integers), so for generalized Riemann L(s, X(n))(s€Cand s+ 1ands # —2n,n € Z* and n

traverses all positive integers) functions, its corresponding landau-siegel function L(j,0)(B€R and

B# —2n,n € Z*, X(n)eR and X(n) =0 and n traverses all positive integers) of pure real zero exists,

This means that the generalized Riemann L(s, X(n))(s€C and s# lands # —2n,n € Z*,,n €

Z* and n traverses all positive integers) function has a zero of a pure real variable s, that means the
twin prime conjecture, Goldbach's conjecture, Polignac's conjecture are completely true.

When X(p)=0(p € Z* and p traverses all odd primes, including 1), then L(s, X(p))=0(s€C and
s# lands # —2n,n € Z*, X(p) ERand X(p)=0, p € Z* and p traverses all odd primes, including 1)
was established. At the same time L(s, X(p))( s€C and s# lands # —2n,n € Z*, X(p)€R and

X(P)=0, p € Z* and p traverses all odd primes, including 1) the corresponding landau-siegel function

(63)
L(B,0)(BER and B# —2n,n € Z*, X(p)ER and X(p)=0, p € Z* and p traverses all odd primes,

including 1) expression as shown as follows:

L(B, X(p))= ((1 12)1 B)Zp 1 X(p)p~P(cos (0 X In(p)) + isin(0 x In(p))) =

re) AT 7y 25 (X P )= - B)[)<(1)1—B-x(2)2-3+ X(3)37P- X(5)5 7B+ X(7)7 7 + .

—X(P)pP+--1(BER, pEZ" and p traverses all primes, including 1), " X " is the symbol
for multiplication.

When X(p)=0(p € Z* and p traverses all odd primes, including 1), then L(s, X(p))=0(s€eC and
s# lands # —2n,n € Z*, X(n) ER and X(p)=0, p trav erses all odd primes, including 1) was

established. At the same time L(s, X(p))(s€Cand s# 1 and s # —2n,n € Z*, X(p) €R and X(p)=0,

p € Zt and p traverses all primes, including 1) the corresponding landau-siegel function

L(B,0)=0(BER and B+ —2n,n € Z*, X(p)ER and X(p)=0, p€ Z* and p traverses all primes,
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including 1), this means that the generalized Riemann L(s, X(n))(s€Cand s# 1 ands # —2n,n €

Z* and n traverses all positive integers) function has a zero of a pure real variable s, that means the
twin prime conjecture, Goldbach's conjecture, Polignac's conjecture are all completely true.

Now | summarize the Dirichlet function L(s, X(n))(seC and s# 1 and s # —2n,n € Z*, X(n) €R,
and n traverses all positive integers) as follows:

1: When X(n)=1(s € Cands # 1ands # —2n,n € Z* and n traverses all positive integers), the

generalized
Riemannian hypothesis and the generalized Riemannian conjecture degenerate to the ordinary
Riemannian hypothesis and the ordinary Riemannian conjecture, whose nontrivial zeros s satisfy

s:%+ti(tER and t#0), and ordinary Riemann {(s)=L(s, X(n))(s€C and s#* lands # —2n,n €
Z*, X(nN)eR and X(n)=1, n€Z*and n traverses all positive integers) the corresponding

Landau-siegel function L(B,1)20(BER,and B# —2n,n € Z*, X(nN)ER and X(n)=1 and n

traverses all positive integers), ordinary Riemann hypothesis and ordinary Riemann hypothesis all
hold, and for Riemann {(s)(s€C and s# lands # —2n,n € Z*) function, its corresponding

Landau-Siegel function L(B,1)(BER and B# —2n,n € Z*, X(n)eR and X(n)=1,n € Z* and n

traverses all positive integers) does not exist pure real zero, which also shows that Riemann
{(s)(seC and s# 1 and s # —2n,n € Z") function does not exist zero when variable s is a pure real
zero.

(64)

2: When X(n)=0(n € Z*and n traverses all positive odd numbers,including 1), then X
(p)=0(p € Z* and p traverses all odd primes, including 1), a special Dirichlet function L(s, X

(P))(s€C and s# 1ands # —2n,n € Z*, X(p)ER and X(p)=0, p € Z* and p traverses all odd

primes, including 1) has zero, and when zero is obtained, the independent variable s is any

complex number. This special dirichlet function L(s, X(p))(s€C and s# 1lands # —2n,n €
Z*, X(p)ER and X(p)=0, p € Z* and p traverses all odd prime, including 1) the corresponding

Landau-siegel function L(B,0)=0(BER and B# —2n,n € Z*, X(p)eR and X(p)=0,p € Z* and p
traverses all odd prime, including 1) holds, so for this particular Dirichlet function
L(s, X(p))=0(s€C and s# 1 ands # —2n,n € Z*, X(p)ER and X(p)=0, p € Z* and p traverses
all odd primes, including 1) holds.The existence of a pure real zero of the corresponding
Landau-Siegel function L(B,0)(BER and B+ —2n,n € Z*, X(p)eR and X(p)=0, p € Z* and p

traverses all odd prime numbers, including 1) shows that the twin prime numbers, Polignac
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conjecture and Goldbach conjecture are all completely true.

3: When X(n)#1 and X(n)#0(n € Z* and n traverses all positive integers), Dirichlet function L(s, X
(N))(s€C and s# 1and s # —2n,n € Z*, X(n)€ and X(n)#0 and X(n)#l, n € Z* and n traverses all
positive integers) has zero, it's nontrivial zero meet s=%+ti(teR and t#0). For dirichlet function
L(s, X(n))(seC and s# lands # —2n,n € Z*, X(n)eR and X(n)#0, n € Z*and n traverses all
positive integes), it's corresponding Landau-siegel function L(B, X(n))(BER and B+ —2n,n €
Z*, X(n)eR and X(n)#0 and X(n)#1, n € Z* and n traverses all positive integers) of pure real zero
does not exist, In other words, it shows that the Dirichlet function L(s, X(n))(s€C and s# land s #
—2n,n € Z*,, X(n)eR and X(n)#0 and X(n)#l, n € Z* and n traverses all positive integers) does not

exist for the zero of a pure real variable s, so if X(n)#0 and X(n)#1 (n € Z* and n traverses all

positive integers), then both the generalized Riemannian hypothesis and the generalized Riemannian

conjecture hold and the Generalized Riemann L(s, X(n))(s€C and s# l,and s # —2n,n € Z*, X(n)eR
and X(n)#0 and X(n)#£1l, n € Z* and n traverses all positive intege) function of nontrivial zero s also

(65)

meet s=%+ti(tER and t#0).Now we know that merely proving that the nontrivial zero s of the
Riemann conjecture L(s,1)=0(s€C and s# lands # —2n,n € Z*, X(n)eR and X(n)=1,n € Z* and
n traverses all positive integers) and the generalized Riemann conjecture L(s, X(n))=0(seC and

s# lands # —2n,n € Z*, X(n)ER and X(n)#l and X(n)#0and n traverses all positive integers)

satisfies s=%+ti(tER,t¢0) is sufficient to prove that the twin primes, Polignac's conjecture, Goldbach's

conjecture are all almost true.
I11. Conclusion

After the Riemann hypothesis and the Riemann conjecture and the Generalized Riemann
hypothesis and the Generalized Riemann conjecture are proved to be completely valid, the
research on the distribution of prime numbers and other studies related to the Riemann hypothesis
and the Riemann conjecture will play a driving role. Readers can do a lot in this respect.

IV.Thanks
Thank you for reading this paper.
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V.Contribution
The sole author, poses the research question, demonstrates and proves the question.

VI.Author
Name: Teng Liao (1509135693@2139.com), Sole author.

Setting: Tianzheng International Institute of Mathematics and Physics, Xiamen, China.
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