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Abstract

In this article we introduce the notion of Floer function which has the
property that the Hessian is a Fredholm operator of index zero in a scale of
Hilbert spaces. Since the Hessian has a complicated transformation under
chart transition, in general this is not an intrinsic condition. Therefore
we introduce the concept of Floerfolds for which we show that the notion
of Floer function is intrinsic.
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1 Introduction

While we nowadays have many examples of Floer homologies the work of Floer
still remains somehow mysterious. By constructing the celebrated semi-infinite
dimensional Morse homology [F1o88,Flo89] Floer considered a very weak metric
to define the gradient. The Hessian of such a weak metric becomes an un-
bounded operator. or, if alternatively one considers a scale of Hilbert spaces, a
Fredholm operator of index zero from the smaller space to the larger space.

In the example of loop spaces the smaller space is the space of W2 loops
whereas the larger space is the space of L? loops. These two spaces together
with the dense and compact inclusion W2 < L2 build a scale of Hilbert spaces
(Ho, Hy) = (L?,W%2). This pair can be naturally extrapolated to the triple
(Ho, Hy, Hy) = (L2, W2 W?22) and the Hessian has the regularizing property
that if one restricts it to Hy it becomes as well a Fredholm operator of index
zero from Hs to Hi.

Although the concept is already taught in basic calculus a confusing aspect
of the Hessian is its complicated transformation under coordinate change. In
fact, it is far from obvious that the properties of the Hessian explained above
are intrinsic, i.e. independent of the choice of the chart. The main purpose of
this note is to propose a general notion of space where the above property of
the Hessian becomes an intrinsic property. The spaces we construct we refer to
as Floerfolds and the functions which admit such a Hessian we refer to as Floer
functions.

To define Floerfolds we introduce the notion of Floer map and Floeromor-
phism. Roughly speaking, a Floer map is a two times differentiable map between
level 0 and level 2 which as well extends to level 0, but also to level —1. The
requirement that they extend to level —1 is probably kind of unexpected. How-
ever, since we want that our Hessian is also a Fredholm operator from level 2 to
level 1 and under coordinate changes the Hessian transforms with the help of
the adjoint of the Jacobian the extension to level —1 seems necessary. In fact, in
the case of the loop space level —1 corresponds to W12 functions which have
to be interpreted as distributions. We show that the composition of Floer maps
is again a Floer map. This enables us to define Floerfolds via atlases whose
transition maps are Floeromorphisms.

The main result of this paper is Theorem A. In this theorem we show that
pulling back a Floer function under a Floeromorphism is again a Floer function
so that the notion of Floer function becomes an intrinsic concept on a Floerfold.
We state this main result as follows.

Theorem A. The notion of Floer function is intrinsic.
Proof. Theorem 4.6. U

In the last section we show how the loop space of a manifold M gets en-
dowed with the structure of Floerfold. We show that the chart transition on
the underlying manifold M gives rise to a Floeromorphism between the loops
in these two different charts.



The motivation for having a general notion of Floer homology is the fol-
lowing. There are many properties of gradient flow lines which should hold
true in every reasonable Floer theory like gluing or admitting the structure of
a manifold with boundary and corners under the Morse-Smale condition. With
appearance of new Floer homologies related to Hamiltonian delay equations
these general facts should be proven in a uniform way and for that we need
to figure out what the actual structure is lying behind Floer homology. This
article makes a contribution to this endeavor.

Acknowledgements. UF acknowledges support by DFG grant FR 2637/4-1.

2 Floeromorphisms

2.1 Two- and three-level strong scale differentiability

Definition 2.1 (Two-level ssc?). Let (Hi, Hy) be a Hilbert space pair. Let U;
and V; be open subsets of H;. The part of U; in Hs is open in Hs, in symbols
Uy := Uy N Hy = 11 (U;) where the map ¢: Hy — H; is inclusion. Similarly
Vo := Vi N Hy is open in Hs. We say that a map ¢: Uy — Vi is two-level
strongly sc?, or two-level ssc?, if ¢ is C? and the restriction of ¢ to Uy takes
values in V5 and as a map ¢o: Us — Va is C2. For a two-level ssc2 map we write

¢: (U1, Uz) — (V1, Va).

The notion of ssc?-map is due to Hofer-Wysocki-Zehnder [HWZ21]. But
differently from us they consider ssc? maps on infinitely many levels.

Remark 2.2. Let ¢: U; — Vi be two-level ssc?. Then the two maps
d*¢: Uy x Hy x Hy — Hy, Uy — L(Hy,Hy; Hy), q+ d*d|,

are continuous since ¢ € C?(Uy, V1) and inclusion Uy < Uj is continuous.

Definition 2.3 (Three-level ssc?). Let (Ho, Hi, Ha) be a Hilbert space triple.
Let Uy and V be open subsets of Hy. Define open subsets Uy := Uy N Hy of
H, and Uy := Uy N Hy of Hs; analogously define Vi and V5. A three-level
ssc? map is a C? map ¢: Uy — Vp with the property that its restrictions to
U; and U,, respectively, take values in Vi and Vs, respectively, and as maps

¢1: Uy — Vi and ¢o: Uy — Va are C2. For a three-level ssc? map we write

¢: (UOaUlvUZ) — (V07V17‘/2)'

2.2 Floer maps

Definition 2.4 (Floer map). Let (Hy, Hy, H2) be a Hilbert space triple. A
two-level ssc? map ¢: U; — V) between open subsets of H; is called s-Floer
map where s € [0, 1), if it satisfies the following.



(1)1 For any g € U there is a continuous linear map on Hy, notation D¢|, €
L(Hy), which extends the derivative d¢, from Hy to Hy, i.e. the diagram

Hy -------%-- Hy

T T , D¢|, € L(H1)N L(Hp) (2.1)
ddlq

Hl qeU; Hl

commutes. Furthermore, the map D¢ defined by
D¢: Uy — L(Hy), q+ Do¢|,

is continuously differentiable.

(i)2 For any ¢ € U, the extension D¢|, € L(Hy) extends further to L(H_1),
still denoted by D¢|, € L(H_1). Furthermore, the map D¢ defined by

D¢: Uy — L(H_1), q~ Dol

is continuously differentiable.

(ii); For any ¢q € U, there exists a continuous bilinear map, notation D?¢|, €
L(Hs, Ho; Hy), which extends d?¢|, € L(H;, Hy; Hy), i.e. the diagram

commutes. Furthermore, the map
D?¢: Uy — L(Hg, Ho; Hy), q+ D?*¢l,

is continuous.

(ii)2 For any ¢ € Us the continuous bi-linear extension D?¢|, € L(Hs, Ho; Ho)
extends, upon restriction of the first entry, to a continuous bi-linear map
D?¢|, € L(Hi4s, H_1; H_1). Furthermore, the map

D*¢: Uy — L(Hyys, H_1;H 1), q D¢,

is continuous.

Remark 2.5 (Derivative of D¢). The derivative of D¢ is related to D?¢ as
follows. If g € Uy, then it is the restriction of D2¢\q: H, x Hy — Hy, namely

dD¢|y = (D2¢|q)|H1><Ho: Hy x Hy — Hp.
To see this consider £, € Hy. Then dD¢|,(£,n) 05 d*¢|,(&,n) (@ D%¢|,(&,n).
Since H; is dense in Hy the identity dD¢l|,(¢,n) = D?*¢|,(£,n) extends from



H1 X H1 to H1 X Ho.

Given ¢ € Us, applying the same reasoning to £,n € Hs and using (i)2 and (ii)2
instead, the derivative of D¢: Uy — L(H_1) is the restriction of D2¢: Uy —
L(H14s, H_1; H 1), namely

dD@|, = (D*¢| )| roxrr_,: Ho x H_y — H_y.

Remark 2.6 (Definition 2.4 (i)2). If ¢ € Us, then we have the following com-
muting tower of extensions

H  ----2 s H 4
T
T ' T (2.2)
H1 ***** ¢ *izllg****> H1
]\ qeU,; ]\
Hy — [,

Since H> is dense in all three spaces Hy, Hy, and H_1, all three horizontal maps
D¢|, in the diagram are uniquely determined by d¢s|,. Furthermore, the map

Do¢: Us —>,C(H2)ﬂ£(H1)ﬁ£(Ho)ﬂE(H_l), qi—>D¢|q

is continuous.

Remark 2.7 (Definition 2.4 (ii)2). If ¢ € Uy, then we have the commuting
diagram of extensions

Hyyo X H_y wemmeeemmees oo > H_,
D?¢lq ]\

HS >< HO 77777;[7'7777} HO
T

Hy x Hy -~y Hy

oo ]

HQXHQ‘ >H2~

qeUs
Furthermore, D%¢: q — D?@|,, is continuous as a map
Uy — AC(H1+S,H,1; Hfl) N E(HS,H();H()) n E(Hl,Hl;Hl) N E(HQ,HQ;HQ).

Remark 2.8.



(a)
(b)

(¢)

If 51 < s9, then si-Floer maps are so-Floer.

Restricting a three-level ssc?-map ¢: Uy — V; produces an s-Floer map
¢1: Uy — Vi whenever s € [0,1).

For g € Uy the extension D := D¢|, € L(Hy)NL(H1) in (i)1, by the Stein
Weiss interpolation theorem (see e.g. [BL76, 5.4.1 p.115]), lies in L£(Hy)
and

1Dl ey < IDN ) 1PNz, s € 10,1].

In particular, the diagram (2.1) extends to a commutative diagram

?’0 B ?’0
H, -- 2% g, (2.3)
f; T ;

The extension D := D¢|, € L(Hp) in (i); is continuous as a map
D¢: Uy — (L(Ho) NL(HL), || lmax) g = Dlg.

Indeed D¢: Uy — L(Hp) is continuous by (i);. Moreover, the restriction
of D¢|, to Hy equals d¢|, which is continuous as a map U; — L(H;) since
¢ € C%(Uy, V1). Furthermore, by the estimate in (c), the restriction

Do|y,: Un — L(H,) (2.4)

is continuous for each s € [0,1].

By the same reasoning as in (¢) and (d) the following is true. If ¢ € Us,
then the commuting diagram (2.2) extends to the following commuting
tower of extensions

b i
grl 77777 s grl (2.5)
L S HL
I |

The restriction do|q|m,,, : Uz = L(Hi4s) is continuous for each s € [0, 1].



That the composition of Floer maps is again a Floer map depends on the
Stein-Weiss interpolation theorem.

Proposition 2.9 (Composition). Let (Ho, Hy, Hy) be a Hilbert space triple.
Consider s-Floer maps ¢: Uy — Vi and : Vi — W7 between open subsets
of Hy. Then the composition ¥ o ¢: Uy — W7 is an s-Floer map as well.

Proof. The composition 1 o ¢: Uy — Vi — Wi of two two-level ssc? maps is a
two-level ssc? map, because composing two C'? maps gives a C2 map, same for
the restriction (1) o ¢)a = 9 0 po: Us — Vo — Wh.

(i)1 For ¢ € Uy the operator defined by D(¢) o ¢)|q := Dl © Do|, extends
the operator d(vy o ¢)|q = di|g(q) 0 dd|q € L(H1) to L(Hyp).
Moreover, the map D(1o0¢): Uy — L(Hy), q = Dip|yq) 0 Délg, is continuous as
both factors are. It remains to show that the map is continuously differentiable.
For that purpose we consider the map as a composition of two maps

For the derivative the following version of the Leibniz rule holds

dD(1 0 ¢)|q(&,1m) = dD|g(q) (d|q&, Dd|qn) + Diply(q) © dDo|q(E,m)  (2.6)

for £ € Hy and n € Hy. This Leibniz rule can be deduced from the chain rule
as follows. We consider the composition

Uy —— L(Ho) x L(Ho) —"— L(Hy)

q = (D¥|g(q), Dolg) = Dlg(q) 0 dD|q
=5 =T

where V(S,T) = S oT. The derivative of V' is given by
dVl(S}T)(Sv T) =SoT +So T
and the derivative of F is given by

d]:‘q: Hl — ‘C(HO) X E(HO)7 § = (dD¢|¢(q)(d¢|q§7 )7dD¢|q(£7 ))

S T

Thus by the chain rule the derivative exists and is of the form

d(Vo -7:)|q§ = dV|J—‘(q) ° d}—‘qf
= dD¢|¢(Q)(d¢|q§vD¢|q') + Dw|¢(q) © dD¢|q(fy )

for any £ € H;. Continuity of this map in ¢ holds by axiom (i); for ¢ and for .

()2 Same argument as in (i);. For ¢ € Us define D(v) 0 )| := Di[4(q) © DPlq
using the extensions to L(H_1) from (i)s.



(ii); Pick g € Uy, then for &, € H; we obtain

d*(¢ 0 ¢)|4(&,m)
= d®Y|y(q) (dB|o&, d¥|qn) + )] s © d* 0|4 (&, m)

Hs—Hg Hy—Hg Hs;xHo—Hg
2 2
2 D%y (Dély & Dl n) + Dilyyo D*6ly (€m)
——— ——
Hsx Ho—Hy Ho—Ho

=: D*(¢ 0 )[4 (&)

As indicated in the formula, equality 2 makes sense for £ € H; and n € Hy.
Here item (c) of Remark 2.8 enters. Inspection term by term shows that the
map D?(y o ¢): Uy — L(Hs, Ho; Hp) is composed of continuous maps due to
the axioms for ¢ and ¢ and, in addition, the map in (2.4).

(ii)2 Pick g € Us, then for &, € Hy we obtain

d?(1hy © ¢2)4 (€, 1)

= d®a () (d2o€, dibalgn) + diba| sy (g) © A d2lq (€, m)

L(Hiys) L(H-1) HipsxH_1—H 3
=~ ~ =

2 2
D%l @lg & DOl 0) + Ddlosyo  Dly ()
—_——— N—_——

H1+5><H71*>H71 L‘,(Hfl)
L DX (0 9)[g(&,m).

As indicated in the formula, equality 2 makes sense for £ € Hyi4s and n € H_;.
Continuity of the map

D*(po¢): Uy — L(Hyys, Ho13Ho1), q— D*(¢o¢)l,

follows as above by using Remark 2.8 (e).
This proves Proposition 2.9. O

2.3 Floeromorphisms

Definition 2.10 (Floeromorphism). Let (Hy, Hy, H3) be a Hilbert space triple.
An s-Floeromorphism is a bijective s-Floer map whose inverse is an s-Floer
map, too.

By Floer, (U1, V1) we denote the set of s-Floeromorphisms from U; to V;.

Lemma 2.11 (Local implies global). Let (Hy, H1, Ha) be a Hilbert space triple
and s € [0,1). Let ¢: U — V be a homeomorphism between open subsets of Hy.
Assume that we have open covers UgcaUg = U and UgcpVp =V such that for
every B € B the map ¢ restricts to an s-Floeromorphism ¢|y,: Us — V. Then
¢ itself is an s-Floeromorphism.

Proof. This follows since derivatives are local. O



3 Floerfolds

Definition 3.1 (Floer-atlas). Let X be a topological space and s € [0,1).
An s-Floer atlas for X is a collection A = {ps}aca of homeomorphisms
Po: X DV, — U, C Hy between open sets such that the following conditions
hold.

(1) UaEAVa =X.
(ii) For any «, 8 € A the map defined between open subsets of H; by

bap = pp © p;1|Pn¢(VamVB): pa(Va NV3) = pg(Va N Vp)
is an s-Floeromorphism, called an s-Floer transition map.

Two s-Floer atlases A = {pa}aca and B = {pg}secp for X are called compat-
ible, notation A ~ B, if for all @« € A and 5 € B the map ¢og is an s-Floer
transition map.

Theorem 3.2. Compatibility is an equivalence relation for Floer atlases.

Proof. Reflexivity. Holds by definition. Symmetry. Assume that A is compati-
ble with B. Since the inverse of a Floeromorphism is a Floeromorphism as well,
it follows that B is compatible with A.

Transitivity. Consider three s-Floer atlases A = {pa}taca, B = {pg}pen, and
C = {py}ec such that A is compatible with 5 and B is compatible with C. We
have to show that A is compatible with C. To see this let o € A and v € C.
We need to show that

Gay = py O p;1|pa(VaﬂVW) tpa(Va NVy) = py(VaNVy)

is a Floeromorphism. For any 8 € B we have that ¢a|p, (v.nvsnv,) = @py ©
Baplpa(Vanvsny,y as @ map po (Vo N Vs N V,) = p (Vo NV NV, is an s-
Floeromorphism by Proposition 2.9 by compatibility A ~ B and B ~ C. Hence
since UgVg = X it follows from Lemma 2.11 that ¢, is an s-Floeromorphism
and hence A ~ C. This proves Theorem 3.2. O

Definition 3.3. An s-Floerfold is a topological space X together with an
equivalence class of s-Floer atlases.

Assume that A; for ¢ € A is an arbitrary collection of compatible s-Floer
atlases. Then, by definition of compatibility, the union U;c1A; is itself an s-
Floer atlas which is compatible with each A; for every j € I. In particular, if A
is an s-Floer atlas, then the union A := Ug. 4B is also an s-Floer atlas which is
compatible with A and which is maximal in the sense that, if B is any s-Floer
atlas compatible with A, then B C A. In particular, any equivalence class of
s-Floer atlases has a maximal representative, which by definition of maximality
is unique. Therefore, alternatively, we can define an s-Floerfold as well as a
topological space endowed with a maximal s-Floer atlas.



4 Floer functions

We first define a Floer function on an open subset of Hj.

Definition 4.1 (Floer gradient). Let Hy D H; D Hj be a Hilbert space triple.
Let f: HL D U; — R be a C? function defined on an open subset U; of Hj.
The part of Uy in Hs, notation Us := U; N Hs, is an open subset of Ho.

Under these conditions a Floer gradient is a map Vf: U; — Hj satisfying
the following conditions.

(Hp-gradient) If ¢ € Uy and € € Hy, then it holds that
df‘qf = <Vf‘qv§>o~ (4-7)
(Restriction) The restriction of Vf to Us takes values in Hy, notation

(Vf)gi U2 — Hl.
(Differentiability) Both maps

Ul — HO, q— vf|q
Us = Hi, q+— (Vf)2lg
are continuously differentiable (i.e. of class C1).

Definition 4.2 (Floer Hessian). Let Hy D Hy; D Hs be a Hilbert space triple.
Let f: HL D U; — R be a C? function defined on an open subset U; of Hj.
The intersection Uy := Uy N Hs is an open subset of Hs.

Under these conditions a Floer Hessian is a map
A=A(f): Ut x Hi = Ho, (q,§) = Alq,§) = A%
such that A? € L(H;, Hp) and which satisfies the following properties.
(Hp-Hessian) If ¢ € Uy and &, € Hy, then it holds that

& fly(&,m) = d*f(a) (&, ) = (AT€, ), - (4.8)

(Restriction) For each g € Us the restriction of A? to Hs takes values in Hy
and is bounded as a map Al: Hy — H;.

(Continuity) Both maps

Ui —)ﬂ(Hl,Ho), qHAq
U2—>£(H2,H1), q*—)Ag

are continuous.

(Fredholm) For every q € U; the map A?: Hy — Hy is Fredholm of in-
dex zero. For every q € Uy the restriction AL: Hy — H; is
Fredholm of index zero as well.

10



Definition 4.3 (Floer function). We say that a function f: U; — R is Floer
if it admits a Floer gradient and a Floer Hessian.

Remark 4.4 (Symmetry). At any ¢ € U; a Floer Hessian is symmetric, namely

(AT, m) = (€, A%n),
for all £, € Hy. The reason is that d?f|,(£,n) is symmetric in &, 7.

Remark 4.5 (Floer Hessian is derivative of Floer gradient). Let f: U; — R be
a Floer function and A? its Floer Hessian. Then there are the identities

AT =dVfl, AL =d(VF)a,. (4.9)
By (Differentiability) we may differentiate (4.7), applying (4.8) we get

<dvf|q77,£>0 = de‘q(fa 77) = <Aq§a77>o

for all £,n € Hy. Since H; is dense in Hj it follows that this equation holds
true for any n € Hy and £ € Hy, from which the first identity in (4.9) follows.
The second identity follows by the same calculation, just start with &, n € Hy
and use that Hy C Hj.

Theorem 4.6 (Pull-back). Let (Hy, Hy, Ha) be a Hilbert space triple. Consider
a Floeromorphism ¢: Uy — Vi between open subsets of Hy. Let f: Vi — R be a
Floer function. Then the composition f := fo¢: Uy — R is a Floer function.

Proof. There are two steps.
Step 1 (Floer gradient). For ¢ € U; and £ € H; the chain rule yields

d(f o ¢)le§ = df|¢(q) o dplq€
= <Vf|¢(q)ad¢‘q§>o
= <Vf|¢(q)’D¢‘q€>o
= <(D¢|q)*vf‘¢(q)v§>o'

Now we define the Floer gradient of f o ¢ by

Vfle = Vf 0 9)lq := (D) Vflo(q) € Ho Va € UL (4.10)

(Hp-gradient) This axiom holds by definition.

(Restriction) We need to show that the restriction of Vf: U, — Hy to Uy
takes values in Hi, in symbols (Vf)s: Us — Hy. For this purpose take g € Us.
Then Vf|4q € Hi since ¢(q) € V2 and f is a Floer function. By (i)2 in
Definition 2.4 the hypothesis of Corollary 4.8 is satisfied and the conclusion is

(Doly)" € L(Hy). (4.11)

Hence Vf|, = (D@|)*Vf|s(q) € Hi whenever g € Us.

11



(Differentiability) Level 1: We need to show that the map U; — Hy,
q — Vfl, = (D¢lq)*Vfls(g), is C (continuously differentiable). Differenti-
ating (4.10) at a point ¢ € Uy with the help of the Leibniz rule, which follows
as in (2.6), we obtain the formula

dVf|e& = d(D¢)*| (&, Viflsw) + (Dolg)* 0 dVf4(g) 0 ddlg€

for every ¢ € H;. Because by assumption D¢: Uy — L(Hp) is C! and
x: L(Hy) — L(Hp) is linear, the map (D¢)*: Uy — L(Hy) is C', too. Since
both maps q — ¢(q) — Vf|s(q) are continuous, the first summand in the dis-
played formula is continuous. The second summand is a composition of a C!
map, a C° map, and a C' map, thus C? itself.

Level 2: We need to show that the map

Uy — Hy, q+ (Vf)2‘q = (D¢|q)*(vf)2|¢2(q)

is C!. Differentiating this map at ¢ € Uy we obtain the formula

d(Vf)2lg€ = d(DD)* |4 (& (V)2los(a) + (DBlg)™ 0 d(Vf)alss(q) © ddale€

for every £ € Hy. Because by assumption (i) the map D¢: Uy — L(H_1)
is Ct and *: L(H_1) — L(H*;) = L(Hy) is linear, it follows that the map
(D¢)*: Uy — L(Hy) is C'. Since both maps q — ¢2(q) — (Vf)z2|p,(qg) are
continuous, the first summand in the displayed formula is continuous. The

second summand is a composition of a C! map, a C° map, and a C° map, thus
CO itself.

Step 2 (Floer Hessian). We need to define a map
A=A(fod): Ui x Hi = Ho, (¢.) = Alq,€) =2 A%
such that A € L(H;, Hp) and verify the four axioms in Definition 4.2.
(Hp-Hessian) For ¢ € U; the chain rule yields d(f o ¢)|, = df|4(q) © dolg, s0
d*(f 0 9)|q(&,m)
= d*flo(q) (dolo€, ddlqn) + df|s(q) © d*¢lq (€, 1) (4.12)
= (A°Ddgly.ddlan) +(VFlow d*6la(€m),

for all £, € Hy where A = A(f) and Vf is the Hy-gradient. Let ¢s: Hy — Hy
be inclusion. We define the Floer Hessian of f o ¢ by

AT = A(f 0 ¢)?:= D¢|," 0 A*D o dg|,+ K?01,: H — Hy (4.13)

where by the theorem of Riesz there exists a unique operator K? such that

K€ L(Hy, Hy), (K€ n)g = (Vflgq), D?0lg(&m)y = BIEn).  (4.14)

12



for all £ € Hy and 1 € Ho. If {,n € Hy, then by (4.12) the identity (4.8) for A
and f holds true and this proves (Hp-Hessian) for A.

(Restriction) For each ¢ € UQ the restriction of A7 to H, takes values in
H; and is bounded as a map Ai: Hy — H;y. To see this pick ¢ € Us. Then
#(q) € Va, hence A?@) = A% (f) maps Hy to H; as f is a Floer function, so
* #(q)
Dol," o A% o dgl, € L(Hs, H).

~—
AWy H—Hi g, q,

This proves that summand one in (4.13) lies in £(Hj, Hy). Concerning summand
two we next show that

K? ¢ £(H1+S,H1) ﬂL’(HS,HO), Vq € Us. (415)

To see this pick £ € Hy4s and n € H_;. By density of Hy in H_; pick a sequence
(n,) C Hy converging in H_; to . By [FW24, App. A.3] we have the insertion
isometry b: Hy — H* 1, Vf|sq) = (Vfls(q)s ), Then
(K€, m)o] < [0V lg(q) 1=, 1D ¢lq (€, 1)1
<V lo@ 1 D*0lall e enrr_ysmr_pllEl sl ll -1

for every v. Take the limit v — 0o to obtain the estimate

KK, mol < IV o 1L 1D?0lall carny. iyt 1€ llasslnll -1

=K1+4s

for any £ € Hyiy s and n € H_;. Hence we see that the element (K%,-), of
Hg is even an element of H*; whose norm is bounded by [[(K?,-)|la=, <
Ki+s||€ll14+s. Using the isometric identification of H*; with Hy, see [FW24,
App. A.3], we see that K9¢ is an element of H; of norm || K%|1 < K14s]|€]l1+s-
Therefore K¢ is a bounded linear operator Hy,s — H; whose operator norm is
bounded by x14s. Such argument will reappear in the proof of Lemma 4.9.
Abbreviating by t14s: Ho — Hji, the inclusion we conclude from (4.13) that
A4 restricts to an operator

AL = D¢, 0 ALY 0 depy|, + K90 114 € L(Hy, Hy). (4.16)

(Continuity) We need to show that both maps

U1—>£(H1,H0), q*—)/iq
U2*>,C(HQ,H1), q*—)Ag
are continuous. By Definition 2.4 (i); the map D¢: U; — L(Hy) is continuous.

Since taking adjoints is continuous as a map L(Hy) — L(Hp) we conclude
that in (4.13) the first term is continuous as a map (D¢)*: Uy — L(Hp). The
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map A% U; — L(Hq, Hy) is continuous by (Continuity) of Floer Hessians.
The map d¢: U; — L(Hy) is continuous since ¢ is ssc?, thus C?. Hence the
composition D¢|.* o A%() o dg|.: Uy — L(Hy, Hp) is continuous.

It remains the second summand K90, in (4.13). It suffices to show that the
map K: Uy — L(Hs, Hy), ¢ — K9, is continuous. To see this we first show that
the bi-linear form B: Uy — L(H,, Ho;R), ¢ — BY, is continuous. This follows
from the fact that, by Definition 2.4 (ii);, the map

D*¢: Uy — L(H,, Ho; Ho),  q+ D¢,

is continuous. Moreover, by continuity of ¢ and (Differentiability) of the
Floer gradient the map Uy — Vi — Ho, q — ¢(q) = Vfls(q), is continuous.
Therefore ¢ — BY is continuous. Since the Riesz map which associates to a bi-
linear form a linear map is itself continuous in the bi-linear form, we conclude
that the map K: U; — L(Hs, Hy), ¢ — K49, is continuous as well. This finishes
the proof that ¢ — A9 is continuopus as a map U; — L(Hy, Hp).

Continuity of the second map g — zzlg: Consider the first summand in (4.16).
The map ¢ — d¢o € L(H>) is continuous since ¢ € C? and Uy 3 q — ¢(q) —
Ag’(q) € L(H,, Hy) is continuous since ¢o € C? and by (Continuity) of Floer
Hessians. The map Uy — L(H_1) — L(H1), g — T := D¢|, — T*, is continu-
ous by Definition 2.4 (i), and by continuity of taking the adjoint.

Consider the second summand K9 o ¢y in (4.16). Here 1145 € L(Ha, Hi4s)
is inclusion. It remains to show that the map Us — L(Hi4s, H1), ¢ — K9, is
continuous. To see this we show that the bi-linear map Us — L(Hyys, H_1;R),
q — B9, see (4.14), is continuous. By definition of the bi-linear form B? this
follows from continuity of the map Us — L(Hi4s, H-1; H_1), ¢ — D?*®|,, ac-
cording to Definition 2.4 (ii)s and continuity of the map Uy — Vo — Hy = H*q,
q = ¢(q) = Vfls(g), by continuity of ¢ and (Differentiability) of Vf. This
proves continuity of Uy 3 q — A% € L(Ho, Hy).

(Fredholm) Let ¢ € U;. Then the first summand in (4.13) is a Fredholm
operator of index zero, since this is true for A?9: H; — H, and both operators
dp|, € L(Hy) and Dg|,” € L(Hp) are isomorphisms. Concerning the second
summand note that inclusion ¢s: H; — Hg is compact due to the assumption
s < 1 and, since K is bounded, the composition K¢, is compact as well. Since the
Fredholm property as well as the index are stable under compact perturbation
we conclude that the sum A7 is a Fredholm operator of index zero as well.

It remains to show that AJ is also a Fredholm operator of index zero when-
ever q € Us. In view of formula (4.16) this follows by the same reasoning. [

Adjoints and bi-linear maps used in the proof

Lemma 4.7. Let (Hy, Hy) be a Hilbert space pair. For T € L(H;) we denote
by T* € L(HT) the Hi-adjoint of T. Then the following is true

TelL(H)NL(H) =  TFelL(H)NLHD.
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Proof. To see that T* € L(H{) pick v € H. Since T € L(Hp) it also has an
Hy-adjoint T*° € L(H}). We claim that

T*vs =T v, - (4.17)

To see this pick v; € Hy. Using the definition of H;- and then Hy-adjoint we
obtain (T*v§)vy = v§(Tv1) = (T*0v§)v1. This proves (4.17).

Since H; is dense in Hy it follows from (4.17) that T*v§ uniquely extends
to a bounded linear map Hy — R which coincides with T*°v§. In particular,
T*vg lies in H and we have the identity T*v§ = T*°vg in H{. Since vj was an
arbitrary element of Hj we obtain that

T gy =T € L(Hp).
This proves that the Hi-adjoint T* is an element of L(H{) N L(HT). O

Corollary 4.8. Under the hypotheses of Lemma 4.7 it holds
T e L(Hy)NL(H_y) = T* € L(Hp) N L(Hy).

Proof. Lemma 4.7 together with the isometries Hy >~ Hj and H; ~ H*,| where
the latter isometry stems from [FW24, App. A.3]. O

Lemma 4.9. Let (Hy, Hy) be a Hilbert space pair and B: Hq x Hy — R a con-
tinuous bi-linear map. By the theorem of Riesz there is a well defined operator

K € L(Hy) such that

Suppose that there is a constant k > 0 such that

[B(E ) < &llEl - lInll-

forall & € Hy andn € Hy. In this case K restricts to a bounded linear operator
on Hy, in symbols K € L(H,).

Proof. Let € € H; and nn € Hy. By hypothesis

(K, mol < [B(Em)] < kll€ll - lInfl-1-

We define a continuous bi-linear map as follows
(K& )g:Ho1 =R, 1= VILIEO (K& M)

where (n,) C Hp is a sequence converging in H_; to n € H_;. Hence we
see that the element (K¢, -), of Hy is even an element of H*, whose norm is
bounded by [[(K&,-)ollm=, < &[€]1. Using the isometric identification of H*,
with Hy, see [FW24, App. A.3], we see that K¢ is an element of H; of norm
K|l < k||€|li- Therefore K is a bounded linear operator H; — H; whose

operator norm is bounded by k. O
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5 The loop space as a Floerfold

In this section we show that Floerfolds naturally arise in the object of main
interest in Floer theory, namely the free loop space.

For any manifold we show that the space of small loops has the structure
of a Floerfold. By a small loop we mean a loop whose image fits in a single
chart. It should be possible to give similarly the full loop space the structure of
a Floerfold by decomposing the loop into several pieces each of which fits into
a single chart. To avoid technicalities we concentrate here on small loops.

Consider open subsets U,V C R™ and the Hilbert space triple
Ho:=L*(S',R"),  Hy:=W"*(S',R"),  Hy:=W?>»*S"R").
Define open subsets
Up:={ue Hy|u(t) eUVvteS'}co®Shu), (=12,
Vii={ve Hy|v(t)eVVvteS}cclshy), (=1,2

Given a diffeomorphism ® = (®1,...,®,): U — V, we define an ssc*-
diffeomorphism

¢: HH DU - Vi CHy, u—Pou=(P(u(-)),...,0n(ul(r))
whose components are maps ¢; = ®;(u(-)): Uy — WH2(SLR).
Theorem 5.1. ¢: Uy — V7 is an s-Floeromorphism whenever s € (%, 1).

Proof. Fix s € (3,1). It suffices to show that ¢ is an s-Floer map: Interchanging
the roles of U and V and applying the result to ®~! then shows that ¢! is also
an s-Floer map, so that ¢ is an s-Floeromorphism. The proof that ¢ is an
s-Floer map takes 4 steps.

Step 1. We show (i);.

Proof. The first derivative of the diffeomorphism ¢ at u € U; in direction £ =
(&1,...,&,) € Hy is given by the formula

d6]u€ = Bl E() = (Z 0,01 15 . .,Zaj<1>n|u<.)5j<->) (5.18)
j=1 j=1

at any time ¢ € S! and where 9; = %. The facts that d¢|,& lies in Hy

and ¢ — d¢|,€ is linear and bounded follow since, firstly, pre-composition of
W12-maps with smooth maps takes values in W12, more precisely
C>®(R™,R) x WH3(SHR™) — WH2(SY,R), (V,u) — Vou.

and, secondly, multiplication is well-defined and continuous as a map

wh2(st,R) x WhH3(SHR) = WhH2(SLR), (g,h) — gh. (5.19)
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The latter relies on continuity of inclusion W12(St, R) < C°(S!,R). This shows
that d¢|, € L(H;). Moreover, since multiplication

C%(SY, R) x L*(SY,R) — L*(SY,R), (g,h) — gh (5.20)
thus, due to W12 « CY, multiplication
W3S, R) x L*(S",R) — L*(S",R), (g,h) > gh (5.21)
is continuous, the map d¢|, has a unique extension to L£L(Hy), notation
D¢l € L(Ho).

Here D¢, is defined again by the right hand side of equation (5.18). In
particular for any £ € H; both maps coincide D¢|,§ = d¢|,&. Similarly, the
map
D¢: Uy — L(Hy), uw> Do|,

is continuous. Summarizing we have the picture

83-(1)1-\“@) fj(t) € L2.

——— "~~~

w2 L2

It remains to show that D¢: Uy — L(Hy) is continuously differentiable.
Given u € Uy and £ € Hy, using (5.18) we compute the derivative dD¢|,,: Hy —
L(Hy) as follows

((dDglu&) n)(t)

W1,2 W1,2

= (Z 00 1 (o) & (6) me(t), -, Y 3k3j‘pnu(t)§j(t)77k(t))-
e =

Jk=1 o jk=1

Since multiplication of functions (5.19) and (5.21) are continuous maps the
derivative is a well defined map H; — L(Hp) and depends continuously on
u € Uy. This shows Step 1. O

Step 2. We show (i)2.

Proof. By the same arguments as in Step 1, but using the multiplication
Lemma 5.2 instead, we see that D¢ already on Uy extends to £L(H_1), namely

W1,2 W1,2

1,2 ’ S 1,2
aj¢’i|u(t) fj(t) e W54, 8k6j<1>1|u(t) fj(t) nk(t) e W=, (5.23)
N—— N~ N—— e N~
w12 Ww-—1.2 Ww1i.2 w-—1.2
Then a-fortiori D¢ gives rise to a C* map D¢: Uy < Uy — L(H_1). O

Step 3. We show (ii);.
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Proof. As we already computed in (5.22) we have for v € U; the formula
(d*¢lu(&,m) (t)
= <Z Ok0; @1y & (OMe(t), - Y 5k3j‘1’n|u(t)§j(f)?7k(t))

J,k=1 k=1

for all £&,n € H; and times ¢t € S'. It is a side remark that, differently from
the first derivative, while multiplication of two W2 functions is still in W2,
multiplication of two L? functions is only in L*.

As a consequence of Proposition 5.3 the bi-linear map d?¢|, € L(H;, Hy; Hy)
extends uniquely to a bi-linear map D?@|,, € L(H,, Ho; Hy) whenever s € (3,1].
To see this observe the inclusions

HOj@1lucy &(t) mi(t) € Ho = L* by (5.20).
—_———
eEWl2cCo €H;CCY €Hyp

eco
Moreover, the map
D*¢: Uy — L(H,, Ho; Hy), u— D*¢|,
is continuous. O
Step 4. We show (ii)s.

Proof. By the second equation in (5.23) we see that D?¢: U; — L(Hg, Hy; Ho)
after restriction extends to a continuous map D?¢: U — L(Hy,H_1;H_4).
A-fortiori, by continuous inclusions Us — Uy and Hy4s < H; the derivative
D?¢ becomes a continuous map Uy — L(Hys, H_1; H_1). This proves Step 4
and Theorem 5.1 follows. O

O

Sobolev theory used in the proof

Lemma 5.2. Let W~12(S1) be the dual space of W12(SY). Then W—12(S!) is
preserved by W12 multiplication, more precisely, multiplication gives a map

o WIRASY) x WEA(SH) = WS, (ff9) e g (5.24)
and this map is continuous.

Observe that f* - g: W12(S!) — R is a linear functional and evaluation is
given by (f* - g)h = f*(gh) for every h € W12(St).
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Proof. Pick h € W12(S1), then (f*-g)(h) = f*(gh). Since W12 is closed under
multiplication, the product gh lies in W2 and therefore f* € (W'2)* and
f*(gh) € R. Therefore f* - g is a linear map W2 — R. By continuity of the
multiplication map (5.19) there is a constant ¢ such that the next estimate holds

[F (W)l < 1F 1= 2llghlle < ell 7 l-1.2llgllh.2

This shows that f*g is continuous as a map W2 — R. In particular f*g €
W2 = (W12)*. Moreover, we have the estimate

hll1,2-

1/7gll-12 < el F l-1.2llgll1.2,
Hence the map (5.24) is continuous. O

Proposition 5.3. The inclusion map Hs(R™) C C*(R™) is continuous when-
ever s = 3 +a and o € (0,1). Here

ue CYR™) < wubounded and 3C: |u(z +y) — u(x)| < Cly|* Va, y.

Proof. See e.g. [Tay96, Ch.4 Prop. 1.5]. O
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