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ABSTRACT

The purpose of this paper is simply to present to the mathematics community a novel approach
of solving systems of linear equations in two and three variables. This method uses products of
coefficients with determinants and constants with determinants. The method is derived
through the cross multiplication of equations which results in finding the critical values (Dx, Dy
and Dz). These critical values are later substituted in any initial given equation for the purpose
of finding scale factor K. It is this scale factor that is multiplied with critical values to find real
solutions. The analysis of this formula shows that it is certainly accurate for all problems it is
invented for. Unlike the Crammer’s rule, substitution method, elimination method that requires
three and four determinants to solve a two and three variable problems of linear systems of
equations, for this method the two and three variable problems only two and three
determinants respectively.

In two variables In three variables
C1Dx d,Dx
x = -1 X = =
__ CqDy _ d;Dy
y == y =
7 = dzDZ
M

Coefficients a,, by, c, and constants is obtained from any of the single equation. The ratio
method is formally derived and proven in the methodology section and Denominator (M) =

a;Dx + b, Dy for a two variable equations and a;Dx + b;Dy + ¢, Dz for 3 variable equations.

Keywords: Linear systems of equations, Ratios, Critical Values, Scale factor K, Crammer’s rule,
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INTRODUCTION

Background: There are a number of ways in which the simultaneous equations can be used in
our daily life. We can use this equations in dealing with cost and demand, in investment,
deciding the best plan, deciding the best deal and so on. This paper has dealt with an
alternative method that can be used to deal with such named problem above.

Literature review: There are so many types of methods that are been used to solve
simultaneous equations. Among these methods are elimination method, substitution method,
matrix method, graphical method, Crammer’s rule, Gaussian elimination and so on. None of
these methods is similar to the Musonda’s ratio method.

Research gap: There is no method that has solved simultaneous equations using ratios hence
this gap needs to be filled. Musonda’s ratio method that uses products of coefficients and
determinants has finally solved this problem.

Research Aim: Given the luck of research regarding the use of ratios to solve simultaneous
equations, this research paper explains how this goal can be achieved.

Research objectives

To identify a way in which simultaneous equations can be solved using ratios.
To invent a formula based on ratios for solving simultaneous equations.

To evaluate the accuracy and effectiveness of this new formula through proving and
solving problems.

Scope: This study will contribute to the body of knowledge in solving simultaneous equations.
This formula invented solves all kinds of linear simultaneous equations.

METHODOLOGY
Two variables

Firstly, the two equations are cross multiplied and like terms are collected. The variables x and y
are then made the subject of the formula to obtain the critical values known as determinants.
These critical values are substituted in any into one of the initial equations to find the scale
factor K. It is this scale factor that is multiplied with critical values also known as determinants
to find the true solutions.

Let aix + b1y = c1 and az2x + b2y = c2 and cross multiply them

aix + b1y =c1



ax + b2y =c2
c2(a1x + b1y) = ci(a2x + b2y)
aic2x + biczy = ciazx + baciy

aic2x — ciazx = ba2c1y — biczy

(aic2— c1a2) = (b2c1— bicz)
x(aic; — €10;) _ y(bac1 — bicy)
y(aic; — c1az)  y(aicz — c1az)

x  (bye; — bicz)  Dx
;_ (a1c — €1a3) D_}’

Hence Dx = b2c1— bic2 and Dy = aic2 — ciaz. Dx and Dy are called critical values

These critical values should now be substituted in one of the initial equations above in order to
find the constant k.

aix + b1y =c1

[a1(Dx) + b1(Dy)]k = c1

c1
K = [a1(Dx)+ by (DY)]
x =x.k
Cle
X =
a;(Dx) + by (Dy)
y =Yk
_ C1Dyx _ €Dy
a;(Dy)+by(Dy) M
CiDy _ CiDy

T aiDptbi(Dy) M



Proving the formula in two variables substitution method

aix + b1y = c1
azx + b2y =c2
__ bacy—bycy
Making x the subject of the formula from the first equation, aiby;— azby
CoA1—AxCq

and by substituting x into second equation, y = a1b>—azb;

for x
Cle - bzcl_ bICZ
al(Dx)-l_b]_(Dy) albz— a2b1
Cl ((b2cl_b162) _ b2C1_b102

al(bzcl— b1C2)+ bl(ﬂ1C2_ Claz) - albz_ a2b1

Cl((bzcl_blCZ) _ bzcl_b]_Cz
aqb,c1—aq bicoy+ bya,co—bycray  a;by—azby

Cq1 ((b2C1— b1¢2) _ bycy— by,
aibyci—bqcia; ab,— ab,
Cl ((b2C1— b1C2) _ baci=bic
ci(ayb,—biay) ~ ab,— ab,
baci—byic;  byci—bycy

ajb;-bia;  aib;—azby proven

Similarly, you can also prove for y by sing same steps taken to prove for x

Three variables

Two equations are picked from the three equations and cross multiplied in order to make an
equation in two variables x and y where the constant will involve the z. The other two equations
are picked and same steps are followed to make an equation in two variables. Now these two
equations are further cross multiplied in order to find critical values of x and y. These critical
values are later substituted in 4™ or 5™ equation to find another critical value of z. The critical
values are finally substituted in any of the first three initial equations to find the scale factor K.
These critical values are then multiplied by K to obtain the true solutions.

Let the following be simultaneous equations in three variables aix + bix + c1=d1, azx + b2x
+ c2=d2 and asx + b3x + c3 = d3 and using the concept of ratios

aix + b1y +ciz=d1



azx + b2y + c2z = dz
asx + b3y + c3z=ds3
First and second equations are cross multiplied
d2(aix + b1y + c12) = di(azx + b2y + c22)
airdzx + bidzy + c1d2z = az2d1x + b2d1y + c2diz
aidz2x — a2dix + bid2y — b2diy = c2d1z — c1d2z
(a1d2— azdi)x + (bid2— b2d1) = (c2d1— c1d2)... ... .. ... (4)
Second and third equations are cross multiplied
ds3(aix + b1y + c1z) = di(asx + b3y + c32)
aidsx + bidzy + c1d3z = asdix + bzd1y + c3diz
aidsx — asdix + bidsy — bsdiy = c3d1z — c1d3z
(a1d3 — asdi)x + (b1d3— b3d1) = (c3d1— c1d3)... .. ceo oo .. (5)

Now cross multiply equation (4) and (5) and z is eliminated by division

(c3d1— cid3)[(ard2 — azd1)+ (d2b1— b2d1)y]
= (c2d1— c1d2)[(a1d3 — azd1)x + (d3b1— b3d1)y]

(c3d1— cid3)[(ard2 — azd1) + d2b1— b2d1)y]
= (c2d1— c1d2)[(a1d3 — azd1)x + (dsb1— b3d1)y]

[(c3d1— c1d3)(ardz2 — a2d1)x + (c3d1— c1d3)(d2b1— b2d1)y]
= [(c2d1— c1d2)(a1d3 — a3d1)x + (c2d1 — c1d2)(dsb1— b3d1)y]



[(c3dy — c1d3)(a1dy — azdq)]x — [(c2dy — cidy)(a1ds — azdq)]x
= [(c2dy — ¢1dy)(d3by — bsdy)]y — [(c3dy — ¢1d3)(dyby — bydq)]y
[(c3dy — cd3)(a1d; — azdy) — (c2dy — ¢dy)(ad; — azdy)]x
= [(cdy — ¢1d3)(d3 — b3dy) — (c3dy — ¢1d3)(dyby — bydy)]y
(c3dy — c1d3)(ady — azdy) — (cdy — ¢1dy)(ad; — azdy)]x
= [(cady — ¢1dy)(d3by — bsdy) — (c3dy — ¢1d3)(dyby — bydy)]y
f _ [(c2dy — ¢1d3)(d3by — bsdy) — (c3dy — ¢1d3)(daby — bady)]
y (c3dy — c1d3)(a1d; — azdy) — (cdy — ¢1dy)(ad3 — azdq)]

_ (codyd3by — cad1b3dy — ¢1dadsby + ¢qdabsdy — (c3d1dyby — c3dybydy — cidsdyby + c1d3bady)

(czdiaid; — czdiazdy — cidzagd,; + ¢idzazdy — (cpdiagds — cpdiazdy; — cpdyaqds + cpdyaszdy

_ Czdldgbl - Czdlbgdl - Cldzdgbl + C1d2b3d1 - CBdlebl + C3d1b2d1 + Cldgdzbl - Cldgbzdl)
" czdya,dy — c3dya,dy — cydsagd, + cidzayd, — cpdia;ds + codiasd, + cdyads — cdyasd,

Czdldgbl - C2d1b3d1 + Cldzbgdl - C3dld2b1 + C3d1b2d1 - Cldgbzdl)
C3d1a1d2 - nglazdl + Cldgazdl - C2d1a1d3 + Czdlagdl - C1d2a3d1

C3d1b2dl - C2d1b3d1 - C3d1d2b1 + Czdldgbl + Cldzbgdl - Cldgbzdl

X —
; =
X

; - czdia,d,; — cpdiad; — c3diasdy + cadiazdy + cidzaxdy — cqdyazd,

y di(c3a,d; — cpa1d3 — c3a,dy + cya3dy + cidzay — cidyag)

y N c3a,d, — c,a;d; — c3a,dq + cpazd; + cidza, — cidoas
x _ di(c3by — c3b3) — by(c3d; — cpd3) + ¢q(dabs — d3by)
y  aq(c3d; — cd3) — dy(cza; — cpa3) + c(dza; — dyaz)
f _ % _ d1(c3by — c3b3) — by(c3dy — cad3) + ¢q(dybs — dsby)
y Y aq(c3d; — cpd3) — di(cza; — cza3) + ¢q(dza; — dyas)

Where Dx is determinant for x and Dy is determinant for y. Now substitute Dx and Dy in either eqn (4)
or (5) in order to find Dz

(a;dy — a,d)x+ (bydy — bydy)y = (Cody — ¢1d)Z e o vee e (4)

(a;d; — apdg)[ds(c3by — c3b3) — by (c3d; — cpd3) + ¢ (dybs — d3by) | + (byd, — bypdy)[ag(c3d;
— Cpd3) — d;(c3ay — cpaz) + ¢q(dzay — dyaz)] = (cdy — ¢1dy)z

[dy(c3by — czb3)(a;d; — apd;) — by(czd, — cpd3)(agd; — azdy) + ¢q(dybs — dsby)(agd; — azdy) |

+ [a1(c3d; — cpd3)(byd,; — bpdy) — dy(c3ay — cpaz)(byd; — bpdy) + ¢i(dsa;
— djaz)(byd; — bpdy)] = (czd; — ¢ydy)z



(d;a;d,c3b, — dyaydqc3b, —dycybsa;d, + dqcybsa,d; —bjagd,ycsd, + byaydicsd, + biagdyc,ds
— b;c,d3a,d; + cya;d,dybs — ca,d;d,bs — cja;d,dsb, + ¢ydsbyasd; + a;byd,csd,
— a;b,d;c3d, —a;byd,c,d; + a;bydicpd3) — dybidycza, + dybydicsa,
+ d;b,d,c,a; — d;b,d;c,a3 + c;b;d,d3a, — ¢;b,d;dsa, — c;b;d,dsas
+ ¢;1bydidzaz)] = (cdy — ¢1dy)

_d1C2b3ald2 + d1C2b3azd1 - b1C2d3azd1 + C1a1d2d2b3 - Clazdldzbg - Claldzdgbz + alb2d1C2d3
+ d;b,d,cya3 — d;b,d;c a3 + ¢;b;d,dza, — c;b;d,d,a; + c1b,d;dyaz
= (C2d; — c1dy)z

a;b,d,c,d; — d;c,bza,d, +d;c,bza,d; — b,c,d3a,d; —d;b,d;c,a; + d;b;d,c,a; + c;a;d,d,b;
- ¢a,d,d,bs; — ¢;a;d,d;b, + ¢;bydydsa, — ¢1bydydyas + ¢1byd;dsras
= (cdy — c1dy)z

cpd; (a;bpd; — bza;d; + bza,d; — bydza, — d;byaz + bydyaz) — ¢;dy(a;dsb, —agdybs + axdgbs
—bydza, + bydyaz — bydjaz) = (cdg — ¢dy)z

(czdy — c1dy)(asbpd; — bzasd, — bydsa, + bydyas + bzay,d; —dibjas) = (cd; — ¢idy)z
(a1b2d3 - b3a1d2 - b1d3az + bldza3 + b3azd1 - dlbzag) =7
a;(byd; —bsd;) — by (dsza; — djaz) + dy(bza; —bjaz) =z

Therefore Dx = d;(c3b, — c;b3) — by (c3d, — c,d3) + ¢4 (dybs — dsby)
Dy = a;(c3d; — cpd3) — dy(cza; — cpa3) + ¢ (dza, — djas)
Dz = a;(b,d; — bzd;) — b;(d3za, — dyaz) + d;(bsa; — byas)

These critical values needs to be substituted in one of the initial equations on x, y and z in order to find
the critical the constant k.

l[a1x + byy + c1z]k = d4
[aiDx + biDy + c¢1Dz]k = d;
[a;Dx + b Dy + ¢, Dz]k d4

[a;Dx + b Dy + ¢;Dz]  [a;Dx + bDy + c,Dz]

dy
k= [a;Dx + biDy + c¢,Dz]




x = DxK

_ dle
= a,Dx + b,Dy+ c¢,Dz

y = DyK

_ dlDy
Y= a,Dx + b,Dy + ¢,Dz

y = DyK

d1DZ

Z= a;Dx+ b,Dy+ c,Dz

Take note that you can use any equation to find solutions as shown below by keeping Dx, Dy
and Dz constant.

. d{Dx _d,Dx
X = a1Dx+ byDy+ ¢1Dz T M
. d{Dy _dqDy
Y= a1Dx+ byDy+ c¢1Dz T M
d{Dz _dqDz

a1Dx+ byDy+ c1Dz M

Proving the formula in three variables using Crammer’s rule

For x
X = % _ di(c3by — c3b3) — bi(c3dy — cad3) + ¢1(dybs — dszby)
D ay(byc3 — b3cy) — by(azez — azcy) + cq(azbz — azhy)

d;Dx _dy(c3by — c3b3) — by(c3d; — cd3) + ¢1(dyb3 — d3b,)

th , =
GTEfOTE' ale + ley + ClDZ a1(b2C3 - bng) - bl(a2C3 - a3C2) + Cl(azbg — agbz)
Using LHS
d,Dx dq[di(c3by — c3b3) — by(c3d; — cd3) + ¢1(dyby — d3by)]

a,Dx + bDy+ c;Dz  aq[d;(c3b; — c3b3) — bi(c3d; — cod3) + ¢1(dabs — d3b,)]
+ by[ay(c3d; — c2d3) — dyi(c3a; — caa3) + ¢1(dza; — dyaz)]
+ ¢1[(ay(bd3 — bzd;) — by(dza, — dzaz) + dy(bsa; — byas)]
dq[di(c3b; — c3b3) — bi(c3d; — c3d3) + ¢1(dybs — d3by)]
aq[(dic3b; — dic3b3) — (biC3dy — bicyads) + (c1dzb3 — ¢1d3by)]
+ bi[(aic3d; — aqcads) — (dycza; — dicya3) + (c1dza; — cidsas)]
+ ¢1[(a1b,d3 — ayb3dy) — (bydza; — bydyaz) + (dibza; — dibyaz)]




dq[dy(c3by — c3b3) — by(c3d; — cpd3) + ¢1(dybs — d3by)]
a,d,c3b, — a,d,c;b; — a,b,c3d, + a;b,c;d5 + a;cyd>b; — aycidsb,
+bja,c3d, — bja cods — bydicza, + bydicyas + bycydsa, — bicidyas
+ c;a.b,d3 — cia,b5d, — c1byd3a, + c1bydyas + cidybsa, — cidibyas

_ dq[d(c3by — c2b3) — by(c3d; — cad3) + ¢1(dybs — d3b;)]
a,d,c3b, — a;d,c,b3 — bydycza, + bydycya3 + cdibza,; — cidbyas

_ dq[d1(c3by — c3b3) — by(c3d; — cpd3) + ¢1(dybsz — d3by)]

dl[a]_Cgbz — a1C2b3 — b1C3a2 + b1C2a3 + C1b3a2 — C1b2a3]

_ dy(c3b; — c;b3) — by(c3d; — cd3) + ¢4 (dybs — d3by)
ay(c3by — c3b3) — by(c3a; — cya3) + cqy(bza, — byas)

The formula has been proven. Using the same steps, we can also prove for both y and z.
Results
Example
Solve the following simultaneous equations
(@) x+3y=11
4x -7y =06

1 3 I
Dx = |6 _7|_11(-7) 6(3)=-77 - 18 = -95

L T
Dy = |4 o |=16)-4(12)=6-44=-38

M = 1(-95)+3(-38) = -209

B C1Dx _11(=95)
~ a;(Dx) + by (Dy) ~ (=209)
C1Dy _ 11(-38)

Y = 5,0y) +a,(Dx)  (—209)

(@) 3x+2y—z=11
2x—=3y+z=7

S5x+y—2z=12

11 2 -1
Dx=17 -3 1
12 1 -2




11[(=3)(=2) — 1(1)] = 2[7(=2) — 12(1)] = 1[7(1) = 12(=3)] = 11(5) — 2(=26) — 1(43) = 64

3 11 -1
Dy=12 7 1
5 12 -2
3[7(=2) —12(1)] — 11[2(=2) = 5(1)] — 1[2(12) = 5(7)] = 3(—26) — 11(—9) — 1(—11) = 32
3 2 11
Dy=|2 -3 7
5 1 12

3[(=3)(12) — 1(7)] — 2[2(12) — 5(7)] + 11[2(1) — 5(=3)] = 3(—43) — 2(—11) + 11(17)] = 80
M= 3(64) + 2(32) — 1(80) = 176
 _diDx _ 11(64) _ 704

M- 176 176 ¢
_diDy _11(32) 352 _
M 176 176
__diDz _11(80) _ 880 _
M 176 176

DISCUSSION

The aim of this paper was successfully achieved as can be observed through solving problems
and proving the formula. The solutions above shows no absolute error as compared to other
solutions that can be obtained using other researcher’s methods. This is reason enough to
accept that Musonda’s ratio method is real or authentic. If Crammers method is compared with
Musonda’s method, Musonda’s ratio method uses one determinant less than Crammer’s rule.
Musonda’s ratio method uses coefficients from a particular equation to multiply with
determinants while Crammer’s method do not.

CONCLUSION

Like the objective Aim states, this conceptual paper aimed at inventing a formula of solving
simultaneous equations which involves ratios. The Aim is fully achieved based on solutions
obtained in examples and by proving the Musonda’s ratio method. This formula can now be
used in our Mathematics literature to solve linear simultaneous equations. The steps involved



in inventing the Musonda’s ratio method can also be an eye opener in inventing other
mathematical formulas in future.
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