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Abstract

JJF)? +g()2dx and [./(dx/dt)? + (dy/dt)? dt are integral equations that appear in the
process of calculating the length of an ellipse. They do not provide an exact solution, and already
known solutions are somewhat complicated. The solutions both the two elliptic integral equations
above can be obtained by the method of eliminating the square root. The arc length of an ellipse
is given by | = aBE(k), and E(k) is expressed as a power series regarding the eccentricity of the

ellipse.

In mathematics, the distance between coordinates is calculated using the

Pythagorean theorem.

The distance between Cartesian coordinates A(x;,y;) and B(xy,y,) is

I=(z—x)2 + (2 — y1)?. (1)
In the parametric equation x = f(t), y = g(t), the distance between the interval

a <t <b can be written as follows by using Green's theorem,

- @

If the given curve is a circle, the distance can be calculated easily. In case of an

ellipse, the arc length can be calculated using the elliptic integral presented by A.M.
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presented by the author?.

However, in cases other than the above, it is not easy to find a solution to the
equation for finding the distance above if the square root is not removed. Therefore,
we need to find a solution to the above equation using an expansion series by

removing the square root of the given integral.

In equation (2), if dx/dt = dy/dt, we have the following solution,

lszx/idx, or l=fb\/§dy- 3)

If dx/dt + dy/dt, then

= [ ) [ ()

where,

_dy/dt _dy
~dx/dt  dx (5)

Eliminating the square root of the above, we get an expansion series,

b
| = j JT+ fdx ©
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where (2n — 1)!! is the double factorial for odd numbers and (2n)!' the double

factorial for even numbers.
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For instance, let f = ksinhx, where 0 < k <1, we may get a solution as follows

a
| = f J1+ k2sinh?xdx, 0<k<1, (7)
0

a 1 1 1 5
= fo (1+§kzsinh2x—§k4sinh4x+ 1—6k6sinh6x—mkssinh8x+---)dx
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where E (k) is the eccentric expansion series
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which is given when a — 0 of the above solution. As n increases, E(k) decreases

gradually but does not converge. As a increases, it diverges quickly.

In case the equation (2) is an elliptic integral, the arc length of an ellipse can be

obtained as follows.

Let x = acosf,and y = bsin6, then the elliptic integral becomes



21 2
lz.f Ja?zsin? 0 + bzcoszﬁdﬁzaf 1— k?cos?0d6
0 0

where a represents the semi-major axis and b the semi-minor axis, k =

the eccentricity of an ellipse. From the equation (6), if f = i kcos 6, we get the

same result. The expansion series F(k) of the above is given as
F(k) =+1—k?cos?6
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By integrating the equation (10), we have
21
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Therefore, the full arc length of an ellipse is given as [ = 2anE(k). And the

eccentric expansion series E(k) is given by the above.

As k lies between 0 < k < 1, we can have the limit for k in Eq. (12)

lerJrrlOl = lerJrrlO(ZanE(k)) = 2ar,

(13)
lim [ = lim (2arnE(k)) = 1.279558ar.
k-+1 k-+1
As the limit value k =1 of E(k,n) is E(1,0) = 1, E(1,1) = 0.75, and E(1,100) =
0.639779 when n = 100, the plot does not converge but decreases gradually as n

increases.
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