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Abstract 

∫ √𝑓(𝑥)2 + 𝑔(𝑥)2𝑑𝑥  and ∫ √(𝑑𝑥/𝑑𝑡)2 + (𝑑𝑦/𝑑𝑡)2 𝑑𝑡  are integral equations that appear in the 

process of calculating the length of an ellipse. They do not provide an exact solution, and already 

known solutions are somewhat complicated. The solutions both the two elliptic integral equations 

above can be obtained by the method of eliminating the square root. The arc length of an ellipse 

is given by 𝑙 =  𝑎𝜃𝐸(𝑘), and 𝐸(𝑘) is expressed as a power series regarding the eccentricity of the 

ellipse. 

 

In mathematics, the distance between coordinates is calculated using the 

Pythagorean theorem. 

The distance between Cartesian coordinates 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) is 

𝑙 = √(𝑥2 − 𝑥1)2 + (𝑦2 −  𝑦1)2 . (1) 

In the parametric equation 𝑥 = 𝑓(𝑡), 𝑦 = 𝑔(𝑡), the distance between the interval 

𝑎 < 𝑡 < 𝑏 can be written as follows by using Green's theorem, 

𝑙 =  ∫ √(
𝑑𝑥

𝑑𝑡
)

2

+  (
𝑑𝑦

𝑑𝑡
)

2

𝑑𝑡
𝑏

𝑎

 . (2) 

If the given curve is a circle, the distance can be calculated easily. In case of an 

ellipse, the arc length can be calculated using the elliptic integral presented by A.M. 

Legendre2 or "On the arc length of an ellipse" 
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presented by the author3. 

However, in cases other than the above, it is not easy to find a solution to the 

equation for finding the distance above if the square root is not removed. Therefore, 

we need to find a solution to the above equation using an expansion series by 

removing the square root of the given integral.  

In equation (2), if 𝑑𝑥/𝑑𝑡 = 𝑑𝑦/𝑑𝑡, we have the following solution, 

𝑙 =  ∫ √2𝑑𝑥
𝑏

𝑎

, 𝑜𝑟       𝑙 =  ∫ √2𝑑𝑦
𝑏

𝑎

 . 
(3) 

If 𝑑𝑥/𝑑𝑡 ≠ 𝑑𝑦/𝑑𝑡, then  

𝑙 =  ∫ √(
𝑑𝑥

𝑑𝑡
)

2

+  (
𝑑𝑦

𝑑𝑡
)

2

𝑑𝑡
𝑏

𝑎

= ∫ √1 + 𝑓2 (
𝑑𝑥

𝑑𝑡
) 𝑑𝑡

𝑏

𝑎

,  (4) 

where,  

𝑓 =  
𝑑𝑦/𝑑𝑡

𝑑𝑥/𝑑𝑡
=

𝑑𝑦

𝑑𝑥
. 

(5) 

Eliminating the square root of the above, we get an expansion series, 

𝑙 =  ∫ √1 + 𝑓2𝑑𝑥
𝑏

𝑎

 
(6) 

= ∫ (1 +  
1

2
𝑓2 −  

1

8
𝑓4 +  

1

16
𝑓6 − 

5

128
𝑓8 + 

7

256
𝑓10 −  

21

1024
𝑓12 +  ⋯ )

𝑏

𝑎

𝑑𝑥 

=   ∫ (1 − (−1)𝑛 ∑
(2𝑛 − 1)‼

(2𝑛)‼

𝑓2𝑛

2𝑛 − 1

∞

𝑛=1

 ) 𝑑𝑥
𝑏

𝑎

. 

where (2𝑛 − 1)‼ is the double factorial for odd numbers and (2𝑛)‼ the double 

factorial for even numbers. 
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For instance, let 𝑓 = 𝑘 sinh 𝑥, where 0 < 𝑘 < 1, we may get a solution as follows 

𝑙 =  ∫ √1 +  𝑘2sinh2 𝑥 𝑑𝑥
𝑎

0

, 0 < 𝑘 < 1, (7) 

=  ∫ (1 +
1

2
𝑘2 sinh2 𝑥 −

1

8
𝑘4 sinh4 𝑥 +  

1

16
𝑘6 sinh6 𝑥 −

5

128
𝑘8 sinh8 𝑥 + ⋯ )

𝑎

0

𝑑𝑥 

= [(1 −
1

4
𝑘2 −

3

64
𝑘4 −

5

256
𝑘6 −

175

214
𝑘8 −

441

216
𝑘10 − ⋯ ) 𝑥]

0

𝑎

 

+ [(
1

8
𝑘2 +

1

32
𝑘4 +

15

210
𝑘6 +

35

212
𝑘8 +

735

217
𝑘10 + ⋯ ) sinh(2𝑥)]

0

𝑎

 

− [(
1

256
𝑘4 +

3

210
𝑘6 +

35

214
𝑘8 +

105

216
𝑘10 + ⋯ ) sinh(4𝑥)]

0

𝑎

 

+ [(
1

3072
𝑘6 +

5

12288
𝑘8 +

105

218
𝑘10 + ⋯ ) sinh(6𝑥)]

0

𝑎

− [(
5

217
𝑘8 +

35

219
𝑘10 + ⋯ ) sinh(8𝑥)]

0

𝑎

+ ⋯ 

= 𝑎𝐸(𝑘) + (
1

8
𝑘2 +

1

32
𝑘4 +

15

210
𝑘6 +

35

212
𝑘8 +

735

217
𝑘10 + ⋯ ) sinh(2𝑎) 

− (
1

256
𝑘4 +

3

210
𝑘6 +

35

214
𝑘8 +

105

216
𝑘10 + ⋯ ) sinh(4𝑎)

+ (
1

3072
𝑘6 +

5

12288
𝑘8 +

105

218
𝑘10 + ⋯ ) sinh(6𝑎)

− (
5

217
𝑘8 +

35

219
𝑘10 + ⋯ ) sinh(8𝑎) +  ⋯ , 

where 𝐸(𝑘) is the eccentric expansion series  

𝐸(𝑘) =  1 −
1

4
𝑘2 −

3

64
𝑘4 −

5

256
𝑘6 −

175

214
𝑘8 −

441

216
𝑘10 − ⋯ 

=  1 −  ∑ (
(2𝑛 − 1)‼

(2𝑛)‼
)

2
𝑘2𝑛

2𝑛 − 1

∞

𝑛=1

. 
(8) 

which is given when 𝑎 → 0 of the above solution. As 𝑛 increases, 𝐸(𝑘) decreases 

gradually but does not converge. As 𝑎 increases, it diverges quickly. 

In case the equation (2) is an elliptic integral, the arc length of an ellipse can be 

obtained as follows. 

Let 𝑥 = 𝑎 cos 𝜃, and 𝑦 = 𝑏 sin 𝜃, then the elliptic integral becomes 



𝑙 =  ∫ √𝑎2 sin2 𝜃 +  𝑏2 cos2 𝜃 𝑑𝜃
2𝜋

0

 = 𝑎 ∫ √1 −  𝑘2 cos2 𝜃 𝑑𝜃
2𝜋

0

 
(9) 

where 𝑎 represents the semi-major axis and 𝑏 the semi-minor axis, 𝑘 =  
√𝑎2−𝑏2

𝑎
  

the eccentricity of an ellipse. From the equation (6), if 𝑓 =  𝑖 𝑘𝑐𝑜𝑠 𝜃, we get the 

same result. The expansion series 𝐹(𝑘) of the above is given as 

𝐹(𝑘) = √1 − 𝑘2 cos2 𝜃 

= 1 −
1

2
𝑘2 cos2 𝜃 −

1

8
𝑘4 cos4 𝜃 − 

1

16
𝑘6 cos6 𝜃 −

5

128
𝑘8 cos8 𝜃 − ⋯  

=   1 − ∑
(2𝑛 − 1)‼

(2𝑛)‼

𝑘2𝑛 cos2𝑛 𝜃

2𝑛 − 1

∞

𝑛=1

. 

(10) 

By integrating the equation (10), we have 

𝑙 = 𝑎 ∫ √1 −  𝑘2 cos2 𝜃 𝑑𝜃
2𝜋

0

 
(11) 

=  𝑎 ∫ 𝐹(𝑘)
2𝜋

0

𝑑𝜃 

= 𝑎 [(1 −
1

4
𝑘2 −

3

64
𝑘4 −

5

256
𝑘6 −

175

214
𝑘8 −

441

216
𝑘10  −

4851

220
𝑘12 − ⋯ ) 𝜃]

0

2𝜋

 

− [(
2

24
𝑘2 +  

8

28
𝑘4 +

60

212
𝑘6 +

560

216
𝑘8 … ) sin 2𝜃]

0

2𝜋

 

− [(
1

28
𝑘4 +  

12

212
𝑘6 +

140

216
𝑘8 +

1680

220
𝑘10 … ) sin 4𝜃]

0

2𝜋

 

− [(
1

3072
𝑘6 + 

5

12288
𝑘8 +

105

262144
𝑘10 +

385

1048576
𝑘12 … ) sin 6𝜃]

0

2𝜋

− ⋯ 

= 2𝑎𝜋𝐸(𝑘), 

where, 

𝐸(𝑘) = 1 −
1

4
𝑘2 −

3

64
𝑘4 −

5

256
𝑘6 −

175

214
𝑘8 −

441

216
𝑘10  −

4851

220
𝑘12 − ⋯ 

=  1 −  ∑ (
(2𝑛 − 1)‼

(2𝑛)‼
)

2
𝑘2𝑛

2𝑛 − 1

∞

𝑛=1

. 
(12) 



Therefore, the full arc length of an ellipse is given as 𝑙 = 2𝑎𝜋𝐸(𝑘). And the 

eccentric expansion series 𝐸(𝑘) is given by the above. 

As 𝑘 lies between 0 < 𝑘 < 1, we can have the limit for 𝑘 in Eq. (12) 

lim
𝑘→+0

𝑙 = lim
𝑘→+0

(2𝑎𝜋𝐸(𝑘)) = 2𝑎𝜋, 

lim
𝑘→+1

𝑙 = lim
𝑘→+1

(2𝑎𝜋𝐸(𝑘)) ≅ 1.279558𝑎𝜋. 
(13) 

As the limit value 𝑘 = 1 of 𝐸(𝑘, 𝑛) is 𝐸(1,0)  =  1, 𝐸(1,1)  =  0.75, and 𝐸(1,100) ≅

0.639779 when 𝑛 = 100, the plot does not converge but decreases gradually as 𝑛 

increases. 
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