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ABSTRACT: 
In  this  note  we  give  some  formulas  related  to  Prouhet-Thue-Morse
constant.

I. Introduction

The Thue-Morse sequence was discovered in 1851 by Prouhet with interest applied in

number theory, also during the 20th century, it’s rediscovered by Axel Thue and by

Marston Morse who applied it to the Combinatorics of words and to differential geome-

try respectively. 

The Prouhet-Thue-Morse sequence is defined as

t = (tn)n≥0 = 0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 ... (1)

where

t0 = 0 , t2 n = tn , t2 n+1 = 1 - tn , n ≥ 0 (2)

for details see [1],[2],[3],[4].
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where
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III. Prouhet-Thue-Morse Constant

The  Prouhet-Thue-Morse  constant  is  the  number  τ  whose  binary  expansion  is  the

Prouhet-Thue-Morse sequence. That is,
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= 0.4124540336 ... (8)

where tn is the Prouhet-Thue-Morse sequence.

Some formulas for τ:
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where
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where

c(k) = {1, 7, 11, 13, 19, 21, 25, 31, 35, 37, 41, 47, 49, 55, 59, 61, 67, 69, 73, 79, 81, ...} (35)

Remarks:

{2 tn - tn+1, n ≥ 0} = {-1, 1, 2, -1, 2, 0, -1, 1, 2, 0, -1, ...} (36)
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tk , n ≥ 0 = {0, 1, 2, 2, 3, 3, 3, 4, 5, 5, 5, ...} (37)
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2k tk , n ≥ 0 = {0, 2, 6, 6, 22, 22, 22, 150, 406, 406, 406, ...} (38)
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

k=0

⌊n/2⌋

tk , n ≥ 0 = {0, 0, 1, 1, 2, 2, 2, 2, 3, 3, 3, ...} (41)
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n n
k
tk , n ≥ 0 = {0, 1, 3, 6, 11, 20, 36, 64, 115, 216, 430, ...} (43)
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