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ABSTRACT

Formal Calculation uses an auxiliary form to calculate various nested sums and provides results in three forms. In
addition to computation, it is also a powerful tool for analysis, allowing one to study various numbers in a unified
way. This article contains many results of two types of Stirling numbers, associated Stirling numbers, and Eulerian
numbers, making a great generalization of Euler polynomials, Wilson’s theorem, and Wolstenholme’s theorem,
showing that they are just special cases. Formal Calculation provides a novel method for obtaining combinatorial
identities and analyzing g-binomial.This article has obtained many results in g-analogues, including inversion
formulas for g-binomial coefficients. This article also introduces a theorem on symmetry.
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1 INTRODUCTION

Formal Calculation is introduced in [1] [2] [3], this article contains its summary and latest achievements.

Definition 1. The definition of VP is recursive. p € Z,

VOfm) = fn), 3 VA1) = £(N), T fnt1) =V TF(N), V1 = V.

n=0 n=0
Definition 2. The definition of SUM(N) = SUM(N, PS, PT) is recursive. K;, D; € Ring with identity elements.
N—T
SUM(N, [K7 :Dq], [Ty =1) = > (Ky +nDy).
n=0
N—1
SUM(N, [Ky : Dy,K2 : D2, [Ty, T2 =Ty +2—pl) = 3 (K2 +nD2)VPSUM(n +1,[K; : Dq], [Tq]).
n=0
If f(N) =3 Aq (Ni_l) and M; is not changed with N, then VPf(N) =} A; (
Ky : D ,K5 : D...Knp : D] is abbreviated as [Ky,K>...Kp] : D,[Kq, K;... K ] 1is abbrev1ated as [Kq,Kz..Kpml.

By default, this paper use:
PSZ[K] : D], Kz : Dz...KM : DM],PTZ[T1 ,Tz...TM], PSlZ[PS,KM+] : DM+] ], PTIZ[PT,TM+1 ]
This is actually nested summation For example:

SUM(N, PS, [1,2,3..M]) Z 1‘[ L +nDy).

n=01i=
N 1 ns3 na
SUM(N,PS,[1,3,5.2M—=1]) = > (Km +nmDm).. > (Ko +n2D2) Y (Ky+1n1Dyq).
nypm=0 ny,=0 ny=0
N—1 ns
SUM(N,PS,[1,2,4]) = } (Kz+mn3D3) 3 (Ky+nDq)(Kz+nD3).
n3=0 n=0
N-—1 ns
SUM(N,PS,[1,3,4]) = 3 (K3 +n3D3)(Kz+n3Dz) > (Ky+nDy).
T‘l.3:0 n=0

The following use K to represent the set [K,K;...Kpm], T to represent the set [Ty, T...Tpm].
M

Use the auxiliary form: (Ky +T1)(Kz +T2)...(Km +Tm) =2 T Xi, Xi =T, or K.
i=1

Definition 3. X(T)=Number of {Xj, X2..Xm} € T.

Definition 4. X1_1=Number of {Xj,X5..X;_1} € T, Xx_1=Number of {X7,X5..X;_1} € K,
Xt=Number of {X7,X>...X;} € T, and also define Xy.

Obviously:Xt_1 +Xx_71 =i—1.
1.1. [1] SUM(N,PS,PT)=

Formy - g%o Hilg) (N M) = Z Hilg) (i hihg) - B = (o by sk,
Form, — g%o Ha(g) (EﬂM_M”) Z Hal(g (N”?\Au]}/lfgg)f B = {g+(>><<'f< 11)DTU)>I; Xk
Forms =+ 3 o) (N1, 2) = 5 wsta) (R1T39) B = (Mol R

g=
The factors of | | Xy cannot be exchanged. Hi(g), short for Hi(g, PS, PT), is also defined above as (% ]M[] B;.

X(T)=gi=

The theorem is proved by induction. There are three forms because:
:Z; N (WK)

=M1 (RE5) + M=K (R'K)

=M1 (M) - =) (W)

— (M—=K) (m';*‘) +(14K) (m‘;)

Definition 5. F]&:{K"KZ"'KM}=Z K1, Ki,-Kiy,, a <b, Iq < Iy, FR is short for F{]’z'"N}, FS =1.

Definition 6. E]&:{K“Kz"'KM}:Z K, Kp,..Kq,,, a<b, Iq <Ty, EN, is short for E{] 2N} EK =1.
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—IZ

VSUM(n+1,PS,[1,2.M]) = (Ki +nDj).

I
=

i

In SUM(N,[...PS...][...T+1,T+2..T+M...]), Ki can exchange orders.
q
SUM(N, [Ly,Ls...Lg, PS], [L, Ls..Lg, PT]) = [ Ly x SUM(N, PS,PT). So Ty can great than 1, T; € N.
i=1

SUM(N, [1,1..1],[1,2..M]) = SUM(N, [1,1..1],2,3..M]) = 1M 4 2M 1+ NM,

SUM(N,[1,1..1],[1,3..2M —1]) = SUM(N, [1,1...1],[3,5..2M —1])
> 1M2A2 NAN = ER’A = S2(N+ M, N). S, is Stirling numbers of the second kind.

Aot AN=MA{ =0

1.7.

SUM(N, [1,2..M],[1,3..2M —1]) = SUM(N, [2,3...M], [3,5..2M —1])
11i2..im = F&*Mq = S1(N+M,N). Sy is unsigned Stirling numbers of the first kind.

I<ihi<ig<.<imsSN+M-—-1

Example 1.1:
Form=(1+T)2+T2)34+T3), > J[Xi=1x2xT34+1xTax3+T; x2x3.

X(T)=1

Hi(1) =1x2x (T3 —Xg_1)+1x (T2 = Xk_1) X B+ X71)+ T x 24+ X7r-1) x 3+ X1_1)
CIx2x (5= 4+1xB=1)xB+1)+T1x(241)x (3+1) = 26.
SUM(N,1,2,3],(1,3,5]) =1 x3 x5 (N”) 435 (N+2) 426 (N“) $1x2x3 (N+2)

SUM(N, [2,3],13,5]) = 3 x 5 (6N+3) F(2x4+3x4) (N+3) +2x3 (N+3>
It also can be calculated in the Ring with identity elements. K;, D; can be a matrix.

1.8.

2

2.1

[1(Xi +nDy) can be decomposed into three forms by 1.1 and V.

PROPERTY

Relationships between H(g)

By definition:

1. Hi(g,PS1,PT1) =H1(g—1)(Tm+1 — M —(g—1)])Dm1 +Hi(g)(Kpmg1 +9Dmy1)-
2. Hy(g,PS1,PT1) =Ha(g—1)(Tm4+1 — M —(g—1D))Dmy1 +Ha(9)(Km41 + M —g—Tm41]1Dm41)-
3. H3(g,PS1,PT1) = H3(g — 1) (—Km41 + (Tm+1 —[g—1)Dmy1) + H3(9) (Km41 +9Dm41)

By utilizing these relationships and induction, it can be demonstrated that:

2.1.

M
Hilg) = 3 Ha() (5) = 3 Halk) (MK). 2]
k=g k=0

Inversion can be used to obtain:

2.2.

M
Halg) = 3 (C1¥"9H (K] (5), Halg) = 3 (-1 9Hy ) (M),
k=g k=0

Calculation with 2.1 can obtain:

2.3.

M M A
This indicates Form; = Form, = Formz — Y Hj(g) (}') = ¥ Ha(g) (g +9) =

M M M

> Hi(g) = Y Ha(g)29 = Y Hz(g)2M~9.

g=0 g=0 g=0

ZH 9) () = X Halg) (379) = X Halg) (A7), A BeN
o 1 B—g _9:0 219 = = 3(9) (B4

g=0 I g=0 g=0

Induction can be used to obtain: [2]

2.5.

> Hilg)g (57)) = ZHz )9 (517) = Z{Hs )9 (3579) + Mx Hs(g) (3714 0))

g=0

3
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2.2 Property of H(qg)

[1Xi =(IIXi € TIIIXi € K). In some cases, H(g) is easy to calculate.

Definition 7. H(g, T) = H(g, T, PS, PT) H Bi, H(g,>_ T) =3 I Bj. Also define H(g,K),H(g, > K)
XieT

g
fDi=1land Ty +1 =Ty q,then Hy(g, T H Ty, Hi(g, T,PS,[1,2..M]) = g

+1
109, XK 0,10, PT) =€ .

2.6. I_fD1:1,H](g,ZK):FK E9+FM g 1E9_|_ +FKE .
27. If Dy =1, Hy(g, X T) = FIES' 9 —FT_ B9 4 (—1)M9FES 9,

28. If Dy =Tand Kip1 —Ki =Ty =Ty =1, Hi(g)=(}) T1..Tg x Kg1..Km.

M M
2.9. If PS=PT, H;(g) = [[ Ti (3!), Ha(M) = H3(0) = 1:[] T, Ha(g < M) =Hz(g > 0) = 0.

i=1
2.10. H] (9/ [AD : D; PS]/ [A/ PTD = AD(H1 (9 - ]) + H] (9))/ H1 (9/ [1/ PS]/ “/PT]) = H] (9 - ]) + H] (g)

Definition 8. EJ ® ([T, T2...Tml, €)

= S 1M222 g (T + A1 C) (T2 + A C+A2C)..(Tqo1 A C+A2C + .. + A g1 C).
A +A2++Aq=P,A; 20

[4] has proved: (§') = <M7971> Egﬂg Lo ([0,1..10,10).

M—T
(3") is Eulerian numbers. It is known that there exists Worpitzky identity: NM = 3~ (M) (Rrrg).
g=0
Forexample: (3) =E3 @ ([1,1.,1)= > 1M2%238(1+0)(1+ A1 +2z) = 66.

A +A2+Az=2
By simple calculation:
Hi(g,[1,1.0,PT=[T =T + (C+N([i—-1)]) = Eg;jg ® (PT, C).
H3(g, 1,11, PT=[T =T +(C+1)([i-1)]) = E%ﬂg OM=T1—1+CHE-1)]C+1).

2.3 Shape of numbers

In this section, if not specifically mentioned, Ty =1, T 1 — Ty =1 or 2.

To calculate > K1Kz...Km (*), products needs to be divided into 2M-1 categories.
1 <K1 <K2<...<KM<N

There are M-1 intervals between factors. If the interval=1,define it as Continuity. If the interval>1, define it as
Discontinuity. Continuities, Discontinuities and their Positions are defined as Shape. So there have 2M~1 Shapes.

From the definition of nested sum:

2 K1K2K3
1<Ky <K2<K3<N

=SUM(N,[1,2,3],01,2,3]) +SUM(N —1,[1,2,4],01,2,4]) + SUM(N —1,[1,3,4],1,3,4]) + SUM(N -2, 1, 3,5],[1, 3,5]).

Definition 9. PB(PT)=Number of T; + 1 < T, 1=Number of discontinuities.

(%) = > SUM(N — PB(PT), PT, PT).
All of the Shapes with factors=M
From 2.9 we can obtain a simple formula:

2.11. SUM(N, PT, PT) ]_[ T; (? ++T’;’l), PT has no restrictions.

= (RIAH)'

N—1
This generalizes the famous formula Y (})
n=0
It was discovered during the calculation of (*) which led to the birth of Formal Calculation.

2.12. Number of products in SUM(N,PT,PT) = (N+PB (PT))

PB(PT)+1

4
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—IZ

M
Definition 10. MINg(M) = > T,=1x > IT T

PB(PT)=g1i

I
<
o8]
)
—
Il
«
-
I
N

This is the sum of the products of PTs with the same number of discontinuities.
By definition:

213 MINg(M) = ¥ WOl 5 4y iy < L <ig SMAg—T,0550 —ij > 2

11is.. 19’

Based on the concept of Shape rather than 2.13, it is easier to understand.
For example: MIN;(5) = (12357) + (12457) + (13457) + (12467) + (13467) + (13567).
Here (...) is the product.

From the definition of nested sum, there exists general classification principles:
2.14. SUM(N, [K] : D],Kz : Dz...KM : DM}, [T],Tz...TMD
=SUM(N,PS, [T1.. Ty, Ti1 — 1. Tm — 1)+ SUM(N =1, [K; : D1..Ki : Dy, Kiy1+Dir1:Dig1..Km+Dm : Dml, PT).

For example
:SUM( [ ,3],[ ,2,3])+SUM(N—1

() = SUM(N, [1,2..M],1,3..2M — 1))

31,01,2,4]) + SUM(N — 1,1, 3 41,01,3,5])
[

7

1
= ) MINg(M) <];+]). It’s exactly 1.7.
g=0

2.4 H(g) and Associated Stirling Numbers

Associated Stirling Numbers of the first kind Sj ,.(n, k) is defined as the number of permutations of a set of n
elements having exactly k cycles, all length >=r.
L Si(nk) =3 > T

) 3 - ) i ik’
L+t Filk=ni2r

2. S1p(n+1,%) =nSy (k) + (M) 1S (n—7+1,k=1),n > kr.

n—1)! . . . . .
3. S1+(n k) :Zﬁ,r <h<i2<..<igg<n—rijy—i=>7[5].

Derived from 2 and definition of H(g) or 3 and 2.13:

2.15. MINg(M) =S12(M+g+1,g+1).

Table 1: Table of MINg(M) =S1 (M +g+1,g+1)
g=0 g=1  g=2 g=3 g=4 g=5 g=6

=1 1
=3 6 20 15
24 130 210 105

120 924 2380 2520 945
720 7308 26432 44100 34650 10395
5040 64224 303660 705320 866250 540540 135135

SEEEEXEX
N ouUl bk W N R

Associated Stirling Numbers of the second kind S; (1, k) is defined as the number of permutations of a set of n
elements having exactly k blocks, all length >=r.

1. Sy k)= 2 411!121!..‘@! -
i +i2+...+ik=n,ij>r
2. S, (n+1,k) =kSzr (k) + (P ) Sar(n—7+1,k—1),n >kr.
Derived from 2:

2.16. Ha(g,[1,1..1],3,5.2M — 1)) = S5 ,(M+ g +1,g+1).

,2,41,01,2,4)+SUM(N—1,11,3,4],1,3,4]) + SUM(N —2,[1,3,5], [1, 3, 5]).

5



Table 2: Table of Hy(g,[1,1..1],13,5..2M —=1]) = S 2, (M+g+1,g+1)
g=0 g=1 g=2 g=3 g4 g=5 g=6

M=1 1

M=2 1 3

M=3 1 10 15

M=4 1 25 105 105

M=5 1 56 490 1260 945

M=6 1 119 1918 9450 17325 10395

M=7 1 246 6825 56980 190575 270270 135135
SUM(N, 2,3..M],[3,5..2M —1]) = S1 1 (N + M, N) = (XM 5 o

i1 +iz++Hin=N+M i 21
! N+M M NAM
= ggo $12(M+g+1,g+1) (M+1+9) = g;] S12(M+g,9) (M+g )

M
N+M)!
:(L!)Z[

l]12 lN Z f
g=1 i1+‘..+i.N:N+M,ij21,Number of i]->1:
— (N+MJ! N 1 _ (N+M
f)="xr—(N-g) 2 551 = (Mg 5L2(M+9'9)'
L1+ +ig=g+M,ij>1
In the same way we can get:

M1 Norg)
2.17. S1("N+M,N) = Zl N (N—g)l_ (rg+M )51 rr1(rg+M,g).
g:

2.18. Sy ("N+M,N) =

Mz

—_

1 [rN=rg)! (*N+M
e N () Sz (rg + M, g).
2.5 Table of H(qg)

Table 3: Table of H(g)

APPLICATION | 6

PS PT Hi(g) Hy(g) H3(g)

1,11 [1,2..M] gER = 9!S2(M+1,g+1)  (—1)M79g!S;(M, g) <g/l>

1,1.1]  [2,3..M] (g+1)1S,(M,g+1) (—OMT79(g+1)1S2(M, g+1) (JY)

1,11 [1,3.2M—1] Egﬂg@(PT,l) (—1)M=IMINg_1(M) B 1 ®([0,1..],2)
1,11 [3,5.2M—1] S;2(M+1+g,g+1) (—1)M— ‘_9MIN g(M) E9“ ®([2,3..],2)
1,2.M]  [1,3.2M —1]  MINg (M) +MINg(M) 1x (—1)M- gEgAfg ®(13,5..1,1) 1><EM 9©(12,3..1,2)
2,3.M] [3,5.2M—1] MINg(M) (—1M=1=98, ,(M+1+g,g+1) EC,‘A 9@([2,3...],2)

3 APPLICATION

3.1 Number analysis

3.1. By using 2.1, 2.3 and 2.5, we can obtain:

M M M
1. ZO<2“>:M!, 1(—HM*%J!SZ(M,Q):1, z (—1)M79g x g1S,(M, g) =2M — 1.
g= g= g=
M g—1
2 g52M gl = 3 (DM RS MK (M) =T (Ml 1<o<m

k=0

(—MES, H (M 4K, k)

~—
<-f‘3 ~
I

M
(—1)M~9g1S,(M, g)29~ 1 = 3 <M79>2M*9-
g=1 g=1 g=1

M
 $22M+g,9)= 3 (=DM s Mk k) (57).
k=g
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M
5. Z] $22(M+g,9) =
9

“ﬁmz

M
1( NWM798; 5(M+g,9)297 7, z $12(M+g,9) = z] (—M79S, (M +g,9)29 .
g=

M
; Z1 952(M 9)g =1 (§71) = L (—UM*gg!sZ(M,g)(g 1)(A+9 N
- P
M—1 M "
7- Zo (—TMTT=IMING (M) = Z]( NM=95, ,(M+g,9) = Z _1)M=95, 5 (M4 g,g) = ML,
g= o= P

PS=PT=[1,2..M], Hy(g) = H; (M — g) = M! (}!). Use 2.6 to obtain:

M—g g
3.2. MI (1) = ¢! 'Zo SiM+1,9g+1+1)S3(g+1,9) = Z IM+1,M+1-1)S(M—1,M —g).
1=

Hy(g,(1,1..1,01,2.M]) = g!S, (M +1,g+1), Fim'”” = (M). Use 2.6 to obtain:
3.3. S2(M+1,g+1) = Z S2(M—1,g) (M).
Hi(g,[1,2..M],[1,2..M]) = Hy(g,[IM,M —1..1],1,2..M]) = M! (SA) Use 2.7 to obtain obtain:
34. 9' (YY) = iOS](M+1,M+1 —g+1)S(M—g+1i,M—g)(—1)t
iz
Ha (g, K+ 1), [T+ 1), 2.8 = (M) T1..Tg x Kg 1 Knt, 2.6 T Tg(), 27— Kg g1 Kpa(n):

M

9 .
35. T1 (K+0) (3) =P JES + o+ POV, TT(T+0) (Y =Fy RN 9+ (-1 9rg Ve 9,
i=g+1 i=1

3.2 Merge and Expand

M M+ (number of 1 added)
3.6. This SUM(N,PS,PT)=SUM(N,[1,1...1,PS],[1,1...1,PT]). It expands > (...) to > (...).
g=0 g=0

M
Any Zo ag (§+g> can be converted to T} VISUM(N + P, [Ky, K;...Kp], [1,2..M]),
9:

M
2.2 provides the necessary and sufficient condition for ) H(g) (Y 4 g) to be merged into Z (éigﬂ) .
g=0
M g
Halg) = L (C1FH00 (3) =0, g < KorHslg) = 3 (=10 (M) =0 M—g <k
X=g X=

For example:

M
SUM(N,[1,2..M][1,2..M]) and 2.11 can get 3 (—=1)* (}') (§) =0, 0<g<M.
x=g

N—-1 M
5 (de) = AgSUM(N, [1,2.M] : ,[1,2..M]) = 1 > H;(g) (1;'+g),
n=0 g=0

N—-1
If M > kd, then Bi(X; =Ki) =i+ (Xx_1 —i)d > Ha(g<k)=0— Y (mﬂin)
n=0 g=0

I
e
5
«
ik
=
N~—

After a simple calculation, it can be written as:

3.7. Necessary and sufficient conditions for merging, 0 < g < K < M:

M
1. ZOH ) §in) = Z () E I CHR () =o.

=0

2 X H (30) X ) (3K §§14 ) () =o.
M
Z

M
s e () S ()

s 1 (09 (A779) () = £, (0) (HF) (i Ave) A0

(P:I:x) =0.

n=
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Proof. It can be proved by induction, but it is cumbersome.
SUMN,[T+1,T+2..T+M],[T+A+1, T+A+2.. T+A+M])

M
= 2 (4 A+ glglT+ Miug (F/117Y)
_ % (M) THA Q) (TeM)! (N+T+A )_ AlT+M)! % M) (A+T+g) (N+T+A )

o (0 TITRAT (Tl \THA+T+g) = T(TFAT 2 Lo ) (A T+A+1+g
= SUM( ST+ T+2.T+ALT+M+1,T+M+2.T+M+Al)
_ (T+M)! Z ( ) (T+M-+g)! (T+A)! (N+T+M )
- (T+A) (T+M)! (T+g)! \T+M+1+g/°
M A
A+T+g N+T+A _ (T+M+g)! (T+A)! Al 1 (N+T+M
E (& )( )<T+A+1+g) = 2 T=M)T (Trg) (Asg)ig! Al <T+M+1+g)' [

g=M-g— g%() (SA) (§+T+M_g> (§+g) - g§0 (S\+T) (&t¥+T_g) (éimiﬁ\\w) A 20

When A>M, it is an expansion; When A<M, it is a merge. Combining with 3.7:
M Xy+ X+

9. 3 (19 (X*9) (3*9) =0, M>A+B, A, B>o0.
g=0

Using induction we can get:

M T 0,K<0 M T—
3.10. ggo(*”g (") (NEQK) - {(1)M(T E 12 @Y (MEK>

K

0,K<0
{(1)190’ T+geZ

This helps to understand the differential sequence.

3.3 Congruence
P is prime. K;, D is any integer, D #o.

3.11. (P,D) =1, SUM(P, Ky, K3..Km] : D, [1,2..M]) =

0 (mod P), M<P—1
—1 (mod P), M=P—-1"

Proof. If M=P-1, SUM(P) = H;(P—1) (§) =H;(P—1)= (P—1)ID"~1 = —1 (mod P). 0O

If a product has a factor that is divisible by P then ignore it and change the factor to its minimum positive residue,
then we can obtain many congruence. Wilson’s Theorem is a special case.
For Example: A,B,C € N,

1AzB +2A3B—|—...—|—(P—2)A(P—])B = 1A3B+...+(P—3)A(P—])B—|—(P—])A]B = {O (mod P), A+B<P—1

—1 (mod P), A+B=P—-1"
0 (mod P), A+B+C<P—1
1AZB3C 2A3B4C (P 3)A(P Z)B(P ‘I)C — { 1( ( ) LA < 1

—1  (mod P), Aj+Az+..4+Aqg=P—1

A A Aq —
3.12. Y KiMK A2 K :{ Pl A eN.
0< KK ZP KK q 0 (modP), A\j+Az+..+Ag<P—1 i
Wolstenholme’s Theorem is also a special case. P>3.
1. Wolstenholme’s Theorem: (P — 1)! i ]H = > K1K5..Kp_» =0 (mod P?).
n=1 0<K1,K]‘<P,K‘175K]‘
P—1
2. ¥ nP72=0 (mod P?).
n=I1
They are two extremes. In fact, there have:
3.13. S K1 €K, €2 K9 =0 (mod P?), C;+Ca+..+Cq=P—2, C; > 0.

0<K1,K)<P,K1¢K]

Proof.

If X (mod P2)=0and X+Y (mod P2) =0 then Y (mod P%) = 0. The Sum has symmetry.
For 3 AB"—3,A #B:

If P— A # B then add AB?—3 with (P—A)B?—3 to PBP 3.

If P— A = B then add ABP—3 with BBP—3 to PBP 3.

8
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SoY ABP 3+ Y BP2=xPY B” 3, 0<x<P— Y ABP 3 =0 (mod P?).

Similarly:

For } ABCP*, A # B # C, treat P-A=B, P-A=C, P — A # B, C separately.

S ABCP 4 4+ x Y B2CP 4 4+yY BCP 3 =0mod P2, 0<x, y<P

— > ABCP=*+xY B2CP* =0 (modP?), 0<x<P.

S ABCP 4y B2CP 4 =3 ((§)—B)BCP 4+ Yy B2CP*=(}) Y BC"*=0 (modP?)

— Y B2CP~* =0mod P> — 3 ABCP~* =0 mod P2.

Prove the conclusion in a similar way... O

3.14. E;7) =S2(2P—3,P—1) =0 (mod P?); Ep_, =S2(2P—2,P) =0 (mod P?).

For example:
S2(7,4) =350, S,(8,5) = 1050 = 0 (mod 25); S(11,6) = 179487, S,(12,7) = 627396 = 0 (mod 49).

4 COMBINATORIAL IDENTITIES

k3
2

k2

HIVI

N
Definition 11. R-FOLD SUM: ¥ [}, f(k) = Y .. f (k1 4+1).
kr=

k2
it

1

NI\/]W
_‘MN

Tk k =0k1=

By the definition of nested sum:
4.1. ZE) VPSUM(k, PS,PT) =VP~TSUM(N, PS, PT).

N k3 Kk
4.2. Y .. > Y VSUM(k,PS,[1,2.M]) = SUM(N,PS,PT = [Ty =i+r—1]).
ke=1  ko=1k =1

Proof.
PS1=[1:0,1:0.1:0,PS], PT1 =1[1,3.2(r—1)—=1,1+2(r—1),24+2(r—1).M+2(r—1).

B = {g:;;;;,;?gogég — Hy(g > M,PS1,PT1) =0, H; (g < M, PS1,PT1) = H; (g, PS, PT).

M k3
SUM(N,PS1,PT1) = 3 Hj(g,PS,PT) (YN@M) Z VSUM(k,,PS,[1,2.M))... Z 1. O
g=0 =1 kz 1ky=1
N k3 15}
43. Y .. Y 3 VSUM(ky,PS,[1,2..M]) = VI"XSUM(N, PS, [Ty =i+ —1]).
kx=1 ky=1kq=1

For example:

N Ky Kk .
MY .3 ¥ (1) = AV TSUMN 41, 00,1, -2 — (= 1), [T = x+ (L= 1))
el ko—=1k =1

Hi(g<j) =0, Hi(j) = SEE, T—j=i—1-

() = v O (VI ) = (57 CREd)) = (577) () e

Using induction to prove:

4.4. S (K+n1D1+...+nMDM):(D1+2D2+...+MDM)(],:IAW_LF’\]A_])—kK(NJ“M 1).
o< <.y SKN—T
For example:
= plas s p+1 n+p n (n+p
(Mtoetnp)= Y Y oY (+.+ny)= (2 )(pﬂ):%( )[6]
o< <..<npn np=0n, =0 n;=0

1.2, 1.3 and 1.4 can be used to derive combinatorial identities.
A M+B
e (A7) (0M7) =
M (A+g) (MiB) (ntA
w2 (67) (W9) (R19)

2 T M () (35) (R
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L) (M) (o)

g=0
Proof.
= xvrr VSUM(N, [1,2..A, B+ 1..B+ M], [1,2.. A+M]) WV UM(N [B+1 B+MLA+T.A+M]).
Hi(g) = () (A+1).(A+g)B+g+1)..(B+M) = (}1) g! (9 ) (&ﬂ\;{).

Using a similar method to obtain H;(g), H3(g).

4.6. (RH() (r]wY) _ f (M+x) (%jxva) (r]\xavx) 0<Y<M.

x=0
Proof.
:ﬁVSUM(N,[X,X—1...X—A+1,Y,Y—1...Y—M+1],[1,2...A+M])
:A,M,VSUM( J1,2.Y,0,—1,-2..—(M=Y)+1,X,X = 1.X—=A+1],[1,2.A + M])

= A,M,VSU.M( ,0,-1,-2..—(M=Y)+1,X,X=1.X=A+1,[Y+1,Y+ 2. .A+M]).
If Hi(g) #0 then X1, X2.XmM_vy €T =>Hi(g<M-Y)=0,Llet C=A+M-Y.

If Hy(g > M= Y) #0, Number of X € K= (E-MY) = Hy(g) = (EMY) X+ M= Vic_g[Y + 19,

M+X-Y)! M !
x:=-(M-Y-g)= Hi (M =Y +x) = A5 (MEkXtY—A)—Fx)! o

a7 11 (A+Zi+n):(R+A)i1 g 2(M—g 4)H(2M 9)[A+1]9 (’Q\j’fg),/\w.

i=1
Proof.
PS=[A+2,A+4.A+2M], PT=[A+1,A+2..A+M], PT1 =[1,3..2(M—g) — 1.
H,(g,Y K) = SUM(g+1,PT1,PT1)) = (2(M — )—1)"(2M 9) Ha(g, T) = [A +1]9.

M
(};M) [T (A+2i+n) = L VSUM(N,[1,2..A,PS],[1,2..A, PT]) = VSUM(N, PS, PT).

i=1

M
4.8. SUM(N,[A+1,A+3..A+2M-1],[1,3..2M-1])= 5 [AIM~9(2g —1)1! (ijg) (m“g“ ‘+9)
g=0

Proof. Ha(g, ¥ T) = SUM(M —g+1,[1,3..2g —1],1,3..2g — 1)) = (2g — 1)!! (Qgﬂ) , Ha(g, K) = [AJM—9.

4.9. SUM(N,[A,A+1...A+M-1]:2,[1,3..2M-1])= (MH\' )[A—l—M—i—N—Z}M

Proof.
SUM(g+T1,[A,A+T.,A+M—1-g]:2,[1,3.2(M—g)—1])
=Hi(g, X KAA+T.A+M=1,01,2.M]) = () A+M—1Im—

SUM(N,[1,2..M] : 2,[1,3..2M —1]) M'(N+M 1) 1434+ (2N=1) =

Using 4.9 and 4.5 ,we can obtain:
ﬁH(g, A+1,A+2.A+M]:2,1,3.2M —1]) =H(g,[A+1,A+ 2. A+M], M+ 1,M+2.2M]).

M M
410 SUM(N, A +2,A+4.A+2M]:3,01,3.2M 1)) = 3 ({7N7179) (Nv1mo) Mo Rols
g=0
Proof.
PST=[A+2,A+4.A+2M], PTI = [A+1,A+2.A+M]
Hy(g,PST,PT1) = [A+ 119SUM(g +1,[A + 2, A +4..A +2(M — )] : 3,[1,3..2(M — g) — 11))

M M
= 3 Ha(g,PSTLPTI)(5), 47 5= 3 (M —Kk) =1t (FMF) [A+ 11 (§).
k=g k=g

10
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5 MATRIX OF SUM(N)

Consider H(g) as variables, list SUM(N),SUM(N+1)..SUM(N+M), we can obtain a (M+1) x (M+1) matrix.
Let P=N+Tym —M, Q =N —1, corresponding to the three forms, define Ay, 3(P,Q,M) =

&) ) ) (&) @) (@) (G
G ) V) o G ) L - @)

_ _ (P+M _ o ()
5.2 | A(P,O,M) =1, | AP 1,M) I= (TM), I1A(P,Q > 1, M) |= I ) [2]
g=

T+M

If SUM(N) or V SUM(N) is easy to obtained, then H(g) can be calculated with the Cramer’s law. Below, Tpy > M.

g+1 _ g+1 B
5.3 Hilg) = 3 (-1 (oMl o) sumpo = 3 (1o (Mg ) vsumk),

k=1 k=1
(1) VSUM(N, [1,1..1],12,3..M]) = NM — S, (M, g) = & S (19K (£) kM =2 S (1) (9) (g—K)M.
k=0 k=0
k ik M+1 K1
5. 2(k) = 3 (=17 () VSUMIK), Halg) = 5 (=07 (57T) (k).
1= =9+

VSUM(N, [1,1..1],12,3..M]) = NM — z(k) = f (=) () iM = kIS, (M, k) — 3.1.2.

1
i=1

5. Halg) = T (1971 (211, ) sumMGig = 5 (19T (1D ) wsum)

i g+1—k o g+1—k
g+1 9
(2) VSUMN, 1,111 12,3.M1) = NM = (§%) = 5 (=11 roT (M )M = pey (M) (g1 —10M.

(1) and (2) are already known formula.

6 EULERIAN POLYNOMIALS AND BEYOND

In this section, q # 0, q # 1. By induction it can be shown that:

N+K—-1-g M_K

N—1 M
n(n+K\) _ N _ 9(M*9 ) q
b1 L4 (M >7q ggo( o e T g

M
Definition 12. A}' = 3 (1—q)M 7 q*S,(M, WK!, A§ =1, Aj =q.

Table 4: Table of AY!
M=o M=1 M=2 M=3 M=4 M=5 M=6 OEIS

AV 1 2 6 26 150 1082 9366 A000629
AV 1 3 12 66 480 4368 47712 A123227
AQA 1 4 20 132 1140 12324 160020 A201355

nM =vVSuM(n,[1,1..1],[2,3..M]) =
M n M M— n+g M
S S:Mglgt(§) = X (DM 95, (M, g)g! (579) = X

g:

o0 (W9).

g=0 g=0 0

N—-1 M N—-1 M N—-1—k

Y M =Y S5(Mglg! ¥ q(3) = X S2(M,g)g{qN > (1) a2
n=0 g=0 = g= k=0 (q—1) (1—q)

1
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M
Y S2(M,g)gl(1—q)M9q9

- % S2(M, g)g! % (—1)k (N*1*k) (q_])Mfk_f_ g=0
R ="AE et 9=k (1—q)M*!
N M M L AM
=—95r > (-D¥q-1M* ¥ S(M,g)g! (N,Q k)*‘%m
(q—1) K=o =0 g (—q)
¢ k M-k ok M AM
= oyt 2 (CDHa = DYTEVEIN = DY 4 e ().
(g—1) K=o 1—q)

Use the From; and Froms of n™, the first part of (*) keep same, we can obtain:

6.2. AM_ Z 71M ks (Mk) %<M M—g_M M\ 14+g
o ? g=0 ° ) _g§o<g jare.

M
nM =vSuM(n,(1,1..1],(1,2.M]) = 3 S,(M+1,g+1)g! (“ ]) we can obtain:
g=0

M
6.3. AM = Zom — Mg TS, (M 41,k + 1)k!, M > 0.
k=

M
6.4. AN = 5 (q— 1M ES(M+1,k+ 1)k

Proof.
1+k+1 k+1Y) :M+1 1 J+k (k) (5 M
S2(M+1,k+1) = k+1'Z ()- )J = w2 (=1 (j)(1+1)

By definition of dlfference

kiM:ki)'k 77'M:k7ikMM9' M—g(_1)M—g
VEN=DM = 5 (1) (F)(N=1=)M = 3 (=1) (¥) & (FYNIG+DM9(-1)

o=
= % (—1M-9-k (QA)Ngi (—1)** (k)(jﬂ)M—g = % (MR (MYNIS (M — g+ T,k + k! —

g=0 j=0 g=0
N M M o AM
() = gty & (DM@ DML (DM () NIS (M - g T ke D+ S
= g=0
q™ & M—g 9 (MyNo & M~—k—g 1 Ag'

= Gom ZO(—U (=12 (FHN kZ (q—1) $2(M =g+ 1K+ 1k + 7= Sy (+4)

g= =

N AM

If N = o then (*) = 0o— (q—?)NH] (..)+ (1—q?M“ =0. O

M
AN = kzo (q—1M7*79S8,(M — g+ 1,k + 1)k!, (**) can obtain:

N—-1 N M B AM
n=0 (q 1) 9:0 ( Q)

M—-1
The Eulerian polynomials Apz (t Z tiM %, Am(t) = Zo ()9
g=
M
Iql <1, T\}1m Z q™ 1—/:;1,\4—“ — AM = tAp(t). There are five expressions for A (t).
—)

Eulerian numbers and polynomials is just a special case, we can handler:

N—-1
X=Tm—M=p, 5 q"VPSUM(n+Y,PS,PT)
n=0

M N—1 M X+1+4g N+Y+X7717k Tha_y
S Hile) T a™ (X17)) = & Hiloa™ ¥ (1)‘<<X;‘j;’):ﬂ ) Txeres)
g=0 n=0 g=0 k=0 q q
M N-—1 M X+1+g N+Y+X7+g—1—k vy
= S Halg) & ™ (ROI519) = X Hale)aN X (- )“<X*”j e ), —Lxrrg)
g=0 n=0 g=0 k=0 (g—1) (1—q)
M N—1 _ M X+1+M N+Y+Xthgf17k Tia_y
Y Hilo) ¥ a™ (XIT0™0) = I Halolla Ry Cecte i) S S
g=0 n=o g=0 k=0 (q—T) (1-q)

6.6. ZOH1 g)(1— M 9q9+1 =¢q ZOHz 1—q)M9—ZH3 )q9+T.
g= g g=
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Here q can take any value, which is magical. ¢ = 0.5 — 2.3.
Definition 13. A4(PS,PT) = 6.6.

N—1 M v
67. X=Tm—p, > qnvpsuM(n+Y):ﬁ1N)W > (q—1)X_k(—1)kVp+K_1SUM(n+Y—2)+&"((]PS$—Q§.
n= - k=0 _

Aq(PS,PT)qY
(1 _q)TMJerp :

o0
6.8. g/ <1, 5 q"VPSUM(n+Y,PS,PT) =
n=0

We can handler 6.8 of SUM(N,[a,a...a]:d,[1,2..M]), SUM(N,[1,1...1,2,2...2..k k.. k] ,[1,2... kM]). Many results of [7], [8]
can be obtained by this.

7 FORMAL CALCULATION OF Q-BINOMIAL

7.1 Concept

N—M+1_

q-Binomial: [N ], = )."1(()1...(q171) L0y q #0, 1, abbreviated as G}.

qN 11
q (gM=1)(gM-T—
N _ N _ N _ ~N
1. G, —1,GM§0/4\4>NN—O,GM§C;‘N_M. o
N _ - M~N— -1 _ — N—M~N—
2. Gy =976y +G6y =Gy 4 Gm_g -
N—1
3. ngo qnGT]\LA+K :qM—KGIRIAJiﬁ .

4 G = > g™ [9]. wy..wa with M-K(zeros) and K(ones), inv(.) denotes the inversion statistic.
weQ (oMK 1K)

The Formal Calculation use q™(K; + G}'D;) instead of K; +q"Dj .
Definition 14. The definition of V} is recursive.

N-1 N—1
peN, Vof(n) =f(n), X q"Vgf(n+1)=F(N), X q"f(n+1) =V, f(N).
n=0 n=0

Definition 15. The definition of SUMgq (N) = SUMgq (N, PS, PT) is recursive.
N-—1

SUMg(N, [K7 : D1, [Ty =1) = > q™(K; +GT'Dy).
n=0

N—1
SUMq(N,[K] Dy, Ky Dz},[T],TZ =T +2—p]) = Z qn(Kz —|—G?D2)VPSUMq(n+1,[K1 :D1],[T1]).
n=0

N—1
7.1. Zo QGG M >0, M=K
n=
_ qZ(MfK)+1 GM_H GR’/{?‘E + quKGq\A—KGKIA—:_l?
qM72K71 GT]\/UH GN+K+1 + quK(GTI\/lfK _ qu71 GT]\/UH )GN+K
(

M 1M+2 M—K N+K M KMJFN] K+1
— (2(M=K)+1 M+ 2M—K+2~M— + M—K ~M— +K+
= (q* el —q Gy N )GMy2 T4 Gy Gmia

Use this to prove:

7.2. [2] SUMq4(N,PS,PT)=
M M T T )X g VKT D X =T,
N+Ty—M N+ Ty —M G Dy Xi=Th
Form; — Y H{(g)Gy M, ™ = ¥ H(g)Gy TN, Be {q 1

g=0 ! b g=0 qTimTi1 =X (Ki+G?T71 Di), Xi=K;

M M (X)) e XK=y, yw._T.
N+Tm—M-+g q N+Tm—M+g q -t G, Dy, Xi=Ti
Form, — H4 G M = H G B; =

2 gZO 2(9) N-—1 gZO 2(9) TM—M+1+g 7 71 Ky q—(TFXKﬂ)G]TFXKqu, X;=K;

g Tm+1

13

M _ M _ THT=Ti =X (g XT1G H_gqlig T-1)D, K. qTi}, X =T,
Forms — 3 HI(g)GN" M9 = ¥ Hi(g)Gy Y ~*, Biz{q oG atGr D X

=0 =0 aT T DX (K46, T DY), Xi=Kq
M
Hi(g)= ¥ B;, lim SUM(N) =SUM(q), lim H9(g) = H(g).
X(T)=gi=1 q—1 q—1



7.2 Property

M
7.3. V§SUMg(N,PS,[1,2..M]) = [] (K;+D;GT).
i=1

FORMAL CALCULATION OF Q-BINOMIAL |

7.4. In SUMg (N, [.PS..], [.T+1,T+2..T+ M...]), K; can exchange orders.

Form, is simplest, X = Tpgy — M — p. By using 3, we can obtain:

P M q N+X —gp M q N+X+g M q N+X+M—g __—gp
7.5. VESUMq(N) = ZOH1 (9)GXx {1544 = ZOHZ(Q)Gx+1+g = ZOHS(Q)GX+M+1 a >
Definition 16. ng— = q "G}, ng+ = q"G}, ng_!=nq_..2q-1q—, 04! =0, ng! is similar.

By using Form;, we can obtain:

Q
7.6. SUM4(N, [L4 4 quf...Lqu, PS], [Ly,L2..Lg, PT]) = .H] Liq75UMq (N, PS,PT). So Ty can great than 1, T, € IN.
1=

M
7.7. SUMq(N, [Ty, T, . T L [T1, T2 Td) = .H] Ty G
1=

N—-1
SUMq(N, 14—, 2q—..Mq_],[1,2.M]) — Zo qrGI GG M = GlG3..GMG
n=

By definition and 4:

78. InHI(g), > TIq*"=Gpm_, =Gt
X;eK

7.3 Application

7.9 >

OSA A< SAMKEN

q7\1+7\2+...+7\M _ G]]:IAJrM _ GHJrM [6]

N A2
Proof. SUMg(N+1,[1,1..1]:0,(1,3.2M—1]) 5 H(g > 0) =0, H§(0)=1— Y g™.. ¥ M =G6y™. O
Am=0

7.10. qM A AAM = q(g‘”‘)GKJ/ﬁM'
TSAM <A< . <AMESN+M

N+M
M+1 -

N M oo 2 1 T2hdM N A 5, 2
Proof. 3 gqM*m.. 3 q* § gltM =gl T gt §ogt 3 gt
Am=0 Ar=0 A1=0 Am=0 Ar=0 A1=0
M+1

7.11. 5 q?\1+)\z+...+)\M _ q(2 + )+(A4)MGEA—A+1’ A BeZ
ASA | <A<..<AM KB
By simply following the definition of product, we can obtain:
M X M g+1
7az. [[ (1+q7tiz)= 5 q(z )+A9Gg/‘zg.
i=1 g=0
M . M M ) M
A=-1 or 1,it's q-Binomial Theorem: [] (1 + q'z2)= ¥ q(Z)GgAzg T (0 +q2)= 3 qV
i=1 g=0 i=1 g=0
IfTi—F] :Ti+1r D; =1, KiZKiqii
X, =Tq Xt gTi—XKk-1 —(M—Xk-1) gTi—XKk—1 T+X1 gTi—Ki—X1
Bi of H?,Z,?)(g) = {Xi—Kiq_ = {E*KiGKi+XT71 = {ZKiGKiTi+XK1 = { —K; gKitX11

It’s similar to 1.1. Replace each Bj to G?i in H(g, [K1, K3..Kml, PT) and multiply by q’ to obtain HY9(g).
If there is another K; + 1 = Kj1, 7.11 can be used to obtain general formulas.

Expansion of 2:

M M
7.13. GRIA_:_]\]A = Z q(9+1)9Gg/lGN GN+M+P — Z q(9+]+P)9GSAGy:1P+g_

1+g’ °"M+1+P
g=0 9 g=0

AJ=0

14
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Proof.
SUMq(N, [Tq—,2q—..Mq—],[1,2.M]) = Mq_IGN I = Z Hi(g)GY, , = SUMq(N, Mg, ..., 1-],PT).
Hi(g,T) = gq+!, Hi(g, Y K) = G’I\AG’]\A*1._,G?+1 q (M+1)(M g) Y Mt A,
1< <...<)\M79<M
(gﬂ) —(M+1)(M~—g) A+t AM— B
H?(g) _ g 1gA]<4..<Z>\M,9qu ’ _ q(gH)qf(lvlﬂ)(Mfg)q(lzvl gH)GM_g _ (g+1)gGM 0
Mgq-! ™ q7(1+2+..<+M) - q7(9A+1) =dq g -
M
N _ _ 92 M [N+M—g
7.14. GMfggo( q7Gj [ZM }q%.
Proof.
SUMg(N+1,[q": (q—1)q',q%: (q—1)g%...q™ : (q — 1)g™M], [1,3..2M —1])
N A A
— oy gPMM i q2ret2 ZZ g2+ — q@““) 5 G2 A1t Am) = q@“‘) [TI:I/FLM] _
Am=0 Ar=0 A1=0 0KA < KAMKN q?

qXT1{(gXT G]TiquiGi(T 1)Di—KiqTi)=— gt 12X T =i 142XT X T,

B; of H{(g) :{ )
' 3 aXT 1 (Ki+G, T D) =g T 1(qi+G, T qi(q—1))=q2XT-1Hi—qi+2XT X, —K;

Factor q' is present in all of them here, so q{' *2+*+M) can be extracted.
M+1 2
HY(g) = (—1)9q1+ 2Tt M)—gt2(14 24 4g) 5= TTg2XT = (= )gq( )+9 [SA]qz
X;eK
M+1 M N+2M— M+1 M 2 N4+2M—
0TI NM] = Y RS @GN = a5 (199 (3] L 60
q g=0 g=0
O
Definition 17. qER’,l = > G?”G?Z.NG?M = Sg(N + M, N).
TSAT A< SAMEN
715. (GPM =(1+q+..+gN"1)M Z 9q+!S7 (M, g)GNq_9
Proof.
VeSUMN, g, 1q—1q-1, [1,2.M)) = TT( + H) = ¢ M(GITIHM = g-M(GNHM
M—1
=q '"VISUM(N,[1q—,1q-..14-1,12,3. M) =q~ Zo Hi(9)GY, ,qa79.
g=
B q1+xT,1G§i+U*XK 1 quG1+XT q71ql+XTG1+XT X, eT
v q—]+G:<T71 q_]G1+ T-1 q—1G]+XT X;eK
H?(g,T):q—(9+”(g+1)q+!,H1 (g, > K)=q M~1-9) EQHL
M—1
(GMM = gM-T Y g (9 (g4 1), g~ M1-9)59(M, g+ 1)IGN, ;g 9. 0

g=0

By using PS = [K; +1: D;(q—1)] and PT=[1,2..M], we can obtain:

N—1 M M Xo X
n . oMy q N _Ja7T(q7T—=1)Dy, X4€T
7a6. ™ I (K Dia™) = & HiaI6H, o, By = {{ T4 D 005
. M . M
Ki=1,Di=q 'z— VSUMM~+1) = [ (1+qM7'z) = 3 H(g)G}'q~9(x).
i=1 g=0

[ dXT(qX*T—1)q 7z, X =T
e {1+qu q lz=14q " XK-1z=14q XKz, X;=K;
H?(g):q1+2+...+gzg(q1 —1)...(q9—1)[ . Z . 1q"‘*---”‘g}(1+q*1z)...(1+q*(M’9)Z)
—MA <. <AgS—

M g+1 g+1\__
(*):gzoq(z )zg(q1 —1)...(q9—1)q(2 ) IMIDGM (1 4 g 12)...(1 + g~ (M-9)2)GMq9.
M M—g+1
=5 ¥ oM (2 )zg(qM—U...(qM*g“ ~1(q" +2)..(qM~9) +z)G}
—0

Combining g-Binomial Theorem, we can obtain:
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M M
7a7. Y. qB)Z9GM (M — 1) (@M 91T —1)(qM 9 4 2).(q" +2) = ¢ 3 q(B)zegM,
9=0 9=0

Using 7.16 and induction, we can obtain:

1,X:€T, X1 =0

M Xro1(gXT1-1 =
aMy N ) _ [ (q 1Dy, X; eTXT1>0
718 Z H +qu )_g§1f(g)Gg +NHKllf(9)_ZHBV Bl_ KUX EK XT ]_O

n=0i=
Ki+qXT-17"TDy, X; € K, X7_1 >0
Mn Mm% n M2 gmM & n_ M(_1)9q(3)gniM-9
719. g™t = 3 Gy IT (a"—q)=a ™M ¥ a9[g"], 1 I (q ZG )9q'2) Gy, :
9=0 i=0 9=0 i=1

Proof.
qM“*V1SUM( 0, 1..1]~q 1,01,2.. M])

ZH? G“qQ*ZHq n+g ZHq n+M gq g
=0

LD

q'XTo1Gy ‘(q 1)=aXT (¢XT 1), X;€T
o H¥(g, T) = (q—1)9gq+!, H} K)=GM
{ 165 (41— q T —qT, X,k , Hi (g, T) = (q—1)9gq+!, Hi(g, LK)

ST (X1 1) =g XT (qXT 1), XeT
—(1+X1_1) =q- 1q7XT XeK

, H3(9,T) = (q—1)99q-1, H(g, T K) =g~ M9 [}1] .

X7 __ 4X g+1
B Q’?T 1=q%7, )jeL et ! Hg(g,T) - (_])gq(z )' Hg(g,ZK) =
O

N k3
7.20. > .. Y Z gkrtke -tk gBESUMq (kq, PS, PT) = VE "SUM4(N, PS, PT).

kr=1 kz 1k=1

k3

7.21. Z Y Z grkrtkat-taeg | SUMg (ky, PS, [1,2..M]) = Vi *SUMg(N, PS, [Ty = i+ (r—1)]).

k=1 kz 1ki=1
7-22. 2 g2t M (KL G Dy A+ .+ GTM D)

o< <..<np<N=-1
={a"Dm + q*(Dm +Dms1) + .+ qM(DM + Daggr + ..+ DGR +KGRyM

M - M—1 g M—1—g M
7.23. (K+gD)M =(q—1)D Y} (K+D)?(K+gD) + (K+D)
g=0
Proof. PS = [K+D,K+D..K+D]:(q—1)D,PT = [1,2..M].
XT(gXT—1)D, XeT a b

Bi=43 ' JHI() =q'(q'—1)D (K+D)*(K+gD)".
t {K+DqXT, XeK 1 qa'lq a+b:M;1,a,b>0 q
H{(0) = (K+D)M
SUMgq (2) — SUMq (1) = H{ (1) + H{(0)GZ — H{ (0) = H{ (1) + qH{ (0) = q(K + gD)M. O

7.4 Relationships between H9(g)

M
7.24. PT=1[1,2..M], H{(g) = q919+1) 3 HI(K)GE. 3]
k=g

9
7.25. PT =[1,2..M] ,H{(g) = kZo HY (k)G gq (g+1)(g—K),

Proof. Direct verification when M=1, assuming M holds.
(x)H] (PS1,PT1,g) = ngqu( =1+ (Km1 +GYDm1)HT (9)

M
=q9GYH{(g—1) Z HY ()GNM 5, 1499717 + (Kpr + GYDmr) Z HY (x)GM 5qlothlom),
(++)H{ (PS1,PT1, g) Z H3 (PS1,PT1,x)GM T sqlothlo—x),

M M+2_ _ e
= ; Hg(x){gT_ﬁ;DMH —KM+1qM+2}GM+?7gq(g+”(g =1
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M
+ Zo HY (x)(Km41 + G¥ D )G,\’\fllﬂ:;q(“]](g*x).
=

Ttems containing Kp41:

Kt GMit;q(gﬂ)(gﬂd — gMT 2K GM:{_gq(gH)(ng*U =Kma1 Gm:zq(gﬂ)(gfﬂ_

Items does not contain Kpq4 1 :
In (x) = q9G{Dm1 GM:;H qo9le—1—x) 4 G{Dm1 GM:gq(QH)(g’X).

Divide by Dai1199¢909 1) (q— 1)~ = (g9~ 1)GM F_, + (49— 1)GM3q9* = (q9 — 1)GM 1%

M+1—g M+1—g
M+2_ x+1 o o B B
In (**):%DMHijﬁ_gq(gﬂ)(g x ”"‘G?DMHGME—S‘J(QH)(Q x),
Divide by Dap4199q9(9- 1% (q—1)"!
= (@M =DGNLY g+ (a9 - a9 MG Ty = (a9 - DG -
K K—g+1 K K—g+1 - B
726, (qQM —1)...(qM-K+1 _1) = ZO(_qu(z >GSAGMZ1% _ ZO(_”gq(z >+(K g)(M K)Gg-
9= g=

Proof. 7.25 and 7.19 can obtain the first equation, the second equation is derived from 7.12.

Similarly, using induction to prove:
k—g

M
7.27. PT=[1,2.M], Hd(g) = Y (—1)“*9@5(““*”*(2 >H$(k).
k=g

g 1y (9 k
7.28. PT=1[1,2.M},H{(g) = 3 (~1)*T9GMKql9T D97 (2 >H$(k).
k=0

7.29. PT =[1,2..Mland Dy =1, H{!(g, S K) = FRy_ o x qE§ +F{y_g 1 X qE] + . +F§ X qERy_ -

M
This indicates any géo (19G§((+9 can be converted to ]\221, VASUMq (N +B, [Ky,Kz..Km1, [1,2..M]).

Using 7.27, 7.28 and 7.5, we can obtain the inversion formulas.

; M ox M e M CX+Mog,
7-30. If Zoag Ytg = Zo 99v4g = Zocg Y+M -

M 9
1. agq“*Y)g =q9(ot) ¥~ kaSZ > Ckgmigq(gﬂ)(gfk)q(PY)k,

k=g k=0
M _ k—g
2 by = L (-1Er9gkq HEHE g gt
=9
_ 9 _ (g—k)—(97 _
3 cgq' Y19 = 3 (L1 roGhTEg @O g v

k=0

7.5 Merge and Expand

7.31. Necessary and sufficient conditions for merging, 0 < K < M:

M M=K M x—g
. Y HGY, .~ ¥ (G, .+ X (—1)"Ggq*x(’<+”+(z JH(x)g1=Y)* =0, 0 < g < K.
n=0 n=0 X=g
M M-—K g g—x
2. Y HGE, . = Y (IGY g 1 > (_1)Xgmi>g<q(g+n(gfx)f(z JH(x)q=Y)x =0, 0 < M —g < K.
n=0 n=0 x=0
M X+n MoK X+K+n M
3. 2 HMGYIT — X (G Igin: X H(x)G5 =0, 0< g <K
n=0 n=0 X=g
M M—K g
4 Y HMGH Y = ¥ (GRS Tk X HXGN yqletDlexql=¥Ix =00 <M —g <K
n=0 n=0 x=0

Using Y=1 and 7.13, we can obtain:

M x—g M x
7.32. > (—I)XGSGQAq(Z J=0,0<g<M, ¥ (—1)*cMq(3) =o.

x=0 x=0

17
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7.33. P=A+T+1-Y, M>A > o,

M A

M~A+LTHg ~X (g+1+T—P) _ AT AMATHXAXEM-A x(x+14+T—P)
ZOGg Ga Gy gq9? = Zo GLiT GmaT  GYimM_A1xd :
g= x=

Proof.
SUMG(N, [(T+1)q—, (T+2)q—e(T+M)q—], T+ A+ 1..T+A+M]),B; of H] (g) = {q

q=(T+1) G1TH+XT, Xi=Kj

X1 G']T+A+17XT  Xi=T,

M
_ X 9049) \TLA+1 ~T+A+g T+M  ~T+g+1  —(M—g)(T+M+1) At
- Z GA+T+]+gq 2 G] G] X G] G] q 9 Z qZ i
g=0 1A <.<Am—gsM
M
= (a"-1)-(g=1) X 9030 (M—g)(T+M+1)+ M=0t)DM=0) _ T4m T+A+1 A+THg M
_WQEOGA_‘_T_‘_]_'—Q(] 2 9 2 X(q —])(q _])GA Gg

=q (THAFDGIHFATT = (TEMIGTTMSUM (N, [(T+ 1) g T+ A) gL, [T+ M+ 1. T+ M+ A))

—(M—A)(T+A+1+T+M) A (1+4x) (A—x+1)(A—x)
5 G]T+A+1WG]T+M S GXHM—A  EEE — (A—x) (THA+T )+ S A
=0

=q
xX=
x G TMFT G +MIx o GIFA LG T GE.

MAT+1+x

X g(1+9)=(M=g)(g+M+1+2T) A4 T g M
- g;o GA4T+1444 2 Ga Gy
—(M—A)(T+A+1+T+M) A x(14%)—(A—x) (x+A+1+2T)
— +M—-A MA+TH+x~A+T
=4 2 Zo GMGT+14x4 : CIVEE S,
xX=

M A
- Z GSAGQ+T+QGX gqg(g+1+T) — ZO GA+TGM+T+XG),\<A+M_A qx(x+1+T)_ 0
— xX=

A+TH14 x+T IM+T +T+T1+x

g=0
The difference between this and 3.8 is that M>A is required.
M M
A=0 T GHGN,; (@907 7T = T GHGY, o MOMoO T Z GNM,
9= 9=
K
K=T+1+M— GQAGE_gq(M*W(K*g) = G}:’*M. It’s the q-Vandermorde Theorem.
g=0
M . g—B M
0<B+A<M,731 ZOGQAG/Q”WGgq aA+(3 )(_1)9 —0— ZOGSAGﬁﬁgG%q(g)*g(AHB)(_])9 =0.
9= 9=
A and B have symmetry, 2—.

M X1+g~Xo+ g
7.34. Y GMGATIGR2T9q(2)-9(ABI(1)9 =0, 0 <B+A <M.
g=0

M M+1—g -
7.35. > (—1)gGgAG>§A+qu(2 )+ M=K _(_1)MGX X4 g0, K30,

Proof.
SUMg(N, ((T+1) g, (TH+2)g— e THFM) g LIT+HK+M+1, T+K+M+2..T + K+ 2M]).

g(l+g)7(M7 M—g+1
=5 g)(T+M+1)+ T+K+M+1 T+K+M+ T+M  ~T+1+ T+M+1-~M
Hi(g)=q 2 (2 )><G1 MG, Ix Gy MG T I x G MG

M
HI(0) = Y (—1)9HI(g)q—9(g+ D+ HH—(THKEMIg — ()M q=M(T+I+T+M) GKEMGRM=T | GK+1,
g=0
M _
= (—MGKM gK+T = 5 (c1y9q ) M—gK Gy TRIME GTHREMAT o GTHMGIH1H9 x GM,

M M—g+1 o
L (CTMGLFKTM ZO(_”gq(z )+(M—g)K (T MEagM,
g:

7-6 Matrix of SUMg(N)

Let P=N+Tm —M, Q = N — 1, corresponding to the three forms, define A? 2,3(P, QM) =

P P P P+M P+M P
Gh GP Gh ... Gh GHM L. Gh Ly
GP:'_M GP+M GP+M . ‘ GPJ‘rZM GPj‘LZM GP+M

Q+M Q Q+M o Q+M Q+M Q

18
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7.36. | AF(P,Q M) ||=[| AF(P,P—Q M) ||= ﬁﬁm LGM q( P F2(PE2 b MPEM),

I A;‘(P,O,M) = q(P+1)+2(P+2)+...+M(P+M L Ag(P,],M) = GP+Mq (P+1)+2(P+2)+..+M(P+M)

GP GP+2‘I GP+2M M1
7.37. | AT3(P, QM) [|= g8 . gfirg ).

8 MULTI-PARAMETER FORMAL CALCULATION

2-parameters Formal Calculation calculate nested sum of Ki + (1) Dy i + () D2i.
N-—1
SUM(N, [K;],[Ti1 =1:Dq1),[T21 =1:D21)) = Y (K3 +Dyim+Dy; ().
0

n=
SUM(N, [Ky, K2, [T1,1: D11, Ti2=T11+2—p: D12, [T21 =T1,1 : D21, T2 =Th 2: D2 2l)
N—1
= Y (Ky+Djon+Dyy (3)VPSUM(N, K], [Ty : D1l [To,1 : Do)
n=0
The definition of SUM(N, PS, PTy, PT,) is recursive. There is always T; = Ty = T2 4.
Use the Form: (K] + T1,1 + T2,1 )(Kz + T 2+ Tz,z)...(KM + T][M + TZ,M)-
Use T; to represent the set {T7 1, Tq2...T1 m}, T2 to represent the set {T21,T22.. T2, m}-

Definition 18. X(PT;)=Number of {X;..Xpm} € Ty, X(PT2)=Number of {X;..Xpm} € T2, X(PT)=X(PT;)+2X(PT>).

Definition 19. Xp1=Number of {X;...X;} € Ty, Xp12=Number of {X;..X;} € T2, Xp1 = XpT1 + 2XpT2.

8.1. SUM(N, PS,PTy,PTH)
K; +XPTD],i + (;(PT) DZ,i/ Xi =Ky
Z H ( (N+T’\]\44+1+g> ,Bi=9q (Ti—=1+Xpr)Dyi+ (Ti =i+ Xp)(Xpr —1)D2i, Xi =T
(;_ifi+XPT) DZ,i./ Xi — TZ,i

" Ki— (Ti—i+Xpr+ D1+ (3 7TH2) Dy, X = K

=3 Halg) (NNCNYS) Bu=4 (Ti= i Xpr)Dai— (Te =i+ Xpr)(Te =i+ Xpr + D2, X =Tz
g=0 <;—i—i+XPT> Dz,i, X; = Tz,i
™M Ki+Xpr_1D1i+ G(Pp]) Do, Xi =K

=% Ha(g) (NIXANT9), Bu={ —2Ki (Ti+i—1-2Xp7 1)D1i+ (T +i—Xpr 1)D2g Xy =Tit .
=0 Ki— (Ti+i=T=Xpr D1+ (3777771 Do, Xi =Tos

According to this way, it can be extended to multi-parameter SUM(N) and SUM(N). This formula is complex and

has not been studied in terms of analysis yet.

9 A THEOREM OF SYMMETRY

In this section, T; > 1.

By 2.9, we have Hj (g, PT, PT) ]_[ T ()') = ]_[ T; (Q,M g)

Promoted it: Set T come from p Source S1, S 2. Sp

Definition 20. Diff(Sx,Sx) =0, Diff(Sx,Sy) = —Diff(Sy,Sx) =1, x > y.
Definition 21. Diff(T;, Tj) = Diff(Sx,Sy), Ti € Sx, Tj € Sy.

Z

Definition 22. W(g1,92...9p, [T1, T2..Tml) = > [T (Ti+ > Diff(T;, Tq))
91+92+..+gp=M,g;{=[S;| =1 j<i
In set T, g1 come from Sy, g, comes from S;... gpq comes from Sp.
9.1. W(91/92---9p/ [T],Tz...TM H T (9]/92’ IQM)
M Tit+ X Diff(T,Ty) b 1
Definition 23. Wq(9g1,92...9p, [T1, T2..Tml) = [1G, '™ q/ =PI R

gi+g2+..+gp=M,gi=[S;| i=1

19



DECLARATIONS |

initi M_1)(gM"-1)..(q"—1
Definition 24. GM = a1 -(al=1)
70(‘191—1)(qgi*l—l)...(ql—ﬂ

91,92--9p ;91 +92+..+gp =M

i

M
9.2 Wal91,92--9p, [T, T2 Tl = (I1 GG g, g, i1

Proof.

W(1,1,[T, ) =G,'G12" " +G]'G|* 'q = G'G]2G3. Holds
Suppose W (g1,92, PT) holds,

Wq(g1,92 +1, [PT, Tmg1]) = Tmg1 € Sourcer + Tpm41 € Source;

:Wq(g1,gz,PT)G_]rM+]+g1 +Wq(91 _1’92+1’PT)G_1FM+1*(92+1)q92+1

M M

_ Ty oM Tm+1+91 Tiy~M Tme1—(g2+1) +1

—(.H]Gf)Gg],ngl +(_H1G11)G9171,92+1G1 q927 "
1= 1=

Just need to prove:
M TM+1+91 M TM+1—(M=g1+1) _M—gi+1 _ ~TM+1 ~M+1
Gg; Gy +Gg,-164 q =G,M1Gg T

g1 +1
(Right side) x (qMGgi}g—” — (@™ g 1) (@M —T1) = (1),

M— 1
(Left side) x (47 211=1) _
Gg]

(qM—91+1 7])G~]I—M+l+91 + (q91 7])GTM+1*(M*91+1)CIM—91+1

= (@M= —1)(qTMr T T g+ 1)+ (q9 1) (M T L gMT 92 gMmai Ty = (),

(1)-(2)=0—1t’s holds when p=2.
AL Tiyr91+92+93
Wq(g]r 92 + g3r [T1/T2TM]) = (}:[1 G] )Gg],gz+g3 .
Every product has g; + g3 factors come from Source;, divide them to g, x Source; + g3 x Sources.

g1-factors are invariant, (g, + g3)-factors are variant.

92193 )
> I (variant factors) = Wq(92, 93, [X1,X2..Xg,+¢5)) = ]_[1 G?‘Ggﬁz‘f‘.
1=

M M
T _ T
Wq(91,92,93,[T1, T2..Tml) = (il:[] GGl o5 g3 Ga2eY" = (11:[1 G11)Gg) 6955 %

For example:

Wq(1,2,01,2,3]) = $15252 + 525152 + 525251 = G} G3 G + GG} qG} + G] GG q? = G]GIG3G3 .
When Wq(1,2,1,2,3]) changes to Wq(1,1,1,[1,2,3])

=515283+51S3S2 +S5251S3+S53551S2 +S25351 + 535,51

:Gi{GiGj +2G?G?q1}+G1} ng}zG?+G1} Gz?q}1+§}QZ{G}Gi +2G}3G}3q} 2 1020303

= Gl{GIG1G1,1}+ G]q{G]G]G1,1}+ Giq {G1GlG1,1} = G;G763 G1,2 X Gm = G;G763 G1,1,1-
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