Any rational number NNV is the sum and difference of four rational
fourth powers in an infinite number of ways

Seiji Tomita

Abstract
It is known that the equation X*+Y* — (Z4 + W4) = N has infinitely many rational solutions for any rational number N.
We present three new solutions for the equation X* +Y* — (Z* + W*) = N.

1. Introduction

S. Ryley[1] proved that “Any non-zero rational number « is the sum of three rational cubes in an infinite number of non-trivial
ways.”

(9al6 — 30a2d® + a*)(a® + 3d3) + T2a*d® )3 <3Oa2d3 —9d% — a4)3 (6ad2(a2 +3d3) — 12a3d2>3 .
6ad(a? + 3d3)? 6ad(a? + 3d3) (a2 + 3d3)? -
H. W. Richmond|[2, 3] gave a simpler solution:

(sg +d27n3)3 N ((97136 - 29 - 27n3)3 N (9s3n(s; —3n

R. Norrie[4] proved that “Any rational number a is the sum and difference of four rational fourth powers in an infinite number
of ways.”

3
)) = n where d = 3(s® — 3ns® + 9n?)s?.

((2& +Ab)c3d)4 N <2ac41; bd4)4 B <2ac42_ bd4>4 B (WY o where A — Zhod and b & — .

As far as I am aware, no new results on the fourth powers have been reported since Norrie.
We will give the three new solutions for fourth powers.

2. Solving the diophantine equation X%+ Y* — (Z4+ W) =N

X'+ Yt - (Z*+WhH =N (1)
We will give three methods to prove that there are infinitely many rational solutions of X% +Y* — (Z4 + W) = N
where N € Q.

2.1. Method-1
Substitute X =ax+b, Y =cx +d, Z =ax —b, W = cx — d into equation (1) where a,b,c,d € Z. We obtain

(8dc® + 8ba®)x® + (8d3c + 8b*a)xr = N. (2)

To vanish the coefficient of z® of equation (2), we take b = ¢ and d = —a>.
Hence, we get z = —N/(8ac(a® — c®)).
Finally, we obtain a parametric solution as follows:

X =a(—N + 8c*a® — 8¢'?)/f,

Y = —¢(N +8a'? — 8a'c®)/f,

Z = —a(N +8c*a® — 8c¢'?)/

W =c¢(—N +8a'? —8a*c®)/f,

f = 8ac(a® — ).

~
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Thus, any rational number N is the sum and difference of four rational fourth powers in an infinite number of ways.
Numerical examples:

Table 1

1=
2=

(2039/2040)4 + (32641/4080)* — (2041/2040)* — (32639,/4080)*
(1019/1020)* + (16321/2040)* — (1021/1020)* — (16319/2040)*
(679/680)* + (10881/1360)* — (681/680)* — (10879/1360)*
= (509/510)* + (8161/1020)* — (511/510)* — (8159/1020)*
= (407/408)* + (6529/816)* — (409/408)* — (6527/816)*
= ( +
= (2033/2040)* (32647/4080 (2047/2040)4 — (32633/4080)*
(254/255)* + (4081/510)* — (256/255)* — (4079/510)*
(677/680)* + (10883/1360)* — (683/680)* — (10877/1360)*
0 = (203/204)* + (3265/408)* — (205/204)* — (3263/408)*

= (

339/340)* + (5441/680)* (341/340) — (5439/680)*
)
= (

Table 2

), N =
), 7 (2033/2040) + (32647/4080)* — (2047/2040)* — (32633 ,/4080)7

), 7 = (52473/52480)* 4 (4250887/157440)* — (52487 /52480)* — (4250873 /157440)*

), 7 = (524273 /524280)* + (134215687/2097120)* — (524287 /524280)* — (134215673/2097120)*

), 7 = (3124985/3124992)* + (1953120007/15624960)* — (3124999/3124992)* — (1953119993 /15624960)*

), 7 = (1919559/1919560)* + (2487749761/11517360)* — (1919561/1919560)* — (2487749759/11517360)*

), 7 = (46118393/46118400)* + (15818611201/46118400)* — (46118407/46118400)* — (15818611199/46118400)*

), 7 = (19173959/19173960)* + (78536540161/153391680)* — (19173961/19173960)* — (78536540159/153391680)*

,1),7 = (344373753 /344373760)* + (2259436239367 /3099363840)* — (344373767 /344373760)* — (2259436239353/3099363840)*
0,1),7 = (799999985 /799999992)* + (7999999920007 /7999999920)* — (799999999/799999992)* — (7999999919993 /7999999920)*

2.2. Method-2
Substitute X =ax+¢, Y =bx+d, Z =ax+e, W =bzx + f into equation (1) where a,b,c,d € Z. We obtain

(—4ea® +4db® — 403 +4a3c)x® 4+ (=6 £2b% — 6e%a® + 6420 +6a°c?) a2 + (—4f3b+4cPa— 4t a+4d°b)z+c +d* — f—e* = N. (3)
To vanish the coefficients of 2® and 22 of equation (3), we take
e = (2db%a — bc+ a’c)/(a* + b),
f=—(-2ba’c — db* + da*)/(a* + b*).
Hence, we get
x=(Na'? — 8bcd®a™ + 24b*c*d*a'® — 24db*c*a® — 8a®d*b*
+ 3a®Nb* 4 8a3b* ¢ + 32b°cda” — 484205 c2a® 4 32db" Pa®
+ 30 Nb® + 8a"b%d" — 8a"b®c* — 24d°b7ca® + 24d*b'c?a® — 8db' Pa + Nb'?)
/(8(a* + b)ba(d®a” — 3bed®a® + 3b*c*da® — bPcat — d*b*a® + 3bPcd®a® — 3b9cPda + b c?)).



Finally, we obtain a parametric solution as follows:

X =a(—8a*b®c* — 8a®d*b* + 3a®Nb* + 8a'v®d* + 3a* Nb® + 320°cd®a”

— 48d%%¢?a8 + 32db"c3a® — 32307 ca® + 48d%b'0c?a® — 32db* Pa + 8b' 2t + Nb'2 + Na'?) /g,
Y =b(—8a*b¥ct — 8a¥d*b* + 8aPb*c? 4 3a®Nb? + 30 NV® — 32bcd®al?

+ 48b%c*d?a'® — 32db*cPa® + 320°cda” — 48d%b°c%a® + 32db"Pa® + Nb'? + Na'? + 8d*a'?) /g,
Z =a(8a*b®c* + 8a®d*b* + 3a®Nb* — 8a*b®d* + 3a* NV® — 326°cd®a”

+ 48d%b5c?a8 — 32db" a® + 32d3b%ca® — 48d%b'0c2a? + 32db 3a — 8b'2ct + Nb'2 + Nal?) /g,
W = — b(—8a*b®c* — 8ad*b* + 8a®b*c* — 3a°Nb* — 3a* Nb® — 32bcda’?

+ 48022 d%a® — 32db3cEa® + 320°cd®a” — 48d%b°c?a® + 32db"c3a® — Nb'? — Na'? + 8d*a'?) /g,
g =8ab(a® — b%)(da — be)3.

Thus, any rational number N is the sum and difference of four rational fourth powers in an infinite number of ways.

Table 3
(a,b,¢,d), N=1---10
(3,1,1,1), 1= (67641 /52480) + (172601/157440)* — (70201/52480)* — (34759/157440)*
(2,1,1,1), 2 = (4853/1020)* + (5873/2040)* — (4973/1020)* — (3953/2040)*
(2,1,1,1), 3 = (4873/680)* 4 (5553/1360)* — (4953/680)* — (4273/1360)*
(2,1,1,1), 4 = (4883/510)* (5393/1020) (4943/510) — (4433/1020)*
(2,1,1,1), 5= (4889/408)* 4 (5297/816)* — (4937/408)* — (4529/816)*
(2,1,1,1), 6 = (4893/340)* + (5233/680)* (4933/340) — (4593/680)*
(2,1,1,1), 7= (34271/2040) + (36311/4080)* — (34511/2040)4 — (32471/4080)*
(2,1,1,1), 8 = (4898/255)* (5153/510) (4928/255)* — (4673/510)*
(2,1,1,1), 9 = (14699/680)* + (15379/1360)* — (14779/680)* — (14099/1360)*
(2,1,1,1), 10 = (4901/204)* + (5105/408)* — (4925/204)* — (4721/408)*

Table 4
(a,b,c,d), N=17
(1,2,1,1), 7= (36311/4080)* + (34271/2040)* — (32471/4080)* — (34511/2040)*
(1,2,2,1), 7= (189911/110160)* + (24671/55080)* — (121129/110160)* — (44111/55080)*
(1,2,2,2), 7= (65111/32640)* + (32471/16320)* — (3671/32640)* — (36311/16320)*
(2,1,1,1), 7 = (34271/2040)* + (36311/4080)* — (34511,/2040)* — (32471,/4080)*
(2,1,1,2), 7= (24671/55080)* + (189911/110160)* — (44111/55080)* — (121129/110160)*
(2,1,2,2), 7= (32471/16320)* + (65111/32640)* — (36311/16320)* — (3671/32640)*
(3,1,1,1), 7= (481167/52480)* + (586127/157440)* — (483727/52480)* — (378767/157440)*
(3,1,1,2), 7= (432447/820000)* + (4532447/2460000)* — (532447/820000)* — (3567553 /2460000)*
(3,1,2,1), 7= (482367/6560)* + (488927/19680)* — (482527/6560)* — (475967,/19680)*
(3,1,2,2), 7= (461967/419840)* + (2141327/1259520)* — (502927/419840)* — (1176433/1259520)*

2.3. Method-3
Substitute X =ax+p, Y =bxr+qZ = cx +r, W = dx + s into equation (1) where a,b,¢,d,p,q € Z. We obtain

(b* +a* — ¢t — d*)z? (4)
+ (—4rc® — 4sd® + 4qb° + 4pa®)2®
4 (—652d% — 6122 + 6¢%0° + 6pa?)a?
+ (4p3a — 453d + 4¢°b — 4r3c)z +pt + ¢t —s* = N —rt =0.
Taking (a, b, ¢, d) such as the solution of A* + B* = C* + D*.
To vanish the coefficients of 2% and 22 of equation (4), we take
s = (—rc® + qb® + pa®)/d®,
r = (2¢%qb + 2c¢®pa® + 2abd®(—pb + aq)) /(2(c* + d*)c).



Hence, we get
z = ((4c%a®b°d® — 4¢%a®b°d° + 6c*a®b d* — 3¢d® — 3c%d"? 4 Pa'b® — *dta’t® + a'b¥d® — '0dt + dta’? — Hd'O)p?
+ (=8c¢*ab’d* — 4c?ba’d® +16¢"a’b d* +12¢2a”bd’ + 4cPa’b’d® — 4cPa®b” — 4a”b"d® — 12¢°a"0°d? ) gp®
+ (604a10b2d4 + 12834 d? — 12¢2a®b*d8 — 24c4aSb0d* + 12¢%a*b8d8 + 6¢3a8b8 + 60°d%a’ — 12c5a*b3d? + 604a2b10d4)q2p2
+ (12c%a°07d% — 4c%a®b3d? + 16c1a"bPd* — 4a"6°d® — 8c¢*abPd* + 423’ — 12¢2a°b7dC — 4c®a"b%)¢p
+ (=3¢12d® + Ad4b!2 + 4c2aSb5dS — AdM6 + 6crdiatt® + aBbid® — *aBbidt — 3c3d1? + Balbt — c10d* — 4cPaSbBd?) g
+¢'Nd' + 3 Nd" + ¢'®Nd* + 3¢'*Nd®)
/ (d202(c4 + d4)(c0¢3bd? + 0p3ad? + 2c8¢3bdS + 2c5p%ad® + 3ctatbOplq — adbop® — 3ctaSbipg? + Aabbiq® — 3c2a2bT pqd?
— Rd2pPa® + 3PP d® + APbd'® — 3RV — AdPPE + 3aSV pPqd? — 32adTH ¢ pd® — 3Ra VP d? + PpPad'®
— 3d%a O p2q + d4aPOp® + 3d abipg? — d4a6b3q3)).

Finally, we obtain a parametric solution as follows:

X = ((—08a5b8 — 3ac'®d* + 4d?c'°a®b® — 9ac'?d® — ctd*a'® — 4d*°c?aPb® + 12d*cBa’bt — 9ac®d? — 4cCa"b0d* — 3actdC
+4c2a"b5d° — a®b3d® + *d*a®b® + 12d8c1a®bt + 4d cBa® — 6¢ta®brdt + 4dcta®)p?
+ (4a®07d® — 12d*c®a®b® + 12d°c?a*d® + 4% d® — 12d8¢ a5 + 12c%aPb°d? + 12d%c*ab” — 12¢%aBb°db
+12d*®a?b” + 48" — 12d%c0ab® + 8c*alOb3d* — 4c8a*bd® — 161 a’b7dY) gp?
+ (—6d%b%a” + 24c*a"b%d* + 12d8c*a"b? — 12d%c*ab® — 61 aPb0dt — 12c%a b d? + 12d* Ba™V? 4 12d%c'Va’b?
—12dY°a%b* — 6ctattb?d* + 12c5a°0%d? — 12¢%2a°b8d6 — 12d* B b’ + 12¢2a°b*db — 6(38117b6)qu2
+ (12d*cPab® — 12¢%a5b7d? 4 4d"0c2ab? + 4a¥0°d® — 12d8c1%b — 4?03 d8 + 8cta*bd? — 12d*2c3b + 4d*Sv°
—4d"c*b — 4d* ' + 4cPa''b3d? + 12¢2a°7d0 — 16¢aBbPdt + 4B aBV® — 4d*c0aSb + 128 ¢t atb® + 4dPctD?)gdp
+ (—ac'd*'? + *a®b*d* + 3ac®d'? — 6¢td a®b® + 4P b0d? — 4c?aTb0d8 + 3act?d® + actCdt — Babt — b d® + actd*®)q¢?
—ac’*Nd' — ac*Nd"® — 3ac® Nd'? — 3ac*Nd®) /g,

Y = ((=bc*d*a'® + d*c'%b + 4c®a®b"d® — 4c%a®b7d? + 3d"®b — 6c'a®b°d* + *ab?d* + 3d¥c*b — a’h? + d'Octb — b d®)p*
+ (—4d*c?a’b® + 4a°bPd® — dac'®d* + 4d2cM0aPbS + 4dBcta® 4 12d bt — 16¢1dadb® + 4d* Ba® + 4Bab® + 4c?b10adE
+12¢%a785d? — 4actd® — 12ac'?d® — 12ac®d'? — 12¢2a"B5d5 — 4c8a3p10d? + 8cta®bidt + 12d864a5b4)qp3
+ (12d3c*a®b” + 12¢%a*bd? — 12d*ca*b® — 6cta?btd* — 12d8¢*a®b? + 12d* Ba?b” — 660" d® — 12¢*0%a*d°
+12d"0¢?a*b® + 24¢*aSb7d* + 12¢2a80°d — 68057 — 12d*2a®b® — 6ctatObPdt — 12¢%a®0° d?) ¢*p?

+ (12c¢2a®b8d® + 12d%c*a™b? — 12d"0c2a®b* — 16c*a”b0d* — 12¢%ab%d? + 12d*cBa"b? — 12d%c*a®®
+4c%a"b5 + 4d%0%a” — 12d*cBaPb® + 12d%c0a5b* — 4c2a®b S + 4c8a®brd? 4 8ctaPb0dt)¢dp

+ (4d* S + 128 a*t® — 4c%aSb7dC + 4d°c2abb? — 4d% 0V + 1aBbPdt — 9dM2Bb — SaBV®
—6cta’?d — aBvPd® + 4d3cM° — 3d*cOb + 4cPa®hTd? 4 12d*cPa’h® — c1d*b'? — 3d0ctb — 9dB D) ¢,
— bc* Nd"® — 3bc8Nd'? — 3bc'? Nd® — be'Nd*) /g,

Z = ((4d6a2b2010 + c'0dt — Batb® — 4d®a'Ob?c? 4 8d"a*b? P — 8dPcPat + 3c8d"? + 6¢taSbdt — 4d*cMPat
+ 3c'2d® — 4d*?cta 4 4d"ab*c? — 12c¢2a505d® + 3a*b¥d® + c*d'® — 3ctdatb® 4 3ctdat?)p?
+ (—4d*c*b3a — 8d*a3bc® + 4c3aPb” + 4d%attbc? + 24c2aTVPdS — 4d8aPbe'® — 126707 aPd®
+24c*a’b7d* — 4d*c*?b3a — 4d"abc® — 8dP B a — 12a°b7dP)gp?
+ (6c*a?b0d* + 18d%05a° — 24c*aSb8d* — 24c2a®b*d® + 6¢*alOb?d* — 6c2aCbC + 24c?a*bBd®) ¢ p?
+ (—4d%ab'c? — 12a"b°d® + 4dMab3c? + 4dCab®c'® + 8d 0 abP® + 4c¥a"b® + 24cta b d* — 4d*c 2’
—84%8a%b + 122’3 d® — 24¢%a®b"d° — 4d12c4a3b)q3p
+ (—4d™a?b*c? + 6crd* a’b® — 4d8a?b? !0 + 3c12d® + 4d%a?b0c? — BaPb? + 12c2a®b0d8 — 3ctaBbtd?
+ 3c4d4b12 + 368d12 + ClGd4 _ 4d12c4b4 _ 4d4cl2b4 _ 8d10a2b206 _ 8d808b4 + c4d16 + 3a8b4d8)q4
—c'®Nd* — ¢*Nd"® — 3¢®Nd'? — 3¢"*Nd®)c/g,



W = (d*(3c®a’® — 8d3c®a* — 8d°a’V?c'® + 6¢*a®b*d" — 4d"0a’b?*c® + ¢'Od* + 3c%d"? + 4c%a' b d®
—4d2cta + 3¢2d® + 1256505 d% — 3¢t dta*t® — 4d*c'?at — 4ctta?b? d? + *d' — a*b8d® + 3ctdtal?)p?
+ d?(12c%a3b%d? — 24c°a" VP d? — 8d®cBbPa — 4d*c?b3a + 4t aPbd® + 4a°D7d® — 12c3a°bT + 24 a®bTd?
—4d2c*3a + 4d"0a3bc® — 4c8altbd? 4 8dCabe!®)gp?
+ d?(—24c*a®b8d* + 6¢*atOb?d* — 24c%a*b®d? + 24c5aPbrd? — 6d%0°a® + 6¢ta?b'0d* + 18¢%a®h°) g% p?
+ d?(24c%a®b7d? — 12c%a"V® — 4d" 2 a®b — 8d%abPc!C + 24 a"bPd* + 4cPabt d? — 8dBcPath — 4d*c?a®b
—4d0ab>c® + 4a"D°d® — 4cMabdd? — 12¢%a®v*d®) ¢®p
+ d?(=8dc®b* — 4cPa?b'0d? + 3¢'2d® — 12c%a5b8d? + 6¢td a’b® + 3cPdM? + *d'C — 3¢t a®brd? + 3c8aPh?
+ 4cMa?p?d? + 1Od* — 4d" 2t + 3¢t d D2 — 4d* et 4 4d a2 P + 8d%a®b? et — aBbrd®) gt
+ d*(=c'°Nd* — ¢*Nd'® — 3¢ Nd"™ — 3¢"*Nd®)) /(dg),

g= 4d202(C4 + d4)(cloq3bd2 + clOp3ad2 4 206q3bd6 4 206p3ad6 + 3c4a4b5p2q _ c4a3b6p3 _ 364a5b4pq2
AP — 3202 p2qd® — Ad2p3a® + 32V pRd? + APbd" — 32V PP — A
+ 3c2aSb3p?qd® — 32 b *pd® — 3P a* b P d? + Ppad'® — 3d*a*bp?q + d*aPbOp® + 3d aPb pg® — d*a®b3 ).

Thus, any rational number N is the sum and difference of four rational fourth powers in an infinite number of ways.

Numerical examples: (a,b,c¢,d,p,q) = (158,59,133,134,1,1), N =1---10.

1= (1152088938475343058370283651 )4 + ( 1447411222389118310947848991 \4 __ (16154536110020269283069549 4 _ (13432560164358510764707469 4
T\ 468406456552475819404377120 936812913104951638808754240 7043706113571064953449280 6991141142574265961259360

2 = (74014647394230755323350303529 4 + (97200766993578308383866970969 4 _ (77676170113610372665620519769 4 _ (71332605172245644438577692329 4
T \13817990468298036672429125040 37004110067645589732945792480 16415357097677366874013547040 16292854432769326822714938480

3 = (76028447402292593516518159569 4 + (91485860468524295656862604529 4 _ (78469462548545671844698303729 4 (74240419254302519693336418769 4
T 1 9211993645532024448286083360 24669406711763726488630528320 10943571398451577916009031360 10861902955179551215143292320

4 = (77035347406323512763102087589 4 + (88628407205997289293360421309 )4 _ (78866108766013321434237195709 )4 __ (75694326295330957320715781989 )4
6908995234149018336214562520 18502055033822794866472896240 8207678548838683437006773520 8146427216384663411357469240

5 = (77639487408742064251052444401 4 + (86913935248481085475259111377 4 (79104096496493911187960530897 4 (75566670519948019897143399921 4
T\ 5527196187319214668971650016 14801644027058235893178316992 6566142839070946749605418816 6517141773107730729085975392

6 = (78042247410354431909686015609 4 + (85770953943470282929858238089 )4 _ (79262754983480971023776087689 4 (77148233336359394948095145209 4
1 4605996822766012224143041680 12334703355881863244315264160 5471785699225788958004515680 5430951477589775607571646160

7= (548309531880542861660969965303 4 + (594681771079237967782003300183 )4 _ (555632577319302096345510397783 )4 _ (542945447436572639891424742903 )4
T\ 27635980936596073344858250080 74008220135291179465891584960 32830714195354733748027094080 32585708865538653645429876960

8 = (78545697412369891482977979619 4 + (84342227312206779748107146479 4 (79461078092214795818545533679 4 (77875186856873613761784826819 4
— \ 3454497617074509168107281260 9251027516911397433236448120 4103839274419341718503386760 4073213608192331705678734620

9 = (78713514079708378007408634289 4 + (83865985101785612020856782609 )4 _ (79527185795126070750135349009 4 _ (78117504697045020033014720689)4
T\ 3070664548510674816095361120 8223135570587908829543509440 3647857132817192638669677120 3620634318393183738381097440

10 = ( 78847767413579167226953158025 )4 + (83484991333448677839056491513 )4 _ (79580071957455090695407201273 )4 _ ( 78311358969182145049998635785 )4
T\ 2763598093659607334485825008 7400822013529117946589158496 3283071419535473374802709408 3258570886553865364542987696
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