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ABSTRACT

Classical fractional derivative does not reflect hysteresis characteristic, the unique
characteristic of fractional derivative. In order to overcome it, identification approach for
the system with input delay expressed by conformable fractional order derivative is
proposed. Simulation results shows that the proposed approach infers systematic
parameters with high accuracy.
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1. Introduction

Fractional calculus is now being widely used in many aspects such as automatic
engineering, signal processing, mechanics and biology [1]. It is because it reflects
characteristics of many objects with hysteresis characteristic more accurately than integer
calculus [3]. A number of approaches on this subject have been proposed up to now.

Because of its uncertainty in its physical meaning, fractional identification has become
the most primitive process in its application. Riemann-Liouville and Caputo, Grunwald-
Letnikov’s fractional calculus is called as classical fractional calculus[9,12-17].

But this is unable to reflect completely its past history of its physical process because
weight function of integrand has power characteristic [4-8, 10-11]. For this, conformable
fractional calculus is proposed [2]. This paper proposes identification approach in case the
system expressed by conformable fractional derivative with input delay. Input delay gives
a big effect on output property.

Thus, input delay should be considered in systemization. This paper consists of 5 parts.
Part 2 covers fundamental conception, 3 proposes conformable fractional identification
approach, 4 gives simulation results, and finally, 5 gives conclusion.

2. Background knowledge
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This chapter covers definitions and properties of classical fractional calculus and
conformable fractional calculus in sense of Liouville-Caputo.

2.1 classical fractional calculus [18]

Definition 2.1 When  b,a is a finite interval on real axis, Riemann-Liouville’s
 0  R order fractional integral fIa


 is defined as follows;
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where   is gamma function.

Definition 2.2 Riemann-Liouville’s R order fractional derivative yDa

 is

defined as follows;
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Definition 2.3 Caputo’s fractional derivative   xyDa
C 

 defined on   Rb,a  is
defined as follows based on   xyDa


 ;
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Lemma 2.1 When 0 ,    b,aLxy 2 or    b,aCxy  , the following equation is
sustained;
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2.2 conformable fractional calculus in sense of Liouville-Caputo [2]

Definition 2.4 Conformable fractional integral in sense of L-C for 10   is
defined as follows;
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Definition 2.5 Conformable fractional integral in sense of L-C is defined as follows;
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Lemma 2.2 Conformable fractional integral in sense of L-C is equal to R-L fractional
integral, when 1 .

Lemma 2.3 Assume that    ],[, baCtf n
a . Then,
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3. Main results

3.1 Conformable fractional operational matrix in sense of L-C

Definition 3.1 [19] The block pulse functions defined in half-closed interval ),0[ T is
defined as follows;
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nhth,
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1n  1 (3.1)

where Nn ,...,1 . N is the number of Block Pulse Function(BPF)s,
NTh / .       TNN tbtbtB ,...,1 is block pulse vector.

When every component of  TNff ,...,1f is defined as
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any absolutely integrable function in ),0[ T is expressed by BPFs as follows;
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Definition 3.2 Assume that   ,F is conformable fractional operational matrix in
sense of L-C with ]1,0(,  . Then, an element of this matrix is obtained as follows;
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where
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Proof Case 1

When  hnt 1 ,    00 tbI nt
C  . Thus, Matrix   ,F is upper-triangle matrix.

   jif ij  ,0,

where, when   nhthn 1 ,
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Diagonal element    Nn,,fnn 1 of Matrix   ,F is determined by average
value in   nh,hn 1 as in Equation (3,2). i.e.
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Case 3

When    nm  ,mhthm 1 ,

      

         















nhthnt

dttbI
nh

hnnt
C













 


   



1
1

1                 

11 
1 1

1

0

.

Element    mn,,fnm  of Matrix   ,F is determined by average value in
  mh,hm 1 like above.
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To sum up, we get Eq. (3,4). (End of proof)

Conformable fractional calculus in sense of L-C of  tf using the definition above is
approximated as follows;
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3.2 Delayed conformable fractional Integral operating matrix in sense of L-C

From Eq. (3,2), absolutely integrable function with delay )( tf is developed as
follows;
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If time delay T is given as follows;
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Thus, delay matrix kE is expressed as follows;
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Thus, conformable fractional calculus in sense of L-C of  tf is approximated as
follows;

mailto:https://orcid.org/0009-0009-0994-5469


        tBE,FtBItfI Nk
T

Nt
CT

t
C   ff  00  (3.6)

3.3 Identification for system with conformable fractional derivative

Study on Fractional Order System (FOS) expressed by conformable fractional derivative.
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where        txtytvtu ,,, is input, noise, output signal and state parameter. It can be

1na objectively.

Assume that differential orders   mjniji  ,1,0 ,,,1,0   ,1,0,,  is given and

mnmn    ,0 ,0 21010  .

Adopt n order Conformable Fractional Integral (CFI) to both sides and Eq. (3.4) and
(3.6), then
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Form the structural characteristic of Conformable Fractional Integral Operational Matrix
(CFIOM), the following recurrence equation is obtained;
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Caution:   NrrkkrZ jj
j  1 ,  ,0 , 1nA .

Recurrence equation (3.8) is as follows;

    k,rr T
n Y (3.9)

Where
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The estimated output from Eq. (3.9) is

    ˆˆ,Ŷ krr T
n  . (3.10)

The optimum value can be obtained by minimizing target function.
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where  is allowance region.

4. Simulation result

Consider the following model Conformable Fractional Order System (CFOS).
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where 60515080 21 .,.b,.a,.a   . Assume that   ,,, 21 baa is a parameter to
be estimated. The number of BPFs is 2000N .

Fig.1 shows step response when CFOS (4.1) has several input delay in case there’s no
noise.

Fig.1 output characteristic with or without output delay

Fig.2 shows output characteristic in case of classical fractional derivative and
conformable fractional derivative without noise when the following filtered output signal is
given.

   








 


25

0 25
110

k

kkkt.sintu  (4.2)

mailto:https://orcid.org/0009-0009-0994-5469


Fig.2 output characteristic of classical fractional calculus and conformable

fractional calculus

Table 1 gives sample mean and dispersion on the estimated system parameters from 50
simulations according to identification algorithm proposed in different noise environment.

Table 1 sample mean and dispersion on the estimated system parameters

 Real
value

SNR=20dB SNR=10dB

 2ˆ ̂  2ˆ ̂

3a 0.8 0.8010(0.0030) 0.8015(0.0105)

2a 0.5 0.5005(0.0042) 0.5012(0.0207)

b 1.5 1.5007(0.0020) 1.5010(0.0012)

 0.6 0.6000(0.0003) 0.6000(0.0003)

MSE - 0.0031 0.0102

Table 3 shows the relationship between estimated output curve and real one in different
noise (SNR=20dB, 10dB) environment.

mailto:https://orcid.org/0009-0009-0994-5469


Fig. 3 output characteristic of identified conformable fractional system

5. Conclusion
This paper newly suggests conformable fractional operational matrix and, on this basis,

proposes system identification approach. Having ensured that output characteristic of
fraction expressed by conformable fractional derivative, this paper proposes requirements
to identify output delay. It has been proved that conformable fractional identification
approach estimate accurately parameters in different noise levels through simulation.
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