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Abstract

We extend the convergence for mollifiers to that for differential forms
of arbitrary degrees.

1 Introduction

On a differential manifold, let ¢ be a singular chain whose current of the inte-
gration is denoted by T.. Let w. be a smooth form that blows up as the real
positive number € — 0. G. de Rham in [2] explored the differential geometry in
the current T, A w, for a particular situation. After decades of emerging of the
new techniques, de Rham’s original style is becoming old memory. However, it
is still necessary in some cases. For instance, the classical smoothing process
is necessary in modern cohomology theory. It is expressed as a weak limit of a
convolution with a mollifier. We formulate it in the differential form of top de-

gree as follows. Let x = (z1,--- ,z,) be the coordinates of R™ with the volume
form dz1 A - - Adzx,, denoted by du. Let w, for € > 0 be the differential n-form,
1 . x
—f(=)d 1.1
I (11)

where f(x) is a function of a mollifier, i.e. a smooth bump function around the
origin such that

fx)dp = 1.
R7

Let ¢ be an m-dimensional polyhedron in R™ that contains the origin as its
interior point. Then the current T, A we, as € — 0, converges weakly to the §
function at the origin (see chapter 3, [3]). In this paper we would like to show
that if the form w, does not have the top-degree or does not meet the de Rham’s
requirement, the convergence in the sense of measures still holds. This measure
theoretical convergence suggests a direction other than de Rham theory. To
state the convergence as a theorem, we first extends the mollifier to differential
forms of lower degrees. *
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*G. de Rham did this for a particular type of we (see [2]).
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Definition 1.1. ( blow-up forms)

Let F ¢ for e > 0 be a family of smooth forms of degree r in an Fuclidean space
R™. If there are an orthogonal decomposition R™ = R" ®R"™" with coordinate u
for the subspace R" and a smooth form [ 1(u) of degree r on R™ with a compact
support such that

Fo= W*Fl(%) (1.2)
or abbreviated as
B u
fFe= Fl( e)
where ™ : R™ — R" s the orthogonal projection, then F . is called a blow-up
form along R™ at R™™".

Theorem 1.2. (Main theorem) Let ¢ be a p dimensional regqular cell in R™.
Let we be a blow-up form of degree v < p in R™. Then the current

T Nwe (1.3)

converges weakly to a current as € — 0.

Remark. Unlike the classical case, Main theorem does not provide a full
description of the weak limit.

In the rest of paper, we give the technical detail of the proof. It consists of
one lemma in set-theoretic limit and an estimate in functional analysis. The
appendix includes another lemma which is mainly for the estimate in analysis.
However, it extends the notion of topological degree of a map in the spirit
consistent with the main theorem.

2 proof

In the following, for an Euclidean space R! with a coordinate z, we’ll abuse
the notation to denote the volume form of a subspace with the concordant
orientation and the volume density in Lebesgue integrals by the same expression
dpy. The argument starts with a definition and a lemma about points and sets.

Definition 2.1. Let W C RP be a subset in an Euclidean space with the origin
0. A point a € RP is said to be a stable point of W if the line segment

{o+1t(04), 0<t<1}

either lies in W completely or in W€ completely, where 04 € ToRP = R? is the
vector from o to a, and W€ is the complement RP\W. We denote the collection
of stable points of W by W2.
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Recall a regular cell ¢ is a couple: a) oriented polyhedron TT, C RP, b) a
diffeomorphic embedding ¢ of a neighborhood of TT to R™. Let R",RP~" R"~P
be subspaces of R™ with coordinates u, vi and vs respectively such that

R" =R @ RP" & R"P. (2.1)

Let
n:R* — RP=R"@RP"

be the orthogonal projection to its subspace RP. Let D1 for a positive € be the
linear transformation of R™ defined by the map

u
(u,vi,va) — (z,Vl,VQ). (2.2)

In the context, we denote its restriction to subspaces also by D1. All measures
in the following are the Lebesgue measures on Euclidean spaces.

Lemma 2.2. Denote W := n(C'). There exists a subset Wy, C W of measure
0 such that the set-theoretic limit (§4, [1])

lim D, (W\qu) (2.3)

€

exists 1.

Proof. We denote
L:=RPT

The point o € L should be viewed as the origin of the affine subspace R” & o
where o € RP™" is a point, and partial scalar multiplication D1 acts on it as
the scalar multiplication. Let

we=wn (RT@{O})

Let R, be the ray
{o+t(0d) :a e We°,t>0}
that starts at the origin in the affine plane. Let
We, C W°
denote the subset

{a € W°: R, does not contain a stable point of W®}.

TFor a family of sets S¢, the existence of the set-theoretic limit means

N Use=U () 5

€1<1 e2<¢y e1<1 e2<e;
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We divide W to three disjoint parts.
1) Wy, = ULVVJ?H7 called the set of fully unstable points,
oc

2) Ws = ULI/VS?7 called the set of stable points,
oc

3) Wpy is WA\ (Wy,, U W), called the set of partially unstable points.
Next we blow-up each part by the scalar multiplication D1 with € — 0.

For the fully unstable points Wy,,, we would like to show they are necessarily
on the “boundary” which gives the measure 0. The following is the detail. The
boundary of the polyhedron IT, is defined by multiple hyperplanes. Hence the
boundary of C is also defined by multiple hyperplanes H;. On the other hand
in the its target space, we let

v:R\{0}BRPT — ProlxReT

(1, v1) S (fulv) (24)

be the map that is the product of the projectivization map and the identity
map (where P"~! can be regarded as the real projectivization of ToR", the set
of directions). Fix a point o € L. Let a € W$, other than o. Since a is a fully
unstable point, there are two sequences of points p,,q, on the ray R, such
that

lim p, =0 = lim q,
n— o0 n— o0

and
pPn &€ W qn, € W°.

Thus the directions Bf)ﬁ and (712, which are all parallel to the tangent vector
04 must lie on at least one nontrivial plane n«(H;). Since a subplane properly
contained in an Euclidean space has a measure 0, for each fixed o, P(W,\{o})
has measure 0 in the manifold

P(R™\{0}) x {o} ~P"!

where o is fixed. Since

R™\{0} — P!
is a bundle’s projection, the inverse W, also has measure 0. To go further, we
take the union over L to obtain v(Wy,\L) = ULP(WfQu\{O}) has measure 0 in

oc
the manifold
P! x RPT.

Due to the fibre bundle structure of the projectivization, we conclude Wy, in
RP has measure 0. Notice that D1 is a linear transformation, D1 (Wy,) which

is equal to Wy, also has measure O Therefore the limit is of 0.

1But the set W, is not on the boundary of W.
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For stable points Wy, we consider the set B, = D1 (W;). We would like to
show B, as € — 0 is a decreasing set. So it converges to a measurable set. The
following is the detail. Let R, be the ray starting at o € L and through a stable
point a € W2 of W° for an o € L. Since a is stable, the dilation by the scalar
multiplication D 1 yields

Di(RoNW,) C D1 (RoNW,), fore <e<l.
Now taking the union over all the rays through stables points, we obtain
Di(W,) C D1 (W), fore <e.

Therefore B, is a decreasing family of measurable sets. Let

Bo = Ucc(o) (Di(Ws)). (2.5)

Then set-theoretically the decreasing family yields
limB. = By
e—0

and By is measurable.
For partially unstable point W, we consider the set Ac = D1 (Wp,). We

1
would like to show A, as the set multiplied by — will be pushed to co as € — 0.
€

So it is empty. Here is the detail. If | |J A, is non-empty, there is a point
€1<1 e2<e1

X € ﬂ UA€2

€1<1 e2<e1

ie. x € |J A, for any 1 < 1. So, there is a sequence of numbers ¢, such
e2<e€1

that lim €, = 0 and D, (x) lies in Wp,. Suppose that N is a number in the

n— oo

sequence such that D, (x) € Wp,. By the definition of W), there is a smaller
ens # 0 such that D, (x) is a stable point, i.e. D, (x) € Wg. Then all points
D., (x) are stable whenever €, < eys. But this contradicts the assertion above:
there is a sequence of partially unstable points €,x with ¢, — 0. Thus

limsupA. = N U A4, =2 (2.6)

€1<1 e2<e;

Therefore
liminfA. C limsupA,
e—0 e—0

is also empty. Hence 1ir%A6 exists and is equal to an empty set.
e—

Combining the results for Wy, W and Wp,,, we complete the proof.
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Proof of Theorem 1.2. We continue with all notations in Lemma 2.2. Let ¢
be a test form of degree p —r in R™. It amounts to show the convergence of the
integral

[%A¢ (2.7)

as € — 0. Let R" be the subspace with coordinates u such that the blow-up

form is written as
1 u)

.= —g(—)d 2.8
w Erg(e Hu ( )

where g(u) is a C* function of R". Notice that the form w. A ¢ is the sum of
simple forms in the coordinates of R™ that can be explicitly expressed. So, we’ll
focus on the integral of a single simple form.

We work with the simple form written as

1 u

679( )1/’(11, Vi, V2)d,LLu A\ dﬂvl (29)

€
where the volume forms dpy, duy, determine two coordinate’s planes
RT" Rp—?“
with coordinates u, v respectively, and ¢ is a C* function on
Rn _ ]Rr ey Rpfr ey Rnfp
that is the coeflicient of the simple form wduy, in the test form ¢. Then the
integral of (2.7) over C := ¢(IT) is

/ g(w)(eu, vy, va)dpu A dity, (2.10)
D1(C)

where u is the new variable obtained from the old u divided by €. Let K be
the support of g(u), and Ks, K3 be the bounded sets of RP~" R"™? such that
C' is contained in R" @ Ky @ K3. Then 9(eu, vy, vsy) uniformly converges to
¥(0,v1,vs) in the bounded K; ® Ko @ K3. So, for any positive d, we can find
sufficiently small € such that

[(ew,vi, va2) —9(0,vi, va)| < 4. (2.11)

Let ¢ be the composition

(2.12)

|
hS]

1o
=

3
&
s

3

Notice

~

’(C) N (K1 @ Ky @ K3)
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is a bounded set. Thus all coefficients of the form c}(g(u)duu A dp,) are
bounded uniformly for all sufficiently small e. Hence

| g(a)y(eu, vy, vo)dpy A djty, — / g(0)(0, vy, va)dpy A dpiy, |

D1 (C) D1(0)
<éM
(2.13)
where M is a constant. For the integral
[ a0 va)dsa A di, (2.14)
D1 (C)
we make a change of variable from u to % to find (2.14) is equal to
€
1 u
67 Cg(z)w(OthVQ)d,u'u /\d:uV1 (215)

Now we apply Lemma A.1, there is a compactly supported integrable function
&c(u,vy) on R? such that

lr Q(BW(O» V1, Va)dia A dpy, = lr / g(E)gw(ua v1)dpudpy, (2.16)
€ Jo7 € € Jw €

where W is the measurable set defined as in Lemma 2.2, and the right hand
side is a Lebesgue integral with the density measure duydity,, and &y (u, v1) in
the integrand is a compactly supported L' function on RP. Furthermore, since
¥(0,v1,vs) is a pullback function from RP~" & R® P, then §~¢(u,v1) is also a
pullback of function &y (vi) from RP™". So, in the following, we express the

pullback function & (u,v1) as &,(v1). Now changing the variables from 9 pack
€
to u, we have
right hand side of(2.16) = pr )(I)l(w)(u,vl)g(u)fw(vl)alpud,uv1

= ) (2.17)
~Re XDL (WA\Wyy) (11, vl)g(u)fw (Vl)d:u‘udﬂvl

where X, denotes the characteristic function of the set o. Next for the Lebesgue
integrals, we’ll omit the notations for variables for the dominant convergence
theorem. We'll see that the integrand in (2.17) satisfies

<
X5, w96l = 196,

o

and |g¢& w| is an L' function on RP. The set-theoretic convergence in Lemma 2.2

implies the ) gfd) point-wisely converges to the function

Dy (W\Wy

Xp, 98,
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By the dominant convergence theorem
lgr(l) RP XDL (W\qu)ggwd'uudﬂvl - /RP XBngwd,UzudMVI

= [ 9§ dp dp
/;() (V] u Vi

Finally, combining (2.13) and (2.18), we obtain that

(2.18)

. 1 u
lim 79(7)w(uavl7v2)d/~’/u A duvl = / g(u)gw("l)dﬂudﬂvl

e=0 Jo €7 € Bo

(Note the left hand side is an integral of a differential form but the right is a
Lebegue integral). We conclude

T, N w,

converges to a functional as € — 0. For the continuity of the functional, we
see that if ¢ varies in a bounded set of forms to any orders, then in particular
¢ varies in the bounded set to the order of 0. Hence the formula (2.14) (as a
number) is bounded. Then

/ g(u)&b (ll, Vl)duudl'LVI
Bog
as a number is bounded. So, the evaluation
lim (7, A w,)[0]
is also bounded. Hence the functional
¢ — lm(T, Aw)[9]
e—0

defines a current. The proof is completed.

Appendix A Orthogonal projection of a cell

The integration of forms (2.7) is impossible in geometric analysis since the man-
ifold structure for cells does not exist at the e = 0. Our idea is to convert it
to a Lebesgue integral (see the right hand side of (2.16)) for the measure still
exists at € = 0. The following measure-theoretical lemma provides the basis to
this key conversion.
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Lemma A.1. Let p < n be two whole numbers. Let RP, R"™P be subspaces of
R™ such that R = RP @ R"P. Let w : R™ — RP be the orthogonal projection.
Let ¢ be a p-dimensional regular cell in R™, ¢ a smooth function on R™. Then
there is a compactly supported L' function &y on RP such that

where w(currents) denotes the pushforward on compactly supported currents,
and &y, represents a current of degree 0.

Proof. Let p be the Lebesgue measure on RP, ¢ a test function. Let C' =
¢(TT,,). We should note that since T, is a current with a compact support, the
pushforward 7(T, A1) is a well-defined O-current. Hence it is both a distribution
and a 0-current. So it can be evaluated in two different ways, and the evaluation
of the distribution 7(T, A t) at ¢ is equal to the current’s evaluation at forms,

m(Te A1) [¢dpl (A.2)

which has the integral estimate

(T, A wwm\ < \ RGN
< M6l

(A.3)

where M is a constant independent of the test function and || e ||, = esssup|e|.
Thus, 7(T, A1) as a distribution has order 0. Therefore it is a signed measure.
Let A C RP be a set of measure 0. Let T = 7|c. So, 7T is a differential map
between two manifolds of the same dimension p. Let

ﬁ_l(A) - El U E2

where E; is a set of critical points of 7, and F, = # !(A)\E;. By the same
estimate (A.3), we have

(T, A ww\ < M| fy o, i (A1)

where M’ is a constant, the integral is of the differential form du. Since E;
consists of critical points, the Jacobian of 7 is 0. Thus || g, A = 0. We let
Ey = U ES such that

™

i - By — T(E3) (A.5)
is diffeomorphic. Then each 7(E3) is contained in A. Thus u(7(ES)) = 0. Then

| / dyl < | [ oy ] < hm(ED) =0

where J is the Jacobian of the map 7|, and k; is the upper bound of |.J|. Hence

(T, A o)A < §|/Wdu| -0

2
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Thus the signed measure m(7, Av) is absolutely continuous with respect to the
Lebesgue measure of R?. The Radon-Nikodym theorem ([1]) implies that the
density function between the signed measure and the positive measure,

£y = TEAY "

is an L' function. The numerator (7, A ) in the formula (A.6) indicates &,
has the bounded support 7(C). We complete the proof.
O

Example A.2. Ifn|c : C — R" is proper, then & = deg(m)Xx(c)-
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