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Abstract

For a system of a static charged sphere we make gauge and coordinate transformations so that the
electromagnetic vector potential has a unit time component and zero space components. Beginning
with a spherically symmetric metric in standard form and electromagetic vector potential having
this special form we solve the Einstein field equations outside the sphere. We show the solution has
charge outside the sphere.

1 Electromagnetic potential and field

Let A,(t,7,0,¢) and g,.(t, 7,0, @) be the electromagnetic potential and metric tensor respectively. The
electromagnetic field is

F

= Ay, — A

o (1)

Let A*(t, 7,0, ) be the electromagnetic vector potential. For a scalar function ¢(t, 7,0, p) define a gauge
transformation of A, to A, by

VT

Au = Au + qﬁ,u (2>

hence A* to A" by ) A
A= g A = g Ay + g0 = A g0, (3)

We have by (1)-(3), and requiring ¢, = ¢, that

Av,# - AW/ = Av,u - Au,v + Qb,uu - ¢,uv = (Au + ¢,u),u - (Au + ¢,u>,v
= (galA"+ 90 6)) 0 — (Gual A" + 9 6]) 0 = (900 A%) 0 — (GuaA”) (4)
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%

2 Static charged sphere and Einstein field equations

Let there be a static charged sphere with spherically symmetric charge and mass densities. Require of
the electromagnetic potential that

AQ(T’) <0 Al(T’) :AQ(T’) :A3<7’) =0 (5)
and Ag(r) — 0 as » — oo. For the static charged sphere let the metric g, (r) having form

—dr? = =C(r)dt* + D(r)dr® + r*(d6* + sin” 6dy”) (6)
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C(r) — 1 and D(r) — 1 as r — oo satisfy the Einstein field equations [1]

1
R, — §gWR = —8n(E + My) (7)

where the electromagnetic energy-momentum tensor E*” and perfect fluid energy-momentum tensor
M" are given by [1]

oT 1 oo T
E/,w =4g F/MTFVT - Zg,uug g BFO’TFQB M,uz/ = P9uv + ([) + p)Uqu (8)

and p is the pressure, p the mass density, and U* the fluid velocity four-vector.

3 Gauge and coordinate transformation

Let
¢=—t (9)

hence by (3) and (9)
1— A

A = A=A =A% =0 (10)

Since Ap(r) < 0 we can construct the coordinate transformation given by

tl:l—CAot r=r 0 =0 o =¢ (11)
Coordinate transformation (11) transforms A*(r) given by (10) to the special form [2]
AV=1 AT =A?=A®=0 (12)
By (4), (11), and (12) A A
Frw = (900A) 1 = (90A™) 0 = G0 = Guow (13)

4 Solving the field equations for standard metric

The Einstein field equations (7) become after making a coordinate transformation to coordinates t', v/, 8’ ¢’
1
R;u/ - Eg;LVR, = _87T(E;,LV + M;/u/) (14>
_ —87Tg/UTF/ ) + QWQLVQIUQQITBFI oo 87?[ng,, + (,0 + p)ULU;]

uo vt ot af

By (13) we have (14) becomes

Ry~ 50 = —~8n(El, + M)
= —8ng”" [9(/;0,“ - 9;10,0] [g/ro,u - gZ/O,T] + QWQLVQIMQI/BT [9/70,0 - 9(/70,7] [g/ﬁO,oz - 9;0,/3]
— 8nlpg,, + (p+p)U,U,] (15)
Dropping primes gives
R, — %gle = —8n(E,+M,)
= —8797 [goo,u — Guo.o)[Gr00 — Gvorr] + 27997 9" [Gr0.0 — Go0.r][950,0 — Ga0,5]
— 87[pguw + (p+p)ULU,] (16)



We now consider other possible metric solutions of (16). Instead let g, (¢,7) be any solution of (16)
having the standard form [1]

—dr? = —B(r,t)dt* + A(t,r)dr? + r*(d6® + sin® Odp?) (17)

We have by (8), (13), and primes dropped that

oT 1 ao BT
E,uz/ =g [gaO,,LL - g,u(),a] [gTO,z/ - gVO,T] - Zg,ulzg gﬁ [gT0,0' - gaO,T] [gBO,a - gaO,B] M/,u/ =0 (18>
outside the sphere so by (17) and (18)
B/2 B/2 TQBIQ 7,2 Sin2 9Bl2
00 2A 01 11 2B 22 2AB 33 2AB ( )

where the prime now means derivative with respect to r. From (16)-(19) we have outside the sphere
R—2R = —87g’E,3 =0 (20)
hence R = 0. For the standard form metric (17) and [1]

B A'B’ B B2 A A2 AB

= —— -t —t = — - — 21
Hioo 24 " 1Az T A4y "1AB T 24 1A T 14B 2
A
- 22
ROl AT .. . . . ( )
R B" B? _AB A A N AB N A? (23)
YT 2B 4B? 4AB  Ar 2B ' 4B?  4AB
(24)
1 rA rB
Ry = _1+Z_2A2+2AB (25)
R33 = SiIl2 QRQQ (26)
Ro2 = Ro3 = Ri2 = Ri3=Ry3 =0 (27)
where the dot denotes derivative with respect to time. We have outside the sphere from (16)
1
R01 — 5901}% = —87TE01 (28)

hence by (19), (22), and R = 0 we have A(t,r) does not depend on time. Now outside the sphere from
the field equations

Roo + 87TE00 =0 RH + 87TE11 =0 (29)
hence R 8tE R 8Tk 1 (A B
00 + ST Lo utomby L /A B
B a4 rA<A+B>_0 (30)
so AB does not depend on r. We have outside the sphere from
R22 + 87TE22 =0 (31)
that 1 rA rA r’A”B
14+ = — — 4 = 2
TA T o T =Y (32)



hence
1

T 4nr2An
Since A does not depend on ¢ we then have by (33) that B does not depend on ¢t. We can conclude the
spherically symmetric metric in standard form does not depend on ¢ outside the sphere. Consequently

AB is constant. Require A — 1 and B — 1 as r — oo hence outside the sphere A = B~!. From (33)
and A = B~! we have

[A% — A2 4+ rAA] (33)

~1+B+7rB +4m°B? =0 (34)
A series solution to this equation gives
Br) — a a? ,al
(r) =1~ 4 dm +32m° 5 4 (35)
where a is a parameter.
5 Conclusions
We have outside the sphere that
1
—dr? = —B(r)dt* + mer + 72(d6* + sin? 0dyp?) (36)
r
Maxwell equations are
1
Fly = Ay, — A — —=WV=099"9" Faplsy = J" (37)

" V=9

where J¥ = cU* and o is the charge density. Using (4) and transforming to coordinates (11) and then
dropping primes so (37) becomes

1 (0%
Fo = g0 — Guow - \/T_g [\/ —g99" guﬁ(gﬁo,a — G00,8) . = J! (38)
We have R R R ) )
Ao(1r) = goaA” = goo = —B(r) Ay(r) = Ag(r) = As(r) =0 (39)
Fo = B'(r) Foo = Fy3 = Fig = Fiz3 = I3 =0 (40)
2 2
JO(r) = B"(r) + ;B/(T) = 7“% + 87??—4 SEEEE JHr) = J*(r) = J*(r) =0 (41)

By (41) we can conclude for metric in standard form there is charge outside the sphere. We however
expect whether there is charge outside the sphere to be independent of coordinates.
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