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Abstract

For a system of a static charged sphere we make gauge and coordinate transformations so that the
electromagnetic vector potential has a unit time component and zero space components. Beginning
with a spherically symmetric metric in standard form and electromagetic vector potential having
this special form we solve the Einstein field equations outside the sphere. We show the solution has
charge outside the sphere.

1 Electromagnetic potential and field

Let Aµ(t, r, θ, ϕ) and gµν(t, r, θ, ϕ) be the electromagnetic potential and metric tensor respectively. The
electromagnetic field is

Fµν = Aν,µ − Aµ,ν (1)

Let Aµ(t, r, θ, ϕ) be the electromagnetic vector potential. For a scalar function φ(t, r, θ, ϕ) define a gauge
transformation of Aµ to Âµ by

Âµ = Aµ + φ,µ (2)

hence Aµ to Âµ by
Âµ = gµαÂα = gµαAα + gµαφ,α = Aµ + gµαφ,α (3)

We have by (1)-(3), and requiring φ,νµ = φ,µν that

Fµν = Aν,µ − Aµ,ν = Aν,µ − Aµ,ν + φ,νµ − φ,µν = (Aν + φ,ν),µ − (Aµ + φ,µ),ν

= (gνα[Aα + gαβφ,β]),µ − (gµα[Aα + gαβφ,β]),ν = (gναÂ
α),µ − (gµαÂ

α),ν (4)

2 Static charged sphere and Einstein field equations

Let there be a static charged sphere with spherically symmetric charge and mass densities. Require of
the electromagnetic potential that

A0(r) < 0 A1(r) = A2(r) = A3(r) = 0 (5)

and A0(r)→ 0 as r →∞. For the static charged sphere let the metric gµν(r) having form

−dτ 2 = −C(r)dt2 +D(r)dr2 + r2(dθ2 + sin2 θdϕ2) (6)
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C(r)→ 1 and D(r)→ 1 as r →∞ satisfy the Einstein field equations [1]

Rµν −
1

2
gµνR = −8π(Eµν +Mµν) (7)

where the electromagnetic energy-momentum tensor Eµν and perfect fluid energy-momentum tensor
Mµν are given by [1]

Eµν = gστFµσFντ −
1

4
gµνg

σαgτβFστFαβ Mµν = pgµν + (ρ+ p)UµUν (8)

and p is the pressure, ρ the mass density, and Uµ the fluid velocity four-vector.

3 Gauge and coordinate transformation

Let
φ = −t (9)

hence by (3) and (9)

Â0 =
1− A0

C
Â1 = Â2 = Â′3 = 0 (10)

Since A0(r) < 0 we can construct the coordinate transformation given by

t′ =
C

1− A0

t r′ = r θ′ = θ ϕ′ = ϕ (11)

Coordinate transformation (11) transforms Âµ(r) given by (10) to the special form [2]

Â′0 = 1 Â′1 = Â′2 = Â′3 = 0 (12)

By (4), (11), and (12)
F ′µν = (g′ναÂ

′α),µ − (g′µαÂ
′α),ν = g′ν0,µ − g′µ0,ν (13)

4 Solving the field equations for standard metric

The Einstein field equations (7) become after making a coordinate transformation to coordinates t′, r′, θ′, ϕ′

R′µν −
1

2
g′µνR

′ = −8π(E ′µν +M ′
µν) (14)

= −8πg′στF ′µσF
′
ντ + 2πg′µνg

′σαg′τβF ′στF
′
αβ − 8π[pg′µν + (ρ+ p)U ′µU

′
ν ]

By (13) we have (14) becomes

R′µν −
1

2
g′µνR

′ = −8π(E ′µν +M ′
µν)

= −8πg′στ [g′σ0,µ − g′µ0,σ][g′τ0,ν − g′ν0,τ ] + 2πg′µνg
′ασg′βτ [g′τ0,σ − g′σ0,τ ][g′β0,α − g′α0,β]

− 8π[pg′µν + (ρ+ p)U ′µU
′
ν ] (15)

Dropping primes gives

Rµν −
1

2
gµνR = −8π(Eµν +Mµν)

= −8πgστ [gσ0,µ − gµ0,σ][gτ0,ν − gν0,τ ] + 2πgµνg
ασgβτ [gτ0,σ − gσ0,τ ][gβ0,α − gα0,β]

− 8π[pgµν + (ρ+ p)UµUν ] (16)
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We now consider other possible metric solutions of (16). Instead let gµν(t, r) be any solution of (16)
having the standard form [1]

−dτ 2 = −B(r, t)dt2 + A(t, r)dr2 + r2(dθ2 + sin2 θdϕ2) (17)

We have by (8), (13), and primes dropped that

Eµν = gστ [gσ0,µ − gµ0,σ][gτ0,ν − gν0,τ ]−
1

4
gµνg

ασgβτ [gτ0,σ − gσ0,τ ][gβ0,α − gα0,β] Mµν = 0 (18)

outside the sphere so by (17) and (18)

E00 =
B′2

2A
E01 = 0 E11 = −B

′2

2B
E22 =

r2B′2

2AB
E33 =

r2 sin2 θB′2

2AB
(19)

where the prime now means derivative with respect to r. From (16)-(19) we have outside the sphere

R− 2R = −8πgαβEαβ = 0 (20)

hence R = 0. For the standard form metric (17) and [1]

R00 = −B
′′

2A
+
A′B′

4A2
− B′

Ar
+

B′2

4AB
+

Ä

2A
− A′2

4A2
− ȦḂ

4AB
(21)

R01 = − Ȧ

Ar
(22)

R11 =
B′′

2B
− B′2

4B2
− A′B′

4AB
− A′

Ar
− Ä

2B
+
ȦḂ

4B2
+

Ȧ2

4AB
(23)

(24)

R22 = −1 +
1

A
− rA′

2A2
+

rB′

2AB
(25)

R33 = sin2 θR22 (26)

R02 = R03 = R12 = R13 = R23 = 0 (27)

where the dot denotes derivative with respect to time. We have outside the sphere from (16)

R01 −
1

2
g01R = −8πE01 (28)

hence by (19), (22), and R = 0 we have A(t, r) does not depend on time. Now outside the sphere from
the field equations

R00 + 8πE00 = 0 R11 + 8πE11 = 0 (29)

hence
R00 + 8πE00

B
+
R11 + 8πE11

A
= − 1

rA

(
A′

A
+
B′

B

)
= 0 (30)

so AB does not depend on r. We have outside the sphere from

R22 + 8πE22 = 0 (31)

that

−1 +
1

A
− rA′

2A2
− rA′

2A2
+ 4π

r2A′2B

A3
= 0 (32)
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hence

B =
1

4πr2A′2
[A3 − A2 + rAA′] (33)

Since A does not depend on t we then have by (33) that B does not depend on t. We can conclude the
spherically symmetric metric in standard form does not depend on t outside the sphere. Consequently
AB is constant. Require A → 1 and B → 1 as r → ∞ hence outside the sphere A = B−1. From (33)
and A = B−1 we have

−1 +B + rB′ + 4πr2B′2 = 0 (34)

A series solution to this equation gives

B(r) = 1 +
a

r
+ 4π

a2

r2
+ 32π2a

3

r3
+ · · · (35)

where a is a parameter.

5 Conclusions

We have outside the sphere that

−dτ 2 = −B(r)dt2 +
1

B(r)
dr2 + r2(dθ2 + sin2 θdϕ2) (36)

Maxwell equations are

Fµν = Aν,µ − Aµ,ν − 1√
−g

[
√
−ggγαgµβFαβ],γ = Jµ (37)

where Jν = σUµ and σ is the charge density. Using (4) and transforming to coordinates (11) and then
dropping primes so (37) becomes

Fµν = gν0,µ − gµ0,ν − 1√
−g

[√
−ggγαgµβ(gβ0,α − gα0,β)

]
,γ

= Jµ (38)

We have
Â0(r) = g0αÂ

α = g00 = −B(r) Â1(r) = Â2(r) = Â3(r) = 0 (39)

F01 = B′(r) F02 = F03 = F12 = F13 = F23 = 0 (40)

J0(r) = B′′(r) +
2

r
B′(r) =

a

r3
+ 8π

a2

r4
+ · · · J1(r) = J2(r) = J3(r) = 0 (41)

By (41) we can conclude for metric in standard form there is charge outside the sphere. We however
expect whether there is charge outside the sphere to be independent of coordinates.
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