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Abstract
The Collatz conjecture has remained unsolved for a long time. In this paper, a proof of this conjecture will
be presented. We know that almost all numbers will eventually reach one through the steps of the Collatz
algorithm. Terence Tao has previously proven this. This paper demonstrates that all numbers will reach
one by using Tao's proof. If almost all numbers reach one, then the probability that a randomly chosen
number from an infinite set of numbers will reach one is one. The probability that a number will not reach
one is zero. The probability of selecting the elements of the number sequences associated with a number n
that violates the conjecture from an infinite set of numbers is a non-zero value such as c. However, this
contradicts the proof that almost all numbers reach one. Therefore, there is no such number n that violates
the conjecture, and the conjecture is true for all numbers. In order to prove that the probability of selecting
the elements of the number sequences associated with a number n that violates the conjecture from an
infinite set of numbers is a non-zero value like ¢, we examine the sequences associated with one. If the
probability of selecting the elements of each branch of these sequences from an infinite set of numbers is a
non-zero value, we reach the desired proof.

Introduction

Let m(1), m(2), ..., m(k), m, f(k), n, k € Z*+and c(1), c(2), ..., c(n), ¢, c(t) € R where 0 <¢(1), ¢(2), ...,
c(n), c, c(t) < 1.

s(tfm]): The number of elements in t[m].

t[m]: The set containing the sum of sequences starting with m. For example, if the Collatz conjecture
holds, then t[1] = {1, 2, 3, 4, ...}. This set includes numbers that can be reached by starting from 1 and
applying the reverse Collatz algorithm.

t[16] € t[1]: t[16] is an element of t[1].

P(t[m]): The probability of selecting elements of the set t[m] from the set of positive integers.

P(t[m]) = s(t[m]) / s(2"+)

Let n be a number that violates the conjecture. If P(t[n]) = c(n) # 0, then P(t[1]) # 1.

Tao has proven that P(t[1]) = 1.

Collatz Operation:
f(m)=3m+1ifm=1 (mod 2),
f(m) =m/2 if m= 0 (mod 2).

Reverse Collatz Operation:
f(m) = 2m for m € Z~+,
f(m)=(m-1)/3if m=1 (mod 3).
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Theorem 1:
When m(1) > m(2), the number of elements in the set of sequences starting with m(1) is less than or equal
to the number of elements in the set of sequences starting with m(2), i.e., s(tfm(2)]) > s(t[m(1)]).

Proof:

Let’s assume the opposite, i.e., if m(1) > m(2), s(tfm(2)]) < s(t[m(1)]). Then, for m(2) > m(3), s(tfm(3)]) <
s(tfm(2)]), and this series continues in the same manner. Eventually, for some humber m(k), when m(k) >

1, we would have s(t[1]) < s(t[m(k)]), which is incorrect because this contradicts the result that P(t[1]) = 1.
Therefore, if m(1) > m(2), s(tfm(2)]) > s(t{m(1)]). Consequently, if s(tfm(2)]) > s(t[m(1)]), then P(t{m(2)])
> P(t[m(1)]).

The Collatz Conjecture simply states the following: Choose a positive integer. If the number is even,
divide it by two; if it's odd, multiply it by three and add one. Repeat the same process for the newly
obtained number. Continue this way, and eventually, you will reach the number one. The problem here is
to prove that every positive integer will eventually reach one. In this paper, we will demonstrate this
proof. There are two possible scenarios that could violate the conjecture: either the numbers increase
infinitely, or there are some closed loops.

As aresult, Tao has proven that almost all numbers will reach one according to the Collatz conjecture.
Now, let's prove that all numbers eventually reach one.

To do this, let’s examine a number, n, which is an odd number. Suppose this number does not reach one,
i.e., it violates the conjecture. Undoubtedly, we can reach the number n through other numbers. Here, let's
reverse the Collatz algorithm and see which numbers we can reach n from. We can reach the number n by
dividing 2n by two. Similarly, we can reach the number n by dividing 4n by four. These numbers form a
sequence:

n-2n-4n-8n-16n- ...

Thus, if a single number n violates the conjecture, an infinite number of other numbers would also violate
it. However, this sequence is not limited to just these numbers. The initial number n can be of the form 3k,
3k+1, or 3k+2. If the number is of the form 3k, we take the next odd number, i.e., (3n+1)/2 or (3n+1)/4.
Our goal is to start with a number in the form 3k+1 or 3k+2, because humbers that are exact powers of
three do not lead to new sequences in the next steps of the sequence.

Let me explain what 1 mean with an example. To reach the number 3, the sequence we haveis 3 - 6 - 12 -
24 - 48 - 96 ... This sequence does not lead to new odd humbers because you cannot reach these even
numbers by multiplying an odd number by three and adding one. However, let’s look at the sequence of
the number 5: 5 - 10 - 20 - 40 - ... This sequence does lead to new elements. For example, you can reach
the number 10 from the number 3, or you can reach the number 40 from the number 13. In the next step,
the number 13 leads to a new sequence 13 - 26 - 52 - 104 - ..., and these steps repeat infinitely. We started
with a number n, and if n is a multiple of three, it can be proven that the next odd number in the sequence
will not be a power of three. If our first number is n, the next odd number will be (3n+1)/2"k, and this
number is not a power of three. Consequently, if we have a number n that violates the conjecture, we are
faced with a tree-like structure with infinite branches, where each branch leads to infinite new branches.
Example:



21-42-84-...

T
1- 2- 4- 8 16- 32- 64 - 128-...

|
5-10-20-40-...

|
3-6-12-24-48-...

Our proof aims to assert that the probability of selecting the elements of such a tree, starting from a
number n, out of an infinite set of numbers is a probability like c. This would contradict the claim that
almost all numbers reach one. Thus, if it is proven that this probability is a number like c, the conclusion is
that such elements do not exist within the Collatz sequences. In other words, there are no cases that violate
the conjecture, because if the probability of selecting the elements of sequences that violate the conjecture
from an infinite set of numbers is a non-zero number like c, this would contradict the proof that almost
every number reaches one.

Therefore, it is sufficient to prove that the probability of selecting the elements of the sequences linked to
a number n that violates the conjecture from an infinite set of numbers is a number like c. To do this, let’s
first consider the number one. We know that the branches of the sequence starting from one contain
almost all numbers. The probability of selecting the elements of the sequences starting from the number
one from an infinite set of numbers is one. The first sequence starting from the number one has infinitely
many branches, and each of those branches has infinitely many branches. This process continues
infinitely.

Now, we need to show that the probability of selecting the elements of any branch of the sequence starting
from one from an infinite set of numbers is c. The total contribution of all the branches sums to one. This
can occur in two ways: either each branch contributes a probability like ¢(1), ¢c(2), ¢(3), etc., or each
branch contributes zero. In other words, 1 =c¢(1) + ¢(2) + ... or 1 =0+ 0 + ... The second representation
leads to the indeterminate form 0 * oo. There is a third possibility, whichis: 1 =1+ 0 + 0 + ... meaning
that only the first branch contributes to the probability. Let’s refute this possibility.

Theorem 2: p([16]) # 1

Proof:

If the first branch contributes to the entire probability, then the first sub-branch of this branch would also
contribute to the probability. If other branches also contribute a probability greater than zero, the same
should be true for the upper branches. However, only the first branch contributes to the probability. As a
result, the sub-branch of the first sub-branch would also contribute to the probability. (The result of
theorem 1) This process continues, and the numbers grow larger.

At some point, the first element of the branch that contributes to the probability would become greater
than the first element of the second upper branch. At this point, it would be illogical for the sub-branch to
contribute more to the probability than the second upper branch, because if we compare the number of
elements in these branches, the second upper branch would have more elements than the sub-branch of the
first upper branch. Thus, it is unreasonable for the first upper branch to contribute to the probability in this
way. Let’s illustrate this visually.



85

T
1-2-4-8-16-32-64-128-256-...
|
5-10- 20- 40-...
l !
3-6-... 13-26-52-...
l
17-34-68-...
!
11-22-44-...
|
7- 14- 28- 56- 112
l !
9-18-... 37-74-148-...
!
49-98-196-...
!
65-130-260-...
!
43-86-172-344-688...
! l
57 229

In this sequence of branches, the starting number of the last branch we reached is 229. Since 229 > 85, if
the probability of selecting elements from an infinite set for the sequence starting with 229 is 1, then the
probability for the sequence starting with 85 cannot be 0, because the sequence starting with 85 has either
the same number of elements or more than the sequence starting with 229. In other words, if 229 > 85,
then s(t[85]) > s(t[229]), and thus P(t[85]) > P(t[229]).

In the visual example above, we progressed by taking the first sub-branches of the sequences, but we did
not account for sequences starting with powers of three. This is because the probability of selecting
elements from an infinite set for sequences starting with powers of three is zero. As a result, the
probability of selecting elements from an infinite set for the sequence starting with one cannot be written
as1=1+0+0+ .., because the probability of selecting elements for the first sub-branch cannot be one.

Now, let’s prove that the sum 1 =0+ 0+ 0 + ... is also invalid.



Theorem 3:
The probability of selecting elements from an infinite set for each branch of the sequence starting with the
number 1 cannot be zero. In other words, P(t[1]) = (co(1)/00 + 0(2)/c0+ ... 0+ 0+ ...).

Proof:
Now, let's examine the number of elements in the branches associated with the number 1. The total

contribution for each branch is P(t[1]) = s(t[1])/s(Z"+) = oo/s(Z"+) = c0/oo = 1. We know that t[16] € t[1],

and similarly, t[64] € t[1], and this continues. Therefore, if we represent each branch’s contribution with
a different symbol, we get P(t[1]) = (oo(1) + 00(2) + ...) / . For example, s(t[16]) = oo(1), s(t[64]) = o(2),
and so on. Consequently, P(t[1]) = (co(1)/o0 + o0(2)/0 +...) =0+ 0 + ... We assumed that for branches
related to the number 1, such as t[f(k)], the probabilities P(t[16]), P(t[64]), ... P(t[f(k)]) ... = 0.

Let’s examine the sequence:

1-2-4-8-16-...

For each element, the probability of selecting it is 1/00 = 0. We previously proved that the probability of
selecting an element from this sequence out of an infinite set of numbers, or out of positive integers, is
zero. Thus,0=0+0+0 ... =0 * co. For the branches of the sequence starting with 1, [ #0+0+0...=0
* oo = ( holds because, for the above sequence, the number of zeros in the sum is greater than the number
of zeros in the sequence that starts with one and branches out to infinity. Therefore, if 0 * co = 0 for one
sequence, then it must also be true for the other.

The point to remember here is that each zero in the sum for the sequence starting with one and branching
out represents each first sub-branch of the sequence that starts with one. Let's illustrate this visually.

21-42-84-...
1- 2- 4- 8- 16- 32- 6T4 - 128-...
é-10-20-40-. ..
fli—6—12—24—48—. ..

In this sequence, the first sub-branch begins with the number 16, represented by the first zero in the total.
The second sub-branch starts with the number 64, represented by the second zero in the total. Since the
probability of selecting the elements of numbers like 4, 8, and 32 from an infinite set is zero, excluding
these numbers from the sum does not affect the outcome. If we were to include these numbers in the total,
the number of zeros for both sequences would be equal, and 0 * co would still result in zero for both
sequences.

This situation is not only valid for the number 1. For any number m, if the probability for the branches
associated with m is P(t{fm]) = c(m), then for the branches associated with m, we have c(m) = ¢**(1) +
cN*(2)+ ... #0+ 0+ ... Let’s prove this.

Theorem 4: For the branches associated with the number m, P(t{m]) = c¢(m) = c**(1) + c™*(2) + ... #
0+0+...



Proof:

The sequence starting with the number m proceeds asm-2m - 4m - 8m - ... This distribution matches
one-to-one with the sequence starting with the number 1, i.e., 1-2-4-8- 16 - ... Therefore, if the total
probability for one is zero, it must also be zero for the other. Hence, P(t{m]) = co(m1)/ oo + oo(m2)/ o0 + ...
= s(t[m])/s(Z"+).

Here, co(mk) = s(t[mk]) represents the number of elements in the k-th branch of the sequence starting with
m, and P(t[m]) = P(t[m.]) + P(t[m]) + ... If we assume P(t[mk]) = 0, then P(tfm]) =0 + 0 + ... = 0, which

contradicts the assumption that P(t{[m]) = c(m). For the sequence f[1] = {1, 2, 4,8, ...}, P(f[1]) =
s(f[1])/s(zM+)=0=P(1) + P2Q) +P(4)+...=1/o+ 1/o+ ... =0+ 0+ ...

Where:

s(f[1]) is the number of elements in f[1],

s(Z"+) is the number of elements in the set of positive integers,

R:The set of real numbers

Z"+ :The set of positive integers

P(K) is the probability of selecting the element k from the set of positive integers,

cN*(1), c*(2), ..., c(m) € Rand 0 < c™*(1), c"*(2), ..., c(m) <1,
flm] = {m, 2m, 4m, ...}

Since the sets fim] and f[1] match one-to-one, if P(f[1]) = 0 and we assume P(t[mk]) = 0, then P(t[m]) = 0,
which is a contradiction. Therefore, we conclude that P(t[m]) = ¢c(m) = ¢*(1) + c™*2) + ... #20+ 0+ ...

Conclusion

For a number n that violates the conjecture, there exist infinite branches and sequences associated with n.
The probability of selecting the elements of the set of numbers associated with n from the set of positive
integers equals a number like ¢, which is non-zero. However, this is impossible because the probability of
selecting numbers that reach 1 from the set of positive integers is 1. Therefore, a number n that violates
the conjecture cannot exist, and all numbers must reach 1 according to the Collatz algorithm. To prove
that the probability of selecting the elements of the set of numbers associated with n from an infinite set
is a non-zero number like c, we look at the sequence that starts with 1. This sequence has branches, and
for each branch, we have proven that the probability of selecting the numbers in this branch from the set
of positive integers is greater than zero. Therefore, the equation 1 = ¢(1) + ¢(2) + ¢(3) + ... holds true for
the branches of the sequence starting with 1. No branch can contribute zero to the probability, and in this
case, the total group of numbers associated with a sequence starting with a number t, larger than n, will
have a non-zero probability of selecting elements from the set of positive integers, represented as c(t)
(The results of theorems 2,3 and 4). We know that the number t does not violate the conjecture, meaning
that t is the starting number of one of the sub-branches of the sequence starting from 1. However, the
number of elements in the set of numbers associated with n is greater than or equal to the number of
elements in the set associated with t, since t > n.(The result of theorem 1) Therefore, the probability of
selecting the elements of the group of numbers associated with n from the set of positive integers is a
number c(n), which is greater than zero. That is, if t >n, then P(t[n]) > P(t[t]). As a result, since it has
been proven that almost all numbers reach 1, the probability of selecting the elements of a number block
that violates the conjecture from the set of positive integers is zero. This means that if the probability of
selecting the elements of a sequence starting with a number n that violates the conjecture is a non-zero



number like c(n), then there is no number n that violates the conjecture. The Collatz conjecture is true for
all numbers. The conjecture has been proven.
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