WEIGHTED WEAK GROUP INVERSE IN A RING WITH
PROPER INVOLUTION

HUANYIN CHEN

ABSTRACT. In this paper, we introduce weighted weak group inverse in
a ring with proper involution. This is a natural generalization of weak
group inverse for a complex matrix and weighted weak group inverse for
a Hilbert operator. We characterize this weighted generalized by using a
kind of decomposition involving weighted group inverses and nilpotents.
The relations among weighted weak group inverse, weighted Drazin inverse
and weighted core-EP inverse are thereby presented.

1. INTRODUCTION

Let R be an associative ring with an identity. An involution of R is an anti-
automorphism whose square is the identity map 1. A ring R with involution *
is called a *-ring. An element a in a *-ring R has group inverse provided that
there exists x € R such that

ar’ = x,ax = xa,a = xa’.
Such z is unique if exists, denoted by a*, and called the group inverse of a.
An element a € R has core-EP inverse (i.e., pseudo core inverse) if there
exist x € R and n € N such that

ar® =z, (ar)* = ar,za™*" = a".
If such x exists, it is unique, and denote it by a®. The core-EP inverse has
been investigated from many different views, e.g., [3, 4, 10, 12, 17].
Wang and Chen (see [13]) introduced and studied a weak group inverse for
square complex matrices. A square complex matrix A has weak group inverse
X if it satisfies the equations

AX? = X, AX = AP A.
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The involution % is proper, that is, z*x = 0 = x = 0 for any x € R, e.g., in a
Rickart *-ring, the involution is always proper. In [15], Zou et al. extend the
notion of weak group inverse to elements in a ring with proper involution. An
element a € R has weak group inverse if there exist + € R and n € N such

that
ar® = x,(a*a’z)* = a*a*r, xa™ = a".
If such z exists, it is unique, and denote it by a¥. The weak group inverse has
been extensively studied from many different views, e.g., [2, 5, 10, 11, 13, 15,
16].
Let a,w € R. We recall that

Definition 1.1. An element a € R has w-Drzin inverse if there exist x € R

such that

rwaws = z, awr = zwa, (aw)” = rw(aw)"

for some n € N. The preceding x is unique if it exists, and we denote it by
aP®. The set of all w-Drazin invertible elements in R is denoted by RPv.

We say that @ has Drazin inverse if w = 1 and denote a”! by a”. In
particular, for the preceding index k& = 1, we have

Definition 1.2. An element a € R has w-group inverse if there exist t € R
such that

ITwawr = I, awr = rwa, awrwa = a.

The preceding x is unique if it exists, and we denote it by a¥.. The set of all
weak w-group invertible elements in R is denoted by R¥.

Recently, weighted weak group inverse for Hilbert space operators was stud-
ied by Mosi¢ and Zhang in [9]. The motivation of this paper is to introduce
and study a new kind of weak inverse with a wight as a natural generalization
of weak group inverse for complex matrices and weighted weak group inverse
for Hilbert operators mentioned above. In Section 2, we introduce weighted
weak group inverse in terms of a new kind of weighted group decomposition.
Many properties of the weak group inverse are thereby extended to the general
cases.

Let R = {z € R | zw € R is nilpotent }.

Definition 1.3. An element a € R has weak w-group decomposition if there
erist x,y € R such that

a=x+yry=ywr=0u1x€ R’ yc R

w
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We shall prove that a € R has weak w-group decomposition if and only if
there exists unique x € R such that

r = ax?, (a")*a’*s = (a")a*a,a” = xa**! for some n € N.

We call the preceding = the weak w-group inverse of a, and denote it by a¥.
The set of all weak w-group invertible elements in R is denoted by RY.

In Section 3, we investigate elementary equivalent characterizations of weight-
ed weak group inverse in a ring. We prove that a € RY if and only if a € RP
and there exists some y € R such that

(aD,ww)*aD,wwy — (aD,ww)*a.

In this case, a¥ = (aP*w)3y.

In Section 4, the relations between weighted core-EP inverses and weighted
weak group inverses are presented. The conditions under which an element
and its weak weighted group inverse commute with the weight are given.

Throughout the paper, all rings are associative ring with a proper involution
x. We use R, R, RO and R to denote the sets of all group invertible, Drazin
invertible, core-EP invertible weak group invertible elements in R, respectively.
N denotes the set of all natural numbers.

D,w

2. WEAK w-GROUP INVERSE

The purpose of this section is to introduce a new generalized inverse which
is a natural generalization of weak group inverse in a *-Banach algebra. We
begin with
Lemma 2.1. Let a,w € R. Then the following are equivalent:

(1) a € RY.
(2) aw,wa € R*.
(3) There exist € R such that
2

r(wa)? = a, a(wz)? = r, awr = rwa.
In this case, a¥ = (aw)*a(wa)?.
Proof. Straightforward. O
Lemma 2.2. Let a € R¥. Then (aw)?a’ = a and alwai]? = a¥.
Proof. Let x = a¥. Then
awrwWa = a, TWAWT = T, GWr = rwa.

Hence, (aw)*r = aw(awzr) = (aw)x(wa) = a. Moreover, we have a[wa?]?

a(wz)? = z by Lemma 2.1. O
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We are ready to prove:
Theorem 2.3. Let a,w € R. Then the following are equivalent:

(1) a € R has weak w-group decomposition.

(2) There exist x € R and n € N such that
z = a(wz)?, ((aw)") (aw)?zx = ((aw)™)"a, (aw)" = zw(aw)"*.

Proof. (1) = (2) Let a = a; + as be the weak w-group decomposition of a.
Let z = (a1)#. By virtue of Lemma 2.2, we have

awr = (qqw + aaw)(ar)? = ayw(ar)?,
a(wz)? = aifw(a)f]® = (@)} ==,
Since ay € R™, (aw)™ = 0 for some n € N. As aywa; = 0, we see that

aw — zw(aw)?
= (aw + ayw) — [(a1)Fwarw + (a1)Fwayw](ayw + agw)
= [1 = (a)?waw — (ay)Fwasw]asw.
Hence,
(aw)"™ — zw(aw)™ !
[aw — zw(aw)?](aw)
= [1 = (a)Fwaiw — (ay) ¥ wasw]asw(aw)”
[ — (a))waiw — (ar)Fwasw](ayw)™

n—1

-1

Thus, (aw)" = :Bw(aw)”“.
Since aw = ayw + asw, (agw)(a;w) = 0 and (ayw)™ = 0, we have

n

(aw)" = Z(alw) (agw)"™" = (ayw)" + Z(alw)i(agw)”’i.

i=0 i=1
As (a1)*as = 0, we deduce that

n—1

((aw)")"az = ((arw)") az + Y _[(aw)*(azw)" T as = 0;

and then ((aw)")’a; = ((aw)") a. Accordingly,
((aw)™) (aw)*x = ((aw)") (a1w + agw)(alw + ayw)a?

((aw)" )* ayw)?al = ((aw)™) aq
= ((aw)”) a.
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Therefore we derive

r = a(wr)?, ((aw)”)*(aw)zx = ((aw)™)"a, (aw)™

(2) =

r = a(wr)?, ((aw)”)*(aw)zzv = ((aw)")*a, (aw)"

Let a; =
Claim 1. aswa, = 0.
Clearly, z = (aw)z(wz

~—
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Claim 2. ajay = 0.

2
S

2 2 e
S SRS

9
S

= (aw)?z(wz)?
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= zw(aw)" .

(1) By hypothesis, there exist x € R and n € N such that

= zw(aw)" .

(aw)?r and ay = a — (aw)?z.

(aw)*z)w(aw)?z
Vx — (aw)?zw(aw)?x
Pz — (aw)*rw(aw)?x
3z — (aw)?*zrw(aw)?(aw)" Loz (wr)" !
3z — (aw)*[zw(aw) o (wz) !
Bz — (aw)™ 2z (wz)" !
)’z — (aw)*[(aw)"~ o (wz)" ]
)3 — (aw)3x =0

Obviously, (aw)?r = (aw)?[(aw)"2x(wz)" ] = (aw)"z(wz)" 2. Then
ajay = [(aw)’z]*la — (aw)*z]
= [(aw)"z(wz)"?]"[a — (aw)*2]
= [ (w )" [(aw)"]"[a — (aw)?x]
Claim 3. a; € R¥. Evidently, we verify that
awr = (aw)’zwr = awa(wzr)? = awz,
rwa; = zw(ow)?r = rw(aw)?[(aw)* 1z (wr) !

and then aywzxr = rway.

apwrway

TWaA WL

Hence, a; € R and (a;)%

[zw(aw)

"z (wz)" = (aw)"x(wz)" ! = awz,

Moreover, we have

2y

n—l]

(awx)wa; = awzrw(aw)
awzw(aw)?[(aw)" 'z (wr)
aw([zw(aw)" Mz (wz)" !
(aw)" Mz (wz)" ! = (aw)

(zway )wx = a(wx)_ x.

r = daq,

—

= X.

5
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Claim 2. ay € R™. Tt is easy to verify that

law — zw(aw)]r = [aw — 2w(aw)?][(aw)" z(wr)" ]
= [(aw)" — zw(aw)" z(wz)" 2 = 0.

Hence,

law — zw(aw)?]? = [aw — rw(aw)?]aw — [aw — zw(aw)?]zw(aw)?
= [aw — zw(aw)?](aw).

This implies that

A2 qw — zw(aw)?]?

2 =3aw — zw(aw)?]? (aw)
A =3aw — zw(aw)?](aw)?

[aw — zw(aw)?]” = [aw — zw(aw)

= [aw — zw(aw)?|(aw)"?
= (aw)" — zw(aw)"* = 0.

Thus, [1 — zw(aw)]aw € R™, and then aw[l — zw(aw)] = aw — aw(zw)aw €
R, Hence, [1 — aw(zw)]aw € R™. This implies that aw[l — aw(zw)] € R™.
That is, aw — (aw)?zw € R"; hence, ay = a — (aw)*z € R™M.

Therefore a = x + y is weak w-group decomposition of a, as required. [

Corollary 2.4. Let a,w € R. Then the following are equivalent:

(1) a € R has weak w-group decomposition.
(2) There exists x € R such that

z = a(wz)?, ((aw)™) (aw)’z = ((aw)™) a, (aw)" = zw(aw)™ "

for some m,n € N.

Proof. (1) = (2) This is trivial by Theorem 2.3.
(2) = (1) By hypothesis, there exists x € R such that

z = a(wz)?, ((aw)™) (aw)’z = ((aw)™) a, (aw)" = zw(aw)™
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for some m,n € N. Then

((aw)”)*(aw)% =

I
e e e T T S S i S e e

= ((aw)(zw) "“) aw)?

_ (aw)m( )m+1 )n ) )2:E
= ((zw)™(aw)™)"[((aw ) )" (aw)?z]
(zw)™ ! (aw)"*) " [((a w ™) a
= () () @) ) o

= ((aw)(zw)?*(aw)"") a

In light of Theorem 2.3, we complete the proof. 0
Theorem 2.5. Let a,w € R. Then the following are equivalent:

(1) a € R has weak w-group decomposition.
(2) There exists unique = € R such that

z = a(wz)?, ((aw)™)" (aw)*z = ((aw)")"a, (aw)" = vw(aw)"
for some n € N.

Proof. (2) = (1) Suppose that there exist x,y € R such that
r = a(wz)?, ((aw)”):(aw)zx = ((aw)”):a, (aw)"™ = zw(aw)™t;
y = a(wy)?, ((aw)™) (aw)?y = ((aw)™)"a, (aw)™ = yw(aw)™**.

Choose k = max(m,n). Then

z = a(wz)?, ((aw)*)" (aw)?z =
y = a(wy)?, ((aw)*)" (aw)*y

Claim 1. zw = yw.
By hypothesis, we have

((aw)k’):a, (aw)k‘ — :rw(aw)k“;
(( w)k’) a, (aw)k’ — yw(aw)kﬂ‘

rw = aw(zw)?, ((aw)”)*(aw)zx = ((aw)”)*a, (aw)" = zw(aw)" ™.
Thus zw is weak group inverse of aw. Likewise, yw is weak group inverse of
aw. In view of [15, Theorem 3.5], we have zw = yw.

Claim 2. (aw)*r = (aw)?y.
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Since z = a(wz)?, we have r = (aw)"?z(wz)" 2, and so (aw)*r = (aw)"z(wx)

Then

((aw)?z)* (aw)?z — ((aw)*x)*a

= (()x wz)"?)*[((aw)") ez — ((aw)") ]

Therefore [((aw)?r)*(aw)?z]* = ((aw)?x)*a. Similarly, we have

(((aw)?x)*(aw)?y)" = ((aw)’z)*a,

(((aw)*y)*(aw)*x)" = ((aw)’z)*a,

(((aw)*y)*(aw)?y)* = ((aw)*z)"a.

)

2y. Then we check that

7z = ((aw)*x — (aw)*y)*((aw)*r — (aw)?y)
= ((aw)*z)*(aw)*x — ((aw)’z)* (aw)*y
= ((aw)’y)*(aw)*z + ((aw)?y)* (aw)*y
= (()(aw)%) a — ((aw)’z)*a — ((aw)?*y)*a® + ((aw)?y)*a’
Since A is a proper *-Banach algebra, we have z = 0; hence, (aw)?z = (aw)?y.
Claim 3. =z = y.
We see that
(zw)(awz) = rwaew|(aw)fz(wz)*w = [rw(aw) )z (wz)*

= (aw)*z(wz)* = z.

Moreover, we have

(zw)?(aw)?z = rw[zw(aw)? ]( w)* Lo (wr)k!
= zw[rw(aw)** ](Sﬂ)k_1
= ()
= (2w)(awz).

2

Therefore x = (zw)?(aw)?z. Likewise, y = (yw)?*(aw)?y. By the preceding

discussion, we have
rw = yw and (aw)’r = (aw)?y.
Therefore x = y, as desired. 0

We denote z in Theorem 2.5 by a¥, and call it the weak w-group inverse of
a. RY denotes the sets of all weak w-group invertible elements in R.

Corollary 2.6. Let a € RY. Then the following hold.

(1) a¥ = aPwawad?.
(2) (aw)(a @z w) = (aw) (aWw)™ for any m € N.

’LU

n—2



WEIGHTED WEAK GROUP INVERSE IN A RING WITH PROPER INVOLUTION 9

Proof. (1) Let x = a¥. In view of Theorem 2.5, we have z = a(wz)? and
(aw)™ = zw(aw)™ ™! for some n € N. Then z = (aw)"z(wz)". Hence,

aVwawd¥y = (zwaw)[(aw)"z(ww)"]
= [zw(aw)" Mz(wz)” = (aw)"z(wz)"

as required.
(2) We easily see that

(aw)*(ayw)* = awla(w(ay)*|lw = (aw)(aw).
By induction, we complete the proof. U

Theorem 2.7. Let a,z € R and w € R™. Then the following are equivalent:
(1) z = a¥.
(2) There exists some n € N such that

r = a(wr)?, [(aw)* (aw)*zw]* = (aw)*(aw)?zw, (aw)" = zw(aw)™ .

In this case, z = (aw)Pw™!.

Proof. (1) = (2) By hypothesis, a has the weak w-group decomposition a =
ay + ay. Let x = (a1)#. As in the proof of Theorem 2.3, we see that

r = a(wr)?, (aw)" = zw(aw)" .

Moreover, we have
ayw + ayw)* (ayw + agw)?(ar)#w

a1w + asw)* (ayw + asw)ayw(ar ) w

(aw)*(aw)?zw = ( )
( )

= (aw + aqw)*(ayw)*(ar)Fw
g )

*

AW + asw) aw
ajw)*ajw.
Therefore
[(aw)* (aw)?2w]* = [(ayw)*a1w]* = (ayw)*aw = (aw)* (aw) zw,
as desired.

(2) = (1) By hypotheses, there exist z € R and n € N such that

z = a(wz)?, [(aw)*(aw)*zw]* = (aw)*(aw)?zw, (aw)" = zw(aw)" .

Let a; = (aw)*r and ay = a — (aw)?z. As in the proof of Theorem 2.3, we
prove that
asway; = 0,a; € Rf and as € RZJ”.
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Moreover, we verify that

atasw = [(aw)*x]*[a — (aw)*x]w
= [(aw)?z]*aw — [awz]*[(aw)* (aw)?zw]
= [(aw)?z]*aw — [awz]*[(aw)* (aw)?*zw]*
= [(aw)?z]*aw — [(aw)*(aw)?rwawz]*
= [(aw)?z]*aw — [(aw)*rwawz]*aw
= [(aw)?z]*aw — [(aw)*zwaw((aw) z(zw)™)]*aw
= [(aw)?z]*aw — [(aw)*(zw(aw)" )z (zw)™)]*aw
= [(aw)’z]"aw — [(aw)*((aw)"z(zw)")]* aw
= g(aw)%]*aw — [(aw)?x]*aw

As w € R7!, we deduce that ajay = 0. Therefore a = x + y is weak w-group
decomposition of a.
Obviously, we have

rw = aw(rw)?, [(aw)*(aw)*zrw]* = (aw)*(aw)?rw, (aw)"™ = zw(aw)™ ™.

Hence, 1w = (aw)¥. As w € R, we have z = (aw)Pw!, as required. O

3. EQUIVALENT CHARACTERIZATIONS

In this section we establish some equivalent characterizations of weak weight-
ed group inverses. We now derive

Theorem 3.1. Let a € R. Then a € RY if and only if

(1) a € RP;
(2) There exists © € R such that

rR = a”"R, ((aw)")*(aw)’z = ((aw)")*a, (aw)" = rw(aw)"**
for some n € N.
In this case, a¥ = z.

Proof. = In view of Theorem 2.3, there exist x € R and n € N such that

r = a(wz)?, ((aw)")*(aw)?zr = ((aw)™)*a, (aw)" = zw(aw)™ .

ntl By virtue

Here, 7 = a¥. Hence, 7w = (aw)(wz)? and (aw)" = (zw)(aw)
of [17, Lemma 2.2, aw € RP. This implies that a € RP.
We claim that R = aP?*R.

By virtue of Theorem 2.3, there exist z,y € R such that
a=z+4y 2y=ywz=0,2€ R yec R
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Let x = 27. In view of Lemma 2.1, zw € R¥. Write (yw)**! = 0 for some
k € N. Since aw = 2w + yw,yw € R™ and (yw)(zw) = 0, it follows by [1,
Corollary 3.5] that aw € RP and

(aw)? = (zw)* + Y ((zw)#)" (yw)".

We directly verify that

(aw)(aw)Pz

(aw)P (2w + yw) (zw)#
= (aw)Pz (Zw)#

= [(zw)* + Zl((zw) )" (yw)")(zw) (zw)*
= (2w)* (zw)(zw)*

= .
Moreover, we have

e(aw)(aw)’ = at(a+a)af + 3 (@) *a]

n=1

= afolaf + z< i

= af + Z(af&)
= (aw)”.

Accordingly, zR = a”"“ R, as asserted.
<= We directly check that

awrw(aw)? = awzw(aw){(aw ]n+2
= awfzw(a )“][( w) Dl
= aw(aw)"[(aw)’]"*? = (aw)”.
Since aP* = (aw)Pa(wa)P, we have awzwa?* = aP*, and so (1 —awzw)aP

= 0. As 2R = aP"R, we derive that (1 — awzw)z = 0. Therefore x =
awzwr = a(wr)?. By virtue of Theorem 2.3, a € RY. In this case, a® = ,
required. O

Corollary 3.2. Let a € R. Then a € RY if and only if

(1) a € RP;
(2) There exists © € R such that

swawzr = v, 7R = (aw)"R = (aw)™ ' R, a*(aw)™R C *R
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for some m € N.

In this case, a¥ = z.

Proof. = In view of Theorem 3.1, a € RP* and there exist x € R and m € N
such that

r = a(wx)?, ((aw)m)*(aw)zx = ((aw)m)*a, (aw)™ = zw(aw)™ .

Then z = awzrwz = (aw)™(xw)™x; hence, rwawzr = rwaw(aw)™(xw)™r =
[zw(aw)™ ) (zw)™r = (aw)™(zw)"z = (aw)(zw)r = a(wz)? = z. Thus,
r = awrwr = (aw)™z(wz)™; whence R C (aw)™R. On the other hand,
(aw)mR C zR. Thus, R = (aw)™R. Obviously, (aw)mHR C (aw)™R. On
the other hand, (aw)™ = zw(aw)™ = (aw)™ z(wz)™ M w(aw)™; hence,
(aw)™R C (aw)™™R. This implies that (aw)™R = (aw)™™R. Moreover,
we get ((aw)™) (aw)?x = ((aw)™) a, and so a*(aw)™ = 2*[((aw)™)" (aw)?]*.
Accordingly, a*(aw)™R C x* R, as required.

< By hypothesis, a € RP* and there exists z € R such that

rwawzr = 1, 2R = (aw)™R = (aw)™ ' R, a*(aw)™R C 2* R

for some m € N.

Claim 1. zR = aP“R. Let k = i(aw). Then 2R = (aw)™*R. S-
ince (aw)*® = (aw)?(aw)**, we have 2R = (aw)P(aw)™"™ 1R = (aw)’R =
aP?PwR = aP" R, as desired.

Claim 2. ((aw)™)*(aw)?z = ((aw)™)*a. Since z = rwawzx, we have x(1 —
wawz) = 0, and so (1 — wawz)*z* = 0. Hence (1 — wawz)*a*(aw)™ = 0.
Therefore [(aw)™]*(aw)?x = [(aw)™]*a, as required.

Claim 3. (aw)™ = zw(aw)™*.

Since (1 — zwaw)z = 0, we see that (1 — zwaw)(aw)™ = 0. Thus (aw)™ =
rw(aw)™ .

Therefore a € RY by Theorem 3.1. O

Theorem 3.3. Let a,w € R. Then the following are equivalent:

(1) a € RY.
(2) a € RP™ and there exist n € N,z € R such that

r = a(wr)?, ((aw)™)* (aw)*r = ((aw)™)*a.

(3) a € RP™ and there exists some y € R such that

(aD,w * Dw

w)*a?Pwy = (aPw)*a.

3

b w)3y.

D,w

In this case, a¥ = (aw)(aw)’z = (a
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Proof. (1) = (2) By virtue of Theorem 3.1, a € RP** and there exists z € R
such that ((aw)")" (aw)*x = ((aw)")"a, as desired.

(2) = (3) By hypothesis, a € RP™ and there exist n € N,z € R such that
r = a(wr)?, ((aw)")*(aw)?z = ((aw)"™)*a. Then we see that ((aw)?)*(aw)?z =
((aw)P)*a. Obviously, we have

aPw = (aw)Pa(wa)Pw = (aw)Pla((wa)?)*w]aw
= [(aw)P]?aw = (aw)P.
Hence, (aP?*w)*(aw)?z = (aP*w)*a
Since z = a(wz)? = (aw)z(wz) = (aw)"z(wz)"™ for any n € N, we observe
that
(aPw)* (aw)*z — (aP*w)*(aw)? (aw)3z
— EaD,ww)*(aw)nJer(wm)n _ aD,ww)* aw D( n+3x(wx)n

(P w)* (aw)*z — (@ w)* (aw)? (aw)3z = 0;

hence, (aP*w)*(aw)P(aw)3z = (aP*w)*a. Set y = (aw)®>z. Then we verify
that
(aPPw)aPPwy = (aPPw)*[aP P w]awz
= (aP*w)*(aw)Pawz = (aP*w)*a,
as desired.

(3) = (1) By hypothesis, (a”*w)*a?*wy = (aP*w)*a for some y € R.
Then ((aw)?)*(aw)Py = ((aw)P)*a. 1t is easy to verify that

[aw(aw)P]*aw(aw)P =

I
—~
N
g
TN TN e

|
R
g
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Since the involution * is proper, we get aw(aw)? = (aw)Pyw(aw)P. Let
z = ((aw)P)3y. Then we verify that
a(wz)? = aw((aw)”)yw((aw)”)’y
= ((aw)”)*yw((aw)”)’y
= (aw)?[(aw) yw(aw)”]((aw)”)*y
= (ow)Paw(aw)P((aw)”y
= (@)=
((aw)?)" (aw)?z = ((aw)?)" (aw)?((aw)®)?y
= ((aw)D)* aw)Py
= ((aw)?) a.
)

[T
O~
=)
EE&
PR
e |
s
\_gg
;&
= N—
| !
=
S
wl
-
<
=3
=)
S
3
+
=

=+
=
g
T
Q
g
3
t
|
=
g
ol

n+2

——

W) = ((aw)”)yw(aw)® (aw)
P (aw)? ~ {(aw)P Py (aw)” (aw)™?

—
=
S

~—

3
+
|

—~

—~
Q
S

as asserted. O
Corollary 3.4. Let a € R. Then a € RY if and only if

(1) a € RPw;
(2) There exists an idempotent ¢ € R such that
a”"R = qR and (a”")*awq = (a”*)*a.

Proof. = By using Theorem 3.3, a € RP* and there exists some y € R such
that

Then

(a”"w)" (aw)[(aw) PPy = (a”*w)"a.
Set ¢ = [(aw)P]?y. Then (a?*)*awq = (a”*)*a. Obviously, ¢R C a”*wR.
Moreover, a¥ = (a”"w)3y = [(aw)P]?y. Then a¥ = (aw)Pq, and so ¢ =
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(aw)[(aw)Pq] = awa¥. Hence, qu = (aw)(a¥w), and so quw(aw)? = (aw)(aPw)
(aw)P. We observe that
(aw)? — qu(aw)”
= (aw)? — (aw)(afw)(aw)”
(aw)™*H[(aw)P)"*? — (aw)(aiyw) (aw)"[(aw) ]2
= aw[(aw)" — (afw)(aw)"][(aw)”]"*2.

Hence, Since (aw)" = (aPw)(aw)™!, we get (aw)? — quw(aw)? = 0; hence,
aP?w = (aw)? = qw(aw)?; hence, aP?*wR C gqR. Thus, we prove that
aPYR = aPYwR = qR, as desired.

<= By hypothesis, a € R”"* and there exists an idempotent ¢ € R such
that

a”"R = qR and (a”")*awq = (a”*)*a.

Since a”R = aP*wR = (aw)P R, we write ¢ = (aw)”z with z € R. Choose
y = awz. Then

a?vw)*aPPwy = (aPw)*aP w(aw)z
( ) Y (
= (aPw)*(aw)P (aw)z
( ) (aw)
= (aPw)*aw[(aw)Pz]
= (aP"w)*awq
= (aP™w)*a,
the result follows by Theorem 3.3. O

4. RELATIONS WITH WEIGHTED CORE-EP INVERSES

In this section we investigate relations between weighted weak group and
weighted core-EP inverses. Our starting point is the following.

Theorem 4.1. Let a € R®. Then a € RY and a¥ = (a@)%a

Proof. By hypothesis, we have

a¥ = a(wa®)?, (awa®w)* = awa®w, (aw)" = «Pw(aw
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Set © = (aQw)?a. Then we check that

a(wr)? = [aw(a@w)?][aw(aPw)a

= ?w(a?w)(a@w)% = (aQw)(aOw)a
(aw)*(aw)*(aPw)?aw = (aw)*awla(wa®?)?|waw
(aw)*[awaPw]aw,

((aw)*(aw)?zw)* = g(aw awaQw]aw) (aw)*[awa@w]*aw
(
(

SE

(aw)*(aw)?2w =

aw)*[awa@w]aw = (aw)*awaPwaw
aw)*awla(wa®)waw
aw)*(aw)*(a@w)?aw = (aw)*(aw)?zw.
Moreover, we see that

(aw)" — zw(aw)™
w)" — (@) (w2
w)" — aPw(aw)"! 4+ aQw(aw)"** — (aQw)?(aw)"*2
(aw)" — aRw(aw)™] + aRw((aw)" — (aPw)(aw)"**)]aw

7

(
= (
[

a
a

and so (aw)" = rw(aw)™*! for some n € N. Therefore a¥ = (aQw)?a. O

Corollary 4.2. Let a € RO. Then a¥ = x if and only if a(wz)? = x, awx =
O
aPwa.

Proof. = In view of Theorem 4.1, a € RY and z := a¥ = (aPw)?a. There-
fore
awr = aw(aPw)?a = [a(wa®)?|wa = aPwa,
a(wx)? (awr)wr = [aPLwawaPwaPwa
[aPw)?a = a¥ = 1,
as required.
<= By hypotheses, a(wz)? = z, awr = aPwa. Then we have

v = a(wz)? = (awr)wr = aPwa(wr)
= aQw(awr) = aPw(aPwa)
= (aQw)?a.
In light of Theorem 4.1, x = a¥, as desired. 0

Corollary 4.3. Let A,{W € C"*". Then X 1is the weak W-group of A if and
only if X satisfies

AWX)? =X, AWX = ADWA.
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Proof. Lethal C™*™ be the ring of all n x n complex matrices, with conjugate
transpose * as the involution. Then the involution * is proper. Then the result
follows by Corollary 4.2. O

We turn to investigate when weighted group and core-EP inverse coincide
with each other.

Lemma 4.4. Let a € AY. Then awa € AD. In this case,
(awa)? = (aDw)?a.

w

Proof. Let x = (a¥w)3a and ¢ = awa. Then we check that

c(wr)? = awaw(aPw)?aw(aPw)a
awla(wa®)?w](aPw)aw(aPw)3a
a(wa¥®)2waw(aPw)a
[ wawaPw(a®w)?a
= aPwaPwaPwa
(aDw)3a

(cw)*(cw)*(zw) =

aw)?[a(wa¥)? ]waw

Il
N TN Q
s £
g
S—
o}
~—— %

and then

((cw)*(cw)*(zw))* = [((aw)?) " (aw)’] = ((aw)?)"(aw)* = (cw)* (cw)*(zw).

Moreover, we see that

n+l _ (aw) n __ (agij)saw(aw)QnJrQ

= (aw)™ — (ayw)’aPw(aw)*
= (aw)? — a¥w(aw)?+!

(cw)™ — xw(cw)

n+1

Hence, we have (cw)" = zw(cw)*™" = 0. Therefore we complete the proof. [

Theorem 4.5. Let a € RP. Then the following are equivalent:

(1) a¥ = a©

(2) awa® = a@wa

(3) (awa) = a@waw

(4) a has weak w-group decomposition a = a; + ay with aywas = 0.
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(5) a has weak w-group decomposition a = a;+as, a; € R® and ajw(a;)® =
(a1)Bway .

Proof. (1) = (2) In view of Theorem 4.1,

ay = (ajw)’a
Hence,
awa? = awad? = aw(aPw)?a
= [a(wa®)Hwa = aPwa,
as desired.

(2) = (1) Since awa® = aPwa, it follows by Theorem 4.1 that

W = (aQw)%a
aQw(aPwa)
aQw(awa®)
== a,’i?’

as required.

Let a = a1 + ao be the w-core-EP decomposition. Then it is the weak
w-group decomposition.

(1) & (4) We check that

awai? = awa? = aw(a1)? = (a1w + aw)(ay)# = ayw(a,)?,

aPwa = (a))fwa = (a1)7 (way + way) = (a1)Fwa; + (a1)7was.

Thus, (a1)#way = 0 if and only if awa® = aQwa.
If aqwas = 0, then

(a1)fwas = [(a1)jwarw(ar)fwas = [(a1)fw]*laiwas] = 0.

If (a;)#way = 0, then
awWay = [alw(al)jwal]wal = [alw]Q[(al)ﬁwaﬂ = 0.

Thus, ayway = 0 if and only if (a;)#way = 0. Accordingly, a¥ = a2 if and
only if ajwas = 0, as desired.
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(3) & (4) In light of Lemma 4.4, we verify that

(awa)¥ = (a¥w)a

= ((a1)fw)*(ay + a)

= ((a)fw)’ar + ((a1)Fw)’ay
((al)ﬁw)g[(al)#wal] ((a)Fw)*[(ar)Fwas]

= ((a)fw)*[arw(a) ] + ((a1)Fw)?[(a1)F was]
((a)fw)[(ar)Fwarw(ar)F] + ((a1)fw)?[(ar)fwas)

= (m)ﬁw(fh)ﬁf ((al)#w) [(@1)§WCL2]
(al)ﬁw(al)ﬁ ((al)#w) [(al)ﬁw%]

= aJway) + ((a1)fw)?[(a1)was).

If ajway = 0, as in the argument above, we have (a;)#was = 0, and so
((a1)Fw)?[(a1)fwas) = 0.

If ((a1)#w)?[(a1)?was] = 0, then [ayw(ar)#w(a;)#|wl(a;)?was] = 0; hence,
[(a1)#wayw(ar)#]w](ar)#way] = 0. This implies that (a;)#w((a;)#was] = 0.
Moreover, [a;(w(ai)#)*way = 0. We infer that (a;)#way; = 0. Similarly to
the preceding argument, we have a;was = 0. Then aywas = 0 if and only
if ((a1)#w)?[(a))#way) = 0. Therefore ajway = 0 if and only if (awa)?¥ =
aDwa¥ | as desired.

(1) = (5) Since (a;)# = aQ, we see that a; € R®. Moreover, we have

alw(al)@ = alw(al)# = (al)ﬁwal = (al)j?wal.

(5) = (1) Since ayw(a))® = (a1)Pwa,, we see that (a,)® = (a;)7. Thus,
we have

ay = (m)?f = (al)@ = a%,

w w

as asserted. O
Lemma 4.6. Let a € RY and i(a®*) = k. Then the following hold:

(1) a%(wa)k aDw(wa)k.
(2) (a D“’w) —a@w(a Wy )R-t

Proof. In view of Theorem 3.1, a € RP%. Let x = a¥. Then a(wz)? =
z, (aw ) (zw)(aw)k*1. Hence (aw)(zw)? = zw, (aw)* = (zw)(aw)***. In
view of [17, Lemma 2.2], aw € RP and (aw)? = (zw)**(aw)*. Also we have
wa(wr)? = wr, (wa)* = (wr)(wa)**2. By using [17, Lemma 2.2] again,
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(wa)P = (wx)**2(wa)* 1. Accordingly,
a?? = (aw)Pa(wa)” = (zw)"*(aw)*a(wz)*+? (wa)"*!
— (:Bw)kJrl( )k+1(xw)k+1$(wa)k+1
= (vw)**!(aw)(zw)z(wa)*+!
= (W) fawa)?)(wa)! = () Ha(wa)
= (w1 (wa) .
(1) We verify that
aD,w(wa)k — l‘(’lUI)kJrl( )k+1(wa)k
= x(wfﬂ)kﬂ(wa)%“—ZU(WH?)k[(w )(wa)**(wa)®
= a0 = atw) ) () )
= a(wa)";
aY(wa)* = z(wa)k.
Therefore a¥ (wa)* = aP*(wa)*.
(2) We easily check that
(@Pew) = fofwn) " (wa) ulr(en) wa) )Pt
= z(wz)™ (wa) ! (wr) 2 (wa)Hw(aP w)k 2
= 2(wz)"(wa)" (wa) [ (w) (w )k“]w( Cw)ts
= o(wr)*(wa)(wr)|(wr)(wa)** w(a? )k
= z(wr)"*wla(wr)?])(wa)*w(aP P w)k—2
— x(,u]x)k"i‘l(wx)(wa/)k"i‘lw(a/D,’ww)k)—Q
= aw[r(wr)"*(wa) Hw(a?Pw)k2
— xw(aD,w )k—l _a@w<awa)k—1_

O

Finally, we present various conditions under which an element and its weak

weighted group inverse commute with the weight.

Theorem 4.7. Let a € RY and i(a”

lent:
(1) (aw)(a%w) = (aPw)(aw).
Akl
(4) (%) g vw) = (aPw) (@)
Proof. (1) = ( (
] = (aw)[(a¥w)(aw)]

Since (aw)(a®w) = (a¥w)(aw), we verify that (aw)
aDw)(aw)] = [(aw)(aPw](aw) =

2(aBw

[(a}w)(aw)] (aw

W) = k. Then the following are equiva-

-
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(aWw)(aw)?. By iteration of this process, we prove that (aw)*(a®w) =
ww)(

(aWw)(aw)*. Inlight of Lemma 4.6, (aw)*(aPw) = [a¥ (wa)*|w = (aw)*(aP*w).
(2) = (3) It is easy to check that
(aw)*aifw = (aw)[(aw)* (i w] = (aw)"a” w = (aw)",
as required.
(3) = (1) Since (aw)* = (aw)*1aPw, we have
aDw(aw)® = [aPw(aw)
= (aw)*aDw.

E1) W
In view of Theorem 2.3, there exist z,y € R such that
a=z+y 2y=ywz=0,2¢€ R’ yec RV

Explicitly, a¥ = z# and (yw)* = 0. Since aw = zw + yw and (yw)(zw) = 0,
then we have

We check that
k

(aw)*aPw = [3(2w) (yw)*]efw
i=1
= (zw)kzfw.
Moreover, we have
k
agw(aw)® = zZw[3 (2w) (yw)* ]
i=1

= z2Fw(zw)* + 2Fw lg(zw)i(yw)k_i].

Since (zw)(z#w) = (27 w)(zw), by induction, we have (zw)* (27 w) = (27 w)(zw)".

k
This implies that z#w|[> (zw)!(yw)¥~¥] = 0. Accordingly, we have
i=1

k k—1

Y (zw)(yw)* " = (zw)(fw)[)_ (zw)' (yw)* ] = 0.

i=1 i=1

That is,
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Since (yw)* = 0, we see that

(zw)" " yw)' ™ = —[(zw)(yw)" " + (2w)? (yw)
+ o (2w) P ()Y (yw) 2 = 0,

As zw € R*, we see that zw(yw)* ! = [(zw)#]*2[(zw) 1 (yw)*~!] = 0; and
then
(zw)*(yw)* ™2 + - + (2w)* (yw) = 0.

Furthermore, we have zw(yw)*~2 = 0. By iteration of this process, we have

(zw)(yw) = 0.
Accordingly, we have

(aw)(a®Pw) = (2w + yw)zFw
= zwziw + (ywz)[wz?*w = 2wzt w,
dYw)(aw) = zFw(z +y)w = zFwzw + 2z wyw

= zlwzw + (2Fw)? (zwyw) = 2Fwzw.

Hence, (aw)(a®w) = (a¥w)(aw), as required.

(1) = (4) Let # = a¥. Then awzw = rwaw and zw(aw)"™ = (aw)*(n €
N), zwawzr = (zwa)wzr = (awr)wr = a(wr)> = z. Hence, x = aP*. This
implies that a¥wa?*w = aP*waPw.

(4) = (1) By using Cline’s formula (see [5, Theorem 2.1]), we have a
(aw)P. Hence, (a¥w)(aw)? = (aw)P (aPw).

By virtue of Theorem 2.3, there exist z,y € R such that

D,ww —

a=z+4y 2'y=ywz=0z2€ R’ yec R

Explicitly, a¥ = 2% and (yw)* = 0. Since aw = zw + yw and (yw)(zw) = 0,
it follows by [1, Corollary 3.5] that

N

(aw)? = (zw)* + 3 () #)™ ()’

=1

It is easy to verify that
k-1
(aw)PaFw = [(zw)* + 3 ((z2w)*)"* (yw)]zfw
i=1
= (2w)*zfw.
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Moreover, we have

Bulew)? = spullzu + X () ]

= sfu(ew)* + HulS () )]

Sine (zw)#z#w = 2#w(zw)?¥, we have

Thus,

That is,
[(zw0)*2(yw) + [(zw) P (yw)? + - + [(zw) ] (yw)*~* = 0.

Since (yw)* = 0, we have (zw)(yw)*2? = 0; hence, (zw)(yw)*3 = 0. By
iteration of this process, we see that (zw)(yw) = 0.
Therefor we have

(aw)(aiyw)

(2w + yw)zFw

zwzifw + (ywz)[wz Pw = 2wz w,

(Dw)(aw) = zFfw(z +y)w = zFwzw + 2Fwyw
= zlwzw + (2Fw)? (zwyw) = 2Fwzw.

Hence, (aw)(a®w) = (a¥w)(aw), as asserted. O

As an immediate consequence of Theorem 4.7, we derive

Corollary 4.8. Let a € RY,w € R~ and i(aP") = k. Then the following
are equivalent:

aw)k — (aw)kJrl
aDwaP v = aD»wwﬁy.
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