WEIGHTED m-GENERALIZED GROUP INVERSE IN
+*~BANACH ALGEBRAS

HUANYIN CHEN AND YUEMING XIANG

ABSTRACT. Recently, Gao, Zuo and Wang introduced the W-weighted m-
weak group inverse for complex matrices which generalized the (weighted)
core-EP inverse and the WC inverse. The main purpose of this paper is to
extend the concept of W-weighted m-weak group inverse for complex matri-
ces to elements in a Banach *-algebra. This extension is called w-weighted
m-generalized group inverse. We present various properties, presentations
of such new weighted generalized inverse. Related (weighted) m-generalized
core inverses are investigated as well. Many properties of the W-weighted
m~weak group inverse are thereby extended to wider cases.

1. INTRODUCTION

Let A be a Banach algebra. An element a € A has group inverse provided
that there exists = € A such that

ra® = a,ax® = z,ax = za.

Such z is unique if exists, denoted by a*, and called the group inverse of a
(see [14]). As is well known, a square complex matrix A has group inverse if
and only if rank(A) = rank(A?).

A Banach algebra is called a Banach *-algebra if there exists an involution
¥ — o satisfying (z +y)* = 2% +v*, (\x)* = Az*, (xy)* = y*2*, (2¥)* = z.
The involution x* is proper if *z = 0 = x = 0 for any = € A, e.g., in a Rickart
*_algebra, the involution is always proper. Let C"*™ be the Banach algebra
of all n x n complex matrices, with conjugate transpose * as the involution.
Then the involution * is proper. In [21], Zou et al. extended the notion of
weak group inverse from complex matrices to elements in a ring with proper
involution.

2020 Mathematics Subject Classification. 15A09, 16U90, 46HO5.
Key words and phrases. weighted generalized Drazin inverse; m-generalized group inverse;
m-weak group inverse; m-weakly core inverse; Banach *-algebra.
1



2 HUANYIN CHEN AND YUEMING XIANG

Let A be a Banach algebra with a proper involution *. An element a in a
A has weak group inverse if there exists x € A such that
r = az’, (a*a’s)* = a*a’r,a" = xa™!
for som n € N. Such z is unique if it exists and is called the weak group inverse
of a. We denote it by a¥ (see [21, 22]). A square complex matrix A has weak
group inverse X if it satisfies the system of equations:

AX? = X, AX = A9A.

Here, A®Q is the core-EP inverse of A (see [11, 23]). Weak group inverse was
extensively studied by many authors, e.g., [8, 17, 20, 21, 22].

In [2], the authors extended weak group inverse and introduced generalized
group inverse in a Banach algebra with proper involution. An element a in A
has generalized group inverse if there exists z € A such that

r = az?, (a*a’zs)* = a*a’r, lim ||a™ — xa"+1||% = 0.
n—oo

Such z is unique if it exists and is called the generalized group inverse of a. We
denote it by a®. Many properties of generalized group inverse were presented
in [2]. Mosi¢ and Zhang introduced and studied weighted weak group inverse
for a Hilbert space operator A in B(X) (see [17]). Furthermore, the weak
group inverse was generalized to the m-weak group inverse (see [11, 18, 24]).
Recently, Gao et al. further introduced and studied the W-weighted m-weak
group inverse in [11].

The main purpose of this paper is to extend the concept of W-weighted
m-~weak group inverse for complex matrices to elements in a Banach *-algebra.
This extension is called weighted m-generalized group inverse.

An element a € A has generalized w-Drazin inverse x if there exists unique
x € A such that

awzr = rwa, rwawr = x and a — awzwa € A

We denote z by a®® (see [19]). Here, A7 = {z € A | lim || 2" |[== 0}.
n—oo

We denote a®! by a?. Evidently, a®* = x if and only if z = a[(wa)?]?. We

introduce a new weighted generalized inverse as follows:

Definition 1.1. An element a € A has w-weighted m-generalized group in-

verse if a € A% and there exists v € A such that
x = a(wr)?, [(wa)]* (wa)™HMwr = [(wa)]*

lim ||(aw)" — (zw)(aw)™||= = 0.
n—oo

wa,
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The preceding x 1s called the w-weighted m-generalized group inverse of a, and
denoted by a®m.

The w-weighted m-generalized group inverse is a natural generalization of
the m-generalized group inverse which was introduced in [1]. Let a®= be the
m-generalized group inverse of a. Evidently, a®= = q®m=!  We list some
characterizations of m-generalized group inverse.

Theorem 1.2. (see [1, Theorem 2.3, Theorem 3.1 and Theorem 4.1]) Let A
be a Banach *-algebra, and let a € A. Then the following are equivalent:

(1) a € A9m.
(2) There exist x,y € A such that

a=z+y cd" ly=yr =0,z € A" y e AT
(3) a € A? and there erists v € A such that

T = CMCQ, (ad)*am+1$ — (ad)*am’ hm Han o xanJrlH% — 0
n—oo

(4) a € A? and there exists v € A such that
r = az’, (a®)*a™r = (a®)*a™, lim ||a” — xa”+1||% = 0.
n—y00
(5) a € A% and there exists an idempotent p € A such that
a+pe A7 [(@™)amp]* = a*ap and pa = pap € AT,

(6) a € A% and there exists x € A such that (a?)*a’z = (a?)*a™.

In Section 2, we investigate elementary properties of w-weighted m-generalized
group inverse in a Banach *-algebra. Many new properties of the weak group
inverse for a complex matrix and Hilbert space operator are thereby obtained.

Following [3], an element a in A has generalized w-core-EP inverse if there
exist © € A such that

a(wr)? = z, (wawr)* = wawz, lim ||(aw)™ — (xw)(aw)"“H% = 0.
n—oo

The preceding z is unique if exists, and we denote it by a@*. We denote
a®! by a®. Evidently, a@* = z if and only if z = a[(wa)®]? (see [3, Theorem
2.1]). In Section 3, we investigate the representations of m-generalized group
inverse under weighted generalized core-EP invertibility.

Recall that an element a € A has Moore-Penrose inverse if there exist x € A
such that aza = a,zax = z, (ax)* = az, (ra)* = za. The preceding x is unique
if it exists, and we denote it by a'. An element a in A has weak core inverse
provided that a € AW AT (see [16, 23]). In [4], the authors introduced and
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studied the generalized core inverse. The m-weak core inverse and weighted
weak core inverse were investigated in [10, 15]. Recently, Ferreyra and Mosi¢
introduced the W-weighted m-weak core inverse for complex matrices which
generalized the (weighted) core-EP inverse, the weak group inverse and m-weak
core inverse (see [7]). A square complex matrix A has W-weighted m-weak core
inverse X if

X = AW (W A)™[(WA)™)T.

Here, A®=W is the W-weighted m-weak group inverse of A, i.e., (WA)™ has
weak group inverse (see [20]). Let a,w € A,m € N. Set a € At if (wa)™ €
A'. We have

Definition 1.3. An element a € A has w-weighted m-generalized core inverse

if a € A®mw () Atm,

In Section 4, We present various properties, presentations of such weighted
generalized group inverse combined with weighted Moore-Penrose inverse. We
extend the properties of generalized core inverse in Banach *-algebra to the
general case(see [4]). Many properties of the W-weighted m-weak core inverse
are thereby extended to wider cases, e.g. Hilbert operators over an infinitely
dimensional space.

Finally, in Section 5, we give the applications of the w-weighted m-generalized
group (core) inverse in solving the matrix equations.

Throughout the paper, all Banach algebras are complex with a proper in-
volution *. We use Af, A% A@ A® and AY to denote the sets of all Moore-
Penrose invertible, weighted generalized Drazin invertible, generalized core-EP
invertible, generalized group invertible and weak group invertible elements in
A, respectively.

2. WEIGHTED m-GENERALIZED GROUP INVERSE

In this section we introduce and establish elementary properties of weighted
m-generalized group inverse which will be used in the next section. This also
extend the concept of w-weighted m-weak group inverse from complex matrices
to elements in a Banach algebra (see [11]). We begin with

Theorem 2.1. Let a,w € A. Then the following are equivalent:

(1) a € A®mv,
(2) wa € A®m,

In this case, a®m¥ = a[(wa)®n]?.
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Proof. (1) = (2) By hypothesis, we can find x € A such that

r = a(wx)?, [(wa)?]*(wa)™ M wz = 1[(7ut)cz)d]>“wa,
i (@)= = () )| =0,
Furthermore, we have
[[(wa)" = (wa) (wa)" =
= ||Jw(aw)" ta — wxw(aw)”a“ﬁ
= |lwl(aw)"™ —xw(aw) Jall» L
< w2 [|(aw)"™" = ww(aw)"||75]5 [a] .
Therefore X
Tim | (wa)" — (wa)(wa)™* ||+ = 0
Obviously, wz = (wa)(wz)?. Hence,
wa € A9 and (wa)® = wa.
Accordingly,
= a(wz)® = al(wa) &,
as desired.
(2) = (1) Let 2 = a[(wa)®=]%. Then a € A% and we verify that
a(wz)? = awal(wa)®r*wal(wa)®m]?
= af(wa)®n]? = .
One easily checks that
[(wa)T* (wa)™ twe = [(wa)?]*(wa)™wal(wa)®n]?
= [(wa)?]"(wa)™*! (wa)®n
= [(wa)*wa.
Since
(zw)(aw)™t = a|(wa)®r*w(aw)"*!
= (aw)" —a[(wa)"~" — (wa)®n (wa)"|w
= a(wa)®r[(wa)" — (wa)®r (wa)"*w,
we have
[{aw)" = (zw)(aw)™||«
< lal[={|(w a)”1 b — (wa)®n (wa)"|| 7w 1
+ [la(wa)®n||<[|(wa)" — (wa)®n (wa)™ ||« ||w]|.
Therefore

lim |[|[(aw)" — (zw)(aw)™||» =0,
n—oo



6 HUANYIN CHEN AND YUEMING XIANG

the result follows. O

The preceding unique solution z is called the w-weighted generalized m-
group inverse of a, and denote it by a®=. That is, a®=* = a[(wa)®=]2. We
use A®n " to denote the set of all w-weighted generalized m-group invertible
elements in A. By the argument above, we have
Corollary 2.2. Let a,w € A. Then

(1) a®@mv = x.
(2) wa € A®» and (wa)®n = wx.
Corollary 2.3. Let a,w € A. Then a € A®=" if and only if

(1) a € Adv;
(2) There exists € A such that
r = alwx]?, [(wa)*(wa)" M wz]* = (wa)*(wa)
lim ||(aw)™ — (zw)(aw)™||= = 0.

m—i—lwx,

Proof. = Obviously, a € A%". By hypothesis, there exists x € A such that
z = alwz]?, [(wa) ] (wa)" wz = [(wa)"wa,
lim ||(aw)™ — (:Ew)(aw)"“H% =0.
n—oo

In this case, z = a[(wa)®=]%. Then

(wa)*(wa)™Ptwr = (wa)*(wa)™  wal(wa)®n]?
= (wa)*(wa)" " (wa)®m,
(wa)*(wa)"Mtwz)” = (wa)*(wa)"Mwz.

<= By hypothesis, there exists x € A such that

m+1 m+1

r = alwz)?, [(wa)*(wa)™ M wz]* = (wal)*(wa)
i [[(aw)" — (ww)(aw)*1 |+ = 0.

we,

Clearly, wr = (wa)[wz]*>. Observing that

[|(wa)™** = (wa)(wa)"*?|| ntl

= ||lw(aw)" — (w(zw)(aw)" " al]
< w|ll[(aw)™ — (zw)(aw)"*|[|all,
we see that

lim [|(wa)" — (wa)(wa)" ||~ = 0.
This implies that wa € A®m=. According to Theorem 2.1, a € A®m¥ as
asserted. O

Theorem 2.4. Let a,w € A. Then a € A®=" if and only if
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(1) a € A4v;
(2) There exists x € A such that
z = afwz]?, [((wa)™)"(wa)" M wz]* = (wa)™)*(wa)" 1wz,
lim ||(aw)™ — (zw)(aw)™™||x = 0.
n—oo

Proof. = Clearly, a € A%". In view of Theorem 2.1, wa € A®=. According
to Theorem 1.2, There exists z € A such that

z = (wa)z*, [((wa)™)" (wa)™*z]* = (|(1 a)™)*(wa)™ 'z,

: n __ n+1
i [[(wa)" = >(wa)™

Here, z = (wa)®» = wal(wa)®=]?. Set v = a[(wa)®=]?. Then
[(wa)™)* (wa)™ wz]* = ((wa)™)*(wa)™we,
lim ||(aw)™ — (zw)(aw)"+||% = 0.
n—oo
Moreover, we have
wr = wal(wa)®n]? = (wa)®n,
and then
a(wz)? = a[(wa)®"]? = .
In this case, a®=" = z, as desired.
<= By hypothesis, there exists x € A such that

v = awa)?, [(wa)")* (wa)™ wal” = (wa)")*(wa)"wa,
T [[(aw)" — () o)+ = 0

Then wr = wa(wzr)?. In view of Theorem 1.2, wa € A®m. According to
Theorem 2.1, a € A®n" as asserted. O
Corollary 2.5. Let a,w € A. Then a € A®Y if and only if

(1) a € AP,
(2) There exists x € A such that

r = alwx]?, [(wa)*(wa)*wx]* = (wa)*(wa)*wz,
Tim [[(aw)" — (zw)(aw)*1{[* = 0.
Proof. This is obvious by Theorem 2.4. 0
Set im(z) = {zr | r € A}. We are ready to prove:
Theorem 2.6. Let a,w € A. Then the following are equivalent:
(1) a®nv = 1.
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(2) awz = a(wa)®m, a(wr)® =1z.
(3) wawx = wa(wa)@m, im(x) C zm(cczlw)d.
(4) awz = a(wa)®m, im(x) C im(aw)?.

Proof. (1) = (2) In view of Theorem 2.1, z = a[(wa)®n]%. Then a(wz)? =
and
awr = (aw)a[(wa)®m]?
= a(wa)[(
= a(wa)
(2) = (3) Obviously, wawr = w(awzr) = wla(wa)®n] = wa(wa)®m=. More-
over, we have

|
Q
— D~
S
Q
~—

= (aw)¥(awa)(wa)®mwz.

Therefore im(z) C im(aw)?, as desired.
(3) = (4) Since im(x) C im(aw)?, we see that

da|waw)

awr = awl|(aw)(aw)?z] = (aw)
= (aw)%alwa(wa)®m]
= al(wa)*(wa)*(wa)®r
= awa)(wa)(wa)®n
= a(wa)®n,

as desired.
(4) = (1) Write 2 = (aw)?z for some z € R. Then

r = aw(aw)r = (aw)?(awz)
= (aw)?[a(wa)®~]
= (aw)*(aw)a(wa)®~]*
= af(wa)®]%.
This completes the proof by Theorem 2.1. 0
Corollary 2.7. Let a € A. Then the following are equivalent:
(1) a®m = .
(2) ax = aa®, az® = .
(3) ar = aa® im(x) C im(a?).
Proof. This is a direct consequence of Theorem 2.6. O

We are ready to prove:
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Theorem 2.8. Let a € A9, Then wawa®m+1¥ = wa®nywa.

Proof. In view of Theorem 2.1, we see that

wawa®m+1* = wawal(wa)®m+1]?
= wa(wa)®m+
wa®mPwa = wal(wa)®=]?wa
= (wa)®mwa.

In view of [1, Corollary 2.4], we have

(wa)®=+1 = [(wa)®n]*wa.

Therefore
wawa®m+1Y = wa(wa)®m+1
wal(wa)®n]2wa
= (wa)®mwa
= wa®nwa.
This completes the proof. O

Corollary 2.9. Let a € A®m. Then aa®m+1 = a®naq.

Proof. This is obvious by choosing w = 1 in Theorem 2.8. 0

3. REPRESENTATIONS OF m-GENERALIZED GROUP INVERSE

In this section, we present the representations of m-generalized group inverse
under weighted generalized core-EP invertibility.

Theorem 3.1. Let a € AQY. Then a € A®v and
a®m = [a@ W] (qw)" a.

Proof. In view of [3, Theorem 2.1], a@% = a[(wa)®)?; hence, wa@® " = (wa)®.
Then we easily check that

(@@ (qw)™ ta = a@DPwa@*]mMw(aw)™ ta
[( )

Thus,
wa® ] (aw)"a = wal(wa) @] (wa)™ = [(wa) @] (wa)".

Set z = [(wa)@]™ ! (wa)™. Then
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n—oo

This implies that
(wa)®r = [(wa)®)™* (wa)™.
According to Theorem 2.1, we prove that a € A®=" and

||
'&Q
&
K
_©
3
+
o
S
)
3

as required. O]

Corollary 3.2. Leta € A9. Then a € A®n and

a®m = (@)™ g™,
Proof. This is obvious by choosing w = 1 in Theorem 3.1. 0

We call z is the (1,3)-inverse of a if = satisfies the equations aza = a and
(az)* = ax. We use A3 to denote the set of all (1, 3)-invertible elements in A.
Let a € A9 and a(wa)@w € AY®). By using [3, Theorem 2.5, aw, wa € A9.
Let p = (aw)(aw)@, ¢ = (wa)(wa)®. Then p, ¢ € A are projections.

Lemma 3.3. Let a € A9 and a(wa)@w € A3, Then

aiy as wy W
“= < 0 as ) W= ( 0 Ws ’
D,q q,p

where a; € [pAq]™', wy € [qAp|™ and azws and wsas are quasinilpotent.
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Proof. We easily verify that

(1-plag =

|
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Then
1 1 n n L n 1
(1 = plag||» < [Jaw|[*||(aw)" = (aw)®(aw)™ ||+ ||a](wa) @] ]| =

Since lim ||(aw)™ — (aw)@ (aw)"*!||x = 0, we see that lim [|(1 — p)ag||+ = 0.
n—o00 n—00

This implies that (1 — p)ag = 0. Likewise, we prove that
(1 - qwp = [1 — (wa)(wa)®w(aw)(aw)® = 0.

Moreover, we have

A@@QE
SEEEGZ
=
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2
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2 E
2
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&
=
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@

S
S
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Then a; = paq € [pAq]~!. Similarly, w; = qup € [qAp]~ .
Also we easily see that

azwy = [l — (aw)(aw)®@]a[l — wa(wa)@w[l — (aw)(aw)®]
e Ami

Thus, agws is quasinilpotent. By using Cline’s formula, wsas is quasinilpotent.
This completes the proof. (]

Lemma 3.4. Let a € A9 and a(wa)@w € A3, Then

a@,w _ (w1a1w1>71 0
- 0 0 '
y2U
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Proof. In view of [3, Theorem 2.1], a@% = a[(wa)@]2. One easily checks that

pa®*(1—q) = (aw)(aw)®a|(wa)®P[1 — (wa)(wa)®]
= (aw)(aw)®a(wa)®[(wa)® — (wa)®(wa)(wa)®] =0,
(1= p)a®q = [1— (ow)(aw)®al(wa)®](wa) (wa)®
= [1 — (aw)(aw)®]awa[(wa)®]?(wa)(wa)@
= aw[l — (aw)@aw]a[(wa) 3 (wa)(wa)® = 0,
(1—=p)a@v(1—q) = [1— (aw)(aw)9a[(wa)®)?[1 — (wa)(wa)@] = 0.

Moreover, we see that

pa®vq = (aw)(aw)®al(wa)?]*(wa)(wa)®

~1
= wiaw; € (pAQ) )
thus yielding the result. 0

Theorem 3.5. Let a € A and a(wa)@w € AL, Then

@ w O‘ﬁ
(5 1),,
b,q

where
a = (wayw;),
B = (wiaqwr) tas + [(wiarwr) "t e 1a3 + by (asws)™ tag;
by = (wawy) twa, by = (wiaywy) " tws by,
¢ = Wz + aWs, Cup1 = A W16y, + (agwe + agws)(azwsz)™.

Proof. Construct two series {b,} and {c,} by the equalities: Here,

by = (wlalwl)_1w2a b1 = <w1a1w1>_1w1bn7
€1 = G Wa + AoW3, Cpp1 = G W1C, + (Gw2 + asws)(azws)™.

Then we compute that
( [(wiarwy) " w " by )

(s o) () R
(0 2) (e )= e )
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According to Theorem 3.1 and Lemma 3.4, we derive
a@m,w — [a@,ww]m—l—l(aw)m—la

[(wiarwy) ™ wi ™ by ) ( (@mw)™ e ) ( ap ap )

0 0 0 (azwz)™ ! 0 as
_(a B
N 0 0 )’
where
a = (wagw)™,
B = (wiaywy) tag + [(wiaywy) " tw ™ e, 1az + by (asws)™ tas.
This completes the proof. 0

Corollary 3.6. Let a € A9. Then

-1 —(m+1)
I (a1) b
0 0 ot ’

)

where by = as, b1 = a1by, + agaf’, s = aa® and t = aQa.

Proof. This is immediate by choosing w = 1 in Theorem 3.5. U

4. WEIGHTED m-GENERALIZED CORE INVERSE

The aim of this section is to investigate weighted m-generalized group inverse
with weighted Moore-Penrose inverse. We introduce and study weighted m-
generalized core inverse in a Banach x-algebra. Let piugm = (wa)™|(wa)™]t
be the projection on (wa)™. The following theorem is crucial.

Theorem 4.1. Let a € A9 Then there exists a unique x € A such that
rwawzs = r, awr = awa® " pem, v(wa)™ = a®m (wa)™.
Proof. Taking z = a®m*(wa)™[(wa)™]. Then

swawr = a®n®(wa)™[(wa)™]fwawa®= (wa)™[(wa)™]f
a®mwawa®n" (wa)™[(wa)™]t
a®r(wa)™[(wa)™]!
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Suppose that z’ satisfies the preceding equations. Then one checks that

¥ = rwawr = a®nCwaw’

a®mwawa®n v (wa)™[(wa)™t
a®mwawal(wa)®n]}(wa)™|(wa)™]!
a|(wa)®r Pwa(wa)®r (wa)™[(wa)™]f
a[(wa)®n]*(wa)™[(wa)™]!
a®r(wa)™[(wa)™]!

as required.

We denote the preceding unique x by a©m®
Corollary 4.2. Let a € A% (m > 2). Then the following are equivalent:

(1) a©Om = .
(2) The equation system

awz = a(wa)®mppm, a(wz)® =

is consistent and its unique solution z = a©m®

Proof. (1) = (2) In view of Theorem 4.1, we have

awr = awa®m?(wa)™|(wa)™]!
awal(wa)®n]?(wa)™[(wa)™]!
— a(wa)®m(wa)m[(wa)m]T.

Moreover, we have

a(wz)? = awa®®(wa)™[(wa)™Twa®m v (wa)™[(wa)™]"
awal(wa)®r*(wa)™[(wa)™fwa[(wa)®r |*(wa)™[(wa)™]f
awal(wa)®r]*(wa)|(wa)®r]*(wa)™ [(wa)™]!

= a[(wa)®r*(wa)"[(wa)™]'

a®n (wa)™[(wa)™]!

(2) = (1) Suppose that the equation system

awz = a(wa)®m (wa)™[(wa)™]!, a(wz)? = z
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is consistent. In view of [1, Corollary 2.4], we have

= (a(wa)®r (wa)™[(wa)" ] )wz

= (wa)@( a)"[(wa)"wa(wz)®
a(wa)®r (wa)™[(wa)"]") (wa)™ (wz)™

r = (awzx)wr

[
(wa)®m (wa)™(wz

: g(wa ®muwz "

= af(wa)®m-1]%w(awz)

= a[(wa)®1Pwla(wa)®r (wa)™[(wa)"]']
= a[(wa)®m A (w

a)[(wa)®n (wa)™[(wa)™|']

= a(wa)®n|(wa)®n (wa)™ (( a)™)']

a|(wa)®r*(wa)™[(wa)™]!
a®n (wa)™[(wa)™]t
= a©m’w,

as asserted.

Let a € A9=»®  In view of Theorem 4.1, a©m®

O

= a®rm(wa)™[(wa)"]".

Set ¢ = a(wa)®m(wa)™. We now establish necessary and sufficient conditions
under which a has weighted m-generalized core inverse.

Theorem 4.3. Let a € A9 The following are equivalent:

(1) a©m = g
(2) awz = c[(wa)m]T and zA C a®™" A.
(3) awz = c[(wa)™|" and a(wr)? = .

Proof. (1) = (2) In view of Theorem 4.1, we have

awzr = awa®m"(wa)™|(wa)™]’

c[(wa)™]'.
By virtue of Theorem 2.1, we have

A
a®mv A
a[(wa)®n]2A
a(wa)tA
al(wa)?2A
a®® A.

NN 1N

a®r(wa)™[(wa)™]"A

(2) = (1) Since awz = c[(;ua)m]f, we have awr = a(wa)®=(wa)™[(wa)™]|! =

awal(wa)®n*(wa)™|(wa)™]

= awa®m v (wa)™[(wa)™]'.
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Since z.4 C a®” A, we derive that a®“wawa®® = a®*. Hence, a* wawz =

z. In view of Theorem 2.1, a(wa)®= C af(w )] wA = (aw)d.A. Then
(aw)?awa(wa)®n = a(wa)®m. We deduce that

r = a®Pwlawr) = a[(wa)?Pw(awz)

= al(wa)¥Pwawa®* (wa)™[(wa)™]"
= (aw)?awa®=*(wa)™[(wa)™|!

= (aw)’awa(wa)®*(wa)™[(wa)™]!
= al(wa)®~]*(wa)™[(wa)™]f

= a®"(wa)"[(wa)"]!

Therefore a©m% = x, as desired.

(1) = (3) By the argument above, we have awr = c[(wa)™]'. In view
of Theorem 2.1, x = a®=(wa)™[(wa)™]". By using Corollary 4.2, we have
a(wz)? = z, as required.

(3) = (1) Since awz = c[(wa)™]t, we see that awz = a(wa)®=(wa)™|(wa)™]!.
As a(wz)? = x, by virtue of Corollary 4.2, z = a®n ¥ (wa)™[(wa)™]l = a©Om
as required. D

Let X € C™™. The symbol R(X) denote the range space of X. We now
derive

Corollary 4.4. Let A € C"*". The following are equivalent:
1) AU = X,

(2) AWX = AAWAAT and R(X) C R(AP).
(3) AWX = AWAWWAA and AWX)? = X.

Proof. Since A € C™", we easily see that A©1% = AW Therefore we com-
plete the proof by Theorem 4.3. 0

We are now ready to prove the following.
Theorem 4.5. Let a,w € A. Then the following are equivalent:

(1) a©mv = 1.
(2) zwewz = x, awz = c[(wa)™]" and zwe = (aw)e.
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Proof. (1) = (2) In view of Theorem 4.1, x = a®m*(wa)™[(wa)™]'. By virtue
of Theorem 4.3, awx = c[(wa)™]". Moreover, we verify that

= a®(wa)"((wa)"|"[wa(wa)®n (wa)"w]a®n (wa)™ [(wa)™]!
= a[(wa)®r*(wa)"[(wa ]T[wa(wa)@):@( a)"wl[a(wa)®r*(wa)™[(wa)™]*

= af(wa)®n]?(wa)™[(wa)™]!
a®mv (wa)™[(wa)™]"
—
Twe

— af(wa)®n[*(wa)"|(wa) " wa(we)®n (wa)
al(wa)®=)2wa(wa)®m (wa)™

= af(wa)®)?(wa)™
a(wa)(wa)[(wa)®=]?(wa)™

= a(wa)(wa)®m(wa)™
al(wa)¥?wa(wa)®m (wa)™

= (aw)’c,

as required.
(2) = (1) By hypothesis, we check that
d

r = zwewr = (zwe)wr = [(aw)®cwz
= al(wa)?*(wewx)
€ a®A.
According to Theorem 4.3, we complete the proof. U

Corollary 4.6. Let A € CY™ and C = AWAYWA. The following are
equivalent:

(1) AYT = X.
(2) XWCOWX = X, AWX = C(WA)! and XWC = (AW)PC.
Proof. Tt is immediate by Theorem 4.5 by choosing m = 1. 0

5. APPLICATIONS

The purpose of this section is to give the applications of the w-weighted m-
generalized group (core) inverse in solving the matrix equations. We consider
the following equation in A:

[(wa)]* (wa)™ M wz = [(wa)]* (wa)™b, (5.1)
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where a,w,b € A and m € N.

Theorem 5.1. Let a € A®m". Then Eq. (5.1) has solution

z = a® " 4 [1 — a®wawly,
where y € A is arbitrary.

Proof. Let © = a®»%b + [1 — a®n“waw]y, where y € A. Then

wr = wal(wa)®]?b+ w[l — a((wa)®m)?wawly
= (wa)®mb+ [w— (wa)®mwawly.

Since [(wa)]*(wa)™ ! (wa)®m = (wa)™, we verify that

[(wa)?]*(wa)

[(wa)]* (wa)™ (wa)®mb + [(wa)]* (wa)" ' w — (wa)®mwaw]y
(wa)*(wa)™b + [(wa)?]* (wa)™ M w — (wa)?* (wa)™waw]y
[(wa)’]* (wa)™b,

wr

as asserted.

Corollary 5.2. Let a € ADY. Then the general solution of Eq. (5.1) is

z = a®mv 4 [1 — a®mYwawly,

where y € A is arbitrary.

Proof. Let = be the solution of the Eq. (5.1). Then

[(wa)']* (wa)™we = [(wa)’]" (wa)™b.
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In view of Theorem 3.1, a®»% = [a@¥w]™ 1 (aw)™ 1a. Then

m—1

a®rwawr = [a@Pw]™ (aw)™ tawawz
)

|
)
© 6«
g
g
3
e

]
I
= [a®Dvw]™[a(wa)®][(wa)Pwa(wa)@)(wa)™ wz
= [a@"w]"[a(wa)®)(wa)®[wa(wa)®](wa)™ T wa
= [a®@*w]™[a(wa)®](wa)®[wa(wa)®]* (wa)™ 1w
= [a@w]"[a(wa)®](wa)®[(wa)(wa)*(wa) O] (wa)™+ w
= [a@w]"[a(wa)®)(wa)@[(wa)*(wa) @]*[((wa)®)* (wa) ™ wa]
[a®@*w]™[a(wa) ) (wa)®[(wa)? (wa) @*[(wa)?)*(wa)™b]
= [a@"w]™[a(wa)®](wa)®[(wa)?(wa)?(wa)®]* (wa)™b
= [a®vw]™[a(wa)®][(wa)Pwa(wa)@)(wa)™b
= [a@w]"[a((wa)®)?*](wa)™b
= [a@™w]™[a((wa)®)?w](aw)™ tab
— a@,ww]m-i-l (aw)m_lab
= a®mnwp,

Accordingly,
z = a®m"h 4+ [1 — a®m " waw)z.

By using Theorem 5.1, we complete the proof. O
-

Corollary 5.3. Let a € A9, [f x is the solution of Eq. (5.1) and im(z)
im((aw)?), then
x = a®mvb,

Proof. By virtue of Theorem 5.1, a®=*b is a solution of Eq. (5.1). Let a1, 29 €
A be the solutions of Eq. (5.1) and satisfy im(z;) C im((aw)?). Write 2, =
(aw)%y; and x5 = (aw)%yy. Then x; — 2o = [(aw)Y?a(waw)(x, — ). Hence,
im(zy — x2) C im((aw)?). By hypothesis, we have

[(wa)]* (wa)™ M wa; = [(wa)]" (wa)™b
for i = 1,2. Then [(wa)?]*(wa)™ M w(z; — z2) = 0; and so

[(wa)]* (wa)™ T w](aw)?Pa(waw) (z, — ) = 0.

By using Cline’s formula, we have w[(aw)?|?a = (wa)?, and then
[(wa)]* (wa)*(wa)™ Pw(z; — x9) = 0.

Since the involution is proper, we have (wa)%(wa)™?w(z; — x2) = 0; whence,
(aw)(aw)¥(zy —z2) = 0. Thus, z; = aw(aw)®r; = aw(aw)?xy = z5. Therefore
z = a®="} is the unique solution of Eq. (5.1). O
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Consider the following matrix equation:

(WAPP (WA WX = [(WA)P](WA)™B, (5.2)
where A € C*" W € C"1, B € C"*? and m € N.

Corollary 5.4. (1) The general solution of Eq. (5.2) is

X =AY B (1, — AB W AW]Y,
where Y € C™P s arbitrary.
(2) If X is the solution of Eq. (5.2) and R(X) C R((AW)P), then

X = AW p
Proof. This is obvious by Corollary 5.2 and Corollary 5.3. O

Let a € A9, We now come to consider the following equation in A:

[(wa)™]* (wa)" wa = [(wa)]* (wa)*™[(wa)™]'b, (5.3)
where a,w,b € A and m € N. The following lemma is crucial.

Lemma 5.5. Let a € A9%. Then a € A9,

Proof. By hypothesis, a € A®mv M Afm®. In light of [1, Theorem 2.1], (wa)™ €
A® N Af. By virtue of [4, Theorem 3.1], (wa)™ € AQ. Then wa € AQ. Ev-
idently, (wa)® = (wa)™ ![(wa)™®. Accordingly, a € A9 by [3, Theorem
2.1]. O

We are ready to prove:

Theorem 5.6. Let a € A9»™. Then the general solution of Eq. (5.3) is

z = a9"b + [1 — a® " wawly,
where y € A is arbitrary.

Proof. Let 2 = a©m%b + [1 — a®m“waw]y, where y € A. In view of Theorem
4.1, a©m® = q®m(wa)™(wa)™]". Then

z = a®m"[(wa)™[(wa)™]b] + [1 — a®m waw]y.

By virtue of Theorem 5.1, x is the solution of Eq. (5.3).
In light of Lemma 5.5, a € AQ@*. By using Corollary 5.2,

z = a®[(wa)™[(wa)™]'b] + [1 — a® " waw]y
is the general solution of Eq. (5.3), as required. O



WEIGHTED m-GENERALIZED GROUP INVERSE IN x-BANACH ALGEBRAS 21

Corollary 5.7. Let a € A9, If x is the solution of Eq. (5.8) and im(z) C
im((aw)?), then
x = a9,

Proof. By virtue of Theorem 5.6, a©="b is a solution of Eq. (5.3). Let zy, x5 €
A be the solutions of Eq. (5.3) and satisfy im(z;) C im((aw)?). Then they
are solutions of the equation:

[(wa)]* (wa)" wz = [(wa)’]* (wa)™[(wa)™[(wa)™]'b],
as desired. O

Consider the following matrix equation:

[(WAPP (WA WX = [(WA)P] (WA [(WA)™'B, (5.4)
where A € C**" W € C"*?, B € C"*? and m € N.

Corollary 5.8. (1) The general solution of Eq. (5.4) is

X = ABY B 1[I, — ABV W AWYY,

where Y € C™P s arbitrary.

(2) If X is the solution of Eq. (5.4) and R(X) C R((AW)P), then
X = A%V P,
Proof. This is obvious by Theorem 5.5 and Corollary 5.6. O
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