General solution conditions

Hajime Mashima

Abstract

Modulo not divisible by xyz and possible expansions.
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1.1 ) L xyz
Theorem 1 (Fermat’s Last Theorem)
P HyP £ 23, x,y, 2 E—OBNERTEVWIIE)
Proposition 2 p IZFZE M TROER 2P + 4P = 2P BT &
ple , plyz = p"le (nz22), ptz—y
Proof 3

P4+ yP — 2P =0=p|(z+y—2)?
XoT pl(z—y) LBEITZ, — AN

(y+z—yP=9y"+(z-y) ()

Py =(2-y) (py”_l + (p_p;)myp‘g(z —y) H(ppil)!y(z —yP (2 y)”‘1>
a? = (L) (R)

p! » p!

R:py”*“rmy Plr—y) o+ )ly(zfy)p’“r(zfy)p’l

1(p—-1
PP R=plyrteoTLEI D
PR , (n=1) (1)

F/2, p BRSEBRCEHLT
LLR (2)

Definition 4 p | abc
e (1) &b z—y=prla?r
e 2) kD z—z=0P
e ) XD art+y=cP
(z—2)—(x+y) = —¢
(z—y)—2x=b —c"=0 mod p
p| L &p|RBZDT, p? |0 - =1L -R
pPlaP =22 = —? =0 mod p?
XoT. Pzt d
P’ (3)

(= (z—y))f =ar - (ppll)mxp_l(z -y)+ (pp;)mxp_Q(Z —y)? - (pp;)!?)!mp_g(z —y)’+

! _
Ty G  Cat i



2P =(z—vy) pa? LEZE, FRICRAT S,

(x+y—2)"=(2~y) <pa” - (p_p!l)!u:c”l +ot u(ppil)!x(z —y)P = (2 - y)’”)

! —1 . p—2 p—1
Ihm“r%ﬁﬂ4w+Miwmw)—@w) (4)

(3) &b z=p’aa LBIFHDT

@E-GE-y)lf=E-y- K
(PPac — pP~la?)P = pP~laP K
(p2a (o — —3aP~ 1))p:pp LaP K
2pap(a ap 1)p:pp 1 AP K
pp+1( 3ap 1)p =K
P K

4) , pLaP &b
p" | K, n=1TRIFINIRLZRW,

Lo T
Ple = pP 7 (z-y)
—fRAIC
ptle (nz2)=p"a? = p L
(—(z-y)=(E-y K
(p"ac —p""~aP )P = pP"laP K
(pna (Ol _ppnflfn pfl))p _ ppnflapK
ppnap(a _ppn—l—nap—l)p — ppn—lapK
pla — pn(p—l)—lap—l)p - K
(a—p"®= V7?1 Lp
"IK o, (n=1)
O
EPad
sty—z=o—(2—y)
r+y—2z=7paa —p"" ta?

z4y—z=p"laa—p" PV aP)

pPrlrty—=



1.11 pl=

x =paa z—y=pllaP
y=bp z—x =10
z=cy r+y=cP
p L aayzS 2146

Proposition 5 z+z—y=p"aS , §|S = § Layz
Proof 6
pn—1

r+z—y=plaa+p a?

_ pna(a +p(pfl)nflapfl)

pa? =R=py" ' + (2 —y)(...)
R=py*' moda
py* ! La
ala
§5|1S ,0laBBlEFET S, £oT
0 Lx
2e=(+y—2)+@+z-y)
belax4y—z
x L be
8 b2 Bl 6| 20 TIRINBLSLITFET 5, £oT
0 L be
S| BB S |z +2
r=-—z mod§
2P = —2P mod §
2P 4+2P=0 mod
2P — 2P =y?P =0 mod § ZRDT
P + 2P — (2P —2P) =0 mod §
22 20 mod J

Lo T 6L p
5y 5 8|z—yRolXFERRIZ

a2 —yP + (2P +¢yP) =0 mod ¢
227 20 mod ¢
Lo T 0Ly



r=a«a z—yza”’
y="up z—x="0b"P
z=c x+y=c"?
p LayzS'¥pla—2+y) 216

Proposition 7 z+z—y=d'S" , §|5 = § L ayz
Proof 8
r+z—y=dd +a"?

:a/(a/_’_alpfl)

a? =R=py" '+ (z—y)(...)
R=py* ! mod d
py L

5|18 0|d BBEFETS, £oT
0Lz
2e=(x+y—2)+(@+z-y)
Ve |z +y—2
z Lbcd
SV 7BIE 6 | 20 TRINIBROTFIET 2, £oT
§Lbd
AT - N
x=-—z modd
2P =—2P mod ¢
2P 4+2P=0 mod ¢
2P — 2P =yP =0 mod § 7RDT
aP + 2P — (2P —2P) =0 mod §
227 20 mod §

£oT oL p
Sy, 8z —yRolXFERRIC

2P —yP + (2P +9y") =0 mod
222 20 mod §
£oT oL~



1.2 FROZEM (Solution conditions)
0L ayz 251X, ZOHWTEDFETE2OTUTDESICRT Z e TE S,

2 +UzP"1 =Ty?"! mod 6

P —yP+U2P1 = TyP' mod 6
2+ U7 = TyP L+ 4P mod 6
PN+ U) = yPH(T+y) modd
P Myz+yU) = y-y» {(T+y) modd

UzP~L . TyP=! = yP2P mod 0 72 513

yz=UT mod 6

PHUT +yU) = y?(T+y) mod 0
UL Y T+y) = y?(T+y) modh
ARk
2272+ U) = 9P 12T +yz) mod¥d
Pz4+U) = 1T+ UT) modd
Pz4+U) = Ty ' (24+U) mod @

XoT(5). UzP7t - TyP~! = yP2P mod 0§ Zifi7=F & &
FROIERNIAT D 2D TH %,
UzP~'=y? mod 6
Tyt =27 mod @
or
UzP~t=—2P mod 6

Ty?P~ ! = —y? mod 6



0L zyz 7251, ZOWTTHFETIDTURDOELIICRT N TE S,

—U'2P7 4P = —T'2P~1 mod 6

—T'2P~Y mod 0
—U P 4P 2 —T'zP~' mod 6
—2P7H U - 2) 2Pz —T') mod 0

—P N U's —22) = 2z 2772 —T") mod 0

—U'2P7 4 2P — a?

—U' 2P~ TP~ = gP2P mod 0 72513

xz=U'T" mod¥#

— PN U —U'T) = aP(x—T') mod 6

~U'2» YW e —-T) = 2P(x—T') mod¥6
AR
—z- 2PN U —2) = 2P Y2z —T'2) mod
—2P(U —2) = 227YU'T —T'2) mod
PU —2) = TP YU —2) mod 6

XoT(6), —U2P~t. —T'zP~t = 2P2P mod 0 iz T & =
RO T 2 Y TH 5,

—U'27"1 =27 mod 6

—T'zP71 =P mod 6

or
~U'2P" V= 2P mod d
—T'zP~ 1= —2P mod 6



0L zyz 7251, ZOWTTHFETIDTURDOELIICRT N TE S,

—UyP 7t —T72P7 = 2P mod 6

U yPt gl
R P e

—zP N2+ T7)
—aP ey +T7y) =

2 +y? mod 0

UyP~1 + 4P mod 6

Y1 (U” +y) mod @ (7)
y-y? (U +y) mod

—U7yP~l . TP~ = 2Py? mod 0 72 51X

zy=0"

—xp_l(U”T” +T77y)
*T77Ip71(U77 +y)

ARk
—z 2P N+ T7)
—2P(x+T17) =
Pz +T17) =

T?’

yPt
yPt

mod 6

y?(U” +y) mod 0
y?(U” +y) mod 0

(zU” + 2y) mod 0
(zU” +U"T”) mod 6

~UyP Yz +T7) mod 6

XoT (7). U yP~1. —T7"2P~1 = 2Py? mod 0 Zifij=F & &

fROBEMIILLTO 28D TH %,

_Uwyp—l =

TPl =
or

_Uwyp—l =

e

xP

yp

yp

xP

mod 6
mod 6

mod 6
mod 6



U=y, T=2,U=x2,T=2,U0U =2, T"=ydtx

[Solution conditions)

2P 4yzP! =2yP"! mod @
—zzPt +yP = —z2P"! mod 6
—zyPl —yzPl =2P mod @

(5),(6),(7) 225

PNz 4+y) =9y (2 +y) mod b
—2P Yz —2) =2 (x —2) mod 6

fxpfl(z +y) = ypfl(x +y) mod 6

r—y=—2z modd§ &

P — yaP~1 = —2zP"! mod 6
—zyP~t P =zy?! mod §
—x2P7 4yl =22 mod §

yzPl =y’ mod § = —x2P" ' =2P mod§
DT
P =yP7l mod § = 2P = 2P mod §
£oT
—aP~t = yP~l = 2P~1 mod § IFXRIRHIZEK D 32D,
z—ylaP , z—zx|y? , 4yl TH3)0H

z—yz0 modd
z—x#%0 modd
r+y#0 modd

Flep—1=2n&D
z=—y modf = 2"1=9P"1 mod¥

1 /%6 & T 22 TDSEMH (*Solution conditions is not applicable)

2271 =Pl mod 0

N
271 =yl mod§ A —z #y mod¥
71 £yl mod§ A —z =y mod¥d
*P7L £y~ mod§ A —z Zy mod¥d

—2 =y mod¥

Definition 9 M, flX LTaP~! 4?1 £ 27! mod § L &ML il T %
Ba. 2P 1 £ 2P~ mod 0 & HEKT B,

10



1.3 [EfEZ#E (Equivalence transformation)

s, t,u BERE B,
0 L sturyz 72 51X, ZOWITCHTFET 2D THER Z XFACREZIRTE 3,

Definition 10 [Equivalence transformation]

s1zP P+ tyP = u2P7t mod 6
p—1 p—1 — p—1
S9z + tox = Ugy mod 6

s3yP 1 4+ t32P 7 = uza?™! mod 6
C O EDUFEFBERO BT LR, LR [ ] TR,

[s1 =us —ta mod 0]
[t1 = u2 —s3 mod 6]
[u1 = s2 +t3 mod 6]

1.4 —HZAIBEDZE M (General solution conditions)

Definition 11 M T DA% General solution conditions ¥ FEXR,
FMEZHLD BT SR 3 MHIED ¥ & 2IRT,

(uz — to)xP™! HtoxP! = y32P~' mod 6
s3yP1 F(ug — s3)yP"t = wugyP”' mod @
592P 71 +tz2P 7t = (53 +1t3)2P"1 mod @

1.41 —2Pl=yP =21 modh DL

s12P7t —teyP! = —ugzP”t mod 6,
—s32P7l 4tiyPl = we2P”! mod 6y
—s02P7V tayP ! = w2P7! mod 6y
mod (91 et LT
S1 =z , =y , u1==2
Sg =—x , la=—-Y , Ug =2
§S3 =—x , 3=y , uz=-—=2

[t+2z—y=0 modJ]

[General solution conditions])

2P —yaP~! = —za2P"! mod
—zyP~t +yP =zy?! mod§
—z2P7t 4yzP! =2P mod §

11



1.4.2 Common to —aP~1 # yP~1 2 2P~1 mod 6,
(8) &0

xP +yP =2P modd
4

2P —yaP~! = —z2zP"! mod 6,

2P 4zzP~! =gzl mod 6,
—yaP~t . —zaP7l = ¢P2P mod §

(mp_1)2 =y’ 12771 mod 4§
¥ +y? =2P mod
54

—xyP~l . zyP7t = 2P mod §
(yp*1)2 = —2P 12’71 mod §
P +yP =2z mod
-
—z2P7t 4yzPm! =27 mod 6,
yzP~t —zzP~1 =2P mod 6,
—xzP7 1o yzPl = 2Py? mod §
(zp*1)2 = 2P 1y~ mod ¢

12



— (@ =)’ = (") mod s

(Zpﬂ)?» . (ypﬂ)?» = (prl _ yp—l)((zp—l)z _i_ypflzpfl + (yp71)2) —0 mods$
(xpfl)?’ + (Zp71)3 = (xp—l +Zp_1)((xp_l)2 L (Zp—l)z) —0 mods

(xp—l)?) + (yp—l)?’ = (xp—l + yp—l)((wp—l)Q _ xp_lyp_l + (yp—l)Q) =0 mods§

2P +yP =2 mod 3
-z 4y -y =2-2" mod 3
Fermat’s little theorem & D 3 L zyz D& &
r+y=z mod3
r=41 mod3
y==+1 mod 3

z=F1 mod 3
0#3

A3 — B® = (A— B)(3AB + (A — B)?)
A3 4 B = (A+ B)(—3AB + (A + B)?)

0 L 3AB 7% DT

2ODHBDI B, —HE 6 EAWIIRTDH 5, (12)
§|(A-B) = 3§ 1L (3AB + (A - B)?)
5| (3AB + (A — B)?) =01 (A-DB)

13



1.4.3 —aP 1 #£ P71 £ 271 mod 6,

($p71)2 + (prl)Q —+ (yp71)2 = 0 mOd 02
(xp—l)Q _ xp—lyp—l — P71l =0 mod 05
2P —yPl 227 =0 mod 6,
st B ERE B,
0L 5" ayz 1 B3, ZOMTHTET 5 DTRE B CFRCRIELEHRTE 3,
six+tly=ufz mod 6
syz+thr =uby mod 6

ssy+thz =u4x mod 6
144 —y=z=z modl; DL EF
stz +tly=ul2z mod 65

" ", "
Sox —thy = —usz mod b3

" [ ——
—s5x —t3y =us3z mod O3

mod 03 £ LT
" — -1 1 — —1 " — —1
57 =P , ti =yP , up = 2P
"o —1 " — —1 " — —1
82 = P 5 t2 = —yp 5 ’LL2 = 2P
/7 —1 " — -1 " — —1
83 = —xp 5 t3 = —yp ; 'LL3 = Zp

(2Pt — P71 — 2271 =0 mod 6]
[General solution conditions])

22712 mod 6,
—2P7Yy  mod 6, (13)

z¥ mod 0,

P —y”_lx
—xp_ly +yP

P71z —yP 1z

14



1.4.5 Common to —y # z %z mod 6,
(13) &b

—zyP o zzPmt = yP2P mod 6,
—z? = yz mod 6o
22 = —yz mod b

(9) &b (x”*l)2 =yP 712771 mod 6,

(x2)p_l =P 12771 mod 6,

(—yz)P ' =P 1221 mod 6,

yP Pl = PPl mod 6,
—yzP™t . —y2P7t = 2P2P mod 6

y? = zz mod 6,
(10) &b (y*~ 1) = 2P '2""" mod 6,
( 2)p_1 = 2P 12271 mod 6
(:vz)p_1 = 2P 12271 mod 6
PPl = Pl p= 1 od 6,

§ DERIIKT %,
zaPl. —2yP71 = 2Py? mod 6,
—2> = zy mod 6,

22 = —zy mod b,
(11) &b (zp71)2 =271 mod 6,
(22)p = 2Py~ mod 6,
(—zy)? ' = —2P" 1P~ mod 6,
Pyl = P71y~ mod 6,

S DERIIKTZDTO#6
[2P71 —yPt — 271 £ 0 mod §]

Ko T —aP £y 1 £, modé DL &

—y=z=2 modé or —yZz#z mod T DI/ NDTH =6

-1

—aP =P L =2P71 mod 6



1.5 —aPt=gyP =21 mod§

(uz —ta)x +tox =wusz mod 0
ssy  +(u2 —s3)y =wugy mod 6
S0z +i3z = (sg+1t3)z mod 6

1.5.1 z2=-y=-2"'2 modd D& F
0£2DrE 271 =202 mod § L EFZDTFEEZELRED 2,
six —toy =—2"'zus mod 0
—s3x +tiy = 271245 mod 8
—2sox  +2t3y =w1z mod 6

mod 6 & LT
_ p-1 — . p—1 — p—1
S1 = zP , t1 =9yP , up = 2P
sg = —271gP7l |ty = gyl gy =227
Sz = —‘Tp71 s t3 = 271yp71 , Uz = _2217*1

[2P7r — P71 42771 =0 mod §)

[General solution conditions)

2 —yP7lz =227z mod§
—zP 1y +yP =271y mod d
—271gP=ly 4o lyply =3P mod§

[Solution conditions] Equivalence transformation (& p.21 /g
2271y mod 6
—22P"12 mod 6

ZzP mod 6

P 427 lyr 1y
—2 1gp=1y +yP

—aP 1y —yP Ly

1.5.2 Common to z # —y # —2"'2 mod 4

—yP . =221z =¢yP2P mod §
222 =yz modd
x2 =2"1yz modé
—xP~ly . 2271y =2P2P mod §
—2y? =zz mod§
y? =-2"122 mod s
—27tgpmly 27 lyp=ly = gPyP mod §
—272,2 =zy mod J
22 =222y mod §

16



(17)(18)(19) & b
—3 =yt = (2*12)3 mod §
3+ 13 =@+y)(@® —2y+y*)=0 mod
(2_1z)3 -3 27z —y) (272 + 272y +4*) =0 mod
(2_12')3 +2d =272+ 2) (2722 2722 +2%) =0 mod s
x+z—y=0 modd , 2% —y mod § TH2H05H

r# —y#—2"12 mod§

Lo T
2 2 _
z—zy+y* = 0 modd
(18) kY 2 —a2y—2"'2z = 0 mod 6
r—y = 27'2 mod$
—2 #2712 mod § TH 2 DTHBEZHT %,
[General solution conditions]
2 —yaP~! =27'zzP7! mod §
—zyP~t +yP =212y mod §
2:P7 1y —22p71y =2’ mod$é
[Solution conditions]
P —22P7ly = 271”7t mod @
2P g +yP =2"122P"! mod ¢
—zyP™t  —yzP~! =P mod 6

1.5.3 Common to zP~! % —yP~1 £ 22271 mod §

—yaP~1 .27 2P = yP2P mod §
- (xp*1)2 =2y 1271 mod §
—xyP7l . =271 yP7l = 2P2P mod 6
(yp_1)2 =22P"12P71 mod §
2P g —22P7 1y = 2Py? mod §
—22 (zp_1)2 =P Pt mod ¢

(20)(21)(22) & b

~ )’ =2 = (@)’ mod s

17



@)+ ) =@ Y ((96”‘1)2 T (yp‘l)Q) =0 modd
() + @) = 2 ()

(22”_1)3 - (xp_l)s = (22271 —2P7h ((22”_1)2 + 2z~ 1P 4 (xp_l)z) =0 modd

—oyP il 4 (22”*1)2> =0 mod§

@)+ () =@y ((rv”‘l)2 T (yp‘1)2) =0 modd

(21) &b

(a4 yPh) ((xp*l)2 T 2xpflzp*1) =0 modd

(2P P (@ = yP 4222 2P =0 mod §

P14y '=0 modd A 2P l—yP 1 42:P"1=0 mod$
U (12) e FET b, £

(9) &b (xp_1)2 =yP 2P mod §

<x2>p71 =P 12,71 mod §

(17) &b (2_1yz)p71 =P 12,71 mod §

2~ (P=Dyp=l p=1 = yp=1.p=1 04 §
1=2""" mod§

(11) &b (zp*1)2 = —2P"%P"1 mod ¢
("

(19) &b (—2%2y

22(p=1) gp=1yp=1

P
—2zP7 1yt mod §
= 2P 1yt mod ¢

(2”71)2 =—-1 modd

=
=

FREW-TOEI=2THDOEHRICKT 3,
o T
§ # odd

18



1.6 06=2
1.61 2|z , 2 Llyz

S=2kpr=
+z—y=pa2r

=2 -y =Gy +(z-y)(..

2| L =pta?
2]a

21 R=npa?
21«

r+z—y=pala+pP e

ok = o 4 pP=In=14P=1 — dd

20 =1
LA L, a+p®-Dr—lgp=1 5 1 ZDTFET 5,

S =2y =
z4+z—y=a2"

P =22 —yP = (z—y)(py"t + (2 —y)(..

2| L=a"”
2| d
21 R=a”
21 d

r+z—y=d( +adPh)
28 = o/ + Pt = odd
20 =1

Ll & +adP 1 >1%DTHFET 3,

XoT2lz DL EWD TR,

19
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1.7 #/E (supplement)
1.7.1 2P +yP = 2P mod 0 HEE D AL DATREM D & 2 &4
@ "=yl =2P"1 modh, DX

—aP =Pl =P mod 6

(14)(15)(16) £ b

P4y =+ —yz+5?) =0 mod b,
=2 =@—-2)(2®+22+23) =0 mod by
P +y? =@+y)(z? —zy+y*) =0 mod by

224+ 2z422=0 mod 6,
(16) &b 2> 4+ 22z —2y =0 mod 6,
r4+2z—y=0 mod 0,

@ P £y £, modfy, AN —y=z=z modfh; DY X
[P~ —yP71 — 271 =0 mod 6]
—y=z=x mod 03

0y = 05

BLE=0, 2513, 6=0, DT £ 03

@ Pl £y £ modfy, AN —yZzZr modfy DEE
[2P~1 —yPt =271 =0 mod 6]
[t+2z—y=0 mod b4
0 =064
KB U0 =6 BOIES#0, THD. (14)(15)(16) IZHK D 7RV DT

[t+2z—y#£0 mod b4)

20



1.7.2 F&&

[General solution conditions)

P

xP

2P~y
_yp—l P
[General solution conditions])
P

_xp—ly

+y?
&
—yzP~!
+y?
+yzP!

+y?
=
+zzP~t
+y?

B

+yP
&
—yP g
+y?

—yP~ 1z

+yP
&

Ly

Y
+y?

4P~z

—yP g
+y?

—2 gty o lyply

[Equivalence transformation]

2P +yP
—27lgp=ly —yP
2P ly 4o lyply
or
P +yP
27 Lypmly 42l
2P~y 27 lgr—ly

21

=z

= 2P

= 2P
=P~

= 2P

P mod 6;

—zzP1 mod 6,
mod 91
mod 6,

2yP~1

=2’ mod 0,

yzP~1 mod 6,

zy?~! mod 64

=2’ mod 0,

mod 93

2z mod 65
—2P"Yy  mod 64

mod 93

2P

mod 94

=y 'z mod O,

P71y mod 6,

zP mod 04

=_-22""'2 mod 6,
2271y mod 6,

mod 6,

=P

ZY mod 0
2271y mod 6,

—22P712 mod 6,

ZY mod 0
=2P"'y mod 6,

y*~tz mod 6,



1.8 ¢ L zyz

1.81 pl=z
T = ax y=100 z=p"cy
z—y=aP z—x =10 T4y =p i
p L zycyS” 2146

Proposition 12 z+z+y=p"cS” , 6’| S = ¢ Layz
Proof 13
z+a+y=pley+pTlck
= p"c(y +pP It

PP =R=py" "+ (z+y)(...)
R=py*"' modc
P Le
vyLlec
818" 8 cBRBIEFET S, £oT
& 1Lz

2z=—(r+y—2)+(z+x+y)

ablx+y—z
z 1 ab
8 abZ2BiX 8 | 22 TRIFIIRBROTFET 5, £oT
8 L ab
3| B7%BIFd |2+
z=—x mod
2P = —2P mod ¢

2+ 2P =0 mod &
2P — 2P =y? =0 mod &' DT
P +aP+ (2P —2P) =0 mod &
22 20 mod ¢

koT § LB
8 la , 8| z+yRoldFEERIC

P +yP+ (2P —y?) =0 mod &
22 20 mod ¢
£oT 01l

22



r+y=—2z modd XD

xP 4 yaP ! = —22P"' mod ¢
xyP~l 4P = —2y*"! mod ¢
—xzP7 — 2Pl =2P mod &

—y2P"t=y? mod §' = —z2P"! =2? mod &
2DT

-1

Pl =P mod &' = —2P"t =21 mod ¢

£oT
—2P~t =Pl = P~ mod & WZRIRFIZAL D 37D,
r=y modf# = 2P '=yP"! mod ¢
1 #%2H & 3 22 TDSHMH (*Solution conditions is not applicable)
—2P71 =¢yP7l mod® A 2z =y mod#
P=l =yp=l mod® A z #y mod#
—2P7L Z£yPl mod® A z =y modd
kPl £yl mod® Az #y mod#

—Z

1.8.2 [EfEZE#: (Equivalence transformation)

[Equivalence transformation]

(uz — to)xP~! +tozP~! =uz2z?" ' mod ¢’
53?7l F(ug — s3)yP"t = ueyP™' mod €
S92P 71 +tg2P~ 1 = (s2+ tg)zp_l mod ¢’

1.8.3 —2Pl=zPt=¢yP"! mod O DLE

s12P71 HtyPT! = —uz2P”! mod 6]
szrP™l tiyPl = —up2P”! mod 6]
—soxP™! —t3yP7t = w27t mod 6]
mod 7 £ LT
S1 =z , U=y , U1 =%
Sg =—x , o=y , Ug=—2
s3 =x , t3=—-y , uz=-—=2

[t+y+2=0 mod ]

[General solution conditions)

P 4yxP! —zzP™Y mod ¢
zyPt 4P = —zyP! mod ¢ (23)

—z2P7t —yzpl =2 mod ¢

23



1.8.4 Common to —zP~1 £ 2P~1 £ yP~1 mod 6}

(23) &b
yrP~l . —zaP~l = yP2P mod &
(a:p’l)Q = —yP 12" mod & (24)
oyP~l . —2yP71 = 2P2P mod &
(yp’1)2 = 2P 2P mod ¢ (25)
—x2P7h . —y2Pl = 2PyP  mod &
(,zp_l)2 = 2P~ 1P~ mod ¢ (26)

(24)(25)(26) & b

— (zp_l)g = (wp_1)3 = (y”_l)3 mod ¢’

(ZP—1)3 + (yp—1)3 = (Zp—l +yp—1)((zp—1)2 _ yp—lzp—l + (yp—1)2) =0 modd
(scp—l)?’ + (zp—1)3 - (mp—l +Zp—1)((xp—1)2 B (Zp_1)2) —0 modé

(xp—l)?’ _ (yp—1>3 = (xp—l _ yp—l)((xp—l)Q +xp—1yp—1 + (yp—l)Q) —0 mod ¢

Fermat’s little theorem & D 3 L zyz D& X
z 2P 14y -y =221 mod 3
r==41 mod3
y==+1 mod3
z=F1 mod 3
& #3
(12) & [FIf%
2ODHDS B, —HIZ Y L HWIRTH 5, (27)

[Equivalence transformation]
—2P L =Pl =P~ mod 0] DL &

¥ 4yP =2 mod ¢
—z2P7t 4Pl = —2P7! mod 0]
zyP™l —y2Pl = —z2P7! mod 6)
—2P7 L £ Pl £ 4P~ mod 0 DY X
¥ +yP =2P mod 0
—yPt 4Pt = 2Pt mod 6)
2yP™t 27t = —yaP™t mod 6}

24



1.8.5 —2P L #£aP~1 £y~ mod 6}

(@72 4 (P72 + (3771 =0 mod 6
(xp—l)Q + l.p_lyp_l _ xp_lzp_l = 0 mOd 9/2

oP 4Pt — 2271 =0 mod 6)

NIRTE = = 132

0 L s"t"u"zyz 12 IR, ZOWTTHFET 2D TRRZLFATHRELEHRTE S,

stz +tly=ul2z mod ¢

syz+tor =uhy mod @

sy +thz =u4x mod ¢
1.8.6 z2=x=y mod 0, DL E
siz+tly=ufz mod 6

sox +thy =usz mod 6

ssx +thy =usz mod 64

mod 05 £ LT
s =art =yl =2l
/A -1 1 — —1 " — —1
Sy =aP , ty =yP , Uy = 2P
/A -1 /1 — —1 1 — —1
33 :ij 5 t3 :yp : U,g:Zp

[P~ 4Pt — 271 =0 mod 6)]

[General solution conditions)

2P 4ayP~t =227 mod 6)
yeP™l 4P =y’ mod 6
zaP™l 4Pl = 2P mod 6,

25



1.8.7 Common to z £z £y mod 0}
(28) &b

oyP~ . Pt

yPzP  mod ),
yz mod 6} (29)

M)
|

(24) &b (x”’l)2 = —yP7 2P mod 6}
(x2)p_1 =y 12P71 mod 6}
( = —yP7 2P mod 6}

— p—1_p—1 /
=—yP 2z mod 6,

yaPl oyl = 2Pz mod 6}
xz mod 6} (30)

<
\

(25) &b (yp_l)2 = 2712771 mod 6}

(yQ)IFl = 2712771 mod 6}
(30) &b (#2)" ' = =P 1271 mod 6}
pP1Pl = PPl mod 6
§ DERITKT %,
zaP™h 2Pt = 2Py? mod 6)
22 = zy mod 6 (31)

(26) &b (zp*1)2 = 2P P71 mod 6,

(zz)p_l =27 P"1 mod 6,

(31) &Y (ay)’ ' =22yt mod 6,

P yP~t = gP1yP~l mod 6)

[Pt 4Pt —2P7L £0 mod §]

FoT 2Pt £aP L £y~ mod§d D& X
z=xz=y mod & or zZ x #y mod & I DI/ NDT ) = ¢

—2P7 =Pl =P~ mod ¢

26



1.9 —l=aP =y~ mod ¢

(ug —ta)x +tox =wusr mod
53y +(ug —s3)y =ugy mod ¢’
S92 +t32 = (sy+1t3)z mod ¢

1.91 z=2z=-2"'y mod ¢ D=
O #£20rx271=20"2 mod ¢ LBIFBDTAHELELRED W,

siz —2 'yta =wusz mod ¢
—2s3x  +t1y = —2usz mod ¢’
sox —27'yts =wu;z mod
mod ¢/ & LT
S1 =Pt |ty =yPl , u =Pt
s =aPl |ty = —2yp_1 , U = —27 171
s3 =—271gP7l |ty = 2yl | gy =Pt

[P~ —2yP71 —2P71 =0 mod &)
[General solution conditions)
2Pz mod &

—2712P71y mod ¢

P —2yP 1y
—o lgp—ly +yP

2Pl —2yP~ 1z =22 mod ¢
[Solution conditions]
2P —2yP~lz =271y mod ¢
P71z +yP =212 mod ¢
—271gP=ly  —oyP~ly =2 mod @

1.9.2 Common to z # z % —2"'y mod ¢’

—2P 1z 2Pl =4yP2? mod ¢
—222 =yz mod ¢ (32)
x? =279z mod ¢
—271gp=1ly . 27 1p 1y = 2P2P mod ¢
2722 =2z mod ¢ (33)
y? =222z mod ¢
2P~y —2yP7 1y =2Py? mod &
—222 =y mod ¢ (34)
22 =212y mod ¢

27



(32)(33)(34) & b
2 =22=— (2*1y)3 mod &’
z? - 2? =(x—2)(@*+x2+2%) =0 mod ¢
(2_111)3 +25 =27+ 2)(27'y)? -2 Yz +2%) =0 mod ¢
27 y)’ +2® =@ Yy+a)(2y)? -2 ey +2?) =0 mod &

z2+y+2=0 modéd , x#z modd THZENH

r#z#%—-2"1y mod ¢

Lo T
>+ xz4+2° = 0 mod
(34) kb 2?4+ 2z—2"'ey = 0 mod ¢
z—2"'y = —z modd

y# 2"y mod &' THZIEEEKIT 5,

[General solution conditions])

2P —27lyaP~l = —z2P7! mod ¢
—2zyPt +yP =22yt mod ¢
—z2P7t 4271yl =22 mod ¢

[Solution conditions]
2P 427 yzPmt = 229P71 mod 6
—gzP7t +yP = —2z2P"' mod ¢’

—2xyP! 27 lyaP~1 = 2P mod ¢’

1.9.3 Common to —aP~1 # 2P~1 £ 2yP~1 mod ¢’

—27lygP~l . —z2P~l =4P2? mod ¢
(a:”’l)2 =2yP 712771 mod ¢
—2zyP~ 1. 229P71 = 2Pz mod &
—22 (yp_1)2 =P 12271 mod ¢
—xzP71. 27 2Pl = 2PyP  mod ¢
— (zp_1)2 = 2P 1yP~1 mod ¢

(35)(36)(37) & b

(@)’ = (2 = (=) mod ¢

28



(@) + )’
() - ey

(Qyp—1)3 + (xp—1)3 = (2 ' + 2P ((2yp—1)2 — 2Pyl (:vp_l)2> =0 mod ¢

(271 1 22 1) ((:Cp_1)2 gl (Zp—1)2> =0 mod &

(2t =2 () 4 27 4 27 )?) 20 mod

(@-1)? + ()

(37) & D

(xp_l n Zp_l) ((xp—1)2 — Pl (Zp—l)Q) =0 mod

(P~ 4 2P 1) ((zP*1)2 — Pl 2:Cp71yp71) =0 mod ¢

(P! 4 2P (aP™t — 227 = 2P P =0 mod

P47 =0 modd A aPTt—2yP7l — 2Pl =0 mod ¢

TR (27) e FET B, £

1) £ (@) = mod o
() = o o

(32) & D (—2_1yz)p71 = —yP 712271 mod ¢
2—(p—1)yp—1zp_1 = —yP7 12271 mod ¢’

—1=2"!1 mod ¢

(y2)P*1 = _P=1,p=1 104 &
(33) &b (2%22)" ' = —2? 712771 mod &
92(p—1) pp—1,p=1 — _ p=1,p=1 [ oq ¢

(2”’1)2 =—-1 mod ¢
(26) &b (zp_1)2 =27 P~ mod ¢
(22);)—1 =P P71 mod ¢
(34) &b (fZ*Ixy)p_l = 2P %P1 mod ¢
2= (P= D) gp=lyp=1 = pp=lyp=1  15d §'
1=2"1 mod ¢
FRERZT OIS =2 THHAHRICKT %,

Lo T
&' # odd

29



1.94 2|z , 2 Llay

S =2kpr &
24z +y=pc2*

P =ty = (@)Y @+ y)()

2| L=prmte?
2]¢

21 R=py?
21~

2tz ty=pte(y +pPT e
ok = + pP=n=1ap=1 — 544
20 =1

LU, g+ pP-n=lep=l 5 1 RDOTFIET %,
XoT2|2zDE EWMD IR,
y+z—cREDEMFFEBLTWEN 2 |y R D L7270, M EXD

xp+yp7ézp
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