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Abstract

Absolute and uniform convergence of any Fourier series has been proven
using integration with substitution of variables and limits and the Dirichlet
integral value. Our proof of the convergence of the Fourier series requires
direct computations.

I Introduction

Let us consider partial sum sy(x) of the Fourier series

sy(x) = % + zNj(ak cos kx + by, sin k) (1)
k=1
where
ap = 71r 7; f(z) cos kx dx (2)
for k=0,1,2,...,N
b = 71T/_7; f(z)sinkz dz (3)

fork=1,2,...,N.
Substituting the expressions for the Fourier coefficients we obtain

sy(z) = 217r/ t)dt + — Z {/ t) cosktdt - cos kx + (4)

+ [ f(t)sinkt dt - sin k‘x]

Loy 1 X
= — / f(t) b + Y (cos kt cos kxz + sin kt sin kx)} dt =
Tl k=1

1 al
:—/ f(t + > (cosk(t — z) }dt
TS k=1



II Sum of cosines formula derivation

We use a formula for the sum of the geometric series S5, €*¢ as in [1] and for
convenience presented with modifications in Section V.

N
Z e’ = "(cosky +isinky) (5)
k=1
smng/ . sin Ny /2
= N+1)p/2 N+ 1)p/2
cos{(N + 1)/2) "5 22 4 isin((N + /)" 25
where i2 = —1. Computing from equations
sin(a £+ ) = sinacos § & cosasin 3 (6)
and
cos(a £ ) = cosacos B Fsinasin 3 (7)
we obtain
1
cosarsin f§ = i(sin(oz + ) —sin(a — 3)) (8)
1
sinasin f = —i(cos(a + ) — cos(a — B3)) 9)
and we can substitute
a=(N+1)p/2 f=Np/2 (10)
a+B8=Ne+¢/2 a—F=¢/2 (11)
After computations we arrive at
1
= N 2) — 2 12
Zsmkap COS( 0+ p/2) —cosp/ )singo/Q (12)
1
ko = N 2) — 2 1
% cosp = 36N+ 9/2) s/ (13)
From equation (13) we receive
1 X sin(Ne + ¢/2)
- = 14
2+§1COSW 2sin /2 (14)



III Applying the sum of cosines formula

We apply the formula from equation (14) for the sum of cosines having p =t —x
in equation (4)

R e )

We substitute ¢ — x = u. Then we have the result obtained in [2]

ovta) = 2 [ e+ S = a9
- [t o 2

Now we substitute in equation (16) Nu = a. Then we have u = o/N,
u/2 = /2N, du = do/N. For the limits of integration if w = —m then « = —N7
and if u = 7 then a = N7. In this way we obtain

1 [N« sin(a + a/2N)
7T/—Nﬂ- f@+afN) 2N sina/2N
sin(a + a/2N)

1 N«
= L+ o) S el

do = (17)

da

IV Taking the limit and the final result

In particular for N — oo

lim sy(z) = (18)
N—oo
.1 N sin(a + a/2N)
= lim — N d
A T N e (a2 2
We notice that in the numerator above
lim sin(a 4+ a/2N) =sina (19)
N—oo
and in the denominator we have the limit
J&im a(sina/2N)/(a/2N) = « (20)
—00
what is in agreement with the known limit
. sinf
g =1 (21)



where § = a/2N.
In this way we receive

s(x) = ]\}ILI})O sn(z) = (22)
A e [ 5

=~ f()m = f(2)

We have shown that the partial sum sy(z) of any Fourier series for
N — oo converges uniformly to the function f(z) for all values of x except in the
points of f(x) discontinuity. The series s(x) is uniformly convergent in the range
[a, b] because for any € > 0 one can select such index M independent on the value
of x that for any N > M it occurs

lsy(z) —s(z)| < e (23)

We obviously also have that
s(2)] = Jim_|sw(x)| = |f(x) (24)

what means that for any € > 0 one can select such index M independent on the
value of x that for any N > M it occurs

llsn ()] = |s(@)|| < e (25)

The inequality above is the statement of absolute convergence of the Fourier series
s(z).

The conclusion is that if a series is a Fourier series of any periodic
function f(x) then it is convergent uniformly and absolutely to the function f(z)
except in the points of f(z) discontinuity.

To compute the Dirichlet integral

0 §in «
/ do

-0

we have used the result from Sections V and VI.

V Geometric series evaluation

Here we evaluate the sum of the geometric series as in [1]

N
SN = Z i (26)
k=1



We write
Sy = € 429 4 B3¢ 4 4 N?
We multiply the above equation by € on both sides obtaining

eupSN _ 61230 + 61390 4.+ ezNga + ez(N+1)go

Now we subtract equation (28) from equation (27) and we receive

SN . ezgoSN — i ez(NJrl)go

what can be rewritten as
SN(l _ eigo) _ eigo o ei(N-i-l)gp

From equation (30) we compute the partial sum Sy as

eigp _ ei(N—i—l)(p ei(N—i—l)go _ ei@ ) eiNap -1
Sy = . = . =e¥— =
1—ew e —1 e —1
i eiNgo -1 o2 eiNLp -1
= C w2 (eiw2 — gmiel2) € o2 _emiglz
iNg/2 _ —iNp/2 iNg/2 _ ,—iNp/2
_ el N2 € = TN gy p €N — e
eip/2 _ g—ip/2 eip/2 _ p—ip/2
_ ei(an+<p)/2 SHl(NSO/Q)
sin(p/2)
Then we can write
Ny/2)
Sy — iko _ N90+4,0)/2 Sln(
N Z ¢ sin(p/2)
and therefrom we obtain
N N
Sy =>_e* = "(cosky + isin kep)
k=1 k=1
— ei(Ncp—l-ga)/Z SIH(NSO/Q) _
sin(p/2)
smng/Q . sin Ny /2
= N+1 2 2
cos((N -+ 1)/ S5 S+ (N + /2 2
what gives
N .
sin Ny /2
ko = N+ 1)p/2)———
N
. . sin Ny /2
ko = N 2
kglsm p=sin((N+1)p/2)——— T

5

(27)

(28)

(29)

(30)

(31)

(32)

(33)



VI Dirichlet integral evaluation
We have written previously in Section II that

sin(Ne+¢/2) 1

N
_ k 36
2sin /2 2+,§1COS 4 (36)

We integrate both sides of the above equation from —m to 7

™ sin(Ny + ¢/2) 1 = N
d :f/ d / kod 37
/_W Yeng2 W Tg) et 2] coskeds (37)
receiving

/W sin(Ng + ¢/2)

dip = 38
. 2singj2 X7 (38)

Now we substitute as before Ny = «. Then we have ¢ = /N,
¢/2=a/2N,dp =da/N. If p = —7 then « = —N7 and if ¢ = 7 then a = N.
After substitutions we may write that

/NTr sin(a + a/2N)

da = 39
Nz 2Nsina/2N “=T (39)

and after taking the limit N approaching infinity we arrive at

/OO PN Ja =7 (40)

—oc0

in a similar way like at the evaluation of the limit of partial sum of the Fourier
series.
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